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In this paper, we ask the following question: given a Boolean Conjunctive Query (CQ), what is the smallest
circuit that computes the provenance polynomial of the query over a given semiring? We answer this question
by giving upper and lower bounds. Notably, it is shown that any circuit F that computes a CQ over the tropical
semiring must have size log |F| > (1 —¢) - da-entw for any € > 0, where da-entw is the degree-aware entropic
width of the query. We show a circuit construction that matches this bound when the semiring is idempotent.
The techniques we use combine several central notions in database theory: provenance polynomials, tree
decompositions, and disjunctive Datalog programs. We extend our results to lower and upper bounds for
formulas (i.e., circuits where each gate has outdegree one), and to bounds for non-Boolean CQs.
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1 INTRODUCTION

In this paper, we study circuits that compute the sum-product polynomial for a Conjunctive Query
(CQ). Formally, a sum-product polynomial is parameterized by a semiring S, a hypergraph H =
([n], &) associated with a full CQ Q, and an instance I:

= D Qi @

teQ(I) ec&

where Q(I) is the output of running Q over instance I and xte[e] is a variable that captures the value
of the input tuple t[e] (which is the projection of ¢ on e) in the semiring domain D. This work
focuses on CQs as they capture a fundamental and widely used fragment of Relational Algebra.

A circuit F over a semiring S is a Directed Acyclic Graph (DAG) with input nodes the variables
xfle | of fan-in 0 and every other node labelled by @ or ® of fan-in 2; these nodes are called ®-gates
and ®-gates respectively [12]. A circuit F that computes the sum-product polynomial has an output
gate with fan-out 0 that, by sequentially going through all gates in a bottom-up fashion, evaluates
the polynomial . The size of the circuit F, denoted as |F|, is the number of gates in F. A circuit is a
formula if the outdegree of each gate is one.

mplicitly here the circuit computes a Boolean CQ whose head is empty. However, our framework can also capture CQs
with projections.
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The use of circuits as a model of computation has been extensively studied in the realm of
theoretical computer science [21, 26]. Particularly to the field of database theory, the study of
circuits bears significant relevance for the following two reasons.

First, we can view circuits as a computational model that corresponds to algorithms that solely
exploit the algebraic semiring structure. In other words, a circuit describes an algorithm that can
interact with the semiring values of each tuple only by multiplying/adding two existing values,
and storing the resulting output so that it can be reused. Such an algorithm cannot use branching,
or compare two elements of the semiring. Moreover, the cost of algorithm is measured by the
number of semiring operations. By limiting the computational model, it is now possible to obtain
unconditional lower bounds. For example, a circuit over the Boolean semiring that computes the
multiplication of two matrices will exclude the possibility of fast matrix multiplication [5] and
therefore a Q(n3) lower bound in the circuit size is possible [27].

Second, circuits that compute the sum-product polynomial of a CQ can be viewed as a concise
representation of the corresponding provenance polynomial interpreted over the given semiring.
The provenance polynomial captures the why-provenance, or lineage, and represents the most
detailed level of information for the occurrence of a tuple in the output [11]. In fact, there is a
natural one-to-one correspondence between the monomials of the provenance polynomial and the
tuples in the output. By tracing the parse tree of a monomial in the circuit, one may rediscover the
lineage of the tuple associated to the monomial.

The central question we study in this paper is: given a CQ, a semiring S, and a set of constraints
on an instance, what is the smallest semiring circuit we can construct?

Known Bounds. To unpack this question, consider an instance I and a full CQ Q. One can check that
it is always possible to construct a circuit with O(|Q(I)|) gates by following exactly the structure
of the polynomial (1): the circuit computes the sum of all monomials, where each monomial is
a product of |&| input gates. Hence, if the constraints are cardinality constraints on the input
relations, we obtain an upper bound that matches the AGM bound [3].

However, we can use the distributive property of a semiring to compress the size of the circuit.
For instance, consider the query Q(u,v, w) < R(u,v) A S(v,w) and suppose we are given the
constraints |R| < N, |S| < N. The circuit construction above has an AGM bound of NZ. But the
sum-product polynomial of Q can be rewritten as:

Xup ® Yow = @ @ Xuy | ® @ Yow

(u,v) €R,(v,w)€S 0 (u,v)€R (v,w)€eS

Following this structure, we can now construct a semiring circuit with O(N) size. Note that the
saving in terms of size is a result of factorization in the circuit.

No general upper or lower bound is known for semiring circuits, but we do know bounds for
restricted cases. If the query Q is hierarchical, then it is known [23] that the provenance polynomial
over the Boolean semiring can be expressed as a read-once formula, which in turn implies an
optimal circuit of size O(|I|) over the Boolean semiring. When the instance constraints consist only
of a uniform active domain constraint (of size n) and H is a graph, Komarath et al. [20] showed a
O (n™*1) bound?, where tw is the treewidth of the graph. The key idea of the lower bound is that a
parse tree of a monomial in the circuit corresponds to a tree decomposition of the hypergraph. For
the upper bound, the circuit is factorized using the tree decomposition that achieves the treewidth.

However, the above approach does not generalize when we consider hypergraphs and more
complex constraints (such as cardinality constraints, functional dependencies, or degree constraints).

2The lower bound holds for the tropical semiring, while the upper bound holds for any semiring.
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The reason is that the parse trees of different monomials in the circuit might correspond to different
tree decompositions. Choosing among multiple tree decompositions means that we can obtain a
better upper bound, but complicates the lower bound.

Related to semiring circuits are the concepts of d-representations and f-representations in
factorized databases [24]. Indeed, a d-representation (resp. f-representation) is essentially a circuit
(resp. formula) where every monomial corresponds to the same tree decomposition. This restriction
makes it possible to obtain tight lower bounds in the case of uniform cardinality constraints:
for example, if N is the cardinality bound, a d-representation has size O(th“’), where fhw is
the fractional hypertree width of the hypergraph. However, semiring circuits have no structural
restrictions and thus can take advantage of multiple tree decompositions to obtain more compact
representations. The connection to factorized databases opens up many interesting problems of
leveraging circuits for succinct representations of provenance polynomials, fast query evaluation,
and in-database learning [13, 16, 17, 22, 28].

1.1 Our Contribution

Lower Bounds. We prove that any circuit over the counting semiring, the tropical semiring or
any multilinear circuit® over the Boolean semiring that computes a CQ with hypergraph H has
size at least 2(17€)-daentw(H) for any € > 0, where da-entw(7H) is the degree-aware entropic width
for H (Theorem 3.7, Corollary 3.11). The degree-aware entropic width is shown to be the tightest
parameter for bounding the output size of a disjunctive Datalog rule [19]. To the best of our
knowledge, this result is the first that gives an unconditional lower bound for every CQ in some
model of computation.

Upper Bounds. We construct a multilinear and homogeneous circuit F of size O(292¢entw(H))
that produces the provenance polynomial for H over any idempotent semiring (Theorem 4.1).
We emphasize that, combined with our lower bound results, we completely solve the problem of
the smallest size of a multilinear circuit computing the provenance polynomial over the Boolean
semiring (up to asymptotic tightness [19]). In fact, our result becomes stronger over the tropical
semiring, i.e. the lower bound and the upper bound of the circuit size coincide, while we do not
restrict the circuit to be multilinear.

The circuit construction may be seen as the existence of an optimal algorithm, or the existence
of an optimal sequence of operations, in terms of the number of semiring ® and ® operations
involved. Our circuit upper bound is constructive: although it remains open whether the problem of
computing da-entw(H) is decidable [15], our method can construct a circuit of the desired size
without computing da-entw(%). Although the time to construct such a circuit may exceed the
circuit size itself, such a circuit can be reused to compute instances with different annotations [11].
Extension to Formulas. We extend the lower and upper bounds to formulas, which are circuits
where the outdegree of every gate is exactly one, by replacing da-entw () with the weaker width
measure of ida-entw(H), i.e., inflationary degree-aware entropic width (Theorem 5.2).

Extension to non-Boolean CQs. Finally, we show upper and lower bounds for circuits that simul-
taneously compute the polynomials of multiple output tuples of a non-Boolean CQ (Theorem 6.1).

3That is, a circuit whose ®-gates always multiplies a disjoint set of variables.
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Table 1. Summary of results.

Semiring Upper Bound Lower Bound
Boolean da-entw [Thm. 4.1] ?
Tropical da-entw [Thm. 4.1] | da-entw [Thm. 3.7]

Semiring Class Upper Bound Lower Bound

Idempotent da-entw [Thm. 4.1] | da-entw [Thm. 3.7]
All da-efhtw [Thm. 4.3] | da-entw [Thm. 3.7]

2 PRELIMINARIES

Conjunctive Queries. A Conjunctive Query (CQ) Q is an expression associated to a hypergraph
H = ([n], E) where [n] ={1,...,n} and some U C [n]:

O(xv) « /\ Re(xe)
ec&

where each R, is a relation of arity |e|, the variables x, x2, . .., x, take values in some discrete
domain, and X, := (x;)ie.. We say that Q is Boolean if U = 0 and full if U = [n].

Semirings. A (commutative) semiring is an algebraic structure S := (D, ®, ®, 0, 1), where @ and
® are the addition and multiplication in S such that: (1) (D, &, 0) and (D, ®, 1) are commutative
monoids, (2) ® is distributive over @, (3) 0 is an annihilator of ® in D. We say that S is idempotent
if x ® x = x for every x € D.

Green, Karvounarakis and Tannen [11] made the beautiful observation that the semantics
of CQ are in natural correspondence to the underlying semirings. For example, set semantics
and bag semantics naturally correspond to computing a query over the Boolean semiring B :=
({0, 1}, v, A, FALSE, TRUE) and the Counting semiring C := (N, +, -, 0, 1). The optimization setting
often relates to the Tropical semiring T := (Z, min, +, +0, 0).

Sum-Product Polynomials. Following the notation in [11], the sum-product polynomial for a full
CQ Q is parameterized by an underlying semiring S, a hypergraph H, and an instance I:

H .
= D Qi @)
teQ(I) ec&
where xf[e] is a variable that captures the value of the tuple t[e] € R, in the semiring domain D.
Here, t[e] denotes the projection of ¢ on e. We omit the dependency of S in the notation whenever

it will be clear from the context.
When we work over the counting semiring, the sum-product polynomial becomes a polynomial:

PIH = Z l_[ Xile)
teQ(l) ec&
Such polynomials are multilinear (the exponent of a variable in a monomial is 1) and homogeneous
(the sum of the exponents in every monomial is the same). Multilinearity holds because we only
deal with self-join-free queries, where a relational name appears only once in the query body. Over
the Boolean semiring, the sum-product polynomial captures the Boolean provenance of the query.

Tree Decompositions. We recall the notion of tree decomposition in Robertson and Seymour’s
theory [25].

Definition 2.1 (Tree Decomposition). A tree decomposition of a hypergraph H is a pair (7, y),
where 7 is a tree and y maps each node ¢ of the tree to a subset y(t) of V(#), called a bag, such
that:

Proc. ACM Manag. Data, Vol. 2, No. 2 (PODS), Article 87. Publication date: May 2024.



Tight Bounds of Circuits for Sum-Product Queries 87:5

(1) every hyperedge e € E(H) is a subset of y(t) for some t € V(7); and
(2) for every vertex v € V(H), the set {t|o € y(¢)} is a non-empty connected subtree of 7.

The second requirement is also called the running intersection property. We say that a tree
decomposition is non-redundant if no bag is a subset of another; otherwise it is redundant. We let
TD(H) be the set of all non-redundant tree decompositions of H.

Circuits over Semirings. A circuit F over a semiring S is a Directed Acyclic Graph (DAG) with
input nodes (with fan-in 0) variables in a set S, containing xf[e] ’s in RHS of Equation 2 and the
constants 0, 1. Every other node is labelled by @ or ® and has fan-in 2; these nodes are called
®-gates and ®-gates, respectively. An input gate of F is any gate with fan-in 0 and an output gate
of F is any gate with fan-out 0. The size of the circuit F, denoted as |F|, is the number of gates in F.
The depth of F is the length of the longest path from an input to an output node.

A circuit F can be viewed as a concise representation of a polynomial F over the variable set
S. A circuit F is said to compute a polynomial p if F and p coincide as functions (interpreted over
the semiring S), and is said to produce a polynomial p if F and p have exactly the same terms, i.e.
monomials with their coefficients, syntactically *.

A circuit F is homogeneous if every polynomial produced in each gate in F is homogeneous, and
is multilinear if for every ®-gate u = v ® w, the polynomials produced at gates v and w have a
disjoint set of variables. Clearly, if F produces p, then F must compute p, but not necessarily the
other way around. However, in some cases the converse is also true.

LEmMA 2.2 ([12]). A circuit F that computes a multilinear polynomial p over C or T must be
multilinear; moreover, F produces p.

Note that a circuit F is homogeneous if and only if the polynomial p produced by it is homoge-
neous. Let S(p) and S[p] be the minimum size of a circuit over semiring S computing and producing
p, respectively. Let Sy, (p) be the minimum size of a multilinear circuit over semiring S computing
p. Clearly, we have S[p] > S(p) and Sjin(p) = S(p). The following lemma allows one to transfer
the circuit size lower bound from one semiring to another.

LemMa 2.3 ([12]). Ifp ais multilinear and homogeneous polynomial, then Bjin (p) = T(p) = T[p] =
C(p) = Clp].

Entropic Functions. Let n be a positive integer. A function h : 21" — R, is called a set function on
[n] ={1,2,...,n}. A set function is an entropic function of order n if there exist random variables
Ay, ..., A, such that h(S) = H((A;)ies) for any S C [n], where H is the joint entropy of a set of
variables. We denote by I’ the set of all entropic functions of order n, and f; the topological closure
of T,.

In the following sections, all missing proofs can be found in the appendix.

3 LOWER BOUNDS

In this section, we prove a general lower bound on the size of semiring circuits. The key ingredient
in this bound is relating the size of a semiring circuit to the output size of a disjunctive Datalog
rule. In particular, we construct a set of disjunctive Datalog rules such that an output bound on
any rule implies a size bound on the circuit. The connection to disjunctive Datalog comes from the
observation that the parse tree of any monomial in the circuit corresponds to a tree decomposition.
Different monomials may correspond to different tree decompositions; however, we can always
guarantee that we can map such a decomposition to one of the targets in the head of the disjunctive

4The polynomials pf we consider in this paper have the property that all monomials have coefficient 1 € S.
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’ Q(x1, X2, X3, X4) = R(x1,%2), S (x2, x3), T (3, x4), U (x4, X1) ‘
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Fig. 1. A circuit for the 4-cycle query, where the numbers to the left of a ®-gate are the assigned type.

Datalog rule. This mapping in turn implies a mapping from the ®-gates of the circuit to the targets
of the rules. By using existing constructions for worst-case instances for disjunctive Datalog, we
obtain the desired bound on the circuit size.

3.1 Properties of Circuits

For the purposes of this subsection, we fix a circuit F that computes plﬂ over the counting semiring
C. We will use the circuit of Figure 1 as our running example. By Lemma 2.2, F produces p;H and
thus there is a one-to-one correspondence between the monomials in F and the tuples in Q([);
therefore, we will use the terms monomial and output tuple of Q interchangeably.

Parse Trees. Informally, a parse tree captures how a monomial is produced in the circuit.
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Definition 3.1 (Parse tree). A parse tree pt is a rooted tree in a circuit F defined inductively as
follows:

(1) The root of pt is an output gate.
(2) If a ®-gate is in pt, include all of its children in F as its children in pt.
(3) If a @-gate is in pt, include exactly one of its children in F as its children in pt.

The subtree of a parse tree pt that includes a ®-gate g and all of its descendants is denoted as
pt(g). The tree obtained by removing pt(g) from pt is called the tree outside pt(g).

By a parse tree of a monomial, we mean a parse tree that tracks how the monomial is computed in

the circuit. By Lemma 2.2, for a circuit that computes a multilinear polynomial over C, in particular
p;H, there exists exactly one parse tree for any monomial. Figure 1 shows two different parse trees
for two output tuples, (a1, az, as, as) and (cy, ¢z, d3, c4).
Parse Trees as Tree Decompositions. We first generalize an observation made by Komarath et
al. [20] that a tree decomposition for H can be constructed from the parse tree of a monomial.
Our construction works for any hypergraph and any instance I, while the construction in [20] is
only for graphs and instances that are cartesian products over a fixed domain. Furthermore, our
construction has the nice property that there exists a one-to-one correspondence between the input
gates and ®-gates in the parse tree and the nodes in the tree decomposition.

For a monomial q in p}H, we define a structure 75 = (77, y) inductively in a bottom-up fashion
from its parse tree:

(1) For an input gate g of the variable xf[e], add a node v, in 7~ with y(vy) = e. The input gate g
is said to be associated to the node v,.

(2) For a ®-gate g, associate g to the node that is associated to ¢’s single child in the parse tree.

(3) For a ®-gate g, let g; and g; be its children. Let g, g, be the monomials computed at g3, g,
respectively; and By be the set of vertices v € V() such that all hyperedges incident
to v appear either exclusively in g; or exclusively in g,. We add a node v, with y(v,) =
(x(vg,) U x(vg,)) \ By as the parent of vy, and vy, in 7. We associate g with the new node v,.

Note that the nodes in 7~ are in one-to-one correspondence to the input gates and ®-gates in the
parse tree pt,. Moreover:

LeEmMA 3.2. For any monomial q in plﬂ, the structure 7y = (T, x) is a tree decomposition of H.
Moreover:

(1) Ifv € V(T) is a leaf then y(v) = e for some hyperedge e € E(H);

(2) For every hyperedge e € E(H) there exists a unique leafv € V(7") such that y(v) =e.

(3) Every internal node in T has exactly two children.

Proor. The constructed graph 7" is clearly a tree since pt, is a tree. Every hyperedge e € E(H)
appears in some bag of 7 (in particular a leaf of 77), since the monomial ¢ must include a variable
of the form x7, . Finally, note that a vertex v from a hyperedge stops being included in the bags
only after all of its hyperedges have been considered in the subtree; hence, the running intersection
property is satisfied. The three properties of the tree decomposition are straightforward. O

Figure 1 shows the two tree decompositions resulting from the two parse trees of the circuit. Let
TDc (H) be the set of all tree decompositions that can be constructed from a monomial of a circuit
that computes p}H for some instance I as above. We will next characterize the structure of TD¢ (H).
The set may contain redundant tree decompositions, but we claim that its size depends only on H.

|@18l-1)

LEMMA 3.3. [TDc(H)| < 2!V
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Proor. From Lemma 3.2, the total number of nodes for any decomposition in TD¢ () is at most
(2|&] — 1). Indeed, such a tree decomposition has exactly |E| leaves, and |E — 1| internal nodes,
since every internal node has exactly two children. Since any bag can take at most 2!Vl possible
values, we obtain the desired lower bound. ]

Properties of Tree Decompositions. We observe that if two tree decompositions share a ®-gate g,
then the corresponding bags are identical in the trees.

LEMMA 3.4. Let qy, g2 be two monomials inplﬁ andTq, = (71, x1), Tq, = (T2, x2) be their correspond-
ing tree decompositions. If the parse trees of q1, q; share a common ®-gate g, then y1(vg) = x2(vy).

Proor. Suppose for the sake of contradiction that y;(v,y) # x2(vy). Without loss of generality,
assume v € x1(vy) and v ¢ y2(vy). Let E, = {e € & : v € e}. Let E* C E, (resp. E"?) be the set of
hyperedges such that some input gate x{, e € E,, occurs in the left (resp. right) subtree of pt,, (g).
Since v ¢ y»(vy), one of the sets E%2 EL* must be empty and the other set must be equal to E,,.
Indeed, if both E5? and EL? are non-empty, then v € x; (vg) by the running intersection property.
Therefore if v ¢ x»(v,) and if, say, EL? s non-empty, then E, = EL?.

Similarly we define E5' and EJ;! for the other parse tree. Since v € y; (vg), for one of the two
sets (w.l.o.g. the left) we must have 0 C EL! € E,. Indeed, it cannot be the case that EX' = E'' = 0,
since that implies v ¢ y;(vy). W.lo.g. assume 0 E%', then ES' € E,, since otherwise v should
have been forgotten at g, i.e. v ¢ y1(vy). Thus, we have ESY ¢ BB or EG? ¢ EBY

W.lo.g. assume E5' ¢ E5*. Now, we take the parse tree pt ¢, and replace the left subtree of pt,, (g)
with the left subtree of pt,, (g). This obtains a new parse tree in F, by Definition 3.1, where some
e € E, does not have any input gate of the form x{. The monomial of that parse tree does not
correspond to any monomial of plﬂ, a contradiction. O

In light of Lemma 3.4, it is possible to assign a type tp(g) to each ®-gate g as y(v,) for some
decomposition 75 = (77, y) of a monomial q. In other words, the circuit F yields a globally consistent
type assignment to each ®-gate in F. Figure 1 shows the associated types to each gate, where the
input instance consists of the leafs and {1, 3, 4}, say, is a shorthand for {x, x3, x4 }. Moreover, we
have a similar statement as in [20]:

LEMMA 3.5. Letty, t, € Q(I) such that their parse trees in F share a common gate g. Then, t1[tp(g)] =
t2[tp(g)].

3.2 Disjunctive Datalog Rules

In this section, we explore a fundamental connection between disjunctive Datalog rules and circuits.
A disjunctive Datalog rule [19] is an expression

Pi\/ To(xp) — [\ Re(xe)
BeB ee&
where B C [n] and 8 C 2["), where 2["] is the power set of [n]. The body is similar to that of a CQ,
while the head is a disjunction of output relations T which are called targets. Given an instance I,
a model of a disjunctive Datalog rule is a tuple T = (Tp)ge g of relations, denoted as T = P, such
that for any tuple ¢, if t[e] € R, for all e € &, then there exists a target T € T such that ¢[B] € T.
The size of a model is defined to be maxp |Tp| and the output size of a disjunctive Datalog rule over

instance I is the minimum size over all models, i.e., |P(I)| :== min max |Tp|.
TTEP BeB

One of the main insights in this paper is that one can transfer lower bounds of output size for
a disjunctive Datalog rule associated with a CQ into lower bounds on the number of ®-gates in
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its corresponding circuit. More formally, we need to introduce the following definitions. Let ¥ be
a set of tree decompositions of H. Let My be the set of all maps f: ¥ — 27, where 27 is the
power set of V, such that (7, y) = x(t) for some t € V(7). Such f is called a bag selector that
chooses a bag from each tree decomposition. Let B# be the collection of images of all f € M, i.e.
By = {B | B8 = image(f) for some f§ € My}

The following is our key lemma for circuit lower bounds.

LEMMA 3.6. Let f € Mrp. be any bag selector for the set of tree decompositions TDc and B =
image(f). Consider the disjunctive Datalog rule

Pi\/ Ta(xp) — [\ Re(xe). 3)

Be8B ecE

Let F be a circuit that computes p?‘[ over the counting semiring C. Then, |F| > |P(I)|.

Proor. Fix the globally consistent type assignment tp to each ®-gate in F given by Lemma 3.4.
Let Sg be the set of ®-gates in F that has type B C [n]. By Lemma 3.5, each gate g € Sg can be
uniquely associated with a value w(g) := t[tp(g)] for any tuple t in the output of the RHS of P
such that g is in t’s parse tree. Let Tg := {w(g) | g € Sp}; we claim that {Tg}pc 5 is a model for P.
Indeed, take any output tuple t; its corresponding monomial ¢ must be computed by F. Take the
parse tree pt,, construct its tree decomposition 75, and consider the gate g corresponding to the
bag B = f(7;) (such a bag exists because 7; € TDc). By Lemma 3.5, t[B] = w(g) € Tp.

Take B € B that maximizes |Sg|. Therefore, we have log |Sg| > log |P(I)]. Since |F| > |Sg|, this
concludes the proof. O

3.3 The Lower Bound

Let DC be a set of triples (X, Y, Ny|x) for some X C Y C [n] and Ny|x € N that encodes a set of
degree constraints. An instance I satisfies the constraints if for every relation R, in I with X C Y Ce
and every tuple tx we have |7y (R, < tx)| < Ny|x. A constraint of the form (0, e, N,) is simply a
cardinality constraint. The degree constraints on an instance can be translated as constraints on
entropic functions as follows:

HDC = {h: 2" SR, | A h(Y|X) < log Ny x
(X.Y,Ny|x)eDC
where h(Y|X) := h(Y) — h(X). For a given set of degree constraints HDC, define the “scaled-up”

degree constraints HDC X k as the same set of constraints but with all the degree bounds multiplied
by k. We also define

ED = {h: 2" SR, | h(e) <1,Ve € &}
VD := {h: 2"l SR, | h({o}) < 1, Vo € [n]}
We now define the entropic width and degree-aware entropic width as follows, respectively:

entw(H,ED) := max min max h(y(v))
heT,nED (T>x) €TD veV (T)

da-entw(H,HDC) ;== max min  max h(y(0))
hel,nHDC (7T.x) €TD veV (T)

In fact, these two quantities are defined in [19]: da-entw(H, HDC) is called “entropic degree-
aware submodular width” to emphasize the connection to their notion of “degree-aware submodular
width.” Since in our work we do not involve submodular functions, and moreover this concept can
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be defined from entropic functions per se, we simplify the names instead of attempting to change
the names in any way. We sometimes will abbreviate da-entw(H, HDC) (resp. entw(H, ED)) as
da-entw(H) (resp. entw(H)) when the set of degree constraints is clear from the context.

We are now ready to state our main theorem.

THEOREM 3.7. For any € > 0 and any hypergraph H, there exists an instance I and k > 0 that
satisfies the constraints HDC X k such that any circuit F that computes the polynomialp;H over the
counting semiring C has size

log |F| = (1 —¢€) - da-entw(H,HDC X k).

To prove the theorem, we will need to recall the results of Khamis, Ngo and Suciu [19], who
showed that the entropic bound is asymptotically tight under degree constraints. Their construction
transforms the group characterizable entropy function from Chan and Yeung [8] into a database
instance inspired by Gogacz and Torunczyk [10].

LeEMMA 3.8 ([19]). Let HDC be the degree constraints for any disjunctive Datalog rule P where

max minh(B) > 1. For any e > 0, there exists a scale factor k and a database instance I satisfying
heT,nHDC BEB
HDC x k for which the following holds:

log|P(I)] 2 (1—€)- max  minh(B).
heT, NHDCxk BEB

We will also need two technical lemmas. The first lemma is a slight generalization of a result
in [19] (see the proof of Corollary 7.13).

LEMMA 3.9. For a family of set functions H and a set of tree decompositions ¥ of hypergraph H,

max min max h(y(v)) = max max min h(B).
heH (T.,x)eF veV(T) BeBy heH BeB

For the second lemma, recall that TD(H) is the set of all non-redundant tree decompositions of
the hypergraph H. A set function h is monotone if h(X) < h(Y) whenever X C Y.

LEMMA 3.10. For every monotone set function h,

i h < i h
B0 o XD = (OB 0 o XD

We now have all the ingredients to prove the main theorem.

Proor oF THEOREM 3.7. For any scale factor k > 0:

da-entw(H,HDC X k) < max min  max h(y(v))
hel,nHDCxk (7-x)€TDc veV (T)

= max max  minh(B) (4)
BeBroe hel|,nHDCxk BEB

The first inequality is implied by Lemma 3.10 and the monotonicity of all entropic functions. The
second equality is implied by Lemma 3.9. For a bag selector f and B = image(f), consider

Pp: \/ To(xp) — \ Re(xe).
BeB ec&

By Lemma 3.8, there exists an integer kg > 0 and an instance I5 such that

log |P(Ip)| 2 (1-¢) - max  minh(B).
heT, NHDCxk; BEB
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Let ko = maxg kg, and consider the bag selector 8y that maximizes the RHS of Equation 4 for k = ky,
and let I = Ig,. Then, |[P(Iy)| > (1 — ¢€) - da-entw(H, HDC X ko). Finally, let F be a circuit that
computes pi over the counting semiring C. By Lemma 3.6 we have |F| > |P(Iy))]. O

Combined with Lemma 2.3, we immediately obtain the following.

COROLLARY 3.11. For any € > 0, there exists an instance I and integer k > 0 that satisfies the

constraints k X HDC such that any circuit F that computes p}H over a semiring in {T,Bjn} has size
log |F| = (1 —€) - da-entw(H,HDC X k).

As another illustration of the power of Theorem 3.7, consider the case where the degree con-
straints HDC are ED (which corresponds to a uniform cardinality constraint on each relation) or VD
(which corresponds to a uniform constraint on the active domain size). Given a set of constraints
C, write C + I if an instance I satisfies the constraints. Now, let us define:

S(H,C) = max{S(p]")}
Then combined with Proposition 7.3 in [19], the following lower bounds follow immediately:
THEOREM 3.12. ForS € {C, T, Bjin}, we have:
S(H,EDxlog N) = Q(NentW(W))
S(H,VDxlogn) = Q(n™(7)+)

here tw(H) is the t idth, defined i .
where tw(H) is the treewi efine as(rrg(l)lrelmvgl/e(l% |x ()]

Observe that the second lower bound generalizes the result in [20] to any hypergraph.

4 UPPER BOUNDS

In this section, we show our upper bound results by constructing circuits that have matching size
to our lower bound for certain classes of semirings.

THEOREM 4.1. Let I be any instance that satisfies the degree constraint DC. There exists a multilinear
and homogeneous circuit F of size O(2") that produces the polynomial plw over any idempotent
semiring, where w = da-entw(H).

To prove Theorem 4.1, we introduce the following lemma.

LEMMA 4.2. Let I be any instance that satisfies the degree constraint DC. Let TD be the set of all
non-redundant tree decompositions of H. For every (T, x) € TD, let Q(7,,) be the CQ

Qi x1) —  /\ Sy(o) Ky(e)): 5)
veV(T)
Then, there exists an instance I+ = (Sy (v))oev(7) Such that

(1) p;H = @(T,X)Em pI({C over any idempotent semiring, where p;rr is the polynomial of the CQ
Q(7.y) over the instance I
(2) the size of the instance |I7| is O(2"), where w = da-entw(H).

The key takeaway of Lemma 4.2 is: we can construct a circuit of size O(2") that produces p;H by
building a subcircuit of size O(2") for every p; and summing their output gates.
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ProoF oF THEOREM 4.1. By Lemma 4.2, it suffices to build a subcircuit (with output gate fr) that
produces p; for each tree decomposition (77, y) € TD . To produce the final circuit, we simply
build a circuit F of the form

(fre(fr® - (fr, ®0)).
where 71, ..., 7, are all the tree decompositions in TD.

We build the subcircuit for every tree decomposition (77, y) € TD by following the structure
of the tree decomposition from the leaves to the root bag (root the tree arbitrarily; say at node
). We augment the tree decomposition with a hyperedge assignment mapping y: & — V(7),
which maps each hyperedge e to a node v in V(77) such that e C y(v). That is, u(-) partitions the
hyperedges disjointly across the bags of (7, y) (this avoids over-multiplying of x{ in the circuit
construction). For any node v € V(7") in the decomposition, let ™! (v) denote the set of hyperedges
of H mapped to v. Moreover, let anc, be the variables of y(v) that occur in its (unique) parent bag.
For the root node vy, we define anc,, = 0. Trivially, anc, C x(v).

(1) (join within the bag y(v)) First, for each node v € V(7") and iy (o) € Sy (o) (Xy(0)), We associate
a ®-gate denoted by Iy (0)igeo - Let u () = {e,...,e,} € &. For every iy(0) € Sy(o)(Xy(0))> We
introduce a subcircuit

(xi‘:1 ® (xie:Z ®:-- (xi‘; ®1))).
If p~1(v) = 0, the subcircuit is 1® 1. As such, we define 9x(0),iy( @s the top ®-gate of this subcircuit.

(2) (join child bags with the parent bag x(v))Next, for eachnodev € V(7") and iy (o) € Sy (o) (Xy(0))>
we will associate another ®-gate denoted by Gy (,),i,, constructed as follows: (suppose that the
children of v are the nodes uy, uy, . . ., up; if v is a leaf node, £ = 0):

(2.1) (project child bags) We construct @-gates for each child node u; that project to the variables
in anc,,. Specifically, consider a child node u. For each ianc, € Tanc, (Sy(u) (Xy(u))), We introduce a
subcircuit as follows. Let {jy(u) € Sy(u) (Xy(w)) | Janc, = lanc,} = {j1,---,jm}. Then, the subcircuit
takes the form

(Gu,j1 @ (Gu,jz & (Gu,jm 52 0)))
Here, m is the degree of ianc, in Sy (u) (Xy(u)), i.e. the number of occurrences of ianc, in Sy (w) (Xyw))-
Thus, m > 1. Let 5,5, be the top &-gate of this subcircuit.

(2.2) (join across bags) We construct a subcircuit for each iy(,) € Sy (o) (Xy(0)), which will be of

the form:

(sulsiancul ® (su2:iancu2 @ (suf’,iancu( ® g)((U),i)((y))))'

Note that this is well-defined, since for every child node u; of v, anc,, € y(v). Then, for £ > 0,

Gy(0)iy0 18 the top ®-gate of this subcircuit. If £ = 0, Gy(v),i,,(,, 1S the same gate as gy (v),i,,q, -

(3) (top ®-gate) Finally, we construct the output gate fr. For the root node vy, we have anc,, = 0,
and we perform the construction of the first step for the internal node case (viewing v, as the child
node of an imaginary node that corresponds to an empty bag). This will create one subcircuit; we
take its top @-gate s,,j, to be the output gate of the circuit (i.e. f7 = sq4,)-

We now reason the number of gates in the resulting subcircuit for every tree decomposition.

(®-gates) For every node v, let £ be the number of child nodes of v. We introduce (£ + |z~ (v)| +
1) Sy (0) | ®-gates, where (£+ |~ (v)|+1) is independent of the instance I. By Lemma 4.2, we know
ISy (0)| = O(2"). Hence, the total number of ®-gates introduced across all bags is 3 ,cy () O(2") =
o(2"v).

(@-gates) Take any node u € V(7). Then, for every ianc, € Tanc,Sy(u), We construct a subcircuit
at step (2.1) using m @-gates, where m is the degree of iznc, in the table S, (,,), i.e. m =[S, (4) *<ianc, | =
O(2"). Hence, the total number of @-gates introduced across each node is |S, ()| = O(2"). The
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number of ®-gates used to add up all tree decompositions is O(1) (i.e. (f ® (fr; ® - - - (fr, ©0)))),
since there are only a constant number of tree decompositions (independent of the instance I). O

Notes on the Circuit Construction. Even though da-entw (%) is not known to be computable [15],
we construct a circuit (as shown in the proof of Theorem 4.1) of size as predicated by da-entw(H),
without computing the exact value of da-entw(7). In particular, we can always construct the
circuit in time O(|Q(I)]) for an instance I.

Additionally, the depth of the circuit in the above construction can be polynomial in the database

instance because it depends on the degree m whenever we do summation. However, it is easy to
see that we can implement the summation of m elements through a circuit of depth O(log(m)) =
O(w), by using a binary tree of ®-gates, e.g. (Gyj, ® Guj,) ® (Gyj, ® 0) instead of the left-linear
(Guj, © (Guy, @ (Guj, ©0))). Hence, the above semiring circuit can be constructed to have depth
logarithmic in the instance I.
Non-Idempotent Semirings. Idempotency is necessary to the correctness of Lemma 4.2 and
Theorem 4.1. Indeed, in our current construction the same monomial g can be produced via more
than one tree decompositions, in which case a non-idempotent summation would lead to an
incorrect polynomial. If we drop the idempotency requirement, we show the following weaker
upper bound:

THEOREM 4.3. There is a multilinear and homogeneous circuit of size O(2") that produces pIW over
any semiring, where

w = da-efhtw(H) := min max max h(y(v)).
f (T.X)€TD 0€V(T) peT, NHDC X

5 BOUNDS FOR FORMULAS

We define a formula over a semiring S to be a circuit over S such that the outdegree of every gate
is exactly one (with the exception of the output gate, which has outdegree 0). In other words, the
difference between a formula and a circuit is that any gate output cannot be reused across different
gates. As an example, the circuit depicted in Figure 1 is actually a formula.

To capture lower bounds and upper bounds of formulas, we need to introduce a new type of tree
decomposition.

Definition 5.1. A tree decomposition (77, y) of a hypergraph H is inflationary if 7~ can be rooted
such that whenever ¢ € V(7") is an ancestor of ' € V(7"), then y(t) C y(¢').

In other words, if we take any root-to-leaf path in 7°, we will see bags with a strictly increasing
set of variables. Both tree decompositions in Figure 1 are inflationary. Let TDg(H) be the set of
all inflationary tree decompositions of H. Note that [TDg(H)| is a quantity dependent on H and
independent of an instance I.

Discussion. The notion of an inflationary tree decomposition is in direct correspondence to that of
an elimination tree [20] of a graph, and of an f-tree [24] of a hypergraph. However, it will be more
useful for our width measure definitions to work with tree decompositions.

5.1 Upper Bounds

Define the following width measures:

ida—entw(‘H) = max min max h( (Z)))
heT,nHDC (7.x) €TDF veV(T) X

i-entw(H) := max min  max h(y(v
70 heT,,nED (7,X) €TDF veV(T) (x(@))
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The only difference with the definition of da-entw is that we consider a different set of tree
decompositions. It is easy to check that ida-entw(H) > da-entw(H) and i-entw(H) > entw(H).

THEOREM 5.2. There exists a formula F of size O(2") that produces p}H over any idempotent
semiring, where w = ida-entw(H).

Example 5.3. Consider the 4-cycle query
Q(x1, X2, X3, x4)  R(x1,x2), S(x2, x3), T (x3,x4), U (x4, X1)

with uniform cardinality constraints |R|, |S|, |T|, |U| < N. Observe that an f-representation for this
query would have size ©(N?). However, we can do better by considering multiple tree decomposi-
tions. Indeed, consider the two inflationary tree decompositions as shown in Figure 1. These tree
decompositions create 4 disjunctive rules, where their targets have size only O(N*/2). This implies
that we can create a formula for any idempotent semiring with size only O(N*/?).

5.2 Lower Bounds

Let (7, x) be a rooted tree decomposition. For some t € V(7°), we define ¥(t) to be the union of
the bags that occur in the unique path from ¢ to the root. Note that y(¢) 2 y(t).

LEmMMA 5.4. Let q1,q2 be two monomials in p}H and 9, = (T, xi), i = {1, 2}, be their tree decompo-
sitions in a formula F. If the parse trees of q1,qz in I share a common gate g, then y1(vy) = x2(vy).

Proor. Since F is a formula, the parse trees of g, g, share not only g, but also all the other
®-gates from g to the root. Let g1,9a, . . ., g¢ (= g) be these gates. From Lemma 3.4, we must have
x1(0g,) = x2(vg;) for every i =1,..., ¢ Hence, y1(vg) = U; x1(vg;) = U; x2(vg,) = xz2(04). ]

In light of Lemma 3.4, we can assign a type tp(g) to each ®-gate g as )(vy) for some tree
decomposition 74 = (7, x) of a monomial q. Moreover:

LEMMA 5.5. Let ty, t, € Q7(I) such that their parse trees in a formula F share a common gate g.
Then, t,[tp(g)] = t2[tp(g)].

Proor. Since F is a formula, the parse trees of g, g, share not only g, but also all the other
®-gates from g to the root. Let g1, gz, . . ., g¢ (= g) be these gates. From Lemma 3.5, we must have
t1[tp(gi)] = t2[tp(g;)] for every i = 1,..., £. Hence, we have the desired equality. o

We can now show the main lower bound for formulas.

THEOREM 5.6. For any e > 0, there exists an instance I and k > 0 that satisfies the constraints
k X HDC such that any formula F that computes plﬂ over the counting semiring C has size

log |F| = (1 —¢€) - ida-entw(H).

Similar to Theorem 3.12, when the degree constraints are the uniform cardinality constraints
ED -log N, we obtain a lower bound of Q(N™¢"™(*)) for the size of any formula over the counting
or tropical semiring,.

6 BEYOND SUM-PRODUCT QUERIES

In this section, we extend our results to the case where we are given a full CQ Q with hypergraph
H = ([n],E) along with projection variables U C [n]. The task is to construct a circuit that
computes the polynomial for every output tuple. Formally, given an instance I and a tuple ty €
7y (Q(I)), we want to compute the polynomial

p}H[tU] = Z 1_[ xf[e]~

seQ(I):s[U]l=ty ec&
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We seek to find the size of the smallest circuit that contains one output gate each computing a
polynomial above. We write S(fi, ..., f,) to denote the size of the smallest circuit over semiring S
that computes all the polynomials f3, ..., f;;. Then, we can define

S(H | U,HDC) = max S({p/"[tv] | tv € ny(Q(D)}).

THEOREM 6.1. For a subset U C [n], define Hy = ([n],E U {U}). Then, for a semiring S €
{Ts Cs B[in}s, we have:

% - $(Hy, HDC) < S(H | U,HDC) < 4 - S(Hy, HDC).

The theorem implies that, instead of looking at a set of polynomials, it suffices to consider a
single polynomial that corresponds to a CQ with the same set of constraints HDC and the same
hypergraph with the exception of an additional hyperedge that contains the projection variables U.
Hence, all lower and upper bounds from the previous sections can be used to characterize this case
as well.

Proor. We start with the first inequality. Consider the instance Iy that maximizes S(Hy, HDC).
Let Iy = T U {Ry}, where I is the instance for the hypergraph H. We will show that

Spp)y <3+ ({pf' ] | tr € iy (QD)).

This completes the first part, because S(Hy, HDC) = S(p?:“) and S({p}H[tU] | tv € ry(QI))}) <
S(H | U,HDC).

Suppose that we have a circuit F that computes all polynomials {p}H[tU] | tr € ny (Q(I))} using
|F| gates. Observe that:

pre= Y (el Iwl).
ty eny (Q(I))NRy

The above equation leads to a direct construction for pIZ U . For every output gate of F corre-
sponding to ty € ny (Q(I)) N Ry, we introduce a new @ gate that multiplies it with the input gate
xf{]. This needs at most |F| more gates. Then, we perform a summation over all these gates, which
costs at most |F| gates. In total, the resulting circuit has size at most 3|F]|.

We next show the second inequality. Consider the instance I that maximizes S(H | U, HDC). Let
Iy = TU{Ry}, where Ry = ny (Q(I)). Note that this is a valid instance for Hy (with corresponding
CQ Qu), since the hyperedge U has no constraints. We can write the polynomial as:

Hy _ U . e _ U e
P’ = (xtlUJ [ xt[eJ) =2 (xt[UJ [ xt[e]) :
teQu (Iy) ec& teQ(I) ec&

We now consider the partial derivatives of the above polynomial. The partial derivative of a
multilinear polynomial f w.r.t. a variable x, denoted as df / dx, is obtained by removing all monomials
not containing x, and removing x from the remaining monomials. For every variable xgj , where
ty € my(Q(I)), we have:

H
GPIUU _ T{[t ]
axg] r o
We now apply the following beautiful result from [4]: for every polynomial f and the set of all
variables S of this polynomial, S(f, {9f/dx}xes) < 4 - S(f). Moreover, since we can always ignore

SWe slightly abuse the notation here; strictly speaking, Bj;, is not a semiring but a requirement on the circuit computing
over B.
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output gates that we do not need to use in the circuit, for any subset of variables S’ in f, we also
have S({0f /dx}xes) < 4+ S(f). Finally, we can write:

4-S(Hy, HDC) 2 4- S(p;") = S({ap ¥ Jox}), | ty € mu(Q(D))})
= S{p}'[tv] | tv € 7y (Q(I)}) = S(H | U,HDC).
This completes the proof. O

Example 6.2. Consider the following CQ:

Q(x,y,2) < R(x,y) A S(y,2) AT (2 x)

with U = {x, y} and uniform cardinality constraints |R|, |S|, |T| < N. Theorem 6.1 tells us that to
find a (tropical) circuit that computes the polynomials for every output tuple, we need to consider
the hypergraph with hyperedges {x, z}, {x, y}, {y, z} and the same cardinality constraints. The
entropic width for this case is 3/2, so the circuit size for this example is @(N3/?).

When a CQ is full and we want to compute the polynomial on all possible outputs, Theorem 6.1
forces us to consider only one possible tree decomposition that puts all variables in a single bag
(since U = [n]). Hence, the circuit size is equal to the worst-case output size of the query.

7 RELATED WORK

Circuits for Datalog. Deutch et al. [9] initiated the study of computing provenance polynomial by
circuits. They focused on the provenance polynomials for Datalog. Specifically, they constructed
Boolean circuits for Datalog provenance and explored for which semirings a faithful representation
can be achieved. Amarilli et al. [1] considered provenance polynomials for union of conjunctive
queries (UCQ) over the universal provenance semiring N[X]. However, in their work the database
instances were restricted to be tree-like, i.e., of bounded treewidth. Lastly, factorised databases, and
in particular d-representations and f-representations [24] can be viewed as special cases of circuits
governed by exactly one tree decomposition.

Circuits for Polynomials. The question of finding lower bounds on the size of a circuit that
represents a polynomial has been considered for different types of circuits. Jukna [12] studied this
question for different types of semiring circuits, while most work has looked at Boolean (monotone
or non-monotone) circuits [27].

Query Evaluation by Circuits. Wang and Yi [29] constructed circuits for CQs under degree
constraints by instantiating PANDA [19]. Their circuits have polylogarithmic depth and their sizes
match the polymatroid bound up to polylogarithmic factors. However, their (Boolean) circuits make
essential use of —-gates and do not generalize to arbitrary semirings. In contrast, our circuits only
use the operations @ and ® and admit unconditional lower bounds.

8 CONCLUSION

In this paper, we study circuits for sum-product queries, and prove strong lower bounds and upper
bounds of the circuits size.

One immediate open problem is to close the gap between the upper bound and lower bound for
the circuit size over the Boolean semiring. Another interesting future direction is to explore the
CQs with self-join from the lens of (non-)multi-linearity of the provenance polynomial [2, 6, 7, 14].
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A MISSING PROOFS

This section contains the missing proofs from the main body of the paper.

ProOOF OF LEMMA 3.5. A similar statement was proved in [20]. Assume for contradiction that for

some v € tp(g), iy = t1[v] # t2[v] = ip. There are two cases:

(1) v is going to be forgotten in the parent of By in Ty, : By the construction of Ty, both of the
children of g in F must compute i; for v. If the left subtree of pt,, (9) computed i, for v, then
replace the right subtree of pt,, (g) with the right subtree of pt, (). Otherwise i, for v is
computed in the right subtree of or outside pt,, (g), in that case replace the left subtree of
ptg, (9) with the left subtree of pt, (g).

(2) Otherwise, by the construction of T, i; is computed in at least one of the children of g in F
and outside the pt, (g). Then, if i, is computed in pt, (g), then replace pt,, (g) with pt,, (g)
in pt,, . Otherwise i; must be computed outside pt,,(g) in pt,,, then replace pt,, (g) with
pty, (9) in pty,

The resulting subtree in F is a parse tree for some monomial that has i; and i, for v, which leads to
a contradiction since any monomial in p;H must has consistent values for all variables. O

Proor or LEMMA 3.9. We can write:
max min max h(y(v max max min h T,
mox min  max h(y(o) = max max min h(((T. 1))

= max max min h(B)
e Mg heH Beimage(p)

= max max min h(B)
Bqu— heH BeB

where the first equality is implied by Lemma 7.12 in [19]. O

Proor oF LEMMA 3.10. Fix some h, and let 7~ € TD¢ be the decomposition that minimizes
the RHS term. We say that a tree decomposition 77 is dominated by another tree decomposition
T if every bag of 77 is a subset of some bag of 7;. We can always construct a non-redundant
decomposition 7’ = (T’, ') that is dominated by 7~ by removing the redundant bags (see for
example [18]). Clearly, we have 7' € TD. Then, because of the monotonicity of h:

x| h(x(v)) = Jnax h()( (0)) = (Tr)r(l)mmug/%% h(x(v)).

This concludes the proof. O

ProoF oF LEMMA 4.2. Recall that TD is the set of all non-redundant tree decompositions. As
Section 3.3, we define Brp and for each 8 € Brp, the disjunctive Datalog rule P as in (3). We
construct a model (Tp)peg (i-e. a set of tables Tg(xp), one for each B € B) using the constructive
proof of Lemma 4.1 in [19]. By Lemma 3.9, the tables constructed for each disjunctive Datalog rule
are of size O(2"), where w = da-entw(H).

Next, at each bag y(v) in every tree decomposition (77, y) € TD, we construct a table S () (X, (»))
(Xy(0) is its schema) as follows: (1) take the union over all output tables T} (,) (X (o)) from every
disjunctive Datalog rule defined by B = image(f) € Bp, if the bag selector f selects this bag y(v)
from (77, x), and (2) semijoin-reduce the union by every input relation R, (x,), to prune off tuples
that do not contribute to any monomials in plﬂ. In other words (using x for semijoins),

Sy(o) Xy(w) = U Tr(o) ect Re(xe).
image (f) €Brp, (T, x)=x(v)
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As a result, it is easy to check that S, (4)(X(5)) is of size O(2"). In addition, we augment each
tree decomposition with a hyperedge assignment mapping y : & — V(7°), which maps each
hyperedge e to a bag t in (7, y). Effectively, p(-) partitions the hyperedges across the bags of
(7, x)- By Corollary 7.13 in [19], the query results can be written as the following union of CQs
(one per tree decomposition):

o= |J Qunlr.
(T.x)eTD
Recall that the query Q(7,y) (Xv) < Ayev(7) Sy(v) (Xy(0)) for each (77, x) € TD is evaluated over
the instance I = (S, (o) (Xy(0)))oev (7). We use pi to denote the sum-product polynomial of Q7 )
over the instance Is. Therefore, we have

pl = @ ®xf[e1

teQ(I) e€&

xf[e] (for any (77, y) € TD)
teQ(I) veV(T) ecE:u(e)=0

® xf[ l (by idempotence of ®)
teQ(I) (T,x)eTD veV(T) ecE:u(e)=v

EB @ ® ® xf[e] (by commutativity of @)

(T.x)eTD teQ(I) veV(T) ec&E:p(e)=v

= @ @ ® ® xte[e] (by Corollary 7.13 in [19])

(T.x)€TD teQ(7 ) (IT) veV(T) e€&:pu(e)=v

= @ PZ,—— (by definition of p}{;
(T.x)eTD

Similar to Theorem 4.1, we show the following lemma for non-idempotent semirings.

LEMMA A.1. Let I be any instance that satisfies the degree constraint DC. Let (7, x) be a tree
decomposition of H that attains the minimum in the definition of da-efhtw(HH). Then, there exists an
instance It = (Sy(0))oev(7) such that

(1) p}H = p?; over any semiring, where p;’; is the polynomial of Q 7,y (5) over the instance I, and
(2) the size of the instance |I7| is O(2"Y), where w = da-efhtw(H).

Proor. We start by choosing a tree decomposition (77, y) that attains the minimum in the
definition of da-efhtw(%{). Following the proof of Lemma 4.2, we construct a table S (4) (X (o))
for each bag y(v) in (7, x), and obviously, p}H = pzr.

By Lemma 4.1 in [19], the table S, (4) (Xy(0)) is of size O(2°), where s = max h(y(v)) (as

hel,NHDC
only one tree decomposition is considered). Thus, the instance I+ = (Sy (o) (X (0)))oev(7) of Q(7,y)
is of size O(2"), where w = max,cy (7) max, .t pc H(x(0)) = da-efhtw(H). O

Using Lemma A.1, Theorem 4.1 is now immediate. This is because one can simply apply the
circuit construction for pg in the proof of Theorem 4.1, as the final circuit for plﬂ.

PrOOF OF THEOREM 5.6. Let Mrp, be the set of all maps B : TDp(H) — 27 such that f(T, y) =
x(t) for some t € V(7). Let Brp, be the collection of images of all f € M,i.e. Brp, = {8 | B =

Proc. ACM Manag. Data, Vol. 2, No. 2 (PODS), Article 87. Publication date: May 2024.



87:20 Austen Z. Fan, Paraschos Koutris, and Hangdong Zhao

image(ﬁ) for some E € Mrp, }. We claim, similarly to Lemma 3.9:

ida-entw(H) < max max minh(B).
BeBrop peT,nHDC BB

Fix the bag selector § that maximizes the RHS above and let 8 = image(f}). Consider the
disjunctive Datalog rule P : \/gcg Tg(x8) < Accg Re(Xe). Note that the LHS of P is finite. Let D
be the worst-case database instance as constructed in Lemma 3.8.

Consider the type assignment tp to each ®-gate in F given by Lemma 5.4. Let Sg C S be the set
of ®-gates that has type B C [n]. By Lemma 5.5, each gate g € Sp can be uniquely associated with
a value w(g). Let T := {w(g) | g € Sp}; we claim that {Tg}ge s is a model for P.

Indeed, take any output tuple ¢; its corresponding monomial g must be computed by F. Take the
parse tree pt,, and construct its tree decomposition Ty. Now, note that Ty = (7, x) may not belong
to TDf. Thus, we construct a new tree decomposition Té = (T, ). By construction, Té is inflationary

and hence T € TDr. Now, consider the gate g corresponding to the bag B = B(Té). By Lemma 5.5,
t[B] = w(g) € Tg. Finally, take B € B that maximizes Sg. By Lemma 3.9 and Lemma 3.8, we have
log |Sg| = log |P(D)| = (1 — €) - ida-entw(H). Since |F| > |Sg|, this concludes the proof. O

ProoF oF THEOREM 5.2. The proof initially follows the proof of Theorem 4.1, with the only
difference being replacing TD with TDp. As in the proof of Theorem 4.1, it suffices to build a
subformula (with output gate fr) for each tree decomposition (7, y) € TDr that produces pf;.

To produce the final formula for plﬂ we build a formula F = (fr, ® (f, ® - - - (fr,, ® 0))), where
Ti, ..., Ty are all the tree decompositions in TDf.

We build the subformula for every (7, y) € TDf by following inductively the structure of the
tree decomposition from the root to the leaves. Since any internal bag is contained in a leaf bag in
an inflationary decomposition, we will take u(-) to be an assignment of hyperedges to the leaves of
T.For any leaf node v € V(7°), let u~!(v) denote the set of hyperedges of H mapped to v. Moreover,
let anc, be the variables of y(v) that occur in its (unique) parent bag. For the root node vy, we
define anc,, = 0. Trivially, we have anc, C y(v). We inductively define F,[ianc,] as follows.

If v is an internal node with children u;, ..., u,, then

Fo [iancv] = @ Fu1 [j)((v)] ® - ® Ful [j)((v)]

jX(U) ES)((ZJ) Janco =lancy

If v is a leaf node with u~1(0) = {ey, ..., e;} € E(H), then
= @ eex

Jx(0) €Sx(v) Jancy =lancy

Finally, the output gate fr corresponds to the top gate of the formula F, [0].

Observe that the corresponding circuit is a formula because of the inflationary property of all
tree decompositions. Indeed, a subcircuit F,[ianc,] can only be used in a unique path to the output
gate. It remains to reason about the formula size. Since it is a formula, to obtain an upper bound it
suffices to count the number of subformulas of the form xJ ® - ® x ¢ produced by the above

construction. There are [S () (Xy(2))| = O(2") many subformulas that correspond to any given
leaf bag v, hence the total number is also O(2"). The number of ®-gates used to add up all tree
decompositions is O(1), since there are only constant many tree decompositions (independent of
the instance I). Hence, the total number of gates in the formula is O(2"). O
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