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present an algorithm with linear preprocessing time and constant delay enumeration for a class of CQs with

negation called free-connex signed-acyclic queries. We show that no other queries admit such an algorithm

subject to lower-bound conjectures. Second, we extend our algorithm to Conjunctive Queries with negation

and aggregation over a general semiring, which we call Functional Aggregate Queries with negation (FAQ¬).
Such an algorithm achieves constant delay enumeration for the same class of queries but with a slightly

increased preprocessing time, which includes an inverse Ackermann function. We show that this surprising

appearance of the Ackermmann function is probably unavoidable for general semirings but can be removed

when the semiring has a specific structure. Finally, we show an application of our results to computing the

difference of CQs.
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1 INTRODUCTION
This paper focuses on the query evaluation problem for Conjunctive Queries with negation (CQ¬),
a fundamental class of relational queries. We will think of a CQ¬ as having the following form:

𝑄 (x𝐹 ) ←
∧
𝐾∈E+

𝑅𝐾 (x𝐾 ) ∧
∧
𝐾∈E−

¬𝑅𝐾 (x𝐾 ) (1)

where the variables are of the form 𝑥𝑖 , 𝑖 ∈ [𝑛] = {1, 2, . . . , 𝑛}, E+, E− are two sets of hyperedges that
are subsets of [𝑛], and 𝐹 ⊆ [𝑛] are the free variables. We will call the tripleH = ( [𝑛], E+, E−) the
signed hypergraph of 𝑄 . We will consider only safe queries, where

⋃
𝐾∈E+ 𝐾 = [𝑛]. When E− = ∅,

then 𝑄 is a Conjunctive Query (CQ) with the associated hypergraph ( [𝑛], E+).
The complexity of query evaluation for CQs is well-understood. Yannakakis [24] first showed that

a Boolean CQ (i.e., 𝐹 = ∅) can be evaluated on a database D of size |D| in time 𝑂 ( |𝑄 | · |D|) if the
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hypergraph ( [𝑛], E+) is 𝛼-acyclic (|𝑄 | denotes the size of the query). Further work [3, 4] generalized
this result to show that if 𝑄 is free-connex 𝛼-acyclic then the tuples in 𝑄 (D) can be enumerated

with constant delay 𝑂 ( |𝑄 |) after a linear-time preprocessing step. Free-connex 𝛼-acyclicity means

that both ( [𝑛], E+) and ( [𝑛], E+ ∪ {𝐹 }) are 𝛼-acyclic hypergraphs. It was also shown [3] that this

tractability result is tight under widely believed lower-bound conjectures.

1.1 CQs with Negation
Our first goal in this paper is to generalize the above classic result to the case where E− ≠ ∅. Prior
work has looked into this problem, but without achieving a complete answer.

To explain the current progress, let us first consider the case of a Boolean CQ¬ and attempt

to solve the (seemingly harder) problem of counting the number of valuations that satisfy the

body of 𝑄 with input a database D, which we will denote as #𝑄 (D). We should note here that

#𝑄 is solvable in 𝑂 ( |D|) time if 𝑄 is an 𝛼-acyclic CQ. Brault-Baron [6] had the insight that we

can compute #𝑄 using the inclusion-exclusion principle. Indeed, let 𝑄𝑆 be the Boolean CQ with

hypergraph ( [𝑛], E+ ∪ 𝑆) for any 𝑆 ⊆ E− . Then we can write:

#𝑄 (D) =
∑︁
𝑆⊆E−
(−1) |𝑆 |#𝑄𝑆 (D) (2)

Hence, if every 𝑄𝑆 is 𝛼-acyclic, then #𝑄 (and thus 𝑄) can be computed with data complexity

𝑂 ( |D|). This naturally leads to the notion of signed acyclicity, introduced in [6]: a Boolean 𝐶𝑄¬

is signed-acyclic if the hypergraph ( [𝑛], E+ ∪ 𝑆) is 𝛼-acyclic for every 𝑆 ⊆ E− . Thus, a Boolean
CQ¬ can be computed in linear time (data complexity) if it is signed-acyclic. Interestingly, if

E+ consists only of singleton hyperedges, then signed acyclicity is equivalent to 𝛽-acyclicity of

the hypergraph ( [𝑛], E−). However, there are two issues with applying the inclusion-exclusion

approach. First, it has an exponential dependency on |𝑄 | and thus does not give a polynomial-time

algorithm in combined complexity. Second, it cannot be used to provide any delay guarantees for

the enumeration problem in non-Boolean queries.

The second issue was partially addressed by Brault-Baron [5, 6], who proposed an enumeration

algorithm for any free-connex signed-acyclicCQ¬. However, this algorithm either achieves constant

delay with a 𝑂 ( |D| log |𝑄 | |D|) preprocessing time, or achieves logarithmic delay with linear

preprocessing time. The logarithmic factor is a consequence of the technique used, which translates

a database instance to an instance over the Boolean domain.

Our first main result shows that the translation to the Boolean domain is not necessary and in fact

we can achieve both constant delay and linear time preprocessing for free-connex signed-acyclic

queries. Moreover, our algorithm has only a polynomial dependence on the size of the query.

Theorem 1.1. Let 𝑄 be a free-connex signed-acyclic CQ¬. Then there is an algorithm that can
enumerate the results of 𝑄 (D) with 𝑂 ( |𝑄 |3 + |𝑄 | · |D|) preprocessing time and 𝑂 ( |𝑄 |) delay.

1.2 FAQ with Negation
Our second goal is to study the evaluation of CQ¬ in the presence of aggregation. We do this by

studying a more general problem, that of computing a CQ¬ under a general semiring, following

the approach of FAQs [19]. More precisely, given a commutative semiring S = (𝑫, ⊕, ⊗, 0, 1), we
define an FAQ¬ as an expression of the form:

𝜑 (x𝐹 ) =
⊕
x[𝑛]\𝐹

⊗
𝐾∈E+

𝑅𝐾 (x𝐾 ) ⊗
⊗
𝑁 ∈E−

𝑅𝑁 (x𝑁 ), (3)

Here, a positive factor 𝑅𝐾 can be viewed as a table of entries of the form ⟨x𝐾 , 𝑅𝐾 (x𝐾 )⟩ (where the
weight of tuple x𝐾 is the value 𝑅𝐾 (x𝐾 ) ∈ 𝑫), and for entries not in the table, the weight is implicitly
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0. On the other hand, a negative factor 𝑅𝑁 is a table of entries of the form ⟨x𝐾 , 𝑅𝑁 (x𝑁 )⟩, and for

entries not in the table, the weight is a default constant value c𝑁 ≠ 0. To recover the CQ¬ setting,
we choose the Boolean semiring, and encode the values of the negative factor such that it is 0 if the
tuple is in the table, otherwise 1. Our semiring formulation is though much more general: the only

difference between a negative and a positive factor in our setting is whether the "default" value of a

tuple not in the table is 0. This observation offers a novel angle to the semantics of negation, and is

critical to our algorithms. For FAQ¬, we can show the following.

Theorem 1.2. Let 𝜑 be a free-connex signed-acyclic FAQ¬ over a commutative semiring S. Then
there is an algorithm that can enumerate 𝜑 with 𝑂 ( |𝜑 |3 + |𝜑 | · |D| · 𝛼 (14 · |D|, |D|)) preprocessing
time and 𝑂 ( |𝜑 |) delay.

Here, |𝜑 | denotes the size of the query 𝜑 and 𝛼 (𝑚,𝑛) denotes the inverse Ackermann function,

which grows extremely slowly as a bi-variate function of𝑚,𝑛. The appearance of this function in

the runtime expression is surprising in our opinion. It occurs because the aggregation problem

reduces to the well-studied problem of computing interval sums over an arbitrary semiring, called

RangeSum [12, 25]. If the semiring structure allows for linear preprocessing and constant-time an-

swering for its RangeSum problem, then we can drop the Ackermann factor. Examples of such semir-

ings are the Boolean semiring ({true, false},∨,∧, false, true), tropical semiring (R,min, +, +∞, 0),
and semirings with additive inverse (e.g. the counting ring over integers, i.e. (Z, +,×, 0, 1) which
we use to count solutions).

Theorem 1.3. Let 𝜑 be a free-connex signed-acyclic FAQ¬ over a commutative semiring S with
additive inverse. Then there is an algorithm that can enumerate 𝜑 with𝑂 ( |𝜑 |3+ |𝜑 | · |D|) preprocessing
time and 𝑂 ( |𝜑 |) delay.

1.3 Lower Bounds
Our third goal is to match our linear-time upper bounds with lower bounds. In this direction, we

show that under believable conjectures, any CQ¬ that is not free-connex signed-acyclic does not
admit an algorithm that can emit the first result in linear time (hence matching the upper bound).

Our conditional lower bounds are somewhat weaker than the ones obtained for CQs because the

presence of negation means that we cannot use the sparse version of some problems (e.g., detecting

a triangle, or Boolean matrix multiplication). For FAQ¬, we show stronger conditional lower bounds

over the tropical semiring and counting ring based on weaker lower bound conjectures. Finally, we

provide some evidence that the inverse Ackermann factor in the runtime for general semirings is

unavoidable. In particular, we show that the query 𝜑 (𝑥) =
⊕

𝑦 𝐴(𝑥) ⊗ 𝐵(𝑦) ⊗ 𝑅(𝑥,𝑦) corresponds
to a variant of the offline RangeSum problem over a general ⊕ operator. Using this observation, we

can modify a construction of Chazelle [12] to show a superlinear lower bound on the number of ⊕
operations necessary to compute 𝜑 .

1.4 Difference of CQs
Finally, we show that our algorithm for CQ¬ can be applied to obtain optimal algorithms with

linear-time preprocessing and constant delay for the problem of computing the difference between

two CQs of the form 𝑄1 −𝑄2, which was recently studied by Hu and Wang [17].

2 PRELIMINARIES
Hypergraphs. A hypergraph is a pairH = ( [𝑛], E) where [𝑛] = {1, . . . , 𝑛} is the set of vertices of
H and E is a multiset

1
of hyperedges where each 𝐾 ∈ E is a nonempty subset of [𝑛].

1
A multiset is a collection of elements each of which can occur multiple times
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A signed hypergraph is a tupleH = ( [𝑛], E+, E−) where [𝑛] is the set of vertices ofH , E+ and
E− are two multisets of hyperedges where each hyperedge 𝐾 ∈ E+ (resp. 𝑁 ∈ E−) is a subset of [𝑛].
We consider only safe signed hypergraphs, where every vertex in [𝑛] occurs in some hyperedge

𝐾 ∈ E+.

Semigroups and semirings. A triple S = (𝑫, ⊕) is a semigroup if ⊕ is an associative binary opera-

tor over𝑫 . A tuple S = (𝑫, ⊕, ⊗, 0, 1) is a (commutative) semiring if ⊕ and ⊗ are commutative binary

operators over 𝑫 satisfying the following conditions: (1) (𝑫, ⊕) is a commutative monoid
2
with an

additive identity, denoted by 0; (2) (𝑫, ⊗) is a commutative monoid with a multiplicative identity,

denoted by 1; (3) ⊗ distributes over ⊕; and (4) For any element 𝑒 ∈ 𝑫 , we have 𝑒 ⊗ 0 = 0 ⊗ 𝑒 = 0.

Enumeration and Complexity. In this paper, we study the enumeration problem for FAQ¬,
Enum(𝜑,D), which takes as input a FAQ¬ 𝜑 and a database instance D and outputs a sequence of

answers such that every answer in 𝜑 (D) is printed precisely once. An enumeration algorithm for

Enum(𝜑,D) may consist of two phases:

• (preprocessing phase) it constructs efficient data structures from 𝜑 and D; and

• (enumeration phase) it may access the data structures built during preprocessing, and emit

the answers of 𝜑 (D) one by one, without repetitions.

We say that an enumeration algorithm enumerates with delay 𝑂 (𝜏) if the time between the

emission of any two consecutive answers (and the time to emit the first answer, and the time from

the last answer to the end) is bounded by𝑂 (𝜏). In particular, we say that an enumeration algorithm

is constant-delay if it enumerates with delay independent of the input database size |D|.

Model of computation. We adopt the random-access machine (RAM) as our computation model

with 𝑂 (log𝑛)-bit words, which is standard in fine-grained complexity. The machine has read-only

input registers and it contains the database and the query, read-write work memory registers, and

write-only output registers. It is assumed that each register can store any tuple, and each tuple is

stored in one register. The machine can perform all “standard” operations
3
.

In this paper, we consider the combined complexity of CQ¬ and FAQ¬, i.e. the complexity is

measured in the size of both the query and the database instance. For a FAQ¬ 𝜑 , we define |𝜑 | to be
the sum of the arity of all factors in 𝜑 . For a database D, we define |D| as sum of the size of all

relations in D.

Ackermann function. The Ackermann function 𝐴(𝑚,𝑛) for integers 𝑚,𝑛 ≥ 0 is recursively

defined as follows:

(1) 𝐴(0, 𝑛) = 𝑛 + 1;
(2) 𝐴(𝑚 + 1, 0) = 𝐴(𝑚, 1); and
(3) 𝐴(𝑚 + 1, 𝑛 + 1) = 𝐴(𝑚,𝐴(𝑚 + 1, 𝑛)).
It is known that the Ackermann function grows faster than any primitive recursive function and

therefore is not itself primitive recursive. The inverse Ackermann function 𝛼 (𝑚,𝑛) is defined as

𝛼 (𝑚,𝑛) = min{𝑖 ≥ 1 : 𝐴(𝑖, ⌊𝑚
𝑛
⌋) ≥ log

2
(𝑛)}

and 𝛼 (𝑚,𝑛) grows very slowly. For example, we have 𝛼 (𝑛, 𝑛) < 5 for any practical integer 𝑛.

2
In the usual semiring definition, we do not need the multiplicative monoid to be commutative.

3
This includes all arithmetic (e.g. +, −,÷, ∗) and logical operations (see [15, 16, 22]).
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3 SIGNED ACYCLICITY
Before we introduce the definition of signed acyclicity, we first go over the notions of 𝛼- and

𝛽-acyclicity.

A hypergraph H = ( [𝑛], E) is 𝛼-acyclic if there is a tree T = (𝑉 (T ), 𝐸 (T )) and a bijective

function 𝜒 : E → 𝑉 (T ) such that for every vertex 𝑣 ∈ [𝑛], the set of nodes {𝜒 (𝐾) | 𝑣 ∈ 𝐾,𝐾 ∈ E}
induces a connected component in T . A vertex 𝑣 ∈ [𝑛] is an 𝛼-leaf of H if the multiset {𝐾 ∈
E | 𝑣 ∈ 𝐾} contains a maximal element 𝐾𝑣 with respect to ⊆. It is known that every 𝛼-acyclic

hypergraph has an 𝛼-leaf [7].

A hypergraphH = ( [𝑛], E) is 𝛽-acyclic if for any subset E′ ⊆ E,H ′ = ( [𝑛], E′) is 𝛼-acyclic. A
vertex 𝑣 ∈ [𝑛] is a 𝛽-leaf ofH if the multiset {𝐾 ∈ E | 𝑥 ∈ 𝐾} can be linearly ordered by ⊆. It is
known that every 𝛽-acyclic hypergraph has a 𝛽-leaf [7, 8].

We can now introduce the notion of signed acyclicity, slightly modified from [6] to take multisets

into account.

Definition 3.1 (Signed Acyclicity). A signed hypergraph H = ( [𝑛], E+, E−) is signed-acyclic if
( [𝑛], E+ ∪ E′) is 𝛼-acyclic for every multiset E′ ⊆ E− .
Similar to 𝛼 and 𝛽-leaves, we can define signed-leaves.

Definition 3.2 (signed-leaf). LetH = ( [𝑛], E+, E−) be a signed hypergraph. We say that 𝑥 ∈ [𝑛]
is a signed-leaf if there exists a hyperedge𝑈 ∈ E+, called the pivot of 𝑥 , such that:

(1) (𝛼-property) 𝐾 ⊆ 𝑈 for every 𝐾 ∈ E+ that contains 𝑥 ; and
(2) (𝛽-property) the multiset {𝑁 ∈ E− | 𝑥 ∈ 𝑁, 𝑁 ⊈ 𝑈 } ∪ {𝑈 } can be linearly ordered by ⊆ with

𝑈 being the minimal element.

The notion of a signed-leaf degenerates to an 𝛼-leaf when E− = ∅ (since the 𝛽-property holds

trivially) and reduces to a 𝛽-leaf when E+ contains only singleton hyperedges (since the 𝛼-property

holds trivially and the pivot is a singleton set). Recall that every 𝛼-acyclic hypergraph has an 𝛼-leaf

and every 𝛽-acyclic hypergraph has a 𝛽-leaf. The next proposition should not be surprising.

Proposition 3.3. Every signed-acyclic signed hypergraph has a signed-leaf.

Next, we generalize the notion of an elimination sequence [19] to signed hypergraphs. GivenH
and a signed-leaf 𝑣 with a pivot𝑈 , we define ⟨H , 𝑣⟩ to be the hypergraph that (𝑖) removes fromH
any (positive or negative) hyperedge 𝑉 that contains 𝑣 such that 𝑉 ⊆ 𝑈 , and (𝑖𝑖) removes 𝑣 from

any hyperedge that contains it.

Definition 3.4 (signed-elimination sequence). LetH = ( [𝑛], E+, E−) be a signed hypergraph. A

vertex ordering 𝜎 = (𝑣1, 𝑣2, . . . , 𝑣𝑛) of all vertices in [𝑛] is a signed-elimination sequence ofH if 𝑣𝑖 is

a signed-leaf ofH𝑖 for every 𝑖 ∈ [𝑛], whereH𝑛 = H , andH𝑗 = ⟨H𝑗+1, 𝑣 𝑗+1⟩ for 𝑗 = 𝑛−1, 𝑛−2, . . . , 1.
For a vertex ordering 𝜎 = (𝑣1, 𝑣2, . . . , 𝑣𝑛−1, 𝑣𝑛), we often denote 𝜎 = 𝜎 ′ · 𝑣𝑛 where 𝜎 ′ =

(𝑣1, 𝑣2, . . . , 𝑣𝑛−1). By definition, if 𝜎 = 𝜎 ′ · 𝑣 is a signed-elimination sequence of a signed hypergraph

H , then 𝜎 ′ is a signed-elimination sequence of ⟨H , 𝑣⟩.
Proposition 3.5. LetH = ( [𝑛], E+, E−) be a signed hypergraph. IfH is signed-acyclic, then
(1) H has a signed-elimination sequence; and
(2) for every hyperedge {𝑢1, 𝑢2, . . . , 𝑢𝑘 } ∈ E− , H has a signed-elimination sequence of the form
(𝑢1, 𝑢2, . . . , 𝑢𝑘 , 𝑣𝑘+1, . . . , 𝑣𝑛).

Example 3.6. Consider the following CQ¬, which will function as our running example.

𝑄 (𝑥1, 𝑥2, 𝑥3, 𝑥4) ← 𝐴(𝑥1, 𝑥2, 𝑥3) ∧𝑈 (𝑥3, 𝑥4) ∧ ¬𝑉 (𝑥4) ∧ ¬𝑅(𝑥2, 𝑥3, 𝑥4) ∧ ¬𝑆 (𝑥1, 𝑥2, 𝑥3, 𝑥4)
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The vertex 4 is a signed-leaf for the hypergraph H of 𝑄 with pivot the hyperedge {3, 4} that
corresponds to the atom𝑈 . The query corresponding to the resulting hypergraph ⟨H , 4⟩ is:

𝑄 ′ (𝑥1, 𝑥2, 𝑥3) = 𝐴(𝑥1, 𝑥2, 𝑥3) ∧𝑈 (𝑥3) ∧ ¬𝑅(𝑥2, 𝑥3) ∧ ¬𝑆 (𝑥1, 𝑥2, 𝑥3)
In fact, 𝑄 is signed-acyclic with the signed-elimination sequence 𝜎 = (1, 2, 3, 4).

We remark here that our notion of signed-leaf is equivalent to the notion of a leaf for signed

hypergraphs as defined in [6] (we show this in Appendix A in the full version of this paper [27]).

However, for our purposes we need to define a slightly different elimination sequence, since the

hypergraph after the removal of a vertex 𝑥 is defined differently.

4 ENUMERATION OF FULL CQ¬

In this section, we present an algorithm that can enumerate the answers of a signed-acyclic full

CQ¬ (where 𝐹 = [𝑛]) with constant delay after linear preprocessing time. The correctness and

runtime analysis of the algorithm is included at Appendix B in the full version of this paper [27].

Let 𝑄 be a full signed-acyclic CQ¬ with a signed-acyclic signed hypergraphH = ( [𝑛], E+, E−)
and D a database instance. Let 𝜎 = 𝜎 ′ · 𝑣 be a signed-elimination sequence ofH .

Our preprocessing phase recursively eliminates a variable 𝑣 in the signed-elimination sequence.

When eliminating 𝑣 , the key idea is to construct in linear time a database D′, and reduce the

problem of computing the answers of𝑄 (D) to computing the answers of𝑄 ′ (D′), where the signed
hypergraph of 𝑄 ′ isH ′ = ⟨H , 𝑣⟩ and has a signed-elimination sequence 𝜎 ′. The reduction needs

to ensure that Π [𝑛]\{𝑣}𝑄 (D) = 𝑄 ′ (D′). 4 To achieve constant delay enumeration, we construct

(also in linear time) a data structure over the domain of the variable 𝑥𝑣 , that can, given an answer

to 𝑄 ′ (D′), extend it to an answer to 𝑄 (D) with constant delay.

Example 4.1. We will continue with the query 𝑄 in Example 3.6, the database D in Figure 1(a)

and a signed-elimination sequence 𝜎 = (1, 2, 3, 4). The result 𝑄 (D) is depicted in Figure 1(d).

After eliminating 𝑥4, we obtain 𝑄
′
and the instance D′ in Figure 1(b). We have that 𝑄 ′ (D′) =

{(a1, b1, c1), (a2, b2, c2), (a3, b3, c3)}. The preprocessing phase reduces computing 𝑄 (D) to 𝑄 ′ (D′)
and produces a data structure as shown in Figure 1(c), such that given any tuple a′ ∈ 𝑄 ′ (D′), we
may use the data structure to enumerate all answers of the form (a′, 𝑎4) in 𝑄 (D), 𝑎4 being a value

of 𝑥4.

4.1 Preprocessing phase
Algorithm 1 describes the preprocessing phase that takes as input the signed hypergraph H , a

database instance D, and a signed elimination sequence 𝜎 ofH . Let 𝑈 be a pivot hyperedge of the

signed-leaf 𝑣 inH and 𝑁0 = {𝑣} ⊆ 𝑈 ⊆ 𝑁1 ⊆ · · · ⊆ 𝑁𝑚 the linear order of the negative hyperedges

that contain 𝑣 . The preprocessing phase outputs a data structure L𝑣 that maps tuples of the form

Π𝑈 \{𝑣}a𝑈 to a doubly linked list of elements from the domain of 𝑥𝑣 , with some extra tuple-labeled

skipping links that we will introduce later. We explain how the algorithm eliminates the variable

𝑥𝑣 in two steps: 𝛼-step and 𝛽-step.

𝛼-step. The algorithm first performs an 𝛼-step (that mimics Yannakakis’ algorithm) in which we

simply remove tuples from 𝑅𝑈 that will not contribute to a query answer of 𝑄 (D) by filtering 𝑅𝑈
with any positive (or negative) atom 𝑅𝐾 with 𝑣 ∈ 𝐾 and 𝐾 ⊆ 𝑈 .

Then, Algorithm 2 builds a hash table L𝑣 that maps each tuple a𝑈 \{𝑣} ∈ Π𝑈 \{𝑣}𝑅𝑈 to a doubly

linked list of the set {𝑎𝑣 | (a𝑈 \{𝑣}, 𝑎𝑣) ∈ 𝑅𝑈 }, with a slight modification that every pointer is now

parameterized/labeled with ∅.
4
For a tuple a𝑁 and 𝑋 ⊆ 𝑁 , we denote Π𝑋 a𝑁 as the projection of a𝑁 on 𝑋 .
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𝐴

𝑥1 𝑥2 𝑥3
a1 b1 c1
a2 b2 c2
a3 b3 c3
a4 b3 c3

𝑈

𝑥3 𝑥4
c1 d1
c1 d2
c2 d1
c2 d3
c2 d4
c2 d5
c3 d2
c3 d3
c3 d4
c3 d5

𝑉

𝑥4
d3

𝑅

𝑥2 𝑥3 𝑥4
b3 c3 d2
b3 c3 d5
𝑆

𝑥1 𝑥2 𝑥3 𝑥4
a2 b2 c2 d4
a4 b3 c3 d4

(a) A database instance D.

𝐴

𝑥1 𝑥2 𝑥3
a1 b1 c1
a2 b2 c2
a3 b3 c3
a4 b3 c3

𝑈

𝑥3
c1
c2
c3

𝑅

𝑥2 𝑥3

𝑆

𝑥1 𝑥2 𝑥3
a4 b3 c3

(b) A new database instance D′.

c1⊥ d1 d2 ⊥

c2⊥ d1 d4 d5 ⊥

c3⊥ d2 d4 d5 ⊥

(a2, b2, c2)

(a4, b3, c3)

(b3, c3) (b3, c3)

(c) The list data structure L4.

𝑄 (D)
𝑥1 𝑥2 𝑥3 𝑥4
a1 b1 c1 d1
a1 b1 c1 d2
a2 b2 c2 d1
a2 b2 c2 d5
a3 b3 c3 d4

(d) The query result.

Fig. 1. Given the query 𝑄 in Example 4.1, the database instance in (a) and the signed-elimination sequence
𝜎 = (1, 2, 3, 4) as inputs, Algorithm 1 first produces the data structure L4 in (c), and then constructs a new
query 𝑄 ′ in Example 4.1, a new database as in (b), and the sequence 𝜎′ = (1, 2, 3) as inputs to the recursive
call.

The extra label on the pointer allows us to add pointers with different labels in later steps. If 𝑄

contains no negative atoms, this data structure is sufficient to achieve constant delay enumeration

by traversing the list from the head to the end. Finally, 𝑅𝑈 is replaced with its projection Π𝑈 \{𝑣}𝑅𝑈 .

Example 4.2. For our running example𝑈 (𝑥3, 𝑥4) is chosen as the pivot, and the tuples highlighted

in gray in Figure 1(a) denotes the tuples in 𝑈 that survive the semijoin step with the negative

atom ¬𝑉 (𝑥4). The linked lists of the hash table correspond to the data structure in Figure 1(c) if we

ignore the dotted edges.

𝛽-step. Assume a ∈ 𝑄+ (D), where 𝑄+ (x[𝑛]) ←
∧
𝐾∈E+ 𝑅𝐾 (x𝐾 ). When negative atoms are present,

for a to be an answer to𝑄 (D), we also need that Π𝑁𝑖 a ∉ 𝑅𝑁𝑖 for every 𝑖 ∈ [𝑚]. Therefore, we need
to augment L𝑣 such that we can skip the enumeration of any value in the linked list that does not

contribute to the answer. The linear order on the schemas of negative atoms allows us to construct

this data structure in a dynamic fashion. If only one negative atom ¬𝑅𝑁1
is present (i.e.,𝑚 = 1), for

each tuple a𝑁1
∈ 𝑅𝑁1

we can add a skipping link labeled with Π𝑁1\{𝑣}a𝑁1
that bypasses the node

with value Π{𝑣}a𝑁1
in the doubly linked list L𝑣 [Π𝑈 \{𝑣}a𝑁1

]. If𝑚 = 2, then there is another negative

atom ¬𝑅𝑁2
with 𝑁1 ⊆ 𝑁2. For each tuple a𝑁2

∈ 𝑅𝑁2
, we only need to add a skipping link labeled

with Π𝑁2\{𝑣}a𝑁2
that bypasses the node with value Π{𝑣}a𝑁2

in the doubly linked list L𝑣 [Π𝑈 \{𝑣}a𝑁2
]

if that node has not been bypassed by a skipping link with label Π𝑁1\{𝑣}a𝑁2
yet (i.e., Π𝑁1

a𝑁2
∉ 𝑅𝑁1

).

In general, for every tuple a𝑁𝑖 ∈ 𝑅𝑁𝑖 such that Π{𝑣}a𝑁𝑖 has not been bypassed by any skipping link

labeled with Π𝑁 𝑗 \{𝑣}a𝑁𝑖 (i.e., for every 1 ≤ 𝑗 < 𝑖 ≤ 𝑚, a𝑁 𝑗 ∉ 𝑅𝑁 𝑗 ), we add a skipping link labeled

with Π𝑁𝑖\{𝑣}a𝑁𝑖 that bypasses Π{𝑣}a𝑁𝑖 , as well as every skipping links labeled with Π𝑁 𝑗 \{𝑣}a𝑁𝑖
with 1 ≤ 𝑗 < 𝑖 starting in Π{𝑣}a𝑁𝑖 .

Algorithm 3 implements this idea using the parameterized/labeled pointers to support the

skipping links. For any node in the doubly linked list, its next node given a tuple a𝑊 with𝑊 ⊇ 𝑈 \{𝑣}
is fetched by following next[Π𝑁𝑖\{𝑣}a𝑊 ] for the largest possible 𝑖 ∈ {0, 1, . . . ,𝑚} in that node.
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Algorithm 1: PreprocessFullCQ (H ,D, 𝜎)
Input: signed hypergraphH , instance D, signed-elimination sequence 𝜎 = 𝜎 ′ · 𝑣
Construct :L𝑣 for every vertex 𝑣 in 𝜎

1 if 𝜎 is empty then
2 terminate

3 𝑈 ← a pivot hyperedge for the signed-leaf 𝑣 inH
4 foreach 𝐾 ∈ E+ ∪ E− such that 𝑣 ∈ 𝐾 ⊆ 𝑈 do ⊲ 𝛼-step

5 if 𝐾 ∈ E+ then
6 𝑅𝑈 ← 𝑅𝑈 ⋉ 𝑅𝐾

7 else
8 𝑅𝑈 ← 𝑅𝑈 \ (𝑅𝑈 ⋉ 𝑅𝐾 )
9 remove relation 𝑅𝐾 from D

10 L𝑣 ← BuildList(𝑣,𝑈 )
11 replace 𝑅𝑈 with 𝑅𝑈 \{𝑣} ← Π𝑈 \{𝑣}𝑅𝑈
12 Let 𝑁1, . . . , 𝑁𝑚 ∈ E− s.t.𝑈 ⊆ 𝑁1 ⊆ · · · ⊆ 𝑁𝑚 ⊲ 𝛽-step

13 foreach 𝑖 = 1, 2, . . . ,𝑚 do
14 ExtendList(L𝑣, 𝑁𝑖 )
15 replace 𝑅𝑁𝑖 with 𝑅𝑁𝑖\{𝑣} that contains all a𝑁𝑖\{𝑣} ∈ Π𝑁𝑖\{𝑣}𝑅𝑁𝑖 such that

Π𝑈 \{𝑣}a𝑁𝑖\{𝑣} ∈ L𝑣
16 and L𝑣 [Π𝑈 \{𝑣}a𝑁𝑖\{𝑣}] .nextM(a𝑁𝑖\{𝑣}) = ⊥
17 PreprocessFullCQ (⟨H , 𝑣⟩,D, 𝜎 ′)

Algorithm 2: BuildList(𝑣,𝑈 )
Input:𝑈 ∈ E+, 𝑣 ∈ 𝑈
Output: a data structure L𝑣

1 L𝑣 ← an empty hashtable (returns ⊥ always)

2 foreach a𝑈 ∈ 𝑅𝑈 do
3 if L𝑣 [Π𝑈 \{𝑣}a𝑈 ] = ⊥ then
4 newHead.prev[∅] ← ⊥
5 newHead.next[∅] ← ⊥
6 L𝑣 [Π𝑈 \{𝑣}a𝑈 ] ← newHead

7 ℎ𝑒𝑎𝑑 ← L𝑣 [Π𝑈 \{𝑣}a𝑈 ]
8 Node.val← Π{𝑣}a𝑈
9 Node.prev[∅] ← ℎ𝑒𝑎𝑑

10 Node.next[∅] ← ℎ𝑒𝑎𝑑.next[∅]
11 (ℎ𝑒𝑎𝑑.next[∅]) .prev[∅] ← Node

12 return L𝑣

Recall that 𝑁0 = {𝑣} and thus pointers next[∅] and prev[∅] are always present for each node. This

operation is denoted as nextM(a𝑊 ), and we define prevM(a𝑊 ) similarly. The formal definitions for

the operations currNode.nextM(a𝑊 ) and currNode.prevM(a𝑊 ) are defined in Algorithm 4 and 5,

respectively.
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Algorithm 3: ExtendList(L𝑣, 𝑁𝑖 )
Input: a data structure L𝑣 , 𝑁𝑖 ∈ E−
Global variables :𝑈 ∈ E+, 𝑁1, 𝑁2 . . . , 𝑁𝑖 ∈ E− s.t. 𝑣 ∈ 𝑈 ,𝑈 ⊆ 𝑁1 ⊆ 𝑁2 ⊆ · · · ⊆ 𝑁𝑖

1 foreach a𝑁𝑖 ∈ 𝑅𝑁𝑖 do
2 if Π𝑈 a𝑁𝑖 ∉ 𝑅𝑈 or ∃ 𝑗 ∈ {1, 2, . . . , 𝑖 − 1} such that Π𝑁 𝑗 a𝑁𝑖 ∈ 𝑅𝑁 𝑗 then
3 continue

4 currNode← 𝑣 ∈ L𝑣 [Π𝑈 \{𝑣}a𝑁𝑖 ] with 𝑣 .val = Π{𝑣}a𝑁𝑖
5 prevNode← currNode.prevM(a𝑁𝑖\{𝑣})
6 nextNode← currNode.nextM(a𝑁𝑖\{𝑣})
7 prevNode.next[a𝑁𝑖\{𝑣}] ← nextNode
8 if nextNode ≠ ⊥ then
9 nextNode.prev[a𝑁𝑖\{𝑣}] ← prevNode

Algorithm 4: currNode.nextM(a𝑊 )
Input: a list node currNode from L𝑣 , a tuple a𝑊 with𝑊 ⊇ 𝑈 \ {𝑣}
Global variables of L𝑣 :𝑈 ∈ E+, {𝑣} = 𝑁0 ⊆ 𝑁1, 𝑁2 . . . , 𝑁𝑖 ∈ E− s.t. 𝑣 ∈ 𝑈 ,

𝑈 ⊆ 𝑁1 ⊆ 𝑁2 ⊆ · · · ⊆ 𝑁𝑖
Output: the next node of currNode following a𝑊

1 ℓ ← the largest in {0, 1, . . . ,𝑚} such that currNode.next[Π𝑁𝑖\{𝑣}a𝑊 ] is defined
2 return currNode.next[Π𝑁ℓ \{𝑣}a𝑊 ]

Algorithm 5: currNode.prevM(a𝑊 )
Input: a list node currNode from L𝑣 , a tuple a𝑊 with𝑊 ⊇ 𝑈 \ {𝑣}
Global variables of L𝑣 :𝑈 ∈ E+, {𝑣} = 𝑁0 ⊆ 𝑁1, 𝑁2 . . . , 𝑁𝑖 ∈ E− s.t. 𝑣 ∈ 𝑈 ,

𝑈 ⊆ 𝑁1 ⊆ 𝑁2 ⊆ · · · ⊆ 𝑁𝑖
Output: the previous node of currNode following a𝑊

1 ℓ ← the largest in {0, 1, . . . ,𝑚} such that currNode.prev[Π𝑁𝑖\{𝑣}a𝑊 ] is defined
2 return currNode.prev[Π𝑁ℓ \{𝑣}a𝑊 ]

Algorithm 6: L𝑣 .Iterate(a𝑊 )
Input: a tuple a𝑊 such that (𝑈 \ {𝑣}) ⊆𝑊

1 currNode← L𝑣 [Π𝑈 \{𝑣}a𝑊 ]
2 while currNode.nextM(Π𝑊 \{𝑣}a𝑊 ) ≠ ⊥ do
3 currNode← currNode.nextM(Π𝑊 \{𝑣}a𝑊 )
4 emit currNode.val

5 emit ⊥

To traverse L𝑣 , we implement an iterator (Algorithm 6) that takes a tuple a𝑊 with𝑊 ⊇ 𝑈 \ {𝑣},
and then traverses the linked list L𝑣 [Π𝑈 \{𝑣}a𝑊 ] using nextM(a𝑊 ).

Example 4.3. Algorithm 3 takes as input the basic linked list data structure and all tuples in the

negative atoms ¬𝑅(𝑥2, 𝑥3, 𝑥4) and ¬𝑆 (𝑥1, 𝑥2, 𝑥3, 𝑥4) in Figure 1(a) to produce the data structure in
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Algorithm 7: EnumerationFullCQ (𝜎)
Input: a signed-elimination sequence 𝜎 = (𝑣1, 𝑣2, . . . , 𝑣𝑛)
Output: an enumeration of the query answers 𝑄 (D)

1 foreach 𝑎𝑣1 ∈ L𝑣1 .Iterate
(
∅
)
do

2 foreach 𝑎𝑣2 ∈ L𝑣2 .Iterate
(
(𝑎𝑣1 )

)
do

3 foreach 𝑎𝑣3 ∈ L𝑣3 .Iterate
(
(𝑎𝑣1 , 𝑎𝑣2 )

)
do

4 . . .

5 foreach 𝑎𝑣𝑛 ∈ L𝑣𝑛 .Iterate
(
(𝑎𝑣1 , . . . , 𝑎𝑣𝑛−1 )

)
do

6 emit (𝑎𝑣1 , 𝑎𝑣2 , . . . , 𝑎𝑣𝑛 )

Figure 1(c). Note that the skipping link bypassing d4 with label (a4, b3, c4) also needs to bypass

both skipping links labeled by (b3, c3) and (b3, c3) that bypass d2 and d5 respectively.

Finally, for each negative atom ¬𝑅𝑁𝑖 , we need to keep precisely the subset of Π𝑁𝑖\{𝑣}𝑅𝑁𝑖 so that

we can avoid emitting an answer to𝑄 ′ (D′) that cannot be extended to an answer to𝑄 (D). This is
done by keeping the tuple a𝑁𝑖\{𝑣} ∈ Π𝑁𝑖\{𝑣}𝑅𝑁𝑖 only if Π𝑈 \{𝑣}a𝑁𝑖\{𝑣} ∈ L𝑣 , but the tuple cannot
be extended to any answer to 𝑄 (D), i.e., the traversal on L𝑣 using a𝑁𝑖\{𝑣} does not lead to any

value of 𝑥𝑣 .

Example 4.4. After removing 𝑥4 from relations 𝐴(𝑥1, 𝑥2, 𝑥3, 𝑥4) and 𝑈 (𝑥3, 𝑥4), we end up with

relations 𝐴(𝑥1, 𝑥2, 𝑥3) and 𝑈 (𝑥3) in Figure 1(b). The query containing only the positive atoms of

𝑄 ′ would return {(a1, b1, c1), (a2, b2, c2), (a3, b3, c3), (a4, b3, c3)}, but we wish to skip enumerating

(a4, b3, c3), since it cannot be extended to an answer to 𝑄 (D). Indeed, the traversal on the linked

list L4 [c3] will simply follow the black skipping link (a4, b3, c3) to reach the end of the list. We

achieve this by adding (a4, b3, c3) to 𝑆 (𝑥1, 𝑥2, 𝑥3) so that this tuple is not returned in the recursive

call.

4.2 Enumeration phase
The enumeration phase is shown in Algorithm 7. It follows the reverse order of 𝜎 = 𝜎 ′ · 𝑣 to first

recursively enumerate a tuple a′
𝜎 ′ ∈ 𝑄 ′ (D′), and then (with a slight abuse of notation), use every

𝑎𝑣 ∈ L𝑣 .Iterate(a′𝜎 ′ ) to obtain an answer (a′
𝜎 ′ , 𝑎𝑣) to 𝑄 (D). The preprocessing phase guarantees

that the iterator is nonempty for every answer a′
𝜎 ′ .

4.3 A Comprehensive Example
This section demonstrates Algorithm 1 (pre-processing phase) and Algorithm 7 (enumeration phase)

end-to-end on our running example.

Example 4.5. We illustrate on the running example query 𝑄 (= 𝑄4) in Example 3.6, the database

D(= D4) in Figure 2(a) and the signed-elimination sequence 𝜎 = (1, 2, 3, 4).
𝑄4 (𝑥1, 𝑥2, 𝑥3, 𝑥4) ← 𝐴(𝑥1, 𝑥2, 𝑥3) ∧𝑈 (𝑥3, 𝑥4) ∧ ¬𝑉 (𝑥4) ∧ ¬𝑅(𝑥2, 𝑥3, 𝑥4) ∧ ¬𝑆 (𝑥1, 𝑥2, 𝑥3, 𝑥4)

Preprocessing phaseWe dive into the recursive steps of Algorithm 1 on input (H4,D4, (1, 2, 3, 4)):
(1) First, we remove the signed leaf 𝑥4 fromH4, which yields the following query 𝑄3 (𝑥1, 𝑥2, 𝑥3)

whose hypergraph corresponds to the hypergraphH3 = ⟨H4, 𝑥4⟩ and emits a skipping list

data structure L4 as shown in Figure 2(e):

𝑄3 (𝑥1, 𝑥2, 𝑥3) ← 𝐴(𝑥1, 𝑥2, 𝑥3) ∧𝑈 (𝑥3) ∧ ¬𝑅(𝑥2, 𝑥3) ∧ ¬𝑆 (𝑥1, 𝑥2, 𝑥3).
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The database is changed toD3 as in Figure 2(b). This is a high-level summary of the previous

examples where D3 = D′ (Example 4.1 through Example 4.4). Next, we keep following the

signed-elimination sequence (1, 2, 3), i.e. on input (H3,D3, (1, 2, 3)).
(2) We remove the signed leaf 𝑥3 fromH3, yielding𝑄2 (𝑥1, 𝑥2) whose hypergraph corresponds to

the hypergraphH2 = ⟨H3, 𝑥3⟩ and emits L3 as shown in Figure 2(f):

𝑄2 (𝑥1, 𝑥2) ← 𝐴(𝑥1, 𝑥2).
Note that in this step, the positive atom𝑈 (𝑥3) and all negated atoms¬𝑅(𝑥2, 𝑥3) and¬𝑆 (𝑥1, 𝑥2, 𝑥3)
are removed from 𝑄3 since their corresponding negative hyperedges are contained by the

positive hyperedge corresponding to 𝐴(𝑥1, 𝑥2, 𝑥3). Further, the skipping list L3 does not

contain any skipping edge. The database is changed to D2 as in Figure 2(c).

(3) We further remove the signed leaf 𝑥2 from H2, finally yielding 𝑄1 (𝑥1) with a hypergraph

corresponding toH1 = ⟨H2, 𝑥2⟩ and emits L2 shown in Figure 2(g):

𝑄1 (𝑥1) ← 𝐴(𝑥1).
Note that L2 also does not contain any skipping edge. The database is changed to D1 as in

Figure 2(d).

(4) Finally, we remove the signed leaf 𝑥1 fromH1, and this step essentially creates a linked-list

L1 (shown in Figure 2(h)) on the remaining elements in the relation 𝐴 in Figure 2(d).

Enumeration phase For the enumeration step, we first enumerate every element in L1 (yielding

a1, a2 and a3). Then we use that element enumerated in L1 as a probing tuple in the enumeration

process of every element in L2. For example, L2.nextM(a1) leads to b1, and L2.nextM(a2) leads to
b2. We continue this step using the combined tuple enumerated from L1 and L2 (say, (a1, b1)), to
enumerate the elements in L3. For example, L3.nextM((a1, b1)) gives 𝑐1 and L3.nextM((a2, b2))
gives 𝑐2.

Finally, we use the combined tuple enumerated from L1, L2, L3 (say, (a2, b2, c2)), to enumerate

the elements in L4. This step uses the skipping links: for example, L4.nextM((a2, b2, c2)) would
locate the doubly linked-list stored at the key c2, and then we traverse that doubly linked-list using

the tuple (a2, b2, c2). We first yield d1, but since the skipping links leaving d1 contain (a2, b2, c2),
we follow that skipping-link and reach d5, bypassing d4 and correctly enumerating (a2, b2, c2, d1)
and (a2, b2, c2, d5) as answers.

5 ENUMERATION OF FAQ¬

In this section, we give a high-level description of the enumeration algorithm for FAQ¬ queries
as (3) that constructively proves Theorem 1.2. The formal version of the algorithm is presented

at Appendix C of the full version of this paper [27], and runs on a more general class of queries,

called NestFAQ¬ queries, with similar notions of free-connex signed-acyclicity.

Let𝜑 be a free-connex signed-acyclic FAQ¬ (3) with free variables 𝐹 = [𝑓 ] andH = ( [𝑛], E+, E−)
be its associated signed-acyclic signed hypergraph. Assume w.l.o.g that H accepts a signed-

elimination sequence 𝜎 = (1, 2, . . . , 𝑓 . . . , 𝑛). LetD be a database instance of 𝜑 . In the preprocessing

phase, the algorithm executes a sequence of signed-elimination steps on the signed-leaf 𝑖 + 1, for each
𝑖 = 𝑛 − 1, . . . , 𝑓 (in order). A signed-elimination step returns an intermediate tuple (𝜑𝑖 ,D𝑖 ), where
• 𝜑𝑖 is a signed-acyclicNestFAQ¬ querywith free variables [𝑖] associatedwithH𝑖 = ⟨H𝑖+1, 𝑖 + 1⟩,
the signed hypergraph after eliminating 𝑛, 𝑛 − 1, . . . , 𝑖 + 1 fromH , (e.g.H𝑛−1 = ⟨H , 𝑛⟩)
• D𝑖 is an instance of 𝜑𝑖 such that 𝜑𝑖 (D𝑖 ) = 𝜑𝑖+1 (D𝑖+1).

The sequence ends up with a full signed-acyclic NestFAQ¬ query 𝜑 𝑓 with free variables 𝐹 and D𝑓

such that 𝜑 (D) = 𝜑 𝑓 (D𝑓 ). Next, for a full signed-acyclic NestFAQ¬ query, we show in Appendix
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𝐴

𝑥1 𝑥2 𝑥3
a1 b1 c1
a2 b2 c2
a3 b3 c3
a4 b3 c3

𝑈

𝑥3 𝑥4
c1 d1
c1 d2
c2 d1
c2 d3
c2 d4
c2 d5
c3 d2
c3 d3
c3 d4
c3 d5

𝑉

𝑥4
d3

𝑅

𝑥2 𝑥3 𝑥4
b3 c3 d2
b3 c3 d5
𝑆

𝑥1 𝑥2 𝑥3 𝑥4
a2 b2 c2 d4
a4 b3 c3 d4

(a) A database instance D(= D4).

𝐴

𝑥1 𝑥2 𝑥3
a1 b1 c1
a2 b2 c2
a3 b3 c3
a4 b3 c3

𝑈

𝑥3
c1
c2
c3

𝑅

𝑥2 𝑥3

𝑆

𝑥1 𝑥2 𝑥3
a4 b3 c3

(b) A new database instance D3.

𝐴

𝑥1 𝑥2
a1 b1
a2 b2
a3 b3
(c) D2.

𝐴

𝑥1
a1
a2
a3

(d) D1.

c1⊥ d1 d2 ⊥

c2⊥ d1 d4 d5 ⊥

c3⊥ d2 d4 d5 ⊥

(a2, b2, c2)

(a4, b3, c3)

(b3, c3) (b3, c3)

(e) The list data structure L4.

(a1, b1)⊥ c1 ⊥

(a2, b2)⊥ c2 ⊥

(a3, b3)⊥ c3 ⊥

(f) The list data structure L3.

a1⊥ b1 ⊥

a2⊥ b2 ⊥

a3⊥ b3 ⊥

(g) The list data structure L2.

∅⊥ a1 a2 a3 ⊥

(h) The list data structure L1.

Fig. 2. Intermediate databases and list data structures produced for Example 4.5.

C.1 of the full version of this paper [27] a reduction from the enumeration problem Enum(𝜑 𝑓 ,D𝑓 )
into Enum(𝑄∗

𝑓
,D∗

𝑓
), where𝑄∗

𝑓
is a full signed-acyclic CQ¬ andD∗

𝑓
is a database instance of𝑄∗

𝑓
. At

this point, we simply apply the preprocessing algorithm for a full CQ¬. In the enumeration phase,

as we emit each answer a𝐹 of 𝑄∗
𝑓
(D𝑓 ), we plug the emitted tuple a𝐹 into 𝜑 𝑓 to recover its weight

𝜑 𝑓 (a𝐹 ) = 𝜑 (a𝐹 ).
We now take a closer look at a signed-elimination step via a concrete running example. The

formal (and rather technical) description is deferred to Appendix C.2 up to Appendix C.6 in the full

version of this paper [27].

Example 5.1. Consider the following signed-acyclic FAQ¬ 𝜑 (𝑥1, 𝑥2), where 3 is a signed-leaf of
its associated hypergraph with a pivot hyperedge {3} (corresponding to the positive factor 𝑅3):⊕

𝑥3

𝑅1 (𝑥1) ⊗ 𝑅2 (𝑥2) ⊗ 𝑅3 (𝑥3) ⊗ 𝑅123 (𝑥1, 𝑥2, 𝑥3) ⊗ 𝑅23 (𝑥2, 𝑥3)

The signed-elimination step for the signed-leaf 3 is much more involved than the elimination

step for a signed-acyclic CQ¬. A naive attempt may aim for a reduction to the follwing 𝜑 ′

𝜑 ′ (𝑥1, 𝑥2) = 𝑅1 (𝑥1) ⊗ 𝑅2 (𝑥2) ⊗ 𝑅′12 (𝑥1, 𝑥2) ⊗ 𝑅′2 (𝑥2),
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⊗

⊢ ⊢ 𝑅1𝑅2𝑅3

𝑅123 c123 𝑅23 c23

⊗
⊢

⊢

𝑅1𝑅2

c123𝑅3

𝑅′
123

⊗

𝑅23 c23

⊗
⊢

⊢

𝑅1𝑅2
⊗

𝑅′
23

𝑅′
123

⊗
𝑅′
3

Fig. 3. The refactor steps on AST of 𝜑 for the signed-leaf 3, recursively from left to right. The shaded ⊗ nodes
indicate the subtrees to be recursively refactored. The left is the original AST representation of 𝜑 , and the
right is its refactored AST.

asking for 𝑅′12 (𝑥1, 𝑥2) ⊗ 𝑅′2 (𝑥2) =
⊕

𝑥3
𝑅3 (𝑥3) ⊗ 𝑅123 (𝑥1, 𝑥2, 𝑥3) ⊗ 𝑅23 (𝑥2, 𝑥3). However, it is not

attainable by the semantics of FAQ¬ over a general semiring. Indeed, we examine the weight

𝑅′2 (𝑎2), for some 𝑥2 = 𝑎2 such that Π𝑥3𝑅23 (𝑎2, 𝑥3) ≠ ∅: if 𝑥1 = 𝑎1 with Π𝑥1,𝑥2𝑅123 (𝑎1, 𝑎2, 𝑥3) = ∅,
then it should encode

⊕
𝑥3
𝑅3 (𝑥3) ⊗ c123 ⊗ 𝑅23 (𝑎2, 𝑥3), where c123 is the constant value for entries

out of the table of 𝑅123; otherwise, we want 𝑅
′
2 (𝑎2) = 1 and 𝑅′12 (𝑎1, 𝑎2) to store

⊕
𝑥3
𝑅3 (𝑥3) ⊗

𝑅123 (𝑎1, 𝑎2, 𝑥3) ⊗ 𝑅23 (𝑎2, 𝑥3). The two weights may not coincide over an arbitrary semiring.

This insufficiency calls for lifting FAQ¬ to a more expressive class of queries NestFAQ¬, where
we exhibit 𝜑 as an abstract syntax tree (AST) depicted in Figure 3 (left), in which we decompose the

negative factors as

𝑅123 = 𝑅123 ⊕ 1¬𝑅123 ⊗ c123, 𝑅23 = 𝑅23 ⊕ 1¬𝑅23 ⊗ c23

where 1¬𝑅𝐾 is an indicator factor that maps to 0 if x𝐾 ∈ 𝑅𝐾 and 1 otherwise. As a shorthand, we
write 𝑥 ⊢ 𝑦 := 𝑥 ⊕ 1¬𝑥 ⊗ 𝑦. Now we illustrate the signed-elimination step on the signed-leaf 3

(corresponding to 𝑥3) in Example 5.1. A signed-elimination step can be further decomposed into

three steps: (𝑖) refactor step, (𝑖𝑖) oracle-construction step, and (𝑖𝑖𝑖) aggregation step.

5.1 The Refactor Step
We first illustrate the refactor step: it reorganizes theAST of𝜑 to make 𝑥3 present only in one subtree

rooted at a child of the root ⊗ node. First, it replaces 𝑅123 with a new factor 𝑅′
123

:= 𝑅123 ⊗ (𝑅23 ⊢
c23) ⊗ 𝑅3, the entry table of which is exactly that of 𝑅123, except for multiplying the extra weight

(𝑅23 ⊢ c23) ⊗ 𝑅3 to each table entry. Then, we get a new AST in Figure 3 (middle) since

(𝑅123 ⊢ c123) ⊗ (𝑅23 ⊢ c23) ⊗ 𝑅3 = 𝑅′123 ⊢ ((𝑅23 ⊢ c23) ⊗ 𝑅3 ⊗ c123) .

We keep recursing on the subtree for (𝑅23 ⊢ c23) ⊗ 𝑅3 ⊗ c123, thus leading to the desired AST in

Figure 3 (right) with new factors 𝑅′
23

:= 𝑅23 ⊗ (𝑅3 ⊢ c3) and 𝑅′3 := 𝑅3 ⊗ c123 ⊗ c23 computed. Indeed,

(𝑅23 ⊢ c23) ⊗ 𝑅3 ⊗ c123 = 𝑅′23 ⊢ (𝑅3 ⊗ c123 ⊗ c23) = 𝑅′23 ⊢ 𝑅′3.

As we go, 𝑅3 sinks down and the linear inclusion [3] ⊇ {2, 3} ⊇ {3} surfaces along the subtrees

that contain 𝑥3. In the end, 𝑅3 absorbs the constants c123 and c23. The refactor step runs in linear

time with no query (or database) size blow-up, as proven in Appendix C.3 of the full version of this

paper [27].

5.2 The Oracle-construction Step
Next, we illustrate the oracle-construction step. Chazelle and Rosenberg [11] showed that a semi-

group RangeSum5
data structure (oracle) on an array of size𝑤 can be constructed in time 𝑂 (𝑤)

5
The (semigroup) RangeSum problem is defined as follows: preprocess an array of 𝑤 elements from a semigroup, and then

for any query range, return the semigroup range sum.
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[1, 15] 𝑥3

𝑅′
3
(𝑥3)15 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

𝑅′
23
(a1, 𝑥3) 2 2[1, 2]:2 [4, 4]:1 [5, 8]:4 [10, 14]:5 [15, 15]:1

𝑅′
23
(a2, 𝑥3) 3 3[1, 2]:2 [3, 3]:1 [4, 5]:2 [7, 10]:4 [12, 12]:1 [13, 15]:3

𝑅′
23
(a3, 𝑥3)18 4[1, 7]:7 [9, 15]:7

𝑅′
123
(b1, a1, 𝑥3)25 5 5[1, 3]: 4 [5, 14]: 11

𝑅′
123
(b2, a2, 𝑥3)29 6 6[1, 2]:2 [4, 11]:12 [13, 15]:3

Fig. 4. The oracle-construction steps on the refactored AST. The oracle of 𝑅′
23
(a1, 𝑥3), 𝑅′

23
(a2, 𝑥3) and

𝑅′
23
(a3, 𝑥3) are built atop the oracle of 𝑅′

3
(𝑥3); the oracle of 𝑅′

123
(b1, a1, 𝑥3) and 𝑅′

123
(b2, a2, 𝑥3) are built

atop the oracle of 𝑅′
23
(a1, 𝑥3) and 𝑅′

23
(a2, 𝑥3), respectively. The leftmost column shows the requested range

sums over [1, 15] in the aggregation step.

to support a semigroup sum over any range in 𝑂 (𝛼 (14𝑤,𝑤)) time, where 𝛼 is the inverse Acker-

mann function. The oracle-construction step uses it as a black-box and builds a RangeSum oracle

bottom-up for each subtree containing 𝑥3, i.e. the subtree rooted at ⊗ nodes in Figure 3 (right). We

demonstrate via a simple database instance.

Example 5.2. We assume the counting ring and on the refactored tree in Figure 3 (right), let

𝑅′
3
store {⟨𝑖, 1⟩, 𝑖 ∈ [15]}, 𝑅′

23
store {⟨(a1, 3), 2⟩, ⟨(a1, 9), 2⟩, ⟨(a2, 6), 3⟩, ⟨(a2, 11), 3⟩, ⟨(a3, 8), 4⟩} and

𝑅′
123

store ⟨(b1, a1, 4), 5⟩, ⟨(b1, a1, 15), 5⟩, ⟨(b2, a1, 3), 6⟩, ⟨(b2, a2, 12), 6⟩.

The oracle-construction step starts from an array representation of the database instance drawn

in Figure 4, indexed by all possible values of 𝑥3. As an example, the tuple ⟨(b1, a1, 4), 5⟩ of 𝑅′123 can
be accessed as the 4-th element of the array 𝑅′

123
(b1, a1, 𝑥3). The necessity of RangeSum becomes

natural: after factoring out the term 𝑅1 (b1) ⊗ 𝑅2 (a1) (independent of 𝑥3), the aggregation for

𝑥1 = b1, 𝑥2 = a1, from the lens of the array 𝑅′
123
(b1, a1, 𝑥3), is⊕

𝑥3

𝑅′
123
(b1, a1, 𝑥3) ⊢ (𝑅′23 (a1, 𝑥3) ⊢ 𝑅′3 (𝑥3)) =

∑︁
1≤𝑥3≤2

1+∑︁
𝑥3=3

2 +
∑︁
𝑥3=4

5 +
∑︁

5≤𝑥3≤8
1 +

∑︁
𝑥3=9

2 +
∑︁

10≤𝑥3≤14
1 +

∑︁
𝑥3=15

5

(4)

where each term is a sum over a range. To support fast aggregation, we construct a RangeSum
oracle on the array of 𝑅′

3
(𝑥3). Then, we build a RangeSum oracle on the array of 𝑅′

23
(a1, 𝑥3) and

𝑅′
23
(a2, 𝑥3). In particular, we query the oracle of 𝑅′

3
(𝑥3) to fill in the partial sums (as in the 3rd, 4th

row in Figure 4) and then construct RangeSum oracles over the partial sums. Take 𝑅′
23
(a1, 𝑥3) as

the example, [5, 8] : 4 denotes querying the oracle 𝑅′
3
(𝑥3) with 5 ≤ 𝑥3 ≤ 8 as range and getting

back the value 4. Then the RangeSum oracle for 𝑅′
23
(a1, 𝑥3) is constructed over the array (of partial

sums):

[1, 2] : 2 2 [4, 4] : 1 [5, 8] : 4 2 [10, 14] : 5. [15, 15] : 1
where the ranges above split at 𝑥3 = 3, 9 and 𝑥3 = 4, 15 in account for 𝑅′

23
(a1, 𝑥3) and 𝑅′123 (b1, a1, 𝑥3),

respectively. The rationale here is to avoid mis-aligned ranges when querying the oracle of

𝑅′
23
(a1, 𝑥3) during the oracle-construction of 𝑅′

123
(b1, a1, 𝑥3). The details are in the 6th row of

Figure 4. The oracle-construction of 𝑅′
23
(a2, 𝑥3) and 𝑅′123 (b2, a2, 𝑥3) are similarly depicted in the 4th

and 7th row of Figure 4. It is worth noting that the splits of ranges should be choreographed for

query range alignment, and yet can not be arbitrarily fine-grained due to possible blow-ups in time

and space. Indeed, we formally show in Appendix C.5 in the full version of this paper [27] that

desired oracles can be carefully constructed in linear time and space.
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5.3 The Aggregation Step
Finally, we go over the aggregation step that effectively peels off 𝑥3 from the refactored AST. To that
end, it pushes the aggregation operator

⊕
𝑥3

downward the refactored AST from root to 𝑅′
3
(𝑥3), i.e.

the opposite direction of the oracle-construction step. Start with the root ⊗ node, we will construct

new factors 𝑅′′
12
(𝑥1, 𝑥2) and 𝑅′′2 (𝑥2) such that (let

⊕
𝑥3
𝑅′
3
= 15):⊕

𝑥3

𝑅′
123
⊢ (𝑅′

23
⊢ 𝑅′

3
) = 𝑅′′

12
⊢
⊕
𝑥3

(𝑅′
23
⊢ 𝑅′

3
) = 𝑅′′

12
⊢ (𝑅′′

2
⊢
⊕
𝑥3

𝑅′
3
) = 𝑅′′

12
⊢ (𝑅′′

2
⊢ 15).

To realize the first equality, we ask the table of 𝑅′′
12
(𝑥1, 𝑥2) to store two entries, ⟨(b1, a1), 25⟩ and

⟨(b2, a2), 29⟩, where 25 is the aggregation for 𝑥1 = b1, 𝑥2 = a1 in (4), that can be obtained by a

simple range query [1, 15] on the oracle of 𝑅′
123
(b1, a1, 𝑥3). Similarly for 29 from a [1, 15] query on

the oracle of 𝑅′
123
(b2, a2, 𝑥3). Indeed, the first equality holds because for all values of (𝑥1, 𝑥2) not

encoded in the table of 𝑅′′
12
, we always have 𝑅′

123
= 0 and 1¬𝑅′

123

= 1, therefore for those (𝑥1, 𝑥2)s,
𝑅′
123
⊢ (𝑅′

23
⊢ 𝑅′

3
) = 0 ⊕ 1 ⊗ (𝑅′

23
⊢ 𝑅′

3
) = 𝑅′

23
⊢ 𝑅′

3
.

Now that we have pushed

⊕
𝑥3

to (𝑅′
23
⊢ 𝑅′

3
) (i.e. the ⊗ node on the 2nd level of the refactored

AST) and we insert a single tuple ⟨(a3), 18⟩ into the new factor 𝑅′′
2
(𝑥2), where 18 is yet another

[1, 15] query on the oracle of 𝑅′
23
(a3, 𝑥3). The second equality holds because for all values of 𝑥2 not

encoded in the table of 𝑅′′
2
, we have 𝑅′

23
= 0 and 1¬𝑅′

23

= 1. Thus, 𝑅′
23
⊢ 𝑅′

3
= 0 ⊕ 1 ⊗ 𝑅′

3
= 𝑅′

3
. The

resulting NestFAQ¬ query 𝜑 ′′ after the signed-elimination on 3 is

𝜑 ′′ (𝑥1, 𝑥2) = 𝑅1 (𝑥1) ⊗ 𝑅2 (𝑥2) ⊗
(
𝑅′′
12
(𝑥1, 𝑥2) ⊢ (𝑅′′2 (𝑥2) ⊢ 15)

)
where the AST of 𝜑 ′′ is exactly the refactored AST in Figure 3 (right), except that 𝑥3 is being

eliminated. Now the signed-elimination step is complete. We refer the reader to the full version of

this paper [27] (see Appendix C.4 and Appendix C.6) for a formal analysis of the aggregation step.

5.4 The Reduction to Enumeration of Full CQ¬

Finally, we cast the enumeration of the (full) NestFAQ¬ query 𝜑 ′′ into the enumeration of the full

signed-acyclic CQ¬ 𝑄∗, by directly extracting factors from 𝜑 ′′ as relations:

𝑄∗ (𝑥1, 𝑥2) ← 𝑅∗
1
(𝑥1) ∧ 𝑅∗2 (𝑥2) ∧ ¬𝑅∗∗12 (𝑥1, 𝑥2) ∧ ¬𝑅∗∗2 (𝑥2)

where 𝑅∗
1
stores 𝑎1 ∈ 𝑅1 with 𝑅1 (𝑎1) ≠ 0 (similarly for 𝑅∗

2
), and 𝑅∗∗

12
stores (𝑎1, 𝑎2) ∈ 𝑅′′12 with

𝑅′′
12
(𝑎1, 𝑎2) = 0 (similarly for 𝑅∗∗

2
). Intuitively, 𝑄∗ forbids exactly the tuples (𝑎1, 𝑎2) such that

𝜑 ′′ (𝑥1, 𝑥2) = 0 to be emitted. Thus, we can safely enumerate answers of 𝑄∗ using techniques in

Section 4 and use 𝜑 ′′ to recover the non-0 weights. Formal arguments can be found in Appendix

C.1 in the full version of this paper [27].

6 LOWER BOUNDS
In this section, we present conditional and unconditional lower bounds which complement our

upper bounds. All lower bounds here refer to self-join-free queries, which means that each relation

name appears at most once in the body of the query. Technical proofs of this section can be found

in Appendix D of the full version of this paper [27].

6.1 Lower Bounds for CQ¬

In this section, we show lower bound results for any CQ¬ that is not free-connex signed-acyclic.
We split this result into two theorems that use different conditional lower bounds.

Problem (𝑘 + 1, 𝑘)-Hyperclique
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Input a 𝑘-uniform hypergraph
6
(for 𝑘 > 2)

Output does it contain a hyperclique of size 𝑘 + 1, i.e. a set of 𝑘 + 1 vertices where every subset of

size 𝑘 forms a hyperedge

Conjecture 6.1 ((𝑘 + 1, 𝑘)-Hypercliqe). There is no algorithm that solves (𝑘 + 1, 𝑘)-Hyperclique
in 𝑂 (𝑚) time, where𝑚 is the number of edges in the input hypergraph.

Readers are referred to [4] for evidence why Conjecture 6.1 is believable. When 𝑘 = 2, the

(3,2)-Hyperclique problem is the problem of finding a triangle in a graph.

Conjecture 6.2 (Triangle). There is no algorithm that decides whether a graph with 𝑛 nodes
contains a triangle in 𝑂 (𝑛2) time.

The following is a combination of results from [4, 6].

Theorem 6.3. Let𝑄 be aCQ¬ that is not signed-acyclic. Assuming Conjecture 6.1 and Conjecture 6.2,
then there is no algorithm for 𝑄 that has linear preprocessing time and 𝑂 (1) delay.

To show a lower bound for queries that are not free-connex (but are signed-acyclic), we will use

a weaker lower bound conjecture that implies Triangle.

Conjecture 6.4 (BMM). There is no algorithm that computes the product 𝐴 × 𝐵 of two 𝑛 × 𝑛
Boolean matrices 𝐴 and 𝐵 in 𝑂 (𝑛2) time.

Evidence for Conjecture 6.4 can be found in [21]. Bagan et al. [3] reduce the BMM problem

to the non-free-connex acyclic query 𝑄 (𝑥,𝑦) ← ∨
𝑧 𝐴(𝑥, 𝑧) ∧ 𝐵(𝑧,𝑦) and apply Conjecture 6.4 to

obtain a conditional lower bound. Thematrix multiplication exponent 𝜔 is the smallest number such

that for any 𝜖 > 0, there is an algorithm that multiplies two 𝑛-by-𝑛 matrices with at most 𝑂 (𝑛𝜔+𝜖 )
operations (assuming RAM model). The best bound known so-far on 𝜔 is (roughly) 𝜔 < 2.373

in [14, 23]. We note that Conjecture 6.4 does not violate the common belief that 𝜔 = 2, since that

only implies that BMM can be computed in time 𝑛2+𝑜 (1) . For non-free-connex CQs, a weaker lower
bound conjecture was used, sparse BMM (the matrices have 𝑚 non-zero entries and no 𝑂 (𝑚)
algorithm exists). However, this conjecture cannot be applied in our case because we need to take

the complement of the matrix to populate a negated atom, and that means that a sparse matrix

becomes dense.

Theorem 6.5. Let 𝑄 be a CQ¬ that is signed-acyclic and not free-connex. Assuming Conjecture 6.4,
there is no algorithm with linear preprocessing time and 𝑂 (1) delay.

6.2 Lower Bounds for FAQ¬

We present next lower bounds for FAQ¬ when restricted to queries with head 𝜑 (), which we denote

as SumProd¬. To show these bounds, we will use weaker conjectures than the ones used in the

previous section.

Conjecture 6.6 (Minimum-Weight 𝑘-Cliqe). There is no algorithm that computes the minimum
weight of a 𝑘-clique in a edge-weighted graph with 𝑛 nodes in 𝑂 (𝑛𝑘 ) time.

Our reduction from Minimum-Weight 𝑘-Clique [1] is an application of the clique embedding

power technique introduced in [13].

Theorem 6.7. Assuming Conjecture 6.6, a SumProd¬ 𝜑 over the tropical semiring can be solved in
linear time iff 𝜑 is signed-acyclic.

6
A hypergraph is said to be 𝑘-uniform if every hyperedge contains exactly 𝑘 vertices.
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Over the counting ring, we can instead show that any lower bound for counting Boolean CQs

transfers immediately to SumProd¬.

Theorem 6.8. Suppose that no linear-time algorithm can count the solutions of a non 𝛼-acyclic
Boolean CQ. Then, there is no linear-time algorithm for a SumProd¬ query over the counting ring that
is not signed-acyclic.

6.3 An Unconditional Lower Bound for FAQ¬

Finally, we show an unconditional lower bound that provides some evidence on the necessity of

the inverse Ackermann factor in the runtime of Theorem 1.2.

The lower bound is based on the additive structure of the underlying semiring for FAQ¬, i.e. a
commutative semigroup with operator ⊕. It uses the arithmetic model of computation [12, 26], which
charges one unit of computation for every ⊕ operation performed, while all other computation is free.

Essentially, the computation can be viewed as a sequence of instructions of the form 𝑧𝑖 = 𝑎𝑧 𝑗 ⊕ 𝑏𝑧𝑘 ,
where {𝑧𝑖 }𝑖 form an unbounded set of variables. Moreover, this sequence should be agnostic to

the actual values of the semiring. The only thing we need is that the semigroup is faithful [12, 26],
meaning that for every 𝑇1,𝑇2 ⊆ {1, 2, . . . , 𝑛}, and integers 𝛿𝑖 , 𝛿

′
𝑗 > 0,

⊕
𝑖∈𝑇1 𝛿𝑖 · 𝑎𝑖 =

⊕
𝑗∈𝑇2 𝛿

′
𝑗 · 𝑎 𝑗

cannot be an identity for all 𝑎1, 𝑎2, . . . , 𝑎𝑛 ∈ 𝑆 unless 𝑇1 = 𝑇2. This is essentially saying that there is

no “magical shortcut” to compute the sums.

Theorem 6.9. Under the arithmetic model of computation, any constant delay enumeration algo-
rithm (in data complexity) for

𝜑 (𝑥) =
⊕
𝑦

𝐴(𝑥) ⊗ 𝐵(𝑦) ⊗ 1¬𝑅 (𝑥,𝑦)

on factors 𝐴, 𝐵 each of size 𝑛 and factor 𝑅 of size 2𝑚 must require Ω(𝑚 · 𝛼 (𝑚,𝑚)) preprocessing time
for every𝑚 ≤ 𝑛.

7 DIFFERENCE OF CQS
As an application of our results, we consider the class of queries of the form 𝑄1 −𝑄2, where 𝑄1, 𝑄2

are full CQs with the same set of free variables. It is shown in a recent paper [17] that 𝑄1 −𝑄2 can

be computed in time 𝑂 ( |D| + OUT), where OUT is the output size of 𝑄1 −𝑄2, if 𝑄1 is 𝛼-acyclic

and 𝑄1 ∧ 𝑅𝑒 is 𝛼-acyclic for every 𝑅𝑒 in 𝑄2. We use our main theorem to strengthen this result by

providing a constant-delay enumeration guarantee.

Theorem 7.1. Let 𝑄 = 𝑄1 −𝑄2, where 𝑄1, 𝑄2 are full CQs over the same set of free variables. If
𝑄1 is 𝛼-acyclic and 𝑄1 ∧ 𝑅𝑒 is 𝛼-acyclic for every 𝑅𝑒 in 𝑄2, then the result 𝑄 can be enumerated with
constant delay after 𝑂 ( |D|) preprocessing time.

Proof of Theorem 7.1. Following [17], we can write 𝑄 as follows:

𝑄 =
⋃
𝑅𝑒 ∈𝑄2

(
∧
𝑆𝑒 ∈𝑄1

𝑆𝑒 ∧ ¬𝑅𝑒 )

Hence, 𝑄 can be viewed as a union of CQ¬, each CQ¬ of the form 𝑄1 ∧ ¬𝑅𝑒 . Since 𝑄1 is 𝛼-acyclic

and 𝑄1 ∧ 𝑅𝑒 is 𝛼-acyclic, 𝑄1 ∧ ¬𝑅𝑒 is signed-acyclic and free-connex (trivially, since it is full) and

thus by Theorem 1.1 can be enumerated with linear-time preprocessing and constant delay. We

can now apply the Cheater’s Lemma [10] to obtain linear-time preprocessing and constant-delay

enumeration for 𝑄 . □

As a corollary, we obtain the following generalization to differences of non-full CQs.
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Corollary 7.2. Let 𝑄 = 𝑄1 −𝑄2, where 𝑄1, 𝑄2 are CQs with the same set of free variables. If 𝑄 is
difference-linear (see [17] Definition 2.3), then the output of 𝑄 can be enumerated with constant delay
after 𝑂 ( |D|) preprocessing time.

Proof of Corollary 7.2. From [17], the property of being difference-linear implies a linear-

time reduction from 𝑄 to a difference of CQs 𝑄 ′
1
−𝑄 ′

2
(i.e. 𝑄 = 𝑄 ′

1
−𝑄 ′

2
) such that 𝑄 ′

1
, 𝑄 ′

2
are full

CQs, and satisfy the properties of Theorem 7.1. We then simply apply Theorem 7.1. □

8 CQ¬ BEYOND LINEAR TIME
Now, what can we reason for evaluating a CQ¬ if it is not signed-acyclic? Lanzinger [20] defined a

width measure of a CQ¬ called nest-set width (nsw) and showed that a Boolean CQ¬ with bounded

nsw can be evaluated in polynomial time (combined complexity). One consequence of (2) is that

we can obtain in a straightforward way a much tighter upper bound in terms of data complexity.

Definition 8.1. Let𝑄 be a CQ¬ with signed hypergraphH = ( [𝑛], E+, E−). Then, 𝛽-#subw(𝑄) =
max𝑆⊆E− #subw(𝑄𝑆 ), where𝑄𝑆 is the CQ associated with hypergraph ( [𝑛], E+ ∪ 𝑆) and #subw(𝑄)
is the counting version of the submodular width defined by Abo Khamis et al. [18].

As shown in [2, 18], for any Boolean CQ 𝑄 , we can evaluate #𝑄 in time 𝑂 ( |D|#subw(𝑄 ) ), where
𝑂 hides a polylogarithmic factor in |D|. Combining this with (2), we have:

Theorem 8.2. Let𝑄 be a BooleanCQ¬. Then, we can evaluate #𝑄 (and thus𝑄) in time𝑂 ( |D|𝛽-#subw(𝑄 ) ).

From Lanzinger [20], we know that 𝛽-#subw(𝑄) is always at most its nest-set width (see [20]

Theorem 4.1); moreover, there are queries were nest-set width is unbounded but 𝛽-#subw is bounded

(see [20] Lemma 4.3).

9 CONCLUSION
CQ¬ is a fundamental class of relational queries and yet recent literature [6, 9, 17, 20] has demon-

strated that its complexity is far from being well-understood. This paper has made an initial foray

into a novel way of interpreting CQ¬ from the perspective of semiring and FAQs [19]. We presented

a constant-delay enumeration algorithm for the class of free-connex signed-acyclic FAQ¬, after
linear preprocessing (modulo a surprising inverse Ackermann factor), and showed conditional and

unconditional lower bounds for FAQ¬ out of this class. As for semirings of special structures, the

algorithm needs no extra inverse Ackermann overhead and such semirings include the Boolean (i.e.

CQ¬), tropical and counting semiring. We leave as an intriguing open question the parameterized

complexity of general CQ¬ and FAQ¬.
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