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We introduce EDB-bounded datalog, a framework for deriving upper bounds on intermediate result sizes
and the asymptotic complexity of recursive queries in datalog. We present an algorithm that, given an
arbitrary datalog program, constructs an EDB-bounded datalog program in which every rule is adorned
with a (non-recursive) conjunctive query that subsumes the result of the rule, thus acting as an upper
bound. From such adornments, we define a notion of width based on (integral or fractional) edge-cover
widths. Through the adornments and the width measure, we obtain, for every IDB predicate, worst-case
upper bounds on their sizes, which are polynomial in the input data size, given a fixed program structure.
Furthermore, with these size bounds, we also derive fixed-parameter tractable, output-sensitive asymptotic
complexity bounds for evaluating the entire program. Additionally, by adapting our framework, we obtain a
semi-decision procedure for datalog boundedness that efficiently rewrites most practical bounded programs
into non-recursive equivalent programs.
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1 Introduction

Datalog engines [6, 7, 20, 22, 24, 41, 48] are starting to show their potential in a wide range of
data-intensive applications, from static program analysis [1, 30, 36, 39, 45] to large-scale graph
processing [6, 9, 26, 34, 37]. With ever-growing data sizes, cost-based optimization is essential
for fast, scalable execution in such engines. However, accurate cost-based optimization relies
heavily on the ability to estimate the cardinalities of intermediate results generated during query
evaluation [23]. In traditional join processing, there have been significant research efforts on cardi-
nality estimation [4, 8, 11, 15, 47], cost-based optimization [27, 33, 40], and theoretical complexity
bounds [12, 16, 21, 43, 46]. But estimating result sizes is significantly more challenging when
recursion is involved, which is an inherent feature of datalog. This is also the case for recursive
SQL [14], which is starting to gain popularity [10, 31, 32]. In particular, there is currently no reliable
method for computing size bounds on the final outputs of recursively-defined relations, except for
a few very specific datalog programs [35]. Without such bounds, optimizers are often forced to
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rely on (1) heuristics, as is the case for the popular datalog engine Soufflé [5, 22], or (2) runtime
optimization techniques [17, 18]. Such methods often lead to suboptimal execution plans or higher
runtime overhead for complex workloads.

The present paper aims to improve this situation by developing techniques for computing
(asymptotic) bounds on the result sizes of recursive datalog programs. To this end, we introduce a
framework for adorning datalog rules (and specifically IDB atoms) with conjunctive queries over
the input database, the union of which subsumes the result of the IDB predicate, thus acting as a
form of upper bound. We refer to such adorned programs as EDB-bounded datalog programs. We
give a simple illustration with a variant of the well-known transitive closure program:

Example 1.1. Consider the datalog program IT with the following rules:
Ry : TC(x,9) « e(x,7),
Ry : TC(x,§) « TC(%,2),e(Z 1),

where e is an EDB relation, each of X, i, and z is a vector of m variables, and e and TC hence
have arity 2m. This program is unbounded, as the depth of recursion depends on the size of the
input. Therefore, there does not exist a finite non-recursive program (or, finite union of conjunctive
queries (UCQ)) that is equivalent to IT. However, assuming that the number of tuples in e is N, we
can in fact see that the number of tuples in the final output of TC is bounded by N2, even though
the arity 2m may be greater than 2. This is because, at maximum, we choose (1) one tuple from e
and assign the first m attributes to %, and (2) one tuple from e and assign the last m attributes to 7.

In this paper, we generalize this idea by deriving size bounds based on a notion of width analogous
to edge cover numbers in conjunctive queries. For example, following our method, the program II
above would be rewritten to the following program IT’:

R+ TCrc(zp) ez (%.9) — e(X,9),
R; : TCTC(X‘,Q)(—E(X,_),E(_,Q) (3?, g) — TCTC(;@Q)(—e(}’c,g) ()Z-; Z)s 6(29 g)’
Ry : TCrc(xg)—e(x )e( g (X 7) — TCrc(x,g)—e(x,)e(Lg) (X: 2), e(Z, 7).

In IT’, each atom of the IDB predicate TC is adorned by a conjunctive query which shows the
“provenance” of the tuples involved. More importantly, the rule in the adornment of the head atom
of each rule subsumes the results that will be produced by the rule. Therefore, II” is equivalent to
IT in the sense that the tuples that will be in the final output of the IDB relation TC in the original
program II is exactly the same as the union of the two adorned variants of TC in II’, namely
TCrc(x,9)—e(x,5) and TCrc(x,5)—e(x,_).e(_,g)- In such a case, we say the edge-cover width of TC is 2,
and we can then easily tell that the size of TC is bounded by N2. With such bounds on the output
sizes, we can further derive output-sensitive, fixed-parameter tractable asymptotic complexity
bounds for evaluating the entire program, which, in this case of TC, is O(f(IT) - N?), where f is a
function that depends only on the structure of the program II.

Our approach is thus based on rewriting—or, more precisely, adorning—datalog programs with
non-recursive queries that serve as upper bounds on the IDB relations defined by the program. While
a datalog engine might use such bounding queries for cardinality estimation, in this paper, we focus
on proving asymptotic bounds based on structural properties of the datalog programs—specifically,
integral and fractional edge-cover width.

As a central result, we show that our program rewriting technique can be used to find the
minimal integral edge-cover width (which immediately yields an asymptotic bound on output sizes)
across all datalog programs equivalent to a given input program. In other words, determining the
worst-case sizes of the IDB relations of a datalog program, or any datalog program equivalent to

Proc. ACM Manag. Data, Vol. 4, No. 2 (PODS), Article 97. Publication date: May 2026.



Size Bound-Adorned Datalog 97:3

it, is decidable. This may appear somewhat surprising, as semantic properties such as (program)
boundedness or equivalence of recursive datalog programs are generally undecidable [19, 38].

We demonstrate the tightness of integral edge-cover widths and our size bounds by constructing
database instances where they are reached.

We show that output sizes of IDB relations of a program IT have worst-case upper bounds of the
form f(IT) - N¥, which is polynomial in the input data size N for a fixed structure of II.

Based on our size bounding machinery, we obtain corresponding output-sensitive, fixed-parameter
tractable complexity bounds for evaluating entire programs. These results are based on insights into
incrementally evaluating our rewritten programs. We present results on general datalog as well as
tighter bounds on a number of datalog fragments—linear, simple chain, and adornment-groundable
programs (a newly defined class).

Our adornment rewriting algorithm is fundamentally a bottom-up fixpoint procedure that is
guaranteed to terminate given suitable methods for comparing and relaxing (simplifying) adorn-
ments. A variation of this procedure unrolls recursive datalog programs into (possibly infinite)
UCQs, and terminates if the program is bounded—a semi-decision procedure for datalog bound-
edness. We show in this paper how our adornment algorithm can be instrumented to search for
non-recursive rewritings (for bounded programs) with a memory budget, gracefully degrading to
our EDB-bounded datalog programs (as in Example 1.1) when the input program is not bounded or
cannot be proven to be within the memory budget.

The structure of the paper is as follows:

e We start by laying out the necessary background in Section 2.

o In Section 3, we present our technique and algorithm for adorning IDB atoms in a datalog program
with conjunctive queries, and show its correctness (conservativity). We present this approach as
a generic framework that may be adapted for different use cases.

e In Section 4, we revisit the problem of datalog boundedness. We show its semi-decidability, and
give one instantiation of our framework to either (1) rewrite most practical bounded programs into
equivalent UCQs by inlining, or (2) give an equivalent EDB-bounded program that is recursive
but still allows for reasoning about size bounds and complexity.

e In Section 5, we obtain size bounds on IDB relations via a notion of edge-cover widths based on
the adornments in EDB-bounded programs.

e We discuss the optimization and minimization of our program rewritings in Section 6.

e Section 7 presents our fixed-parameter tractable complexity bounds for general datalog as well
as tighter results for specific fragments of datalog.

Due to space constraints, all omitted proofs in the rest of the paper can be found in the full
version of the paper [13].

2 Preliminaries

Datalog. In this paper, we consider standard positive datalog programs and adopt the standard
naming conventions. A datalog program II consists of a set of rules of the form

I
q(3) « p1(51),...,pu(54), or equivalently, q(5) < Api(%),
i=1

where q(3) is called the head atom and all p;(5;) are body atoms. Each atom p(%) consists of a
predicate symbol p and a tuple of terms # = (#1,.. ., t,). We use the same set of symbols, such as
p.q, ..., to denote both a predicate symbol and the relation corresponding to that predicate. A
predicate p belongs to the intensional database (IDB) if it is in the head of a rule with a non-empty
body. Otherwise, it belongs to the extensional database (EDB). Without loss of generality, we
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assume that each rule is ordered so that the first A atoms (for some 0 < A < ) have IDB predicates
and the rest have EDB predicates. Within a tuple 7 of an atom p(f), each term t; is either a variable
or a constant. We write vars(f) to denote the set of variables occurring in . The wildcard “_” is
employed to denote a freshly introduced, existentially quantified variable. The number of terms «
is called the arity of the predicate p, generally denoted by ar(p). A datalog rule is defined as safe
if every variable present in the head also appears at least once in the body. The notations #EDBs
and #IDBs represent the total number of EDB predicates and IDB predicates, respectively, within a
datalog program. Given a datalog program II, its number of rules is denoted by |II|.

For an IDB predicate g in IT and a database instance D, we write [[q(IL, D)] to denote the IDB
relation q that can be derived with the program II from the database instance D. That is, [q(IL, D)]]
contains all tuples §, such that the fact ¢(3) is contained in the least fixpoint of the immediate
consequence operator defined by the program I, when starting with the EDB D.

We say a datalog rule Ry is subsumed by a rule Ry, if there is a homomorphism A from R; to Ry,
such that h restricted to the head variables is a variable renaming. That is, all the tuples produced
by rule R are also produced by rule R;.

We use inlining to refer to the process of replacing an IDB atom ¢(f) in some rule R with the
body of a rule R’ : q(5) « By,..., B, that has g as the head predicate, under a substitution ¢ such
that o(5) = £, which yields instantiated body atoms o(By), . .. c(B,), where o must not rename any
variable that is not in the head § to the name of some variable in the original rule R. For instance,
in the following program

Rl : pO(x’ y) — e(x’ Z)’ e(z, y)>
RZ : q(x’ y) — pO(x> y)’pl (Z),

we can obtain q(x, y) < e(x, 2¢), e(2¢, y), p1(2) by one step of inlining. Note that, while doing so, z
in Ry is renamed to z to avoid collision with the variable z in the original rule R,.

Unification. A unifier of two tuples § and # of terms is a substitution ¢ such that, when applied to
the tuples, o makes them syntactically equal, i.e., o(5) = o(#). When such a unifier exists, we say
that the two tuples unify. Given a set of pairs of tuples {(5;,%;) | 1 < i < u}, a simultaneous unifier
is a unifier such that o(5;) = o(#;) for all i. A unifier is called a most general unifier (mgu) if every
other unifier can be obtained from it by further instantiating variables. mgus can be computed in
time linear in the size of the input set [25]. For instance, 0 = {x = x,y > y,z — z,w > z} isa
most general unifier for the tuples (x,y, z, z) and (x, y, z, w).

Proof trees. Given a datalog program IT and an EDB D, a proof tree for a ground atom A in the
IDB is a finite, rooted tree whose root is labeled by A, whose leaves are EDB atoms in D, and whose
edges correspond to rule applications. More specifically, if a node is labeled by an atom A and
its children are labeled By, ..., B,, then the edge from A to each B; is labeled by a rule R of the
form A" « Bj,..., B;l, such that A = 0(A’) and B; = o(B;) for some ground substitution o, i.e., a
substitution that replaces every variable with a constant.

Derived atoms. Given a rule R with head predicate ¢ in a datalog program II, and given an EDB
D, we say that a ground atom q(7) is derived by rule R over D if there exists some proof tree whose
root is labeled by q(f) and such that the edges from the root are labeled by the rule R.

3 EDB-Adorned and EDB-Bounded Datalog Programs

In this section, we begin to introduce our framework to provide bounds for datalog programs
via adornments added to IDB atoms. These adornments themselves are datalog rules with EDB
atoms only, and they subsume the adorned IDB predicate. We formally define the related notations
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and give a generic algorithm to construct such adornments. The algorithm is parameterized and
customizable for different use cases, as we will show in the following sections.

3.1 Basic Definitions

We start from the most basic building blocks of our framework.

Definition 3.1 (EDB-adorned atom). An EDB-adorned atom is an atom of the form g, (), such
that g is an IDB predicate of the given schema of arity a, f = (#,...,ty) is a tuple of the same
arity, such that each t; is either a variable or a constant, and the adornment p is a safe datalog rule
A < By,..., B, satisfying the following properties:

(1) A is an atom with predicate symbol g,
(2) every body atom B; has as an EDB predicate and each argument in B; is either a variable or the

underscore “
(3) q(%) is an instance of A—that is, there exists a substitution o such that 0(A) = ¢(7).

Definition 3.2 (EDB-adorned datalog rule). An EDB-adorned datalog rule R is a datalog rule in
which the head and every body atom is either an EDB atom or an EDB-adorned IDB atom. A datalog
program with only EDB-adorned rules is called an EDB-adorned datalog program.

The intended meaning of the adornment p of an EDB-adorned IDB atom g, (f) is to indicate
how instances of the atom g, (f) could be directly derived from EDB atoms via p. The rule p thus
corresponds to iterated inlining, and the EDB atoms in the rule body of an adornment constitute
restrictions on the tuples that can possibly be derived by the adorned IDB predicate. Of course,
such a restriction is useless in the case of an EDB atom. We thus only consider adornments for IDB
predicates. We formalize this idea by the following definitions of EDB-bounded rules and programs.

Definition 3.3 (EDB-bounded rule). Given an EDB-adorned datalog program I, let R be a rule in
IT with head predicate q,. We say that rule R is bounded by the adornment p, if for every EDB D,
the following property holds: If an atom g, (%) is derived by rule R when evaluating IT over D, then
q(%) is also derived when evaluating the single-rule program consisting of the rule p over D.

Definition 3.4 (EDB-bounded program). Given an EDB-adorned datalog program II, we call IT an
EDB-bounded program if every rule of IT is bounded by the adornment of its head predicate.

To give an intuition, we illustrate again with the transitive closure program IT in Example 1.1.

Example 3.5. Consider the transitive closure program II in Example 1.1 again. For simplicity,
from this point, we assume X, j, and Z each contain one term only and hence drop the bars. The
following datalog program I1” is a valid EDB-bounded program:

Ri/ : TCTC(x,y)<—e(x,y) (xa y) — e(X, y),

Ré/ . TCTC(x,y)HE(X,Z),E(Z,y) (X, y) — TCTC(x,y)<—e(x,y) (X, Z), e(Z, y)
One can easily verify that the adornment of R}, TC(x,y) < e(x,y), subsumes the rule R}’ —in fact,
they are equivalent. The predicate TCrc(x,y)—e(x,y) contains only tuples that are produced by R{’,
i.e., the pairs (x, y) that are connected via some edge in e. Similarly, the adornment of R}/ subsumes,
and is equivalent to, the rule R}’ as well, if we replace the atom TCrc(x,y) —e(xy) (x,2) by e(x, ).
Notice that the adornments in this case simply correspond to inlinings of the original program. We
could do one step further and add the following rule

Ré/ : TCTC(x,y)He(x,z’),e(z’,z),e(z,y) (x: y) — TCTC(x,y)He(x,z),e(z,y) (x’ Z)’ e(z, y)

Again, this is a valid EDB-bounded rule. However, these adorned versions of the predicate TC in
IT” only produce pairs of x and y with distance at most 3, but the original program IT is unbounded.
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Hence, I1” is not equivalent to IT (unless we iterate this inlining-style rewriting of rules infinitely).
However, in the next section, we will introduce means to get meaningful, finite adorned programs
that allow us to bound the IDB predicates of the original program.

3.2 Construction of EDB-Bounded Datalog Programs

In Example 3.5, we have seen an intuition of EDB adornments by viewing them as possible inlinings
of the original program and how this may become infinite if we want to bound all tuples produced
by the original program. It is easy to verify that program II" in Example 1.1 is also an EDB-bounded
program. In contrast to program IT"”, the adornments of the predicate TC in II” actually do allow us
to bound the IDB relation TC of the original program II: Intuitively, the adornments of TC in IT’
capture the observation that a tuple (x, y) generated by TC in program II could either be (1) two
endpoints of the same edge, hence e(x, y), or (2) the source of one edge and target of another, hence
e(x,_),e(_,y). Alternatively, we can consider these adornments as taking all possible inlinings, but
“relaxing” the rules by replacing variables with “_” or dropping body atoms. We generalize this idea
in the following definition of adornment relaxation functions.

Definition 3.6 (adornment relaxation function). An adornment relaxation function g is one that
takes as input an adornment p : p(f) < e;(#1),. .., e,(,), where all body atoms e; (), ..., e,(%,)
are EDB atoms, and performs a sequence of operations, each of which either removes a body atom
or replaces an attribute in a body atom by “_”, such that g(p) remains a safe datalog rule.

Clearly, if a rule g(p) results from “relaxing” a rule p, then g(p) subsumes p:

ProposITION 3.7. For any adornment relaxation function g and safe datalog rule p with only EDB
atoms in the body, g(p) subsumes p.

Example 3.8. We show a few examples of adornment relaxation functions:

id: The identity function, which does not modify the rule at all.

Jout: For each body atom e(f) and for each attribute t; in , we replace t; by _ if t; does not occur
in the head of the rule (i.e., if #; is not in the “output”). Finally, we remove all body atoms e(f)
that impose less restrictions than some other body atom e(#’). That is, for each i = 1,...,ar(e),
either t; = t] or t; = _. Note that, in particular, this removes all body atoms e() that have only
“_”s remaining in . Example 3.9 illustrates the application of this function, and this function will
be used to derive edge-cover widths and size bounds in Sections 5 and 7.

® gi: A function that acts as the identity function when the input rule contains fewer than k atoms

and applies gout otherwise. This function will be used in Section 4 to try to rewrite a bounded
program into a non-recursive equivalent version with some storage budget.

Jmin: This function retains only a minimal subset of body atoms from the original rule such that
all head variables are contained within the set. Then, similar to got, it replaces all variables that

)

are not in the head by “_”s. Furthermore, any duplicate variable occurrences in the body are

replaced by “_”, so that each head variable appears only once in the resulting rule. This function
will be used in Section 6 to reduce the number of rules in the transformed program.

Intuitively, different adornment relaxation functions have different levels of relaxation. Moreover,
in combination with the inlining-style adornments in Example 3.5, this notion of adornment
relaxation function suggests a way in which adornments can be propagated algorithmically.

Example 3.9. Consider the transitive closure program II from Example 1.1 and suppose that we
generate adorned rules as in Example 3.5. But now we apply the adornment relaxation function gout
to every rule thus generated. We initialize II’ = 0. The first rule R; in II gives rise to the following
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EDB-adorned rule which we add to IT’:

R} : TCrc(x y)e(xy) (X, Y) < e(x,y).

Next, consider rule R; in II, but replace the IDB atom in the body of R, by the adorned head
atom of the rule R] € II. Moreover, to get the adorned rule R;, we apply goy: to the adornment
TC(x,y) < e(x,z),e(z y), replacing z (which is not a head variable) by _. We thus obtain the rule

R; : TCTC(x,y)«—e(x,_),e(_,y) (x, y) — TCTC(x,y)(—e(x,y) (x’ Z), e(z, y)’

which we add to IT'.

We can now add the adornment TC(x,y) < e(x,_), e(_,y) to the IDB predicate in the rule body
of R,. That is, we assume that, when executing program I1’ on a database D, the body atom will be
generated by firing rule R}. Hence, in the first place, we have to rename the variables in R} apart
from the variables in R,. However, we then need to unify the head of R} with the body atom in
R;. Then, inlining results in an adornment of the form TC(x,y) « e(x,_),e(_, u), e(u, y), which
we transform into TC(x,y) « e(x,_),e(_, _),e(_,y) and further into TC(x,y) < e(x,_),e(_,y) by
applying gout- So we add to II” the rule

R; : TCTC(x,y)(—e(x,_),e(_,y) (x,y) « TCTC(x,y)<—e(x,_),e(_,y) (x,2),e(z,y).

In principle, we could now try to use the newly created rule R; to generate yet another adorned
version of R, by unifying the head of R; with the IDB body atom of R;. It is easy to verify that the
same process as described above would again yield an adorned rule that is exactly the same as R;.
Hence, the process of generating new EDB-adorned rules has reached a fixpoint, and we can take
II" = {R{, R}, R} }, which was already shown in Example 1.1, as our final EDB-bounded program.

As was illustrated in Example 3.9, the use of an adornment relaxation function allows us to
delete redundant body atoms from an adornment. However, in the context of an adorned program,
an entire rule may be redundant in that its deletion does not alter the semantics of the adorned
program. To detect certain forms of redundancy of an adorned rule for potentially different use
cases, we introduce “membership checking functions” next:

Definition 3.10 (membership checking function). A membership checking function is a function h
which takes as input an EDB-bounded rule R with head predicate g,, and a datalog program II, and
outputs either true or false. In this work, we consider two membership checking functions:

® heq: A function that returns true if there exists some R’ € II that is identical to R, up to variable
renaming, and false otherwise. Except for the discussion in Section 4, this function is used
throughout the remainder of the paper for deriving size bounds.

® hcont: A function that returns true if either (1) g, is not recursive in IT and there exists a predicate
g, such that p” subsumes p, or (2) there exists some R’ € II that is identical to R up to variable
renaming. Otherwise, it returns false. This function will be used in Section 4 in the semi-decision
procedure for boundedness.

3.2.1 Algorithm to Construct EDB-Bounded Programs. We now present Algorithm 1, which con-
structs an EDB-bounded datalog program based on a given program using a given adornment
relaxation function g and membership checking function h. The idea of the algorithm aligns with
the intuition given in our previous example. Namely, it iteratively tries, until a fixpoint is reached,
to turn the rules in the original program II into adorned rules in I by replacing each IDB body
atom of the original rule by an adorned atom already in IT’, and then generating the adornment for
the head atom using the adornment relaxation function g. The adorned rule is then added to IT’
subject to the membership checking function h.
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Algorithm 1: Construction of an EDB-bounded datalog program from a given program

input : A datalog program II
parameters: An adornment relaxation function g, a membership checking function h
output : An EDB-bounded datalog program IT’

1 Initialize IT" as an empty datalog program

2 repeat
3 foreach rule R inII do
4 W.l.o.g. assume that R has the form ¢(5) « (/\fL:1 pi(5)) A E, where
p1(51),...,pa(5)) are IDB atoms, and & is a conjunction of EDB atoms
5 foreach (pi,...,p)), such that foralli =1,..., A, there exists a rule R; in II" with
head atom Pip, (9;) with adornment p; do
6 Apply a variable renaming to all head atoms p; pi (9;) to obtain p; P (97) so that R
and all head atoms in all R; are variable-disjoint
7 Let p; be of the form p;(3;) « B;
8 o < some mgu{(5; 7)) |1 <i <A}
9 if no o exists then
10 ‘ Continue
1 po = the rule g(o(3)) « (/\;1=1 o(Bi)) Ao(E)
12 p=9(po)
13 R’ :=the rule g,(c(5)) « (/\;1:1 Pip, (6(51)) ANo(E)
14 if h(R’,IT") is false then
15 ‘ Add R’ to IT

16 until fixpoint for IT’
17 return IT’

We give a detailed explanation of the algorithm using the adornment relaxation function g, and
membership checking function h.q. We examine the behavior of the algorithm by distinguishing
rules (in IT) with only EDB body atoms and rules containing at least one IDB atom in the body.

Base case. Let R: q(5) < p1(51), ..., pu(5,) be arule in IT with only EDB atoms in the body. Then
we construct a rule R": q,(5) < p1(51), ..., pu(5,) to be added to IT". To obtain the adornment p,
let py be a rule of the form py: q(3) < p1(#),...,pu(t,) with t;; = s;; if s;; is a head variable in
R (ie. t;j € vars(5)) and t;; = _ otherwise. We then obtain p from p, by applying the adornment
relaxation function goyt-

Adornment propagation. Let R: q(5) < p1(51),...,pu(5,) be a rule in IT, where at least one p;
is an IDB predicate. Then, for every i, such that p; is an IDB predicate, choose one rule R; in IT’
with head atom p; pi (3;) for some adornment p;. If, for some i, no such rule exists yet, then no
new EDB-adorned datalog rule can be created from rule R at this point. Otherwise, let us assume
w.l.o.g. that R has the IDB body atoms p;(51), ..., pa(5)) for some A < p and that the remaining
body atoms are EDB atoms.

Now apply to all head atoms p; ,, (3;) of the rules Ry, ..., Ry a variable renaming to make sure
that rules R and the head atoms of the rules Ry, ..., R, are variable-disjoint. Note that, for each
atom p; , (0;), we now apply the same renaming of the variables g; also to the adornment p;. Hence,
by this variable renaming, the new head atoms of the rules Ry, ..., Ry are now Piy, (7).
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Next, we compute the simultaneous, most general unifier o of {(51,97), ..., (33,97)}. If no such
simultaneous unifier exists, then no new EDB-adorned datalog rule can be created from rule R with
this choice of EDB-adorned rules Ry, ..., R;. Otherwise, we add to IT" an adorned rule

R': qp(0(8)) — p1,,(6(51)). - .. a,, (6(52)), P21 (0 (Sp41))s - - Pu (0 (5)),

where we first define the rule p, and then obtain p by applying on p, the adornment relaxation
function goyt. The rule py is constructed as follows:

e The head of py is q(o(5)), i.e., the same as the unadorned head of the new rule R’;

e for every EDB atom p;(5;) in the body of R, we add the atom p;(#;) to the body of p, with
tij = o(si;) if t;; € vars(o(5)) (ie., o(s;j) is a head variable of R"), and t;; = _ otherwise;

o forevery i € {1,...,1} and for every atom e(a) in the body of p;, we add to the body of p, the
atom e(b) with bj = o(a;) if o(a;) € vars(o(3)) (i.e., o(a;) is a head variable of R’), and b; = _
otherwise.

Membership checking. Suppose that a new adorned rule is generated as explained above. Then our
algorithm only adds this new rule to II" if the membership checking function hq returns false—i.e.,
the new rule is not just a renaming of an already existing rule.

Let us comment on two particular aspects of the construction of I in Algorithm 1:

(1) It should be noted that, as adornment of an IDB body atom p; i (0(5;)), we take the original
adornment p; of the head atom of rule R;. In contrast, when transferring body atoms from
the adornment of the head atom of rule R; to the body of the adornment py, we first take the
adornment p; resulting from the variable renaming and then also apply the mgu o to these body
atoms. We then apply go,: to make sure that all variables in an EDB atom in the adornment p,
also occur in the head of rule R’ (after applying the mgu o to the rule R) and that redundant
EDB atoms are removed from the rule body of p,.

(2) Note that we have explicitly mentioned the base case here for the sake of readability. Clearly, the
case of a rule with only EDB atoms in the body is a special case of the adornment propagation
where A = 0. This is how rules with only EDB atoms in the body are handled in Algorithm 1.

3.2.2 Requirement of Simultaneous Unifiers in Algorithm 1. Note that, in Algorithm 1, we have to
compute a simultaneous unifier between each IDB body atom of a rule R and the rule heads of the
adorned rules Ry, . . ., R;. We show why this is required by applying the construction of Algorithm 1
to a slightly more complex datalog program as an example.

Example 3.11. Suppose that we apply Algorithm 1 with functions g, and heq. We consider the
following datalog program

p(v,0) «— e(v,w).
q(x,y,2) < p(x,y), p(y, 2).

Note that, in this case, we in fact have x = y and y = z. Therefore, we should ultimately get the
following adorned program:

pp(u,z))%e(v,_) (ZJ, U) — E(U, W)
9q(x,x,x)—e(x,_) (x’ X, x) €~ Dp(v.0)—e(v,_) (x: x), Pp(v0)—e(ov,) (xs x)-

Since the two body atoms in the second rule are identical, we can actually delete one and get

9q(x,x,x)—e(x,_) (xa X, x) < Pp(v,0)—e(v,_) (x» x)-
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Now, how should we define the adornment propagation in this case—taking variable renaming
and unification into account, and being able to reason about the equality of variables across different
atoms (e.g., x, y, and z in this particular example)?

First, we choose a rule for each of the two IDB body atoms. In this case, R; = R,. So the adornments
of the two IDB body atoms are fixed, namely p(v,v) < e(v, _) for both. However, before we can
compute the simultaneous mgu of each body atom with the head atom of the corresponding rule,
we have to rename the variables of all rules apart to avoid collisions, i.e., we get

R} Pp(o0)—e(o, ) (0,0) «— e(v,w).
Ré :pp(v’,v’)<—e(u’,_) (U,> U/) — C(Z),, W,)~

Note that, for computing the adornment of the head atom of the new rule, we have also applied the
variable renaming in rule R; to the adornment. This is in contrast to the adornment of the second
body atom of the new rule, where we have left the adornment of R, unchanged.

Now we have to compute 0 = mgu({(p(x,y), p(v,0)), (p(y,2), p(v’,0’))}). Clearly, o sets all
variables x, y, z,0, 0" equal. Nevertheless, there are several ways of expressing o, e.g.

o={xP oy 0vz- 00 - o}

o={y x,z— x,0— x,0 — x}.

We now have to apply the mgu to all atoms (head atom and all body atoms) of the rule R, i.e.,
depending on the choice of mgu, we get:

Withmgu o1:  q,(0,0,0) < p,, (v,0), pp,(v,0).
With mgu oz:  q,(x,x,x) < p,, (x,%), pp, (x, x).

Since p; = pz, we may drop one of the two body atoms in each of the above two rules.

Finally, we have to compute the adornment of the head atom of the new rule. We thus construct
a rule whose head atom is the same as the head atom of the new rule; as body atoms, we collect the
body atoms of the adornments of the head atoms in the rules R, and Ry, but first apply the mgu to
these body atoms. We thus get the following adornments:

Withmguoi:  p = q(v,0,0) «— e(v,_),e(v,_).
With mgu oz: p =q(x,x,x) «— e(x,_),e(x,_).

In both rules, the body consists of two identical atoms. Hence, in each rule, we can delete one
of the two body atoms, and we arrive at the rule qg(x,xx)—e(x,_) (%, %, X) < Pp(00)—e(o,_) (X, X), aS
mentioned above.

3.2.3 Equivalence of EDB-Bounded Programs Produced by Algorithm 1. We now establish the close
relationship between the original datalog program IT and the adorned program IT’ resulting from
Algorithm 1. More specifically, we show that, by an appropriate choice of the functions g and h, the
two programs are “equivalent”, i.e., for any EDB, they compute “the same” IDB relations modulo
adornment. This notion of “equivalence” is formally defined below.

Definition 3.12 (equivalent EDB-bounded program). Let Il be a datalog program and let II” be an
EDB-bounded datalog program. We say that IT and I1" are equivalent, if for every EDB D and for
every IDB predicate q occurring in II, the following condition holds:

L9@.D)] ={ ] [g,(0'. D)]
P
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That is, the set of tuples in the IDB relation g that can be derived by program II from the database D
coincides with the union over all sets of tuples in any adorned IDB relation g, that can be derived
by program I’ from the database D.

We next show that the EDB-adorned program IT" constructed from an arbitrary datalog program
IT according to Algorithm 1, with goyt and heq, is indeed an equivalent EDB-bounded program.

THEOREM 3.13. Given an arbitrary datalog program1I1, let I1" be the EDB-adorned program obtained
from 11 according to Algorithm 1 with adornment relaxation function goy and membership checking
function heq. ThenI1" is an EDB-bounded program equivalent to II.

Proor. Let IT and IT’ be according to the statement of the theorem. Moreover, let D be an arbitrary
database over the EDB predicates of IT (and, hence, also of IT"). We have to prove (1) that the two
programs lead to the same IDB relations (modulo adornments) and (2) that every adorned rule in
IT" is indeed bounded by the adornment of the head predicate.

Equivalence. Let q be an arbitrary IDB predicate occurring in IT. We have to show that [ ¢(I, D) ]| =
U, [, (I, D)] holds.

The inclusion [q(IL, D)]| 2 U, [[g, (I, D)] is seen as follows: Suppose that IT" contains a rule
R': qp(0(5)) « Py, (0(51)),.. .,p,,pﬂ (0(5,)), then, by the construction in Algorithm 1, IT contains
the rule R: q(3) « p1(51),..., pu(5,). Hence, any proof tree 7 of a ground IDB atom g, () with
program I’ can be turned into a proof tree 7~ of q(%) by simply replacing every rule R’ by the
corresponding rule R and removing all adornments.

It remains to prove the inclusion [q(TL, D)]] € U, [[g,(I", D)]. That is, for every f € [q(IL, D) ],
we have to show that there exists an adorned predicate g, with f € [¢,(II’, D)]. We prove this
property by induction on the depth of a proof tree of ¢(f) of program II over the database D.

Base case. Suppose that the depth of a proof tree of q(%) is j = 1, i.e., q(f) is derived by applying
a rule of the form q(5) < p1(51),...,pu(5,), such that all body atoms are EDB atoms. Then IT’
contains a rule g, (5) < p1(51),...,pu(5,), where p is constructed according to the base case of
Algorithm 1. In particular, p is such an adornment with € ¢, (II’, D).

Induction step. Now suppose that the depth of a proof tree 7~ of q(f) is j > 1. That is, the proof tree
7 has q(f) as root node, which is connected via edges with some label R to its child nodes. Let
p1(t), ..., pu(f,) be the ground atoms labeling the child nodes of the root in 7~ and let the rule R
have the form q(5) < p1(51), ..., pu(5,). Hence, R fires by (simultaneously) instantiating each body
atom p;(5;) to p;(1;), i.e., there exists a substitution 7, such that 5(5;) = #; for every i € {1,..., u}
and (35) =t

Clearly, the ground atoms p;(#),...,pu(f,) are either EDB atoms or they have a proof tree
of depth < j. Since we are assuming that the depth of 7 is > 1, there is at least one IDB atom
in the body of R. W.lo.g.,let 1 < A < psuch that py,...,p, are IDB predicates and pj,1,...,py
are EDB predicates. Hence, by the induction hypothesis, we can derive adorned atoms p; , (f;)
for some adornments p; also in I’ with 1 < i < A In particular, this means that II’ contains

rules R, ..., R} with rule heads p; ,, (#1;), such that Pip, () is a ground instance of pi, (@;). Wlo.g.,

suppose that R}, ..., R}, R are variable disjoint (otherwise apply variable renamings to R}, ..., R}
as in Algorithm 1). Clearly, #; is a common ground instance of @; and §;, for every i € {1,...,1}.
Hence, we can simultaneously unify 4; and §; for all 1 < i < A. Let 0 = mgu{ (@1, 5), ..., (@2, 51)}.

Then there exists a substitution 7, such that ro(#;) = r0(5;) = #; = n(5;) for every i € {1,...,4}.
Note that 5 possibly instantiates additional variables compared to n(o(-)), since it also maps all
tuples 5; withi € {1+ 1,..., u} to #;. Hence, there exists a substitution 8 (equal to 1 or extending
1), such that 0(o(5;)) = n(5;) = t; forevery i € {1,...,u} and 0(o(5)) = n(s) =1t.
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By Algorithm 1, IT" contains the rule R’: g,(c(5)) < Pip, (o(51)),. .. ,pﬂpu(cr(@l)), where p is
constructed according to the adornment propagation in Algorithm 1. By the above considerations,
¢ maps each body atom p; , (0(51)) to Pip, (0(0(5:))) = Pip, () and it maps the head atom g, (o (5))
to g,(8(a(3))) = g, (%). Since we are assuming that all the EDB-adorned atoms pipi(fi) fori e
{1,...,A} can be derived by Il from the EDB D, and D contains the ground atoms p;(;) for
ie{A+1,..., p}, we conclude that q,(f) can indeed be derived by II" from the EDB D.

Boundedness. We have to show that every rule in IT” is bounded by the adornment of its head
predicate. That is, let R” with head predicate g, be a rule in IT" and let g, () be derived by rule R’
when evaluating I1” over an EDB D. We have to show that g(7) is also derived when evaluating the
single-rule program consisting of rule p over the EDB D. The proof is by induction on the depth of
a proof tree in IT" of a fact g, (£).

Base case. Suppose that g, (%) is derived by a proof tree 7~ of depth j = 1 and that rule R’ with head
predicate g, is the top-most rule in 7°. Then R’ is of the form q,(5) < p1(51),...,p1(5,), where all
pi are EDB predicates. By the base case in Algorithm 1, R is constructed from a rule R of the form
q(3) < p1(51),...,p1(5,) inII, such that p is obtained from R by leaving the head atom unchanged
and replacing in every body atom all arguments that are not head variables by “_” and then deleting
redundant body atoms. Recall that the occurrences of “_” in body atoms are treated like pairwise
distinct, existentially quantified variables. Hence, whenever R fires, so does p, since the body of p
has been constructed by starting off with the body of R and possibly “weakening” (i.e., replacing

« %

some arguments by “_”) or even deleting some of the body atoms.

Induction step. Suppose that g, () is derived by a proof tree 7~ of depth j > 1 and that rule R” with
head predicate g, is the top-most rule in 7. That is, 7 has g, (%) as root node, which is connected
via edges with label R’ to its child nodes. Moreover, since j > 1, R’ contains at least one IDB atom
in the body. By the the adornment propagation in Algorithm 1, rule R’ is of the form

R': gp(0(5)) — pry (00 o Py, (0510, Past (6520, -, p(0(5,)).
Hence, the child nodes of the root in 7 are labeled by ground atoms Pip, (f1),..., Pip, (1) Pa+1(Fa+1),
-oos pu(ty), such that py, ... py, are IDB predicates, and pjs1, . . ., p are EDB predicates. Impor-
tantly, all tuples o(5;) with i € {1,..., u} can be simultaneously instantiated to ;. Hence, there
exists a substitution 7, such that #; = (0 (5;)) for every i € {1,...,u} and f = (o (3)).

Moreover, there exist rules Ry, ..., R; in II” with head predicates Pipy---Pips which were used
in the construction of rule R’. Recall from the propagation of adornments in Algorithm 1 that o is
actually obtained as mgu when simultaneously unifying, for every i € {1,..., A}, the arguments #;
of the head atom p; , (#;) of rule R; with the arguments §; of the corresponding body atom p;(5;) of
the rule R in II. (Here we are assuming w.l.o.g., that the rules Ry, ..., R, R are pairwise variable-
disjoint; this can always be achieved by appropriate renaming of variables.) Hence, o (5;) = o(@;)
and, therefore, we also have #; = 7(o(@;)) for every i € {1,...,A}.

In the proof tree 7, each Dip, (#;) has itself a proof tree 7; of depth < j, and the root node of 7;
is connected with edges labeled by R; with its child nodes. Hence, by the induction hypothesis,
every p;(f;) is also derived when evaluating the single-rule program consisting of rule p; only.
By the construction of II" in Algorithm 1, rule R; and the rule p; adorning the head predicate of
R; have, apart from the adornment, the same head atom. That is, the head atom of p; is p;(@;).
Moreover, as has been argued above, we have p;(#;) = p;(7(o(@;))). That is, the rule p; fires on the
EDB D by applying a substitution of the form ; U 7(a(-)) to p;, where 5; extends the substitution
7(0(-)) to the variables only occurring in the body of p;. Of course, for any two indices i # i’, the
substitutions #; and 1 cannot interfere with each other, since we are assuming that any two rules
out of Ry, ..., Ry are variable-disjoint and, therefore, also the adornments py, ..., py (which may
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only contain variables occurring in the head of the corresponding rules Ry, ..., R)) are pairwise
variable-disjoint.

Recall from the adornment propagation in Algorithm 1 that the adornment p of the head atom
g, (o(3)) of rule R’ is obtained as follows:

o The head atom of p is the same as the head atom of R’ without the adornment, i.e., g(c(5));

e in every EDB atom of the body of R’, the variables not occurring in o(8) are replaced by “_”, and
the resulting atom is added to the body of p;

e in every body atom of every rule p;, we first apply the substitution ¢ and then again replace the

variables not occurring in o(5) by “_”, before we add the resulting atom to the body of p.

Actually, some of the aforementioned body atoms of rule p may possibly be deleted by the
redundancy elimination step. Anyway, we show that all of the above mentioned (potential) body
atoms of rule p can be simultaneously matched into the EDB D by a substitution that extends
(o ().

First consider some body atom of p obtained from an EDB atom p; (o (5;)) of the body of R’. Even
without replacing some of the arguments in o(5;) by “_” (i.e., by a fresh existentially quantified
variable), we have that p;(7(o(5;))) is a ground atom from the EDB D. Hence, there clearly exists
an extension of 7(o(+)) to the fresh, existentially quantified variables so that the atom obtained
from p;(o(5;)) by introducing “_” is mapped to a ground atom in the EDB.

Now consider a body atom of p that is obtained from some body atom of some rule p;. As has
been shown above, even without replacing some of the arguments in this atom by “_” (i.e., by a
fresh existentially quantified variable), 7(o(-)) can be extended by a substitution #; that maps every
body atom of p; to a ground atom from the EDB D. Hence, we may again conclude that there exists
an extension of 7(o(-)) to the fresh, existentially quantified variables so that every body atom of p;
is mapped to an atom from the EDB D.

In other words, the rule p fires on the EDB D and produces the atom ¢(f) = q(z(c(5))). )

4 Semi-Deciding and Rewriting Bounded Datalog Programs

In this section, we revisit the problem of datalog boundedness. We first show the semi-decidability
of boundedness by (potentially infinite) inlining. Then, as one use case of our framework, we give
an instantiation that rewrites most practical bounded datalog programs into equivalent UCQs by
simple inlining. In case the equivalent UCQ is too large, or the program is unbounded, the algorithm
applies adornment relaxation functions to obtain an equivalent finite EDB-bounded program.

We start by formalizing this idea of potentially infinite inlining of datalog programs:

Definition 4.1 (unrolling). The unrolling of a datalog program II is defined as the non-recursive,
potentially infinite equivalent program derived by repeatedly inlining the rules of II.

It has also been well known that

THEOREM 4.2 ([29, THEOREM 3]). Given two UCQs Q1 and Q,, then Q; C Q5 if and only if every
CQ in Q1 is contained in a CQ in Q,.

Notice that Theorem 4.2 can be easily generalized to infinite UCQs and to non-recursive datalog
programs, which are equivalent to finite sets of UCQs. This leads directly to the following corollary:

CoROLLARY 4.3. Given a datalog program 11, let 11" be the unrolling of I1. Let I1;, be a non-recursive
(finite) datalog program equivalent to I1. Then I1;, is equivalent to a finite subset of rules from I1*.

Proor. A set of datalog rules sharing the same head predicate defines a UCQ. Consequently,
every CQ derived from rules in II;, must be contained within a CQ from the rules in IT*. Since II;,
has a finite set of rules, the set of CQs equivalent to II; in IT* is also finite. O
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Next, we show an application of this result within our framework to obtain a non-recursive
program that is equivalent to a given bounded datalog program.

PrROPOSITION 4.4. Given a datalog program 11, let II" be the (potentially infinite) output of applying
Algorithm 1 on I1 with the identity function id as the adornment relaxation function, and let IT* be the
non-recursive unrolling of I1. Then I’ is equivalent to I1*.

Proor. The head adornments form the unrolling of IT (each of which is simply an inlining), and
every rule in IT* is equivalent to its head adornment. O

Furthermore, by applying hcont as the membership checking function, which attempts not to add
an adornment if it is subsumed by another adornment, then the algorithm always terminates when
the input program is bounded:

PROPOSITION 4.5. Algorithm 1, with id as the adornment relaxation function and heont as the
membership checking function, terminates on a datalog program I1 if and only if I1 is bounded.

Proor. Let II;, be a non-recursive datalog program equivalent to IT and let IT" be the output of
the new algorithm. By Propositions 4.3 and 4.4, I, is equivalent to a subset S of IT". Every rule in
S™1 =TI' \ S must be contained by S. Since every rule in I’ is equivalent to a CQ, every rule in §~!
is equivalent to exactly one rule in S. It must then be the case that S™! = 0 by definition of the use
of the h¢ont membership checking function. ]

We illustrate the process with the following examples.
Example 4.6. Consider the following program:
Ri:r(y) «e(xy).
Ry:r(y) «r(x) e(xy).

This program is bounded and is in fact equivalent to one with only a single rule R;. Running the
algorithm with id and hcont, we first generate the adorned rule R} : 7r(y)—e(x,y) () < e(x,y). Then,
the algorithm would attempt to add p; : r(y) < e(x,y) as the adornment of r(x) in the second
rule, which then generates the adornment p, : r(y) < e(x’, x), e(x, y) for the head atom. However,
pa2 is subsumed by p1, so the algorithm terminates and outputs a program with one rule R;.

Example 4.7. We take the following program from [2, Example 12.5.6]:
Ry : Buys(x,y) « Likes(x,y).
Ry : Buys(x,y) « Trendy(x), Buys(_, y).

This program is bounded. After running the algorithm, we obtain the following equivalent non-
recursive program:

R} BUYSpyq(x. ) Likes(x,g) (X Y) < Likes(x, y).
Ry: BuySBuYS(x,y)<—Trendy(X),Likes(_,y) (x,y) « Trendy(x), BuySBUYS(X,y)HLikES(x,y) Y.

If we continue and attempt to add the adornment p, : Buys(x,y) « Trendy(x), Likes(_, y) of the
head atom of R} as an adornment of Buys(_, y), we generate the adornment p3 : Buys(x,y) «
Trendy(x), Trendy(x’), Likes(_, y). However, ps is subsumed by p,, so the algorithm terminates.

From Proposition 4.5, we have that, even though boundedness is undecidable,

CoROLLARY 4.8. Bounded datalog programs are recursively enumerable.
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We note that this does not have to be shown using our framework of adornment. The essence is
to perform inlining (which generates rules with only EDB atoms in the body) and eliminate rules
that are subsumed by another rule in the flavor of the membership checking function hcont.

Nevertheless, the algorithm does not terminate on an unbounded datalog program. To address
this, we propose relaxing the procedure using the adornment relaxation function g (instead of id).
This function introduces a budget k, retaining all EDB atoms in the adornment (like the identity
function does) until there are more than k, at which point it starts to behave as go,t. This guarantees
termination for all programs but loses the guarantee that all bounded datalog programs can be
rewritten into non-recursive equivalents when a rule in the output program requires more than k
EDB atoms in an adornment. However, one can choose a concrete value of k based on the time and
space budget allocated for the procedure. If the program is unbounded, or if the equivalent non-
recursive program is too large (exceeding the specified budget), the algorithm gracefully degrades
to use gout instead, as it is either impossible or practically unbeneficial to find the non-recursive
equivalent. Otherwise, the algorithm will successfully rewrite all bounded datalog programs that
fit within the budget k into non-recursive forms. We illustrate this idea by the following example.

Example 4.9. We take g, (gx with k = 2) as the adornment relaxation function and consider again
the program in Example 4.6, but with R; replaced by r(x) « b(x), where b is an EDB relation. This
program is no longer bounded. The algorithm starts by generating two EDB-bounded rules:

R} Tr(x)eb(x) (X) < b(x).
Ry Tr(y)eb(x).e(oy) (U) € Trix)eb(x) (%), e(x,1).

Then, when the algorithm attemps to add r(y) « b(x), e(x,y) as the adornment of r(x) in the body
of Ry, it generates the adornment r(y) « b(xp), e(x, x), e(x, y), which now has more than 2 body
atoms. Therefore, the adornment relaxation function would now behave as go,+ and transform it to
r(y) < e(_,y). We generate the following two additional rules before the procedure terminates:

Ré Tr(y)e—e(Ly) (y) < I'r(y)e=b(x).e(x,y) (x)’e(XS y)
R:; Tr(y)e—e(Ly) (y)  Ir(y)—e(Ly) (.X'), e(x’ y)

5 Towards FPT Upper Bounds on the Sizes of IDB Relations

As a second use case of our framework, we begin our investigation on upper bounds on the size of
the IDB relations produced by II over an arbitrary (extensional) database instance D. For a given
IDB predicate p in II, we aim at computing an edge-cover width w in terms of EDB predicates.
More specifically, if we have an upper bound N on the size of a single EDB relation in D and the
size |II| of the program II, then we want to conclude that the size of the IDB relation p resulting
from the evaluation of IT on D is bounded by f(II) - N*. In other words, over datalog programs
with bounded widths, the output size is fixed-parameter tractable with respect to the size of the
program. For this purpose, we again use the adornment relaxation function g+ and membership
checking function heq, which allowed us to establish the equivalence between an original datalog
program II and the EDB-bounded program II” resulting from Algorithm 1 in Theorem 3.13.

5.1 Edge-Cover Width

Towards our goal of providing upper bounds on sizes of IDB relations via adornments, we use a
notion analogous to edge cover numbers for conjunctive queries, which is naturally related to size
bounds. We start with the following simple example of an EDB-bounded datalog program.
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Example 5.1. Consider the datalog program IT with the following rules:

p(x,y,2) — e(x,y,w),e(x,z,w), e(y, z, w).
q(x.y) < p(xy, ),
where e is an EDB relation. II is equivalent to the following EDB-bounded datalog program I1":

Pp(x,y,z)ee(x,y,i),e(x,z,f),e(y,z,i) (x’ Y, Z) — e(x: Y, W)’ e(x’ 2, W)’ e(y’ z, W):
Ag(ey)—e(oy) (5 Y) < Pplxyz)—e(ry)e(xz ey ) (%Y )

We note that this EDB-bounded datalog program IT’ has the following property: if (a, b) is a tuple
in the IDB relation g, then there exists some c, such that the EDB relation e contains the tuple
(a, b, c). In other words, the adornment yields a restriction on the values that can possibly occur
in an IDB tuple, and it also yields an upper bound on the size of the IDB relation. In this simple
example, the size of the IDB relation g, is clearly bounded by the size of the EDB relation e.

The upper bounds on the sizes of IDB relations is captured by the notion of “edge-cover width”
from a hypergraph, which we define next.

Definition 5.2 (hypergraph associated with a rule). For every rule q(5) « pi(f;),---, pu(£,),
analogously to the case for conjunctive queries, we define a hypergraph associated with the rule as
H = (V(H),E(H)), where the set of vertices V(H) = Ule (vars(%;)), i.e., the set of variables, and
the set of hyperedges E(H) = {vars(#;) | 1 <1 < u}. We let Vot = vars(5) denote the set of output
variables, i.e., the set of variables in the head atom ¢(5).

In the case of a conjunctive query g with associated hypergraph H = (V(H), E(H)) and output
variables Vo, the simplest size bound is known to be given by (integral or fractional) edge covers
of Vout using the hyperedges in E(H), formally defined as follows.

Definition 5.3. An (integral/fractional) edge cover of H = (V(H), E(H)) with output attributes
Vout is any assignment (x¢).cg(x) that is a feasible solution to the following linear program:

K = min Z Xe

ecE(H)
s.t. Z Xe > 1 Yo € Vout,
ecE(H):vee
xe € {0,1} Ve € E(H), for integral edge cover, or
0<x.<1 Ve € E(H), for fractional edge cover.

k is called the (integral/fractional) edge cover number.
A full (integral/fractional) edge cover of H = (V(H), E(H)) is an (integral/fractional) edge cover
of H with output attributes V,,; = V(H).

With the (integral or fractional) edge cover, we can further calculate a size bound of g:

lgl < min ] e

ecE(H)
s.t. Z Xe > 1 Yo € Vout,
ecE(H):vee
xe € {0,1} Ve € E(H), for integral edge cover, or
0<x,<1 Ve € E(H), for fractional edge cover.
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Assuming all EDB relations have at most N tuples, the number of tuples in the final result is
bounded by N*, where « is the edge cover number.

For general datalog programs, we define an analogous measure called “edge-cover width” based
on the adornments, as follows.

Definition 5.4 (edge-cover width). Let g, (5) be anIDB relation in an EDB-bounded datalog program
IT". Let H, be the hypergraph associated with p and Vo be the set of output variables of p. Then,
the (integral or fractional) edge-cover width ew(p) of the adornment p is defined by the edge cover
number k of H,, to cover the output variables Vyt.

The edge-cover width ew(q,) of the adorned predicate g, is defined as ew(q,) = ew(p).

Moreover, the edge-cover width ew(I1") of an EDB-bounded datalog program Il is given by the
maximum edge-cover width ew(q,) among all EDB-adorned IDB relations g, in II".

Below, we generalize the observations from Example 5.1. That is, in an EDB-bounded program,
the edge-cover width allows us to establish an upper bound on the sizes of IDB relations and a
restriction on the values that can possibly occur in tuples of an IDB.

THEOREM 5.5. LetI1 be an EDB-bounded datalog program, and suppose that we evaluate IT over
a database instance D of size |D| = N. Let k = ew(q,) denote the fractional edge cover width of q,.
Then every IDB relation q,, has size |q,| < N*.

The above theorem is an immediate consequence of the famous AGM bound [8]. For the following
restrictions on the values that may possibly occur in an IDB tuple, we have to switch from the
fractional to the integral version of ew.

PROPOSITION 5.6. Let IT be a datalog program, let I be an EDB-bounded program equivalent to I,
and let q, be an IDB predicate inII', and let k = ew(q,) denote the integral edge-cover width. Then
there exist k EDB relations e, . . . ey with the following property: for every tuple s in the IDB relation q,,
there exist tuplest; € ey, ..., Ik € ek, such that every value s, in § occurs in one of the tuplesty, . .., &,
i.e, there exist i, j with sp = t;j.

ProoF. Let g, be an IDB predicate in I and let S = {ey, ..., ex} be an integral edge cover of p.
We are assuming that IT is an EDB-bounded datalog program. In particular, this means that the
adornment p bounds all rules with head predicate g, i.e., every tuple in the relation g, derived by
program II over a database D is also derived by applying p to D. Let p” denote the rule obtained
from p by deleting all body atoms that are not in S. Clearly, every tuple derived by applying p to
D is also derived by applying p’ to D. In other words, the IDB relation g/, is obtained by joining

the EDB relations ey, . . ., e followed by projection. In particular, this means that every tuple § in
the IDB relation g, gets its values from tuples #; € ey, ..., I € e, i.e, for every value s, in 3, there
exist i, j with s, = t;;. ]

By taking the equivalence of a datalog program with an EDB-bounded program into account, we
immediately get a further corollary.

ProrosITION 5.7. LetI1 be a datalog program and let 11’ be an EDB-bounded program equivalent
to I1. Moreover, let q be an IDB predicate in I1 and let k = ew(q) denote the integral edge-cover width.
Then, for every tuple s in the IDB relation q, there exist k tuples ty, ..., f; in EDB relationse, . .., e,
respectively, such that every value s, in § occurs in some tuple t; € ey, i.e., there exist i, j, s.t. t;j = s;.

PRrOOF. Let § be an arbitrary tuple in the IDB relation q. By the equivalence of IT and the EDB-
bounded program II’, there exists an adornment p, such that 3 is also a tuple in the IDB relation gq,.
By the definition of the edge-cover width, we have k = ew(q) > ew(q,). By Proposition 5.6, there
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exist (at most) k EDB relations ey, . . ., ek, such that every value s, in § occurs in some tuple ¢; € ¢;
withi € {1,...,k}. O

We have just seen that the edge-cover width ew(q,) of the IDB-predicate g, in an EDB-bounded
program II" allows us to bound the size of the IDB relation g, and to restrict the possible values
occurring in g, when evaluating I’ over a given EDB D. Hence, to make the bound as tight as
possible, it would be desirable to get ew(q,) as small as possible. Below we show that the EDB-
adorned program IT" according to Algorithm 1 is optimal in this sense, i.e., it minimizes ew(q) for
every IDB predicate g of the original datalog program II.

THEOREM 5.8. LetII be a datalog program and let II' be the EDB-adorned program II' produced by
Algorithm 1, when executed with relaxation function go.; and membership checking function he. Then,
for every IDB predicate q in 11, the integral edge-cover width ew(q) for the program 1’ is minimal over
all EDB-bounded programs equivalent to I1. More precisely, let I1"” be another EDB-bounded program
equivalent to I1. Moreover, let ewry (q) and ewn~ (q) denote the integral edge-cover width of q in II'
and 11", respectively. Then ewrr (q) < ewr(q) holds.

ProorF skeTcH. If Algorithm 1 gives an edge-cover width ewry (q) = k for a predicate q, we show
a way to construct an EDB instance such that, in some output tuple, there are k pairwise distinct
attribute values that have to be covered by k different tuples from this EDB instance. O

Theorem 5.8 allows us to refer to the integral edge-cover width of the EDB-bounded datalog
program II” constructed by Algorithm 1 with functions g,y and heq as the integral edge-cover width
of program I1. We note that, in Theorem 5.8, it is crucial that we define equivalence between the
original program IT and the adorned EDB-bounded program II’ in terms of all IDB predicates in
IT and IT". If we were only interested in the behavior of IT and II” on some distinguished output
predicate q, the edge-cover width of the EDB-bounded program produced by Algorithm 1 is not
guaranteed to be minimal over all datalog programs which agree with IT on g but may possibly use
a completely different set of additional IDB predicates. This is illustrated by the next example. Of
course, by the undecidability of datalog equivalence [38], we cannot expect to avoid such situations.

Example 5.9. Consider the following datalog program II:

p(w,x,y,2) — e(w),e(x), e(y), e(2),
q(w) < p(w,_,_, ).

and assume that q is the distinguished output predicate. Applying Algorithm 1 with functions gyt
and heq, we obtain an EDB-bounded datalog program IT” with the following rules:

Pp(wx,y.z)—e(w)e(x).e(y)e(z) (W X, U, 2) — e(w), e(x),e(y), e(2),
Aq(w)—e(w) (W) < Pp(w)—e(w)e(x)e(y).e(z) (Ws ).

The adorned IDB relation py(w,x,y,z)—e(w),e(x).e(y).e(z) and thus the program I have ew(II’) = 4.
However, the edge-cover width of the output predicate gg(w)—e(w) is only 1. If we perform a simple
inlining of the first rule of IT into the second before applying Algorithm 1, we obtain a program II”
with only one rule gy (y)—e(w) (W) < e(w), and hence get edge-cover width ew(IT”) = 1.

This example illustrates that the width defined on the overall datalog program with a dedicated
output predicate ¢ may change if inlining is employed to eliminate an auxiliary IDB relation with a
large edge-cover width (in this case, p). Nevertheless, the edge-cover width of g remains invariant
and the algorithm still correctly returns the minimum in either case.
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As a final remark to conclude this subsection, notice that in the Propositions 5.6 and 5.7 as well as
in Theorem 5.8, it was crucial to take the integral edge-cover width. From now on, unless explicitly
specified otherwise, “edge cover” will always refer to the fractional one.

5.2 Size Bounds

We have seen that, for each IDB relation g in some datalog program II, in the equivalent EDB-
bounded datalog program I’ constructed by Algorithm 1, there are some EDB-bounded IDB
relations in the form of g, in II". In Theorem 5.5, we have shown that, for each g, in IT’, |g,| <
Ne¥(@) Theorem 3.13 further suggests that the tuples in q will be exactly the union of the tuples
in all g,. Therefore, we immediately get the following form of upper bound on the size of g:

PROPOSITION 5.10. For an IDB relation q in a datalog programI1, let II' be the equivalent EDB-
bounded datalog program constructed by Algorithm 1 with functions gout and heq. Then, |q| <
f(I) - NV where f(I1) is the number of IDB relations of the form qp inII' (or, the number of
different adornments p that q takes in I1").

Note that Algorithm 1 does not rely on any property of the data in the EDB. Therefore, the
coefficient f(IT) depends solely on the schema of the original program IT. But, how can we determine
this coefficient, i.e., the number of adornments each IDB relation q in IT can take? We first show
that, due to the complexity of this task, it is unlikely that we can get an exact closed-form formula
for this number without explicitly generating IT":

THEOREM 5.11. Given an IDB relation q in a datalog program I1, the problem of counting the
number of adorned relations in the form of q, in the equivalent EDB-bounded datalog program I’
generated by Algorithm 1 with goy; and heq, denoted by #ADORNMENTS, is #P-hard.

Proor skeTcH. We use a reduction from the problem of counting the satisfying valuations of
a positive 2-CNF, which is known to be #P-hard [28]. We create one EDB relation per variable.
Then, for each disjunction x V y, we create three rules that have the same head p(5) but will have
adornments corresponding to (1) x, (2) y, and (3) both x and y, respectively. Finally, we create a rule
with head ¢(5) that has a conjunction of all p(3) as the body. Each adornment of g corresponds
precisely to one satisfying assignment of variables in the formula. O

Nevertheless, we can derive an upper bound of f(II) as follows:

THEOREM 5.12. For an IDB relation q in a datalog programI1, letI1" be the equivalent EDB-bounded
datalog program constructed by Algorithm 1 with functions gour and heq. Let #EDBs denote the number
of EDB predicates and let ear denote the maximum arity among the set of EDB predicates. Then, f (II),
the number of IDB relations of the form q,, inIl, is bounded by

f(II) < (ar(q) + [TI)*@ . o#EDBs((ar(q)+1)* ~1)

Proo¥ skeTCH. The factor (ar(g) + |II))*(?) counts the number of possible head atoms: The
relation is fixed to be g, and each attribute can be either a variable or a constant. There are at
most ar(q) different variables, and the number of possible constants is bounded by the size of the
program, |II|. Then, we count all subsets of the set of EDB atoms that can possibly be part of the
body of the adornment. There are #EDBs possible relations, and there are at most ear attributes
per atom. For each attribute, we choose either one of the ar(q) variables from the head, or the
underscore, and we eliminate the one case where all attributes are underscores. O

Note that this bound overcounts, as we miss an additional requirement that the EDB atoms in
the adornment cover all variables in the head atom. However, if we use a different argument, we
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can get better bounds on the size of an IDB q. We start by introducing, as a crucial tool for this
proof, the Stirling partition number.

Definition 5.13 (Stirling partition number). The Stirling partition number, or Stirling number of the
second kind, denoted by S(n, k), counts the number of ways to partition a set of n labeled elements
into k non-empty, unlabeled sets. It can be calculated by S(n, k) = Zi—io(—l)k‘i(f)i", based on
the inclusion-exclusion principle.

This concept aligns with the idea of edge covers for the IDB attributes. We then give the following
much tighter bounds.

THEOREM 5.14. For an IDB relation q in a datalog programIL, let I be the equivalent EDB-bounded
datalog program constructed by Algorithm 1 with gout and heq. Then,

ew(q)
Iql < Z S(ar(q), k) - P(#EDBs - N, k) - ear®" @ (1
k=1
< (#EDBs - ear - ar(q))*(? . N®V(@), (2)

where P(n, k) is the permutation number, and S(n, k) is the Stirling partition number.

Proor skeTcH. For bound (1), we first enumerate k, the number of partitions of a tuple. For each
k, S(ar(q), k) gives the number of possible ways to partition, and P(#EDBs - N, k) gives the number
of ways to assign one distinct EDB tuple (out of at most #EDBs - N) to each of the k partitions.
Then, each of the ar(q) attributes can take one of the ear values in the EDB tuple that is assigned
to the partition the attribute is in. (1) could be relaxed to obtain (2). O

Note that, in bound (2), the coefficient before N ew(q) depends only on the schema of the original
program II. This gives a tighter upper bound f(II) < (#EDBs - ear - ar(q))*"(?).

Below, we show multiple examples, in increasing order of generality, to illustrate the correctness
and tightness of the bounds.

Example 5.15. Consider the following datalog program. We have an EDB relation e with tuples
e(1,2) and e(3,4). And we have the following rules:

Ri:q(x.y.2) —e(xy)e(zw)  Ry:q(xy,2) « e(xy),e(w.2)
Rs:q(x.y.2) —e(x,w)e(y,2)  Ry:q(x,y,2) « e(w,x),e(y,2)
Rs:q(x,y,2) < q(y.2x)  Re:q(xy.2) < q(y,x2)  Rr:q(xx2) < q(xy.2)

This program has only 1 EDB relation e with arity 2 and one IDB relation q with arity 3. The
edge-cover width of the program is 2. In this particular case, ¢ will have all tuples (x, y, z) where
each of the three values x, y, z can take any value from the domain {1, 2, 3,4}—Rules R; to R, takes
three arbitrary values, and rules Rs to R; generate all permutations that also allow duplicates. So
the size of q is 4° = 64. The bound (1) gives |q| < 2°- 37_, S(3,k) - P(1-2,k) =8 (1X2+3X2) = 64,
which is exactly tight here. Nevertheless, if we use the relaxed version (2), we get |q| < (#EDBs -
ear - ar(g))*"@ - N*¥(@ = (1 x 2 x 3)® x 22 = 864, which is still correct but overcounts.

Example 5.16. We slightly extend Example 5.15. We keep the datalog program as-is, but the EDB
relation e now has three tuples: e(1, 2), e(3,4), and e(5, 6). How many tuples does g generate then?
We start with cases where all the three attributes (x, y, z) come from the same tuple in e. This is
the case when, e.g., we generate q(1, 2, 1) from e(1, 2) and e(1, 2) using the rule R;. For each such
tuple (a,b) in e, it can be verified that g will indeed contain all tuples (x, y, z) such that each value
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x, 1,z € {a, b}. Since no value overlaps in the EDB relation e, we have a total of 3 x 23 = 24 tuples
formed this way.

Now we continue to the tuples (x, y, z) in g where there are actually two different tuples in e
that contribute some value. There will be one tuple (a, b) in e that gives two values and one tuple
(c, d) that gives one value to this tuple in g. So we (1) choose the tuple (a, b) that gives two values
(3 choices), (2) choose the tuple (¢, d) that gives one value (2 choices), (3) choose one of the three
positions in the tuple (x,y, z) in g that has a value coming from (¢, d) (3 choices, x or y or z), (4)
choose the value to fill in the position we chose in step (3) (2 choices, ¢ or d), and finally (5) choose
the values of the remaining two positions (2 X 2 = 4 choices, as each can take either a or b, and
duplicates are allowed). So we have 3 X 2 X 3 X 2 X 4 = 144 tuples this way.

In total, we get 24 + 144 = 168 tuples in q in this program.

Now, if we use the size bound (1):

2
lq| < 2%~ ZS(S,k) -P(1x3,k) =8(5(3,1) - P(3,1) +5(3,2) - P(3,2)) =8 X (1 X3+ 3 X 6) = 168,
k=1
which again is exactly tight.
If we use the relaxed version (2), we get

|q| < (#EDBs - ear - ar(q))ar(q) SNV = (1x2x%3)% x 3% = 1944,
which again is correct but overcounts.

Example 5.17. We can further generalize this example. In fact, given any edge-cover width
ew(q) = w, IDB arity iar = p, EDB arity ear = v, number of EDB relations #EDBs = m, and
maximum data size N in each EDB relation, we can generate a datalog program that matches
exactly the size bound (1), which shows its tightness.

We start by creating m EDB relations ey, . . ., e, each with arity v. In each EDB relation e;, we
add N data tuples
(Nv(i—1)+1, Nv(i—1)+2, Nv(i—1)+v),
(Nv(i—1)+v+1, Nv(i—-1)+v+2, Nv(i—1) +2v),
(Nv(i—-1)+(N-1)v+1, Nvi-1)+(N-1D)v+2, ce Nv),
where each value occurs in exactly one attribute of exactly one tuple in exactly one EDB relation.
There is no duplicate value. For example, in e;, we have (1,2,...,v), (v+1Lv+2,...,2v),...,((N -
Dv+1,(N-1)v+2,...,Nv). In ey, we start with (Nv+ L,Nv+2,...,(N+1)v), etc.
Then, for each k = 1,...,0, for each (e;,...,e;) where each e;, € {ey,...,en}, for each
[CTI ,xjﬂ) where each x;, € {x,...,x%,}, we add a rule
q(xjs -5 x5,) e (X1, X0); €, (Xpats s Xaw)s -+ oy @i (X(k—1) vads - -+ Xkv)-

In essence, this rule chooses k EDB atoms to form an IDB atom in g, using y values from these k
EDB atoms (duplicates allowed). It should be clear that this program has exactly the edge cover
width w. Since all attributes in all tuples in all EDB relations are distinct, the number of tuples that
can be generated is exactly the bound (1), by the same argument as in the proof of Theorem 5.14.

To conclude this section, we would like to highlight that, even though the coefficient f(IT)
appears to have a large upper bound (in Theorems 5.12 and 5.14), we expect the exact f(II) to be
small for most practical datalog programs that are not artificially made to be adversarial in this
respect (e.g., Examples 5.15-5.17, which contain multiple shifting, swapping, and duplication of
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variables). It is small for, e.g., many classic examples such as transitive closure (Example 1.1, for
which f(IT) = 2), Example 4.6 from [2, Example 12.5.6], and same generation [2, Section 13.4].
Furthermore, in real-world scenarios, we very often need to assign types to attributes, and each
attribute has a semantic meaning. In such cases, variables have very limited possibilities to shift or
swap. Therefore, the actual number of adornments tends to be small, and this theoretical worst-case
upper bound seems, in general, a gross over-estimation.

6 Minimizing EDB-Bounded Datalog Programs

In the previous section, we have seen that, given a datalog program II, if we simply follow Al-
gorithm 1 to construct an equivalent EDB-bounded program, the number of adornments of each
predicate g (the coefficient in Theorem 5.12) can actually be much larger than the coefficient in
Theorem 5.14. In this section, we propose a way to minimize the EDB-bounded datalog program to
obtain an equivalent EDB-bounded datalog program with far fewer adornments and rules, so that
the number of adornments per IDB predicate matches the coefficient in Theorem 5.14.

We first note that the large number of adornments is partially because the same variable may
appear in multiple EDB atoms in the adornment. Therefore, to minimize, we enforce that each
variable appears exactly once in the body of the adornment.

Definition 6.1 (minimal adornment and minimal EDB-bounded program). A minimal adornment
is an adornment in which every variable v in the head of the rule appears in exactly one atom of
the body of the adornment. No atom in the adornment consists solely of underscores.

A minimal EDB-bounded datalog program II" is an EDB-bounded datalog program for which
every rule has a minimal adornment.

Recall the adornment relaxation function g, mentioned in Example 3.8, which retains a minimal
set of atoms required to cover the head of a rule and preserves only one occurrence of each variable
in the body. Assuming that, given an adornment, there is a consistent, deterministic way to choose
which atom the single occurrence of each variable should be in, we show that applying gmi, on an
EDB-bounded program yields an equivalent program with minimal integral edge-cover width.

THEOREM 6.2. Given an EDB-bounded datalog program Il'. Let 1" be the program constructed by
applying gmin on every adornment of Il’, then 11"’ is minimal and equivalent to I'. Furthermore, 11"
remains an EDB-bounded datalog program such that the integral edge-cover width ew (IT"") = ew(II").

Proor. By definition of gmin, every adornment in IT” is minimal. It is established that renaming
invented predicates results in a new program that contains the original one [42]. Thus, IT" C IT”.
Similarly to the proof of Theorem 3.13, restoring the original program II from IT"” is possible
by renaming all predicates to their non-adorned version. Therefore, II” C 1”7 C II. Since I is
equivalent to II, it follows that IT"”” is equivalent to both IT" and II. Finally, by construction, IT”" is
an EDB-bounded datalog program, since every head adornment is further relaxed to an adornment
that still subsumes the rule. The integral edge-cover width of the output program cannot change
from ew(II’) since gmin only keeps the minimal sets of EDB atoms needed for the cover. O

Example 6.3. The following is a minimal EDB-bounded program equivalent to II in Example 5.1.
It has the same minimal integral edge-cover width of 2.

Pp(xy2)—e(xy ez ) (XY, 2) — e(x,y, w), e(x,z,w),e(y, z, w),

9q(xy)—e(xy,) (X5 Y) < Pp(xpz)—e(xy, )e(z) (61, ).

Note, however, that this process of removing duplicate occurrences may change the fractional
edge-cover width. In this example, the adornments in Example 5.1 gives a fractional edge-cover
width of 1.5, whereas the minimal program above has a fractional edge-cover width of 2.
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We then give the following upper bound of the number of adornments in a minimal EDB-bounded
program, which now matches the coefficient f(IT) in bound (2) of Theorem 5.14.

THEOREM 6.4. Given a datalog programI1, letI1”” be the minimal equivalent EDB-bounded datalog
program obtained by applying Algorithm 1 with gout and heq followed by minimization with gmin.
Then, for each IDB relation q in I1, the number of IDB relations of the form q, in II"” is bounded by

ew(q)
Z (S(ar(g), k) - #EDBsF - ear®(9)) < (#EDBs - ear - ar(q))ar(q) = f(II).
k=1

7 FPT Complexity Bounds of Evaluation

In this section, we use EDB adornments and the resulting size bounds to provide fixed-parameter
tractable complexity bounds for datalog evaluation. In addition to the size bounds that we have
shown above, we also need some width notions from hypertree decompositions, as we will define
next, to reason about the complexity of evaluation.

We start by defining the hypergraphs associated with datalog rules, which are analogous to the
case for conjunctive queries as in [16].

Definition 7.1 (hypergraphs associated with datalog rules). Given a datalog program II, for each
rule R : g(3) < p1(#), ..., pu(t,), we define the hypergraph H associated with the rule R as one
with hyperedges E(H) = {vars(%;) | 1 < i < u} and vertices V(H) = UE(H).

The complexity bounds that will follow are based on results of incremental view maintenance,
which fundamentally relies on free-connex tree decompositions and related width measures [21, 44]:

Definition 7.2 (free-connex generalized hypertree decompositions). A hypertree (for a hypergraph H)
isa triple 7 = (T, y,A), where T is a tree, y : V(T) — 2" is a function s.t. Upevr) X(p) = V(H),
and A : V(T) — 2F) We call T~ a free-connex generalized hypertree decomposition (FCGHD) of H if

(H;) For every e € E(H) there exists some p € V(T) with e C y(p).

(H,) For every v € V(H), the set {p € V(T) | v € y(p)} induces a connected subtree of T.

(H3) For every p € V(T), we have y(p) € V(A(p)).

(Hy) There is a connected subtree S of 7~ such that ey (s) x(v) = Vout, i.e., the union of attributes
that appear in the y-labels in S is exactly the output attributes.

(Hgy) is generally called the connectedness condition, and (Hy) is called the connex condition. The set
x(p) for each tree vertex p € V(T) is conventionally called a bag.

Definition 7.3 ((integral/fractional) free-connex generalized hypertree width). Given a hypertree
decomposition 7', for each node p € V(7), let Vi (p) = Ueea(p) €. i-e., the set of all variables
in the hyperedges in the A-label. We define the hypergraph associated with the node p as H, =
(Vi (p), A(p)). The (integral or fractional) width w(7") of a hypertree 7 = (T, y, A) is the maximum
(integral or fractional) edge cover width to cover all variables in Vg, (p), among all nodes p € V(T).
The (integral or fractional) free-connex generalized hypertree width, denoted by fcghw(p), is the
minimal width among all possible free-connex generalized hypertree decompositions 7 .

Using the notion of free-connex generalized hypertree width, as well as the size bounds given by
the edge-cover width that we introduced earlier, we have

THEOREM 7.4. A datalog programI1 over a database instance with at most N tuples per EDB relation
can be evaluated in time O((f (IT))feshw (D . 1| . New(ID)-feghw(ID)) “yyhere feghw (IT) is the free-connex
generalized fractional hypertree width.
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PRrRoOF SKETCH. We assume a semi-naive-style evaluation on the program IT and use techniques
of incremental view maintenance to evaluate the program. We start by evaluating rules whose body
consists of EDB atoms only, simply as conjunctive queries. Then, in each following iteration, for
each rule, we update the relation in the head atom based on the delta from the previous iteration.
For this, we view the rule again as a conjunctive query, where the relations have sizes at most
(M) - N*vID_ Using results of incremental view maintenance [3, 44], we can obtain the bound
by performing change propagations on a free-connex hypertree decomposition, which leads to a
constant amortized delay for result enumeration. O

If we restrict the scope and consider only simple chain datalog programs, i.e., those where each
rule contains at most two body atoms, the free-connex hypertree width is at most 2, and we
therefore obtain the following bound as a corollary.

CoOROLLARY 7.5. A simple chain datalog program IT over a database instance with at most N tuples
per EDB relation can be evaluated in time O((f(|I1]))? - |IT| - N?ew(D),

For linear datalog programs, i.e., those where each rule has at most an IDB atom in the body,
and the rest are all EDB atoms, each with size at most N, we have

THEOREM 7.6. A linear datalog program I1 (where each rule has at most one IDB atom in the
body) over a database instance with at most N tuples per EDB relation can be evaluated in time
O(f(H) . |H| . New(H)+fcghw(H)—1).

Proor skeTcH. The strategy is similar to that of Theorem 7.4. The difference is that, for linear
datalog programs, if each EDB relation has size at most N and each IDB relation has size at most
(1) - N*¥ID | then each intermediate relation materialized for each bag of the FCGHD has size at
most f(IT) - NeW(ID+feghw(ID—1 "gince there are at least (fcghw(IT) — 1) EDB relations each with size
at most N, and the remaining one is either IDB or EDB, but the size is at most f(II) - Newd) g

In addition, we present the complexity bound for a new class of programs:

Definition 7.7. A datalog program is called adornment groundable, if, for every rule,

(1) every EDB atom must either have a variable that is not shared with any other atom and appears
in the rule’s head, or every variable in the EDB atom must appear in the rule’s head; and
(2) each IDB variables must appear in the head or in some EDB atom.

This definition implies that, for every rule of the equivalent EDB-bounded program, selecting
a grounding for the head adornment implies a unique grounding for the entire rule. This class
includes classic examples such as transitive closure and reachability.

THEOREM 7.8. An adornment groundable datalog program II over a database instance with at most
N tuples per EDB relation can be evaluated in time O(f(II) - |II| - NV (D),

Due to space constraints, we leave more details about this class to the full version of the paper [13].
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