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ABSTRACT

We investigate graph transformations, defined using Datalog-like
rules based on acyclic conjunctive two-way regular path queries
(acyclic C2RPQs), and we study two fundamental static analysis
problems: type checking and equivalence of transformations in the
presence of graph schemas. Additionally, we investigate the prob-
lem of target schema elicitation, which aims to construct a schema
that closely captures all outputs of a transformation over graphs
conforming to the input schema. We show all these problems are in
EXPTIME by reducing them to C2RPQ containment modulo schema;
we also provide matching lower bounds. We use cycle reversing to
reduce query containment to the problem of unrestricted (finite or
infinite) satisfiability of C2RPQs modulo a theory expressed in a
description logic.
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1 INTRODUCTION

The growing adoption of graph databases calls for suitable data
processing methods. Query languages for graph databases typically
define their semantics as a set of tuples, which alone is inadequate
for scenarios such as (materialized) graph database views and data
migration in the context of schema evolution [11], with the schema
describing the expected structure of the graph. A more adequate
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mechanism is that of a transformation, which takes a graph as input
and produces a graph on the output.

Example 1.1. Consider a scenario where the schema of a medical
knowledge graph undergoes changes due to advances in the under-
standing of biomolecular processes. The purpose of this knowledge
graph is to catalog vaccines based on the antigen they are designed
to target and to identify the pathogens that exhibit the antigens,
each antigen being exhibited by at least one pathogen. Additionally,
some pairs of antigens are known to be cross reacting: if a vaccine
v targets an antigen x that is cross reacting with an antigen y, then
v also targets y. Thus, the set of all antigens targeted by a vaccine
is represented implicitly.

The schema Sy of the original knowledge graph is presented in
Figure 1 as a graph itself. It specifies the allowed node and edge
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Figure 1: Evolving schema of a medical knowledge graph.

labels, and expresses participation constraints on edges in a manner
that is typical for data modeling languages, e.g., A*1> B indicates
that every A-node has one outgoing r-edge to a B-node but a B-node
may have arbitrarily many incoming r-edges from A-nodes.

Now, suppose that new findings refute the rule of cross-reacti-
vity of antigens. The cross-reacting edges between antigens are no
longer adequate for representing information about the antigens
that a vaccine targets, and so, in the new schema S, this infor-
mation is recorded explicitly with targets edges. Since up to that
point, the knowledge graph did not contain any data points that
contradicted the cross-reactivity rule, the logic of the rule can be
used to transform the old knowledge graph to one that conforms to
the new schema. Afterwards cross-reacting edges are removed. O

In the present paper, we study two classical problems of static
analysis on graph transformations: type checking, that verifies if for
every graph conforming to the source schema the transformation
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outputs a graph conforming to the target schema, and equivalence,
that verifies if two transformations produce the same output for
every graph conforming to the source schema. Additionally, when
the target schema is not known, we investigate the problem of target
schema elicitation that constructs the containment-minimal target
schema that captures the graphs produced by the transformation.

We study executable graph transformations defined with Datalog-
like rules. The rules specify how to construct the output graph from
the results of regular path queries evaluated over the input graph.
To allow multiple copies of the same input node the rules use node
constructors, essentially explicit Skolem functions that create nodes.
As an example, the cross-reactivity rule from Example 1.1 gives rise
to the following graph transformation rule

targets(fi (x), fa(y)) « (designTarget - crossReacting™)(x,y),

where fi(x) and f4(y) are constructors of Vaccine and Antigen
nodes respectively. The two constructors can, for instance, have the
following definitions fi (x) = (Vaccine, x) and f4 (y) = (Antigen,y);
essentially, they take the identifiers of the original nodes and deco-
rate them with their type.

We investigate transformations that use only acyclic two-way
conjunctive regular path queries (acyclic C2RPQs), which is arguably
of practical relevance in the context of graph transformations. For
instance, we have found no cyclic queries in the transformations
implementing graph data migration between consecutive versions
of the FHIR data format [34, 53] (Fast Healthcare Interoperability
Resources is an international standard for interchange of medical
healthcare data). Our constructions rely on acyclicity of C2RPQs
to obtain relatively low computational complexity. We argue that
the acyclicity assumption cannot be lifted without a significant
complexity increase (see Section 7).

Node constructors are closely related to object creating func-
tions [36, 37]. Our use of node constructors is inspired by analogous
constructions in transformation languages such as R2RML [18, 22,
55], where node IRIs are typically obtained by concatenation of a
URL prefix and the key values of a object represented by the con-
structed node. Our node constructors can have an arbitrary arity,
thus allowing for instance to create nodes in the target graph that
represent relationships (edges) between nodes in the source graph.
To isolate the concern of possible overlaps between node construc-
tors, we make the natural assumption that node constructors are
injective, have pair-wise disjoint ranges, and for every node kind
(label) a single dedicated node constructor is used. These assump-
tions allow us to remove the need to analyze the definitions of node
constructors, which is out of the scope of the present paper, and
they are consistent with how the analogous constructions are used
in languages such as R2RML and FHIR mapping language.

For schemas, we employ a natural formalism of graph schemas
with participation constraints, inspired by standard data modeling
languages such as Entity-Relationship diagrams [17], and already
studied, for instance, in the context of graph database evolution [11].
Such schemas allow one to declare the available labels of nodes and
edges and to express participation constraints. In contrast to more
expressive languages as ShEx and SHACL [19, 57], our formalism
allows a single label per node, which determines the node type. Thus,
roughly speaking, our schema formalism is to ShEx and SHACL
what DTD is to XML Schema.
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The key contributions of the present paper are as follows.

(1) We define graph database transformations and we reduce
the problems of interest to containment of C2RPQs in unions
of acyclic C2RPQs modulo schemas.

(2) We reduce the query containment problem to the unrestricted
(finite or infinite) satisfiability of a C2RPQ modulo a set of
constraints expressed in the Horn fragment of a description
logic known as ALCIF . The reduction involves an appli-
cation of the cycle reversing technique [20, 38], carefully
tailored to our needs.

(3) The unrestricted satisfiability problem for ALCIF can be
solved in EXPTIME owing to a simple model property [16],
but applying this result directly to the instance obtained
via cycle reversing would lead to doubly exponential com-
plexity due to an exponential blow-up inherent to cycle
reversing. We provide a new algorithm with improved com-
plexity bounds, which allows to accommodate the blow-up
while keeping the overall complexity in EXPTIME. We also
reformulate the simplicity of models in terms of a graph-
theoretical notion of (k, [)-sparsity [44], which allows to
streamline the reasoning.

These reductions allow to solve all problems of interest in EXPTIME
and we also establish the matching lower bounds.

The paper is organized as follows. In Section 2 we discuss related
work. In Section 3 we introduce basic notions. In Section 4 we
define graph transformations and the problems of interest, which
we reduce to query containment modulo schema. In Section 5 we
reduce the latter to satisfiability of a query modulo Horn-ALCIF
theory, which we solve in Section 6. In Section 7 we summarize our
findings and identify directions of future work. A technical report
containing full proofs can be found in [9].

2 RELATED WORK

Graph-based data models have been proposed in various forms
and shapes since the 1980s [4]. The proposals in the 1980s and 1990s
included labeled graphs [32], graphs where certain nodes repre-
sent complex values [33, 43], graphs where nodes have associated
complex values [1, 2], and graphs where nodes are associated with
nested graphs [45]. More recently the RDF data model [30] and the
Property Graph data model [3] have become popular. RDF graphs
are similar to labeled graphs except that nodes are unlabeled and
participate in at least one edge, and the labels of edges can be nodes
and participate in edges. Property Graphs are also similar to labeled
graphs except that nodes and edges have multiple labels and prop-
erties, and edges have identity. In our work we assume one of the
simplest models, namely, labeled graphs where nodes have multiple
labels and edges have a single label; our schemas require exactly
one label per node. Since we focus here on transformations of the
graph structure, we have no explicit notion of value associated with
nodes and edges, but there are straightforward ways of adding this,
as is done for example in [32].

The term graph transformations can refer to different for-
malisms [54]: the purpose of graph grammars is to define graph
languages; algebraic graph transformations are mainly used to mo-
del systems with infinite behavior and are not functional (they
produce multiple outputs on single input). Therefore, not only are
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these formalisms ill-suited for defining transformations of graph
databases, but also the problems studied for them are unrelated to
the problems we study here. Monadic second-order (MSO) graph
transductions [21] can capture our transformations only when re-
stricted to unary node constructors; moreover, resorting to MSO
logic typically incurs a prohibitive complexity overhead.

Transformation languages for graph databases are often
based on Datalog extended with node-creation syntax in the head
of the rules. It could be just a variable that is not bound in the
body of the rule, like in IQL [2] and G-Log [51]; this ensures a
fresh node is created for each valuation that makes the body true.
Another option is to replace the unbound variable with a term
consisting of a constructor function (sometimes called a Skolem
function) applied to bound variables, like in O-logic [46] and F-logic
[41]; the constructor creates a fresh node when called for the first
time for certain arguments, and after that the same node for the
same arguments. We adopt the idea of node constructors because
we believe it provides a powerful and intuitive way to control the
identity of new nodes. A different proposal, based on structural
recursion, is offered by UnQL [12], but the underlying data model
considers graphs equivalent if they are bisimilar, which makes the
expressive power quite different. Graph transformations can also
be expressed using query languages such as SPARQL and Cypher.
Nevertheless, we believe that a rule-based transformation language
is more convenient for defining transformations and it can co-exist
with an expressive query language. For instance, in the XML world,
XSLT [40] (rule-based) focuses on transformations, while XQuery
[56] is mostly used for querying XML data. In the context of data
exchange, schema mappings provide a declarative way to define
database transformations [7, 13, 24]. Our transformations could be
simulated by considering canonical solutions for plain SO-tgds [5]
extended to allow acyclic C2RPQs in rule bodies. Note, however,
that equivalence is undecidable for plain SO-tgds with keys [25],
and open for plain SO-tgds [42].

The static type checking problem originates in formal lan-
guage theory and has been studied for finite state transducers on
words and for various kinds of tree transducers, including some
designed to capture XML transformation languages [47-50]. Type
checking has also been studied for graph transformations. In [33]
labelled graphs are transformed using addition, deletion, and re-
duction operations, and type checking is investigated for schemas
similar to ours but without participation constraints. The typing
problem for UnQL is studied in [39], but the approach relies on
schemas specifying graphs up to bisimulation, which limits their
power to express participation constraints. Regarding transforma-
tions defined by schema mappings, if the mapping does not define
target constraints, then the target schema is simply a relational sig-
nature and type checking is reduced to trivial syntactic check, and
as such it is irrelevant. This is most often the case for graph schema
mappings [7, 13], with seldom exceptions such as [10] for map-
ping relational to graph-shaped data. Their notion of consistency
is related to type checking, but is studied for a simpler formalism
without path queries. In the context of XML schema mappings,
absolute consistency can be seen as a counterpart of type checking
for non-functional transformations [8].
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3 PRELIMINARIES

Graphs. We fix an enumerable set N of node identifiers, a recur-
sively enumerable set T of node labels, and an recursively enumer-
able set X of edge labels. We work with labeled directed graphs,
and in general, a node may have multiple labels while an edge has
precisely one label. We allow, however, multiple edges between
the same pair of nodes, as long as these edges have different labels.
We model graphs as relational structures over unary relation sym-
bols I' and binary relation symbols X. That is, a graph G is a pair
(dom(G), -G) where dom(G) C N is the set of nodes of G and the
function -© maps each A € T to a set AC C dom(G) and each r € 3
to a binary relation r® C dom(G) x dom(G). A graph G is finite
if dom(G) is finite and AC and r© are empty for all but finitely
many A € T and r € X. In the sequel, we use u, v, ... to range over
node identifiers, A, B, C, ... to range over node labels, and r, 1/, . ..
to range over edge labels. Also, we use r~ for inverse edges and let
(r)% = {(u,U) | (v,u) € rG}. Welet>* =X U {r | r € 2} and
use R, R/, ... to range over 3*.

Schemas. We consider a class of schemas that constrain the num-
ber of edges between nodes of given labels and we express these
constraints with the usual symbols: ? for at most one, 1 for pre-
cisely one, + for at least one, * for arbitrary many, and 0 for none.
We focus on these basic cardinality constraints that are most com-
monly used in practice; e.g., Chen’s original ER diagrams only used
those [17]. In fact, we were unable to find any non-basic cardinality
constraints in the FHIR specifications [34], while in the SHACL
schemas in Yago 4.0 [58] we found only one: a person may have at
most two parents.

Now, a schema is a triple S = (I's, Zs,ds), where I's C T is a
finite set of allowed node labels, s C X is a finite set of allowed
edge labels, and Jg : T's X Z§ X Ts — {?,1,+, %, 0}. Schemas can be
presented as graphs themselves, interpreted as illustrated next.

Example 3.1. Take the schema Sy in Figure 1 and consider, for
instance, the designTarget edge. It indicates that every Vaccine has
a single design target Antigen, in symbols

s, (Vaccine, designTarget, Antigen) = 1,

and that every Antigen may be the design target of an arbitrary
number of Vaccines, in symbols

s, (Antigen, designTarget™, Vaccine) = * .

Edges that are not present are implicitly forbidden, e.g., no exhibits
edge is allowed from Vaccine to Pathogen:

s, (Vaccine, exhibits, Pathogen) = 0,

Js, (Pathogen, exhibits™, Vaccine) = 0. O

Now, a graph G conforms to a schema S if 1) every node in G has a
single node label in I's and every edge has a label in X5, and 2) for
all A, B € Ts and R € 3, for every node with label A the number of
its R-successors with label B is as specified by §s(A, R, B). By L(S)
we denote the set of all finite graphs that conform to S.

Queries. We work with conjunctive two-way regular path queries
(C2RPQs) that have the form

q(%) = 3G.p1(z1,2]) A ... A gz, z,'c),
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where x = {zl,zi, s Zh z/'c} \ 7 and for every i € {1,...,k}z; and
z; are variables and the formula ¢; is a regular expression that
follows the grammar

pu=0|elAlR|p-¢lo+olo",

where A € T matches nodes, R € =* matches edges, € matches
empty paths, and @ matches no path. The semantics of C2RPQs
is defined in the standard fashion [15] and we denote the set of
answers to q(x) in G by [q(f)]G,

Example 3.2. Recall the schema Sy in Figure 1. The following
query selects vaccines together with the antigens they are designed
to target or target through cross-reaction.

q(x,y) = (Vaccine - designTarget - crossReacting™- Antigen)(x,y). O

Trivial atoms are of the form @(x, x), €(x, x), and A(x, x), and in
the sequel, we abuse notation and write them as unary atoms: @(x),
€(x), and A(x), respectively. The multigraph of a C2RPQ ¢ has
variables of q as nodes and an edge from x to y for every non-
trivial atom ¢(x,y). The subclass of acyclic C2RPQs consists of
queries whose multigraph is acyclic i.e., it does not have a path
consisting of distinct edges that visits the same node twice. Note
that acyclicity for C2RPQs needs to be more restrictive than the
classical acyclicity of conjunctive queries based on Gaifman graphs.
Indeed, the Gaifman graph of a C2RPQ ¢(x,y) A ¢(x,y) is acyclic
but its matches may form nontrivial cycles in the input graph.

A Boolean C2RPQ q has all its variables existentially quantified,
and it may have only a single answer, the empty tuple, in which
case, we say that g is satisfied in G and write G |= g. We also
use unions of C2RPQs (abbreviated as UC2RPQs) represented as
sets of C2RPQs Q(x) = {q1(X), ..., qx(x)} and extend the notions
of answers, satisfaction, and acyclicity to UC2RPQs in the natural
fashion. Given two UC2RPQs P(x) and Q(x), and a schema S, we say
that P(x) is contained in Q(x) modulo S, in symbols P(x) Cs Q(%),
if [P(%)]C € [Q()]€ for every G € L(S).

Description logics. We operate on properties of graphs formu-
lated in the description logic ALCIF (and its fragments) [6]. In
description logics, elements of ' and ¥ are called concept names
and role names, respectively. ALCIF allows to build more complex
concepts with the following grammar:

Cu=1]A|CcncC|-C|3RC|3*RC,

where A € T and R € =*. We also use additional operators that are
redundant but useful when defining fragments; for brevity we intro-
duce them as syntactic sugar: T := =1, C; U Cy := =(=C1 M =Cy),
VR.C := =3R.~C, AR.C := =3R.C. We extend the interpretation
function -C to complex concepts as follows:

1920, (ne)°=cfncY, (-0)° =dom(G)\CC,
(3RC)C = {u € dom(G) | Fv. (u,0) € R Av e CC},
(ESIR.C)G = {u € dom(G) | 3%10. (u,0) € RCAve CG}.
Statements in description logics have the form of concept inclusions,

cch
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where C and D are concepts. A graph G satisfies C £ D, in symbols
G ECCD,ifCS C DC. A set T of concept inclusions is tradi-
tionally called a TBox and we extend satisfaction to TBoxes in the
canonical fashion: G =7 if GECCE D foreachCC D e 7.

In the Horn fragment of ALCIF, written Horn-ALCIF, we
only allow concept inclusions in the following normal forms:

KCA, K CVRK’,
KC3RK', KcC 3SRk,

KC1,
KC ARK',

where A € T, R € =*, and K, K’ are intersections of concept names
(intersection of the empty set of concepts is T). If statements of the
form K T A; WAy U --- U A, are allowed too, then we recover the
full power of ALCIF (up to introducing auxiliary concept names).

Participation constraints of schemas can be expressed with sim-
ple Horn-ALCIF statements as illustrated in following example.

Example 3.3. For instance, the assertion in Sy (Figure 1) that
Pathogen manifests at least one Antigen is expressed with the state-
ment Pathogen C Jexhibits. Antigen. The assertion that an Antigen
may be exhibited by an arbitrary number of Pathogens needs no
Horn-ALCIF statement. However, statements are needed for im-
plicitly forbidden edges, e.g., Vaccine C ﬁexhibits.Antigen. O

4 GRAPH TRANSFORMATIONS

We propose transformations of graphs defined with Datalog-like
rules that use acyclic C2RPQs in their bodies. To allow multiple
copies of the same source node we use node constructors. Formally,
a k-ary node constructor is a function f : N' k — N and we denote
the set of node constructors by 7. To remove the concern of over-
lapping node constructors, and the need to analyze their definitions,
we assume that for every node label A € T’ we have precisely one
node constructor f4, all node constructors are injective, and their
ranges are pairwise disjoint.

We introduce two kinds of graph transformation rules: node rules
and edge rules. A node rule has the form

A(fa(®)) < q(%),
where A € T, f4 € ¥, and q is an acyclic C2RPQ. An edge rule has
the form
r(f).f'@) < 9= 9),

wherer € 3, f, f’ € ¥, and q is an acyclic C2RPQ. Note that an
equality between variables z = z’ can be expressed as €(z, z’), and
consequently, we can assume that ¥ and g are disjoint.

Now, a graph transformation T is a finite set of graph transfor-
mation rules. By I'T and X1 we denote the finite sets of node and
edge labels, respectively, used in the heads of the rules of T.

Example 4.1. Below we present rules defining the transformation
Tp of the medical database, described in Example 1.1. We use 3 unary
node constructors f4(x) for Antigen nodes, fp(x) for Pathogen
nodes, and fi/(x) for Vaccine nodes.

Vaccine(fy (x)) < (Vaccine)(x),
Antigen(fa(x)) < (Antigen)(x),
designTarget(fy (x), fa(y)) < (designTarget)(x,y),

targets(fy (x), fa(y)) « (designTarget - crossReacting™)(x,y),
Pathogen(fp(x)) < (Pathogen)(x),

exhibits(fp(x), fa(y)) < (exhibits)(x,y) . O
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Now, given a graph G and a graph transformation T the result of
applying T to G is a graph T(G) such that (for A€ T and r € %)

ATO) = {51 | A(fa(®) < q(x) €T, t € [q(x)]°},
O =01 W) [ (@' @) —gmp T,
(t.t) € [q(x.5)]°}.

We are interested in the following two classical static analysis tasks.

Type checking Given a transformation T, a source schema S, and
a target schema S’ check whether for every G that conforms
to S the output of transformation T(G) conforms to S’.

Equivalence Given a source schema S and two transformations
T; and T, check whether T; and T agree on every graph that
conforms to S.

In settings where the target schema is not known, it might be useful
to construct one. Naturally, we wish to preclude a trivial solution
that produces the universal schema that accepts all graphs over a
given set of node and edge labels. Instead, we propose to construct
a schema that offers the tightest fit to the set of output graphs. To
define formally this requirement, we define schema containment
in the classical fashion: a schema S is contained in S’ if and only if
L(S) C L(S).
Schema elicitation Given a transformation T and a source schema
S, construct the containment-minimal target schema S’ such
that T(G) € L(S’) for every G € L(S).
We observe that T(G) may have nodes with no label, which may
preclude it from satisfying any schema, and consequently, schema
elicitation may also return error.

We prove the main result by reducing the problems of interest to
query containment modulo schema (and vice versa), which we later
show to be EXPTIME-complete. Although schema elicitation is not
a decision problem, we show EXPTIME-completeness of deciding
if the result of schema elicitation is equivalent to a given schema.
Should schema elicitation have lesser complexity, so would have
the corresponding decision problem since schema equivalence is
easily decided in polynomial time.

Theorem 4.2. Type checking, schema elicitation, and equivalence
of graph transformations are EXPTIME-complete.

We outline the main ideas of the proof by illustrating how a trans-
formation T can be analyzed with a toolbox of methods based on
query containment modulo source schema S. We formulate these
methods with an entailment relation:

(T,SY EKC K’ iff T(G) EKLCK’ forevery G € L(S).

W.lo.g. we assume that every rule of transformation T is trim i.e., it
uses in its body a query g(x) that is satisfiable modulo S, in symbols
Jx.q(x) ¢s @; otherwise, T can be trimmed.

First, we group queries from rules of T based on the labels of
nodes and edges they create. For A, B € I'r and r € £1 we define

Qa(x) = {g(®) | A(fa(x)) < q(x) € T},
Qarp®9) ={q® ) | r(fa®). f5(@) < q(%9) € T},
Qar- (%19 ={q(@.%) | r(f3(@). fa(x)) — q(7.%) € T}.
In essence, Q4 (%) identifies tuples over the input graph that yield
a node constructed with f4 and with label A while Q4 g (%, )
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identifies tuples that yield R-edges from a node created with f4 to
a node created with fg.

Example 4.3. A couple of examples of above queries for the trans-
formation Ty in Example 4.1 follow.

OVaccine(x) = (Vaccine) (x),
QVaccine,targets,Antigen(X, y) = (designTarget - CrOSSReaCting*)(xa y),
QVaccine,designTarget,Antigen(xs y) = (designTarget)(x, y) . o

Since an edge rule does not assign labels to nodes it creates, the
result of a transformation may be a graph with nodes without
a label. Such a situation precludes type checking from passing
and prevents schema elicitation from producing meaningful out-
put. Consequently, we first verify that every node in every output
graph has exactly one label, in symbols (T, S) = T E | | T, where
[I{A1,...,Ag} is a shorthand for A; U ... U Ag. We prove the fol-
lowing.

T ETCU iff
37.QarB(X,7) S5 Qa(x) forall ABeTrandRe Z%,

We point out that the restriction of one node constructor per node
label ensures that each node of the output has at most one label.

Example 4.4. Take Ty from Example 4.1 and Sy in Figure 1. Veri-
fying that (To, So) = T C || I'r, requires a number of containment
tests including the following two.

Jy.(designTarget - crossReacting”)(x,y) Cs, (Vaccine)(x),

Jy.(designTarget)(x,y) Cs, (Vaccine)(x) . o

Now, to perform type checking against a given target schema §’,
we verify that I'T C I's» and £ € Xg/. Then, we take the TBox 7g
of concept inclusions that expresses participation constraints of the
target schema S’ and we verify that (T,S) E 7s. Type checking
succeeds if and only if all the above tests succeed.

The TBox 75’ consists of statements from a small fragment Ly
of Horn-ALCIF which allows only statements of the forms

AC 3R.B, AC 7R.B, AC 3°RB,

where A, B € T and R € *. The entailment of such statements is
also reduced to query containment:

(T,S) EAC3RB iff Qa(%) Cs 37.0arB(%.9),
(T.S) FACBRB iff 35.0a(X)AQaARB(X,7) S5 \; B(xi),
(T,S) EAC 3°'RB iff

Fx.04(X)NQARB(X, §)AQARB(X, 2) Cs N €(yiszi) -

Example 4.5. Take the transformation Ty and the schemas Sy
and S; in Figure 1. The schema S; requires every vaccine to target
at least one antigen, in symbols Vaccine C Jtargets.Antigen. This
statement is entailed by Ty and Sy if and only if the following holds

(Vaccine) (x) Cs, Jy.(designTarget - crossReacting™)(x,y). O

For schema elicitation, we use a close correspondence between
schemas and £y TBoxes. It is sufficient to construct the TBox 7~
containing all £y statements that are entailed by T and S; 7 corre-
sponds to the containment-minimal target schema.

Finally, the equivalence of two transformations T and T, is
essentially the equivalence (modulo S) of the respective queries Q4
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Figure 2: Query containment over finite and infinite graphs.

and Q4 g g of both transformations. Naturally, query equivalence
is reduced to query containment, as usual.

We have shown that type checking, schema elicitation, and equiv-
alence of graph transformations are Turing-reducible in polyno-
mial time to testing containment of UC2RPQs in acyclic UC2RPQs
modulo schema. We also show polynomial-time reductions of con-
tainment of 2RPQs modulo schema to all above problems of interest.
With that, Theorem 4.2 follows from Theorem 5.1.

5 QUERY CONTAINMENT MODULO SCHEMA

The aim of this section is to show the following result.

Theorem 5.1. Containment of UC2RPQs in acyclic UCZRPQs modulo
schema is EXPTIME-complete.

The lower bound can be derived from the EXPTIME-hardness of
unrestricted containment of 2RPQs (using only edge labels) mod-
ulo very simple TBoxes. The latter is obtained by reduction from
another reasoning task (satisfiability of ALCI TBoxes) and relies
on the inner workings of its hardness proof. For completeness,
we provide a direct reduction from the acceptance problem for
polynomial-space alternating Turing machines. The remainder of
this section is devoted to the upper bound. We show it by reduction
to unrestricted (finite or infinite) satisfiability of C2RPQs modulo a
Horn-ALCIF TBox, which we discuss in Section 6. The principal
technique applied in the reduction is cycle reversing [20].

Let S be a schema, P a UC2RPQ, and Q an acyclic UC2RPQ.
Without loss of generality we may assume that P and Q are Boolean.
The key idea is to pass from finite to possibly infinite graphs, thus
making canonical witnesses for non-containment easier to find.
However, as Example 5.2 shows, we cannot pass freely from finite
to possibly infinite graphs, as this may affect the answer.

Example 5.2. Consider the schema S in Figure 2. Observe that
S allows infinite graphs that are essentially infinite trees when
restricted to s-edges, e.g. G in Figure 2. In fact, every infinite
graph satisfying S that is connected when restricted to s-edges is
an infinite tree. On the other hand, every non-empty finite graph
that conforms to S is a collection of disjoint cycles when restricted
to s-edges, e.g., Go in Figure 2. Clearly, the topology of finite and
infinite graphs defined by the schema differs drastically.

Now, take the queries P = 3x.r(x,x), Q = 3x,y.(r - s* - r) (x, v),
and observe that P Cg Q. However, the containment does not hold
over infinite graphs: P is satisfied by G while Q is not. O

The reason why we cannot pass directly to infinite models is that
finite graphs conforming to schema S may display certain additional
common properties, detectable by queries, but not shared by infinite
graphs conforming to S. The cycle reversing technique [20] captures
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Figure 3: Cycle reversal argument.

these properties in S* such that
PSsQ  iff PSP Q

where by C¢% we mean containment over possibly infinite graphs
conforming to S*. However, as the following example shows, we
cannot obtain S* by analysing S alone.

Example 5.3. In Example 5.2 we saw that in a finite graph con-
forming to S, each node has exactly one incoming and one outgoing
s-edge. We can use this observation to tighten the original schema
S to the schema S* (Figure 2). Alas, we still have P Z&. Q because
there is an infinite graph G, that satisfies P but not Q. O

Instead, we first reduce containment modulo schema to finite
satisfiability, fusing the schema S and the query Q into a single
Horn-ALCIF TBox, and then pass from finite to unrestricted sat-
isfiability by applying cycle reversing to the resulting TBox. We
follow closely the approach of Ibanez-Garcia et al. [38], relying
crucially on some of their results.

Let 7 be a Horn-ALCIF TBox. A finmod cycle is a sequence

Ki,R1,K2, Ry, ..., Kn—1,Rn-1,Kp

where Ry,...,R,—1 € 2t and K, ..
cept names such that K, = Kj and

7T EK C3Ri.Kis1 and 7 E Kip1 C3I5'R;K;

., Ky are conjunctions of con-

for 1 < i < n. By reversing the finmod cycle we mean extending 7~
with concept inclusions

Ki+1 C 3R; K;

for 1 < i < n. The completion 7 of a TBox 7 is obtained from 7~
by exhaustively reversing finmod cycles. The following key result
is stated in [38] in terms of sets of ground facts (so-called ABoxes)
rather than subgraphs, but our formulation is equivalent.

and K; T 35'R;.Kiy

Theorem 5.4 (Ibafiez-Garcia et al., 2014). A Horn-ALCIF TBox
T has a finite model containing a finite subgraph H iff its completion
T has a possibly infinite model containing H.

Example 5.5. Schema S from Example 5.2 is equivalent to TBox
7s that consists of

TCA, AC3sA, AC3Is A,
Non-satisfaction of Q is captured by TBox 7-¢ that consists of
B, CVs.By.s+, Bp.g+ EVs.Byg+,

Let 7 = 75 U 7-p and observe that AM B,.s+, s, AN By.g+ is a
finmod cycle in 7. By reversing it, we obtain

AMB,g¢ C3s  AMB,s and AMB,g T35S AMB,.¢.

T EVr.B,, B+ CVr.L.

Now, suppose that there exists a (finite or infinite) model G of 7*
that satisfies P (see Figure 3). G must have a node u with (u,u) € G,
It follows already from 7~ that u € (AN B,)C and that u has an s-
successor u’ € (AMBy.¢+)C. The statement AMB,.¢+ C 3s~.AMB,. ¢+
in 7 implies that u” has an s~ -successor u”’ € (AMB,.¢+)C. As each
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node has at most one incoming s-edge, u = v’ and u € (B,.¢+)C.
But u has an outgoing r-edge, which contradicts the last concept
inclusion in T-0- Thus, P is not satisfied in 7 *. ]

We are now ready to reduce containment modulo schema to
unrestricted satisfiability modulo Horn-ALCIF TBox. Note that
the guarantees on the resulting TBox in the statement below are
sufficient to conclude Theorem 5.1 using Theorem 6.1.

Theorem 5.6. Given a UC2RPQ P, an acyclic UC2RPQ Q, and a
schema S, one can compute in EXPTIME a UC2RPQ P of polynomial
size and a Horn-ALCIF TBox T using linearly many additional
concept names and polynomially many at-most constraints, such that
P Cs Q if and only zfﬁ is (unrestrictedly) unsatisfiable modulo 7.

Let us sketch the proof. Let 75 be the Horn-ALCIF TBox corre-
sponding to S. Note that apart from the explicit restrictions captured
in 75 the schema S also ensures that only graphs with exactly one
label per node are considered. To ensure at most one label from I's
per node, we use the TBoxig =JsU{ANBC L | A BeTs, A+ B}.
The concept inclusion T C | | I's, expressing that each node has at
least one label from Ty, is not Horn and cannot be used. Instead, we
modify the query P. Assuming I's = {A1, Ay, ..., Ap}, we include
(A1 + Az + -+ -+ Ay,) before and after each edge label used in an
atom of P. Additionally, to ensure that P uses only labels allowed
by S, we substitute in P each label not in I's U 2§ by @. Letting P
be the resulting query, we have

PcsQ iff ﬁQﬁQ

Because Q is acyclic, by adapting the rolling-up technique [35]
one can compute in PTIME a Horn-ALCIF TBox ‘7ZQ over an
extended set of concept names I's U T such that

Q

Since ‘73 U J-0 is a Horn-ALCIF TBox, we can consider its com-

pletion (75 U 7-0)". As UC2RPQs are witnessed by finite subgraphs
whenever they are satisfied, we can infer from Theorem 5.4 that
Pis finitely satisfiable modulo ‘73 U ‘7ZQ iff P is satisfiable modulo
(75 U T-0)"

It remains to compute the completion. Reversing cycles does not
introduce new concept names, but it may generate exponentially
many concept inclusions. Identifying a finmod cycle involves decid-
ing unrestricted entailment of Horn-ALCIF concept inclusions,
which is decidable in EXPTIME [26]. However, since the input TBox
might grow to an exponential size as more and more cycles are
reversed, it is unlikely that the completion can be computed in
EXPTIME for every Horn-ALCIF TBox. Our key insight is that
7A§ U 70 enjoys a particular property, invariant under reversing
cycles, that keeps the complexity under control.

A concept inclusion (CI) of the form K C 3R.K’ or K C 3<!R.K’
is relevant for a TBox 7 if the triple (K, R, K”) is satisfiable modulo
T that is, some model G of 7~ contains nodes u and u’ such thatu €
KS, (u,u’) € R, and v’ € (K’)C. We say that T~ is S-driven if for
each relevant Cl in 7~ of the form K C 3R.K’ (resp. K C 3<1R.K"),
7 contains A T 3R.A’ (resp. A C 3S'R.A’) for some A, A’ € Ts
such that A € K, A’ € K’; here and later we blur the distinction
between conjunctions of concept names and sets of labels. Note

Pc-

7 iff Pis finitely unsatisfiable modulo 73 UT0.
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that "Z'g UTg is trivially S-driven, as all its existential and at-most
constraints are of the form A £ 3R.A” or AT 351R.A.

Lemma 5.7. Every S-driven TBox T can be simplified in polynomial
time so that it contains at most |2§| - |Ts|? at-most constraints.

From our results in Section 6 it follows that unrestricted entail-
ment for a Horn-ALCIF TBox 7 with k concept names and ¢
at-most constraints can be solved in time O(poly(|77) - 2p°1y<k’[)).
Hence, it would suffice to show that by reversing a finmod cycle
in an S-driven TBox, we obtain another S-driven TBox. In fact, we
prove something weaker, but sufficient to compute the completion
in EXPTIME, and conclude that it is S-driven.

Let K1, Ry, ..., Kn—1,Rn—1, K, be a finmod cycle in an S-driven
Horn-ALCIF TBox 7. Reversing it will extend 7~ with CIs

Kis1 T3R; .K; and K; C 35'R;.Kin

for 1 < i < n.If all triples (K, R, Ki+1) are unsatisfiable wrt 77,
then all CIs to be added are irrelevant for 7~ and we are done.
Suppose that some (Kj, R;, Kj+1) is satisfiable. Then, in the model
for (Kj, R;, Ki+1) we can trace the finmod cycle forward, witnessing
each triple. Hence, the whole cycle is satisfiable i.e., all its triples
are. Then, we can show that there are unique A1, Ay, ..., A, € Tg
such that A; € Kj foralli < n,and A1,Ry,...,Ap—1,Rn-1,Apisa
finmod cycle in 7. By reversing it, we can add to 7~ Cls

Ais1 T3IR;A; and A; T 3I5'RiAin

for 1 < i < n, which makes the resulting extension S-driven.

Based on the obtained invariant we can compute the completion
(‘7A§ U 7Z,Q)* in EXPTIME. By reducing (‘75 U 7Z,Q)* as described
above, we obtain the desired TBox 7, thus completing the proof of
Theorem 5.6.

6 SATISFIABILITY MODULO TBOX

The last missing piece is to solve the unrestricted satisfiability of
C2RPQs modulo Horn-ALCIF . Calvanese et al. show that the
problem is in EXPTIME not only for Horn-ALCIF, but even for
ALCIF extended with additional features [16]. This result is not
directly applicable, because our reduction produces a TBox of ex-
ponential size. The following theorem gives the more precise com-
plexity bounds that we need.

Theorem 6.1. Unrestricted satisfiability of a C2RPQ p modulo an
ALCIF TBox T using k concept names and £ at-most constraints
can be decided in time O(poly(|T7) - ZPOIY(lpl’k’f)).

Calvanese et al. solve the problem by first showing a simple
model property and then providing an algorithm testing existence
of simple models. We rely on the same simple model property,
but design a new algorithm with the desired complexity bounds.
Yet, rather than diving into the details of the algorithm, we devote
most of this section to the simple model property. We do it to
show a connection to an elegant graph-theoretical notion that helps
to simplify the reasoning considerably, at least for ALCIF. We
begin by illustrating how simple models are obtained for queries
satisfiable modulo schemas (rather than arbitrary TBoxes).

Example 6.2. Take the schema S in Figure 4 (its two types are
represented with a blue square and a red circle), and consider the



PODS ’23, June 18-23, 2023, Seattle, WA, USA

GOI O 5o b [ ] ¢ ] ¢ n d ° @
/21 a a a a\<
Xe ° ° ° ° ol
?\.i».*».*»l*».*).i)./@
. . c [
S~? « b x « Gi: ‘Q/I—>l—>l\¢
7 A a a a a a
aC e mOc o—>0—>0—>0—>0—>0
7 wow K o/
d =2 Tl

Figure 4: Simple witness for satisfiability.

following satisfiable (cyclic) query
p(x,y)=(a-b-ct-d-a)(x,y) A (@) (x,y) A(a"-b-d-a*)(xy).

Since p is satisfiable modulo S, we take any graph conforming to
S where p is satisfied, and we choose any 3 paths witnessing each
of the regular expressions of p. We construct the initial graph Gy
consisting of the 3 paths joined at their ends: it might look like the
one in Figure 4. We observe that S requires every red circle node
to have at most one outgoing a-edge and at most one incoming
a-edge (to and from a red circle node). The initial graph Gy violates
this requirement and to enforce it we exhaustively merge offending
nodes. The final graph G; is a simple model of p modulo S. O

We formalise simple models using a graph-theoretic notion of
sparsity proposed by Lee and Streinu [44]. We say that a connected
graph G with n nodes and m edges is c-sparseif m < n+c. (In Lee and
Streinu’s terminology this corresponds to (1, —c)-sparsity.) Being
c-sparse is preserved under adding and removing nodes of degree 1.
By exhaustively removing nodes of degree 1 from a c-sparse graph
G we arrive at single node or a connected c-sparse graph H in which
all nodes have degree at least 2. Assuming ¢ > 1, it is not hard to
see that such a graph consists of at most k = 2c¢ distinguished nodes
connected by at most [ = 3¢ simple paths disjoint modulo endpoints.
We call such a graph a (k, [)-skeleton, and we refer to the graph
H above as the skeleton of G. Thus, a c-sparse graph consists of
a (2¢, 3c)-skeleton and a number of attached trees; by attaching
a tree to a graph we mean taking their disjoint union and adding
a single edge between the root of the tree and some node of the
graph.

For the purpose of the simple model property we need to lift the
notion of c-sparsity to infinite graphs. We call a (possibly infinite)
graph c-sparse if it consists of a finite connected c-sparse graph
with finitely many finitely branching trees attached.

Theorem 6.3. A connected C2RPQ p is satisfiable in a possibly
infinite model of an ALCIF TBox T iff p is satisfiable in a possibly
infinite |p|-sparse model of T

Proor. Let ¢ be the difference between the number of atoms and
the number of variables of p. Because p is connected, ¢ > —1. By
definition, p understood as a graph with variables as nodes and
atoms as edges is c-sparse.

We write H — H’ to indicate that there is a homomorphism from
graph H to graph H’; that is, a function h mapping nodes of H to
nodes of H’ that preserves node labels and the existence of labelled
edges between pairs of nodes. Let G be a (possibly infinite) model
of p and 7. We construct a sequence of finite connected c-sparse
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graphs of strictly decreasing size

Go—>Gy—--—>G—>G

such that Gy | p and the homomorphism from G; to G is injective
over R-successors of every node, for each R.

To construct Gy let us fix a match of p in G together with a (finite)
witnessing path for each atom of p. We construct Gy as follows.
For each variable x of p we include a node v, whose set of labels
is identical to that of the image of x in G under the fixed match.
Next, for each atom of p that connects variables x and y we add
a simple path connecting x and y such that the sequence of edge
labels and sets of node labels read off of this path is identical to that
of the witnessing path of this atom in G. This graph can be seen
as a specialization of p where each regular expression is replaced
by a single concrete word, except that we include full sets of labels
of nodes, as they are encountered in the witnessing path in G. It
follows immediately that Gy |= p and that Go — G. To see that Gy
is c-sparse one can eliminate the internal nodes of the connecting
paths one by one, until a graph isomorphic to p remains.

We define the remaining graphs G; inductively, maintaining an
additional invariant G; — G. Suppose we already have G; together
with a homomorphism h;: G; — G for some i > 0. If h; is injective
over R-successors of each node of G;, we are done. If not, there
are two different R-successors u; and us of a node v in G; that are
mapped to the same node 4’ in G. It follows that u; and uy have the
same sets of labels types. We let G;;1 be the graph obtained from G;
by merging u; and uy into a single node u. We include an R’-edge
between u and each R’-successor of u; or uy. This decreases the
number of nodes by one, and the number or edges by at least one.
It follows that Gj41 is c-sparse and G; — Gijz1 — G.

Because the sizes of graphs G; are strictly decreasing, at some
point we will arrive at a graph G; such that the homomorphism
from G; to G is injective over R-successors.

The graph G; clearly satisfies p. It also satisfies all concept inclu-
sions in 7 of the forms K C A WAy LI---UA, KC L, KCVYRK/,
K C ARK’, and K T 35'RK’, because h; is injective over R-
successors and G |= 7. On the other hand, G; is not guaranteed to
satisfy concept inclusions of the form K € 3R.K’ in 7. In order to
fix it, we exhaustively (ad infinitum) perform the following: when-
ever anode v in G; is missing an R-successor with some set of labels,
we add it and map it to some such R-successor u” of the image of v
in G (v exists because G = 7). As ¢ < |p|, the resulting (typically
infinite) graph Gis| p|-sparse, and it satisfles p and 7. O

The connectedness assumption in Theorem 6.3 is not restrictive,
because a witnessing graph for p can be obtained by taking the
disjoint union of witnesses for its connected components. Hence,
it remains to decide for a given connected p if there exists a |p|-
sparse graph G that satisfies p and 7. To get a finer control of the
effect different parameters of the input have on the complexity,
we side-step two-way alternating tree automata (2ATA) applied by
Calvanese et al. and develop a more direct algorithm.

Observe that if p is satisfied in a |p|-sparse graph G, then G
contains a (4|p|, 5|p|)-skeleton H’, extending the skeleton of G,
such that all variables of p are mapped to distinguished nodes of H’.
Indeed, H’ can be obtained by iteratively extending the skeleton
of G. Suppose that some variable is mapped to a node v that is not
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yet a distinguished node of H’. If v already belongs to H’, then it is
an internal node in a path between two distinguished nodes; we
then split the path in two, turning v into a distinguished node. If v
does not belong to H’, then it belongs to a tree attached to H' at a
node u. If u is not a distinguished node of H’, we turn it into one, as
above. Then, we add v to H’ as a distinguished node, including the
path between u and v into H’ as well. As we start from a (2|p|, 3|p|)-
skeleton and add at most two distinguished nodes and two paths
for each variable of p, we end up with a (4|p|, 5|p|)-skeleton.
Thus, the algorithm can guess a (4|p|, 5|p|)-skeleton H” with
each path represented by a single symbolic edge and check that it
can be completed to a suitable graph G by materializing symbolic
edges into paths and attaching finitely many finitely branching
trees in such a way that G is a model of 7~ and there is a match of p
in G that maps variables of p to distinguished nodes of H’. This can
be done within the required time bounds by means of a procedure
that can be seen as a variant of type elimination or an emptiness
test for an implicitly represented nondeterministic tree automaton.

7 DISCUSSION

Summary. In this paper we have studied several static analysis
problems for graph transformations defined with Datalog-like rules
that use acyclic C2RPQs. When the source schema is given, we
studied the equivalence problem of two given transformations, and
the problem of target schema elicitation for a given transformation.
If the output schema is also given, we have studied the problem
of type checking. We have shown that the above problems can be
reduced to containment of C2RPQs in acyclic UC2RPQs modulo
schema, a problem that we have reduced to the unrestricted (finite
or infinite) satisfiabilty of a C2RPQ modulo Horn-ALCI¥ TBox
using cycle reversing. For the latter problem we have presented an
algorithm with sufficiently good complexity to accommodate the
exponential blow-up introduced by cycle reversing, thus allowing
to solve in EXPTIME all problems of interest. We have also shown
matching lower bounds by reducing query containment modulo
schema to each of the static analysis problems.

Finite containment modulo Horn-ALCI¥ TBox. In the course
of the proof of the upper bound for containment modulo schema,
we essentially solved (finite) containment modulo Horn-ALCIF
TBox. Indeed, while the EXPTIME upper bound relies on the special
shape of the TBox expressing the schema, the method can be applied
directly to any Horn-ALCIF TBox, at the cost of an exponential
increase in complexity. Thus, we immediately get that finite con-
tainment of UC2RPQs in acyclic UC2RPQs modulo Horn-ALCIF
TBoxes can be solved in 2EXPTIME. To the best of our knowledge
this is the first result on finite containment of C2RPQs in the context
of description logics. A related problem of finite entailment has been
studied for various logics [27-29, 31], but while for conjunctive
queries the solutions carry over to finite containment, for C(2)RPQs
these logics are too weak to allow this. Unrestricted containment of
C2RPQs modulo ALCIF TBoxes is known to be in 2EXPTIME [16],
but passing from unrestricted to finite structures is typically chal-
lenging for such problems. For example, finite entailment of CRPQs
for a fundamental description logic ALC has been solved only
recently [31], 15 years after the unrestricted version [14].
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Extending queries. It is straightforward to extend our methods to
two-way nested regular expressions (NREs) [52]. We also intend to
investigate introducing negation in filter expressions of NREs. Elim-
inating the acyclicity assumption, on the other hand, is problematic.
Containment of arbitrary C2RPQs is EXPSPACE-complete [15],
and we have shown that it reduces to our problems of interest for
transformation rules with cyclic queries. Hence, extending our EX-
PTIME upper bounds to transformations allowing cyclic C2RPQs
is highly unlikely. In fact, even establishing decidability would be
hard. For acyclic queries we could use the rolling-up technique
to reduce containment to satisfiability, which allowed us to apply
the cycle reversing technique and pass from finite to unrestricted
models. When cyclic queries are allowed, the rolling-up technique
is inapplicable and we are left with containment of C2RPQs modulo
constraints, which is a major open problem, not only for constraints
expressed in description logics. The only positive results we are
aware of do not go significantly beyond CQs extended with a binary
reachability relation [23].

Extending schemas. Extending the schema formalism with dis-
junction is also challenging: the corresponding description logic
would not be Horn any more and the transition to unrestricted
models via cycle reversing would not be possible. Supporting mul-
tiple labels on nodes would not be a trivial extension either: we
rely on the single label per node assumption in the reduction of
the problems of interest to containment of UC2RPQs in acyclic
UC2RPQs, and in the EXPTIME upper bound. Supporting more gen-
eral cardinality constraints, on the other hand, should be possible,
but it might affect the complexity upper bounds.

Extending the data model. It is straightforward to encode data
values in our graph model, for instance, by using dedicated node
labels to designate literal nodes whose identifiers are their data
values. Then, one can apply methods similar to type checking to
verify that transformations are well-behaved, and in particular, do
not attempt to construct literal nodes from non-literal ones. How-
ever, the full consequences of allowing literal values in definitions
of transformation rules need to be thoroughly investigated.

Finally, we have considered equivalence of transformations based
on equality of results but one could also consider a variant based on
isomorphism of results. This would be an entirely different problem,
probably much harder.
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