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Optimization tasks over relational data, such as clustering, often suffer from the prohibitive cost of join
operations, which are necessary to access the full dataset. While geometric data structures like BBD trees
yield fast approximation algorithms in the standard computational setting, their application to relational data
remains unclear due to the size of the join output. In this paper, we introduce a framework that leverages
geometric insights to design faster algorithms when the data is stored as the results of a join query in a
relational database. Our core contribution is the development of the RBBD tree, a randomized variant of the
BBD tree tailored for relational settings. Instead of completely constructing the RBBD tree, by leveraging
efficient sampling and counting techniques over relational joins, we enable on-the-fly efficient expansion of
the RBBD tree, maintaining only the necessary parts. This allows us to simulate geometric query procedures
without materializing the join result. As an application, we present algorithms that improve the state-of-the-art
for relational k-center/means/median clustering by a factor of k in running time while maintaining the same
approximation guarantees. Our method is general and can be applied to various optimization problems in the
relational setting.
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1 Introduction

Optimization problems, such as clustering, are traditionally studied in computer science under the
assumption of full access to the input data. However, in real-world applications, data is typically
stored in relational databases, where information is distributed across multiple interrelated tables.
Each table contains a set of tuples, and tuples from different tables may join if they have the same
value on the shared attributes. This relational structure introduces a fundamental challenge: full
access to the data is only possible after performing a join operation across the relevant tables. Such
joins are computationally expensive, as the output size of a join can be polynomially larger than
the size of the input tables [47, 48]. Nonetheless, relational data is ubiquitous in practice. According
to [1, 3, 51], the majority of modern database systems and data science tasks involve relational data.

Machine learning applications over relational data typically involve two stages: (1) data prepa-
ration, where multiple tables are joined to construct the feature dataset, and (2) modeling, where
machine learning algorithms (for example, clustering algorithms in unsupervised learning) are
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applied to the resulting data. However, this two-step pipeline can be prohibitively expensive in
practice, largely due to the high cost of evaluating large joins.

Consider a machine-learning workflow in which feature engineering over relational data is
followed by clustering, based on the Yelp review dataset [2], which has been used for k-means clus-
tering in prior work [22, 26]. The database consists of five relations: (1) Review(user_id, business_id,
stars, date) describing reviews, (2) User(user_id, review_count, fans, yelping_since) containing
reviewer attributes, (3) Business(business_id, city, state, avg_rating) with business metadata, (4)
Category(business_id, category) listing business categories (e.g., “Restaurant”, “Coffee Shop”),
and (5) Attributes(business_id, attribute) recording additional characteristics (e.g., “OpenLate”,
“HasWIiFi”). A typical feature-engineering query joins these relations: Q = Review x User
Business b« Category pa Attributes. Each tuple in the join result corresponds to a review enriched
with numerical attributes (e.g., review_count, avg_rating) and categorical attributes (e.g., category,
attribute). Clustering is then performed directly on the joined tuples, grouping review events by
joint user attributes, business characteristics, and semantic labels. Because businesses often have
multiple category and attribute labels, the number of join results is much larger than any base
relation. As reported in [26], the Yelp tables contain roughly 8 million tuples in total, while the fully
materialized join contains about 22 million tuples. This blow-up highlights the cost of materializing
joins before learning and motivates algorithms that operate directly on the base tables without
explicitly constructing the join results.

Recent work has aimed to circumvent materializing the full join output by designing relational
algorithms for optimization tasks such as clustering [22, 26, 46]. However, these approaches often
suffer from large constant approximation ratios or expensive runtimes. Moreover, each known
method typically relies on a different specialized technique tailored to a specific problem.

In this paper, we introduce a general framework that enables faster algorithms for a broad class of
optimization problems on relational data. Given a join query and a database instance, our approach
can be used to efficiently solve problems such as clustering, diversity maximization, and fairness-
aware selection. Many of these problems have well-understood and near-linear time approximation
algorithms in the standard computational setting, where the input is a single flat table. However,
naively applying these techniques in the relational setting is inefficient due to the size of the join
output. Our key idea is to simulate the behavior of geometric data structures—particularly those
based on hierarchical tree structures such as the BBD tree [13], without materializing the entire
join result. We present our approach by implementing a relational version of the BBD tree, since it
best serves the clustering problems we aim to solve. However, the same techniques can be adopted
to derive a relational version of other commonly used geometric data structures such as quad
trees [36], kd-trees [27], or partition trees [21]. We introduce a new randomized data structure, the
RBBD tree, which maintains the desirable properties of the BBD tree but is tailored for relational
data. Crucially, we show that given only one node of an RBBD tree (defined over the join results
of an acyclic join query), its children can be computed in roughly O(N) time, where N is the size
of the input database. This enables efficient simulation of geometric queries over the join results,
including range counting, range reporting, and range sampling queries, as these typically require
accessing only a logarithmic number of tree nodes.

Our method is general: any geometric algorithm that interacts with the input data through o
queries to a BBD tree can be transformed into a randomized relational algorithm (over an acyclic join
query) with total runtime O(o - N) (ignoring logarithmic factors). As many geometric algorithms
fall into this category, our framework yields efficient relational counterparts for a variety of tasks.
As an application, we show that the running time of the state-of-the-art algorithms for all relational
k-center, k-median, and k-means clustering can be improved by a factor of k.
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While in many applications k is considered small, k-clustering for large k has become increasingly
relevant in modern applications, such as product quantization for nearest neighbor search in vector
databases [42]. This has motivated extensive algorithmic studies of large-k-clustering across various
computational models [16, 25, 30, 33, 35]. Furthermore, in the relational setting k can be even larger
than N, because the number of join results might be orders of magnitude larger than N. In the
literature on relational clustering [8, 26, 31, 46], existing algorithms typically assume that k may be
large, and successive work has focused on improving the dependency on k. We present the first
relational clustering algorithms with linear dependency on both k and N for acyclic queries.

1.1 Notation and problem definition

Join Queries. We are given a database schema R over a set of d attributes A = {A;,..., Az}
The database schema R contains m relations R;,...,Ry. Let A; C A be the set of attributes
associated with relation R; € R. For an attribute A € A, let dom(A) be the domain of attribute A.
Let dom(X) = []4cx dom(A) be be the domain of a set of attributes X C A. Let D be a database
instance over the database schema R. For simplicity, we assume that each relation R; € R contains
N tuples in D. Throughout the paper, we consider data complexity i.e., m and d are constants, while
N is a large integer. We use R; to denote both the relation and the set of tuples from D stored in
the relation. For a subset of attributes B C A and a set Y ¢ R?, let 73(Y) be the set containing the
projection of the tuples in Y onto the attributes B. Notice that two different tuples in Y might have
the same projection on B, however, 7p(Y) is defined as a set, so the projected tuple is stored once.

Following the related work on relational clustering [22, 26, 46], we are given a join query
q := Ry > ... > R, The set of results of a join query q over the database instance D is defined
as q(D) = {t € dom(A) | Vj € [1,m] : ma,(t) € R;}. A join query q is acyclic if there exists a
tree, called a join tree, such that the nodes of the tree are the relations in R and for every attribute
A € A, the set of nodes/relations that contain A form a connected component. All our algorithms
are presented assuming that q is an acyclic join query, however, in the end we extend the results to
any general join query. Let p*(q) be the fractional edge cover of query g, which is a parameter that
bounds the number of join results q(D) over any database instance: for every database instance D’
with O(N) tuples, it holds that |g(D’)| = O(NP"(@)) = O(N™) as shown in [15].

We use the notation fhw(q) to denote the fractional hypertree width [38] of the query q. The
fractional hypertree width roughly measures how close q is to being acyclic. For every acyclic join
query g, we have fhw(q) = 1. Given a cyclic join query ¢, we convert it to an equivalent acyclic
query such that each relation is the result of a (possibly cyclic) join query with fractional edge
cover at most fhw(q). Hence, a cyclic join query over a database instance with O(N) tuples per
relation can be converted, in O(N™™(9)) time, to an equivalent acyclic join query over a database
instance with O(N™(9)) tuples per relation [15]. A more formal definition of fhw is given in the
full version of the paper [32]. If q is clear from the context, we write fhw instead of fhw(q).

1/2
For tuples p,q € dom(A), let ¢(p,q) = |lp —qll2 = ( 7:1(7TAJ. (p) — 7a; (q))z) ! denote their
Euclidean distance. If A; € A is a categorical attribute, we apply the one-hot encoding and define
(74, (p) — 7a, ()% =1if 7a;(p) # 7ma,(q), and 0 otherwise. We focus on Euclidean distance for
clarity and consistency with prior work, but our algorithms extend to any ¢, metric.
Throughout the paper, we use the term standard computational setting when we consider the
input data to be stored in a single flat table. In contrast, we use the term relational setting when the
data is the result of a join query as described above.

Clustering. In this paper, we focus on the three classical clustering objectives: k-center, k-median,
and k-means clustering. These formulations capture different ways of measuring the quality of
clustering and are among the most widely used models in both theory and practice [14, 37, 40, 44, 49].
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We start with some useful general definitions. Let P be a set of tuples in dom(A) and let C C
dom(A) be a set of k tuples. For a tuple p € dom(A), let ¢(p, C) = mincec $(p, c). We define

uc(P) =max(p.C).  ve(P)= ) ¢(p.C), and pc(P) =) $*(p.C).
pep pEP pEP

k-center clustering: Given a set of tuples P in dom(A) and a parameter k, the goal is to find a set
C ¢ P with |C| = k such that uc(P) is minimized. Let OPT(P) = arg mingcp 5 us(P) be a set of
k centers with the minimum uopr(p) (P). Let kCenterAlg, be a (known) y-approximation algorithm
for the k-center clustering problem in the standard computational setting that runs in T7°"(|P|)
time, where y is a constant.
k-median clustering: Given a set of tuples P in dom(A) and a parameter k, the goal is to find a
set C C P with |C| = k such that vc(P) is minimized. Let OPT(P) = argmingcp /- Vs(P) be a
set of k centers with the minimum vopr(p) (P). Let kMedianAlg, be a (known) y-approximation
algorithm for the k-median problem in the standard computational setting that runs in Tymed(lP D
time, where y is a constant.
k-means clustering: Given a set of tuples P in dom(A) and a parameter k, the goal is to find a set
C C P with |C| = k such that pc(P) is minimized. Let OPT(P) = arg miNgcp gk Us(P) be a set of
k centers with the minimum popr(p) (P). Let kMeansAlg, be a (known) y-approximation algorithm
for the k-means problem in the standard computational setting that runs in Ien (|P|) time, where
Y is a constant.

We use the same notation OPT(-) for the optimum solution for k-center/median/means clustering.
It is always clear from the context whether we are referring to k-center, k-median, or k-means
clustering. Sometimes we call the value of uc(P) (or vo(P), pc(P)) as the clustering cost of C in P.

Relative approximation. We call a set C € dom(A) an a-approximation for the k-center (resp.
k-median, k-means) clustering over a tuple set P C dom(A), if uc(P) < a - uppr(p)(P) (resp.
ve(P) < a - vopr(p)(P), pc(P) < a - popr(py(P)). An a-approximation algorithm on P always
returns a set of centers which is a-approximation over P.
Coreset. A set C C dom(A), with |C| < |P|, is a coreset for the k-center/median/means clustering
over P, if every a-approximation algorithm executed on C returns a set of centers which is a
(1 + ¢)a-approximation for P. Throughout the paper, we assume that ¢ € (0, 1).

In this paper, we study k-center, k-median and k-means clustering on the results of a join query.

Definition 1.1. [Relational k-center/median/means clustering] Given a database instance D, a
join query q, and a positive integer parameter k, the goal is to compute a set S C ¢q(D) of size
|S| < k such that ug(g(D)) (resp. vs(q(D)), ps(g(D)) is minimized.
Remark. While we focus on k-clustering over full join results, all our algorithms extend straight-
forwardly to k-clustering over the results of project—join queries under bag semantics, where
duplicates are preserved (for more details see the full version [32]). This setting is particularly
useful in applications where the goal is to cluster all tuples in the join result only with respect to a
subset of attributes. As discussed in [32], the ability to perform clustering on project—join queries
under bag semantics is also a key ingredient for handling clustering over joins that involve both
numerical and categorical attributes.

1.2 Related work
For the relational k-center problem assuming only numerical attributes, Agarwal et al. [8] propose
a (2 + ¢)-approximation in O(min{k? N, kN 4+ k/2}) time.

For the relational k-means problem, Khamis et al. [4], gave an efficient implementation of the

Lloyd’s k-means heuristic. Relative approximation algorithms are also known. Curtin et al. [26] con-
struct a weighted set of tuples (grid-coreset) such that an approximation algorithm for the weighted
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Problem Method Approximation Running time
[8] (1+e)y O(KAN™fhw 4 Tyce"(kz))
k-center (8] (1+e)y O(KN™ 4 kTd721+1 4 Teen (k)
Theorem 5.2 (1+e)y O(KN™v 4 e (k))
k-median (31] (2+e)y O(K*N™ +k* + Tymed (k%)
Theorem 6.6 2+e)y O(kN™W + Tymed (k)
[26] Y2+ 4yvy + 4y O(k™N™W 4 Tymean (m))
fmeans [46] 320 + 644(1 + €)y O(K*N™w 4 T (k))
[31] (4 + E)Y O(kZthw + KA+ Tymean(kZ))
Theorem 6.6 (4+e)y O(KN™W 4+ " (k))

Table 1. Comparison of our clustering algorithms with state-of-the-art relative approximation methods for
datasets where all attributes are numerical. The running time is shown in data complexity. We assume that
¢ € (0,1) is an arbitrary constant. The notation O is used to hide logo(l) N factors from the running time.
T;°" (y) (resp. T;“ed(y), T;"*"(y)) is the running time of a known y-approximation algorithm over y points for
the k-center (resp. k-median, k-means) clustering in the standard computational setting. fhw is the fractional
hypertree width of q. Recall that d is the number of attributes in query q.

k-means clustering in the grid-coreset returns an approximation solution to the relational k-means
clustering. If all attributes are numerical then their algorithm runs in O(kmNfw 4 T,"" (k™)) time
and has a (y? + 4y+/y + 4y)-approximation factor. In the general case, having both numerical and
categorical attributes, the running time is O(k4Nfhw 4 T)I“ea“(kd)). All subsequent works focus
exclusively on the case where all attributes are numerical. Moseley et al. [46] designed a relational
implementation of the k-means++ algorithm [9, 11]. For a constant ¢ € (0, 1), their algorithm runs
in O(k*Nfhw 4 g2Nfhw 4 T;"¢2"(k)) expected time and has a (320 + 644(1 + ¢)y)-approximation
factor. Finally, Esmailpour and Sintos [31] used the hierarchical aggregation method [22] to derive
an O(1)-approximation randomized algorithm in O(k2Nf™) time. Then, they construct a geometric
coreset in O(k2N™™ + k%) time, leading to a (4 + ¢)y-approximation algorithm with high probability
in O(K*N™v 4+ k4 + T;"ea“(kz)) time. The algorithm in [31] can be extended for the relational
k-median clustering getting a (2 + ¢)y-approximation algorithm in O(k2N™ + k* + Tymed(kz))
time. Additive approximation algorithms are also known for relational clustering problems [22].
Recently, Surianarayanan et al. [55] studied the relational k-center clustering problem with outliers.

Finally, there is a lot of recent work on relational algorithms for learning problems such as,
linear regression and factorization [6, 43, 50, 54], SVMs [5, 7, 58], Independent Gaussian Mixture
models [23, 24]. Database research has explored various combinatorial problems defined over
relational data, such as ranked enumeration [28, 29, 56], quantiles [57], direct access [20], diversity [8,
10, 45], and top-k [56]. A survey is given by Schleich et al. [53].

1.3 Our results

Unless otherwise stated, we assume that dom(A) = R for each A € A and the query q is acyclic. In
the full version [32], we show how our algorithms extend when the attribute set A contains both
numerical and categorical domains, while in Section 7 we extend our results to cyclic queries.

First, in Section 3 we give the high-level ideas of our new method. We highlight the differences
of our approach with the previously known algorithms, and we propose a new geometric insight
on how to improve the running time.

e In Section 4 we present a variation of the BBD tree called Randomized BBD tree (or simply
RBBD tree) that has similar properties to the BBD tree in the standard computational setting.
However, we show that given a node of the RBBD tree, its children can be constructed in almost
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linear time with respect to the size of the input database in the relational setting. This is the key
idea to design faster algorithms for various optimization problems in the relational setting.

o In Section 5 we show efficient algorithms for the relational k-center clustering. First, we propose
an O(1)-approximation algorithm that runs in O(kN) time, with high probability. The result of our
new algorithm is given as input to the coreset construction from [8] to get a (1 + ¢)y-approximation
algorithm in O(kN + T;"(k)) time.

o In Section 6 we design efficient algorithms for the relational k-median/means clustering. We
get our intuition from [40] and we propose a geometric approach using our RBBD tree in the
relational setting to design an O(1)-approximation algorithm for the relational k-median/means
clustering that returns O(klog® N) centers. The returned set is given as input to the coreset
construction method (in the relational setting) in [31] to derive the final result. Interestingly, our
new observations in this work can be used to accelerate the coreset construction of [31]. In the end,
we get a (2 + ¢)y-approximation (resp. (4 + ¢)y-approximation) for the relational k-median (resp.
k-means) clustering in O(kN + Tymed (k)) (resp. O(kN + T;"*"(k))) time, with high probability.

e Due to the generality of our approach, in Section 7 and in the full version [32], we show how
our new method can be used to get faster algorithms for other optimization problems, such as
diversity and fairness problems, in the relational setting.

The running times and approximation factors of our new relational clustering algorithms, along
with a comparison to the state-of-the-art, are shown in Table 1.

2 Preliminaries

We revisit various known tools, algorithms, and data structures that we use in the next sections. For
apoint p € R and r € R, let B(p,r) = {x € R? | #(p,x) < r} be the ball of center p and radius .

Box. A box p is an axis-parallel d-dimensional hyper-rectangle that is defined as the product of d
intervals over the attributes, i.e., p = I; X ... X I, where [; = [a;, b;] for a;, b; € R.

e-sample. Let (P,R) be a set system where P is a set of n points in R? and R is the set of all

(infinitely many) possible boxes in R?. For a parameter ¢ € (0,1), a set N' C P is an ¢-sample if for

every p € R, | ‘P‘Qf' - “IV/C/fl | < e. It is known [18, 39] that a set of O(¢~2log /') uniform random

samples from P is an e-sample of (P, R) with probability at least 1 — /.

Oracles for aggregation queries. We show known oracles that can be used to access some tuples
from the join results or compute some statistics on the join results without explicitly evaluating
the join query. In the next sections, we aim to count or sample from the join results in q(D) that
lie inside a box. More formally, let p be a box in R?. The goal is i) count the number of tuples
|g(D) N p|, ii) sample uniformly at random from ¢q(D) N p, iii) report all tuples in g(D) N p, and iv)
pick any arbitrary tuple from gq(D) N p. The next lemma follows from [31].

LEmMA 2.1 ([31]). Let D be a database instance of N tuples (with numerical attributes) and let q be
an acyclic query over D. Let p be a box in R%. There exists an algorithm

(1) CountRect(q, D, p) to count |q(D) N p| in O(N) time,

(2) SampleRect(q, D, p, z) to sample z points from q(D) N p in O(N + zlog N) time,

(3) ReportRect(q, D, p) to report all points in (D) N p in O(N + |[p N q(D)|) time,

(4) ReprRect(q, D, p) to find a representative tuple from q(D) N p in O(N) time.

The running times of the oracles hold assuming perfect hashing.!

1We assume perfect hashing for simplicity. A standard randomized hash table yields the same asymptotic bounds with high
probability; perfect hashing assumption is used only to avoid carrying additional (routine) randomness through the analysis.
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BBD tree. The main geometric data structure we employ is the BBD tree [12, 13], a variant of the
quadtree [36]. A BBD tree 7 on a set P of n points in R is a binary tree of height O(log n) with
n leaves, where each point in P is stored in exactly one leaf node. Let O denote the axis-aligned
box with the smallest volume containing P. Each node u of 7 is associated with a region 0, C RY,
which is either a box or the difference of two boxes (a box with a hole). This region contains
precisely the points from P that are stored in the leaves of the subtree rooted at u. If root is the root
node of 77, then Opeot = O. Let P, = P N O, denote the points contained in the subtree rooted at u.
If |P,| = 1, then u is a leaf. Otherwise, u has two children, say w and z, such that O,, and O, form a
partition of O,. The regions associated with the nodes of 7~ thus induce a hierarchical partition of
R¢. For illustration, consider the set of 23 points shown in Figure 1. A partially constructed (and,
for simplicity, slightly simplified) BBD tree of this set is shown in Figure 2. The blue segments in
Figure 1 depict the hierarchical partition induced by the constructed BBD tree. For the node v in
Figure 2, the region O, is the box defined by opposite corners C and J, while for node w, the region
O,, is the box defined by opposite corners C and K, excluding the inner box defined by opposite
corners L and M. For every node u of the BBD tree in Figure 2, we also show the number of points
in P,,. For example, |P,,| = 4 because the box defined by [C, K] contains 8 points, but the hole box
[L, M] contains 4 points. A BBD tree has O(n) space and can be constructed in O(nlog n) time.

A BBD tree requires O(n) space and can be constructed in O(nlogn) time. Given a parameter
£ € (0,1) and a ball B(x,r) in R4, the BBD tree supports a query procedure, denoted 7 (x, r), that
returns a set of canonical nodes U(x,r) = wj, ..., u,, with k = O(logn + e~%*1), in O(log n + e~4*1)
time. These nodes satisfy 0O,,N0,; = 0 for all distinct i, j,and B(x,7) C U;<i<, Ou; € B(x, (1+€)r).
In other words, the BBD tree returns a set of boxes (with or without holes) such that the union
of them completely covers the ball B(x,r) and might cover some part of B(x, (1 + ¢)r) \ B(x,r).
The query procedure is straightforward once the tree is built. Starting from the root of 7~ and an
initially empty set U (x, r), the algorithm recursively traverses the tree. When visiting a node u,
if O, € B(x, (1 + ¢)r), the node u is added to U(x,r). If O, N B(x,r) = O, the traversal of this
branch terminates. Otherwise, the procedure continues recursively with both children of u. For
example, in Figure 1, let B(x, r) denote the inner red circle and B(x, (1 + ¢)r) the outer dashed
circle. The corresponding canonical nodes U (x, r) are highlighted as red nodes in Figure 2. We
note that the boxes in U (x, r) cover all points in the inner red circle and, in addition, cover a point
from P in the annulus B(x, (1 + €)r) \ B(x, r), because the box with opposite corners N and S lies
entirely within the outer dashed circle. BBD trees can be used for different types of queries, such as
reporting, counting, or sampling queries.

3 Overview

In this section, we describe the intuition and the high-level ideas of our approach. In the next
sections, we formally prove the claims made in this section.

Previous methods. Most of the previously known methods for relational clustering [8, 22, 26, 31,
46] follow the same high-level approach. They first design a constant approximation algorithm
with more than k centers. Let Z be that set. Then Z is used to construct a small coreset C for the
relational clustering problem. Finally, a known clustering algorithm in the standard computational
setting is executed on C to derive the final solution. Interestingly, the coreset construction is
relatively fast. In most cases, the running time is dominated by the first part, i.e., constructing
any constant approximation solution with potentially more than k points. For example, consider
the state—of-the-art algorithms for the relational k-center [8] and relational k-median/means
clustering [31]. In these papers, they construct O(1)-approximation algorithms with O(k?) centers
in O(k*N) time using a hierarchical aggregation method. At a high level, they place all relations
from R as leaf nodes in a balanced binary tree. For a leaf node u; run a standard clustering algorithm
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Fig. 1. Partition of a partially con- Fig. 2. Partially constructed BBD tree over the black points of Fig-

structed BBD tree over the set of Ure 1. Anodeu of the form [X, Y], c has a region O, defined by the

black points. Red circle represents the opposite corners X, Y, and |Pu|.= |I?|u NP|= c. Nodes with [X, Y% ¢

query ball B(x,r) while the larger correspond.to nodes whose region is a l?ox with a hol.e..The trlang!es

dashed circle represents B(x, (1 + below certain nodes denote subtrees omitted for simplicity and clarity.

). Red nodes indicate the set of canonical nodes U(x, r) corresponding
to the ball B(x, r) shown in Figure 1.

in the standard computational setting, considering only the tuples of the relation stored in u;. Let
S be the returned set of k centers. Equivalently, they get S; from the sibling node u;,. Then, they
show that S;xz; = S1 X Sz is an O(1)-approximation solution for the clustering problem on the
result of joining the tables in leaf nodes u; and u,. Then they construct a coreset based on Syx;
in time O(]S;z| - N) and continue recursively on higher levels of the tree. While this method is
useful to design O(1)-approximation algorithms, the drawback is that it constructs intermediate
sets of size ©(k?) (for example S;x»), leading to Q(k? - N) time algorithms.

Our approach. We give the high-level idea of our approach using the k-center clustering as an
example. Let P be a set of n points in R and k be a positive integer parameter in the standard com-
putational setting. In computational geometry, there are various efficient constant approximation
algorithms for the k-center clustering. While these algorithms are fast in the standard computa-
tional setting, it is not clear how to efficiently extend them to the relational setting. Consider the
following simple algorithm for the k-center problem on P. Let r = ugpr(p)(P) be the optimum
cost, and assume that r is known upfront. In the first iteration, we add in S any arbitrary point
p1 € P. We remove all points in B(ps, 2r) N P from P, i.e., all points in P within distance 2r from
p1, and we continue with the next iteration. In the i-th iteration we choose an arbitrary point
pi € P\ U,<; B(pj, 2r), we remove all points B(p;, 2r) N P and we continue for a total number
of k iterations. It is easy to verify that this algorithm returns a 2-approximation for the k-center
problem on P. Assuming that the optimum r is known, a naive implementation of this algorithm
takes O(nk) time. If r is not known, we need to execute a binary search on the distances of P (using
a WSPD [19, 41]), leading to O(nk log n) running time. However, there is a faster implementation
of this algorithm in the standard computational setting. We build a BBD tree 7 over P. For every
node u of 7, we store a representative point u.rep from the points stored in the leaf nodes of
the subtree rooted at u, i.e., u.rep € P, (see Section 4). In the first iteration p; = root.rep, is the
representative point in the root. Then we run the query 7 (p;, 2r) and we get the set of canonical
nodes U(p1, 2r). We mark every node in U (py, 2r) as ‘inactive’. Then we start from the deepest
node in U (p,, 2r) and we update the representative points of the active nodes to make sure that no
representative point lies in a leaf node of a subtree rooted at an inactive node. We continue similarly
in the next k — 1 iterations, visiting only active nodes. This implementation returns a set S C P such

Proc. ACM Manag. Data, Vol. 4, No. 2 (PODS), Article 102. Publication date: May 2026.



Faster Relational Algorithms Using Geometric Data Structures 102:9

that us(P) < 2(1 + e)uppr(p) (P) with running time O(nlogn + k(e~d*1

standard computational setting.

A straightforward implementation of the BBD tree based algorithm for k-center clustering will
be expensive in the relational setting. Just to construct the BBD tree over all join results, we need
Q(|q(D)|) time. However, we make the following simple but key observation. We do not really
need to construct the entire tree upfront. What if we construct the tree on the fly? Consider
again the standard computational setting. Initially, assume that we have only constructed the root
node root of the tree 7. The goal is to compute U (p;, 2r). Let v be a node of the constructed part of
7 that the query procedure traverses. If the children of v have not been constructed, we construct
the left child v; and the right child v;, and then we continue with the regular query procedure.
Given a node v of the BBD tree, if we can construct its two children vy, v, in O(t) time, then the
execution time is bounded by O(k - t - (log n + e~%*1)). While this is a loose upper bound in the
standard computational setting, we use it to bound the query procedure in the relational setting.

Our core idea is the on-the-fly construction of a new variant of the BBD tree in the relational
setting. This enables the design of several new relational oracles, which in turn yield the fastest
known approximation algorithms for a variety of optimization problems. While the underlying
idea is conceptually simple, constructing a BBD tree in the relational setting requires multiple
steps, combining techniques from computational geometry (BBD trees), database theory (relational
counting and sampling oracles), and probability analysis (¢-samples). A key advantage of our
approach is generality. Many classical algorithms from standard settings can be directly translated to
relational settings with minimal effort using the proposed data structure. This sharply contrasts with
previous work on relational clustering (for example [8, 31, 46]), where algorithms are specifically
tailored for particular objectives and often differ significantly from their classical counterparts.

In the next section, we propose a new variation of the BBD tree, called randomized BBD tree (or
RBBD tree in short) such that if a node v of an RBBD tree over q(D) is given, then the children
01,0z can be computed in O(N + ¢~ %log N) time in the relational setting.

+logn)) = O(nlogn), in

4 RBBD tree

Before we describe the RBBD tree, we give an overview of how standard BBD trees are constructed
as described in [13]. Then, we introduce a randomized variation of the BBD tree called RBBD tree.
Although the RBBD tree offers no advantage over the BBD tree in the standard computational
setting, we show that it can be beneficial in the relational setting, as the children of any node in
the RBBD tree over q(D) can be constructed efficiently.

4.1 More details on the construction of a BBD tree

Let P be a set of n points in R%. Recall that every node u of the BBD tree is associated with a region
O,, which is either a box or a box with a hole, and recall that P, = O, N P. In the latter case, let O}
be the outer box and O, be the inner box (hole). A midpoint box is defined as any box that can be
obtained by a recursive application of the following rule, starting from the initial bounding box
Oroot, then: Let p be a midpoint box and let £ be the longest side of p. Split p into two identical
boxes by a hyperplane which is orthogonal to the £-th coordinate axis, passing through the center
of p. See Figure 3 for an example of midpoint boxes. The tree is constructed in a way that if O, is a
box, then O, is a midpoint box, while if O, is a box with a hole, then both 0O} and O, are midpoint
boxes, for any node u of the tree. The children of u are constructed using one of the following two
methods, fair split and centroid shrink. At the root of the tree, they apply a fair split to construct its
children. In any other case, if u was generated by fair split (resp. centroid shrink) its children are
generated by centroid shrink (resp. fair split).
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Fig. 3. All the cells Fig. 4. Illustration of finding the children v, w of a node u by the centroid
are midpoint boxes. shrink process. The region O, is a box with a hole while O,, is a box.

Fair split. They compute a hyperplane that passes through the center of 00, and is orthogonal
to the longest side of O, (or O} if Oy, is a box with a hole). Notice that even if O, contains a hole,
then the hyperplane splitting O, into two boxes will not intersect O}, because both O}, and O} are
midpoint boxes. In this case, if w, v are the children nodes of u, then O,, will be a box, and O, will
be a box with a hole, having 07 = 0O,,. The fair split is executed in O(1) time.

Centroid shrink. On a high level, the goal is to find a midpoint box p* inside O, such that
[p* N P| < §|Pu| and (O, \ p*) N P| < §|Pu|. In order to compute p* their algorithm works in
iterations. We describe the construction assuming that 0O, is a box without a hole. In Appendix A.1,
we discuss the construction when 0O, is a box with a hole. Initially, let p = O,. They compute the
smallest midpoint box that contains all points in P, N p. Let p’ C p be this box. They apply O(d)
fair splits on p’ until they find a non-trivial fair split, i.e., a fair split that splits the points in P, N p’
into two non-empty subsets. Let p C p’ be one of the two boxes created by the non-trivial fair
split such that |[p N P,| > WTP“l. We say that § is the majority midpoint box. The key observation
isthat [pNPy| < |pnNP,|-1.If|pNP,| > §|Pu|, they set p = p and they continue recursively.
If|pNP, < §|Pu|, then p* = p and then they construct two children nodes w,v of u such that
O, = p* is a box (without a hole), and O, is a box with a hole with 0} = 0, and Oy = p* = 0O,,, as
shown in Figure 4. As shown in [13], the smallest midpoint box p’ C p that contains all points in
P, N p can be found in O(1) time. Since in every recursive iteration |p N P,| < |p’ N P| — 1, the
centroid shrink procedure is executed in O(|P,|) time.

4.2 Construction of the RBBD tree

We define a new variation of the BBD tree called RBBD tree in the standard computational setting
over a set of n points P ¢ R%. The construction of the RBBD tree shares most of the steps and
properties with the BBD tree. For example, all constructed boxes (both inner and outer) are midpoint
boxes. The fair split is identical to BBD tree’s fair split. The only difference is the definition and
execution of the centroid shrink procedure, given a node u.

We define the randomized centroid shrink. Let u be a node. We get a set N, of ©(e™% log n) uniform
random samples from O, N P,,. If O, is a box without a hole, then we simply sample in the box O0,,. If
O, is a box with a hole, we sample in the region between O0; and 0O;,. Then the procedure is similar
to the centroid shrink from the BBD tree using N, instead of P,. We recursively compute the
smallest midpoint box p’ that contains NV, and we apply O(d) fair splits until we find a non-trivial
fair split. We recursively continue the construction on the box p created by the non-trivial fair split
procedure that contains most of the points in N, (majority midpoint box). We repeat this recursive
approach until we find a majority midpoint box p (after a non-trivial fair split) that contains at
most |\, | samples from N,,. If Oy, is a box with a hole, the procedure is shown in Appendix A.1.
In Appendix A.2, we prove the next theorem using the properties of the BBD and RBBD trees.
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THEOREM 4.1. Given a set P of n points in R? a parameter ¢ € (0,1), and a constant parameter
{ > 1, the RBBD tree has height O(log n), it can be constructed in O(nlogn+n- (f(n, &) + e 2logn))
time with space O(n), where f(n, €) denotes the running time to sample ©(e¢%log n®) points from
a box (or a box with a hole), such that given a query ball B(p,r) for a point p € R? and a radius
r, a set U of O(logn + ¢~%*1) canonical nodes can be found in O(logn + e~%*') time such that
B(p,r) €PN UyeqsOu € B(p, (1 + €)r). The height, the space, the construction time of the tree, the

size of U, and the query time hold with probability at least 1 — n;,l .

4.3 RBBD tree in the relational setting

Let q be an acyclic join query over a database instance D. Due to the size of q(D), we cannot
construct the entire RBBD tree as described in the previous subsection. Instead, we show how we
can construct the children of a node u, given that u has been constructed and it is a node of an
RBBD tree over q(D). More specifically, we show how we can implement the fair split and the
randomized centroid shrink of the RBBD tree efficiently in the relational setting. Furthermore, for
every new node v of the RBBD tree we show how to compute the count v.c = |0, N ¢(D)| and a
representative v.rep € 0, N q(D). This information is useful for the design of our algorithms.

Root node. We first show how to construct the root node root of the RBBD tree, which is always
a box without a hole. For every attribute A; € A we compute 774, (D) and we keep the maximum
M; and minimum value m;. We define the O.40t as a box without a hole with opposite corners
(my,...,mg) and (My, ..., My). This procedure is executed straightforwardly in O(N) time.

Fair split. The implementation of the fair split in the relational setting is identical to the fair split
in the standard computational setting. We only need to identify the longest side of a box along
with its center in O(1) time.

Randomized centroid shrink. We only need to show how to implement the sampling procedure
since all the other steps can be executed similarly to the standard computational setting. We need
to sample uniformly at random A = ©(e~%log(N™**)) = @(¢72log N) points from O, N q(D). If
O, is a box (without a hole) then we simply call SampleRect(q, D, 0,, A) from Lemma 2.1 and we
get the set NV, in O(N + ¢~ log? N) time. In Appendix A.3, we show how we sample in the same
running time from 0, N q(D), when O, is a box with a hole.

Count and representative tuples in newly constructed nodes. If O, is a box without a hole,
we call u.c = CountRect(g,D,0,) and u.rep = ReprRect(q, D, 0,,) from Lemma 2.1. Both of these
procedures run in O(N) time. In Appendix A.4, we compute the count and the representative point
in the same running time, when O, is a box with a hole.

LEMMA 4.2. Let q be an acyclic join query over a database instance D of size N. Given a node u
of an RBBD tree over q(D), the fair split procedure is executed in O(N) time, while the randomized
centroid shrink procedure is executed in O(N + ¢ %log® N) time.

4.4 Relational oracles using a partially constructed RBBD tree

Using Lemma 4.2 and Theorem 4.1, we derive new oracles that will allow us to solve optimization
problems in the relational setting, efficiently. Let 7~ be a partially constructed RBBD tree over
q(D), i.e., T consists of a connected subset of nodes (including the root, denoted by root) of an
RBBD tree over q(D). Initially, 7 consists only of the root, as constructed in Section 4.3. For every
constructed node u € 7, we store i) O, the region corresponding to node u which is either a box or
a box with a hole, and ii) u.a a boolean variable which is 1 if u is an active node, and 0 if it is an
inactive node. A point p € q(D) is called an inactive point if there exists a node u € 7~ such that
p € O, and u.a = 0. A point which is not inactive is active. While we do not compute it explicitly,
for convenience we use Q' C q(D) to denote the set of current active points in g(D). Furthermore,
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in each node u € 7, we store u.rep which is an arbitrary representative point from 0, N Q’. Finally,
for each node u € 7, we store the number of active points in the region Oy, i.e., u.c = |0, N Q’|.

Given such a partially constructed tree 7°, we show how to implement five oracles in the relational
setting while maintaining 7~ (new nodes might need to be constructed). The running time of every
oracle in this section holds with probability at least 1 — ﬁ Due to space requirements, we show
the proofs of all lemmas in Appendix A.5.

Make points in a ball inactive. Given a ball B(x, r), where x € Reandrisa non-negative real
number, the goal is to (implicitly) make all points in B(x,r) N Q’ inactive. Let 7 .inactive(x, r)
be this oracle, which works as follows. We first execute a query procedure similar to the query
procedure on a BBD tree. Let U (x, r) be the set of canonical nodes we will compute. Let u be a
node of 7 that the query procedure processes. Initially, u = root and U(x,r) = 0.If u.a = 0, we
stop the execution of the query through this branch of the tree. In the rest, we assume that u.a = 1.
If the children of u have not been constructed in 7~ we use Lemma 4.2 to construct its children.
Next, we continue checking whether 0Oy, intersects B (x,r). If O, C B(x, (1 + ¢)r), then we add u in
U (x,r) and we stop the execution through this branch of the tree. If O, N B(x, r) = 0, we stop the
execution of the query through this branch of the tree. In any other case, we continue the query
procedure in both children of u recursively. For every added node u € U(x,r), we set u.a = 0.
Before we finish the procedure, we need to update the representative points and the counts of the
ancestor nodes of U (x,r). Starting from the parent node v of the deepest node in U (x, r), we run
recursively: Let u, w be v’s two children. If u.a = w.a = 0, then we setv.a =0.Ifu.a =1land w.a =0
(resp. u.a = 0 and w.a = 1), we set v.c = u.c and v.rep = u.rep (resp. v.c = w.c and v.rep = w.rep).
Ifu.a =w.a =1, wesetv.c =u.c+ w.cando.rep = u.rep. After we process all canonical nodes’
ancestors in one level of the tree, we continue the update of the nodes in the level above.

LEmMA 4.3. T .inactive(x, r) makes all points in B(x,r) N Q' inactive and might make some points
in B(x, (1+ ¢)r) N Q' inactive. Furthermore, in the end of the execution of the oracle, for every node
u € T the values u.rep,u.c are correct. The running time is O((¢~**' + log N)(N + ¢ % log® N)).

Approximately count active points in a ball. Given a ball 8(x,r) the goal is to compute
|B(x,r)NQ’| approximately. We define the oracle 7 .count(x, r), and run the same query procedure
as in 7 .inactive(x, r) to compute U (x, r). We return 3, cq(x,r) U-C-

LEMMA 4.4. T .count(x,r) returns a number ¢ such that |B(x,r) NQ’'| < ¢ < |B(x, (1+e)r)NQ’|
in O((e~! +log N)(N + ¢ 2log? N)) time.

Get a representative from Q’. Next, the goal is to return any point from Q’. We define the oracle
T .rep(). If root.a = 0 then we return 0, i.e., Q' = 0. If root.a = 1, then we return root.rep.

LEMMA 4.5. T .rep() returns a point in Q’ if Q' # 0, and 0 otherwise, in O(1) time.

Report all points in Q’. Assume that we aim to report all points in Q’. We define the oracle
T .report(). Starting from the root node root we execute a depth-first search over 7. If we reach
a node u such that u.a = 0 we stop the traversal through this branch of the tree. If we reach a
node u that we have not constructed its children or u is a leaf node of the RBBD tree, we run
ReportRect(q, D, 0,). We continue the depth-first search until we visit all constructed nodes in 7.

LEMMA 4.6. T .report() returns Q" in time O(|7"| - N + |Q’|), where |T | is the number of nodes in
T.

Sample z points from Q’. The goal is to sample (with replacement) z points from Q’, uniformly at
random. We describe the oracle 7 .sample(z). We use 7" to get each sample one by one. If root.a =0
we return no sample because Q’ = (). Otherwise we set u = root and we act as follows. If u has

two active children o, w then we move to the node v with probability —==— and to node w with
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probability ——*=—.Ifv.a =1 and w.a = 0 (resp. v.a = 0 and w.a = 1) we move to the node v (resp.

w). We recursively repeat this process until we reach a leaf node of the RBBD tree or an active node
whose children have not been constructed in 7. If we have reached a leaf node, then we trivially
add the point stored in the leaf node to the sample set. In case we reach a node u whose children
have not been constructed in 7, we sample one point from 0O, N q(D) as described in Section 4.3.

LEmMA 4.7. T .sample(z) returns z samples uniformly at random from Q' in O(z - N) time.

5 k-Center Clustering

In Section 3, we already discussed the high-level idea of solving the relational k-center clustering
efficiently. Here, we describe all the details and the formal proofs.

5.1 A constant approximation algorithm

We first describe the main part of the algorithm, where given a distance r, if r is sufficiently large,
it returns a set S such that ug(q(D)) < (2 + ¢)r. Later, we run a binary search over the distances
in g(D) to get a constant approximation for the relational k-center clustering.

Main algorithm. Let 7 consist of the root node root of an RBBD tree over q(D) as shown in
Subsection 4.3. Initially, we set S = 0. We run the following steps for at most k iterations. In the
i-th iteration, we set p; = 7 .rep() and we add p; in S. Then we call 7 .inactive(p;, 2r). If after k
iterations 7 .rep() # 0 then we return an empty set S = 0. On the other hand, if 7.rep() = 0
within the k iterations, then we return S.

Analysis. If r > uppr(¢(p)) (9(D)), we show that the main algorithm returns a non-empty set S.
From Lemma 4.3, for every new point p; all (active) points in q(D) within distance 2r become inactive
(along with some points within distance 2(1 + ¢€)r) by 7 .inactive(p;, 2r). Hence, in each iteration,
all the points of at least one optimum cluster become inactive, as discussed in Section 3. So after k
iterations all points in q(D) are inactive (i.e., 7.rep() = 0) and S # 0. Hence, us(q(D)) < 2(1+e¢)r.
By initially setting ¢ < ¢/2, we have that if r > wopr(4(p))(D) then us(q(D)) < (2 + ¢)r.

We run the 7 .inactive(-, -) and the 7 .rep() oracles O(k) times. Each oracle runs in O((¢~9*! +
log N)(N + e %log® N)) time, with probability at least 1 — #, as shown in Section 4.4. Overall,
the main algorithm runs in O (k (e_d“ +logN) (N +¢72 log® N)) =0O(k-N-logN +k- log® N) =
O (k - N) time assuming that ¢ € (0, 1) is an arbitrary constant, with probability at least 1 — #

Complete algorithm. Assume that we run a binary search on the pairwise distances of ¢(D). For
each distance r selected by the binary search we run the main algorithm. If it returns a non-empty
set S then we continue the binary search for smaller values of r. Otherwise, we continue with larger
values of r. In the end, the last computed non-empty set S from the binary search is returned as the
final set of centers. From the analysis of the main algorithm along with the discussion in Section 3,
such algorithm returns a set S such that us(g(D)) < (2 + £)uopr(¢(p)) (q(D)). Unfortunately,
we cannot sort all pairwise distances in q(D) and then run a binary search on them because we
would need Q(|q(D)|?) time. While it is not straightforward to run a binary search on £, pairwise
distances, the key idea is to run a binary search over the £, pairwise distances of points in q(D).
We show the details of the binary search in Appendix B. Using the fact that for any pair of points
t,p €RL ||t = plleo < ||t = pll2 < Vd||t - Plloo, We prove the next theorem in Appendix B.

THEOREM 5.1. Given an acyclic join query q over d attributes, a database instance D of size N,
a parameter k, and an arbitrarily small constant parameter ¢ € (0,1), there exists an algorithm
that computes a set S C q(D) of k points and a real number rs such that us(q(D)) < rs <
(2Vd + ¢) uopT(¢(D))(q(D)). The running time of the algorithm is O(kN log® N + klog* N) with
probability at least 1 — %
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Notice that our algorithm from Theorem 5.1 returns an estimation rg of ug(q(D)). This is useful
in order to derive a better approximation for relational k-center clustering in Section 5.2 and a
constant approximation for the relational k-median/means clustering as shown in Section 6.

5.2 Better approximation algorithm

Using our result from Theorem 5.1, along with the coreset construction from [8], we get the fastest
known (2 + ¢)-approximation algorithm for the relational k-center clustering problem. First, we
execute the algorithm from Theorem 5.1 and we get S and rs. Both S and rg are given as input to
the coreset construction in [8] and we get the main result of this section.

THEOREM 5.2. Given an acyclic join query q over d attributes, a database instance D of size N, a
parameter k, and an arbitrarily small constant parameter ¢ € (0, 1), there exists an algorithm that
computes a set S C q(D) of k points such that us(q(D)) < (1 + €)yuopt(q(p))(q(D)). The running
time of the algorithm is O(kN log? N + klog* N + T;°"(k)) with probability at least 1 — %

For example, if Feder and Greene algorithm [34] is executed on the coreset constructed by [8]
then we get a 2(1 + £)-approximation solution in O(ke~?log k) additional time. By setting ¢ « ¢/2,
the approximation factor becomes 2 + ¢. The overall asymptotic complexity for arbitrarily small
constant ¢ € (0,1) is O(kN log? N +k log* N). In [32] we show an alternative (2 + ¢)-approximation
algorithm with the same running time without constructing the coreset from [8].

6 k-Median and k-Means Clustering

We focus on the relational k-means clustering, while the algorithm for k-median follows almost
verbatim. In this section, we first describe a constant approximation algorithm returning O(k)
centers. Then, the returned set is given as input to the coreset construction in [31] to derive the
final approximation algorithm and get exactly k centers (Subsection 6.2). Our new tools can also
improve the coreset construction from [31], leading to an even faster algorithm.

6.1 Constant approximation algorithm with O(k) centers

High level idea. We first show a constant approximation algorithm for the relational k-median/means
problem on g (D) that runs in only O(kN) time, returning a set of O(k log® N)) centers. We propose
a modification of the algorithm in [40] in the relational setting. However, the algorithm of [40] is
heavily based on the properties of the standard computational setting, and it is not trivial how to
extend it in the relational setting. We use our new tools for constructing an RBBD tree on-the—fly
to implement an efficient constant approximation for the relational k-means/median problem.

We first execute our relational k-center algorithm on ¢(D) in order to get a polynomial upper and
lower bound on the optimum k-means/median cost. At first, all the points in q(D) are considered
active. Then, the algorithm works in iterations. In the i-th iteration, we get a small set X; of é(k)
samples from the active points. Next, tuples in g(D) that are close enough to X; are considered
assigned to their closest point in X; and are implicitly removed (made inactive) from ¢q(D). This
procedure is repeated until every point in g(D) is removed. We note that some points that are
assigned to the samples might pay a k-median/means cost much larger than the cost they pay in
the optimum solution OPT(q(D)). These points are called bad points, while the rest points are
called good points. Similarly to [40], we show that the number of good points in each iteration is
much larger than the number of bad points, allowing us to charge the cost of bad points to the good
points. In contrast to [40], where the authors assign each point (in the standard computational
setting) to a center, we use our machinery for implementing an RBBD tree in the relational setting
to implicitly assign groups of points in q(D) to approximately closest centers.
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Algorithm. First, we compute |g(D)| using Algorithm 1: REL-K-MEANS (¢, D, k, ¢)

Lemma 2.1. We construct the root node root 1 Compute |g(D)| using Lemma 2.1;
of the RBBD tree 7~ on q(D) as described in 2 Build the root of RBBD tree 7~ over q(D);
Section 4.3. Let S be the set of points we will 3 (VL) < ReL-k-CENTER(q, D, k, €);
return as a solution to k-means clustering, and ;A1  2]og(| ‘I(D)D +3:
let rs be the estimation of the cost ys(q(D)). o —0: by — L
Initially, we set rg = 0 and S = 0. Our algo-
rithm runs in iterations. Let Q] C q(D) be the
set of active points in ¢(D) at the beginning
of the i-th iteration. This set of points is not bj « 2/ 4|q(D)| Vje [M];
explicitly constructed. Instead, we only use Ql’. 7S —0;rs—0;1 «— |gD)];i — 1;
to make our algorithm more intuitive. Initially, 5 while 7; > 480 - klog? |q(D)| do
Q1 = q(D). Furthermore, let 7; = |Q;|, so ini- X; « T .sample(240k log? |q(D)|);
tially 7; = |g(D)|. In contrast to Q;, ; will be | S —SuX;
explicitly stored in every step of the algorithm. “ T — copy(T):;

e Compute estimation of yiopr(4(D)) (q(D)). ’
We run our algorithm for the relational k-

Ta: 4 —2LIg(D)];

by — o0

s

12 for j € {0,1,...,M,0} do

center problem from Theorem 5.2. Let V de- o ¢ij < 0;

note the set of points and L the estimated “ foreach x € X; do/

cost returned by the algorithm. It is easy to © L Ci’{ <_ ci’.j + 7" .count(x, by);
verify that (2LT5)2 < JiopT(qny) (@(D)) and 16 7 .inactive(x, b;);

HopT(q(D)) (¢(D)) < |g(D)| - L?, by definition. 17 Bi < max{j:c;; > mh
So, it holds that L; < HopT(q())(q@(D)) < 18 Reset 7 to state of 7 before defining
(D) - L. s

After computing L, the algorithm runs in iter- 4 Tisl — T;
ations. In iteration i, we first check if 7; < 480 -
klog®(|q(D)|). If yes then we add in S all re-
maining active points, i.e., S = S U 7 .report(). —

e Get a set of O(klog?|q(D)|) samples 22 S « S U T report();
from Q! uniformly at random. In the i’th 23 return S;
iteration, we get a set X; of 240 - k log® |q(D)|
samples from Q] uniformly at random. In particular, we set X; = 7".sample(240k log? |q(D)|) and
we update S =S U X;.

e Partition Q] based on their distances from X;. We implicitly partition the points in Q; in
classes based on their distance from the set X;. Let ay = 0, by = 4‘q(D)| de = 2L|q(D)|, bes = c0, and
aj = Zj_lm, b; =2/ 4|q(D)‘ for every j =1,..., M, where M = 2log(|q(D)|) + 3. We construct
a copy 7' of 7 and repeat the next steps for every j =0,1,..., M, co. We define c; ; and initially
set ¢; ; = 0. We go through the points x € X; one by one and we set ¢; ; = ¢; j + 7 .count(x, b;) and
then we call 7”.inactive(x, b;).

Let Q; ; € Q; be the set of points that were active just before the definition of ¢; ; and became
inactive after applying 7 .inactive(x, b;) for all x € X;. While we do not compute Q; ; explicitly in
the algorithm, in the analysis we show that for every iteration i:

(1) for every distinct pair ji, jo € [M] U {0, 00}, Q; N QU = 0, while U;e[mjufo,e) Q” o,

(2) for every j € [M] U {0, oo}, the set Q’ C Q; contains all points of Q] with distance greater

than (1 + ¢)a; and at most b; from X;, might contain some points with distance at most
(1+ ¢)b; from X;, and might contain some points with distance at least a; from Xj, and

(3) for every j € [M] U {0,00},¢;; = |Q;,j|'

= Lee[ 100} Cits
20 rs (_rS+Z€€[ﬁi]U{O} C,"['((1+E)bg)2;
21 i—i+1;
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Fig. 5. Example of the k-means algorithn;,_v\;here three colored points x1, x3, x5 represent the points in the
random set X;. Solid circles represent B(x,, b;), and dashed circles B(x;, (1 + €)b;) for £ € [3], j € {0,1,2}. If
Bi = 1, the points in the shaded area belong in Q;, i.e., they are considered covered and they become inactive.

The orange point p may or may not become inactive since it lies in B(xs, (1 + £)b1) \ B(x3, by).

¢ Decide what subset of Q] should be covered by X;. Let f; be the largest index such that
cip; > m (we will show that f; < M exists with high probability). In the analysis we show
that with high probability, the k-means cost we pay assigning all points in the first §; + 1 sets,
0 =U ce[p]ufoy Qi to the centers X; is bounded (approximately) by the cost that the optimum
solution pays assigning Q;, i.e., yxi(Qi) < 0(1) - porT(q(D)) (Q1). We delete 77 and we repeat the
procedure from the previous bullet using the tree 7 up to j = f;. In other words, 7~ gets the
instance of 7 at the moment just before c; g, +; is defined. In this version of 7°, each point in Qi is
inactive. We show an example in Figure 5. We observe that in the next iteration Q;,, < Q; \ 0.
We update 7j11 = 7 = Xpeg,]u(o} Cie a0d 75 =75 + Ypep,10(0) Cie (1 +€)be)?.

The pseudocode of our method is shown in Algorithm 1.

Analysis. The proofs of the next lemmas are shown in Appendix C.

LEMMA 6.1. For every iteration i, the family of sets Q;,o’ el Q;,l’ e, Q;M, Q;’m satisfy the three
properties in the third bullet.

Next, we show that 1) the number of iterations of the algorithm is O(log N), so |S| = O(k log® N),
and 2) for every iteration i, HXi(Qi) =0 (,uopT(q(D)) (Q,)) For every iteration i, let Q%’ad ={pe
0! | ¢(p, X;) > 2¢(p, OPT(q(D)))}. We show that the size of Q;’ad is small with high probability.

LEMMA 6.2. For every iteration i, |Q£?ad| < m, with probability at least 1 — %

Since |Q]| > 480 - klog®|g(D)|, M + 2 = 2log|q(D)| + 5, and by Lemma 6.1, there exists at
least one set Q] .. such that ¢; ;- > m, by the pigeonhole principle. So, the index f; is well
defined. In the proof of the next lemma, we also show that f; # oco.

LEMMA 6.3. For every iteration i, |Qi| > %, so the algorithm executes O(log |q(D)|) = O(log N)

iterations, and |S| = O(k log® N), with probability at least 1 — %
The next lemma bounds the k-means cost of S and the running time of the algorithm.

LEMMA 6.4. For any arbitrary small constant € € (0, 1), it holds that ps(q(D)) <rs < (84 +¢) -
HopT(q(D)) (q(D)), with probability at least 1 — 3. The algorithm runs in O(kNlog® N + klog’ N)
time with probability at least 1 — ﬁ

We argue that the same bounds hold for the relational k-median clustering. In fact, the constant
approximation factor for the relational k-median problem is smaller since we do not raise the
distances to the power of 2. We conclude with the next Theorem.
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THEOREM 6.5. Given an acyclic join query q over d attributes, a database instance D of size N,
a parameter k, and an arbitrarily small constant parameter ¢ € (0,1), there exists an algorithm
that computes a set S C q(D) of O(klog® N) points and a number rs such that us(q(D)) < rs <
(84 + ) - popT(q(D))(q(D)), with probability at least 1 — # The running time of the algorithm is
O(kNlog’ N + klog’ N) with probability at least 1 — % An algorithm with the same theoretical
guarantees and running time exists for relational k-median clustering.

6.2 Better approximation algorithm
Using our result from Theorem 6.5, along with the coreset construction from [31] we get the fastest
known (4 + €)y-approximation for the relational k-means clustering problem and the fastest known
(2 + €)y-approximation for the relational k-median clustering problem. The RBBD construction in
the relational setting can also accelerate the coreset construction in [31].

First we execute the algorithm from Theorem 6.5 and we get S and rg. Given S, rg, a coreset
C < q(D) with |C| = O(ke~%log* N) for the relational k-means clustering can be constructed in
O(kN log® N+k?log!! N-min{log?*!(k), k log® N}) time [31]. Finally, a y-approximation algorithm
kMeansAlg is executed on the coreset C to derive a (4 + ¢)y-approximation in O(T;"*" (k log* N))
additional time. In [32] we show how the relational RBBD tree construction can be used to improve
the running time of the coreset construction in [31] to O(kN log® N + klog’ N) time.

THEOREM 6.6. Given an acyclic join query q, a database instance D of size N, a parameter k, and an
arbitrarily small constant parameter ¢ € (0, 1), there exists an algorithm that computes a set S C q(D)
of k points such that us(q(D)) < (4 + €)ypopt(q(p))(q(D)), with probability at least 1 — ﬁ The
running time of the algorithm is O(kN log® N + klog’ N + e (k log* N)) with probability at least
1- % An algorithm with approximation factor (2 + €)y and the same running time exists for the
relational k-median clustering problem.

7 Extensions

Generality. Our method is general: Any algorithm in the standard computational setting that
has access to the input data through o queries to a BBD tree can be converted to a randomized
algorithm in the relational setting with the same approximation guarantee and running time
O(c - N). As many geometric approximation algorithms fall into this category, our framework
yields efficient relational counterparts for a variety of tasks. For example, in the full version of
the paper [32], we show that our method can be used to implement an approximate version of
the Gonzalez algorithm [37]. This leads to efficient algorithms for several relational diversity and
fairness problems and improves the running time of the algorithms in [8, 45] under data complexity.
Cyclic queries. We use the notion of fractional hypertree width [38] and apply a standard
procedure to extend our algorithms to every join query. For a cyclic query q, we convert it to an
equivalent acyclic query such that each relation is the result of a (possibly cyclic) join query with
fractional edge cover at most fhw(q). We evaluate the (possibly cyclic) queries to get the new
relations and then apply our algorithms to the acyclic query. All the guarantees are the same as in
Theorems 5.2, 6.6 except for the running time, where we simply replace any N factor with N
Since it is a typical method in database theory, we give the details in [32].

8 Future work

This work opens several directions for future research. A central open question is whether our
O(kN)-time algorithms for relational clustering are optimal. Although our methods outperform
the current state-of-the-art, it is interesting to study whether other geometric techniques can
be adapted to achieve O(N) time algorithms in the relational setting. We also aim to investigate
whether known lower bounds for k-center clustering in the standard computational setting [17, 34]
can be extended to the relational setting, potentially establishing near-optimal results.
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A Missing details from Section 4
A.1 Execution of centroid shrink when 0O, is a box with a hole

First, we describe the procedure in the standard BBD tree [12, 13]. Initially p = O}. The authors,
compute the smallest midpoint box that contains all points in p N P, along with the inner box O,
Let p” C p be this box. They apply O(d) fair splits on p’ until they find a non-trivial fair split, i.e., a
fair split that splits the points in p’ N P, into two non-empty subsets. Let p C p be one of the two
boxes created by the non-trivial fair split such that |p N P,| > &ZP“I. The key observation is that
|p NP, <|pNP,|—1.1f p contains the inner box O, then they check the following condition.
If|pNP,| > %lPu|, they set p = p and they continue recursively. If |p N P,| < %IPML then they
construct two children nodes w, v of u such that O,, = p’ \ p is a box (without a hole), and 0O,
is a box with a hole with O} = p and O; = O;,. Otherwise, let p be the first box found by the
recursive procedure that does not contain the inner box 0O, . Then they create two children w, v of
u such that O,, is a box with a hole with O}, = p and 07, = p’, and O, is a box with a hole with
O} = p’ and O; = O;,. Furthermore, they create two children v,v; of v. O,, is a box with a hole
with O = p’" \ p and O, = O,, while O,, = p is a box (without a hole). The recursive procedure
continues setting p = p. Notice that p = p does not contain any hole. They continue the recursive
approach by finding the smallest midpoint box p’ that contains P, N p and applying a fair split on
p’ until they find p such that %lPu| <|pNP, < §|Pu|. In the end, they create two children nodes
14, U1p of 01 such that O,,, is a box with a hole, with E'Zw = p’ and Oy, = p, while Oy, = p is a box.
Overall, the centroid shrink might create two new nodes v, w or six new nodes w, v, v1, 014, U1p, V2.
As shown in [13], the smallest midpoint box p’ C p that contains all points in P, N p can be found
in O(1) time if we know the corners of p and the corners of 0, . Since in every recursive iteration
|p N P,| < |p” N Py,| — 1, the centroid procedure is executed in O(|P,|) time.

For the RBBD tree, we execute the same operations on N, instead of P,. The first time we find a
box p that does not contain O, we construct the subtree with the six new nodes as shown above.

A.2 Proof of Theorem 4.1
We prove Theorem 4.1 by proving the next lemmas.

LEMMA A.1. The randomized centroid shrink procedure on a node u computes a midpoint box p
such that% —e< lplgf‘“l < % + ¢, with probability at least 1 — ﬁ

Proor. The recursive approach in the randomized centroid shrink is similar to the standard
centroid shrink, but instead of executing it on P, it is executed in NV,,. Hence, the randomized centroid
shrink procedure will finish after O(¢72log n®) = O(e~?log n¢) recursive calls. The algorithm stops
the first time it finds a majority midpoint box p such that | N NV, | < %INMI. By definition, the set

i POPul 1PN
aeey- Henee, TR < g
to show the other direction of the inequality. Let p’ be the midpoint box that we executed the last

fair split (to find p). By definition, we had Nl % Notice that by definition of p, it holds that

N, is an e-sample with probability at least 1 —

+e< % + ¢. It remains

[Nyl
N [Nunp’| [Nunp| 1 INunp’| 1 q; . . -1
INun pl 2 —5—. Hence, 3= > 3 - 7i7r = 3. Since N, is an ¢-sample with probability at
__1_ 1POPul o 160ONu| _ o 1 _
least 1 amt)> We conclude ] > TN e3¢ The lemma follows. O

LEMMA A.2. The RBBD tree has the same properties and the same asymptotic query complexity as
the BBD tree, with high probability. The height of the RBBD tree is O(log n), the number of nodes is
O(n) and the query complexity is O(log n + e~%*1), with probability at least 1 — #

Proor. The construction of the RBBD tree is similar to that of the BBD tree, except for the

centroid shrink. Using the randomized centroid shrink, for a node u we find a box p such that

1-e< % < % + ¢, with probability at least 1 —

_1_
3 Qnd) "
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For now, let us assume that the inequality of Lemma A.1 holds for every execution of the
randomized centroid shrink. Next, we show that under this assumption, asymptotically, there is no
difference between the BBD tree and the RBBD tree for sufficiently small constant ¢. In [13] the
authors show that every 4 levels of descent in the BBD tree, the number of points associated with
the nodes decreases by at least a factor % so the height of the tree is O(log n) and the BBD tree has
O(n) nodes. Similarly, in our case, observe that each randomized centroid shrink introduces three
new levels into the tree, and we alternate this with fair splits, so it follows that with each four levels
the number of points decreases by at least a factor of % — ¢. For a small ¢, for example ¢ < 0.1, the
height of the tree is O(log n) by the same argument. Equivalently we can argue that every 8 levels
of descent in the RBBD tree, the number of points associated with the nodes decreases by at least a
factor % the height of the tree is O(log n) and the number of nodes is O(n). Next, the authors in [13]
argue that every 4d levels of descent in the BBD tree, the sizes of the associated cells decrease by at
least a factor of % Similarly, in our case, note that to decrease the size of a cell, we must decrease its
size along each of d dimensions. Since fair splits are performed at least at every fourth level of the
tree, and each such split decreases the longest side by at least a factor of 2/3, it follows that after
at most d splits (that is, at most 4d levels of the tree) the size decreases by this factor. All proofs
of the BBD tree [13] also hold for the RBBD tree assuming that all randomized centroid shrink
operators are executed correctly, i.e., assuming that Lemma A.1 holds with probability 1. Given
that the inequality of Lemma A.1 holds with probability at least 1 — ﬁ and using the union

bound over O(n) nodes, we have that the probability that all randomized centroid shrink operators
are executed correctly is at least 1 — #

Finally, the query procedure between BBD tree and RBBD tree is identical. Given a query ball
B(p, r) we start from the root of the tree. Let u be the node of the RBBD tree the query procedure
processes. We check whether B(p,r) N O, = 0. If yes, we stop the execution towards that branch
of the tree. If O, C B(p, (1 + ¢)r) we add u in the set of the canonical nodes U (p, r). In any other
case, we continue the search in both children of u. In the end the RBBD tree always computes a
set of canonical nodes U such that B(p,r) NP € PN U,eqy Ou € B(p, (1 + €)r) N P. Since the
height of the RBBD tree is O(log n) with high probability, following our discussion above, the query
analysis from [12, 13] can also be used for the RBBD tree to show that U (p, r) can be computed in

O(¢79*! + logn) time and | U (p,r)| = O(e~#*" + log n), with probability at least 1 — = ]

LEmmA A.3. Assume that we can get a random sample set N,, from a box or a box with a hole, in
f(n,¢) time, where f is a positive real function that depends on n and ¢, then the RBBD tree can be
constructed in O (nlog(n) + n- (f(n,e) + e 2log® n)) time, with probability at least 1 — #

Proor. Since the fair split procedure is identical to the standard BBD tree, all fair split procedures
are executed in O(nlogn) time using the machinery from the standard BBD tree. Next, we focus
on the randomized centroid shrink procedure. For a node u we get the set N, in f(n, ¢) time. We
find the smallest midpoint box p’ that contains N, along with the inner box O in O(e™?logn)
time since we explicitly know all points in A, and the corners of 07, using the highest and lowest
values in each coordinate as described in [13]. After the computation of p’, we execute O(1) fair
splits in order to find the first non-trivial fair split. The hyperplane in every fair split is computed
straightforwardly in O(1) time. Using a simple binary search tree over each coordinate of the points
in NV, we can check whether a fair split is trivial in O(log(e~? log n)) time. After finding the first
non-trivial fair split, we compute p in O(log(¢2logn)) = O(log n) time using the search binary
tree that corresponds to the last non-trivial fair split by checking whether [p NN, | > |(p"\ p) NN,
After each non-trivial split, the box p contains at most |p” N A, | — 1 samples from N,,. Hence, this
recursive approach runs for at most O(|N,|) = O(e™%logn) times. Thus, each randomized centroid
shrink runs in O(f(n, ¢) + e 2 log? n) time. From Lemma A.2, the RBBD tree has O(n) nodes with
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probability at least 1 — #, so the running time of all randomized centroid shrink procedures is
O(n(f(n, &) + e~%1log? n)), with probability at least 1 — % O

A.3 Sampling from a box with a hole
We consider the more involved case where u is a node such

that O, is a box with a hole. The goal is to sample uniformly ‘
at random A = (e %2log N) points from 0O, N q(D). Using
Yannakakis algorithm [59], |g(D)| can be computed at the -
beginning of our approach in O(N) time. From Lemma 2.1, it
is known how to sample z tuples in a box efficiently using the
procedure SampleRect. However, O, is a box with a hole, so
we should sample from the difference of two boxes, O}, \ 0;,. Fig. 6. Partition of a 2-d box with a
We partition O, into 2d disjoint boxes using the corners of . holeinto 4 boxes.

See Figure 6 for an example in 2 dimensions. Let R = {p, ..., p24} be the set of 2d disjoin boxes
that partition 0O, . First, we decide how many samples (out of the total A samples) to draw from each
box in R, and then we call the function SampleRect to obtain this number of samples from each
box. We compute C; = CountRect(q, D, p;) for every i € [2d]. Based on the values Cy, ..., Cyq, for
every j € [A], we sample the box in R that a sample point should be taken from, i.e., a box p; € R
is selected with probability W Let s; be the number of samples we should get from p;. Then,

for every i € [2d], we run S; = SampleRect(q, D, p;, si). We set N, = Ujc[24] Si- We claim that N,

is an e-sample for the points in g(D) N O,,. It is sufficient to show that N, is a set of A uniform

random samples (with replacement) from 0, N q(D). Equivalently, we show that the probability

of selecting a specific tuple ¢t € O, N q(D) taking one sample is m Let t be any tuple that

belongs (without loss of generahty) in p, The probability that ¢ is selected taking one sample from
Ci 1

O, Ng(D) is S Senacr G S Z!e e |q(D)mD - Hence N, is a set of A uniform samples (with

replacement) from O, N g(D) and N, is an e-sample with high probability. After computing N, we
run the recursive approach of finding the minimum midpoint box that contains N,, and the inner box
O, and applying O(d) fair splits until we find the first non-trivial fair split. This approach only uses
Ny, 07, and O to implement, so the implementation is the same as in the standard computational
setting. Finally, we bound the running time. The CountRect procedure runs in O(N) time so all
numbers Cy, ..., Cyy are computed in O(2dN) = O(N) time. Then, each SampleRect(q, D, p;, s;)
approach runs in O(N + C; log N). Hence, the set A, is computed in O(N + =% log® N) time. After
computing N, the next steps of the randomized centroid shrink are executed in O(¢~?log? N)
time as shown in Lemma 4.2. Overall, the randomized centroid shrink in the relational setting runs
in O(N + e %log® N) time.

A.4 Count and representative point in a box with a hole

We assume that 00, is a box with a hole. We construct the partition R = {p, ..., p24} as we did in
the randomized centroid shrink. For each p; € R, we compute C; = CountRect(q, D, p;) and we
set u.c = 3ycq2q7 Cr- Similarly, we compute a representative u.rep by executing ReprRect(q, D, p;)
until we find a non-empty box (if any) in set R. Both u.c and u.rep for a node u are computed in
O(N) time using Lemma 2.1 and the fact that 2d = O(1).

A.5 Missing proofs from Section 4.4

Proor oF LEmMMA 4.3. If all nodes of 7 were active then we would get a set of canonical nodes
U’ (x,7) such that B(x,r) N q(D) € Uyeqs (xr)(Tu N q(D)) S B(x, (1 +&)r) N q(D). Since there
are inactive nodes, the query procedure on 7 skips branches of the tree that are already inactive.
Hence U(x,r) € U’(x,r). Let p be an inactive point, i.e., p € q(D) \ Q’. Point p will remain
inactive because our procedure only makes new nodes inactive (it does not make any node active).
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Then, assume an active point p € Q’ such that ¢(p,x) > (1 + ¢)r. By definition, there is no node
u € U(x,r) such that p € Oy, so p will remain active. Finally, let p € Q’ be an active point such
that ¢(p, x) < r. Then there would be a node u’ € U’ (x, r) such that p € O, . Since p is active there
isnonode v € 7 such that v.a = 0 and p € O,. Node u’ becomes inactive, so p will be inactive. We
conclude that B(x,7) N Q" € Uyeq/(xr) (Ou N Q) € B(x, (1+&)r) N Q"

Then we show that the values u.rep and u.c are correct after the update operation. This is shown
by induction. Let u be a node and v, w be its children. If both v.a = w.a then our algorithm correctly
sets u.a = 0 because 0, =0, U Oy,. Ifv.a = 1, w.a = 0 and v.rep, v.c are correct then our algorithm
correctly sets u.rep = v.rep and u.c = v.csinced, N Q" =0, N Q". Ifv.a = 0 and w.a = 1, we
argue equivalently. Finally, if v.a = w.a = 1, then if the counts and representative points in v, w are
correct then indeed v.rep € 0, N Q’, and by definition |0, NQ’| = |0, NQ’| +|0,,NQ’| =v.c+ w.c.

Every new node is constructed in O(N + ¢ 2log? N) time as shown in Lemma 4.2. The oracle
runs a query on the RBBD tree to compute the canonical nodes U (x,r). Since the number of
samples we get in order to implement a randomized centroid shrink is O(¢72 log N™**), the query
procedure in the RBBD tree has the same properties as the query procedure in the BBD tree with

probability at least 1 — W (as shown in Lemma A.2). Hence |U (x,r)| = O(¢7%*! + log N) and
U (x,r) is computed in O(¢~9*! +log N) with probability at least 1 — ﬁ Thus, the running time
is O((e7%*! +1og N)((N + ¢ 2log? N))) with probability at least 1 — # The same holds for the

proofs of the next lemmas in this section. O

PrRoOOF OF LEMMA 4.4. From the proof of Lemma 4.3, we have that the query procedure computes
a set of nodes U(x,r) such that B(x,r) N Q" € Uyeqs(xr)(0u N Q") € B(x, (1 +¢)r) N Q". Since
the counters on the active (constructed) nodes are correct, the lemma follows. o

ProOOF OF LEMMA 4.5. If Q' = () then indeed it must be the case that root.a = 0. Otherwise, there
would be a path of active nodes from the root of 7 to a node u (without constructed children)
where 0, N q(D) # 0. If Q’ # 0, and given that the representative points in each node are correct
(Lemma 4.3), we have that the returned point root.rep is a point from Q’. In order to access root.a
and root.rep we spend O(1) time. O

ProoOF OF LEMMA 4.6. Let U be a subset of the nodes in 7~ constructed as follows: a node u
belongs in U if and only if i) u € 7, ii) there is no inactive node from the root to u (including the
roor and u), and iii) the children of u have not been constructed in 7 or u is a leaf node. Notice that
the ReportRect(q, D, 0,) procedure is executed exactly for every u € U. By definition of the active
points Q” we have that Q" =,y (0, N q(D)). Indeed, for each point p € Q’ there is no inactive
node w € 7 such that p € O,,. Hence the procedure ReportRect(q, D, 0,) for every u € U returns
exactly Q’. For the running time, we note that |U| < |77| and each procedure ReportRect(q, D, O0,,)
runs in O(N + |0, N q(D)|) time. Hence the total running time is O(|7| - N + |Q’]). O

ProoF oF LEMMA 4.7. Our goal is to show that in each iteration, a point p € Q’ is selected with
probability |QL,| Let p € Q' be a point stored in a leaf node u of a complete RBBD tree (such a node
may not have been constructed in 7~ yet). Recall that a point p belongs in Q” if and only if there
is no inactive node in 7~ from the root to u. Assume that v is the last node in the path from root
to u that was constructed in 7. Let root — v; — ... — v, — 0. Let wy, ..., wy be the siblings
of nodes vy, . .., vy, respectively. From Section 4.3, we know that a point in a cell O, is sampled
with probability m. The probability that p is selected is [] ¢, vj.:i .»C‘{,-.c . |Duﬂ¢11 oy Notice
that v is active and no children of v have been constructed in the tree, so 0, N ¢(D) = 0, N Q".
Furthermore, by the correctness of the counts, v;.c + wi.c = |Q’| and v.c = |0, N Q’|. Moreover,
0j.c = 0j41.c + Wjy1.c, for every j € [k]. We conclude that the probability of selecting p € Q" is @
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For every sample, we spend O(log N) time to get a node v of 7 which is either a leaf node or
its children have not been constructed, because the height of 7~ is O(log N) with high probability.
After we find o, the sampling procedure in 0, N Q" = 0, N q(D) is executed in O(N) time as shown
in Lemma 2.1. Since we get z samples, the total running time is O(zN). O

B Missing proofs from Section 5

ProoF oF THEOREM 5.1. We notice that for any pair t,p € (D), ||t — pllw = max;e[q) |74, (t) —
7a;(p)|. Hence, the £, distance between two points can be found as the absolute difference between
two of the input tuples’ coordinates. Using this observation, we construct a set V of O(N) points in
R! such that all pairwise £ distances in q(D) are included in the pairwise distances of points in V.
Initially, V' = 0. For every A; € A, and every R; € Rsuch that A; € A;, we add in V the projections
of tuples in R; with respect to Aj, i.e., V.=V U {74,(R;)}. After considering all attributes and
relations, notice that for every £, pairwise distance between two tuples in D, there exist two points
in V with the same distance. After we constructed V, we run a binary search on the pairwise
distances of the points in V. In order to do it, we use the result from [52] to return the z-th smallest
pairwise distance of a set V of points in R! in O(|V| - log [V|) = O(N log N) time. Hence, we run
a binary search requesting the z-th smallest distance for the selected O(log N) values of z in the
range [0,1,...,|V X V|]. Let r’ be the z-th smallest distance returned by [52]. We set r = vd -1’
and we run the main algorithm described in Section 5. In the end, we return the last non-empty set
S returned by the binary search.

LEmMA B.1. Using the binary search, the main algorithm for the relational k-center problem returns

a set S of k points such that us(q(D)) < 2Vd(1 + £)UopT(q(D))(q(D)).

Proor. For any pair of points t,p € R, ||t — pll < ||t — pll2 < Vd||t = pl|o. Let r* =
uopT(¢(D))(q(D)) and let t*, p* be two tuples in g(D) such that that |[t* — p*||], = r*. Let 7 =
[|t* = p*||c0- By the definition of V there will be two points in V with distance exactly 7. By def-
inition, we have # < r* < Vd#. For every r’ > 7, we have r = Vdr’ > Vdf > r*. Hence, from the
analysis of Section 5, the main algorithm returns a non-empty set S’ of (at most) k points such
that ugs (¢g(D)) < 2(1 + ¢)r. Let ¥’ < # be the distance in the last valid iteration of the binary
search where a set S # () was returned. We have r = Vdr’. In this case, after at most k iterations,
7 .rep() = 0 (equivalently, all points in g(D) are inactive). Since in each iteration we make all
points within distance 2r (and some points within distance at most 2(1 + ¢)r) inactive around
every p; € S, it means that all points in q(D) lie within distance 2(1 + ¢)r from S. Hence, we have
us(g(D)) < 2(1+&)r = 2Vd(1 + &)1’ < 2Vd(1 + £)7 < 2Vd(1 + £)r*. The lemma follows. O

Finally, as an estimation of us(q(D)), we set rg = 2(1 + ¢)r, where r is the number that was
given as input to the main algorithm that returned the final set S. Notice that ug(q(D)) <rgs <
2Vd(1 + e)uopr(q(n)) (¢(D)).

The running time of the algorithm using the binary search over the £, distances is only larger
by alog N factor from the running time of the main algorithm. Indeed, the binary search explores
O(log N) distances, and it spends O(N log N) time to compute each explored distance using the algo-
rithm from [52]. The overall runtime is O (N log? N + k (e7%*! + log N) (N + e 2log? N) log N) =
O(k - N -log? N + k - log* N) = O (k - N), with probability at least 1 — . o

C Missing proofs from Section 6

PROOF OF LEMMA 6.1. From Lemma 4.7, we note that the set X; is a set of O(k) samples selected
from Q] uniformly at random. For every j € {0,1,2,..., M, oo}, we execute 7 .inactive(x, b;)
over every x € X;. Let p € Q] be a point that was active at the moment that c; ; was defined
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and became inactive after applying 7.inactive(x, b;) for every x € X;. By the correctness of
the 7”.inactive(x, b;) oracle (Lemma 4.3) p ¢ J,; Q;, and p € Qlf,j. Furthermore, p ¢ U, ; Q;,
because a point becomes inactive once. Hence for every pair ji, j, € [M] U {0, oo}, Ql{;jl N Q;’jz =0.
Furthermore, when j = oo, all remaining active points, by definition, will become inactive. Hence
Ujeimiufoey Qi ; = Q;- So property (1) holds.

Next, if we fix an index j € [M]U{0, co}, for every x € X;, we execute ¢; ; = ¢; j+7 '.count(x, b;)
and then 7 .inactive(x, b;). By the proof of Lemma 4.3 and Lemma 4.4, the 7”".count(x, b;) oracle
returns exactly the number of points in Q; that become inactive when we execute 7.inactive(x, b;).
Hence, it also holds that ¢;; = |Q; ;|, and property (3) holds.

Finally, we show property (2). Let j = 0, and let x; € X; be the first sample we process. We
execute 7".inactive(xy, by). By Lemma 4.3, this oracle makes all points in Q; within distance by
from x; inactive (it might also make some points within distance (1 + €)b, inactive). Similarly, for
any other x; € X;, the oracle 7 .inactive(xs, by) makes inactive all currently active points within
distance by from x; (it might also make some points within distance (1 + ¢€)b, inactive). Hence, by
the end of the process for j = 0, all points in Q] ; within distance b, from a point in X; become
inactive with respect to 7. Some points within distance (1 + £)by from X; also might have become
inactive. Hence Q] , satisfies property (2). By strong induction assume that every set Q; ; for each
J < j* satisfies property (2), where j* € [M] U {co}. For every x € X;, the oracle 7".inactive(x, bj+)
makes inactive all currently active points in Q; that are within distance b« from x (and might make
some points inactive within distance (1 + ¢)b;+). Let Q; i be this set of points and hence we have
Q;’j* = Uyex Q;’j*,x. From property (1), we have that Q;,f« N (Uj<j Qlf’j) = (. By the induction
hypothesis the set ;.- Q; ; contains all points in Q] within distance b;-_; from X; and might
contain some points within distance (1 + ¢)bj+—; from X;. Hence, Q] ;+ contains all points with
distance greater than (1 + ¢)bj«_; = (1 + ¢)a;+ and at most b;+ from X;, might contain some points
within distance at most (1 + ¢)b;+ from X;, and might contain some points with distance greater
than bj»_; = a;+ from X;. Hence, Qz",j* satisfies property (2). O

PrOOF OF LEMMA 6.2. We fix the iteration i of the algorithm. For every p; € OPT(q(D)), we
place the smallest ball B; with center p, that contains m points from Q. Since X; C Q;

and |X;| = ©(klog? |q(D)|), we have that there is at least one point of X; inside every ball B, with
probability at least 1 — % [39, 40]. Namely, X; N Bs; # 0 for each s € [k]. Let x; € X; denote the
point that lies in the ball By, for each s € [k]. Let p € Q] \ ((U¢e[x] Br) N Q;) be a point outside of
the balls e[ Be- Let ps be the closest center of OPT(g(D)) to p, i.e., #(p, OPT(q(D))) = ¢(p, ps)-
Since x; € By N Q;, notice that ¢(p, x;) < 2¢(p, ps), sop € QF \ Q?ad, i.e., p is a good point. Thus,
with probability at least 1 — % all bad points in Ql’. lie inside the balls By, ..., B. Each of these
balls contains at most m points of Q;. It follows that |Q| < k- 5 logﬂiq(D)l = Zologr|iq(D)\’
with probability at least 1 — % O

PRrOOF OF LEMMA 6.3. Clearly, |Q;| > 7; — cioo — M -
Ti
such that Q;,ﬁi > m.

However fiopt(q(p)) (q(D)) < |g(D)|L? so ¢(p, OPT(g(D))) < +/|g(D)|L and hence p € Q?ad. Thus,
Qiw € QP2d, Furthermore, from Lemma 6.2 we have |Q"| < m with probability at least
1 — z5. Hence, 10| > 7 — m - (2log|q(D)| + 3)m > 7. So, in every iteration,
at least half of the remaining points become inactive. We conclude that the algorithm runs for
O(log |g(D)|) = O(log N) iterations with probability at least 1 — # In each iteration we add in S

the set X; and |X;| = O(k log® N), so |S| = O(k log® N), with probability at least 1 — ﬁ o

m, since f§; is the largest index
Notice that for every point p € Q! _, it holds ¢(p, X;) > 2L|q(D)|.

i,00°
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ProoF oF LEMMA 6.4. We first prove the approximation factor. We fix the iteration i of the
algorithm. If ; > 0, then we argue as follows. Let P = Q;’,Bi \ lead_ For any point p € 0; N Q?ad
and g € P, we have ¢(p,X;) < 2(1 + €)p(q, X;). This inequality follows from the definition
of the sets Q:] and the 7.inactive(-, ) oracle. Furthermore, |P| >

Ti _ Ti —
10log|q(D)|  20log|q(D)]

m > |Q; n Qbd|, with probability at least 1 — +7- By definition, every point in  is

a good point with respect to X; so px,(P) < 4,quT(q(D))(P) Furthermore, since $ C Qi we
have that ,llopT(q(D))(P) < HOPT(q(D))(Qi)- Thus, ,UXL-(QL lead) <41+ E) pux, (P) < 16(1 +
€)1opT(q(D)) (P) < 16(1 + €)*piopT(g(D)) (Q1)- So,

1 (Q0) = 1 (Qs N Q) + 41, (01 \ Q) < 16(1 + ) Hopr(g()) (Qi) + 4H0PT(q(D)) (1)
<20(1 +€)* - piopr(q(d)) (Q1).
If §; = 0, then for every point g € Q; we have #(g. X)) <(1+ E)W. Thus, for € < 0.1,
L2 L2 < 1
16/q(D)| 9|q(D)| ~ lq(D)]

p(0) = 3§20 X)) < (14—

q€Q;i

HoPT(q(D)) (q(D)).

In any case, we have pXi(Qi) < max{20(1 + ¢)? - yopT(q(D))(Qi), mPOPT(q(D))(q(D))}. By
definition, recall that Qi1 ﬂQiz = Q for every iy # iz. Overall, ps(q(D)) < 21(1+5)2yopT(q(D)) (q(D)),
with probability at least 1 — .

Finally, for every point p € Q; such that p € Qlf,j, for an index j° < f; we charge ((1 +
€)bj)* in rs. By definition, if j/ > 0, ¢(p,X;) < (1 + €)by < 2(1 + €)¢(p, X;). Hence the k-
means cost of p with respect to X; is charged at most 4(1 + ¢)2¢?(p, X;) and at least ¢p*(p, X;)
in rg. If j* = 0, then by the bound of ﬂXi(Qi) when f; = 0, we charge a value which is at most
M(;D)l[lopT(q(D)) (q(D)) and at least yS(Q) in rg. Generally, for all points in Qi, we charge a value
atmost 3,5 4(1 +€)2¢%(p, Xi) < 84(1 + &)*piopT(g(D)) (Q;) and at least Ypeo, 9(p. X0) > s (Qi)
in rg. Overall, us(q(D)) < rs < 84(1 + &)*lopr(q(p))(¢(D)). By setting ¢ « /400, we get
ps(g(D)) < rs < (84 + &) piopT(q(D)) (¢(D)), wuit probability at least 1 — %

Next, we proceed with the running time. First, we run the k—center algorithm from Theo-
rem 5.2 in O (kNlog? N + klog* N) time with probability at least 1 — t2. Then the algorithm
runs for O(log N) iterations with probability at least % For every iteration i, we get the set
X; in O(kNlog® N) time, with probability at least 1 — w5, using the result of Lemma 4.7.
There are O(log N) different values of ¢ € [M] U {0, 0}, and for each £ we compute c¢;, in
O(kNlog® N + klog® N) time with probability at least 1 — M , executing the 7 .inactive()
oracles O(k log” N) times (recall from Lemma 4.4 that T’.lnactlve() runs in O(N log N + log® N)
time). Fixing an iteration i, all values c”» are computed in O(kNlog* N + klog® N) time with
O(IO+:N) > 1 — 7. Overall, during the O(log N) iterations (with probability
at least 1 — %), the running time to compute all counts is O(kN log® N + klog’ N) with proba-
bility at least 1 — % Similarly, in the last iteration, denoted by i’, notice that |77| = O(k log® N)
with probability at least 1 — % From Lemma 4.6, and the fact that 7; = O(k log2 N), the oracle
T .report() runs in O(kN log® N) time, with probability at least 1 — % Overall, our algorithm runs

in O(kNlog® N + klog’ N) time, with probability at least 1 — 4. O

probability at least 1 —
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