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In this paper, we study circuit size bounds for Conjunctive Queries (CQs) under different semiring semantics.
Recent work established tight bounds for self-join-free CQs over the tropical semiring, among other results [16].
Here, we extend these results in two main directions. First, we prove a lower bound for any self-join-free CQ
over the Boolean semiring by extending Razborov and Alon-Boppana’s classic lower bound result for the
k-clique problem [1, 38]. Second, we characterize the circuit complexity of CQs with self-joins by relating
them to appropriate self-join free CQs. Interestingly, such correspondence crucially depends on the underlying
semiring. To achieve this result, we present a novel technique of investigating the circuit complexity of a CQ
with self-joins through the lens of endomorphisms.
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1 Introduction

Recent work [16] considered the circuit size bounds for the sum-product polynomial for a self-join-
free Conjunctive Query (CQ). Formally, the sum-product polynomial for a Boolean CQ Q (with
self-joins or not) is parameterized by an underlying semiring S and an instance I

P = @ ® XR(h(x)) (1)

heHom(Q,I) R(x)€Q

where Hom(Q, I) is the set of all homomorphisms from Q to I and xg(a) is a variable that annotates
the tuple R(a) in I, taking values in the domain of the semiring.

The central question we study in this paper is: given a CQ (possibly with self-joins), a semiring S,
and a set of constraints on an instance I, what is the smallest circuit over S for CQ on I?

We briefly introduce the notion of a circuit over a semiring. A circuit F over a semiring S is a
Directed Acyclic Graph (DAG) with input nodes the variables xp(,) of fan-in 0 and every other
node labelled by @ or ® of fan-in 2; these nodes are called ®-gates and ®-gates respectively [22]. A
circuit F that computes the sum-product polynomial has an output gate with fan-out 0 that, by
sequentially going through all gates in a bottom-up fashion, evaluates the polynomial. The size of
the circuit F, denoted as |F|, is the number of gates in F. The study of circuits over a semiring is
fruitful due to the following two reasons (see also [16] for a more detailed discussion):
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(1) Circuits over a semiring can be seen as a model of computation that corresponds to algorithms
that solely exploit the two algebraic operations in the underlying semiring. This model of
computation is equivalent to monotone straight-line programs that computes a function given
by a polynomial [20, 40]. In our setting, the polynomial is restricted to be the sum-product
polynomial derived from a CQ on an instance I over a semiring S.

(2) Circuits that compute the sum-product polynomial of a CQ can be viewed as a concise represen-
tation of the corresponding provenance polynomial over a semiring, as introduced introduced
by Green, Karvounarakis and Tannen [19]. It has been noted [16] that d-representations in
factorised databases [5, 34, 35] can be seen as special cases of circuits for CQs where they
are governed by exactly one tree decomposition.

The results in [16] have two limitations: they only work for self-join-free queries, and the lower
bounds only apply to semirings that are at least as expressive as the tropical semiring (for instance,
no lower bound was proved for the Boolean semiring B). In this work, we take on both challenges.

CQs with self-joins are notoriously difficult to deal with. Many areas, including enumeration
complexity [4, 8, 9], consistent query answering [30, 31] and factorised databases [5, 34, 35] enjoy
a long line of success when restricted to self-join-free CQs, but immediately run into obstacles
when trying to extend the results to CQs with self-joins. To have a slight taste of the difficulty,
note that when a full CQ Q is self-join-free, a hypergraph suffices to encode all the information in
Q; however, that is not the case for a CQ with self-joins, since different atoms might correspond to
the same hyperedge. The fundamental technical difficulty is that the sum-product polynomials for
CQs with self-joins are not multilinear and this makes the lower bound approach of [16] fail.

The same technical issue occurs when we consider circuits over the Boolean semiring. In this
setting, even for self-join-free CQs, the polynomial produced by the optimal circuit may not be
multilinear. Hence, we have to use fundamentally different arguments compared to [16] in order to
make progress in the lower bounds.

Our Contributions. We next summarize our contributions in this work.

e In Section 3, we prove for any self-join-free CQ a circuit size a lower bound over B, using
the technique of clique embeddings [15] and results by Razborov and Alon-Boppana [1, 38]
(Theorem 3.4). We show this bound is tight for any binary CQ with subquadratic submodular
width using the notion of full H -encodings in [7] (Theorem 3.10).

In Section 4, we present some basic results on CQs with self-joins. Given a CQ Q, we use [Q]
to denote the self-join-free CQ which replaces atoms that share the same relational symbol
with distinct fresh relational symbols. In a technical sense, the circuit complexity of Q is never
higher than that of [Q], since Q can be seen as [Q] while imposing a restriction on input
instances. To deal with the opposite direction, we use the technique of tagging [8, 9] and
deliver a taste of our circuit reductions between self-join-free CQs and CQs with self-joins
(Theorem 4.1 & Theorem 4.2).

e In Section 5, we characterize the circuit size of sum-product polynomials for CQs with
self-joins over any semiring from the class Cpom [29], which includes the Boolean semiring
and any distributive lattice. For Cppy,, the circuit complexity is characterized by its core
(Theorem 5.7). We prove that several properties of the core of a CQ from B extend to any
semiring in Cpop. We also prove that the image of an endomorphism has decreasing entropic
width, a result that might be of independent interest (Theorem 5.9).

In Section 6, we characterize the circuit size of sum-product polynomials for CQs with
self-joins for the semiring class C- [29] by their self-join-free counterpart (Theorem 6.3).
Notable examples in C- are T, C and B[X]. To achieve this, we leverage the celebrated result
by Baur and Strassen [6] on taking the partial derivatives of an arithmetic circuit.
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Fig. 1. Some examples of Boolean CQs.

e In Section 7, we characterize the circuit size of sum-product polynomials for CQs with
self-joins over the positive tropical semiring T* (Theorem 7.8). We define a key object called
tropical core (Definition 7.6) which captures the circuit complexity of CQ over T*. The proof
is a combination of techniques including geometry in linear programming, endomorphisms
of CQs, and extracting polynomials from a circuit by taking partial derivatives.

For ease of reading, we only report results when the set of constraints on input instances consists
of uniform cardinality constraints [26]. However, all results in the main text can be easily extended
to degree-aware constraints. We record these results in Appendix B.

2 Preliminaries
In this section, we present an overview of important terminologies used throughout the paper.
Conjunctive Queries. A Conjunctive Query (CQ) is defined as an expression consisting of a
conjunction of atoms:

Q(xy) « Ri(x1) A Rp(x2) A -+ A Re(x¢)

where Xy, X; are tuples of variables or constants. The variables in xy; are called free variables. We
say that Q is Boolean if xy is the empty tuple and full if the free variables are all the variables
in the query body. The set of variables of Q is denoted as var(Q). A CQ is said to have self-joins
if it contains two atoms with the same relational symbol; otherwise, it is called self-join-free. A
CQ with self-joins can have an atom occur multiple times, e.g. the CQ Q « R(x,y) A R(x,y) is
allowed. This means that Q can be viewed as a bag of atoms. Given an instance I, a homomorphism
from Q to I is a function k : var(Q) — adom(I)! such that for every atom R;(x;) in Q, it holds that
Ri(h(x;)) € I. We denote by Hom(Q, I) the set of all homomorphisms from Q to I.

Given a CQ Q, we call the self-join-free counterpart of Q, denoted as [Q], to be the CQ which
replaces atoms that share the same relational symbol with distinct fresh relational symbols. For
example, consider the CQ Q;() « R(x,y) A R(x,w) A S(y,z) A S(w, z) depicted in Figure 1a. Its
self-join-free counterpart [Q1]() «— Ry (x, y) A Ry(x, w) A S1(y, z2) A S2(w, z) is depicted in Figure 1b.

With each self-join-free CQ Q we can associate a hypergraph H = (V, E), where each node
represents a variable in Q and each hyperedge contains the variables of an atom in Q.
Semirings. A (commutative) semiring is an algebraic structure S := (D, ®, ®, 0, 1), where @ and
® are the addition and multiplication in S such that: (1) (D, &, 0) and (D, ®, 1) are commutative
monoids, (2) ® is distributive over @, and (3) 0 is an annihilator of ® in D. We say that S is idempotent
if x ® x = x for every x € D and absorptive if 1 @ x = 1 for every x € D.

Green et al. [19] observed that the semantics of CQ are in natural correspondence to the
underlying semiring. For example, set semantics correspond to computing a query over the Boolean
semiring B := ({0, 1}, V, A, FALSE, TRUE), while bag semantics correspond to the Counting semiring

ladom(I) is the active domain of an instance I and containts all constants occurring in I.
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C = (N,+,-,0,1) where N is the set of natural numbers. Other important semirings include
the Tropical semiring T := (Z U {400}, min, +, +00, 0) which is isomorphic to the Max semiring
M := {Z U {~c0}, max, +, —0, 0} 2, the positive tropical semiring Tt := (R* U {+c0}, min, +, +c0, 0)
and the positive Max semiring M* := (N U {—o0}, max, +, —00, 0), all of which are closely related
to optimization problems [24, 25]. Our work follows the approach in [19], where an instance is
interpreted as an instance tagged with annotations from a semiring ( i.e., a K-relation).

Sum-Product Polynomials. The sum-product polynomial for a Boolean CQ Q is parameterized
by an underlying semiring S and an instance I in the following way. For every tuple R(a) in I, let
XR(a) be a variable that takes values in the domain of S. Then, the sum-product polynomial for Q

of I over S is defined as
= B X wauw )
heHom(Q,I) R(x)€Q

Example 2.1. For Q; in Fig. 1 with instance I = {R(a,b),R(a,c),S(b,d),S(c,d)} over T, the
sum-product polynomial is

P? = min{xgr(a,b) ® XR(ac) ® Xs(b.d) D X5(c.d)>

XR(a,c) @ XR(ab) ® Xs(c,d) @ X5(b,d)>
XR(a,b) ® XR(ab) © Xs(b,d) ® XS(b,d)>
XR(a,c) ® XR(a,c) ® XS(c,d) © xS(c,d)}

where Hom(Q,I) ={h; : {x m ay—> bw— cz—dLh:{x > ay—cwr bz d} hs:
{x—ay—>bwHbz—dhh :{x—ay—cwmHczHd}}

A sum-product polynomial is always homogeneous: the sum of the exponents in every monomial
is the same. We also say that it is multilinear if the exponent of every variable in a monomial is
one. A crucial observation is that if Q is self-join-free, then p? must be multilinear; however, this
is not true if the query has self-joins. We differentiate the notions of term and monomial for a
sum-product polynomial carefully: a term is a formal product of variables, where the product ®
is interpreted over a semiring, whereas a monomial is a term with a coefficient a € N, which is
interpreted as the number of additions & of the term over the same semiring.

Any sum-product polynomial p over a semiring S with n variables defines a function p : S — S
whose value p(sy, sy, . . ., Sp) is obtained by substituting elements s; € S for x; in p. Two sum-product
polynomials py, p; are equivalent over S, denoted as p; =g pa, if p1(s) = p2(s) for all s € S" [22].

Tree Decompositions. We recall the notion of tree decomposition [39].

Definition 2.2 (Tree Decomposition). A tree decomposition of a hypergraph H is a pair (7, y),
where 7 is a tree and y maps each node t of the tree to a subset y(t) of V(H), called a bag, s.t.:

(1) every hyperedge e € E(H) is a subset of y(t) for some t € V(7); and

(2) for every vertex v € V(H), the set {t|o € y(¢t)} is a non-empty connected subtree of 7.

We say that a tree decomposition is non-redundant if no bag is a subset of another; otherwise it
is redundant. We let TD(H) be the set of all non-redundant tree decompositions of H.

Entropic and Submodular Width. Let n be a positive integer. A function h : 2I") — R, is called
a set function on [n] = {1,2,...,n}. A set function is an entropic function of order n if there exist
random variables Ay, ..., A, such that h(S) = H((A;);es) for any S C [n], where H is the joint

2The additional element —oo to Z is to make sure that the additive identity and the multiplicative identity are different, and
also that the additive identity is an annihilator of ® := + in M.
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entropy of a set of variables. We denote by I'; the set of all entropic functions of order n, l:: the
topological closure of T, and I}, the submodular set functions on [n] (Definition 2.2 in [27]). For a
hypergraph H = (V, E) where |V| = n, define:

ED = {h: 2"l SR, | h(e) < 1,Ve € E}.

Then, the fractional hypertree width, submodular width and entropic width are defined as follows
(see also [27]):

fht(H) = i h
(H) = jmin  max & max h(y(v))

bw(H) = i h
subw(#) := max  min ' max h(x(2))

entw(H) : her%arfED (']’T?;ETD 02‘1/%)7(*) h(x(v))
Circuits over Semirings. A circuit F over a semiring S is a Directed Acyclic Graph (DAG) with
input nodes (with fan-in 0) variables in a set S, containing xp(,)’s in the RHS of Equation 2 and
the constants 0, 1. Every other node is labelled by @ or ® and has fan-in 2; these nodes are called
@®-gates and ®-gates, respectively. An input gate of F is any gate with fan-in 0 and an output gate
of F is any gate with fan-out 0. The size of the circuit F, denoted as |F|, is the number of gates in F.
The depth of F is the length of the longest path from an input to an output node.

In this paper, the goal of circuits over some semiring is to compute sum-product polynomials
over that semiring. A circuit F can be viewed as a concise representation of a polynomial F over
the variable set Sy. A circuit F is said to compute a polynomial p if F and p coincide as functions
(interpreted over the semiring S), and is said to produce a polynomial p if F and p, when written as
sums of products of variables and coefficients, are exactly the same modulo the ordering of the
summands and the ordering of variables and coefficients within each summand.

A circuit F is homogeneous if every polynomial produced in each gate in F is homogeneous, and
is multilinear if for every ®-gate u = v ® w, the polynomials produced at gates v and w have a
disjoint set of variables.

Let S(p) and S[p] be the minimum size of a circuit over semiring S computing and producing p,
respectively. If F produces p, then F must compute p, but not necessarily the other way around.

We also define S(Q, N) for some integer N > 0 to be the size of the smallest circuit computing
the polynomial pIQ over S over all instances I that have relations with size at most N. In other
words, S(Q, N) is a worst-case bound. The following tight circuit bounds were proved in [16].

THEOREM 2.3 (LOWER BOUND [16]). For any self-join-free CQ Q with hypergraph H, and any
semiring S € {Bjin, T, C} 3 it holds that S(Q, N) = Q(New(#)),

THEOREM 2.4 (UPPER BOUND [16]). Fix a self-join-free CQ Q. Let I be an instance where every
relation has size at most N. Then, there exists a multilinear and homogeneous circuit F of size
O(Ne"™w(H)) that computes the polynomialpIQ over any idempotent semiring.

When proving the above results, the authors of [16] applied the following lemma to transfer a
circuit size lower bound from one semiring to another.

LEmMMA 2.5 ([22]). If p is a multilinear and homogeneous polynomial, then the following equalities
hold: Biin(p) = T(p) = T[p] = C(p) = C[p].

3We slightly abuse the notation; strictly speaking, By;, is not a semiring but a requirement on the circuit computing over B.
Formally, Bj;, (p) is the minimum size of a multilinear circuit over B computing p.
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Semiring Homomorphisms. We define here the notion of a semiring homomorphism, which
implies a hierarchy of semirings that allows us to transfer upper and lower bounds.

Definition 2.6 (Semiring Homomorphism). Let Sy, S, be two semirings. A mapping h: S; — S; is
called a semiring homomorphism if h(0) = 0,h(1) = 1, and for all a,b € S;, we have h(a ® b) =
h(a) ® h(b) and h(a ® b) = h(a) ® h(b).

LEMMA 2.7. If there exists a surjective semiring homomorphism h : S; — S,, then S1(p) > S,(p)
for any polynomial p.

Proor. We will show that if F is a circuit that computes a polynomial p over semiring S;, then F
computes p over semiring S, as well.

Let pr be the polynomial produced by the circuit F. Then, it must be that pr =5, p, meaning
pr(s1) = p(s1) for any s; € ST. Now, for any s, € S}, let s; be any vector in ST such that h(s;) = s,
where h applies component-wise. Then, observe that

ﬁF(Sz) =PAF(h(S1)) = h(ﬁF(Sl)) = h(ﬁ(sl)) =ﬁ(h(81)) = f’(sz)

where the second and fourth equality comes from the definition of a semiring homomorphism.
Since s, is arbitrary, we conclude that pr =g, p. ]

We call a semiring S positive if (i) 0 # 1, (ii) a® b = 0 implies a = 0 and b = 0, and (iii) a®b =0
implies a = 0 or b = 0. If S is positive, then there exists a (surjective) semiring homomorphism to
the Boolean semiring B [18] . Hence by Lemma 2.7, any lower bound for the Boolean semiring
transfers to all positive semirings (which include all semirings we consider in the paper).

Homomorphisms, Endomorphisms, Automorphisms. A mapping h from the variables ofa CQ Q;
to the variables of a CQ Q; is a homomorphism from Q1 to Q, if (1) R(h(x)) € Q; whenever R(x) € O,
and (2) h(xy,) = h(xy,) where xy, and xy, are the free variables of Q; and Q; respectively. An
endomorphism of Q is a homomorphism from Q to itself. An automorphism of Q is an endomorphism
of Q that is also an isomorphism.

Example 2.8. Consider the query Q; from Figure 1. The mapping x — x,y > w,w = Y,z = 2
is an automorphism for Q;, while the mapping x — x,y — y, w — y, z — z is an endomorphism
but not an automorphism.

CQ Equivalence. Given two CQs Q; and Q,, we say they are syntactically equivalent if they are
identical up to variable renaming. This notion is also called (body) isomorphism in [8, 12, 13]. For
example, the CQs Q;() « R(x) A S(x,y) and Q»() < S(y,x) A R(y) are syntactically equivalent.
In contrast, we say that two queries are semantically equivalent over a semiring S, denoted as
Q1 =5 Oy, if upon any S-annotated input relation I, Q; and Q, return the same result.

For an endomorphism A, by h(Q) we mean the query that contains all variables and atoms that
are in the image of h. In other words, k is surjective when viewed both as mappings from Q to h(Q)
between variables and atoms. The following lemma gives a characterization when two queries are
syntactically equivalent in terms of homomorphisms (since the converse of the lemma is obvious).

LEMMA 2.9. If there exists a homomorphism h from Q; to Q; and a homomorphism g from Q; to Q4
such that h(Q1) = Q, and g(Qz) = Q1, then Q; and Q, are syntactically equivalent.

Proor. Clearly, h and g are bijective when viewed as mappings between variables. Since g o
h(Q1) = Q1 and g o h(Q2) = Q, the mappings between atoms in Q; and Q, that are induced by h
and g must be bijective as well. This implies that Q; and Q, are the same up to variable renaming,
as witnessed by h and g. O
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Homomorphic Equivalence. Two CQs Q1 and Q, are said to be homomorphically equivalent if there
exists a homomorphism A from Q; to Q; and a homomorphism g from Q, to Q;. This is a syntactic
property between two CQs, and has been leveraged heavily in several prior works [3, 12, 14, 41]. It
is not hard to show that for a large class of semirings, two homomorphically equivalent queries are
semantically equivalent over any semiring in the class. In fact, Theorem 5.4 shows that over the class
of semirings called Cy, defined in Section 5, two CQs Q; and Q, are homomorphically equivalent
if and only if they are semantically equivalent. The situation could be different outside Cpop,.
Consider the queries Q;, O, and Qs in Figure 1. Note that all these queries are homomorphically
equivalent to each other. However, Q; and Q, are not semantically equivalent over T ¢ Cpom, Since
Q; will always have 2 times the result of Q,. Moreover, Q; and Qs are semantically equivalent
over T but not semantically equivalent over C ¢ Cpop,. Finally, even over B € Cpqp, in which case
Q1 =p Q2 =p Qs, we note that Q;, Q; and Qs are not syntactically equivalent.

3 Lower Bounds for Boolean circuits for self-join-free CQs

In this section, all CQs are assumed to be self-join-free, so we will identify the CQ with its
hypergraph H. Our goal is to prove lower bounds on the size of circuits over the Boolean semiring.
This is quite challenging, since the techniques developed in [16] to show tight lower bounds cannot
be applied to the Boolean semiring. The main technical issue is that a Boolean circuit that computes
a multilinear polynomial (as is p}H) does not need to be multilinear, and the arguments in [16] only
apply for multilinear circuits.

3.1 Lower Bounds via Clique Embeddings

Fortunately, we have a starting point, which is a classical result by Razborov [38], later improved
by Alon and Boppana [1]. To state the result, define the polynomial C}! over (5) Boolean variables
that takes as input an undirected graph on n vertices (where each variable xy; ;; corresponds to
whether the edge {i, j} exists for 1 < i # j < n) and returns true iff the graph contains a k-clique.

THEOREM 3.1 (ALON & BoprpraNa [1]). For any constant k > 3, every circuit F over the Boolean

nk

logkn )"

semiring that computes C;. must have size |F| = Q

In particular, we cannot have a Boolean circuit of size O(n*~€) for some constant € > 0. To be
able to apply the above result to our setting, we need two steps. The first step is to show that the
lower bound works for the k-clique polynomial as defined over a k-partite graph. Concretely, we
define the polynomial P} as follows. The input is a k-partite graph with vertex set V; X - - - X Vg,
each V; of size n (this means no edge exists within a partition V;). The output is true if and only if
the graph contains a k-clique; such a clique must have exactly one vertex in each partition V;. It is
clear that given a Boolean circuit F that computes C}, one can construct a Boolean circuit F that
computes P;!. We show that the converse is also true.

LEMMA 3.2. For any constant € > 0 and k > 3, there exists no circuit that computes P;! over the
Boolean semiring with size O(n*~¢).

Proor oF LEmMA 3.2. It suffices to show that given a circuit over B that computes the polynomial
P, one can construct a circuit over B that computes Cy'. Let F be a circuit over the Boolean semiring
that computes P}. The input gates of the circuit are of the form yy(; ) (j.q)y where 1 <, j, < nand
1 < p # q < k: this is the gate that corresponds to the edge that connects vertex i of partition V), to
vertex j of partition V. We construct a circuit F” for C}! as follows. It is identical to F, except for the
input wires which we reroute to the new input gates. In particular, if the input gate is y((ip),(j.q)}
and i = j we reroute it to 0, otherwise we reroute it to the input gate x; . It is easy to see that F’
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correctly computes C7, since we have the property that every k-clique formed in P}’ needs to have
exactly one vertex on each partition (and of course all vertices are distinct). O

For the second step, we need to apply the idea of a clique embedding [15]. Intuitively, a clique
embedding embeds an instance of a clique problem inside a query, so that an algorithm that solves
the query will also solve the clique problem. This idea was used to prove conditional lower bounds
for query evaluation [15], but here we will use it to get unconditional lower bounds for circuits.

We will first need some definitions. We say that two sets of vertices X, Y C V(H) touch in ‘H if
either X N'Y # 0 or there is a hyperedge e € E(H) that intersects both X and Y.

Definition 3.3 (Clique Embedding). Let k > 3 and H be a hypergraph. A k-clique embedding,
denoted Cy +— H, is a mapping ¢ that maps every v € {1,...,k} to a non-empty subset /(v) C
V(H) such that the following hold:

(1) ¢(v) induces a connected subgraph;
(2) for any twou # v € {1,...,k} then ¥ (u), ¥ (v) touchin H.

It will often be convenient to describe a clique embedding i by the reverse mapping v~ !(x) =
{i | x € (i)}, where x is a vertex in V(). For a hyperedge e € E(H), its weak edge depth is
dy(e) = [{v | ¥(v) Ne # 0}|, i.e. the number of colors from [k] that map to some vertex in e. The
weak edge depth of an embedding i/ can then be defined as wed (/) = max, dy (e). Additionally, we
define as wed(Cy +— H) the minimum weak edge depth of any clique embedding . We can now
define the following quantity, which we call the clique embedding power:

k
lemb(H) := _
clemb (%) ?:g wed(Cy — H)
It has been shown [15] that this quantity is well-defined. As an example, the CQ that corresponds
to an cycle of length ¢ has clemb =2 — 1/[¢/2].
Equipped with this definition, we will now show the main theorem of this section.

THEOREM 3.4. For a self-join-free CQ Q with hypergraph H and any constant € > 0, we have that
B(Q, N) — Q(Nclemb(’H)—e).

Proor. From [15], we know that there exists some k > 0 such that clemb(H) = m. Let
¥ be the k-clique embedding from Cy to H that achieves the clique embedding power for H, with
weak edge depth A = m.

To prove the statement, we will reduce the k-partite k-clique problem to the problem of computing
the query H, but our reduction will be through circuits. The first step is to construct an input
instance I for H. We will do this following the same logic as [15]. For any variable x € V(H),
define the domain Dom(x) in I as vectors over [n]/¥" ™). Let S, = {i € [k] | y(i)Nne+ 0} We
have |S,| < A by the definition of weak edge depth. The idea is that each input tuple for hyperedge
e corresponds to a clique between the partitions V; where i € S,; note that these cliques will have
size |S,| < A and there are at most O(n") such cliques. Formally, for every a € [n]%, we introduce
a tuple t, in the instance I over [];cs, Dom(x;) whose value at variable x is (a; | i € y~'(x)).

Now, consider the circuit F that computes the polynomial p;H over the Boolean semiring. We
will construct a circuit F” for P! as follows. F can be seen as composition of two parts. The first
part takes as input the input variables y((ip).(j.q)} of P Then, for every hyperedge e and a € [n]5e,
it constructs an output gate that computes the "value" of the tuple t,: in particular, it computes
N p.geSeprq Yl(app).(agq)}- In other words, the gate for £, will be true if and only if there is an
Se-clique. The second part is identical to F but connects the input wires to the corresponding output
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gate of the tuple computed in the first part. By the same argument as in [15], we can argue that F’
correctly computes the k-clique k-partite problem, and so the desired polynomial.

We now argue about the size of the circuit. From our instance construction, |I| = O(n?). This
implies that the size of the first part of F” is O(n*). The second part of the circuit has size |F|. Now,
suppose for the sake of contradiction that B(H, N) = O(N<emb(*)=€) for some € > 0. Then, |F| =
O(|I|9'emb(H)=€) Hence, the resulting circuit F for P} has size O(n? + (n*)clemb(H) =€) — O(pk=€")
where €’ = Ae. This contradicts Lemma 3.2 and thus completes the proof. O

Using semiring homomorphisms and Lemma 2.7, we obtain as a corollary the following lower
bound for all positive semirings:

COROLLARY 3.5. Let S be a positive semiring. For a self-join-free CQ with hypergraph H and any
constant € > 0, we have that S(Q, N) = Q(N¢clemb(#)-¢)

Since the Boolean semiring is idempotent, by applying Theorem 2.4 we also get an upper
bound of B(Q, N) = O(N"™"(*)) for the Boolean semiring. This seems to imply that the clique
embedding power is bounded by entropic width. We next give a direct proof of this fact that
may be of independent interest, since the previously best upper bound known for clemb is that

clemb(H) < subw(H).
THEOREM 3.6. For any hypergraph H, we have clemb(H) < entw(H).

ProorF. Let wed(Cy — H) = . Then, there is an embedding ¢ : Cx — H with weak edge depth
a. We will show that entw(H) > k/a. .

To show this, we will need to define a vector h € T, over subsets of V () that is edge-dominated.
To do this, we construct an instance I as follows. For convenience, assume V(Cy) = {1,2,...,k};
we call these vertices colors. For every variable x € V(H), let ~!(x) be the subset of {1,...,k}
mapping to x. Then, we define the domain of variable x, Dom(x) to be {0, 1} IaColR Now, for every
vector b € {0, 1}*, we introduce one tuple t? in every relation R, such that t?[x] = (b; | i € y~(x)).

It is easy to see that the output of the query over instance I is exactly 2 tuples. We define now a
joint probability distribution over the output tuples by choosing each output tuple with the same
uniform probability. The entropy of this distribution has h([n]) = log 2¥ = k.

Now, consider any decomposition (77, y) of H. From Lemma 6 of [15], there is anode t € V(7")
such that or every color i € {1,...,k}, ¥(i) N y(¢) # 0. This implies that the projections of the
2k output tuples on y(t) are pairwise disjoint, and hence a(y(t)) = h([n]) = k. Hence, for any
decomposition (77, ), maxyev(7) h(x(v)) = k.

Finally, we define h = h/a. Since h is entropic, h € f:. We claim that h is also edge-dominated.
Indeed, since the weak edge depth is @, each hyperedge e contains at most « colors, and hence
h(e) < log2* = o, which implies that h(e) < 1. Finally,

i h =k
e 5, M) = K/

which implies that entw(H) > k/a. O

3.2 Tight Bounds

In this part, we show classes of self-join-free CQs for which we can obtain tight upper and lower
bounds for any positive semiring (which essentially includes all semirings of interest). The first
class of queries we consider are chordal queries.

Chordal Queries. A chord of a cycle C of a graph G is an edge that connects any two non-adjacent
vertices in C. We say that G is a chordal graph if any cycle of length greater than 3 has a chord. We
say that a hypergraph H is chordal if its clique-graph is chordal, where the clique graph adds an
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edge between all pairs of vertices contained in the same hyperedge. Examples of chordal queries
include the Loomis-Whitney join, all acyclic queries, and clique queries.

PRrOPOSITION 3.7. Let Q be a self-join-free CQ with a chordal hypergraph H, and S be a positive
semiring. Then, S(Q, N) = O(N*™(H)) "but for any e > 0, S(Q, N) = Q(Nclemb(H)—¢),

ProOF. It was shown in [16] that O(N™(#)) is an upper bound for the circuit size over any
semiring S where fhw(H) is the fractional hypertree width of H. Moreover, for any € > 0,
Q(N¢lemb(H)=€) is a lower bound for the size of any Boolean semiring circuit. Since § is positive,
this lower bound transfers to the semiring S. Finally, because H is chordal, it holds that clemb(H) =
fhw(H) [15]. This implies that we have a tight upper and lower bound for any positive semiring. O

Queries with Subquadratic Submodular Width. Let H be a hypergraph such that each relation
is binary (H is a graph). In [7], the authors identified a class of graphs (precisely the graphs with
subw(H) < 2) such that the corresponding CQ can be computed in time O(N€lemb(H)) 'We will
show how to turn this result into a circuit upper bound for any semiring. For this, we need to define
the notion of a full H-encoding, as in [7].

Definition 3.8 (Full H -encoding). Let H be the hypergraph of a self-join-free CQ Q, and I be an
instance. A partial H-encoding & is a tree decomposition (7, y) of H together with a collection of
sets {Sy}oev (7 of tuples. We say that a tuple t € Q(I) is encoded by & if t[ y(v)] € S, for every
v € V(T). A full H-encoding is a collection {&;}; of partial H-encodings such that each tuple
t € Q(I) is encoded by exactly one &;. Moreover, the number of sets in the collection is finite and
depends only on H *.

Intuitively, if we have an H-encoding, we have a collection of tree decompositions where each
bag is materialized. It is critical that an output tuple is encoded by exactly one partial H-encoding.
The size of a full H-encoding is defined as the sum of the sizes of all sets S,,.

PROPOSITION 3.9. Suppose that there exists a full H-encoding of an instance I of size S. Then, we
can construct a circuit of size O(S) that computes plﬁ over any positive semiring.

Proor. We follow the same construction as in [16]. The key difference is that the correctness
does not depend on the idempotency of the semiring, since by the definition of a full H-encoding
we are guaranteed that each tuple is produced exactly once across the circuit. O

Note that the circuit we construct works over any positive semiring, even non-idempotent ones.
We can show the following result.

THEOREM 3.10. Let Q be a self-join-free CQ with a hypergraph H with binary relations and
subw(H) < 2. Let S be a positive semiring. Then, S(Q, N) = O(Nclemb(H)), but for any e > 0,
S(Q, N) — Q(Nclemb((H)—e).

Proo¥. The lower bound of Q(N<emP(*)) js obtained as before. For the upper bound, we use the
result in [7] that shows that when subw(H) < 2 and H is binary, we can construct an H-encoding
of size Q(Nem>(H)) From 3.9, this implies a circuit of the same size that computes the desired
polynomial over every semiring. O

Note that for this class of queries, we also have that clemb(H) = entw(H) = subw(H), since
the entropic width is sandwiched between the clique embedding power and the submodular width.
Examples of queries in this class consist of all cycles, as well as all parallel-series graphs. We record
this observation as the following theorem.

4The total number of elements in all the sets of the collection will generally not be finite and depends on I.
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THEOREM 3.11. Let Q be a self-join-free CQ with a hypergraph H with binary relations and
subw(H) < 2. Then, clemb(H) = entw(H) = subw(H).

4 CQs with self-joins: Some Basic Results

We now switch our attention to CQs with self-joins and present some basic results. Since the
polynomial pIQ may not be multilinear, we cannot apply directly the techniques in [16]. Instead,
our approach is to characterize the circuit bounds for a query Q via some other self-join-free CQ
for which we have existing upper and lower bounds.

Recall that given a CQ Q, we define [Q] to be the corresponding self-join-free CQ where every
relational symbol is distinct. For example, for the Boolean CQ Q() « R(x,y) A R(y,z) A R(z, x),
we have [Q]() « Ri(x,y) A Ry(y, z) A R3(z, x). We first prove that constructing a circuit for [Q] is
at least as hard as constructing a circuit for Q.

THEOREM 4.1. Let S be any semiring and Q be a Boolean CQ. Then, S(Q, N) < S([Q],N).

ProoF. Let I be an instance for Q such that every relation has size at most N. We construct
an instance J for [Q] as follows: for each tuple R(a) € I, we add a tuple R;(a) to J for each atom
R; in [Q]. It is easy to see that the size of every relation in J is still bounded by N. Now, let F’

be the smallest circuit that computes the polynomial p}Q] over S. By definition, we have that
|F’| < S([Q], N). We will construct a circuit F for pIQ as follows: it is identical to F’ but identifies
the input variables that come from the same tuple in I (say R;(a), Ry(a), .. .) to the same variable in
I (the variable for the tuple R(a)). We argue that the constructed circuit F correctly computes p?
over S. Indeed, the circuit F computes the polynomial p[Q] under the constraint that are variables
that correspond to the same tuple in I (say R;(a), R2(a), ...) must be equal to the variable xg(a).
But this will give us a circuit for the polynomial pIQ. O

Note that since Q might contain self-joins, the circuit F in the above proof is not necessarily
multilinear and homogeneous. The converse of Theorem 4.1 does not hold in general, but we show
that it holds under certain restrictions.

THEOREM 4.2. Let S be an idempotent semiring. Let Q be a Boolean CQ s.t. every endomorphism of
Q is an automorphism. Then, S(Q, |Q| - N) > S([Q], N) where |Q| is the size of Q.

Proor. First, note that Q cannot have two atoms of the form R(x), R(x), since then we would
have a homomorphism to a subset of Q. Thus, every atom of Q is uniquely identified by its relational
symbol R and variable vector x. We will thus use Ry to talk about the relational symbol of [Q] that
corresponds to the atom R(x) in Q.

Suppose ] is an instance for [Q] where every relation has size at most N. Consider the tagged
instance I of Q defined as follows [4, 8, 9]: For any tuple Ry(a) € J, we add a tuple R(a - x) to I
where a - x is interpreted as the vector with entries (a;, x;). Clearly, in I every relation has size at
most |Q| - N, where |Q| is the number of atoms in Q. Let F be a circuit that computes p? over S.
Let G be the circuit that, whenever a wire in F connects to R(a - x), it instead connects to Ry(a).

To complete the proof, it suffices to prove that G correctly computes p}Q] over S. For this, take
any annotation y : ] — S and define the annotation v : I — S such that v(R(a - x)) = p(Rx(a)).
The following properties hold:

e pS(p) = p¥(v): this holds directly from the construction of F” from F.
e pf(v) = pIQ(V): this holds because F computes p?.
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We will next show that pIQ(v) = p}Q] (p); this implies that p}Q] (1) = p©(p). Indeed, consider a

monomial m in pIQ with input tuples R'(a; - X;1), R?(az - X3), . . .. This monomial corresponds to an
output tuple, hence there exists a valuation i from the variables of Q to the domain of J. Since every
value of the domain is a pair of constant and a variable, i implicitly defines an endomorphism, i.e.,
a homomorphism from Q to itself, which we call the tagging map [9]. Because of our assumption
of Q, this endomorphism must also be an automorphism. But this implies that the monomial m’

with tuples R} (a1),R% (ay),... exists in p][Q]. For the other direction, it is easy to see that if a

X2
2

Y, (22), ... exists in p][Q], then a monomial m with input tuples

monomial m” with tuples R} (a;), R

R'(a; -x1),R*(ay - X3),... exists in p?, since any valuation ¢/ : vars(Q) — D can be extended to a
valuation ¢’ : vars(Q) — vars(Q) X D by using the identity automorphism (every variable maps

to itself). It is now easy to see that v(m) = u(m’).

9l there is one monomial in p? with the

same value, and vice versa. Since S is idempotent, this implies that pIQ(v) = p}QJ (). Thus, we

We have thus shown that for every monomial in p][

have p©(p) = p][Q] (p) for any annotation y : J — S. This means p© =g pJIQ] and thus G correctly

computes p][QJ over S. O

Example 4.3. As an application of Theorem 4.2, consider the Boolean CQ A() « R(x,y) A
R(y,z) A R(z,x). This query has three endomorphisms:

hi:x —>xy—-yz—oz hy:x > yy—zz—-x hs :x = zy > x,z—>y.

All three endomorphisms are also automorphisms, and hence for A its optimal circuit is exactly
characterized by the optimal circuit of its self-join-free counterpart [A]() < Ryy(x,y) ARy (y, 2) A
R.x(z,x) for any idempotent semiring S.

On the other hand, consider the Boolean CQ Qg() < R(x,y) A S(y,z) A R(x, w) A S(w, z). This
query has the endomorphism h : x — x,y — y,w — y,z — z, which is not an automorphism
(since the four atoms are mapped in only two atoms of the query). Indeed, [Qg] has circuit size
O(N?/2) for the tropical semiring, while as we will see Oy admits a linear-size circuit.

Though powerful, Theorem 4.2 is only applicable for queries that are “minimal”, in the sense
that no endomorphism mapping to strictly smaller subset exists. To derive meaningful circuit lower
bounds, we consider semirings where equivalency between queries is well-behaved.

5 CQs with self-joins: Circuit Bounds for Cyyy

Kostylev, Reutter and Salamon [29] classified the class of semirings where query containment is
equivalent to the existence of a homomorphism between CQs. Formally,

Definition 5.1. Cpop, is the class of semirings that satisfy the following axioms:

(1) (®-idempotence) x ® x = x;
(2) (1-annihilation) 1 ® x = 1.

Examples of semirings in Cpop, include B, PosBool[X] [19] and any distributive lattice [18]. Note
that any semiring that satisfies 1-annihilation is also @-idempotent, sincex @x =1 x®1Q x =
(1891)®x=1®x =x for any x € S, where the third equality is due to 1-annihilation.

Observe that for any polynomial p over S € Cpom, We lose no information by viewing p as the
set of its monomials, i.e., ignoring coefficients due to 1-annihilation, and further viewing each
monomial as the set of its variables, i.e., dropping exponents due to ®-idempotence. In other words,
we can identify any polynomial as a set of set of variables, and we write p C g for two polynomials
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p, q in the sense of set containment. Finally, for any polynomial p, we denote py,;, as the set of
monomials not containing any other monomial in p. Note that py, is unique for every p.

Example 5.2. The polynomial p = 5x% + 2x?y + 3y is identified as the set {{x}, {x,y}, {y}} and
Pmin 1s identified as the set {{x}, {y}}.

We write Q, — Q; if there exists a homomorphism from Q, to Q;. The results in [29] can be
stated as the following.

THEOREM 5.3 (KOSTYLEV, REUTTER & SALAMON [29]). A semiring S is in Chom if and only if for
all CQs Q1 and Q,, we have that (p?l)mm c (p?z)min for any instance I if and only if Q3 — Q.

It is straightforward to derive the following using their results.

THEOREM 5.4. Fix any semiring S € Cpom. Then, two CQs Qy and Q, are semantically equivalent
over S if and only if they are homomorphically equivalent.

Proor. If Q; and Q, are homomorphically equivalent, then Q; — Q, and Q, — Q;, which
implies that (plgl)min = (pIQZ)min for any instance I. Observe that p =g pmin for any p. Therefore,
pIQ1 =g pIQZ and thus Q; and Q, are semantically equivalent over S.

If Q) and Q; are semantically equivalent over S, we have p;”" =g pIQZ. By Theorem 5.3, it suffices
to show (pIQl)min = (pIQZ)min. Suppose for contradiction that (p§21 Jmin # (pIQZ)mm. Then, there exists
a set my in (p?l)mm that is not in (p%)mm. Setting every variable in m; to be 1 and every other
variable to be 0, since p;' =g p?z, we conclude that there exists a subset my € m that is in (p?z)min.
But then setting every variable in m;, to be 1 and every other variable to be 0, we have (pIQl )min

evaluates to 0 while (pIQZ)min evaluates to 1, a contradiction. The proof is now complete. m]

For any CQ Q, a minimal equivalent query Q" of Q over a semiring S is any CQ such that
Q' =s Q, with no strictly smaller query of itself having this property. It is well-known that all
minimal equivalent queries over B are isomorphic [10]. The following lemma generalizes this fact
to any semiring in Cpop.

LEmMMA 5.5. Let Q be any CQ and S € Cpon be a semiring. Then, all minimal equivalent queries of
Q over S are isomorphic.

Proor. Let Q; and Q; be two minimal equivalent queries of Q over S. By Theorem 5.4, there
exists a homomorphism A from Q; to Q, and there exists a homomorphism g from Q; to Q;.

Now, observe that the mapping h o g is an endomorphism for Q,. However, this endomorphism
must also be an automorphism. Indeed, if not, then we have a query Q; with less atoms than Q,
that by Theorem 5.4 is equivalent to Q, violating the minimality assumption. Symmetrically, g o h
is an automorphism for Q;. But this can happen only if h, g are isomorphisms. O

CQ Core. The unique (up to isomorphism) minimal equivalent CQ of Q is called the core of Q,
denoted Qcore. As in the Boolean case, the core can be constructed by removing one or more atoms
from Q (in fact, the core is the same for any semiring in Cpop)-

LEMMA 5.6. Let Q be any CQ and let S € Chom. Then, there exists a minimal equivalent query Qmin
to Q over S that can be obtained from Q by removing zero or more atoms.

PROOF. Let Qi be any minimal equivalent query of Q over S °. By Theorem 5.4, there exists a
homomorphism A from Q to Qi and a homomorphism from Qp;, to Q. Consider the composed

5There must exist such a Quin by the following argument: Note that Q is equivalent to itself. Therefore, by ordering in
terms of inclusion and the number of atoms, the set of equivalent queries is partially ordered. Now apply Zorn’s lemma.
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mapping g o h from Q to Q. Clearly g o h is a homomorphism from Q to itself, and thus g o h(Q) is a
subquery of Q. It suffices to show that goh(Q) is equivalent to Q over S. This follows by Theorem 5.4
by noting that the identity map of g o h(Q) is a homomorphism to Q. O

We are now ready to state the main result of this subsection.
THEOREM 5.7 (MAIN RESULT FOR Cpom). Let Q be any Boolean CQ and let S € Cpop,. Then,
S(Q,N) =0 (S([Qcore], N)) -

Proor. Since Qcore is the minimal equivalent query to Q over S € Cpop — in particular Qcore is
an equivalent query to Q over S € Cpop — we have S(Q, N) = S(Qcores N). By Theorem 4.1, we
know S([Qcorel, N) = S(Qcore; N) = S(Q, N) and thus S(Q, N)) = O(S([Qcore], N)).

We next claim that every endomorphism of Qqre is an automorphism. Indeed, if an endomorphism
h exists that is not an automorphism, then the image h(Qcore) is a strictly smaller equivalent query
to Q than Qcore, a contradiction. Therefore, Theorem 4.2 implies S(Q, |Qcore| - N) = S(Qcores |Qcorel -
N) = S([Qcore], N). Observe that |Qcore| is a constant in terms of data complexity and the quantity
S(Q, |Qcore| - N) is an expression with N being the only variable - specifically, the dependence on
N is polynomial. Thus, we have S(Q, N)) = O(S(Q, |Qcore| - N)) = Q(S([Qcore]s N)). We conclude
that S(Q, N) = © (S([Qcore], N)) - o

Example 5.8. Consider the query Q; in the running example of Figure 1. For this query, its core
is the query Q2() < R(x,y) A S(y, z). Hence, the optimal circuit size for Q; over any semiring
S € Cpom is asymptotically equal to that of [Q2]() < R(x,y) A S(y,z), which has circuit size
O(N) since it is an acyclic query. Note that constructing the circuit for [Q;] would give a bound of
O(N?/?), since [Q;] encodes the 4-cycle query.

Recall that for a self-join free CQ Q and any idempotent semiring, we can construct a semiring
circuit of size O(N¢"¥(Q)). Consider now the situation where we start with a Boolean CQ with
self-joins Q and start removing atoms to reach to Qcore; let (Q =)Q1, s, . . ., Qk (= Qcore) be the
queries in this sequence. Applying Theorem 5.7 will then result in semiring circuits (for a semiring
in Cpom) of size O(NeMw([QiD)y o(Nentw(lQ:1))  O(Nemw([Q])) We will show that in this case
the entropic width must decrease, hence we obtain smaller and smaller circuits.

THEOREM 5.9. Let Q be a Boolean CQ and h be an endomorphism for Q. Then:
entw([h(Q)]) < entw([Q]).

ProoF. We first generalize the technique in the proof of Lemma 9 in [12] which constructs a
tree decomposition of A(Q) from that of Q, yet h(Q) needs not be the core of Q as in [12]. W.Lo.g.,
we can assume that the variables in h(Q) are mapped to themselves, i.e., h(x) = x.

Let (7, ) be a tree decomposition for Q. Consider the following structure (7, y’) for h(Q)
where 77 = 7 and y’(v) = h(x(v)). We claim that (77, y’) is a tree decomposition for h(Q).
Indeed, for any ¢’ € &(h(Q)), there exists e € E(Q) such that h(e) = ¢’, and thus e’ appears in a
bag of (7, x’). Suppose two bags containing v’ € V (h(Q)) are disconnected in (7, y’) for the
sake of contradiction. But by our assumption v’ also is in V(Q), and thus is must be connected in
(7, x)- This proves our claim.

Let H and H’ be the hypergraphs associated to Q and h(Q), respectively. Recall that entw(H) :=

max min  max b(y(v)) where n is the number of variables in H. Therefore, it suffices to
beT,NEDy (T2X)ETD veV(T)

show the following statement: let n and n” be the number of variables in Q and h(Q) respectively,
then for every b’ € f:;, N EDgy, there exists b € fz N EDgy such that b’-width(H’) < b-width(H).
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Let b’ be any function in f:, N EDgy, consider the function b as the entropy for the joint
distribution over V(Q) where the random variables v for any v € V(h(Q)) are copies of the
random variable v in b’. Clearly, b is entropic and b € f; N ED¢y. For any tree decomposition
(7, y) for Q, observe that the b-width of Q for (77, y) is equal to the b’-width of h(Q) for (7, x")
constructed as above. Indeed, for any bag y(t) and y’(¢) in 7 and 7, we have b(y(t)) = b’ (x(t)),
by the definition of b. This implies that b’-width(H") < b-width(#) and thus finishes the proof. O

We remark that the existence of an endomorphism is crucial for Theorem 5.9, and just removing
atoms from a query does not necessarily decrease the entropic width. Indeed, consider the Boolean
CQsQ() « R(x,y)AS(y,2) AT (2, x) AU (x,y,z) and Q' () « R(x,y)AS(y,z) AT(z, x). The number
of atoms in Q" is strictly smaller than that in Q, yet we cannot conclude entw(Q’) < entw(Q) since
there is no homomorphism from Q to Q. In fact, entw(Q) = 1 since it is acyclic, but entw(Q’) = 1.5.

6 CQs with self-joins: Circuit Bounds for C_

In this section, we study the behavior of CQs with self-joins for a different class of semirings,
which we call C. Given two polynomials p; and p, over the same set of variables, we write p; =~ p,
when the sets of monomials in p; and p, are identical (thus ignoring coefficients).

Definition 6.1. C- is the class of semirings S where p; =g p, implies p; =~ p,.

Any circuit F that computes a polynomial p over S € C- must produce all monomials in
p, i.e. pf ~ p. Notable examples of C- are the tropical semiring T, the counting semiring C
and B[X] [20, 22, 29]. We also consider the arithmetic semiring where we overload the notation
Q := (Qx0, +, -, 0, 1) whose underlying set is the set of non-negative rational numbers. The class C-
contains the class of semirings Cp; defined in [29], as we show in Appendix A. However, we are
unable to show the reverse direction of containment, nor can we find a counterexample. We thus
leave the open problem whether C- equals to Cp;.

The core of our lower bound construction for this section uses the following celebrated theorem,
which says that computing all the partial derivatives of any polynomial collectively is asymptotically
no harder than computing the polynomial itself [6]. We overload the notation S(ps,...,pk) to
mean the size of the optimal semiring circuit that computes all polynomials ps, pa, . . ., pk, with one
output gate for every polynomial.

THEOREM 6.2 (BAUR & STRASSEN BAURS83). For any polynomial p with variables x1, X, . . ., Xp,
C(01(p), A2(p), - ., 0n(p)) < 5-C(p), where 9;(p) is the partial derivative of p w.r.t. x;,1 < i < n.

We now state and prove the main result in this section. This result says that the circuit complexity
of a CQ Q under any idempotent semiring in C- is characterized by the circuit complexity of its
self-join-free counterpart [Q]. This is even in the case when Q is not minimal in the Boolean sense.

THEOREM 6.3 (MAIN RESULT FOR C-). For a Boolean CQ Q and an idempotent semiring S € C_:
S(Q,N) =0 (5([Q],N)) .

Proor. By Theorem 4.1, it suffices to show that S([Q], N) = O(S(Q, N)). Let J be an instance
for [Q] where every relation has size at most N and consider the tagged instance I of Q as in the
proof of Theorem 4.2. It is easy to see that in I every relation has size O(N). Let F be a circuit that
computes pIQ over S and let F’ be the circuit that, whenever a wire in F connects to R(a - x), it
connects to Rx(a), as in the proof of Theorem 4.2. So far, it may not be true that F’ computes the
polynomial p][Q] over S correctly. Thus, we are going to construct another circuit F” for to do so.

Before this, we will analyze the structure of pIQ and p}QJ. To make the argument concrete, we
will follow along an example. Consider the query Q() « R(u,v) A R(u,w), [Q]() < Ryo(u,v) A
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Ryw(u,w) and J = {Ry,(a,b), Ryw(a,c)}. Then, the tagged instance is I = {R(au, bv), R(au, cw)}.
The two polynomials are:

p][Q] = Xab * Xac
Q_ 2 2
pI - 2x(au,bv) " X(au,cw) + x(au,bv) + x(au,cw)
Generally, each monomial m in pIQ falls into one of the two categories:

(1) Its term appears in p}Q] with coefficient 1 and its coefficient in p? equals to |Aut(Q)|, the
number of automorphisms of Q. For the running example, this would be the monomial
X(au,bv) * X(au,cw)-

(2) Its term does not appear in p}Q] and it corresponds to an endomorphism of Q that is not an
automorphism. For our example, these would be the other two monomials.

Note that every monomial in pIQ must have the same degree. Therefore, any monomial that is of
category (2) must have some variable of degree strictly greater than 1. In contrast, all monomials
from category (1) must have all variables of degree 1. Moreover, by the construction of F and F’, and
also the property of C—, we know that pf ~ pIQ, i.e., the circuit F produces exactly the monomials

in p?, possibly with different coefficients.

We now do apply the method introduced by Komerath, Randey and Rahul [28] that allows one to
“extract” from the circuit only the monomials from category (1). For any input variable x annotating
a tuple from relation Ry in F’, we replace it with wg, ® x by introducing a ®-gate and a new variable
wg,. Call this new circuit F (2), Continuing our example, this would make the polynomial pé to
compute instead the polynomial

2 2 2 2
2WRyy * WRys, " X(awbo) " X(auew) ¥ Wrio " Xaubo) T WRar " Xlamew)

We now view the circuit F(*) as a circuit over C by interpreting ®-gates as +-gates and ®-gates

as x-gates, and apply Theorem 6.3 |&| many times to construct a circuit F®) the polynomial
9lél
awel ..43M5|
F®) is a circuit over C. Finally, we view F(®) as a circuit over S by interpreting +-gates as ®-gates and
X-gates as ®-gates, and set all w;’s, 1 < i < ||, to be 0. Call this circuit FW_ After differentiating

twice in the running example w.r.t. wg,,, Wg,,,, we would obtain a circuit that computes:

F®) where & is the set of hyperedges of the hypergraph corresponding to [Q]. Note that

2 X(au,bo) * X(aucw) + 2WR,, * xfau’bv) +2wgR,,, * x?au’cw)
Setting finally wg,,, wg,,, to 0 would obtain a circuit that computes the polynomial 2 - x4y p0) -
X(au,cw), Which is the desired quantity modulo the coefficient.

We now argue F(*) correctly computes p][Q]. Indeed, all monomials from category (2) vanish
since after |&| partial differentiations, at least one of the weight variables wg, will remain and
therefore the entire monomial becomes 0. For all monomials from category (1), since every variable
has degree 1 and comes from a different relation Ry, their coefficient becomes a positive natural

number. Since S is an idempotent semiring, we conclude that F(*) correctly computes p}Q]. O

Since T and B[X] are both idempotent and lie in C-, we immediately obtain:

COROLLARY 6.4. Let Q be any Boolean CQ. Then, T(Q,N) = O(T([Q],N)) and B[X](Q,N) =
O(B[X]([Q]. N)).

The proof of Theorem 6.3 can be adapted to show the following result for Q, which is in C= but
is not an idempotent semiring:

Proc. ACM Manag. Data, Vol. 3, No. 2 (PODS), Article 92. Publication date: May 2025.



Circuit Bounds for Conjunctive Queries with Self-joins 92:17

THEOREM 6.5. Let Q be any Boolean CQ. Then, Q(Q, N) = ©(Q([Q], N)).

ProoF. We perform the same construction of F*) as in the proof of Theorem 6.3 and analyze
the polynomial produced by F*). All monomials from category (2) will still vanish, while every
monomial from category (1) has the same coefficient |Aut(Q)|. Therefore, we simply modify F*)

by adding a x-gate having the output gate of F(*) and the scalar m as its input. O

7 CQs with self-joins: Circuit Bounds for T*

In this section, we consider the circuit complexity of CQ with self-joins over the positive tropical
semiring T* := (R* U {+co}, min, +, +0, 0). T* is idempotent and lies in neither Cpop, nor Co. T* is
an important semiring, because it captures finding the "minimum weight" valuation of a query.
Canonical Databases. We introduce here the notion of a canonical database [11, 18, 29], which is
used to characterize query containment. A canonical database [Q]] of a CQ Q is the instance for Q
where every atom R(x) has a tuple x annotated with RIQI(x) = x; + x5 + - - - + x, where n > 0 is
the number of atoms in Q of the form R(x) and x;’s are fresh variables.

Example 7.1. The canonical database for the Boolean Q() « R(u,v) A R(u, w) A S(v, w) AS(v, w)
is RIQN (4, 0) = x;, RIQI (4, w) = x; and SI9l (v, w) = x5 + x4.

Given a Boolean CQ Q, we define its canonical polynomial p? as the sum-product polynomial
p[[QQ" of Q over its canonical database [Q]. For any self-join-free Q, this polynomial consists of a

single term, where each variable in the term corresponds to a relation in Q.

Example 7.2. The canonical database for Q; in Figure 1a is RI<:1 (x,y) = x1, Rl (%, W) = x9,
sleil (y,2) = z1, S1Q:l(w, z) = z,. The canonical polynomial for Q; is

pQ‘ = 2x1002120 + (x121)% + (x222)°.

We say a monomial m in p? sees an endomorphism of Q, if when viewing m as a set of variables
Xm, there exists an endomorphism h of Q such that X,,, equals to the image of h. Every monomial
in pQ must see such an endomorphism of Q. The key idea is to find an equivalent expression for
the canonical polynomial that is as simple as possible. We will do this via the following iterative
procedure: for each monomial m € p<, we check whether the polynomial p’, which is the polynomial
that we remove m from p?, is semantically equivalent to pQ over T*; if so, set p¢ = p’. The next
lemma shows that uniqueness of the output returned by this procedure.

LEMMA 7.3. There exists a sub—polynomialpg,re of pQ such that the above procedure will always
return p(%re, regardless of the order of picking monomials in p<.

To prove Lemma 7.3, we need the following result.

LEMMA 7.4 (PROPOSITION 1.1 IN [21]). For any d-variate polynomial p over T*, the set defined
as D(p) = {(x,5) € RN | x € (R")% s € RY,s < p(x)} is a full-dimensional closed convex
polyhedron, i.e. of dimension d + 1.

Even though [21] proves the case when the underlying set is R*, we can also adapt it to hold
if we replace R* by the positve rational numbers Qs,. Indeed, all properties of (R*)#*! that are
leveraged by the proof continue to hold in Q‘Q)l. For example, the property that there exists a closed
ball within any open ball also holds in Q‘g')l. However, we do not know whether a similar result

also holds for the positive integers.

Proor oF LEMMA 7.3. We observe that the above procedure is nothing but picking the defining
monomials for the facet of the polyhedron. Indeed, we can view the set D(p) in Lemma 7.4 as given
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by linear inequalities, one for each monomial of the form }’ a;x; > s. Since for any full-dimensional
polyhedron there exists a unique minimal set of defining inequalities [33], we conclude that pg)re is
independent of the order of picking monomials in p©. O

LEMMA 7.5. Any polynomial p =1+ pQ must contain chore as a sub-polynomial (i.e., all monomials
oprQore occur in p).

PrROOF. By Lemma 7.4, we know that any polynomial p that is equivalent to p@ over T+ must
define the same full-dimensional closed convex polyhedron. Viewing them as a system of linear
inequalities, this implies that both systems contain the same set of inequalities which defines
the facets [33]. As in the proof of Lemma 7.3, pg)re represents the unique minimal set of defining
inequalities, therefore p contains pgre as a sub-polynomial. O

Based on the above, we can now define the notion of a tropical core for Q.

Definition 7.6 (Tropical Core). Given a Boolean CQ Q, its tropical core Tcore(Q) is the set of CQs
that are seen by the monomials in the polynomial pge.

Example 7.7. Consider the polynomial p©! for our running example. Then, one can show that:

P(:Qolre = (x121)” + (x222)°.

Hence, the tropical core for Q; consists of the CQs R(x,y) A S(y, z) and R(x, w) A S(w, z), each
one corresponding to an endomorphism of Q.

It is worth contrasting the tropical core to the case of Cyp,, Where the core is a single CQ. Here,
a tropical core may consist of multiple CQs, as the above example shows. We are now ready to
characterize the circuit complexity of any CQ Q over T&.

THEOREM 7.8 (MAIN REsULT FOR T*). Let Q be any Boolean CQ. Then,

T*(Q,N)=© T"([Q*],N) |
(Q.N) (Q*Enrlcgii(@ (10*] ))

Since T*([Q*], N) = ©(N°"¥([Q*])), the circuit complexity of Q over T is characterized by
the query Q* in the tropical core with the highest entropic width.

We split the proof of Theorem 7.8 in two parts, the upper and lower bound.

THEOREM 7.9 (UPPER BOoUND). Let Q be any Boolean CQ. Then,

+ + *
T(Q,N) =0 (Q*enrﬁii(@ T°([Q ],N)) :

Proor. Consider an instance I with relation sizes at most N, and the polynomial p? for which
we want to construct a circuit F. We will do this in two steps. First, we will construct a circuit Fo«
for each query Q* € Tcore(Q). Second, we will compute the union of these circuits by taking the
@®-sum of their output gates. In other words, we are essentially encoding in the circuit the union of
a set of CQs.

We next describe the construction for Fo«. Recall that each Q* corresponds to an endomorphism
h* of Q. For every atom R in Q, let Ng(h*) be the number of atoms from Q that A* maps to R. As
in the prior results, we construct an instance J for [Q*] by adding for each tuple R(a) € I a tuple
R;(a) for each atom R; in [Q™]. It is easy to see that the size of every relation in J is still bounded
by N. We now construct a circuit ﬁQ* for [Q*] that runs on J. To obtain Fp« from I:“Q*, we identify
the input variable that comes from a fact R;(a) to the expression (xR(a))NR(h*) ; this is the variable
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for the tuple R(a) € I multiplied Ng(h*) times. If Ng(h*) = 0, we can simply route this wire to 1. If
Ng(h*) > 0, we compute the ®-product of xg(,) for as many times as prescribed. The size of the
resulting circuit is still O(T*([Q*], N)).

We now argue that the resulting circuit correctly computes the desired polynomial pIQ. Given a
tuple t € Q(I), we define I; to be the restriction of I on the image of the valuation that produces
the tuple t. In other words, we get I; by setting the annotation of any input tuple that does not
contribute to f to 0. Kostylev et. al [29] showed that p? can be equivalently written as follows:

pr= ), b
teQ(I)
Now let us look at the polynomial p” produced by the circuit F. Every tuple t € Q(I) can be
traced back to a homomorphism h; from Q to I;. Now consider the query Q*. Since there is a
homomorphism h from Q* to Q (the identity homomorphism that maps each variable to itself),
there exists a homomorphism h, from Q* to I;. Hence, for each query Q* in the tropical core,
the polynomial p* will contain a monomial mz)*. In the other direction, every monomial in pf
corresponds to a homomorphism from some Q* to I. But, since there is a homomorphism from Q
to Q*, there is some tuple ¢ € Q(I) that corresponds to that monomial. Hence, p¥ can be written as:

DI

teQ(I) Q*€Tcore(Q)

To finish the proof, it suffices to show that for every tuple t € Q(I), PIQ, =T 2o*eTeore(Q) m[Q*.
Indeed, by the definition of the tropical core, it holds that for the canonical instance [ Q] and its
output tuple u,

u

Py =r Y, mb 3)
Q*eTcore(Q)

But since [Q] is canonical, there is a homomorphism from [Q] to I; that can be viewed as a
u

mapping ¢ of the variables in pIIQQ]] to the variables in pIQt. For ¢, we also have that ¢(mQ*) = th*.
Hence, if we apply ¢ to Eq. (3) we obtain the desired result. O

THEOREM 7.10 (LOWER BoUND). Let Q be any Boolean CQ. Then, for any Q* € Tcore(Q), we have
that T(Q,N) = Q(T*([Q*], N).

Proor. We follow the structure of the proof of Theorem 6.3.

Let J be an instance for [Q*] where every relation has size at most N. Because [Q*] is self-
join-free, we will assume without loss of generality that the constants that correspond to distinct
variables are distinct, in other words, no output tuple can take the same value for two different
variables. Consider the tagged instance I of Q as in the proof of Theorem 4.2. It is easy to see that in
I every relation has size O(N). Let F be a circuit that computes p? over T* and let F’ be the circuit
that, whenever a wire in F connects to R(a - x), it connects to Ry(a), as in the proof of Theorem 4.2.
So far, it may not be true that F/ computes the desired polynomial correctly. Thus, we are going to
construct another circuit F” for to do so.

We will follow again a running example, this time with the query Q() « R(x,y) A R(x,z) A
S(z,w) AS(y,w), [0*]() = Ryy(x,y) ASyw(y, w) and J = {Ryy(a, b), Sy (b, c)}. Then, the tagged
instance is I = {R(ax, by), S(by, cw)}. The two polynomials of interest are:

P}Q V= xap - e

p[Q = (x(ax,by))2 . (x(by,cw))2
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We now turn into the polynomial p”. Note that, in contrast to our proof for C_, p¥ may not be
syntactically the same as pIQ. But we can now apply Lemma 7.5 to help us. Indeed, consider any tuple
t € Q(I). Consider the instance I; as defined in the upper bound proof, and consider the polynomial
pg produced by the circuit F if we set to 0 all the tuples that are not in I;. For this polynomial, it

must be that pf; =7+ pg. The instance I; may not be isomorphic to the canonical instance [Q], but
all variables in Q* take distinct values in tuple t. Hence, since there is a homomorphism from [ Q]
to I; and by Lemma 7.5, pf[ (and thus p¥) must contain a monomial that sees the endomorphism for
Q* for t. Moreover, every monomial in p’ that sees an endomorphism must correspond to some t,
otherwise the circuit would fail to output the correct value.

We now apply the same differentiation method as in the proof of Theorem 6.3, but this time we
differentiate on the variables that correspond to the atoms of [Q*]. Using the above reasoning, the
only terms that will remain in the polynomial of the resulting circuit F”* will correspond to the
ones that see the endomorphism for Q* (any higher order terms that may exist will be zeroed out).
In our running example, the polynomial after the differentiation will still be the same, i.e., we will
have pf" = x?ax’by) ~x(2by’cw).

Our construction is not done yet, because the circuit F”’ takes as an input powers of each
variable, the power being the number of atoms of Q mapped to one of Q* via the endomorphism.
However, because every variable will appear with exactly the same power in every monomial, it is
straighforward to factorize the circuit to another circuit F””’ that computes the power of a variable
before it is fed to the rest of the circuit. To obtain the desired circuit for pJ[Q*], we now simply have
to replace the subcircuit that computes the power of a variable x, (x)", with one that takes only x

as an input. m]

8 Related Work

Circuit Size Bounds for CQs. The circuit complexity of query processing has been investigated
in depth, and there has been a lot of research in the space of tractable circuits and knowledge
compilation [2]. In this work, all circuits are tractable and we focus on a fine-grained study of
the exact polynomial size depending on the query and the semiring. Closer to ours is the work of
Fan, Koutris and Zhao [16] that proved circuit size bounds for self-join-free CQs over different
semirings, which we leverage intensively in this paper. Wang and Yi [42] constructed non-monotone
Boolean circuits for CQs under degree constraints by instantiating PANDA [26]. Their circuit sizes
match the polymatroid bound up to polylogarithmic factors. Finally, recent work [32] explored the
instance-optimality of circuits with fan-out 1 (which are formulas).

Enumeration of CQs with Self-Joins. Computing CQs with self-joins has been studied in depth.
Of particular interest to this paper is the work of Carmeli-Kroll [8] and Carmeli-Segoufin [9],
which introduced the technique of a tagged instance that we use. This line of work studies the
enumeration complexity of CQs with self-joins.

Factorised Databases. It has been noted in [16] that d-representations and f-representations in
Factorised Databases (FD) [5, 34, 35] can be seen as special cases of circuits and formulas for CQs
where they are governed by exactly one tree decomposition. Our results in this paper can thus be
regarded as results in FDs for CQs with self-joins in this sense.

Circuits for Polynomials over Semirings. The problem of finding circuit size bounds for a
polynomial has been studied intensively in the literature. A line of work that is particularly related
to our problem is done by Jukna [22, 23]. For example, the notion of “pure dynamic programming”
in Jukna’s language [23] translates to circuits over T in ours.
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9 Conclusion

In this paper, we studied circuit size bounds for CQs with self-joins. We characterized the circuit
size of CQ with self-joins by an appropriate self-join free CQ for some classes of semirings. Several
open questions remain. First, the exact fine-grained circuit size bound for self-join-free CQs over
C. is still open [16]. Such a result will immediately transfer to tight circuit size bound for CQs with
self-joins over C- using our technique in Section 6. Another important question is whether we
can close the gap between the upper and lower bound for self-join free CQs over B. It is possible
that one can prove this using probabilistic arguments that are not explored in this paper [1, 37, 38].
Also, it is interesting to see if our endomorphism point of view can be applied to other scenarios
when studying CQs with self-joins [9, 17, 30, 36].
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A Connections between Semiring Classes

In this part, we show the connection between two classes of semirings, Cp; and C-.

Definition A.1 ([29]). The class Cp,; contains all semirings S for which for any polynomial p and
any monomial x; ® x; ® - - - ® X, the inequality x; ® x, ® - - - ® x,, <5 p implies that p contains the
monomial x; ® x; ® - -+ Q x,.

ProrosiTtioN A.2. Cp,; C C_.

Proor. Note that all semirings in Cy; are naturally ordered [29]. We show that if for any polyno-
mial p and any monomial x; ® x; ® - - ® x,, <5 p, we have x; ® x2 ® - - - ® x, € p, then p; =5 p
implies p; =~ p,. Indeed, for any monomial x; ® x, ® - - - @ x,, € p;, we have x; ®x, Q- - - @ x, jgat p1
by the definition of jgat and therefore x; ® x, ® - - ® x;, X5 p1 =5 P2 since 55“ is a subrelation of
<5 for any naturally ordered semiring. Therefore x; ® x; ® - - - ® x,, € p, and thus we conclude
Pp1 = p, since the monomial x; ® x; ® - - - ® x, is arbitrary. m]

We do not know whether the reverse inclusion is also true and leave this as an open question. An
affirmative answer would be interesting and quite surprising, since that allows one to characterize
Cy,; without ever mentioning the partial relation.

B Circuit Bounds with Degree Constraints

In the main body of the paper, we only presented upper and lower circuit bounds when the only
constraint is an upper bound N on the size of each relation. Here, we will show how to extend all
of our upper and lower bounds to the case where we have more general constraints, called degree
constraints.

We define the notion of degree constraints as in [27]. Let DC be a set of triples (X, Y, Ny|x) for
some X C Y C [n] and Ny|x € N. An instance [ satisfies the degree constraints DC if for every
relation R, in I with X C Y C e and every tuple tx we have |7y (Re =< tx)| < Ny|x. A constraint of
the form (0, e, N,) is simply a cardinality constraint. The degree constraints on an instance can be
translated as constraints on entropic functions as follows:

HDC := {h: 2" SR, | A h(Y|X) < log Ny|x
(X.Y,Ny x)eDC
where h(Y|X) := h(Y) — h(X). For a given set of degree constraints HDC, we also define the
“scaled-up” degree constraints HDC X k as the same set of constraints but with all the degree bounds
multiplied by k.
In analogy to the entropic and submodular width, we can define their degree-aware versions,
called degree-aware entropic and degree-aware submodular width respectively:

da-entw(H,HDC) := max min max h(y(v
( ) heT,nHDC (7>x) €TD veV (T) (x(©)

da-subw(H,HDC) := i h
a-subw( )=, max  min - max h(x(o)

We can now generalize the theorems from [16] in terms of degree constraints.

THEOREM B.1 ([16]). For any e > 0 and any self-join-free CQ Q, there exists an instance I and
k > 0 that satisfies the constraints HDC X k such that any circuit F that computes the polynomialpf2
over a semiring in {By;,, T, C} has size

log |F| > (1 —¢€) - da-entw(Q, HDC X k).
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THEOREM B.2 ([16]). Fix a self-join-free CQ Q and a set of degree constraints DC. Let I be any
instance that satisfies DC. Then, there exists a multilinear and homogeneous circuit F of size O(2")
that produces the polynomialpIQ over any idempotent semiring, where w = da-entw(Q, HDC).

If DC is a set of degree constraints, we denote S(Q, DC) to be the optimal size of a circuit that
computes the polynomial p? for a Boolean CQ Q over S over all instances I that satisfy the degree
constraints. We now present the analogues of the results in the main body of the paper.

THEOREM B.3. Let S be any semiring and Q be a Boolean CQ. Then, for any degree constraints DC,
$(Q,DC) < S([Q]. DC).

Proor. Observe that the proof of Theorem 4.1 preserves all degree constraints, since it simply
creates copies of each relation. O

THEOREM B.4. Let S be any idempotent semiring, and Q be a Boolean CQ s.t. every endomorphism
is an automorphism. Then, S(Q, DC x k) > S([Q], DC), where k is the number of atoms in Q.

Proor. The proof of Theorem 4.2 preserves the degree constraints if we scale them by a factor

of k. ]

Analogous results can be shown for all of our main theorems, since the tagging construction
maintains the degree-aware constraints if we scale them by a constant factor that depends only on
the query.
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