Soft and Constrained Hypertree Width

MATTHIAS LANZINGER, Institute of Logic and Computation, TU Wien, Austria

CEM OKULMUS, Institute of Computer Science, Paderborn University, Germany
REINHARD PICHLER, Institute of Logic and Computation, TU Wien, Austria
ALEXANDER SELZER, Institute of Logic and Computation, TU Wien, Austria

GEORG GOTTLOB, Dipartimento di Matematica e Informatica, University of Calabria, Italy

Hypertree decompositions provide a way to evaluate Conjunctive Queries (CQs) in polynomial time, where
the exponent of this polynomial is determined by the width of the decomposition. In theory, the goal of
efficient CQ evaluation therefore has to be a minimisation of the width. However, in practical settings, it
turns out that there are also other properties of a decomposition that influence the performance of query
evaluation. It is therefore of interest to restrict the computation of decompositions by constraints and to
guide this computation by preferences. To this end, we propose a novel framework based on candidate tree
decompositions, which allows us to introduce soft hypertree width (shw). This width measure is a relaxation of
hypertree width (hw); it is never greater than hw and, in some cases, shw may actually be lower than hw. Most
importantly, shw preserves the tractability of deciding if a given CQ is below some fixed bound, while offering
more algorithmic flexibility. In particular, it provides a natural way to incorporate preferences and constraints
into the computation of decompositions. A prototype implementation and preliminary experiments confirm
that this novel framework can indeed have a practical impact on query evaluation.
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1 Introduction

Since their introduction nearly 25 years ago, hypertree decompositions (HDs) and hypertree width
(hw) have emerged as a cornerstone in the landscape of database research. Their enduring relevance
lies in their remarkable ability to balance theoretical elegance with practical applicability. Hypertree
width generalises a-acyclicity, a foundational concept for the efficient evaluation of conjunctive
queries (CQs) [31]. Indeed, CQs of bounded hypertree width can be evaluated in polynomial time.
Crucially, determining whether a CQ has hw < k for fixed k > 1 and, if so, constructing an HD of
width < k can also be achieved in polynomial time [17].
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Over the decades, hypertree width has inspired the development of generalised hypertree width
(ghw) [18] and fractional hypertree width (fhw) [22], each extending the boundaries of tractable
CQ evaluation. These generalisations induce larger classes of tractable CQs. Notably, the hierarchy

fhw(q) < ghw(q) < hw(q)

holds for any CQ q, with the respective width measure determining the exponent of the polynomial
bound on the query evaluation time. Consequently, practitioners naturally gravitate towards width
measures that promise the smallest possible decomposition widths. Despite this motivation, HDs
and hw retain a crucial distinction: hw is, to date, the most general width measure for it can be
decided in polynomial time [17] if the width of a given query is below some fixed bound k. By
contrast, generalised and fractional hypertree width, while often yielding smaller width values,
suffer from computational intractability in their exact determination [16, 18]. In this work, we
introduce a novel width notion—soft hypertree width (shw) — that overcomes this trade-off by
retaining polynomial-time decidability while potentially reducing widths compared to hw.

But this is only a first step towards a larger goal. Query evaluation based on decomposition
methods works via a transformation of a given CQ with low width into an acyclic CQ by computing
“local” joins for the bags at each node of the decomposition. The acyclic CQ is then evaluated by
Yannakakis’ algorithm [31]. From a theoretical perspective, the complexity of this approach solely
depends on the width, while the actual cost of the local joins and the size of the relations produced
by these joins is ignored. To remedy this short-coming, Scarcello et al. [28] introduced weighted
HDs to incorporate costs into HDs. More precisely, among the HDs with minimal width, they aimed
at an HD that minimises the cost of the local joins needed to transform the CQ into an acyclic one
and the cost of the (semi-)joins required by Yannakakis’ algorithm. Promising first empirical results
were obtained with this approach.

However, there is more to decomposition-based query optimisation than minimising the width.
For instance, hw = 2 means that we have to compute joins of two relations to transform the given
query into an acyclic one. Regarding width, it makes no difference if the join is a Cartesian product
of two completely unrelated relations or a comparatively cheap join along a foreign key relationship.
This phenomenon is, in fact, confirmed by Scarcello et al. [28] when they report on decompositions
with higher width but lower cost in their experimental results. Apart from the pure join costs at
individual nodes or between neighbouring nodes in the decomposition, there may be yet other
reasons why a decomposition with slightly higher width should be preferred. For instance, in a
distributed environment, it makes a huge difference, if the required joins and semi-joins are between
relations on the same server or on different servers. In other words, apart from incorporating costs
of the joins at a node and between neighbouring nodes in the HD, a more general approach that
considers constraints and preferences is called for.

In this work, we propose a novel framework based on the notion of candidate tree decompositions
(CTDs) from [16]. A CTD is a tree decomposition (TD) whose bags have to be chosen from a
specified set of vertex sets (= the candidate bags). One can then reduce the problem of finding a
particular decomposition (in particular, generalised or fractional hypertree decomposition) for
given CQ g to the problem of finding a CTD for an appropriately defined set of candidate bags.
In [16], this idea was used (by specifying appropriate sets of candidate bags) to identify tractable
fragments of deciding, for given CQ q and fixed k, if ghw(H) < k or fhw(H) < k holds. However,
as was observed in [16], it is unclear how the idea of CTDs could be applied to Aw-computation,
where parent/child relationships between nodes in a decomposition are critical.

We will overcome this problem by introducing a relaxed notion of HDs and hAw, which we will
refer to as soft HDs and soft hw (shw). The crux of this approach will be a relaxation of the so-called
“special condition” of HDs (formal definitions of all concepts mentioned in the introduction will be
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given in Section 2): it will be restrictive enough to guarantee a polynomial upper bound on the
number of candidate bags and relaxed enough to make the approach oblivious of any parent/child
relationships of nodes in the decomposition. We thus create a novel framework based on CTDs, that
paves the way for several improvements over the original approach based on HDs and hw, while
retaining the crucial tractability of deciding, for fixed k, if the width is < k and, if so, computing a
decomposition of the desired width.

First of all, shw constitutes an improvement in terms of the width, i.e., it is never greater than
hw and there exist CQs g with strictly smaller shw then hw. The definition of soft HDs and soft Aw
lends itself to a natural generalisation by specifying rules for extending a given set of candidate
bags in a controlled manner. We thus define a whole hierarchy of width measures (shw');so with
shw® = shw. Moreover, will prove that shw™ = ghw holds. In other words, we extend the above
mentioned hierarchy of width measures to the following extended hierarchy:

fhw(q) < ghw(q) = shw™(q) < shw'(q) < shw’(q) = shw(q) < hw(q),

which holds for every CQ q. Basing our new width notion shw on CTDs gives us a lot of computa-
tional flexibility. In particular, in [16], a straightforward algorithm was presented for computing
a CTD for a given set of candidate bags. We will show how various types of constraints (such
as disallowing Cartesian products) and preferences (which includes the minimisation of costs
functions in [28] as an important special case) can be incorporated into the computation of CTDs
without destroying the polynomial time complexity. We emphasise that even though our focus in
this work is on soft HDs and shw, the incorporation of constraints and preferences into the CTD
computation equally applies to any other use of CTDs — such as the above mentioned computation
of generalised and fractional hypertree decomposition in certain settings proposed in [16]. We
have also carried out first experimental results with a prototype implementation of our approach.
In short, basing query evaluation on soft HDs and incorporating constraints and preferences into
their construction may indeed lead to significant performance gains. Moreover the computation of
soft HDs in a bottom-up fashion via CTDs instead of the top-down construction [12, 20] or parallel
computation of HDs [14] is in the order of milliseconds and does not create a new bottleneck.

Contributions. In summary, our main contributions are as follows:

e We introduce a new type of decompositions plus associated width measure for CQs — namely
soft hypertree decompositions and soft hypertree width. We show that this new width
measure shw retains the tractability of hw, it can never get greater than hw but, in some
cases, it may get smaller. Moreover, we generalise shw to a whole hierarchy (shw');s of
width measures that interpolates the space between hw and ghw.
The introduction of our new width measures is made possible by dropping the “special
condition” of HDs. This allows us the use of candidate TDs, which brings a lot of computational
flexibility. We make use of this added flexibility by incorporating constraints and preferences
in a principled manner into the computation of decompositions. These ideas of extending
the computation of decompositions is not restricted to shw but is equally beneficial to ghw
and fhw computation.

e We have implemented our framework. Preliminary experiments with our prototype im-
plementation have produced promising results. In particular, the use of soft HDs and the
incorporation of constraints and preferences into the computation of such decompositions
may indeed lead to a significant performance gain in query evaluation.

Structure. The rest of this paper is structured as follows: After recalling some basic definitions
and results on hypergraphs in Section 2 we revisit the notion of candidate tree decompositions
from [16] in Section 3. In Section 4, we introduce the new notion of soft hypertree width shw,
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which is then iterated to shw' in Section 5. The integration of preferences and constraints into
soft hypertree decompositions is discussed in Section 6 and first experimental results with these
decompositions are reported in Section 7. Further details are provided in the appendix and in the
full version of this paper [24].

2 Preliminaries

Conjunctive queries (CQs) are first-order formulas whose only connectives are existential quantifi-
cation and conjunction, i.e., V, v, and - are disallowed. Likewise, Constraint Satisfaction Problems
(CSPs) are given in this form. Hypergraphs have proved to be a useful abstraction of CQs and CSPs.
Recall that a hypergraph H is a pair (V(H),E(H)) where V(H) is called the set of vertices and
E(H) c 2V is the set of (hyper)edges. Then the hypergraph H(¢) corresponding to a CQ or CSP
given by a logical formula ¢ has as vertices the variables occurring in ¢. Moreover, every collection
of variables jointly occurring in an atom of ¢ forms an edge in H(¢). From now on, we will mainly
talk about hypergraphs with the understanding that all results equally apply to CQs and CSPs.

We write I(v) for the set {e € E(H) | v € e} of edges incident to vertex v. W.l.o.g., we assume that
hypergraphs have no isolated vertices, i.e., every v € V(H) is in some edge. A set of vertices U C
V(H) induces the induced subhypergraph H[U | with vertices U and edges {enU | e € E(H)} \ {@}.

Let H be a hypergraph and let u, v be two distinct vertices in H. A path from u to v is a sequence
of vertices wy, ..., wy, in H, such that wy = u, wp, =0, and, for every j € {0,...,m — 1}, the vertices
wj, wj41 jointly occur in some edge of H. Now let S € V(H). We say that two vertices u,v are
[S]-connected if they are not in S and there is a path from u to v without any vertices of S. Two
edges e, f are [S]-connected, if there are [S]-connected vertices u € e,v € f. An [S]-component
is a maximal set of pairwise [S]-connected edges. For a set of edges A ¢ E(H), we will simply
speak of [1]-components in place of [JA]-components. We note that the term “[S]-connected” is
slightly misleading, since — contrary to what one might expect - it means that the vertices of S are
actually disallowed in a path that connects two vertices or edges. However, this terminology has
been commonly used in the literature on hypertree decompositions since their introduction in [17].
To avoid confusion, we have decided to stick to it also here.

A tree decomposition (TD) of hypergraph H is a tuple (T, B) where T isatree and B : V(T) — 2V (H)
such that the following hold:

(1) for every e € E(H), there is a node u in T such that e € B(u),
(2) and for everyv € V(H), {u € V(T) | v € B(u)} induces a non-empty subtree of T.

The vertex sets B(u) are referred to as bags of the TD. The latter condition is referred to as the
connectedness condition. We sometimes assume that a TD is rooted. In this case, we write T,, for
u € V(T) to refer to the subtree rooted at u. For a subtree T’ of T, we write B(T") for Uyey (/) B(u).

A generalised hypertree decomposition (GHD) of a hypergraph H is a triple (T, A, B), such that
(T, B) is a tree decomposition and A: V(T) — 28U satisfies B(u) € UA(u) for every u € V(T).
That is, every A(u) is an edge cover of B(u). A hypertree decomposition (HD) of a hypergraph H is a
GHD (T, A, B), where the tree T is rooted and the so-called special condition holds, i.e., for every
u € V(T), we have B(T,) n UA(u) € B(u). Actually, in the literature on (generalised) hypertree
decompositions, it is more common to use y instead of B. Moreover, rather than explicitly stating
B, x, and A as functions, they are usually considered as labels — writing By, A,;, and y,, rather than
B(u), y(u), and A(u), and referring to them as B-, y-, and A-label of node u.

All these decompositions give rise to a notion of width: The width of a TD (T, B) is defined as
max({|B(u)|: uisanodein T} - 1, and the width of a (G)HD (T, A, y) is defined as max({|A(u)]| : u
isanode in T}. Then the treewidth tw(H ), the hypertree-width hw(H), and the generalised hypertree-
width ghw(H) of a hypergraph H are defined as the minimum width over all TDs, HDs, and GHDs,
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respectively, of H. The problems of finding the tw(H), hw(H), or ghw(H) for given hypergraph H
(strictly speaking, the decision problem of deciding whether any of these width notions is < k for
given k) are NP-complete [3, 21]. Deciding tw < k or hw(H) < k becomes tractable, if k is a fixed
constant. In contrast, deciding ghw(H) < k remains NP-complete even if we fix k = 2 [16, 18].

We note that, in the literature on tree decompositions, it is common practice to define TDs for
graphs (rather than hypergraphs) in the first place. The TDs of a hypergraph H = (V(H), E(H))
are then defined as TDs of the so-called Gaifman graph of H, i.e., the graph G = (V(G),E(G)),
with V(G) = V(H), such that E(G) contains an edge between two vertices u, v if and only if u, v
jointly occur in an edge in E(H). Clearly, every edge of a hypergraph H gives rise to a clique in the
Gaifman graph G. Moreover, it is easy to verify that every clique of a graph has to be contained in
some bag of a TD. Hence, for TDs, the Gaifman graph contains all the relevant information of the
hypergraph. In contrast, for HDs and GHDs, we additionally have to keep track of the edges of the
hypergraph, since only these are allowed to be used in the A-labels. We have, therefore, preferred
to define also TDs directly for hypergraphs (rather than via the Gaifman graph).

3 Revisiting Candidate Tree Decompositions

In this section, we revisit the problem of constructing tree decompositions by selecting the bags
from a given set of candidate bags. This leads us to the notion of candidate tree decompositions
(CTDs) and the CANDIDATETD problem, which we both define next.

DEFINITION 1. Let H be a hypergraph and let S ¢ 2V(H) pe g set of vertex sets of H (the so-called
“candidate bags”). A candidate tree decomposition (CTD) of S is a tree decomposition (T, B) of H,
such that, for every node u of T, B(u) € S.

In the CANDIDATETD problem, we are given a hypergraph H and a set S € 2V (= the set of
candidate bags), and we have to decide whether there exists a tree decomposition (T, B) of H, such
that, for every node u € T, we have B(u) € S.

The idea of generating TDs from sets of candidate bags was heavily used in a series of papers by
Bouchitté and Todinca [6-10] in a quest to identify a large class of graphs for which the treewidth
(and also the so-called minimum fill-in, for details see any of the cited papers) can be computed in
polynomial time. More specifically, this class of graphs G is characterised by having a polynomial
number of minimal separators (i.e., subsets S of V(G), such that two vertices u,v of G are in
different connected components of the induced subgraph G[V(G) \ S] but they would be in the
same connected component of G[V(G) \ S'] for every proper subset S’ c S). The key to this
tractability result was to precisely identify and compute in polynomial time the set of candidate
bags via the minimal separators and the so-called potential maximal cliques of a given graph. Ravid
et al. [27] applied these ideas to efficiently enumerate TDs under a monotonic cost measure, such
as treewidth.

It was shown in [16], that the problem of deciding whether a hypergraph has width < k for
various notions of decompositions (in particular, the generalised hypertree width ghw and the
so-called fractional hypertree width fhw) can be reduced to the CANDIDATETD problem by an
appropriate choice of the set S of candidate bags. However, it was also shown in [16] that some care
is required as far as the form of the sought after TDs is concerned. In particular, it was shown in [16],
that, in the unrestricted form given in Definition 1, the CANDIDATETD problem is NP-complete. In
order to ensure tractability, the following restriction on TDs was formally defined in [16]:

DEFINITION 2. A rooted tree decomposition (T, B) is in component normal form (CompNF), if for
each node u € V(T), and for each child ¢ of u, there is exactly one [B(u) |-component C. such that
B(T.) =UC. u (B(u) nB(c)).
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Algorithm 1: CompNF Candidate Tree Decomposition of S

input: Hypergraph H and a set S € 2V (H),
output: “Accept”, if there is a CompNF CTD for S
“Reject”, otherwise.

1 blocks = all blocks headed by any S € Su {@}
2 foreach (S,C) € blocks do

3 if C = @ then basis(S,C) « @

4 else basis(S,C) <« 1 /* a block is satisfied iff its basis is not 1 */
5 repeat

6 foreach (S,C) € blocks that are not satisfied do

7 foreach X ¢ S\ {S} do

8 if X is a basis of (S,C) then

9 | basis(S,C) « X

10 until no blocks changed

if basis(@,V(H)) # 1 then
12 ‘ return Accept
13 return Reject

1

=

Alternatively, we could define CompNF by making use of the fact that the TDs of a hypergraph
H are exactly the TDs of its Gaifmann graph G(H) (see Section 2). The CompNF condition given
in Definition 2 can then be rephrased as requiring that, for a node u and child node c in a rooted
TD (T, B), that the vertices in B(T,) must not be separated by the vertex set B(u) n B(c).

It was shown in [16] that the CANDIDATETD problem becomes tractable if we ask for the existence
of a CTD in CompNF. We note that also the algorithms presented in the works of Bouchitté and
Todinca (see, in particular, [8, 9]) as well as in [27] implicitly only consider TDs in CompNF. From
now on, we consider the CANDIDATETD problem only in this restricted form. By slight abuse of
notation, we will simply refer to it as the CANDIDATETD problem, with the understanding that we
are only looking for CTDs in CompNF. Gottlob et al. [16] presented a poly-time algorithm, which
we recall in a slightly adapted form in Algorithm 1, for deciding the CANDIDATETD problem.

To discuss Algorithm 1 in detail, we first have to define the terminology used in the algorithm,
namely the notions of a “block”, a “basis”, and what it means that a block is “satisfied”. We call a
pair (S,C) of disjoint subsets of V(H) a block if C is a maximal set of [S]-connected vertices of H
or C = @. We say that (S, C) is headed by S. For two blocks (S, C) and (X, Y) define (X,Y) < (S,C)
if XuY cSuCandY c C. Note that the notion of a block was already introduced in the works
of Bouchitté and Todinca [6—10] and later used by Ravid et al. [27]. In this paper (following [16]),
blocks are defined slightly more generally in the sense that Bouchitté and Todinca only considered
blocks (S, C) where S is a minimal separator of the given graph (rather than an arbitrary, possibly
even empty, subset of the vertices) and C is not allowed to be empty.

Ablock (S, C) is satisfied if a CompNF TD of H[SUC] exists with root bag S. If C = @, satisfaction
is trivial. Finally, for a block (S,C) and X ¢ V(H) with X # S, let (X,Y1),...,(X,Y;) be all the
blocks headed by X with (X, Y;) < (S, C). Then we say that X is a basis of (S, C) if the following
conditions hold:

(1) CSXuUUL, Y,
(2) For each e € E(H) such thatenC# @,ec X ulU_, V.
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(3) For each i € [¢], the block (X, Y;) is satisfied.

The concepts of a block and of a basis of a block are related to a CTD (in CompNF) in the following
way: Recall from Definition 2 that if u, ¢ are parent-child nodes in a TD, then there is exactly one
[B(u)]-component C, such that B(T.) = UC. U (B(z) n B(c)). Now consider the subtree T" of T
that consists of the node u plus the entire subtree T.. Moreover, consider the block (S, C) with
S = B[u] and C = UC, ~ B(u). Then this block is indeed satisfied by taking as CTD of H[S U C] the
subtree T’ of T (where the bag of each node in T’ is exactly the bag of the corresponding node in
T). The goal of Algorithm 1 is to satisfy progressively larger blocks, increasing |[Su C|. If (2, V(H))
is satisfied, a CTD for H exists, as checked in Line 11.

The relationship between the notions of block, basis, and satisfaction of a block is summarised by
the following property that was proved in [16]: Let (S, C) be a block and let X be a basis of (S, C),
then (S, C) is satisfied. The proof idea of this property is as follows: let (X,Y;),...,(X,Y;) be all
the blocks headed by X with (X, Y;) < (S,C). By the third condition of a basis, the block (X, Y;)
is satisfied for each i € [£]. Hence, there exists a CTD (T;, B;) of each subhypergraph H[X U Y;],
such that the bag of the root is X for all theses CTDs. We can merge all these root nodes into
a single node to form a single TD (T’, B') with the T;’s as subtrees. A CTD for H[S U C] is then
obtained by taking as root a node with bag S and appending the root of T (with bag X) plus the
entire tree T'. The aim of the repeat-loop in Algorithm 1 (Lines 5-10) is precisely to check if we can
mark yet another block (S, C) as satisfied by identifying a basis for it. Initially, in the foreach-loop
on Lines 2-4, only the blocks with empty C-part are assigned the trivial basis @ and thus marked
as satisfied. Finally, on Lines 11-13, the algorithm returns “Accept” (i.e., a CTD of H exists) if the
block (@, V(H)) is marked as satisfied via a non-empty basis. Otherwise, it returns “Reject”. The
bottom-up approach in Algorithm 1, constructing a CTD by combining subtrees, also appears
similarly in prior work [9, 27].

For the polynomial-time complexity of Algorithm 1, the crucial observation is that the number b
of blocks (S, C) is bounded by |S| * |[V(H)|, i.e., for each S € S, there cannot be more components C
than vertices in H. As a coarse-grained upper bound on the complexity of Algorithm 1, we thus get
b* x ||H||, i.e., each of the 3 levels of nested loops has at most b iterations and the cost of checking
the basis-property on Line 8 can be bounded by b times the size of (some representation of) H.

4 Soft Hypertree Width

So far, it is not known whether there is a set of candidate bags Sy for a hypergraph H such
that there is a CTD for Sy if and only if hw(H) < k. However, in [14], it was shown that there
always exists a HD of minimal width such that all bags of nodes ¢ with parents p are of the form
B.=(UA)N (U Cp) where C,, is a [A,]-component of H. In principle, this gives us a concrete way
to enumerate a sufficient list of candidate bags. The number of all such bags is clearly polynomial
in H: there are at most |E(H)|F*! sets of at most k edges, and each of them cannot split H into
more than |E(H)| components. The only point that is unclear when enumerating such a list of
candidate bags, is how to decide beforehand whether two sets of edges A, A, are in a parent/child
relationship (and if so, which role they take). However, we observe that the parent/child roles are
irrelevant for the polynomial bound on the number of candidate bags. Hence, we may drop this
restriction and instead simply consider all such combinations induced by any two sets of at most k
edges. Concretely, this leads us to the following definitions.

DEFINITION 3 (THE SET Softy ). For hypergraph H, we define Softy i as the set that contains all

sets of the form
B=(UA)n(UO) 1)

where C is a [A;]-component of H and A1, A, are sets of at most k edges of H.
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DEFINITION 4 (SoFT HYPERTREE WIDTH). A soft hypertree decomposition of width k for hyper-
graph H is a candidate tree decomposition for Softy . The soft hypertree width (shw) of hypergraph
H is the minimal k for which there exists a soft hypertree decomposition of H.

This measure naturally generalises the notion of hypertree width in a way that remains tractable
to check (for fixed k), but removes the need for the special condition.

THEOREM 1. Let k > 1. Deciding, for given hypergraph H, whether shw(H) < k holds, is feasible in
polynomial time in the size of H. The problem even lies in the highly parallelisable class LogCFL.

ProoF SKETCH. In [17], it is shown that checking if hw(H) < k holds for fixed k > 1 is in LogCFL.
The key part of the proof is the construction of an alternating Turing machine (ATM) that runs in
Logspace and Ptime. The ATM constructs an HD in a top-down fashion. In the existential steps, one
guesses a A-label of the next node in the HD. Given the label A of the current node and the label 1,
of its parent node, one can compute the set of [A ]-components that lie inside a [, ]-component. In
the following universal step, the ATM has to check recursively if all these [A.]-components admit
an HD of width < k.

This ATM can be easily adapted to an ATM for checking if shw(H) < k holds. The main difference
is, that rather than guessing the label A, of the current node (i.e., a collection of at most k edges),
we now simply guess an element from Softy ;. as the bag B, of the current node. The universal
step is then again a recursive check for all components of B, that lie inside a [B,,]-component, if
they admit a candidate TD of width < k. The crucial observation is that we only need Logspace
to represent the bags B € shw(H ), because every such bag is uniquely determined by the label A.
and a [A,]-component. Clearly, A, can be represented by up to k (pointers to) edges in E(H), and a
[Ap]-component can be represented by up to k + 1 (pointers to) edges in E(H), i.e., up to k edges in
Ap plus 1 edge from the [A,]-component. Clearly, the latter uniquely identifies a component, since
no edge can be contained in 2 components. O

The main argument in the proof of Theorem 1 was that the ATM for checking hw(H) < k can be
easily adapted to an algorithm for checking shw(H) < k. Actually, the straightforward adaptation
of existing hw-algorithms to shw-algorithms is by no means restricted to the rather theoretical
ATM of [17]. The parallel algorithm log-k-decomp from [14] performs significant additional effort
to control orientation of subtrees in order to guarantee the special condition. This is unnecessary
for shw-computation, where the orientation of subtrees is irrelevant. Instead, we may follow the
philosophy of the much simpler BalancedGo algorithm in [19] for ghw-computation. By a standard
argument (see e.g., [14, Lemma 3.14]), a CTD for Soft always contains a balanced separator. Hence,
one can simply adapt BalancedGo algorithm to only consider separators in Soft to obtain another
algorithm for checking shw that is suitable for parallelisation. In Section 6, we will extend the
CTD-framework by constraints and preferences. It will turn out that we can thus also capture
the opt-k-decomp approach from [28], that integrates a cost function into the computation of
HDs. To conclude, the key techniques for modern decomposition algorithms are also applicable
to shw-computation. Additionally, just as with other popular hypergraph width measures, it is
possible to relate shw to a variant of the Robber and Marshals game (refer to the full version [24]).

The relationship of shw(H) with hw(H) and ghw is characterised by the following result:

THEOREM 2. For every hypergraph H, the relationship ghw(H) < shw(H) < hw(H) holds. More-
over, there exist hypergraphs H with shw(H) < hw(H).

Proor. By [14], if hw(H) = k, then there exists a hypertree decomposition of width k such that
every bag is of the form from Equation (1). That is, for every HD (T, 4, y), we immediately get a
candidate TD (T, y) for Softy . Hence, shw(H) < hw(H). Furthermore, every bag in Softy 4 is
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1,2,7,8,a,b 2,3,4,5,a,b

(a) Hypergraph Hy with ghw(Hy) = shw(Hzy) = 2 (b) A soft hypertree decomposition of Hy with
and hw(Hz) = 3. Some edges are coloured for width 2.
visual clarity.

Fig. 1. (a) A hypergraph H; and (b) its soft hypertree decomposition.

subset of a union of k edges, hence p(B) < k for any B from Equation (1). Thus also ghw(H) <
shw(H). In the example below, we will present a hypergraph H with shw(H) < hw(H). ]

We leave as an interesting open question for future work if the gap between shw and hw can
become arbitrarily large. However, in the next section, we will introduce a natural iteration of shw
to get a whole hierarchy (shw');so of width notions with shw” = shw and shw™ = ghw. We are
able to show that the gap between shw' and hw can become arbitrarily big for every i > 1, however
it remains open whether this already holds for the case i = 0, i.e., shw itself.

ExXAMPLE 1. Let us revisit the hypergraph H, from [2], which was presented there to show that
ghw can be strictly smaller than hw. The hypergraph is shown in Figure 1a. It consists of the edges
{1,8},{3,4},{1,2,a},{4,5,a},{6,7,a},{2,3,b},{5,6,b},{7,8,b} and no isolated vertices. It is shown
in [2] that ghw(H,) = 2 and hw(H>) = 3. We now show that also shw(H;) = 2 holds.

A candidate tree decomposition for Softy, 2 is shown in Figure 1b. Let us check that Softy, » contains
all the bags in the decomposition. The bags {1,2,7,8,a,b} and {2,3,4,5,a,b} are the union of 2 edges
and thus clearly in the set. The bag {2,6,7,a,b} is induced by A5 = {{3,4},{2,3,b}}. There is only
one [Az]-component C, which contains all edges of E(H) \ A;. Hence, UC contains all vertices in
V(H) ~ {3}. We thus get the bag {2,6,7,a,b} as (U;) n (UC) with Ay = {{2,3,b},{6,7,a}}. The
remaining bag {2,5,6,a,b} is obtained similarly from A, = {{1,8},{1,2,a}} which yields a single
component C with JC = H(H) \ {1}. We thus get the bag {2,5,6,a,b} as (U/h) N (UC) with
M ={{1,2,a},{56,b}}.

We have chosen the hypergraph H, above, since it has been the standard (and only) example in
the literature of a hypergraph with ghw = 2 and hw = 3. It illustrates that the relaxation to shw
introduces useful new candidate bags. A more elaborate hypergraph (from [1]) with ghw(H) =
shw(H) =3 and hw(H) = 4 is provided in Appendix A.1.

5 Even Softer Hypertree Width

In Definition 3, we have introduced a formalism to define a collection Softy ; of bags that one could
use in TDs towards the definition of a soft hypertree width of hypergraph H. We now show how
this process could be iterated in a natural way to get “softer and softer” notions of hypertree width.
The key idea is to extend, for a given hypergraph H, the set E(H) of edges by subedges that one
could possibly use in a A-label of a soft HD to produce the desired y-labels as y = JA. It will turn
out that we thus get a kind of interpolation between shw and ghw.
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We first introduce the following useful notation:

DEFINITION 5. Let A, B be two sets of sets. We write AX\ B as shorthand for the set of all pairwise
intersections of sets from A with sets from B, i.e: ARB:={anb|acAbeB}

We now define an iterative process of obtaining sets E® of subedges of the edges in E(H) and
the corresponding collection Softy; ;. of bags in TDs that one can construct with these subedges.

DEFINITION 6. Consider a hypergraph H. For i > 0, we define sets EW and Soﬁh,k as follows:
Fori = 0, we set E) = E(H) and Soﬁ?{’k = Softy ;. as defined in Definition 3. For i > 0, we set
E®D = E-DR Soﬁ;ﬁC and we define Soft}‘{,k as the set that contains all sets of the form

B=(UJu)n(UO)
where C is a [A,]-component of H, Ay is a set of at most k elements of EV), and ), is a set of at most k
elements of E(H).
We can then extend Definition 4 as follows: A soft hypertree decomposition of order i of width k of
H is a candidate tree decomposition for Soft;L i Also, the soft hypertree width of order i of H (denoted
shw'(H)) is the minimal k, s.t. there is a soft hypertree decomposition of order i of width k of H.

Intuitively, E® represents all the “interesting” subedges of the edges in E(H) relative to the
possible bags in Softfnz}c, i.e., every element B ¢ Softfg,}C can be obtained as B = e] U--- U e, with
¢ <kand e} ¢ EO for every j.In this way, we can iteratively refine the set of considered bags in
a targeted way to arrive at an interpolation of ghw. This idea will be made precise in Theorem 7
below. First, we establish certain monotonicity properties of E(?) and Softfq’k.

LEMMA 3. Let H be a hypergraph and i > 0. Moreover, let EO) and Soﬁf{,k be defined according to
Definition 6. Then the following subset relationships hold:

ED cEUD - EO cSoftly,, and  Softly < Softir}

ExampLE 2. To illustrate the more complex dynamics of iterated shw, we present a modification' of
a particular hypergraph by Adler [1]. Our modified hypergraph H, is shown in Figure 2a. It has vertices
G ={911, 912,921,922}, H = {h11, bz, ho1, hao b, and V = {0,1,2,3,4,0',1',2/,3',4"}. Importantly, there
are edges {w,v} for every w € GUH and v € V. Intuitively this means that, to achieve low width,
a bag in a decomposition always has to cover G U H since, otherwise, the bag would not split the
hypergraph into more than one component. This hypergraph satisfies ghw(H}) = shw' (Hj) = 3 and
shw(Hj}) = hw(Hj) = 4. A GHD of width 3 for H} is shown in Figure 2b. We observe that every
A-label contains either the two “horizontal” edges hory and hors, or the two “vertical” edges ver; and
very to cover G U H. Crucially, the root bag y, = GUH U {3,0’,0} is not in Soﬁg]s/’3 (neither are the
bags of the two closest descendants on the right-hand side of the root). We refer the reader to [1] for
further discussion of why there cannot be a GHD of width 3 without the discussed bags. The critical
observation for why these bags are not in Soﬂ?{;’a is that there is no way to separate 4’ from the rest of
the hypergraph with three edges. Hence, in Equation (1), for k = 3, any A, would induce only a single
component that contains 4', leaving no way to retrieve the required bags from Figure 2b.

The bags in question are however all in Soft}ﬂﬁ. It suffices to show that hor; := hor; \ {4'} isin

EW, as then all bags on the right-hand side of Figure 2b are unions of at most three edges in EM,
Figure 2c illustrates why hor| is indeed in EW and how it intuitively connects to a special condition
violation (SCV) in the respective GHD. Observe that hor, in the A-label of the root contains 4" but the

The original hypergraph from [1] lacks the edge {3/,4’} and is discussed in detail in Appendix A.1.
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(a) The hypergraph Hj with ghw(H4) = shw'(Hj) = 3 and shw(Hj) =
hw(H3) = 4. The image omits the additional edges {{w,0} | w e GUH,v € V}.

A : hory, hor,, {0,0"}
x:GUHU{3,0",0}

At hory, hory, {0,1}
x:GUHU{3,0,1}

A+ {g11, 912, 11, hia, 4"}, horz, {0,0}
, x:GUHU{3,0",0}

A :verty,vert;, {0',1'}

A:verty,vert,, {0',1'} hory € E(O)
x:GUHU{3,0,1}

x:GUHU{3,0,1}
GUHU{3,0",1'} € Soft’
= hory ~ {4’} e EOV

A:verty,verty, {1',2"}
x:GuHuU{3, 1,2}

A+ hory, hor,, {1,2}
x:GUuHU({3,12}

A:verty,verty, {1',2"}
\ x:GuHuU{3, 1,2}

N | Azvertyverty, {2/,4'}
x:GUHU{3 2 4}
(b) A generalised hypertree decomposition of Hy (c) lllustration of how the special condition violation

with width 3 and all bags in Soﬁ}{, 5- The root bag (SCV) at the root bag relates to our Soft hierarchy.
s
GuHU{3,0",0} is not in Softpy 3.

A :verty,verty, {2/,4'}
x:GUuHU{3, 24"}

A hory, hor,, {4,2}
x:GUHU{4,2}

Fig. 2. lllustrations for Example 2

bag at the root does not. Hence, the special condition is violated, because 4’ appears in a bag further
down in the decomposition. In fact, this leaf node is the first descendant (in this case, actually the only
descendant) of the root with 4’ occurring in the bag. On the other hand, 4’ is missing from all the bags
on the path between the root and this leaf node. Hence, intersecting any bag in Soft%q!3 with any of the

bags along the path allows us to eliminate 4'. In particular, if we do so by intersecting hor; € E©) with
the bag GUH U {3',0",1'} € Soft?q;’3 (i.e., the right child of the root) we get hor. This proves that hor]

is in EQV and it also illustrates more concretely what we intuitively described when stating that E()
contains all the "interesting” subedges with respect to Soft};}c.

Now that we have seen that Soft;z,lc extends Softj;{’k, a natural next question is, how expensive
is it to get from Softil’k to Soﬂ}i}c. In particular, by how much does Soﬂi}')}( increase compared to
Softfq,k. The following lemma establishes a polynomial bound, if we consider k as fixed.

LEmMA 4. Let H be a hypergraph and i > 0 and k > 1. Then we have:

|Softf; k| < |Softh [**°.

The following result on the complexity of recognizing low shw' (H) is an immediate consequence.

THEOREM 5. Let i and k be fixed positive integers. Then, given a hypergraph H, it can be decided in
polynomial time, if shw'(H) < k holds.
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Proor. It follows from Lemma 4, that we can compute Softfq’ « in polynomial time (for fixed i, k).
Hence, by the tractability of the CANDIDATETD problem recalled in Section 3, deciding shw'(H) < k
is then also feasible in polynomial time. O

Since Definition 6 defines a width measure for every natural number i, we also wish to analyse
the behaviour in the limit as i approaches infinity. To that end we define Softy; := Ujen Soﬁg’k and
shw® as in Definition 6 for candidate bags Softy; ;.. We show that shw' (H) in fact converges towards
ghw(H). To this end, we first show that, for given hypergraph H, (Soft},} k)
(shw'(H))iZO
fixpoint is actually ghw(H).

10 and, therefore, also

, converges towards a fixpoint. In a second step, we then show that, for shw'(H), this

LEMMA 6. Let H be a hypergraph, let n = max(|V (H)
there exists an a < 3n, such that

E(H)|), and let k be a positive integer. Then

>

Soﬂ?{’k = Soﬁizk
THEOREM 7. For every hypergraph H, we have shw™ (H) = ghw(H)

Proor SKETcH. The proof starts from a GHD of H and argues that, after sufficiently many
iterations of defining E (1) from E®, all bags y, of the GHD are available as candidate bags. To
this end, we make use of the following property from [16], Lemma 5.12: Let e € A, with e ¢ y,, for
some node u of the GHD and let u’ be a node with e € y,/. Moreover, let u = uy, ..., u, = u’ be the
path from u to u’ in the GHD. Then the following property holds: e N y,, = e N ( 05:1 U2y, )

The proof of the theorem then comes down to showing that all these subedges of edges e € E(H)
are contained in E(?), where p is the maximal length of paths in the GHD. O

We thus get yet another bound on the number of iterations required for soft-HDs to bring shw?
down to ghw.

COROLLARY 8. Let H be a hypergraph with ghw(H) = k and suppose that there exists a width k
GHD of H whose depth is bounded by d'. Then shw® (H) = ghw(H) with d < 2d’ holds.

In [1] it was shown that the gap between so-called marshal width (a lower bound on ghw) and
hw can become arbitrarily big. By adapting that proof, we can show that also the gap between
shw' and hw can become arbitrarily big. The details are worked out in Appendix B.2.

THEOREM 9. There exists a family of hypergraphs (Hy)ns3 satisfying shw' (Hy,) + n < hw(H,).

6 Constrained Hypertree Decompositions

Although hypertree decompositions and their generalisations have long been a central tool in
identifying the asymptotic worst-case complexity of CQ evaluation, practical applications often
demand more than simply a decomposition of low width. While width is the only relevant factor
for the typically considered complexity upper bounds, structural properties of the decomposition
can critically influence computational efficiency in practice.

ExamPLE 3. Consider the conjunctive query
q= R(Ul, 02) AN S(Z}z, 04) A T(U3, 04) A U(Ul, 03) A V(Ul, 05) AN W(U4,U6).

Assume furthermore, that we are in a distributed setting with vertical partitioning. In particular,
relations R,U,V are on one node, whereas S, T, W are on another. The query hypergraph, together with
the partitioning is illustrated in Figure 3a. This query has multiple simple HDs of minimal width, with
little natural reason to prefer one over the other. Some example computations resulting from various
HDs of minimal width are illustrated below in (b)-(c).
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(a) The query hypergraph H. (b) The computations for an- (c) The computations for an-
Edge colours represent the parti- swering the query according to swering the query according to
tion of the respective relation. a natural HD of H. a different natural HD of H.

However, in a distributed setting where we want to minimise the communication between different
nodes, we might prefer some HDs over others. In our example Figure 3¢ might be preferable. Here
the bottom half of the decomposition is evaluated purely on the orange node, with only the result of
(T = S) x W being communicated to the other node. On the other hand, in Figure 3b two of the joins
are across partitions, and the semi-join between them might add further communication depending
on where it is best to compute the joins. Since HDs as in Figure 3c allow for simpler distributed query
answering, some applications might only want HDs that are constrained to such HDs, where partitions
are split up over disjoint subtrees of the decomposition. Naturally the full details of a practical scenario
would require further details, e.g., whether T xS is expected to be very large, but this simplified setting
already illustrates the fundamental need for decompositions that follow certain constraints.

This issue is one of the simplest cases that highlights the necessity of imposing additional struc-
tural constraints on decompositions. By integrating such constraints, we can align decompositions
more closely with practical considerations beyond worst-case complexity guarantees. We thus
initiate the study of constrained decompositions. Specifically, for a constraint C and width measure
width, we study C-width(H), the least width over all decompositions that satisfy the constraint C.
In the first place, we thus study constrained shw. But we emphasise that the results in this section
apply to any notion of decomposition and width that can be computed via CTDs.

To guide the following presentation, we first identify various interesting examples of constraints
for a TD (T, B), that we believe might find use in applications:

Connected covers Applications for query evaluation naturally want to avoid Cartesian products
in the reduction from a hypertree decomposition to an acyclic query. This motivates constraint
ConCov, that holds exactly for those CTDs where every bag B, has an edge cover A, of size
|Au| < k, such that the edges in A, form a connected subhypergraph.

Shallow Cyclicity The cyclicity depth of a CTD for H is the least d such that the bag B, of
every node u at depth greater than d can be covered by a single edge of H. The constraint
ShallowCyc, is satisfied by a CTD, if it has cyclicity depth at most d. Intuitively, this constraint
captures having a cyclic "core" to the query with acyclic parts attached to it. Such structure
with low cyclicity depth can be naturally leveraged for efficient query answering by reducing
the relations in the high-width nodes through semi-joins with the attached acyclic parts.

Partition Clustering As discussed in Example 3, in distributed scenarios, where relations are
partitioned across the network, query evaluation using a decomposition could benefit sub-
stantially from being able to evaluate entire subtrees of the CTD at a single partition. We can
enforce this through a constraint of the following form: Let p : E(H) — Partitions label each
edge of the hypergraph with a partition. The constraint PartClust holds in a CTD (T, B), if
there exists a function f : V(T) — Partitions such, that for every node u in T, we have:

(1) By, has a candidate cover using edges with label f(u).
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Algorithm 2: (C, <)-Candidate Tree Decomposition of S

5 repeat

6 foreach (B,C) € blocks do

7 foreach X ¢ S\ {B} do

8 if X is a basis of (B,C) then

9 Dpew < Decomp(B,C, X)

10 if Dy, E C and (basis(B,C) = 1 or Dyey < Decomp(B, C, basis(B,C)) then
basis(B,C) « X

11 until no blocks changed

(2) For every p € Partitions, the set of nodes u with f(u) = p induces a subtree of T that is
disjoint from the respective induced subtrees of all other partitions.

Introducing such constraints can, of course, increase the width. For example, for the 5-cycle Cs,
it is easy to verify that ConCov-ghw(Cs) = ConCov-shw(Cs) = ConCov-hw(Cs) = 3 even though
hw(Cs) = 2. However, in practice, adherence to such constraints can still be beneficial. In the Cs
example, the decomposition of width 2 forces a Cartesian product in the evaluation and is likely to
be infeasible even on moderately sized data. Yet using a ConCov decomposition of width 3 might
even outperform a typical query plan of two-way joins executed by a standard relational DBMS.

6.1 Tractable Constrained Decompositions

Here, we are interested in the question of when it is tractable to find decompositions satisfying
certain constraints. The bottom-up process of Algorithm 1 iteratively builds tree-decompositions
for some induced subhypergraph of H (recall that a satisfied block (B, C) corresponds to a TD for
H[B U C]). We will refer to such tree decompositions as partial tree decompositions of H.

A subtree constraint C (or, simply, a constraint) is a Boolean property of partial tree decompositions
of a given hypergraph H. We write 7 E C to say that the constraint holds true on the partial tree
decomposition 7. A tree decomposition (T, B) of H satisfies C if T, & C for every node the partial
tree decomposition induced by T,,.

However, deciding the existence of a tree decomposition satisfying C might require the prohibi-
tively expensive enumeration of all possible decompositions for a given set of candidate bags. To
establish tractability for a large number of constraints, we additionally consider fotal quasiorderings
of partial tree decompositions (toptds)* <. A tree decomposition (T, B) is globally minimal w.rt. <, if
for every node u, there is no partial tree decomposition (T, B') of H[B(T,)] with (T, B") < (T, B).
We note that our notion of minimality is closely related to the notion of split-monotonicity intro-
duced by Ravid et al. [27] to ensure that the cost of a TD cannot increase if a subtree T’ of this TD
is replaced by a subtree T of lower cost. Our goal here is to reduce the task of finding decomposi-
tions that satisfy certain constraints to the task of finding globally minimal decompositions for an
appropriate toptd. To formalise when this is possible, we introduce the following property.

DEFINITION 7. We say that a toptd < is preference complete for a subtree constraint C if the
following holds. For every hypergraph H, if there exists a CTID of H for which C holds, then C holds for
all globally minimal (w.r.t. <) CTDs of H.

ExampLE 4. Consider the constraint ShallowCyc, described above. We observe that the property is
in a sense monotone over subtrees of the decomposition, i.e., the shallow cyclicity at node u cannot be

2Recall that a total quasiordering of X is a reflexive, transitive, and total relation on X?.
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lower than the maximum shallow cyclicity of the partial tree decompositions rooted at the children of
u. Hence, we obtain a decomposition with the least shallow cyclicity if we cover the components below
with their respective shallowest partial decompositions.

If we thus consider the toptd <shallowCyc, that simply orders partial tree decompositions according to
their shallow cyclicity, a globally minimum CTD for <shaliowcyc, Will be a CTD that achieves the least
shallow cyclicity. In particular, we get that all the globally minimum CTDs will, by definition, have
the same shallow cyclicity. Hence, if any of them satisfies ShallowCyc,, then all of them do. Therefore
this toptd is preference complete for ShallowCyc,.

Subtree constraints — even with the additional condition of preference completeness — still
include a wide range of constraints. For example, all three example constraints mentioned above
are preference complete. Informally, for shallow cyclicity, those partial TDs that become acyclic
from lower depth are preferred. For partition clustering, we prefer the root node of the partial TD
to be in the same partition as one of the children over introducing a new partition.

However, efficient search for constrained decompositions is not the only use of toptds. Using the
same algorithmic framework, one can see them as a way to order decompositions by preference as
long as the respective toptd < is strongly monotone: that is, a partial tree decomposition (T, B) is
globally minimal only if for each child ¢ of the root, (T, B) is globally minimal. A typical example
for strongly monotone toptd are cost functions for the estimated cost to evaluate a database query
corresponding to the respective subtree. The cost of solving a query with a tree decomposition
is made up of the costs for the individual subqueries of the child subtrees, plus some estimated
cost of combining them, strong monotonicity is a natural simplifying assumption for this setting.
For instance, consider a quasiordering of partial subtrees <.,s; that orders partial decompositions
by such a cost estimate. In combination with the constraint ConCov, (ConCov, <.s;) forms a
preference complete subtree constraint, such that a satisfying TD is a globally minimal cost tree
decomposition where every bag has a connected edge cover of size at most k. Thus, optimisation of
tree decompositions for strongly monotone toptds is simply a special case of preference complete
subtree constraints.

Our main goal in introducing the above concepts is the general study of the complexity of
incorporating constraints into the computation of CTDs. We define the (C, <)-CANDIDATETD
problem as the problem of deciding for given hypergraph H and set S of candidate bags whether
there exists a CompNF CTD that satisfies C and is minimal for <. We want to identify tractable
fragments of (C, <¢)-CANDIDATETD. Let us call a constraint and toptd tractable if one can decide
in polynomial time w.r.t. the size of the original hypergraph H and the set S of candidate bags both,
whether C holds for a partial tree decomposition of H, and whether (T’,B’) <¢ (T, B) holds for
partial tree decompositions of H.

THEOREM 10. LetC, < be a tractable constraint and toptd such that < is preference complete for C.
Then (C, <)-CANDIDATETD € PTIME.

Proor SKETCH. We obtain a polynomial time algorithm for (C, <)-CANDIDATETD by modifying
the main loop of Algorithm 1 as shown in Algorithm 2 (everything outside of the repeat loop
remains unchanged). For a block (S, C) with basis X in Algorithm 2, the basis property of every block
induces a (unique) tree decomposition for S U C, denoted as Decomp(S, C, X ). Where Algorithm 1
used dynamic programming to simply check for a possible way to satisfy the root block (@, V(H)).
We instead use dynamic programming to find the preferred way, that is a basis that induces a
globally minimal partial tree decomposition, to satisfy blocks. It is straightforward to verify the
correctness of Algorithm 2. The polynomial time upper bound follows directly from the bound for
Algorithm 1 and our tractability assumptions on (C, <¢). |
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Our analysis here brings us back to one of the initially raised benefits of soft hypertree width:
algorithmic flexibility. Our analysis, and Theorem 10 in particular, applies to any setting where a
width measure can be effectively expressed in terms of CompNF candidate tree decompositions.

CoroLLARY 11. LetC be a subtree constraint, let < be a preference complete toptd for C, and suppose
that C, < are tractable. Let k, i be non-negative integers. Then deciding C-shw'(H) < k is feasible in
polynomial time.

Using CTDs, Gottlob et al. [15, 16] identified large fragments for which checking ghw < k or
fhw < k is tractable. Hence, results analogous to Corollary 11 follow immediately also for tractable
fragments of generalised and fractional hypertree decompositions.

6.2 Constraints in Other Approaches for Computing Decompositions

Bag-level constraints like ConCov are easy to enforce using existing combinatorial algorithms
such as det-k-decomp [20] and new-det-k-decomp [12], which construct an HD top-down by
combining up to k edges into A-labels. Enforcing the ConCov is trivial in this case. However,
enforcing more global constraints like PartClust while maintaining tractability remains unclear, as
does integrating a cost function. These algorithms critically rely on caching for pairs of a bag B and
vertex set C, whether there is an HD of H[C] rooted at B. With constraints that apply to a larger
portion of the decomposition, the caching mechanism no longer works. Other algorithms are also
unsuitable: log-k-decomp [14], the fastest HD algorithm in practice, applies a divide-and-conquer
strategy, splitting the hypergraph until a base case is reached, but never analyzes larger sections of
the decomposition. The HtdSMT solver by Schidler and Szeider [29, 30] minimises HD width via
SMT solving. It is unclear how to state constraints over these encodings. Furthermore, due to the
reliance on SAT/SMT solvers, the method is not well suited for a theoretical analysis of tractable
constrained decomposition methods.

The algorithm that comes closest to our algorithm for constructing a constrained decomposition
is the opt-k-decomp algorithm from [28], which constructs a “weighted HD” of minimal cost up
to a given width. The cost of an HD is defined by a function that assigns a cost to each node
and each edge in the HD. The natural cost function assigns the cost of the join computation of
the relations in A, to each node u and the cost of the (semi-)join between the bags at a node and
its parent node to the corresponding edge. We also consider this type of cost function (and the
goal to minimise the cost) as an important special case of a preference relation in our framework.
However, our CTD-based construction of constrained decomposition allows for a greater variety
of preferences and constraints, and the simplicity of Algorithm 2 facilitates a straightforward
complexity analysis. Moreover, opt-k-decomp has been specifically designed for HDs. This is in
contrast to our framework, which guarantees tractability for any combination of decompositions
with tractable, preference complete subtree constraints as long as the set of candidate sets is
polynomially bounded. As mentioned above, this is, for instance, the case for the tractable fragments
of generalised and fractional HDs identified in [15, 16].

7 Experiments

While the focus of this paper is primarily on the theory of tractable decompositions of hypergraphs,
the ultimate motivation of this work is drawn from applications to database query evaluation.
We therefore include a focused experimental analysis of the practical effect of constraints and
optimisation on candidate tree decompositions. The aim of our experiments is to gain insights
into the effects of constraints and costs on candidate tree decompositions in practical settings. We
perform experiments with cyclic queries over standard benchmarks (TPC-DS [26], LSQB [25] as
well as a queries over the Hetionet Biomedical Knowledge Graph [23] from a recent cardinality
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estimation benchmark [4]. In all experiments, we first compute candidate tree decompositions
as in Algorithm 2 for the candidate bags as in Definition 3, i.e., we compute constrained soft
hypertree decompositions. We then build on a recent line of research on rewriting the execution
of Yannakakis’ algorithm in standard SQL [5, 13], to execute Yannakakis’ algorithm for these
decompositions on standard relational DBMSs. For full details of our prototype implementation and
experimental setup refer to the full version of this paper [24]. Our implementation is freely available
at https://github.com/cem-okulmus/softhw-pods25. We note that a related analysis specifically for
hypertree width was performed in the past by Scarcello et al. [28].

Results. We study the effect of optimising candidate tree decompositions that adhere to the
ConCov constraint over two cost functions. The first cost function is based on estimated costs
of joins and semi-joins by the DBMS (PostgreSQL) itself, the second is derived from the actual
cardinalities of relations and joins (see [24] for details). The results of these experiments are
summarised in Figure 4. These findings indicate that while certain decompositions can cut the
execution time by more than half, others can be nearly ten times slower. This stark variation
underscores the critical need for informed selection strategies when deploying decompositions for
real-world database workloads. A second dimension of interest is the efficacy of the cost function.
A priori, we expect the costs derived directly from the DBMS cost estimates to provide the stronger
correlation between cost and time. However, we observe that the cost estimates of the DBMS are
sometimes very unreliable, especially when it comes to cyclic queries®. Clearly,this makes it even
harder to find good decompositions, as a cost function would ideally be based on good estimates.
The comparison of cost functions in Figure 4 highlights this issue. There, we use as cost function
the actual cardinalities as a proxy for good DBMS estimates. We see that the cost thus assigned to
decompositions indeed neatly corresponds to query performance, whereas the cost using DBMS
estimates inversely correlate to query performance.

To expand our analysis, we also tested two graph queries over Hetionet. In Figure 5. we report
on the 10 cheapest decompositions of width 2. On these queries, both cost functions perform
very similarly; we report costs based on DBMS estimates here. We still see a noticeable difference
between decompositions, but more importantly, all of them are multiple times faster than the
standard execution of the query in PostgreSQL. It turns out that connected covers alone are critical.
In the right-most chart of Figure 5, we show the average time of executing the queries for 10
randomly chosen decompositions of width 2 with and without the ConCov constraint enforced.
We see that the constraint alone is already sufficient to achieve significant improvements over
standard execution in relational DBMSs.

3This is not particularly surprising and remains a widely studied topic of database research (see e.g., [11]).
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Fig. 4. Performance over a ConCov-shw 2 TPC-DS query using PostgreSQL as a backend.
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Our implementation computes candidate tree decompositions closely following Algorithm 2.
We find that the set of candidate bags in real world queries is very small, especially compared to
the theoretical bounds on the set Softy . The TPC-DS query from Figure 4 has only 9 elements in
Softy » (one of which does not satisfy ConCov). The two queries in Figure 5 both have 25 candidate
bags, 16 of which satisfy ConCov. Accordingly, it takes only a few milliseconds to enumerate all
decompositions ranked by cost in these examples.

8 Conclusion

In this work, we have introduced the concept of soft hypertree decompositions (soft HDs) and the
associated measure of soft hypertree width (shw). Despite avoiding the special condition of HDs,
we retained the tractability of deciding whether a given CQ has width at most k. At the same time,
shw is never greater than hw and it may allow for strictly smaller widths. Most importantly, it
provides more algorithmic flexibility. Building on the framework of candidate tree decompositions
(CTDs), we have demonstrated how to incorporate diverse constraints and preferences into the
decomposition process, enabling more specialised decompositions that take application-specific
concerns beyond width into account.

On a purely theoretical level, we additionally introduce a hierarchy of refinements of shw that
still yields tractable width measures for every fixed step on the hierarchy. In particular, we show
that ghw emerges as the limit of this hierarchy. A yet unexplored facet of this hierarchy is that
Lemma 6 can possibly be strengthened to bound @ more tightly with respect to structural properties
of hypergraphs. Moreover, by Appendix B.1 and previous results [2] we have that

ghw(H) = shw™(H) < - < shw'" ' (H) < shw'(H) < - < shw’(H) < hw(H) <3 - ghw(H) + 1.

The natural question then is whether these bounds can be tightened for steps in the hierarchy:.
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2—=1=0

Fig. 6. The hypergraph H; (some edges omitted) with ghw(Hs) = shw(H3) = 3 and hw(Hs) = 4 (adapted
from [1]).

A  Further Details on Section 4
A.1 SHW vs. HW

We now present an example of a hypergraph with shw = 3 and hw = 4. To this end, We
consider the hypergraph H; adapted from [1], defined as follows. Let G = {g11,912, 921,922}
H = {hi1,h12,ha1,haz},and V = {0,1,2,3,4,0',1/,2/,3,4'}. The vertices of Hs are the set HUG U V.
The edges of H; are

E(H;) ={{w,0} |we GUH,v eV} u{{2,4},{2",4'}}u
(0,0} 0 {{0,1},{1,2}, 0.3}, {2.3}}U
{0 1"} {12}, {03}, {2, 3"} } u
{{g11, 912, h11, h12, 4"}, {921, g22, ho1, ho2, 3},

{911, 921, 11, ha1, 4}, {912, 922, iz, ha2, 3"} )

The hypergraph is shown in Figure 6 with the edges {{w,v} | w € GU H,v € V} omitted. We
have ghw(Hs) = 3 and hw(H3) = 4. We now show that indeed also shw(Hs) = 3. A witnessing
decomposition is given in Figure 7. Note that, strictly speaking, only mw(Hs) = 3 is shown in [1]
and, in general, mw is only a lower bound on ghw. However, it is easy to verify that ghw(H;) = 3
holds by inspecting the winning strategy for 3 marshals in [1]. Moreover, the ghw-result is, of
course, implicit when we show shw(Hj) = 3 next. Actually, the bags in the decomposition given
in Figure 7 are precisely the y-labels one would choose in a GHD of width 3. And the A-labels are
obtained from the (non-monotone) winning strategy for 3 marshals in [1].

To prove shw(Hs) = 3, it remains to verify that all the bags in Figure 7 are contained in Softy, 3.
We see that G U H are in all the bags and we, therefore, focus on the remaining part of the bags in
our discussion. For the root, this is {3, 0, 0}. Here, the natural cover A; consists of the two large
horizontal edges in Figure 6 together with the edge {0,0”}. The union U A; contains the additional
vertex 4. As A, of Equation (1) we use the same two large edges plus {4',2'}. As above, there is only
one [A;]-edge component, which contains all vertices but 4’. Note that, in contrast to the previous
example, 4’ in fact has high degree, but all of the edges that touch 4’ are inside the separator.

Except for the bag G U H U {2, 4}, the bags always miss either vertex 4 or 4’ from the “natural”
covers, and the arguments are analogous to the ones above for the root bag. For the remaining
bag, we consider the cover A; consisting of the two vertical large edges plus the additional edge
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{2,4}. Thus, we have the problematic vertex 3’, which is contained in | A; but not in the bag. Here,
we observe a more complex scenario than before. As A, take the two large horizontal edges plus
{0’,1’}. This splits Hj; into two [A;]-components: one with vertices G U H U {0',0,1,2,3,4} and
another with vertices G U H U {1/,2,3,4"}. The intersection of U A; with the first component will
produce the desired bag.

‘ GUHU{3,0",0} ‘

‘ GuHuU{3,0,1} ‘ ‘ GUHuU{3,0,1} ‘
[ [

‘ GuHuU{3,1,2"} ‘ ‘ GUHU{3,1,2} ‘
[ [

‘ GuHuU{3,2',4"} ‘ ‘ GUHuU{4,2} ‘

Fig. 7. A soft hypertree decomposition of Hz with width 3.

B Further Details for Section 5

PROOF OF LEMMA 3. We first prove E(: D¢ SoftH «- Indeed, let ¢’ be an arbitrary edge in E® Now
pick A; = {€’ } and A, = @. Hence, in particular, C = E(H) itself is the only [A;]-component in E(H).
We thus get ¢’ = Bwith B = (IUA;) n (UC) and, therefore, ¢’ € SoftH,k.

From this, the inclusion E®D c EG+D follows easily. Indeed, by Definition 6, we have EG+D) =
EDR Softy; . Now let e’ be an arbitrary edge in E®D ByEW ¢ Softy; , we conclude that e’ € Soft}
and therefore, also e’ = ¢’ ne’ e ED R Soﬁ;{’k = E(+D holds.

Finally, consider an arbitrary element B € Soft;{’k, ie., Bis of the form B = (UA;) n (UC), where
C is a [Az]-component of H, 4, is a set of at most k elements of E(i), and A, is a set of at most k
elements of E(H). From E() ¢ E(*1) it follows that A can also be considered as a set of at most k
elements of E(*1)_ Hence, B is also contained in Sof‘t”l O

Proor oF LEMMA 4. By Lemma 3, ED ¢ Soﬂ}-{’k holds and, by Definition 6, we have EG+1) =
EM R Soft}; .. Hence, E0*D) = EOD R Soft} . € Soft}; , R Soft}; . and, therefore, [EC+D)| < |Soft} . [2.
According to Definition 6, Softzr}( contains all edges of the form B = (UA;) n (UC), where
C is a [Ay]-component of H, A is a set of at most k elements of E(*D and A, is a set of at
most k elements of E(H). Hence, there are at most [E(*D [F*1 possible choices for A;, at most
|E(H)[¥*! many possible choices for A;, and at most |[E(H)| possible choices of a [;]-component
for given A,. In total, using the monotonicity of E() and, hence the relationship E(H) ¢ E(*1),
we thus get [Soft} ;| < |ECG+D) 2k+3_ Together with |[E(+D)]| < , we get the desired inequality
[Softr k| < (ISofty i [)**°. =

Proor oF LEMMA 6. To avoid expressions of the form (U, we introduce the following notation:
for a set C of edges, we write V(C) to denote the set of all vertices contained in C, i.e., V(C) = UC.
The proof proceeds in three steps.

Claim A. For every i > 0, the elements in E( can be represented in the form

eﬁ([ ﬂ e n m V(Cl)]U"'U[ ﬂ en N m V(Cm)])

e1€E; C1eCy em€Em CmeCm
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for some m > 0, where e € E(H), E1, ..., En, € E(H), and C is a set of sets of edges, such that every
element C € C is a [A]-component, where A is a set of at most k edges from E(H).

The claim is easily proved by induction on i. For the induction begin, we have E(®) = E(H) and
every element e € E(H) clearly admits such a representation, namely by setting m = 0. For the
induction step, we use the induction hypothesis for the elements in E ), expand the definition of
the elements in Softh, rand E (i+1) according to Definition 6, and then simply apply distributivity
of uand n.

The above claim implicitly confirms that all elements contained in E() are either edges in E(H)
or subedges thereof. Let us now ignore for a while the sets C of sets of components in the above
representation of elements in E(_ The next claims essentially state that after n iterations, for the
sets E; in the above representation, we may use any non-empty subset E(H) and, after another n
iterations, no new elements (assuming all sets C; to be empty) can be produced.

Claim B.Let i > 0. Then E) contains all possible vertex sets S that can be represented as S = Nprepr €
for some E’ ¢ E(H) with |[E'| < i.

Again, the claim is easily proved by induction on i. In the definition of Softj;{’ » we always choose
A1 as a singleton subset of E(H) and A, = @. Hence, in particular, after n iterations, we have all
possible sets of the form S = Mg €’ for all possible subsets E' ¢ E(H) at our disposal. This fact
will be made use of in the proof of the next claim.

Claim C. Suppose that in the definition of Soft;Lk in Definition 6, we only allow 1, = @, i.e, the
only component we can thus construct is C = E(H) and, therefore, V(C) = V(H) holds. Then, for
every i > 2n, we have E() = E(+1),

To prove the claim, we inspect the above representation of elements in ED but assuming
V(C) = V(H) for every C. That is, all elements are of the form

en ([egzlel] U U [emgsmem]),

for some m > 0. By Claim B, we know that from i > n on, we may choose as set E; any subset
of E(H). It is easy to show, by induction on i, that we can produce any element of the form

en ([ﬂel€51 el] U---u [meieEi e,-]) in E(n+0), Then, to prove Claim C, it suffices to show that
choosing i bigger than n does not allow us to produce new subedgdes of e. To the contrary,

assume that there exists n’ >nandasete’ =en ([ Nerer: e{] U---u [me;,eE;, e;l,]) that cannot be
represented as e/ = e N ([ Ne,eE, el] U---u [ﬂeneEn en]). Moreover, assume that n’ is minimal with
this property. Then we derive a contradiction by inspecting the sequence s; = e n ([ ﬂe;gE{ e{]),

sp=en ([ﬂe{GE; e{] U [ﬂegeE; eg]), e S =en ([ﬂe{eE{ e{] U---u [me;/EE;, e;,]). Clearly, this
sequence is monotonically increasing and all elements s; are subedges of e. By n’ > n > |V(H)|,
the sequence cannot be strictly increasing. Hence, there exists j, with s; = s;_;. But then we can

leave [ﬂe/_eE/_ e;-] out from the representation ¢’ = e N ([ NereE! e{] U---u [ﬂel cE e;]) and still get
J J n n
e’. This contradicts the minimality of n’.

Completion of the proof of the lemma. From Claim C it follows that after 2n iterations, any new
elements can only be obtained via the intersections with sets of the form Neee V(C), where C is
a set of components. Recall that, according to Definition 6, components are only built w.r.t. sets
Az of sets of edges from E(H ). Hence, all possible components C are available already in the first
iteration. Hence, analogously to Claim B, we can show that after n successive iterations, we can
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choose any sets C; with |C;| < i for constructing elements of the form

em([ Nean N VE)]u-u[ N enn N V(Cm)]),

e€E; C1eCy em€Em, Cm€eCm

in E?"*) In particular, in EG™), we get any element of the above form for any possible choice
of C; with |C;| < n. Finally, analogously to Claim C, we can show that taking sets C; with |C;| > n
cannot contribute any new element. Again, we make use of the fact that n > |[V(H)| and it only
makes sense to add an element C to C; if the intersection with V(C) allows us to delete another
vertex from e. But we cannot delete more than n vertices. O

B.1 Proof of Theorem 7

Proor. Let G = (T, A, y) be a GHD of width ghw(H) of hypergraph H. For a node u in T, we
write A, and y,, to denote the A-label and y-label at u. It suffices to show that, for some m > 0, the
following property holds: for every node u in T and every e € E(H) with e € 1,, the subedge e N y,,
is contained in E(™). Clearly, if this is the case, then every bag , is contained in Softy 1, since we
can define A, by replacing every e in A by e n y,, and setting A, = @. Then G’ = (T, ) is a candidate
TD of Softyr, and, therefore, we get ghw(H) = shw™ (H).

To obtain such an m with (en y,) € E(™ for every node u in T and edge e € 1, we recall the
following result from [16], Lemma 5.12: Let e € A, with e ¢ y,, for some node u and let u’ be a node
with e € y, (such a node u’ must exist in a GHD). Moreover, let u = uy, .. .,u, = u’ be the path from
u to u’ in T. Then the following property holds: e N y,, = en ( ﬂj;l Uy, )

Clearly, for every j, the bag U Auj is in Softy x and, therefore, the subedge s; = e n Auj of e is in
EMW We claim that, for every i > 1, it holds that (ﬂ§-=1 sj) is contained in E(?.

Proof of the claim. We proceed by induction on i. For i = 1, the claim reduces to the property that
s1=enUAy, isin EM, which we have just established. Now suppose that the claim holds for
arbitrary i > 1. We have to show that ( ﬂ;J;ll S j) is contained in E(*1), On the one hand, we have
that every s; =enU /1”]. is in EV and, therefore, also in EMD* and in Soﬁ};}c. On the other hand,
by the induction hypothesis, ( ﬂ§-=1 s j) is contained in E() and, therefore, also in Softil,k. Hence,

by Definition 6, (] s;) is contained in E(*1),

We conclude that, for every node u in T and every edge e € A, the subedge eny, = eﬂ( ﬂj-zl Uy, )

!

of e is contained in Soft?, w

1., Where p is the maximal length of paths in T. That is, we have y, = U4
where A, is obtained by replacing every edge e € 1, by the subedge e n y,. Hence, (T, y) is a
candidate TD of Soft?, , and, therefore, shw” (H) = ghw(H) ]

B.2 Proof of Theorem 9
Proor. Let (H, a, ) be the switch graph from Example 2 of [1]. For convenience we recall the

definition here. Let n > 2. Let N; be a punctured hypergraph with mw(N;) = mon-mw(N;) > n.
Let N, be a disjoint copy of Nj. Let (H, a, ) be the switch graph with

V(H):=V(N)uV(N)u{m'}u{ey|i=1...,n+1}u{ey|i=1...,n+1}.
and
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E(H):=E(N)) WE(Nx)u{{en;}|i=1,....n+1}u{{ex}|i=1....,n+ 1} u{{m}} 2)
U] {{eli,nl} | i=1,....,n+1,ng € V(Nl)} G] {{€2i,n2} | i=1,...,n+1mny € V(Nz)} (3)
u{{m',n} |neV(N;)UV(N;)}. (4)

and

a={{en},....,{ent1}, {m'}} UV(N),

B={{ean}.....{ezns1}. {m'}} UV(NY).

Lets:= [V(N)|+(n+1)+1=la|=1p|

Let Hgog be the hypergraphs with n-machinists associated to (H, «, f8) as in the proof of Theorem
4.2 in [1]. Let E(N;) and E(N;) be the sets of edges that are fully contained within V(N;) and
V(N,), respectively. Furthermore, let E*(N;) = E(N;) u {{m/,n} | n € N}, and analogously for
E*(N,). It is known that ghw(Hpog) = s + 1 and hw(Hpog) =s+n+ 1 [1].

We make a critical modification to the construction Hgpg. Add the new vertex *, and the
edges {*,g} for every g € B. That is, * is adjacent exactly to the balloon vertices. We denote the
result of this construction as H ;. We will argue the following.

THEOREM 12.
shw' (Hzos) = ghw(Hpog) < hw(Hpog) — n = hw(Hpog)

The inequality is an implicit consequence of the construction for Theorem 4.2 in [1] (and can be
validated also through our argument). Furthermore Hpog is an induced subhypergraph of Hy
(induced on all vertices but *). It is easy to see that hypertreewidth is monotone over induced
subhypergraphs, thus hw(Hpog) < hw(Hjog ). To show the equality we explicitly give a (CompNF)
tree decomposition for Hg,; using only bags from Soﬁ}{goos +1 in Figure 8. We verify this through
a number of independent claims.

Claim. The TD from Figure 8 is a valid tree decomposition.
It is straightforward to check that every edge of Hj; is covered. To cover the eyelet edges some
care is required to maintain connectedness. Recall that the eyelet edges are for every g € B,h € E(H)
and ¢ € [m] (where m is an integer, unrelated to the vertex m’ in the switch graph.) there are
edges {g,p¢(g,h)} and hu {p,(g, h)}. Observe that the edges E(H) can be partitioned into E*(N),
E*(N,) as well as the sets of edges connecting every ey; to all vertices in Nj and ey; to all vertices
in N,. With this partition in mind one can then observe that the decomposition in Figure 8 satisfies
the connectedness condition. A

Claim. {*} U B € Soft! st

Take as A, in Equation (1) the edges {ay, ..., as}. We have UA; o B (cf,, [1]). Then, * is not [A;]-
connected to any other vertex. Hence there is a [A;]-component C where UC equals * plus all
adjacent vertices to *. By definition then U C = {star} U B. A

Claim. For every i, the subedges a; = {gi1, ..., gis} and b} = {g1....,gs;} are in EM.
We argue for al, the case for b} is symmetric. Recall from the construction of Hgpg that there
is an edge a; = {gi1,....gis} U a; for every i € [s]. Thus a; € E(?), and from the previous claim

{»}uUBe SOﬁ?igOG,sH' Hence a} € E©) R Soft? st T EM A
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V(Ny)uBuU {m'}

ie[n] te[m
h gE+(N2)
V(Nz) uBU {ez} 9.pe(g.h), h V(N;) uBU{m'} Bu{x}
te[m] m
hgzir 4 [B]
wit}eleg(i e)h he ET(W)
9.pe(g.h).h V(N1) uBuU {e1;} 9.pe(g.h).h
te[m]
geB
heE(H)
withej; € h
9.pe(g.h). h

Fig. 8. A soft hypertree decomposition of width s + 1 for Hg. We note that the terms £ € [m] refer to the
number m of eyelet vertices from the construction of Hgog in [1]. For consistency we minimised changes in
the naming from the reference, despite the slightly confusing similarity to m’ (also called m in [1]), a vertex
in the switch graphs that the construction is applied to.

Claim. For every i € [n + 1], BUV(Ny) is the union of s edges in E(!). The same holds also for
BUV(N,).
The respective edges are X = {aj, ...,a,, an+3,--.,4s }. That is we take the subedges of g; for the
first n + 2 indexes, i.e., those indexes where «; = ey; or a; = m. The « for the rest of the indexes make
up exactly the set V(N ) by definition. In summary we have UX = (Uj_; a;) ~{e11,-- -, e1n+1,m'} =
BUV(N,). For the case with V(N;) make the same construction for the b; edges. A

Claim. The TD from Figure 8 uses only bags from SOﬂHEOG’S+1.

There are 4 kinds of bags that are not simply unions of s + 1 (even 2) edges. All are either of the form
X =V(N;)uBuU{v} or, Y = V(N;) UBU {v}. From the previous claim it then follows immediately
that these are in Softy* (. A

BOG” O

The corresponding results in [1] are stated in terms of games, in particular it is shown that the
gap between marshal width mw and monotone marshal width mon-mw on Hppg is at least n. It has
been considered folklore that this implies also that the gap between ghw and hw is at least n on these
hypergraphs (and thus arbitrarily high in general). But to the best of our knowledge, no proof of this
is explicitly written down in the literature. The problem being, that while mon-mw(H) = hw(H),
the marshal width itself is not necessarily equal to ghw but only a lower bound. We note that
Figure 8 is also a generalised hypertree decomposition of width s + 1, and also serves to fill in this
small gap in the literature.
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