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Query optimizers must efficiently choose a query plan using noisy estimates of cardinalities. We study robust

query optimization, where the optimizer is made aware of the uncertainty in cardinality estimates and needs

to select the most “robust” plan. A key empirical observation is that a small set of plans often suffices as robust

plan candidates for all queries following a given template. We formalize this phenomenon by introducing

coresets of plans and extend this notion to robust coresets, which incorporate uncertainty. We prove positive

and negative results on the sizes of such coresets for common cost-function classes. Because our lower bounds

suggest that the size of a coreset can be large in the worst case, we exploit the fact that in practice queries arise

fromworkload distributions, rather than being arbitrary. We present algorithms that construct workload-aware

coresets whose size and performance closely match those of the optimal workload-specific coresets.
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1 Introduction

Query optimization is a foundational problem in database systems, where the goal is to compile a

declarative query into an efficient execution plan [40]. This optimization is guided by a cost function

that predicts the runtime cost of a candidate plan using estimates of the cardinalities of intermediate

results produced by various subplans (or, equivalently, their selectivities over the cross products

of their input tables). A central and long-standing challenge in query optimization is coping with

inaccurate estimates, which can lead the optimizer to choose plans whose execution costs are

orders of magnitude higher than optimal. While improving estimator accuracy remains an active

area of research, estimation uncertainty is inherent, motivating the study of robust optimization

techniques that select plans resilient to such uncertainty.
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Instead of using point estimates from an estimator, we can leverage modern learned estimators’

ability to provide measures of uncertainty (e.g., [34]) or profile the errors produced by the estimator

(e.g., [49, 50]). Such information about uncertainty can be modeled as a predictive distributions over

the cardinality space, where each dimension corresponds to the cardinality of a subquery relevant

to the query. This capability enables a principled stochastic formulation of “robustness,” in which

we seek plans that minimize objectives such as the expected competitive ratio or the probability of

exceeding the point-wise optimal cost. However, finding robust plans comes at a computational

cost. Evaluating plans under these robust objectives requires integration over a high-dimensional

distribution, and searching for the optimal robust plan is a challenging stochastic optimization

problem over an exponentially large plan space. A classical strategy to mitigate online optimization

cost is parametric query optimization (PQO) [30], which precomputes a compact coreset of plans

designed to cover the cardinality space. This raises several foundational theoretical questions: Do

small, general-purpose coresets exist for modern robustness objectives? If so, how can we compute them

efficiently, and how can they enable fast, provably robust plan selection at runtime?

To address these questions, we initiate a systematic study of coresets for robust query optimiza-

tion. We model plan costs as functions of cardinalities and represent uncertainty in cardinality

estimates as distributions over the cardinality space. Within this framework, we consider two

robustness objectives: minimizing risk (measured as the probability of exceeding the optimal cost

by a prescribed factor) and minimizing expected (competitive) penalty (measured as the relative

slowdown compared with point-wise optimal plans).
1
We formalize the notion of coresets under

the aforementioned robustness objectives and establish combinatorial bounds on their worst-case

complexity. Our primary focus, however, is on a more realistic setting in which queries arise from

an underlying workload distribution. In this setting, we present efficient algorithms for computing

near-optimal workload-dependent coresets and for inferring robust plans from these coresets at

runtime.

Our algorithms incorporate and build on several heuristics from query optimization that were

previously evaluated primarily empirically (e.g., [20, 43, 49–51]), and a key aspect of our work is

that it provides mathematical foundations for these approaches and establishes provable guarantees

on their performance.

2 Framework and Contributions

In this section, we present our framework for robust query optimization and coresets, and summarize

our main results.

2.1 Our Framework

Consider a query template Γ with parameter set params(Γ), whose elements serve as placeholders for

query constants drawn from appropriate domains. A query 𝑄 following Γ assigns specific values to

the parameters in params(Γ). We call the set Q of possible queries following Γ the query space of Γ.
Let Π denote the set of all possible plans for queries in Q. In database systems, the cost of a plan

𝜋 ∈ Π for a given query 𝑄 ∈ Q is modeled as a function of the cardinalities of intermediate results

required to compute 𝑄 [17]. Define the cardinality space with respect to Γ by S := R𝑑
≥0
, where each

dimension corresponds to an intermediate result (defined by parameterized subqueries under Γ)
that can be produced by executing some plan in Π. Each plan 𝜋 ∈ Π has an associated cost function

Cost(𝜋, s) : Π × S→ R+ that returns the cost of executing plan 𝜋 when the sizes of the intermediate

results are given by s ∈ S. For a cardinality vector s, let 𝜋★(s) := arg min𝜋∈Π Cost(𝜋, s) denote the
best plan w.r.t. s, and let Cost★(s) := Cost(𝜋★(s), s) denote its cost.

1
Although we focus on these two objectives, our framework applies more broadly to other related robustness objectives.
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For a query 𝑄 ∈ Q, we define its true cardinality vector s★
𝑄
∈ S as the vector of cardinalities of all

intermediate results when 𝑄 is evaluated on the underlying database. The true cost of executing

plan 𝜋 ∈ Π for 𝑄 is Cost(𝜋, s★
𝑄
). In query optimization, given a query 𝑄 , we would like to compute

the optimal plan 𝜋★(s★
𝑄
). However, in practice, s★

𝑄
is unknown when optimizing𝑄 , and the database

optimizer uses an estimated cardinality vector ŝ𝑄 . A major challenge in query optimization is that

when ŝ𝑄 differs from s★
𝑄
, the resulting cost Cost(𝜋★(ŝ𝑄 ), s★𝑄 )—that is, the cost of the plan chosen

using the estimated cardinalities when evaluated under the true cardinalities—can significantly

exceed Cost★(s★
𝑄
) = Cost(𝜋★(s★

𝑄
), s★

𝑄
), the optimal cost under the true cardinalities.

Robust Query Optimization. We assume that the cardinality estimator returns not merely a point

estimate ŝ𝑄 for a given query𝑄 , but instead a probability distribution U𝑄 over the cardinality space

S that captures the uncertainty about the true cardinality vector s★
𝑄
. We call U𝑄 an uncertainty profile.

We do not assume any specific structure for U𝑄 , nor do we require uncertainty profiles to be identical

across queries; we only assume that samples can be drawn from U𝑄 . Such uncertainty profiles are

widely used [1, 8, 16, 47–50] and increasingly available from learned cardinality estimators that

output predictive distributions rather than point estimates [38, 52].

In robust query optimization (RQO), we aim to identify plans that perform well across possible

cardinality realizations using the additional available information from the uncertainty profile. We

first define the (competitive) penalty of a plan 𝜋 ∈ Π at cardinality vector s ∈ S as

Pnl(𝜋, s) :=
Cost(𝜋, s)
Cost★(s)

.

We then consider two principal notions of robustness.

(1) Risk: Given some threshold 𝜏 ≥ 1, the 𝜏-risk of a plan 𝜋 for query 𝑄 is defined as

Risk(𝜋,𝑄 ; 𝜏) := Pr

s′∼U𝑄

[Pnl(𝜋, s′) > 𝜏] .

In other words, it is the probability that 𝜋 incurs a penalty exceeding 𝜏 under the uncertainty

profile U𝑄 . We denote by Risk★(𝑄 ; 𝜏) := min𝜋∈Π Risk(𝜋,𝑄 ; 𝜏) the optimal risk value, and by

𝜋★
Risk (𝑄 ; 𝜏) := arg min𝜋∈Π Risk(𝜋,𝑄 ; 𝜏) the plan achieving it. When the threshold 𝜏 is clear from

the context, we drop the parameter 𝜏 and simply write Risk(𝜋,𝑄), Risk★(𝑄), and 𝜋★
Risk (𝑄).

(2) Expected penalty: The expected penalty of a plan 𝜋 for a query 𝑄 is defined by

EPnl(𝜋,𝑄) := E s′∼U𝑄
[Pnl(𝜋, s′)] .

Given a query𝑄 , we write EPnl★(𝑄) := min𝜋∈Π EPnl(𝜋,𝑄) for the optimal expected penalty under

U𝑄 , and by 𝜋★
EPnl (𝑄) := arg min𝜋 ∈Π EPnl(𝜋,𝑄) the plan achieving it.

Given a query 𝑄 , our goal is to efficiently compute the plan that minimizes the objectives above.

Coresets of plans. Query optimization is NP-hard even without robustness considerations [13,

17, 29], motivating extensive prior work in parametric query optimization [14, 20, 22, 24, 30, 50].

PQO precomputes and caches a small set of candidate plans per query template; at runtime, a plan

is selected from this cache, avoiding costly optimizer invocations.

We formalize this cache selection problem through coresets of plans, a concept that has been used

broadly in optimization problems [3, 37] and query processing [4, 6, 54]. For a query template Γ, a
coreset M ⊆ Π is a small subset of plans that contains a near-optimal plan for any query 𝑄 ∈ Q
under a chosen objective function. Adapting the classical coreset notion to query plans, we say
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that for 𝛼 ≥ 1, a subsetM ⊆ Π is an 𝛼-coreset for cost if for any cardinality vector s ∈ S,2

min

𝜋 ∈M
Cost(𝜋, s) ≤ 𝛼 Cost★(s).

Our focus is on coresets for robust optimization. We study two variants corresponding to our

two robustness objectives.

(1) Coresets for risk. For 𝜏 ≥ 1 and 𝜀 ∈ (0, 1), a subsetM ⊆ Π is an (𝜀, 𝜏)-coreset for risk if, for

any query 𝑄 ∈ Q, min𝜋∈M Risk(𝜋,𝑄 ; 𝜏) ≤ Risk★(𝑄 ; 𝜏) + 𝜀.
(2) Coresets for expected penalty. For 𝛼 ≥ 1, a subset of plansM ⊆ Π is an 𝛼-coreset for expected

penalty if, for any query 𝑄 ∈ Q, min𝜋 ∈M EPnl(𝜋,𝑄) ≤ 𝛼 EPnl★(𝑄).
The above notions of coreset are strong as they require worst-case guarantees for all queries

in Q. In practice, real queries are often drawn from a subset within Q, governed by the query

workload. We therefore focus on workload-dependent coresets, defined below. We call a probability

distribution over the query space Q a workload distribution.

Let W be a workload distribution and let 𝛿 ∈ (0, 1) be a confidence parameter. A set of plans

M ⊆ Π is a workload-dependent (𝜀, 𝜏, 𝛿)-coreset for risk or a workload-dependent (𝛼, 𝛿)-coreset for
expected penalty w.r.t.W if, for any random 𝑄 ∼W, with probability at least 1 − 𝛿 ,

min

𝜋 ∈M
Risk(𝜋,𝑄 ; 𝜏) ≤ Risk★(𝑄 ; 𝜏) + 𝜀 and min

𝜋∈M
EPnl(𝜋,𝑄) ≤ 𝛼 EPnl★(𝑄).

As a shorthand, we denote them as (𝜀, 𝜏, 𝛿 |W)-coreset for risk and (𝛼, 𝛿 |W)-coreset for expected
penalty, respectively.

2.2 Our Contributions

We begin by proving worst-case bounds on the size of coresets. However, our main contribution

is the design of algorithms for computing workload-dependent coresets of plans with respect to

robustness objectives, and for inferring robust plans at runtime using these coresets. We divide our

results into two categories: worst-case results and workload-dependent results. In the main body of

the paper, we focus on the workload-dependent results, while presenting the worst-case results in

the appendix.

Worst-case results. Here we focus on cost coresets, as they are simpler to analyze than coresets

for robustness objectives. In general, the minimum size of a coreset of plans with respect to an

objective function depends on the query template Γ and the cost model, making general bounds

difficult without template-specific assumptions. To obtain template-agnostic worst-case guarantees,

we instead focus on families of cost functions commonly used to model plan costs. In practice, these

are typically low-degree polynomials, with linear functions being particularly common [28, 47, 48].

We consider a simplified setting where the cost function of a plan is a linear function over

S = R𝑑
≥0

with coefficients in [1, 𝑀]. We construct a set of cost functions such that, in the worst

case, any 𝛼-coreset for cost must have size at least Ω
(

1√
𝑑

log
𝑑−1

𝛼 ·𝑑 𝑀

)
in the worst case, showing that

the curse of dimensionality is unavoidable even in this simplified setting. We also prove a nearly

matching upper bound, showing that there always exists an 𝛼-coreset for cost of size 𝑂 (log
𝑑
𝛼 𝑀),

and extend the upper bound to polynomial cost functions with bounded degree (Theorem A.1,

Appendix A). Moreover, given any set Π of plans whose cost functions are linear with coefficients

in [1, 𝑀], we design an algorithm that computes a coreset for cost whose size is comparable to the

instance-optimal coreset (Theorem A.5, Appendix A).

2
We note that we define the coreset in terms of all possible cardinality vectors overall, which is a stronger condition than

requiring that M approximates the costs for all𝑄 ∈ Q and all possible s𝑄 . This stronger notion is convenient in that we do

not need to explicitly require that every selectivity vector s sampled from U𝑄 is realizable.
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Workload-dependent results. The above worst-case bounds contrast with experimental studies

showing that small coresets often exist in practice, even for robust objectives [18–20, 50]. This

gap arises for several reasons. In practice, the query template significantly restricts the space of

feasible plans. Moreover, the arbitrary cost functions used in the lower-bound constructions may

not correspond to legitimate plans. Most importantly, queries typically arise from an underlying

workload distribution rather than from the entire space of possibilities. Consequently, an effective

coreset only needs to cover the region of the query space induced by this workload distribution,

which can be much smaller than the worst-case space. This raises the following question: suppose

there exists a small workload-dependent coreset for expected penalty or risk; can we efficiently compute

a robust coreset of comparable size and use it to select robust plans?

Robust coreset construction. Our main algorithmic contribution is a technique for computing near-

optimal-size workload-dependent (robust) coresets. We present the algorithm for the risk objective,

but the approach is general and extends with minor modifications to cost, expected penalty, and

other robustness notions. The algorithm is also oblivious to the form of the cost function, requiring

only non-negativity and no structural assumptions such as linearity.

Specifically, let Q denote the query space and Π the corresponding set of plans for a query

template. Let |Π | = 𝑁 . LetW be a workload distribution over Q. For parameters 𝜀 ∈ (0, 1], 𝜏 ≥ 1,

and 𝛿 ∈ (0, 1), let𝜅∗ denote the size of the smallest (𝜀, 𝜏, 𝛿 |W)-coreset for risk. We present (Section 3)

an algorithm, AlgRiskCoreset, that observes 𝑂 (𝜅∗) queries sampled from W and computes a

set of plans C ⊆ Π of size 𝑂 (𝜅∗) such that, with high probability, C is a (3𝜀, 𝜏, 3𝛿 |W)-coreset for
risk (Theorem 3.5).

3
For clarity, we present the algorithm in the setting where the plan set Π and

their cost functions are explicitly available, and Cost(𝜋, s) can be evaluated in constant time for any

plan 𝜋 . This corresponds to scenarios where plans are enumerated offline for a query template or

obtained from historical workloads [22, 24, 43]. In this setting the algorithm runs in 𝑂 (𝜅∗ 𝑁 ) time.

We also extend our algorithm to a setting where plans are not explicitly enumerated, but instead

are obtained by solving a Mixed-Integer Linear Programming (MILP) optimization problem, which

implicitly defines the feasible set of plans (Section 3.3).

Robust plan selection using coresets. We present (Section 4) an inference procedure LocalInference

that, given a set of plans C and a query 𝑄 , picks a plan among C. We show that when C is an

(𝜀, 𝜏, 𝛿 |W)-coreset for risk and𝑄 ∼W, the procedure returns a plan 𝜋 ∈ C such that Risk(𝜋,𝑄 ; 𝜏2) ≤
2 Risk★(𝑄 ; 𝜏) +𝑂 (𝜀) with probability at least 1 −𝑂 (𝛿) (Theorem 4.1). In other words, if the optimal

𝜏-risk is 𝑝 = Risk★(𝑄 ; 𝜏), then the procedure returns a plan whose 𝜏2
-risk is at most 2𝑝 +𝑂 (𝜀). The

procedure requires near-linear time in the size of C, i.e., 𝑂̃ (𝜅∗).
We also show how to augment a given (𝜀, 𝜏, 𝛿 |W)-coreset C for risk with an additional set of

plans C′ so as to strictly improve the quality of inference. Specifically, we present a procedure that,

given parameters 𝛼 > 1 and 𝛿 ∈ (0, 1), produces a set of plans C′ such that for any query 𝑄 ∼W,

LocalInference(C∪C′, 𝑄) returns a plan 𝜋 ∈ C∪C′ such that Risk(𝜋,𝑄 ; 𝜏𝛼) ≤ Risk★(𝑄 ; 𝜏)+𝑂 (𝜀)
with probability at least 1 −𝑂 (𝛿) (Theorem 4.5, Lemma 4.7 and Theorem 4.8). To achieve this, we

introduce the notion of a neighborhood-cost coreset and show that C′ is a small instance of such a

coreset, keeping the augmented set compact (Section 4.3).

3 Algorithm for Computing Coresets for Risk

In this section, we present an algorithm, called AlgRiskCoreset, for learning aworkload-dependent

coreset for risk from samples of the query workload. Throughout this section, we assume a fixed

query template Γ. Let Q denote the query space and Π the set of plans corresponding to Γ. Let
|Π | = 𝑁 . We assume queries are drawn from a workload distributionW over Q.

3
The𝑂 ( ·) notation suppresses polylogarithmic factors in 𝑁 and constants depending on parameters such as 𝜀 , 𝜏 , and 𝛿 .
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The algorithm takes as input a confidence parameter 𝛿 ∈ (0, 1), a penalty threshold 𝜏 ≥ 1, and an

accuracy parameter 𝜀 ∈ (0, 1). It does not require explicit knowledge of the workload distribution

W, but instead draws samples fromW. The algorithm returns a (𝑐𝜀, 𝜏, 𝑐′𝛿 | W)-coreset for risk of

Π, of size 𝑂 (𝜅∗ log𝛿−1), where 𝜅∗ is the optimal size of a (𝜀, 𝜏, 𝛿 | W)-coreset for risk, and 𝑐, 𝑐′ > 1

are constants that can be chosen arbitrarily close to 1.

We first present AlgRiskCoreset under the explicit setting, in which the algorithm is given the

set Π of all plans and the cost function Cost(𝜋, ·) for every plan 𝜋 ∈ Π (Sections 3.1 and 3.2). Next,

we discuss how to adapt AlgRiskCoreset to the implicit setting, where the plan set Π is defined

via an MILP (Section 3.3).

3.1 AlgRiskCoreset

Let 𝜅∗ denote the size of the smallest (𝜀, 𝜏, 𝛿 |W)–coreset for risk. Here is the main idea of the

algorithm. We choose a random sample W̃ of 𝑂 (𝜅∗/𝜀2) queries from the workload distribution W.

We say that a query 𝑄 ∈ W̃ is covered by a plan 𝜋 ∈ Π if Risk(𝜋,𝑄) ≤ Risk★(𝑄) + 𝜀. We use a greedy

maximum-coverage algorithm to construct the desired coreset C of size 𝑂 (𝜅∗ ln𝛿−1). At each step,

it chooses a plan 𝜋 ∈ Π that covers the maximum number of "uncovered queries" of W̃. We repeat

this step 𝑂 (𝜅∗ ln𝛿−1) times. There are, however, two challenges in implementing this algorithm:

we do not know the value of 𝜅∗, and computing Risk(𝜋,𝑄) is infeasible since we do not know U𝑄

precisely. We therefore guess the value of 𝜅∗ and estimate Risk(𝜋,𝑄) by drawing samples from U𝑄 .

We now describe the algorithm in detail.

The algorithm proceeds in rounds. At the beginning of round 𝑟 , it sets a parameter 𝑘𝑟 := 2
𝑟−1

,

which is the current guess for 𝜅∗. A round works as follows:

(1) [Workload sampling] Set 𝔫𝑟 = (𝑐1𝑘𝑟/𝛿2) ln(𝑁 ) ln(𝛿−1) for some constant 𝑐1 > 0. We choose

a random set W̃𝑟 = {𝑄1, . . . , 𝑄𝔫𝑟 } of 𝔫𝑟 queries, where each 𝑄𝑖 is drawn independently and

identically.

(2) [Risk estimation] Set 𝔪𝑟 = (𝑐2/𝜀2) ln(𝑁 ) ln(𝔫𝑟 ) for some constant 𝑐2 > 0. For each query

𝑄𝑖 ∈ W̃𝑟 , draw a setZ𝑖 = {s𝑖,1, . . . , s𝑖,𝔪𝑟
} cardinality vectors according to its uncertainty profile

U𝑄𝑖
. Next, for each 𝑄𝑖 and 𝜋 ∈ Π, compute the proxy risk, R̃isk(𝜋,𝑄𝑖 ), which is the fraction of

cardinality vectors inZ𝑖 for which the penalty of 𝜋 exceeds 𝜏 , i.e.,

R̃isk(𝜋,𝑄𝑖 ) :=
1

𝔪𝑟

𝔪𝑟∑︁
𝑗=1

1{Pnl(𝜋, s𝑖, 𝑗 ) > 𝜏}. (1)

The algorithm makes two passes over Π to compute Pnl(𝜋, s𝑖, 𝑗 ). First, it computes Cost(𝜋, s𝑖, 𝑗 ) for
every plan 𝜋 , which also gives Cost★(s𝑖, 𝑗 ). In the second pass, it computes Pnl(𝜋, s𝑖, 𝑗 ) for every 𝜋 .

(3) [Greedy cover] For each plan 𝜋 ∈ Π, we define its cover to be the set of queries 𝑄𝑖 for which

R̃isk(𝜋,𝑄𝑖 ) exceeds the optimal proxy risk by at most 2𝜀. More precisely,

Cov(𝜋) :=

{
𝑄𝑖 ∈ W̃𝑟 : R̃isk(𝜋,𝑄𝑖 ) ≤ min

𝜋 ′∈Π
R̃isk(𝜋 ′, 𝑄𝑖 ) + 2𝜀

}
.

We now run the greedy maximum coverage algorithm to choose the coreset C. Set the budget
b𝑟 := 𝑐3𝑘𝑟 ln𝛿−1

for a suitable constant 𝑐3 > 0, and initialize C = ∅. Iteratively select the plan

𝜋∗ = arg max

𝜋 ∈Π
Cov(𝜋) with the largest coverage, add 𝜋∗ to C and set Cov(𝜋) = Cov(𝜋) \ Cov(𝜋∗)

for all 𝜋 ∈ Π. We continue until either all of W̃𝑟 is covered or |C| = b𝑟 .
(4) [Validation] If |⋃𝜋 ∈C Cov(𝜋) | ≥ (1− 2𝛿) 𝔫𝑟 , accept C and return; otherwise, set 𝑟 ← 𝑟 + 1 and

return to Step (1).
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3.2 Analysis of AlgRiskCoreset

In this subsection, we prove that with probability 1−𝑁 −𝑂 (1) , AlgRiskCoreset outputs a (3𝜀, 𝜏, 3𝛿 |
W)–coreset for risk.

Recall that for the algorithm to terminate in a round 𝑟 , it must return a set of plans C ⊆ Π of size

|C| ≤ b𝑟 = 𝑐3𝑘𝑟 ln𝛿−1
. For any 𝜀′ ∈ (0, 1) and for a set of plans F ⊆ Π, let UC(𝜀′, F ) ⊆ Q denote

the set of uncovered queries by F , i.e., 𝑄 ∈ Q for which F does not contain a plan whose risk is

within 𝜀′ of Risk★(𝑄). Formally,

UC(𝜀′, F ) := {𝑄 ∈ Q | min

𝜋∈F
Risk(𝜋,𝑄) > Risk★(U) + 𝜀′}.

Define the 𝜀′-failure probability of F , denoted by 𝑝 (𝜀′, F ), as
𝑝 (𝜀′, F ) = Pr

𝑄∼W
[𝑄 ∈ UC(𝜀′, F )]

Recall that at the beginning of round 𝑟 , the algorithm samples a set W̃𝑟 of queries fromW. Define

the random variable

𝑝𝑟 (𝜀′, F ) :=
1

𝔫𝑟

∑︁
𝑄∈W̃𝑟

1
(
𝑄 ∈ UC(𝜀′, F )

)
as the proxy 𝜀′-failure probability.

Overview of the analysis. Fix a round 𝑟 , the analysis proceeds as follows. Lemmas 3.1 and 3.2

show that 𝑝𝑟 and R̃isk are accurate estimates of failure probability and risk, respectively. The latter

implies that the greedy cover procedure defined using proxy risks behaves almost as if it had access

to the true risks on the sampled queries.

Using these two lemmas, we prove two structural claims about the algorithm. In Lemma 3.3, we

show that whenever the algorithm terminates in round 𝑟 , the set C returned in that round satisfies

𝑝 (3𝜀, C) ≤ 3𝛿 , implying that C is a valid (3𝜀, 𝜏, 3𝛿 |W)-coreset. Finally, Lemma 3.4 shows that once

the guess 𝑘𝑟 is at least 𝜅
∗
, the greedy maximum-coverage step succeeds within budget and the

algorithm terminates.

Lemma 3.1. Let 𝜀′ ∈ (0, 1) and 𝑟 ≥ 1. Then

��𝑝𝑟 (𝜀′, F ) − 𝑝 (𝜀′, F )�� ≤ 𝛿/4 holds simultaneously for

all subsets F ⊆ Π of size at most b𝑟 with probability at least 1 − 𝑁 −𝑂 (1) .
Proof. Observe that for any set of plans F ⊆ Π, the random variable 𝑝𝑟 (𝜀′, F ) is an unbiased

estimator of 𝑝 (𝜀′, F ). Since each 𝑄𝑖 is drawn i.i.d. fromW, by Hoeffding’s inequality [35],

Pr

[��𝑝𝑟 (𝜀′, F ) − 𝑝 (𝜀′, F )�� > 𝛿/4
]
≤ 2 exp

(
−2𝔫𝑟 (𝛿/4)2

)
= 2 exp

(
−𝛿2𝔫𝑟/8

)
.

Taking a union bound over all sets of plans of size up to b𝑟 and using the fact that the number of

subsets of plans of size at most b𝑟 is bounded by (b𝑟 + 1)𝑁 b𝑟
, we obtain

Pr

[
∃ F ⊆ Π with |F | ≤ b𝑟 :

��𝑝𝑟 (𝜀′, F ) − 𝑝 (𝜀′, F )�� > 𝛿/4
]
≤ 2(b + 1)𝑁 b𝑟

exp

(
−𝛿2 𝔫𝑟/8

)
,

where b𝑟 = 𝑐3𝑘𝑟 ln(𝛿−1) and 𝔫𝑟 = (𝑐1𝑘𝑟/𝛿2) ln(𝑁 ) ln(𝛿−1). By a suitable choice of the constants 𝑐1

and 𝑐3, the right-hand side is 𝑁 −𝑐 for any 𝑐 > 0.

□

Lemma 3.2. For any round 𝑟 , any 𝜋 ∈ Π and any query 𝑄𝑖 ∈ W̃𝑟 ,

��R̃isk(𝜋,𝑄𝑖 ) − Risk(𝜋,𝑄𝑖 )
�� ≤ 𝜀/10

with probability at least 1 − 𝑁 −𝑂 (1) .

Proof. For a fixed plan 𝜋 ∈ Π and 𝑄𝑖 ∈ W̃𝑟 , let 𝑌𝑖, 𝑗 = 1{Pnl(𝜋,𝑄𝑖, 𝑗 ) > 𝜏}. Then R̃isk(𝜋,𝑄𝑖 ) =
1

𝔪𝑟

∑𝔪𝑟

𝑗=1
𝑌𝑖, 𝑗 and E[𝑌𝑖,1] = Risk(𝜋,𝑄𝑖 ). By Hoeffding’s inequality [35],

Pr

[��R̃isk(𝜋,𝑄𝑖 ) − Risk(𝜋,𝑄𝑖 )
�� > 𝜀/10

]
≤ 2 exp

(
−𝔪𝑟 𝜀

2/50

)
.
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By plugging in 𝔪𝑟 = (𝑐2/𝜀2) ln(𝑁 ) ln(𝔫𝑟 ) from the algorithm and taking a union bound over all

|Π | · 𝔫𝑟 = 𝑁 · 𝔫𝑟 pairs (𝜋,𝑄𝑖 ) ∈ Π × W̃𝑟 , the failure probability is at most

2𝑁𝔫𝑟 exp(−𝑐2 ln(𝑁 ) ln(𝔫𝑟 )/50) = 2𝑁𝔫𝑟 𝑁
−(𝑐2/50) ln(𝔫𝑟 ) .

This is at most 𝑁 −𝑂 (1) for a sufficiently large constant 𝑐2. □

Since 𝑘𝑟 ≤ |Π | = 𝑁 always holds and 𝑘𝑟 increases geometrically, the algorithm performs at most

log𝑁 rounds. In any round, either Lemma 3.1 or Lemma 3.2 fails with probability at most 𝑁 −𝑂 (1) ,
and therefore (by union bound) all rounds simultaneously satisfy the conclusions of Lemmas 3.1

and 3.2 with probability at least 1 − 𝑁 −𝑂 (1) .
We now show that if the algorithm terminates in a round, the returned set C satisfies the desired

coreset guarantee.

Lemma 3.3. Assuming the conditions of Lemmas 3.1 and 3.2 hold in every round, the algorithm

terminates with 𝑝 (3𝜀, C) ≤ 3𝛿 .

Proof. Fix an arbitrary terminating round 𝑟 and let C ⊆ Π denote the set returned in that round,

with |C| ≤ b𝑟 . For any 𝑄𝑖 ∈ W̃𝑟 and let 𝜋𝑖 := arg min

𝜋∈C
R̃isk(𝑄𝑖 ,𝐶). In other words, 𝜋𝑖 is the best plan

in C in terms of the proxy risk.

By the termination condition in Step (4), when the algorithm terminates, there must be a subset

of queries W̃′
𝑟 ⊆ W̃𝑟 of size at least (1 − 2𝛿)𝔫𝑟 such that for every 𝑄𝑖 ∈ W̃′

𝑟 ,

R̃isk(𝜋𝑖 , 𝑄𝑖 ) ≤ min

𝜋∈Π
R̃isk(𝜋,𝑄𝑖 ) + 2𝜀.

Applying Lemma 3.2 to both sides yields,

Risk(𝜋𝑖 , 𝑄𝑖 ) − 𝜀/10 ≤ Risk★(𝑄𝑖 ) + 2𝜀
10
+ 2𝜀.

Hence, for all 𝑄𝑖 ∈ W̃′
𝑟 ,

min

𝜋∈C
Risk(𝜋,𝑄𝑖 ) ≤ Risk★(𝑄𝑖 ) + 3𝜀.

Therefore, by the definition of 𝑝𝑟 , we have 𝑝𝑟 (3𝜀, C) ≤ 1 − (1 − 2𝛿) ≤ 2𝛿 . Invoking Lemma 3.1 with

𝜀′ = 3𝜀, this implies that 𝑝 (3𝜀, C) ≤ 2𝛿 + 𝛿/4 < 3𝛿 .

□

Finally, we show that once 𝑘𝑟 ≥ 𝜅∗, the algorithm necessarily terminates.

Lemma 3.4. Assuming the conditions of Lemmas 3.1 and 3.2 hold in every round, the algorithm

terminates with 𝑘𝑟 ≤ 2𝜅∗.

Proof. By the definition of a (𝜀, 𝜏, 𝛿 |W)-coreset for risk, there exists M ⊆ Π of size 𝜅∗ such that

𝑝 (𝜀,M) ≤ 𝛿 . Invoking Lemma 3.1 with 𝜀′ = 𝜀, 𝑝𝑟 (𝜀,M) ≤ 𝛿 + 𝛿/4. Therefore, there is a subset W̃′
𝑟

of size at least (1 − 5𝛿
4
)𝔫𝑟 such that for each 𝑄𝑖 ∈ W̃′

𝑟 ,

min

𝜋 ∈M
Risk(𝜋,𝑄𝑖 ) ≤ Risk★(𝑄𝑖 ) + 𝜀.

Applying Lemma 3.2, for every 𝑄𝑖 ∈ W̃′
𝑟 ,

min

𝜋∈M
R̃isk(𝜋,𝑄𝑖 ) ≤ min

𝜋∈M
Risk(𝜋,𝑄𝑖 ) + 𝜀/10 ≤ Risk★(𝑄𝑖 ) + 𝜀 + 𝜀/10 ≤ Risk★(𝑄𝑖 ) + 2𝜀.

Thus, there exists a subset of 𝜅∗ plans (withM being a specific example) that covers (as defined

in Step (3)) at least (1 − 3𝛿
2
)𝔫𝑟 ≥ (1 − 5𝛿

4
)𝔫𝑟 queries in W̃𝑟 .
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Let 𝑛′ := (1 − 3𝛿
2
)𝔫𝑟 . For 𝑡 > 0, let 𝐶𝑡 ⊆ W̃𝑟 be the set of profiles covered after 𝑡 rounds of the

greedy cover algorithm. Set 𝐷𝑡 := 𝑛′ − |𝐶𝑡 |. Since there exists a family of 𝜅∗ plans covering 𝑛′

profiles, among those 𝜅∗ plans there is one whose marginal gain at round 𝑡 + 1 is at least 𝐷𝑡/𝜅∗.
Greedy picks a plan with maximal marginal gain, hence

𝐷𝑡+1 ≤ 𝐷𝑡 −
𝐷𝑡

𝜅∗
=

(
1 − 1

𝜅∗

)
𝐷𝑡 ≤

(
1 − 1

𝜅∗

)𝑡
𝑛′ ≤ exp(−𝑡/𝜅∗)𝑛′,

so the number of covered points satisfies

|𝐶𝑡 | = 𝑛′ − 𝐷𝑡 ≥ 𝑛′
(
1 − exp(−𝑡/𝜅∗)

)
≥

(
1 − 3𝛿

2

)
𝔫𝑟

(
1 − exp(−𝑡/𝜅∗)

)
.

For 𝑡 ≥ 𝑐3𝜅
∗

ln𝛿−1
, (

1 − 3𝛿

2

) (
1 − exp(−𝑡/𝜅∗)

)
≥ 1 − 2𝛿,

assuming 𝑐3 > 0 is chosen appropriately and setting 𝛿 ≤ 1/2. Hence, |𝐶𝑡 | ≥ (1 − 2𝛿)𝔫𝑟 , implying

that the algorithm terminates once 𝑘𝑟 ≥ 𝜅∗.
□

Finally, we analyze the sample complexity and time complexity of the algorithm. Since 𝑘𝑟 doubles

each round, the last round dominates the sample complexity. Thus, the total number of samples

drawn fromW is 𝑂 ((𝜅∗/𝛿2) ln(𝑁 ) ln(𝛿−1)).
In each round, the algorithm draws 𝔫𝑟 = (𝑐1𝑘𝑟/𝛿2) · ln(𝑁 ) · ln(𝛿−1) queries fromW and 𝔪𝑟 =

𝑂 ((1/𝜀2) ln(𝑁 ) ln(𝔫𝑟 )) cardinality vectors per query. Thus, the total number of sampled cardinality

vectors is𝑂 (𝔫𝑟𝔪𝑟 ). Evaluating the penalties for all 𝜋 ∈ Π for each sampled cardinality vector takes

𝑂 ( |Π |) = 𝑂 (𝑁 ) time, giving a per-round cost of 𝑂 (𝔫𝑟𝔪𝑟𝑁 ). Constructing all coverage sets and

executing the greedy cover procedure each require 𝑂 (𝔫𝑟 𝑁 ) time. Since the last round dominates,

the total running time is 𝑂 (𝔫𝑟𝔪𝑟𝑁 ) in the final round, i.e., 𝑂 ((𝜅∗/(𝜀2𝛿2)) 𝑁 ln
3 (𝑁 ) ln(𝛿−1)).

Putting everything together, we get the following.

Theorem 3.5. LetW be a workload distribution. Given a set of plans Π of size |Π | = 𝑁 and param-

eters 𝜀 ∈ (0, 1], 𝜏 ≥ 1, and 𝛿 ∈ (0, 1), let 𝜅∗ denote the size of the smallest (𝜀, 𝜏, 𝛿 |W)–coreset for risk.
Fix any pair of constants 𝑐1, 𝑐2 > 1. There exists an algorithm that samples𝑂

(
(𝜅∗/𝛿2) ln(𝑁 ) ln(𝛿−1)

)
queries from W and computes in time 𝑂

(
(𝜅∗/(𝜀2𝛿2)) 𝑁 ln

3 (𝑁 ) ln(𝛿−1)
)
, a set C ⊆ Π of size

𝑂
(
𝜅∗ ln𝛿−1

)
such that, with high probability, C is a (𝑐1𝜀, 𝜏, 𝑐2𝛿 |W)–coreset for risk.

3.3 AlgRiskCoreset in the implicit-setting

In many query optimization settings, the plan set is not explicitly enumerated but is defined

implicitly via a structured optimization problem. We focus on query optimization based on Mixed-

Integer Linear Programming (MILP) as in [39, 41].

Let Γ be a query template and let Q denote the corresponding query space. Instead of the

cardinality vector corresponding to a query in Q, we work with the corresponding selectivity

vector, as required by MILP-based methods. Recall that each dimension of the cardinality vector

corresponds to the size of an intermediate result; the selectivity vector is obtained by normalizing

the cardinalities of intermediate results with the size of the corresponding table. Accordingly, we

define cost functions and penalties in terms of selectivity vectors rather than cardinality vectors.

We note that AlgRiskCoreset is oblivious to this distinction and works unchanged.

Let S denote the selectivity space (overloading notation) corresponding to Γ. For any query

𝑄 ∈ Q, the optimizer maps 𝑄 to an MILP instance. The instance is defined by binary decision

variables encoding structural choices of the plan (e.g. if table 𝑡 is in the outer/inner operand of the

𝑗-th join, if predicate 𝑝 is evaluated at the 𝑗-th join), together with feasibility constraints ensuring
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that these choices define a valid plan (e.g. the tables in the join operands cannot overlap for the

same join). These variables and constraints are identical across all queries as long as the query

template is fixed. An instance also includes cost-accounting variables and constraints, which capture

the sizes of intermediate results (e.g. the output of the 𝑗-th join). The coefficients in these constraints

are defined by the vector s𝑄 ∈ S corresponding to 𝑄 .4 The objective is to minimize the total cost,

expressed as a sum of intermediate result sizes.

The key observation is that the MILP structure remains unchanged across queries for a fixed

query template; only the coefficients in the cost-accounting constraints vary with s𝑄 . This allows us
to emulate the steps of AlgRiskCoreset by combining MILP instances corresponding to different

selectivity vectors, sharing the structural decision variables and duplicating only the cost-accounting

constraints. We illustrate this for computing the plan that minimizes the proxy risk of a query.

Computing a plan minimizing proxy risk via MILP. Fix a query 𝑄 . LetZ = {s1, . . . , s𝑚} ⊆ S
be a collection of𝑚 selectivity vectors, where each s is sampled from the uncertainty profile U𝑄 .

The goal is to compute arg min𝜋∈Π (1/𝑚)
∑𝑚

𝑗=1
1{Pnl(𝜋, s𝑗 ) > 𝜏}.

We first compute Cost★(s𝑗 ) for each s𝑗 ∈ Z using the MILP. We then construct a single MILP

instance that combines the 𝑚 instances corresponding to the samples. The combined instance

contains only one copy of the structural decision variables and feasibility constraints, i.e., the binary

variables encoding structural choices of the plan (such as join ordering) together with constraints

ensuring these choices form a valid plan. Let 𝜋 denote the plan represented by these shared decision

variables.

For each s𝑗 , however, we duplicate the cost-accounting variables and constraints using distinct

variables, so that the MILP separately accounts for the cost of 𝜋 with respect to each selectivity

vector inZ. We ensure that this cost, Cost(𝜋, s𝑗 ), is captured by a variable 𝑐 𝑗 . We also introduce a

binary variable 𝑦 𝑗 ∈ {0, 1} indicating whether Pnl(𝜋, s𝑗 ) > 𝜏 , enforced via the constraint

𝑐 𝑗 ≤ 𝜏 · Cost★(s𝑗 ) + 𝛽 · 𝑦 𝑗 ,

where 𝛽 is a sufficiently large constant. Thus, if 𝑐 𝑗 > 𝜏 · Cost★(s𝑗 ), the solver must set 𝑦 𝑗 = 1.

Minimizing

∑𝑚
𝑗=1

𝑦 𝑗 yields a plan 𝜋 that minimizes the proxy risk.

Adapting AlgRiskCoreset. We now briefly discuss how to use the MILP to emulate different

steps of AlgRiskCoreset. Recall that in Step (2), AlgRiskCoreset computes the proxy risk of

every plan in Π with respect to each query 𝑄 in a collection W̃ ⊆ Q. These values are then used

in Step (3) to define the covering problem. However, to define the covering problem, it is not

necessary to know the proxy risk of every plan with respect to each query. It only suffices to know

𝑟𝑄 = min𝜋∈Π R̃isk(𝜋,𝑄) for each 𝑄 ∈ W̃. We can compute 𝑟𝑄 for each 𝑄 ∈ W̃ by invoking the

previous procedure for computing a plan minimizing the proxy risk via MILP. To solve the covering

problem in Step (3), we can emulate each step of the greedy-cover procedure by encoding a single

MILP instance (similarly to the above procedure) that selects the plan covering the maximum

number of queries. To encode this instance we use the previously computed 𝑟𝑄 values; we omit

details for brevity.

4 Inferring a low-risk plan using a coreset

In this section, we study the problem of inference: given a (𝜀, 𝜏, 𝛿 | W)-coreset C ⊆ Π for risk and

a new query 𝑄 , how should an appropriate plan 𝜋 ∈ C be selected such that Risk(𝜋,𝑄) is not much

larger than Risk★(𝑄). A difficulty in computing Risk(𝜋,𝑄) for a plan 𝜋 ∈ C is that for a cardinality

vector s, Pnl(𝜋, s) depends on Cost★(s), the optimal cost with respect to all plans in Π. Instead, we

4
In practice, the optimizer uses the estimated selectivity vector ŝ𝑄 , although the "true" MILP instance is defined by the true

selectivity vector s★
𝑄
.
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would like to compute penalty using the optimal cost with respect to the plans in C. We describe

such a "local" inference procedure in Section 4.1 and show (in Section 4.2) that this only gives a

weaker result (Theorem 4.1). We then show that in order to do strengthen the guarantees, we need

to augment C with another "cost based" coreset C′. We define this coreset in Section 4.3, describe

how to adapt AlgRiskCoreset to compute C′, and analyze the performance of local inference w.r.t.

C ∪ C′ (Theorems 4.5 and 4.8).

Before proceeding further, we present some essential definitions.

Local performance measures. For any set of plans F ⊆ Π, a plan 𝜋 ∈ Π, and cardinality vector

s ∈ S, the local penalty of 𝜋 with respect to F measures how 𝜋 compares to the best plan in F , i.e.,

L-PnlF (𝜋, s) :=
Cost(𝜋, s)

min𝜋 ′∈F Cost(𝜋 ′, s) .

For a query𝑄 ∈ Q, the corresponding local𝜏-risk of a plan 𝜋 w.r.t.F is denoted by L-RiskF (𝜋,𝑄 ; 𝜏).
It is is defined by replacing Pnl(𝜋, ·) with L-PnlF (𝜋, ·) in the definition of Risk(𝜋,𝑄 ; 𝜏).
We make two observations that will be useful throughout the rest of this section. First, for any

s ∈ S and 𝜋 ∈ Π, we have L-PnlF (𝜋, s) ≤ Pnl(𝜋, s), since the denominator in L-PnlF (𝜋, s) is minimized

over a subset of plans. Consequently, for any query 𝑄 ∈ Q, plan 𝜋 ∈ Π, and threshold 𝜏 , we have

L-RiskF (𝜋,𝑄 ; 𝜏) ≤ Risk(𝜋,𝑄 ; 𝜏).

4.1 LocalInference

The procedure is initialized with parameters 𝜏 ≥ 1 and 𝜀, 𝛿 ∈ (0, 1), and a subset of plans F ⊆ Π.
Given a new query 𝑄 , the goal is to select the plan with the smallest local risk for 𝑄 among the

plans in F . But the local risk cannot be computed exactly, so the procedure draws samples from

U𝑄 and uses them to estimate the local risk of each plan in F and selects the plan with the smallest

estimated local risk. More precisely, we set a parameter 𝔪 = Θ((ln |F | + ln(1/𝛿))/𝜀2).
Given a query 𝑄 , draw a setZ = {s1, . . . , s𝔪} of 𝔪 cardinality vectors such that each s𝑖 ∼ U𝑄 .

For each 𝜋 ∈ F , compute the proxy local risk

L-R̃iskF (𝜋,𝑄 ; 𝜏) :=
1

𝔪

∑︁
s𝑗 ∈Z

1{L-PnlF (𝜋, s𝑗 ) > 𝜏}.

Finally, return

𝜋 := arg min

𝜋 ∈F
L-R̃iskF (𝜋,U ; 𝜏).

We refer to this procedure as LocalInference(𝑄, F , 𝜀, 𝛿, 𝜏). If the parameters 𝜀, 𝛿 , and 𝜏 are fixed

or follow from the context, we drop them and simply use LocalInference(𝑄, F ).

4.2 Analysis of LocalInference on a workload-dependent coreset

The following theorem states the main result of this subsection.

Theorem 4.1. Let 𝜀, 𝛿 ∈ (0, 1) and 𝜏 ≥ 1 be parameters. LetW be a workload distribution over Q,
and let F ⊆ Π be a (𝜀, 𝜏, 𝛿 | W)-coreset for risk. Let 𝑄 ∼W. Suppose LocalInference(𝑄, F ) returns
a plan 𝜋 . Then, with probability at least 1 − 2𝛿 ,

Risk(𝜋,𝑄 ; 𝜏2) ≤ 2 Risk★(𝑄 ; 𝜏) + 4𝜀.

Moreover, the algorithm uses Θ( |F |(ln |F | + ln(1/𝛿))/𝜀2) time.

Here is a high-level overview of the proof of Theorem 4.1. Let F ⊆ Π be an arbitrary set of

plans. For a query 𝑄 , let 𝑟 = min𝜋∈F Risk(𝜋,𝑄 ; 𝜏) denote the optimal (global) 𝜏-risk among plans

in F . We first relate global and local risk for arbitrary plan sets. In particular, Lemma 4.2 shows

that if we could select the plan in F with the minimum local 𝜏-risk, its global 𝜏2
-risk would be
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at most 2𝑟 . However, LocalInference estimates the local risk of a plan from samples drawn

from the uncertainty profile U𝑄 . Lemma 4.3 shows that the empirical quantity L-R̃iskF uniformly

approximates the true local risk L-RiskF . Next, Lemma 4.4 combines the guarantees of Lemmas 4.2

and 4.3 to show that LocalInference returns a plan whose global 𝜏2
-risk is at most 2𝑟 + 2𝜀. Finally,

we consider the case when F is an (𝜀, 𝜏, 𝛿 | W)-coreset for risk. In this case, with probability at

least 1 − 𝛿 , we have 𝑟 ≤ Risk★(𝑄 ; 𝜏) + 𝜀. Combining this bound with the guarantee in Lemma 4.4

yields Theorem 4.1. We now give the proof in detail through a sequence of lemmas.

Lemma 4.2. Let F ⊆ Π be a set of plans. For any plan 𝜋 ∈ F and query 𝑄 ∈ Q,
Risk(𝜋,𝑄 ; 𝜏2) ≤ L-RiskF (𝜋,𝑄 ; 𝜏) + min

𝜋 ′∈F
Risk(𝜋 ′, 𝑄 ; 𝜏).

It follows that

min

𝜋 ∈F
Risk(𝜋,𝑄 ; 𝜏2) ≤ 2 min

𝜋 ∈F
Risk(𝜋,𝑄 ; 𝜏).

Proof. Fix a plan 𝜋 ∈ F and consider any plan 𝜋 ′ ∈ F . We have

Pnl(𝜋, s) = Cost(𝜋, s)
min𝜋 ′′∈Π Cost(𝜋 ′′, s) ·

Cost(𝜋 ′, s)
Cost(𝜋 ′, s)

≤ Cost(𝜋, s)
Cost(𝜋 ′, s) Pnl(𝜋

′, s)

≤ L-PnlF (𝜋, s) Pnl(𝜋 ′, s). (2)

The first inequality follows from the definition of the penalty, and the second inequality fol-

lows from the fact that min𝜋 ′′∈F Cost(𝜋 ′′, s) ≤ Cost(𝜋 ′, s), which implies Cost(𝜋, s)/Cost(𝜋 ′, s) ≤
L-PnlF (𝜋, s). Consider the sets

𝐸1 = {s ∈ S | Pnl(𝜋, s) > 𝜏2},
𝐸2 = {s ∈ S | L-PnlF (𝜋, s) > 𝜏},
𝐸3 = {s ∈ S | Pnl(𝜋 ′, s) > 𝜏}.

It follows from (2) that if s ∈ 𝐸1, then either s ∈ 𝐸2 or s ∈ 𝐸3.

Suppose we draw a selectivity vector s ∼ U𝑄 . The preceding argument implies that

Pr

s∼U𝑄

[s ∈ 𝐸1] ≤ Pr

s∼U𝑄

[s ∈ 𝐸2 ∪ 𝐸3] ≤ Pr

s∼U𝑄

[s ∈ 𝐸2] + Pr

s∼U𝑄

[s ∈ 𝐸3] .

By definition of 𝜏-risk,

Pr

s∼U𝑄

[𝐸1] = Risk(𝜋,𝑄 ; 𝜏2),

Pr

s∼U𝑄

[𝐸2] = L-RiskF (𝜋,𝑄 ; 𝜏),

Pr

s∼U𝑄

[𝐸3] = Risk(𝜋 ′, 𝑄 ; 𝜏).

Substituting these expressions yields

Risk(𝜋,𝑄 ; 𝜏2) ≤ L-RiskF (𝜋,𝑄 ; 𝜏) + Risk(𝜋 ′, 𝑄 ; 𝜏).
Minimizing over 𝜋 ′ ∈ F yields the claim. □

Lemma 4.3. Let 𝜀, 𝛿 ∈ (0, 1), and 𝜏 ≥ 1 be parameters, let F ⊆ Π be a set of plans and let 𝑄 ∈ Q. If
LocalInference(𝑄, F ) returns a plan 𝜋 . Then, with probability at least 1 − 𝛿 , for every plan 𝜋 ∈ F ,��

L-R̃iskF (𝜋,𝑄 ; 𝜏 ′) − L-RiskF (𝜋,𝑄 ; 𝜏 ′)
�� ≤ 𝜀.

Proc. ACM Manag. Data, Vol. 4, No. 2 (PODS), Article 100. Publication date: May 2026.



Coresets for Robust Query Optimization 100:13

Proof. For a fixed 𝜋 ∈ F , the random variables 𝑌𝑗 := 1{L-PnlF (𝜋, s𝑗 ) > 𝜏 ′} are i.i.d. in [0, 1]
with E[𝑌𝑗 ] = L-RiskF (𝜋,𝑄 ; 𝜏 ′) and L-R̃iskF (𝜋,𝑄 ; 𝜏 ′) = 1

𝔪

∑𝔪
𝑗=1

𝑌𝑗 . Hoeffding’s inequality [35] gives

Pr

[ ��
L-R̃iskF (𝜋,𝑄 ; 𝜏 ′) − L-RiskF (𝜋,𝑄 ; 𝜏 ′)

�� > 𝜀

]
≤ 2 exp(−2𝔪𝜀2).

A union bound over 𝜋 ∈ F , combined with the choice of 𝔪 = Θ((ln |F | + ln(1/𝛿))/𝜀2), completes

the proof. □

Lemma 4.4. Let 𝜀, 𝛿 ∈ (0, 1) and 𝜏 ≥ 1 be parameters, let F ⊆ Π be a set of plans and let 𝑄 ∈ Q.
Suppose LocalInference(𝑄, F ) returns a plan 𝜋 . Then, with probability at least 1 − 𝛿 ,

Risk(𝜋,𝑄 ; 𝜏2) ≤ 2 min

𝜋 ∈F
Risk(𝜋,𝑄 ; 𝜏) + 2𝜀.

Proof. By Lemma 4.3, with probability at least 1 − 𝛿 , for every plan 𝜋 ∈ F ,

|L-R̃iskF (𝜋,𝑄 ; 𝜏) − L-RiskF (𝜋,𝑄 ; 𝜏) | ≤ 𝜀.

Fix this event. By design of LocalInference, 𝜋 minimizes L-R̃iskF (𝜋,𝑄 ; 𝜏) over F , and hence for

every 𝜋 ∈ F we have L-R̃iskF (𝜋,𝑄 ; 𝜏) ≤ L-R̃iskF (𝜋,𝑄 ; 𝜏). Therefore, for every 𝜋 ∈ F ,

L-RiskF (𝜋,𝑄 ; 𝜏) ≤ L-R̃iskF (𝜋,𝑄 ; 𝜏) + 𝜀 ≤ L-R̃iskF (𝜋,𝑄 ; 𝜏) + 𝜀 ≤ L-RiskF (𝜋,𝑄 ; 𝜏) + 2𝜀.

Taking the minimum over 𝜋 ∈ F gives

L-RiskF (𝜋,𝑄 ; 𝜏) ≤ min

𝜋∈F
L-RiskF (𝜋,𝑄 ; 𝜏) + 2𝜀. (3)

Applying Lemma 4.2 with 𝜋 = 𝜋 gives

Risk(𝜋,𝑄 ; 𝜏2) ≤ L-RiskF (𝜋,𝑄 ; 𝜏) +min

𝜋 ∈F
Risk(𝜋,𝑄 ; 𝜏). (4)

Substituting the bound from (3) for L-RiskF (𝜋,𝑄 ; 𝜏) in (4), we obtain

Risk(𝜋,𝑄 ; 𝜏2) ≤ min

𝜋 ∈F
L-RiskF (𝜋,𝑄 ; 𝜏) +min

𝜋 ∈F
Risk(𝜋,𝑄 ; 𝜏) + 2𝜀.

Finally, since L-RiskF (𝜋,𝑄 ; 𝜏) ≤ Risk(𝜋,𝑄 ; 𝜏) for every 𝜋 ∈ F , the lemma follows. □

Putting everthing together. LetW be a workload distribution overQ, let F ⊆ Π be a (𝜀, 𝜏, 𝛿 | W)-
coreset for risk, and let 𝑄 ∼W. Suppose LocalInference(𝑄, F ) returns a plan 𝜋 . By definition of

risk coresets, with probability 1 − 𝛿 ,

min

𝜋∈F
Risk(𝜋,𝑄 ; 𝜏) ≤ Risk★(𝑄 ; 𝜏) + 𝜀.

Let 𝐸1 denote this event. Applying Lemma 4.4 with the same set F , with probability at least 1 − 𝛿 ,
we have

Risk(𝜋,𝑄 ; 𝜏2) ≤ 2 min

𝜋 ∈F
Risk(𝜋,𝑄 ; 𝜏) + 2𝜀.

Let 𝐸2 denote this event. Therefore Pr[𝐸1 ∩ 𝐸2] ≥ 1 − 2𝛿 . On 𝐸1 ∩ 𝐸2 the two bounds hold

simultaneously, which implies

Risk(𝜋,𝑄 ; 𝜏2) ≤ 2(Risk★(𝑄 ; 𝜏) + 𝜀) + 2𝜀 = 2 Risk★(𝑄 ; 𝜏) + 4𝜀.

Finally, an easy calculation shows that the time complexity is bounded byΘ( |F |(ln |F |+ln(1/𝛿))/𝜀2).
This completes the proof of Theorem 4.1.
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4.3 Analysis of LocalInference on an augmented workload-dependent coreset

In this section, we first introduce the notion of the coreset for neighborhood-cost. Next, we show

how, when a coreset for neighborhood-cost is augmented to a risk-based coreset, the resulting set C
provides stronger inference guarantees for LocalInference than those established in Section 4.2.

Finally, we briefly discuss how to construct a neighborhood-cost coreset by using a simpler variant

of AlgRiskCoreset.

(𝛼, 𝛿 | W)-coreset for neighborhood-cost. Let W be a workload distribution. For 𝛼 ≥ 1 and

𝛿 ∈ (0, 1), a set of plans C ⊆ Π is an (𝛼, 𝛿 | W)-coreset for neighborhood-cost if

Pr

𝑄∼W, s∼U𝑄

[
min

𝜋∈C
Cost(𝜋, s) > 𝛼 · Cost★(s)

]
≤ 𝛿.

In other words, for a random query 𝑄 ∼W and a cardinality vector s ∼ U𝑄 , the set C contains a

plan whose cost is within a factor 𝛼 of the optimal cost with probability at least 1 − 𝛿 .
Sample Complexity of LocalInference. Given an error margin 𝜀 ∈ (0, 1), a failure probability
𝛿 ∈ (0, 1), and an integer 𝑛 ∈ N, let 𝔪(𝜀, 𝛿, 𝑛) denote the sample complexity of LocalInference,

i.e., this is the exact number of independent cardinality vectors drawn from U𝑄 when executing

LocalInference(𝑄, F , 𝜀, 𝛿, 𝜏) to infer the best plan from a set of 𝑛 plans for a query 𝑄 . As the

notation implies, this sample size depends exclusively on 𝜀, 𝛿 , and 𝑛 = |F |.
The following theorem states the main result of this subsection.

Theorem 4.5. Let 𝜀, 𝛿 ∈ (0, 1) and 𝛼, 𝜏 ≥ 1 be given parameters. Let W be a workload distribution

and let 𝑄 ∼W. Let C = C1 ∪ C2 ⊆ Π be a set of plans such that C1 is an (𝜀, 𝜏, 𝛿 | W)–coreset for risk,
and C2 is an

(
𝛼, 𝛿2

𝔪 (𝜀,𝛿, | C | ) | W
)
-coreset for neighborhood-cost. If LocalInference(𝑄, C) returns 𝜋 ,

then with probability at least 1 − 5𝛿 ,

Risk(𝜋,𝑄 ; 𝜏𝛼) ≤ Risk★(𝑄 ; 𝜏) + 5𝜀.

Before giving the proof of Theorem 4.5, we first introduce the notion of neighborhood error-rate

for a set of plans F . For a fixed 𝛼 ≥ 1 and a plan set F ⊆ Π, the neighborhood error-rate on 𝑄

measures the probability that, for a random cardinality vector s ∼ U𝑄 , the set F fails to provide

a plan whose cost is within a factor 𝛼 of the optimal cost. Formally, we define the neighborhood

error-rate function N𝛼,F : Q→ [0, 1] as:

N𝛼,F (𝑄) = Pr

s∼U𝑄

[
min

𝜋 ∈F
Cost(𝜋, s) > 𝛼 · Cost★(s)

]
.

Let 𝔪 = 𝔪(𝜀, 𝛿, |C|). In order to prove Theorem 4.5, we first show in Lemma 4.6 that for a

random query𝑄 ∼W, the probability that the neighborhood error-rateN𝛼,C2
(𝑄) > 𝛿/𝔪 is at most

𝛿 . Specifically, this lemma allows us to translate a global coreset guarantee into a high-probability

bound on the local error-rate for the uncertainty profile of 𝑄 .

Lemma 4.6. LetW be a workload distribution, let 𝛿1, 𝛿2 ∈ (0, 1) be two parameters, and let C ⊆ Π
be an (𝛼, 𝛿1𝛿2 | W)-coreset for neighborhood-cost. Then

Pr

𝑄∼W

[
N𝛼,C (𝑄) > 𝛿1

]
≤ 𝛿2 .

Proof. Consider the set 𝐴 =
{
s ∈ S | min𝜋 ∈C Cost(𝜋, s) > 𝛼 · Cost★(s)

}
. By definition of C:

Pr

𝑄∼W, s∼U𝑄

[s ∈ 𝐴] ≤ 𝛿1𝛿2.
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Using an indicator function, we can rewrite this probability as an expectation over the joint

distribution:

E𝑄∼W, s∼U𝑄
[1{s ∈ 𝐴}] ≤ 𝛿1𝛿2.

By the Law of Total Expectation, we can condition this on 𝑄 :

E𝑄∼W
[
Es∼U𝑄

[1{s ∈ 𝐴} | 𝑄]
]
≤ 𝛿1𝛿2.

The inner conditional expectation is precisely N𝛼,C (𝑄). Therefore:
E𝑄∼W [N𝛼,C (𝑄)] ≤ 𝛿1𝛿2.

Since N𝛼,C (𝑄) is a probability, N𝛼,C (𝑄) ≥ 0. Applying Markov’s inequality:

Pr

𝑄∼W

[
N𝛼,C (𝑄) > 𝛿1

]
≤

E𝑄∼W [N𝛼,C (𝑄)]
𝛿1

≤ 𝛿1𝛿2

𝛿1

= 𝛿2.

□

Proof of Theorem 4.5. Let C = C1 ∪ C2 ⊆ Π be a set of plans. Let 𝜀, 𝛿 ∈ (0, 1) and let 𝛼, 𝜏 ≥ 1.

Let W be a workload distribution. Suppose C1 is an (𝜀, 𝜏, 𝛿 | W)–coreset for risk and C2 is an(
𝛼, 𝛿2/𝔪 | W

)
-coreset for neighborhood-cost, where 𝔪 = 𝔪(𝜀, 𝛿, |C|) is the sample complexity of

LocalInference. Suppose we draw a query 𝑄 ∼W and run LocalInference(𝑄, C).
By a simple union bound, with probability 1 − 2𝛿 , both of the following hold:

min

𝜋∈C1

Risk(𝜋,𝑄 ; 𝜏) ≤ Risk★(𝑄 ; 𝜏) + 𝜀 (5)

N𝛼,C2
(𝑄) ≤ 𝛿

𝔪
. (6)

Here (5) follows from the fact that C1 is an (𝜀, 𝜏, 𝛿 | W)–coreset for risk. Equation (6) follows

from applying Lemma 4.6 to the (𝛼, 𝛿 · (𝛿/𝔪) | W)-coreset C2 (by setting the lemma’s parameters

to 𝛿1 = 𝛿 and 𝛿2 = 𝛿/𝔪).

LetZ be the set of cardinality vectors sampled by LocalInference from U𝑄 . Then assuming

(6) holds, with probability at least 1 −
(
𝔪 · 𝛿

𝔪

)
= 1 − 𝛿 , the following event holds:

∀ s𝑗 ∈ Z, ∃ 𝜋 𝑗 ∈ C2 such that Cost(𝜋 𝑗 , s𝑗 ) ≤ 𝛼 · Cost★(s𝑗 ). (7)

Following the definition in (1), let R̃isk(𝜋,𝑄 ; 𝜏 ′) denote the proxy 𝜏 ′-risk of a plan 𝜋 for a query

𝑄 , where threshold 𝜏 ′ ≥ 1, i.e.,

R̃isk(𝜋,𝑄 ; 𝜏 ′) :=
1

𝔪

𝔪∑︁
𝑗=1

1{Pnl(𝜋, s𝑗 ) > 𝜏 ′}

Since the sample setZ is drawn independently, standard application of Hoeffding’s inequality

(similar to Lemma 4.3) implies that, with probability at least 1 − 2𝛿 , the following empirical

approximations hold simultaneously for every plan 𝜋 ∈ C:���R̃isk(𝜋,𝑄 ; 𝜏𝛼) − Risk(𝜋,𝑄 ; 𝜏𝛼)
��� ≤ 𝜀. (8)��

L-R̃iskC (𝜋,𝑄 ; 𝜏) − L-RiskC (𝜋,𝑄 ; 𝜏)
�� ≤ 𝜀. (9)

Thus, for a random query 𝑄 ∼ W and Z ∼ U
𝔪
𝑄
drawn by LocalInference, all of the above

events—(5), (6), (7), (8), and (9)—hold simultaneously with probability at least 1 − 5𝛿 .

Since 𝜋 minimizes the local proxy 𝜏-risk over C, (9) implies:

L-RiskC (𝜋,𝑄 ; 𝜏) ≤ min

𝜋∈C
L-RiskC (𝜋,𝑄 ; 𝜏) + 2𝜀.
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Using the fact that the minimum local risk over C is upper-bounded by the minimum global risk

over C1 (since C1 ⊆ C), along with (5), we obtain:

L-RiskC (𝜋,𝑄 ; 𝜏) ≤ min

𝜋 ∈C1

Risk(𝜋,𝑄 ; 𝜏) + 2𝜀 ≤ Risk★(𝑄 ; 𝜏) + 3𝜀. (10)

For each s𝑗 ∈ Z, condition (7) ensures that the optimal plan in C is at most an 𝛼 factor worse than

the true optimal. Thus, whenever Pnl(𝜋, s𝑗 ) > 𝜏𝛼 , it must follow that L-PnlC (𝜋, s𝑗 ) > 𝜏 . Therefore:

R̃isk(𝜋,𝑄 ; 𝜏𝛼) ≤ L-R̃iskC (𝜋,𝑄 ; 𝜏). (11)

Applying (8) to the left-hand side of (11), we obtain:

Risk(𝜋,𝑄 ; 𝜏𝛼) ≤ L-R̃iskC (𝜋,𝑄 ; 𝜏) + 𝜀. (12)

Applying (9) to the right-hand side of (12), we get:

Risk(𝜋,𝑄 ; 𝜏𝛼) ≤ L-RiskC (𝜋,𝑄 ; 𝜏) + 2𝜀. (13)

Finally, substituting (10) into (13) yields the ultimate bound:

Risk(𝜋,𝑄 ; 𝜏𝛼) ≤ Risk★(𝑄 ; 𝜏) + 5𝜀. (14)

This completes the proof of Theorem 4.5.

Constructing a neighborhood-cost coreset. Recall that 𝑁 = |Π | denotes the size of the set
of all plans. Let 𝜅̂ denote the size of the smallest (𝛼, 𝛿 | W)-coreset for neighborhood-cost. We

use a simpler variant of the algorithm in AlgRiskCoreset described in Section 3.1 to compute a

neighborhood-cost based coreset. For the sake of completeness, we describe the entire algorithm.

Specifically, the algorithm proceeds in rounds, until it finds a small set of plans covering a (1−2𝛿)
fraction of the vectors. In each round 𝑟 , we maintain a guess 𝑘𝑟 := 2

𝑟−1
for the value of 𝜅̂ and the

round works as follows:

(1) [Workload Sampling] Set 𝔫𝑟 = (𝑐1𝑘𝑟/𝛿2) ln(𝑁 ) ln(𝛿−1) for a constant 𝑐1 > 0. We draw a

random set S̃𝑟 = {s1, . . . , s𝔫𝑟 } of cardinality vectors, where each s𝑖 is sampled independently

according to the joint distribution 𝑄 ∼W and s ∼ U𝑄 .

(2) [Greedy Cover] For each plan 𝜋 ∈ Π, we define its coverage set:

Cov(𝜋) := {s𝑖 ∈ S̃𝑟 : Cost(𝜋, s𝑖 ) ≤ 𝛼 · Cost★(s𝑖 )}.

Initialize C = ∅ and set a budget b𝑟 = 𝑐2𝑘𝑟 ln𝛿−1
for a constant 𝑐2 > 0. Iteratively select

𝜋∗ = arg max𝜋∈Π |Cov(𝜋) |, add it to C, and remove covered vectors from all candidate sets.

Continue until either S̃ is fully covered or |C| = b𝑟 .
(3) [Validation] If C covers at least a (1 − 2𝛿) fraction of the samples in S̃𝑟 , return C; otherwise,

set 𝑟 ← 𝑟 + 1 and return to Step 1.

The following lemma follows from a simplified version of the analysis in Section 3.2.

Lemma 4.7. LetW be a workload distribution. Given a set of plans Π of size |Π | = 𝑁 and parameters

𝛼 ≥ 1, and 𝛿 ∈ (0, 1), let 𝜅̂ denote the size of the smallest (𝛼, 𝛿 |W)–neighborhood-cost coreset. Fix any
constant 𝑐 > 1. There exists an algorithm that samples 𝑂

(
(𝜅̂/𝛿2) ln(𝑁 ) ln(𝛿−1)

)
queries from W and

outputs a set C ⊆ Π of size 𝑂
(
𝜅̂ ln𝛿−1

)
such that, with high probability, C is a (𝛼, 𝑐𝛿 |W)–coreset for

neighborhood-cost. The construction runs in time 𝑂
(
(𝜅̂/𝛿2) 𝑁 ln

2 (𝑁 ) ln(𝛿−1)
)
.

Combining Theorems 3.5 and 4.5, and Lemma 4.7, we obtain the main result of this section.
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Theorem 4.8. Let 𝜀, 𝛿 ∈ (0, 1) and 𝛼, 𝜏 ≥ 1 be given parameters. Let W be a workload distribution

and let Π be a set of |Π | = 𝑁 plans. Define 𝜅 := max{𝜅∗, 𝜅̂}, where 𝜅∗ and 𝜅̂ denote the sizes of the

smallest (𝜀, 𝜏, 𝛿 | W)-coreset for risk and the smallest (𝛼, 𝛿2/𝔪(𝜀, 𝛿, 2𝜅) | W)-coreset for neighborhood-
cost, respectively. There exists an algorithm that draws 𝑂 ((𝜅/𝛿) ln𝑁 ) queries from W and outputs

a set C ⊆ Π of size 𝑂
(
𝜅 ln𝛿−1

)
in 𝑂

(
(𝜅/(𝜀2𝛿2)) 𝑁 ln

3 (𝑁 ) ln(𝛿−1)
)
time, such that if 𝑄 ∼ W and

LocalInference(𝑄, C) returns 𝜋 , then
Risk(𝜋,𝑄 ; 𝜏𝛼) ≤ Risk★(𝑄 ; 𝜏) + 4𝜀

with probability at least 1 − 8𝛿 . Moreover, the inference step runs in time Θ
(
𝜅 (ln𝜅 + ln𝛿−1)/𝜀2

)
.

Size of neighborhood-cost coresets. Let 𝜅 denote the size of the smallest (worst-case) 𝛼-coreset

for cost. Then, for any 𝛿 ∈ (0, 1) and any workload distribution W, the size 𝜅̂ of the smallest

(𝛼, 𝛿 | W)-coreset for neighborhood-cost satisfies 𝜅̂ ≤ 𝜅. This follows because any 𝛼-coreset

for cost guarantees that, for every cardinality vector s ∈ S, min𝜋∈C Cost(𝜋, s) ≤ 𝛼 · Cost★(s), and
therefore the failure event never occurs.

Worst-case cost coresets thus provide a clean, distribution-independent upper bound on the

size of neighborhood-cost coresets. However, this bound can be overly pessimistic in practice. A

worst-case 𝛼-coreset for cost must provide a uniform guarantee over the entire cardinality space

S, whereas a workload-dependent neighborhood-cost coreset only needs to satisfy the guarantee

for 𝑄 ∼ W and s ∼ U𝑄 . Consequently, we expect 𝜅̂ to be significantly smaller than 𝜅 in typical

workloads.

5 Related work

Robust Query Optimization. Previous work has established that cost-based optimizers are highly

sensitive to cardinality estimation errors [32], motivating numerous techniques for improving

robustness [27, 53]. These approaches can be broadly categorized into robust query processing

and robust plan selection; our work focuses on the latter. Various robustness definitions have been

proposed in the literature, including worst-case sub-optimality [21, 36, 44], slope or integral of the

cost function [45], near-optimality ranges [19, 46], predicted execution time distributions [33], and

expected penalty or risk [49]. These definitions operate under different uncertainty models, which

themselves vary in formulation from probability density functions [8, 16, 49] to uniform distribu-

tions over bounded spaces [1, 9, 23]. Robust plans are particularly valuable for parametric query

optimization (PQO), which seeks to minimize optimizer invocations through plan caching while

maintaining acceptable performance [7, 14, 19, 22, 28, 30]. PQO typically follows a two-step frame-

work: candidate plan generation and online plan selection [20, 22, 43, 50]. In this context, robust

plans serve as excellent caching candidates not only because they reduce optimizer invocations, but

because they fundamentally outperform repeated re-optimization by providing consistently good

performance across uncertainty scenarios. Xiu et al. [50] demonstrate that caching a compact set of

robust plans can achieve superior overall query performance compared to per-query optimization,

while simultaneously improving runtime planning efficiency.

Coresets. Coresets, originally developed in computational geometry, provide compact summaries

of large optimization instances while preserving provable approximation guarantees [2, 3, 37]. A rich

line of work establishes small coresets for geometric problems such as clustering, regression, and

shape fitting, with coreset sizes typically depending on the dimension, the desired approximation

factor, and sometimes logarithmically on the input size [2, 4, 10–12, 15, 26, 42]. Coresets have also

been explored in query-processing settings [4, 6, 54], where a succinct subset of the data is selected

during preprocessing and can subsequently be used to answer different types of queries, including

top-𝑘 , 𝑘-regret minimization, and diversity queries.

Proc. ACM Manag. Data, Vol. 4, No. 2 (PODS), Article 100. Publication date: May 2026.



100:18 Rahul Raychaudhury, Haibo Xiu, Pankaj K. Agarwal, Stavros Sintos, & Jun Yang

6 Conclusion

We initiated a theoretical study of coresets for robust query optimization, introducing robust

coresets for both expected penalty and risk under uncertainty-aware cost models. Several directions

remain open. Interesting directions for future work include tightening the worst-case coreset

bounds for broader classes of cost functions beyond the linear setting, as well as developing fully

dynamic and online variants of robust coresets that adapt continuously to evolving workloads and

feedback from query execution.
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A Worst-case Coresets

In general, the minimum size of a coreset of plans with respect to an objective function depends on

the query template Γ and the cost model, making general bounds difficult without template-specific

assumptions. To obtain template-agnostic worst-case guarantees, we instead focus on families

of cost functions commonly used to model plan costs. In practice, these are typically low-degree

polynomials, with linear functions being particularly common [28, 47, 48].

In Section A.1, we consider a simplified setting where the cost function of a plan 𝜋 ∈ Π is a

bounded-degree polynomial over R𝑑
≥0

whose coefficients are integers in the bounded range [1, 𝑀],
where 𝑀 ≥ 1 is a real number. Our goal here is to understand, in this clean setting, how the

size of an 𝛼-coreset for minimization fundamentally depends on 𝑑 and 𝑀 , and whether one can

algorithmically approach the smallest possible coreset for a given instance. We first present upper

bounds showing that, for any set of plans Π such that for every 𝜋 ∈ Π, Cost(𝜋, ·) is a polynomial over

R𝑑
≥0

of degree 𝑔 with integer coefficients in [1, 𝑀], there exists an 𝛼-coreset of size𝑂
(
(log𝛼 𝑀)dim

)
and it can be constructed in 𝑂

(
dim · |Π | + (log𝛼 𝑀)dim

)
time, where dim =𝑂

(
(𝑑 + 𝑔)min{𝑑,𝑔} )

. We

also establish a nearly tight lower bound when Π is restricted to 𝑑-dimensional linear cost functions

with coefficients in [1, 𝑀]. Here we show that one can pick a collection of bounded such cost

functions such that every 𝛼-coreset for minimization must have size at least polynomial in log𝑀

and exponential in 𝑑 . This shows that the curse of dimensionality is unavoidable even in this

simplified model. Both the lower and upper bounds are shown in Theorem A.1.

Next, in Section A.2, we move beyond worst-case existence and consider the problem of con-

structing an instance-optimal coreset given a set of plans Π with linear cost functions whose

coefficients are integers in the range [1, 𝑀]. Let M ⊆ Π denote the smallest 𝛼-coreset for the

minimization objective. We present an algorithm that constructs an 𝛼3
-coreset whose size is within

a polylogarithmic factor of |M| in time 𝑂

(
𝑑 · |Π | + 𝑑𝑂 (𝑑 )

(
log𝛼 𝑀

)
2𝑑2+𝑑

log
2
(
log𝛼 𝑀

) )
. This result

shows that it is possible to compute coresets that are near–instance optimal in time polynomial in

|Π |. The construction of such near-optimal coresets is given in Theorem A.5.

A.1 Worst-case bounds

Theorem A.1. Let Π be a set of plans with linear cost functions, such that for every 𝜋 ∈ Π,
Cost(𝜋, s) = ⟨𝑐𝜋 , s⟩ overR𝑑

≥0
, where each coefficient is an integer in the range [1, 𝑀]. For any𝛼 ≥ 1, there

exists an 𝛼-coresetM ⊆ Π of size 𝑂

( (
log𝛼 𝑀

)𝑑 )
that can be constructed in 𝑂

(
𝑑 · |Π | +

(
log𝛼 𝑀

)𝑑 )
time. Moreover, this bound is almost tight: for every 𝑑 and 𝑀 ≥ 1 there exists a family Π of linear

functions for which every 𝛼-coreset has size Ω
(

1√
𝑑
·
(
log𝛼 ·𝑑 𝑀

)𝑑−1

)
. The upper bound extends to

polynomial functions: If Π is a set of plans represented by polynomial functions of dimension 𝑑 and
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degree 𝑔, then for any 𝛼 ≥ 1, there exists an 𝛼-coreset of size 𝑂

( (
log𝛼 𝑀

)dim)
that can be constructed

in 𝑂

(
dim · |Π | +

(
log𝛼 𝑀

)dim)
time, where dim =𝑂

(
(𝑑 + 𝑔)min{𝑑,𝑔} )

.

Upper bound. We first show the upper bound. We directly show the stronger result, proving that

the upper bound holds for every set of plans that are represented by polynomial functions.

For a cardinality vector s ∈ R𝑑
≥0
, let s = (𝑠1, . . . , 𝑠𝑑 ). By definition of Π, for every plan 𝜋 ∈ Π,

Cost(𝜋, s) = 𝑐𝜋,0 +
∑︁

®𝑟 ∈N𝑑 ,1≤ | |®𝑟 | |1≤𝑔
𝑐𝜋,®𝑟 · 𝑠𝑟1

1
· . . . · 𝑠𝑟𝑑

𝑑
,

where 1 ≤ 𝑐𝜋,®𝑟 ≤ 𝑀 and ®𝑟 = (𝑟1, . . . , 𝑟𝑑 ) is a vector in N𝑑
with 1 ≤ ||®𝑟 | |1 ≤ 𝑔. We use N to denote

the set of natural numbers. Let R = {®𝑟 ∈ N𝑑 | 1 ≤ ||®𝑟 | |1 ≤ 𝑔}. Furthermore, for any positive integer

𝑥 , we define [𝑥] = {1, . . . , 𝑥}.
Algorithm. For every ®𝑟 ∈ R, we partition the polynomials in Π into 𝜆 = ⌈log𝛼 𝑀⌉ =𝑂 (log𝛼 𝑀)
buckets. For each 𝑗 ∈ [𝜆], we set

𝐵®𝑟 [ 𝑗] = {𝜋 ∈ Π | 𝛼 𝑗−1 ≤ 𝑐𝜋,®𝑟 < 𝛼 𝑗 }.

Let dim =
( 𝑑+𝑔
min{𝑑,𝑔}

)
− 1 =𝑂

(
(𝑑 + 𝑔)min{𝑑,𝑔} )

. Notice that |R | = dim, so let R = {®𝑟 (1) , . . . , ®𝑟 (dim) }.
For every ℎ ∈ [dim], we have ®𝑟 (ℎ) = (𝑟 (ℎ)

1
, . . . , 𝑟

(ℎ)
𝑑
).

InitiallyM = ∅. For every 𝑗1, . . . , 𝑗dim ∈ [𝜆]dim we add inM the polynomial

arg min

𝜋∈Π:∀®𝑟 (ℎ) ∈R,𝜋 ∈𝐵®𝑟 (ℎ) [ 𝑗ℎ ]
𝑐𝜋,0,

i.e., the plan 𝜋 with the minimum coefficient 𝑐𝜋,0 among plans that belong in all buckets 𝐵®𝑟 (ℎ) [ 𝑗ℎ]
for ®𝑟 (ℎ) ∈ R.

Lemma A.2. |M| =𝑂

( (
log𝛼 𝑀

)dim)
.

Proof. By definition |R | = dim. For every ®𝑟 (ℎ) ∈ R there are 𝜆 =𝑂 (log𝛼 𝑀) buckets so in total

|M| = 𝜆dim =𝑂 (log
dim
𝛼 𝑀). □

Lemma A.3. M is an 𝛼-coreset.

Proof. Let s ∈ R𝑑
≥0

be a cardinality vector. Recall that 𝜋★(s) is the optimum plan in Π with

respect to s. Notice that by definition, there exist indices 𝑗∗
1
, . . . , 𝑗∗dim such that for every ®𝑟 (ℎ) ∈ R,

𝜋★(s) ∈ 𝐵®𝑟 (ℎ) [ 𝑗∗ℎ]. Let Π
∗ ⊆ Π be the set of polynomials defined as Π∗ = {𝜋 ∈ Π | ∀®𝑟 (ℎ) ∈ R, 𝜋 ∈

𝐵®𝑟 (ℎ) [ 𝑗∗ℎ]}, thus 𝜋
★(s) ∈ Π∗. Let 𝜋 = arg min𝜋∈Π∗ 𝑐𝜋,0. By the construction of M, it follows that

𝜋 ∈ M. Furthermore, since 𝜋, 𝜋★(s) ∈ Π∗, for every ®𝑟 (ℎ) ∈ R, it holds that

𝑐𝜋,®𝑟 (ℎ) ≤ 𝛼 · 𝑐𝜋★ (s),®𝑟 (ℎ) .

Hence,

Cost(𝜋, s) = 𝑐𝜋,0 +
∑︁
®𝑟 (ℎ) ∈R

𝑐𝜋,®𝑟 (ℎ) · 𝑠
𝑟
(ℎ)
1

1
· . . . · 𝑠𝑟

(ℎ)
𝑑

𝑑
≤ 𝑐𝜋★ (s),0 + 𝛼

∑︁
®𝑟 (ℎ) ∈R

𝑐𝜋★ (s),®𝑟 (ℎ) · 𝑠
𝑟
(ℎ)
1

1
· . . . · 𝑠𝑟

(ℎ)
𝑑

𝑑

≤ 𝛼 · Cost★(s).

□

Proc. ACM Manag. Data, Vol. 4, No. 2 (PODS), Article 100. Publication date: May 2026.



100:22 Rahul Raychaudhury, Haibo Xiu, Pankaj K. Agarwal, Stavros Sintos, & Jun Yang

The running time of the algorithm for constructingM is 𝑂

(
dim · |Π | +

(
log𝛼 𝑀

)dim)
, since we

construct all buckets in 𝜆dim time and for every 𝑟 ∈ R we make a single pass over all plans to assign

each plan to its corresponding bucket.

We note that for linear functions, 𝑔 = 1 and thus dim = 𝑑 . Therefore, the upper bound on the

size ofM and the running time follow when Π consists of plans with linear cost functions.

Lower bound. We construct a set Π of 𝑛 distinct linear functions in dimension 𝑑 , where the value

of 𝑛 will be specified later. Specifically, Π consists of all distinct linear functions 𝜋 =
∑

𝑗∈[𝑑 ] 𝑐𝜋,𝑗 𝑠 𝑗
whose coefficients are defined as 𝑐𝜋,𝑗 = (𝑑 ·𝛼)𝑖𝜋,𝑗 for every 𝑗 ∈ [𝑑], and whose exponents 𝑖𝜋,1, . . . , 𝑖𝜋,𝑑
satisfy

∑
𝑗∈[𝑑 ] 𝑖𝜋,𝑗 =

⌈
𝑑 log𝑑 ·𝛼 𝑀

2

⌉
and 0 ≤ 𝑖𝜋,𝑗 ≤

⌈
log𝑑 ·𝛼 𝑀

⌉
.

We will show that every linear function in Π constructed as described above must be included in

any 𝛼-coreset of Π.

Lemma A.4. Π is the unique 𝛼-coreset of Π.

Proof. For each 𝜋 ∈ Π let s𝜋 ∈ R𝑑
≥0

be a cardinality vector defined as s𝜋 = (𝑠𝜋,1, . . . , 𝑠𝜋,𝑑 ), where
𝑠𝜋,𝑗 =

1

𝑐𝜋,𝑗
= 1

(𝑑 ·𝛼 )𝑖𝜋,𝑗 .

We have

⟨s𝜋 , 𝜋⟩ = 𝑑.

For any other 𝜋 ′ ∈ Π \ {𝜋}, notice that∑𝑗∈[𝑑 ] 𝑖𝜋,𝑗 =
∑

𝑗∈[𝑑 ] 𝑖𝜋 ′, 𝑗 =
⌈
𝑑 log𝑑 ·𝛼 𝑀

2

⌉
. Since 𝜋, 𝜋 ′ are two

different linear functions in Π, there are at least two indices 𝑗1, 𝑗2 ∈ [𝑑] such that 𝑖𝜋,𝑗1 < 𝑖𝜋 ′, 𝑗1 and

𝑖𝜋,𝑗2 > 𝑖𝜋 ′, 𝑗2 . Equivalently, we have 𝑖𝜋 ′, 𝑗1 − 𝑖𝜋,𝑗1 ≥ 1 and 𝑖𝜋,𝑗2 − 𝑖𝜋 ′, 𝑗2 ≥ 1. Based on these observations,

we have

⟨s𝜋 , 𝜋 ′⟩ >
(𝑑 · 𝛼)𝑖𝜋 ′, 𝑗1
(𝑑 · 𝛼)𝑖𝜋,𝑗1

= (𝑑 · 𝛼)𝑖𝜋 ′, 𝑗1−𝑖𝜋,𝑗1 ≥ 𝛼 · 𝑑.

Hence, 𝜋 must be in every 𝛼-coreset of Π. The same argument is repeated for every 𝜋 ∈ Π so Π
is the unique 𝛼-coreset of Π. □

It remains to bound 𝑛, i.e., what is the number of linear functions in Π. This is equivalent to
the following instance from discrete mathematics. Given 𝑑 boxes, where each box can fit at most

⌈log𝑑 ·𝛼 𝑀⌉ balls, and given

⌈
𝑑 log𝑑 ·𝛼 𝑀

2

⌉
(identical) balls, the goal is to compute the number of ways

(combinations) that the balls can be placed in the boxes satisfying the constraints. A lower bound for

this quantity is Ω
(

1√
𝑑
·
(
log𝛼 ·𝑑 𝑀

)𝑑−1

)
. Thus, we can construct 𝑛 = Θ

(
1√
𝑑
·
(
log𝛼 ·𝑑 𝑀

)𝑑−1

)
linear

functions in Π such that every 𝛼-coreset of Π has size 𝑛.

A.2 Instance-optimal construction

Theorem A.5. Let Π be a set of linear plans, where all coefficients are integers in the range [1, 𝑀].
Given a parameter 𝛼 > 1, there exists an algorithm that computes an 𝛼3

-coreset M̂ ⊆ Π of Π in

𝑂

(
𝑑 · |Π | + 𝑑𝑂 (𝑑 )

(
log𝛼 𝑀

)
2𝑑2+𝑑

log
2
(
log𝛼 𝑀

) )
time such that |M̂| ≤ 𝑑𝑂 (1) · log( |M|) · |M|, where M ⊆ Π is the 𝛼-coreset of Π with the minimum

size.

Proof. LetM be an 𝛼-coreset on Π constructed as described in Theorem A.1. By the construction

and the proof of Theorem A.1, it holds that for each 𝜋 ∈ Π, there exists 𝜋M ∈ M such that

Cost(𝜋M, s) ≤ 𝛼 · Cost(𝜋, s), (15)
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for every cardinality vector s. Recall that for every 𝜋 ∈ Π, Cost(𝜋, s) = 𝑐𝜋,0 + ⟨𝜋, s⟩ = 𝑐𝜋,0 +∑
𝑗∈[𝑑 ] 𝑐𝜋,𝑗𝑠 𝑗 .
For every 𝜋 ∈ M we construct a plan 𝜋 ′ with coefficients 𝑐𝜋 ′, 𝑗 = 𝛼2 · 𝑐𝜋,𝑗 , for each 𝑗 ∈ [𝑑], and

𝑐𝜋 ′,0 = 𝛼2 · 𝑐𝜋,0. Hence, for every s,
Cost(𝜋 ′, s) = 𝛼2 · Cost(𝜋, s).

We set Π′ =M ∪ {𝜋 ′ | 𝜋 ∈ M}.
We construct the full arrangementA(Π′) of hyperplanes in Π′ [5]. For every s ∈ R𝑑

≥0
, let Orders

be an ordering of the plans in Π′ such that 𝜋1 < 𝜋2 in Orders if and only if Cost(𝜋1, s) < Cost(𝜋2, s).
Ties are broken arbitrarily. Similarly to [4], using the arrangement A(Π′), we identify 𝜂 convex

regions 𝑋1, . . . , 𝑋𝜂 ∈ R𝑑
, for 𝜂 = 𝑂 ((2|M|)2𝑑 ), such that for each fixed 𝑋𝑖 , and for every pair of

cardinality vectors s(1) , s(2) ∈ 𝑋𝑖 , the ordering of plans with respect to s(1) is the same as the

ordering of the plans with respect to s(2) , i.e., Orders(1) = Orders(2) .
For each 𝑖 ∈ [𝜂], let 𝜋 (𝑖 ) be the plan in the lower envelope ofM in𝑋𝑖 . By definition, 𝜋 (𝑖 ) is the first

plan in the orderingOrders, for every s ∈ 𝑋𝑖 . Recall that 𝜋
′
(𝑖 ) ∈ Π

′
with Cost(𝜋 ′(𝑖 ) , s) = 𝛼2 ·Cost(𝜋 (𝑖 ) , s),

for every s ∈ 𝑋𝑖 . Let

S𝑖 = {𝜋 ∈ M | ∀s ∈ 𝑋𝑖 , Cost(𝜋, s) ≤ Cost(𝜋 ′(𝑖 ) , s)}
be the subset of plans in M that precede 𝜋 ′(𝑖 ) in the ordering Orders, and let S be the family of sets

{S1, . . . , S𝜂}. Notice that (M, S) define a set system. We compute a hitting set M̂ ⊆ M for (M, S)
using the algorithm in [25]; see also [4, 31].

Coreset. We show that M̂ is an 𝛼3
-coreset of Π. Let s be a cardinality vector such that, without loss

of generality, s ∈ 𝑋𝑖 . We observed that for 𝜋 (𝑖 ) ∈ M, it holds Cost(𝜋 (𝑖 ) , s) ≤ 𝛼 · Cost★(s). By definition,
𝜋 (𝑖 ) ∈ S𝑖 and by the solution of the hitting set instance for (M,S), there exists 𝜋 ∈ M̂∩ S𝑖 such that

Cost(𝜋, s) ≤ 𝛼2 · Cost(𝜋 (𝑖 ) , s) ≤ 𝛼3 · Cost★(s).

Repeating the same argument for every cardinality vector s, we conclude that M̂ is an 𝛼3
-coreset of

Π.

Running time. Next, we analyze the running time. We construct M in 𝑂

(
𝑑 · |Π | +

(
log𝛼 𝑀

)𝑑 )
time, we construct the arrangementA(Π′) in𝑂 ((2|M|)2𝑑 ) time and identify the regions 𝑋1, . . . , 𝑋𝜂

in 𝑑𝑂 (𝑑 ) (2|M|)2𝑑 time [4, 5]. We note that the set system (M, S) has |M| items, and 𝜂 sets. Using

the same algorithm as in [4] we compute M̂ in 𝑂 ( |M| · 𝜂 · log |M| · log𝜂) time. The running time

follows.

Approximation factor on the size of M̂. Finally, we bound the size of M̂. First we argue that

the hitting set instance (M, S) has an optimum solution of size at most |M|. For every 𝜋 ∈ M, by

Equation (15), there exists 𝜋M ∈ M such that

Cost(𝜋M, s) ≤ 𝛼 · Cost(𝜋, s)
for every cardinality vector s. Let s be a cardinality vector (and without loss of generality assume

that s ∈ 𝑋𝑖 ) and let 𝜋 ∈ M be the plan such that 𝜋 = arg min
𝜋 ′∈M Cost(𝜋 ′, s). We have that

Cost(𝜋M, s) ≤ 𝛼 · Cost(𝜋, s) ≤ 𝛼2 · Cost★(s) ≤ Cost(𝜋 ′(𝑖 ) , s),

hence 𝜋M ∈ S𝑖 . The last inequality follows because Cost(𝜋 ′(𝑖 ) , s) = 𝛼2 · Cost(𝜋 (𝑖 ) , s) ≥ 𝛼2 · Cost★(s).
Thus the set {𝜋M | 𝜋 ∈ M} is a hitting set for (M, S) of size at most |M|. The approximation factor

follows from [25]. □
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