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We propose a novel framework for statistical estimation on noisy datasets. Within this framework, we focus

on the frequency moments (𝐹𝑝 ) problem and demonstrate that it is possible to approximate 𝐹𝑝 of the unknown

ground-truth dataset using sublinear space in the data stream model and sublinear communication in the

coordinator model, provided that the approximation ratio is parameterized by a data-dependent quantity,

which we call the 𝐹𝑝 -mismatch-ambiguity. We also establish a set of lower bounds, which are tight in terms of

the input size. Our results yield several interesting insights:

– In the data stream model, the 𝐹𝑝 problem is inherently more difficult in the noisy setting than in the

noiseless one. In particular, while 𝐹2 can be approximated in logarithmic space in terms of the input

size in the noiseless setting, any algorithm for 𝐹2 in the noisy setting requires polynomial space.

– In the coordinator model, in sharp contrast to the noiseless case, achieving polylogarithmic communi-

cation in the input size is generally impossible for 𝐹𝑝 under noise. However, when the 𝐹𝑝 mismatch

ambiguity falls below a certain threshold, it becomes possible to achieve communication that is entirely

independent of the input size.
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1 Introduction
The presence of near-duplicates has long been a challenge in data management. Such noise may arise

from diverse sources, such as data collection errors, representational inconsistencies, reformatting

or compression artifacts, as well as inherent physical limitations like the imprecision of scientific

instruments or the probabilistic nature of quantum systems. For example,

– A large number of queries submitted to a search engine or a large language model, where

different combinations of keywords may convey the same semantic intent.

– Webpages, documents or images with near-duplicates are often stored across multiple servers,

and our goal is to compute aggregate statistics over these objects.

– If we want to store quantum states classically, then we have to tolerate near-duplicates [39].
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Typically, a thorough data cleaning step is performed before analysis [15, 16, 22, 30]. However, this

approach is infeasible in “big data” settings, where the objective is to compute statistical functions

over the dataset without storing or communicating it in its entirety.

To address this challenge, a line of research aims to conduct statistical analysis directly on noisy

datasets, mitigating the noise on the fly without explicitly cleaning the data [10, 11, 37, 38]. However,

as we shall discuss in the related work (Section 1.1), existing approaches to statistical estimations

on noisy datasets exhibit inherent limitations. In this work, we introduce a new framework for

analyzing noisy datasets. We then study the 𝑝-th frequency moments problem (𝐹𝑝 ) within two

established big data models:

– The data streammodel [1]:We sequentially process the items in input dataset 𝜎 = (𝜎1, . . . , 𝜎𝑚)
in one or multiple passes to compute 𝐹𝑝 (𝜎). The main goal is to minimize memory space

usage.

– The coordinator model [34]: We have 𝑘 sites and one central coordinator. The dataset 𝜎 is

partitioned across the 𝑘 sites, with the 𝑖-th site holding 𝜎 (𝑖 ) . The 𝑘 sites and coordinator want

to jointly compute 𝐹𝑝 (𝜎) via communication. The computation proceeds in rounds. In each

round, the coordinator sends a message to each of the 𝑘 sites, which then respond to the

coordinator with a message. At the end, the coordinator outputs the answer. We would like

to minimize both the communication cost and the number of rounds of the computation.

We design algorithms for both models and establish corresponding lower bounds. This paper

delivers the following messages:

(1) In the noisy data setting, it is possible to approximate 𝐹𝑝 of the unknown ground-truth

dataset using sublinear space in the data stream model and sublinear communication in

the coordinator model, provided that the approximation guarantee is parameterized by a

data-dependent quantity, referred to as the 𝐹𝑝 -mismatch-ambiguity.
(2) In the data stream model, we establish tight space bounds for 𝐹𝑝 with respect to the input

size in the noisy setting, showing that the 𝐹𝑝 problem is fundamentally more difficult in the

presence of noise than in the noiseless case. In particular, whereas 𝐹2 can be approximated

in logarithmic space in the noiseless setting by the classical result of Alon, Matias, and

Szegedy [1], in the noisy setting any algorithm for 𝐹2 requires polynomial space.

(3) In the coordinator model, we show that, unlike in the noiseless setting, achieving polyloga-

rithmic communication in the input size is generally impossible for 𝐹𝑝 in the presence of noise.

Nevertheless, when the 𝐹𝑝 -mismatch-ambiguity is below a certain threshold, communication

that is independent of the input size becomes achievable.

A Novel Framework for Statistical Estimations on Noisy Data. We start by introducing

our new framework for analyzing noisy data. Let 𝜎 = (𝜎1, . . . , 𝜎𝑚) be a noisy dataset of observed

items. Each item 𝜎𝑖 is generated from an underlying element 𝜏𝑖 by the addition of unknown noise.

The ground-truth elements 𝜏𝑖 are drawn from a hidden universe𝑈 = {𝑢1, . . . , 𝑢𝑛}. We impose no

assumptions on the form or magnitude of the noise. As a result, the set of possible observed items

may be infinite and strictly contains the ground-truth universe𝑈 .

We assume access to an oracle that, for any pair of observed items 𝜎𝑖 and 𝜎 𝑗 , determines whether

they are similar, denoted 𝜎𝑖 ∼ 𝜎 𝑗 . Each item is similar to itself, and elements in 𝑈 are pairwise

dissimilar. Note that, because the noise is arbitrary, the similarity relation may produce both false

positives and false negatives: two items may be declared similar even if they originate from different

ground-truth elements, and two items may be declared dissimilar even if they originate from the

same ground-truth element.
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We model a dataset 𝜎 of size𝑚 as a graph𝐺𝜎 = ( [𝑚], 𝐸𝜎 ), with node 𝑖 representing 𝜎𝑖 . The edge

set 𝐸𝜎 is defined as {(𝑖, 𝑗) ∈ [𝑚]2 | 𝑖 ≤ 𝑗, 𝜎𝑖 ∼ 𝜎 𝑗 }. Since we always have 𝜎𝑖 ∼ 𝜎𝑖 , each node in

𝐺𝜎
contains a self-loop. For each 𝑖 ∈ [𝑚], let 𝐵𝜎

𝑖
= { 𝑗 ∈ [𝑚] | 𝜎 𝑗 ∼ 𝜎𝑖 } be the set of nodes whose

corresponding items are similar to 𝜎𝑖 (including 𝜎𝑖 itself), and let 𝑑
𝜎
𝑖
=

��𝐵𝜎
𝑖

��
be its size (or, the degree

of the 𝑖-th node).

It is easy to see that for a noiseless dataset 𝜏 of length𝑚,𝐺𝜏 = ( [𝑚], 𝐸𝜏 ) contains a set of disjoint
cliques, each corresponding to a distinct universe element in 𝜏 . We refer to such a graph 𝐺𝜏

as a

cluster graph.1

For a statistical function 𝑓 (·) and a noisy dataset 𝜎 = (𝜎1, . . . , 𝜎𝑚), we define 𝑓 (𝜎) as 𝑓 (𝜏), where
𝜏 = (𝜏1, . . . , 𝜏𝑚) represents the ground truth of 𝜎 , and 𝜏𝑖 is the ground truth element of 𝜎𝑖 . Since 𝜏

is noiseless, 𝑓 (𝜏) is always well defined. However, 𝜏 itself is unknown. Our goal is to design an

algorithm that approximates 𝑓 (𝜏) using input dataset 𝜎 .
At first glance, this task might seem impossible to achieve. However, as we will demonstrate in

this paper using 𝐹𝑝 as an example, it is feasible to approximate 𝑓 (𝜏) by introducing a parameter

𝜂𝑓 (𝜎, 𝜏) into the approximation ratio. This parameter, called the 𝑓 -mismatch-ambiguity, captures
how much 𝜎 and 𝜏 differ with respect to the statistical function 𝑓 .

We start by formally defining frequency moments for a noiseless dataset.

Definition 1.1 (Freqency Moments). Let 𝑈 = (𝑢1, . . . , 𝑢𝑛) be a finite universe and 𝜏 =

(𝜏1, . . . , 𝜏𝑚) ∈ 𝑈𝑚 be a noiseless dataset. For each element 𝑢 𝑗 ∈ 𝑈 , define its frequency in 𝜏 as

𝑓𝑗 =
��{𝑖 ∈ [𝑚] | 𝜏𝑖 = 𝑢 𝑗 }��.

The 𝑝-th frequency moment of 𝜏 is defined as 𝐹𝑝 (𝜏) =
∑𝑛

𝑗=1
𝑓
𝑝

𝑗
.

We next define a mismatch-ambiguity parameter for the 𝐹𝑝 problem.

Definition 1.2 (𝐹𝑝 -mismatch-ambiguity (𝑝 ≥ 1)). For a noisy dataset 𝜎 = (𝜎1, . . . , 𝜎𝑚) and its
ground truth 𝜏 = (𝜏1, . . . , 𝜏𝑚), the 𝐹𝑝 -mismatch-ambiguity of 𝜎 with respect to 𝜏 is defined as

𝜂𝑝 (𝜎, 𝜏) =
1

𝐹𝑝 (𝜏)
∑︁

𝑖∈[𝑚]

(��𝐵𝜎𝑖 ∪ 𝐵𝜏𝑖 ��𝑝−1 −
��𝐵𝜎𝑖 ∩ 𝐵𝜏𝑖 ��𝑝−1

)
. (1)

When there is no confusion, we simply write 𝜂𝑝 (𝜎, 𝜏) as 𝜂𝑝 .
We would like to make a few remarks regarding our choice of ambiguity definition for 𝐹𝑝 .

• When 𝜎 itself is noiseless, we have for all 𝑖 ∈ [𝑚], 𝐵𝜎
𝑖
= 𝐵𝜏

𝑖
, and consequently 𝜂𝑝 = 0.

• When 𝑝 = 1, we always have 𝜂1 = 0. Indeed, for the case when 𝑝 = 1, we just need to count

the number of items in the data stream, which is trivial even in the noisy setting.

• We call an edge present in𝐺𝜎
but absent in𝐺𝜏

a false positive edge, and an edge present in𝐺𝜏

but absent in 𝐺𝜎
a false negative edge. For 𝑝 = 2, the term

∑
𝑖∈[𝑚]

(��𝐵𝜎
𝑖
∪ 𝐵𝜏

𝑖

�� − ��𝐵𝜎
𝑖
∩ 𝐵𝜏

𝑖

��)
in

𝜂2 is equal to twice of the sum of the false positive and false negative edges. We refer to the

false positive and false negative edges as mismatches, which motivates the name “mismatch

ambiguity” for this family of parameters.

• We observe that the minimum number of mismatch edges in 𝐺𝜎
, taken over all possible

ground truths 𝜏 , coincides with the correlation clustering cost of 𝐺𝑐𝑜𝑟 = ( [𝑚], 𝐸𝑐𝑜𝑟 ), where
each pair (𝑖, 𝑗) satisfying 𝜎𝑖 ∼ 𝜎 𝑗 contributes a ‘+1’ edge to 𝐸𝑐𝑜𝑟 , and each pair (𝑖, 𝑗) with
𝜎𝑖 ≁ 𝜎 𝑗 contributes a ‘−1’ edge.

2

1
An equivalent and intuitive way to understand a cluster graph is that it is a “P3-free” graph. This means that there is no

induced path of length three.

2
In the correlation clustering problem, we have a complete graph𝐺 = (𝑉 , 𝐸 ) , where each edge in 𝐸 is labeled either ‘+1’

or ‘−1’. The objective is to partition𝑉 into clusters so as to minimize the total number of misclustered edges. An edge is
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• We scale the sum

∑
𝑖∈[𝑚]

(��𝐵𝜎
𝑖
∪ 𝐵𝜏

𝑖

��𝑝−1 −
��𝐵𝜎

𝑖
∩ 𝐵𝜏

𝑖

��𝑝−1

)
by

1

𝐹𝑝 (𝜏 ) to measure the impact of the

mismatch edges on the quantity 𝐹𝑝 (𝜏) we try to estimate. The scaling factor is introduced

for convenience; it transforms an additive error into a relative one for the ease of expressing

the approximation ratio.

The appropriate definition of 𝑓 -mismatch-ambiguity may vary across different statistical prob-

lems. In general, however, this parameter should be expressed as a function of the false positive

and false negative edges in the graph representation of the input dataset with respect to the

corresponding ground truth.

In this paper, we are mainly interested in the case where the mismatch ambiguity is small,

which we believe is common in practice given that we have a good similarity oracle. On the other

hand, when the dataset exhibits large mismatch ambiguity, standard statistical measures may lose

their significance, and it may become infeasible to estimate 𝑓 (𝜏)—where 𝜏 denotes the ground
truth—based solely on the noisy input 𝜎 .

Preliminaries. In this paper, we always assume that 𝑝 is a constant. When we write 𝐹𝑝 , we always

mean 𝐹𝑝 (𝜏), where 𝜏 is the unknown ground truth. We often write 𝜂𝑝 (𝜎, 𝜏) as 𝜂𝑝 for brevity, as 𝜎

is typically clear from context and 𝜏 , the unknown ground truth, is always implicitly defined.

We use [𝑛] to denote {1, . . . , 𝑛}. All logarithms are taken to base 2, unless stated otherwise. When

we write 𝑥 = 𝑎 ± 𝑏, we mean 𝑥 ∈ [𝑎 − 𝑏, 𝑎 + 𝑏]. We say 𝑋̃ is an (𝜖, 𝛿)-approximation of 𝑋 if with

probability at least (1 − 𝛿), we have (1 − 𝜖)𝑋 ≤ 𝑋̃ ≤ (1 + 𝜖)𝑋 . We assume each item in the dataset

fits one word.

Note that in the noiseless setting, upper bounds are typically stated in terms of the universe size

𝑛 rather than the stream length𝑚, under the standard assumption that 𝑛 and𝑚 are polynomially

related. In the noisy setting, however, the universe size is not explicitly defined, as it may be

unbounded. Accordingly, we assume that the algorithm is given𝑚, which can be regarded as an

upper bound on the number of distinct items (and hence the effective universe size), since elements

absent from the stream can be ignored. If𝑚 is not known in advance, an additional pass (in the

streaming model) or communication round (in the coordinator model) is required to learn𝑚.

To facilitate comparison between our bounds in the noisy setting and the existing results in the

noiseless setting, we also use𝑚 to denote the universe size in the noiseless setting. Notably, in the

hard input constructions for the 𝐹𝑝 lower bound in the noiseless setting (e.g., [4, 9]), it consistently

holds that 𝑛 = Θ(𝑚).

Our Results. Our algorithmic result in the data stream model can be stated as follows:

• There is a one-pass ((𝜖 +𝑂 (𝜂𝑝 )), 0.01)-approximation algorithm for 𝐹𝑝 (𝑝 ∈ Z+) over a data
stream of𝑚 items with mismatch ambiguity 𝜂𝑝 ≤ 1

3(𝑝!) . The algorithm uses 𝑂

(
1

𝜖2
𝑚1−1/𝑝

)
words of space.

We supplement the algorithmic result with the following lower bound:

• For any constant𝐶 ≥ 0, any𝑂 (1)-pass ((𝜖 +𝐶𝜂𝑝 ), 0.48)-approximation algorithm for 𝐹𝑝 (𝑝 >

1) over a data stream of𝑚 items must use at least Ω
(

1

𝜖1/𝑝𝑚
1−1/𝑝

)
bits of space.

This lower bound result contrasts with the noiseless setting, where for 𝐹𝑝 (𝑝 > 1), there exists
one-pass (𝜖, 0.01)-approximation algorithms (e.g., [8]) for data streams containing𝑚 items, using

considered misclustered if it is labeled ‘+1’ and its end nodes belong to different clusters, or if it is labeled ‘−1’ and both end

nodes are assigned to the same cluster.
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𝑂̃

(
1

𝜖2
𝑚1−2/𝑝

)
bits of space.

3
In particular, the space complexity for 𝑝 = 2 is logarithmic in the

noiseless setting, but is polynomial in𝑚 in the noisy setting.

In the coordinator model, we obtain the following algorithmic result:

• There is a two-round ((𝜖 + 𝑂 (𝜂𝑝 )), 0.01)-approximation algorithm for 𝐹𝑝 (𝑝 ≥ 1) over a
dataset of𝑚 items with mismatch ambiguity 𝜂𝑝 ≤ 0.4 distributed across 𝑘 sites. The algorithm

uses 𝑂

(
1

𝜖2
𝑘𝑚1−1/𝑝

)
words of communication.

For the lower bound, we show:

• For any constant 𝐶 ≥ 0, any ((𝜖 +𝐶𝜂𝑝 ), 0.48)-approximation algorithm for 𝐹𝑝 (𝑝 > 1) over a
dataset of𝑚 items distributed across 𝑘 ≥ 10𝑝 (𝐶 + 1) sites must use at least Ω

(
1

𝜖1/𝑝𝑚
1−1/𝑝

)
bits of communication.

This lower bound result is in stark contrast with the noiseless setting, where (𝜖, 0.01)-approximation

algorithms for 𝐹𝑝 exist using only 𝑂

(
1

𝜖2
𝑘𝑝−1

log
𝑂 (1)𝑚

)
bits of communication [23]; in particular,

the dependency on the input size𝑚 is polylogarithmic.

For both the data stream model and the coordinator model, our upper and lower bounds match

in terms of𝑚, differing only in whether the cost is measured in words or in bits.

Finally, we show that in the coordinator model, when the mismatch ambiguity is sufficiently

small, we can design an algorithm that is significantly more efficient, achieving communication

cost close to that in the noiseless setting in terms of 𝑘 and independent of the dataset size𝑚.

• There is a three-round ((𝜖 +𝑂 (𝜂𝑝 )), 0.01)-approximation algorithm for 𝐹𝑝 (𝑝 ≥ 2) over a
dataset of𝑚 items with mismatch ambiguity 𝜂𝑝 ≤ 𝜖𝑝

4
𝑝+1 ·𝑘𝑝−1

distributed across 𝑘 sites. The

algorithm uses 𝑂

(
1

𝜖𝑝+1
𝑘𝑝

)
words of communication.

For 𝑝 = 2, the mismatch ambiguity threshold in the above algorithm is in the order of 𝜖2/𝑘 , and
the algorithm achieves a communication cost of 𝑂

(
𝑘2/𝜖3

)
. While in our lower bound proof for

the coordinator model, the hard input has a mismatch ambiguity in the order of 𝜖/𝑘 , which yields

an Ω
(√︁
𝑚/𝜖

)
communication lower bound. Taken together, these results reveal a rough phase

transition in the communication cost as a function of the mismatch ambiguity in the coordinator

model.

1.1 Related Work
Several research directions in the literature are closely related to our work.

Frequency Moments on Noiseless Data. The 𝐹𝑝 problem has been extensively studied in the

noiseless setting, both in the data stream model [1–7, 9, 19–21, 24, 31, 33, 35] and the coordinator

model [13, 17, 23, 25, 29, 36]. In the data stream model, for 𝑝 > 2, the best known space upper bound

is𝑂

(
1

𝜖2
𝑛1−2/𝑝

log
2 𝑛

)
bits [19], where 𝑛 denotes the universe size and the stream length is assumed

to satisfy𝑚 = 𝑛Θ(1) . This bound is tight up to a log𝑛 factor [31]. In the coordinator model, for

𝑝 ≥ 2, there is a two-round algorithm that achieves a communication cost of 𝑂

(
1

𝜖2
𝑘𝑝−1

log
𝑂 (1) 𝑛

)
bits [23], which is tight up to a log

𝑂 (1) 𝑛 factor [36].

Statistical Estimations on Noisy Data. The literature on handling noisy datasets in the data

stream model is rather sparse. The authors of [10] and [11] investigated the distinct elements

problem (𝐹0) and ℓ0-sampling, but their results are restricted to constant-dimensional Euclidean

3
For simplicity, we hide polylogarithmic factors in the 𝑂̃ ( ·) notation.
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spaces and metric spaces that support efficient locality-sensitive hashing. A recent work [38]

broadens the scope to general metric spaces (or more generally, any domain equipped with a

0/1 similarity function). However, the data ambiguity model used in all these works is tailored

specifically to the 𝐹0 problem—more precisely, it is defined as the difference between the minimum-

cardinality disjoint clique partition of the graph 𝐺𝜎
and the closest cluster graph—and does not

extend naturally to other statistical problems.

In the coordinator model, the only known work on statistical estimation on noisy data is [37].

However, it focuses exclusively on datasets whose graph representations form cluster graphs.

Streaming Algorithms on Uncertain Data. A line of work has studied streaming algorithms

for uncertain/probabilistic data [12, 26–28, 40], where data noise is captured through the “possible-

worlds” semantics. In this framework, each element is associated with a probability distribution

over its possible occurrences, making it suited for noise sources such as misspellings. However,

such method is only feasible when the universe is fixed and known in advance, which often does

not hold in real-world applications. For example, if a data item is an image perturbed from an

original copy that is never observed, then it is impossible to design an oracle that always returns

the correct ground-truth element. As another example, two queries to a large language model may

yield answers with nearly identical semantics but slightly different surface forms. In this case, the

notion of a "ground-truth element" is conceptual and difficult to make explicit, and the number of

possible semantics can be unbounded. Therefore, our similarity-oracle based framework is suitable

for a much broader class of noisy data.

2 The Algorithms
In this section, we present algorithms for 𝐹𝑝 on noisy datasets in the data stream and coordinator

models.

We use mult(𝑖1, . . . , 𝑖𝑝 ) (𝑖1, . . . , 𝑖𝑝 ∈ [𝑚]) to denote the multinomial coefficient, defined as:

mult(𝑖1, . . . , 𝑖𝑝 ) = 𝑝!∏
𝑘∈ [𝑚] (∑𝑗 ∈ [𝑝 ] 1{𝑖 𝑗=𝑘 })! . In words, mult(𝑖1, . . . , 𝑖𝑝 ) is the number of permutations

that can be formed by {𝜎𝑖1 , . . . , 𝜎𝑖𝑝 }.

2.1 The Streaming Algorithm
We begin with a one-pass streaming algorithm for 𝐹𝑝 with an approximation guarantee parameter-

ized by 𝜂𝑝 .

Ideas and Technical Overview. We say a tuple of nodes (𝑖1, . . . , 𝑖𝑝 ) is a 𝑝-clique in𝐺𝜎
if, for all

𝑗, 𝑘 ∈ [𝑝], 𝜎𝑖 𝑗 ∼ 𝜎𝑖𝑘 , and a 𝑝-clique is ordered if the sequence of its 𝑝 nodes matters. As nodes in

our setting are considered similar to themselves, we allow cliques to include duplicate nodes.

We note that for the ground truth data stream 𝜏 , 𝐹𝑝 is precisely

���K𝜏
𝑝

���, where K𝜏
𝑝 is the set of

ordered 𝑝-cliques in 𝐺𝜏
.
4
For a noisy data stream 𝜎 , let K𝜎

𝑝 be the set of ordered 𝑝-cliques in 𝐺𝜎
.

Our main observation is that for any ground truth 𝜏 such that 𝜂𝑝 is small, we have

���K𝜎
𝑝

��� ≈ ���K𝜏
𝑝

��� = 𝐹𝑝 .
Therefore, if we can accurately estimate

���K𝜎
𝑝

���, we can also well-estimate 𝐹𝑝 .

The question now becomes how to estimate

���K𝜎
𝑝

��� in one pass. A natural idea is to draw uniform

random 𝑝-tuples from [𝑚]𝑝 and then count how many of them belong to K𝜎
𝑝 . However, this

approach has a problem:

���K𝜎
𝑝

��� may be as small as𝑚, resulting in a low probability that a sample

4
For example, for 𝑝 = 3 and 𝐺𝜏 = (𝑉 , 𝐸 ) where 𝑉 = {1, 2} and 𝐸 = { (1, 1), (1, 2), (2, 2) }, then K𝜏

𝑝 contains

(1, 1, 1), (1, 1, 2), (1, 2, 1), (2, 1, 1), (1, 2, 2), (2, 1, 2), (2, 2, 1) and (2, 2, 2) .
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belongs to K𝜎
𝑝 . On the other hand, directly counting

���K𝜎
𝑝

��� is challenging in the data stream model,

since the nodes within a tuple are ordered, and this ordering typically does not align with the order

in which the nodes appear in the stream. We thus focus on increasingly ordered 𝑝-cliques, where
the order of nodes in the tuple matches their order in the data stream.

We design a sampling-and-counting procedure, denoted by A, that leverages the observation

that each increasingly ordered 𝑗-clique can be incrementally constructed from an increasingly

ordered ( 𝑗 − 1)-clique. Conceptually, the generative process can be represented as a tree, where

the root corresponds to a 0-clique and its children are 1-cliques by adding one more node to the

0-clique, continuing in this manner for 𝑝 levels. The leaves of the tree precisely enumerate the

increasingly ordered 𝑝-cliques. We then perform a random walk from the root to a leaf to sample a

path, and produces an estimate 𝑋 based on the probability of selecting this path and an appropriate

multinomial coefficient. We can show that 𝑋 satisfies E[𝑋 ] = |K𝜎
𝑝 |.

The critical step in the above approach is to determine the number of unbiased estimates needed

for the final approximation. Let𝑋1, . . . , 𝑋𝑡 be estimates returned by 𝑡 independent runs ofA, where

for every 𝑗 ∈ [𝑡], E[𝑋 𝑗 ] =
���K𝜎

𝑝

���. Let 𝑋 = 1

𝑡

∑
𝑗∈[𝑡 ] 𝑋 𝑗 . If 𝜎 is noiseless, it is not difficult to show

that 𝑡 = 𝑂

(
1

𝜖2
𝑚1−1/𝑝

)
estimates are sufficient to ensure that 𝑋 tightly concentrates around its

expectation. However, in the noisy setting, 𝑋 may exhibit high instability in worst case scenarios.

For example, consider the case when 𝑝 = 2 and 𝐺𝜎
is a star graph. In this case, K𝜎

2
consists of all

ordered pairs of similar nodes, with approximately two-thirds of the pairs containing the central

node. If the central node arrives first in the stream, then with probability

(
1 − 1

𝑚

)
it is not sampled.

As a result, roughly two-thirds of the pairs in K𝜎
2
are not counted, which prevent us to obtain a

1.01-approximation with probability 0.99 when 𝑡 = 𝑜 (𝑚).
What we manage to show is that when 𝜂𝑝 is small, we can estimate

���K𝜎
𝑝

��� accurately using a

sublinear number of samples. First, it is not difficult to establish an upper bound of 𝑋 by a Markov

inequality. In fact, as 𝑋 is the sum of independent random variables, we can apply an inequality

from [18] to achieve a better bound. The challenge lies in establishing the lower bound of 𝑋 . The

standard method is to bound the variance of 𝑋 (or, the variance of each 𝑋 𝑗 ( 𝑗 ∈ [𝑡])) and then

apply Chebyshev’s inequality. However, if we analyze the variance of 𝑋 𝑗 directly without taking

into account the mismatch ambiguity 𝜂𝑝 , the variance could be very high. Consider again the star

graph, which has a high 𝜂𝑝 with respect to any ground truth. Easy calculation gives E[𝑋 𝑗 ] = Θ(𝑚)
and Var[𝑋 𝑗 ] = Ω(𝑚𝑝 ). Consequently, we have to use 𝑡 = Ω

(
𝑚𝑝−2

)
copies of 𝑋 𝑗 to bring down the

variance of 𝑋 to 𝑂 (1). Therefore, we must account for 𝜂𝑝 in our analysis. The difficulty is that the

construction of 𝑋 cannot incorporate 𝜂𝑝 , as it is an unknown quantity to the algorithm.

We circumvent the above issue by relating each random variable 𝑋 𝑗 ( 𝑗 ∈ [𝑡]) to another random

variable 𝑌𝑗 ≜ min

{
𝑋 𝑗 ,𝑚(𝑝!)

(
𝑑𝜏
𝐼1

)𝑝−1

}
, where 𝐼1 is distributed uniformly at random in {1, . . . ,𝑚}.

The intuition of creating such a random variable 𝑌𝑗 is the following: recall that if we apply A
to the ground truth 𝜏 , whose graph representation 𝐺𝜏

is a cluster graph, we can obtain a tighter

upper bound on the variance of 𝑋 𝑗 , and consequently only need 𝑡 = 𝑜 (𝑚) runs of A. Now, if

𝜂𝑝 is small, we would expect that K𝜎
𝑝 and K𝜏

𝑝 overlap significantly, and consequently,

���K𝜎
𝑝

��� and���K𝜎
𝑝 ∩ K𝜏

𝑝

��� are close. We can intuitively interpret 𝑌𝑗 with E[𝑌𝑗 ] ≈
���K𝜎

𝑝 ∩ K𝜏
𝑝

��� as being close to 𝑋 𝑗

with E[𝑋 𝑗 ] =
���K𝜎

𝑝

��� but with a smaller variance. Therefore, we can first establish a lower bound for

𝑌𝑗 , which also provides a lower bound for 𝑋 𝑗 .
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Algorithm 1: Streaming-Robust-𝐹𝑝 -One-Sample

Input: a noisy data stream 𝜎

Output: an estimate of 𝐹𝑝

1 𝑟1, . . . , 𝑟𝑝 , 𝑖1, . . . , 𝑖𝑝 ← 0, 𝑎1, . . . , 𝑎𝑝 ← null
2 foreach incoming 𝜎 𝑗 do
3 𝑟1 ← 𝑟1 + 1

4 with probability
1

𝑟1

, (𝑎1, 𝑖1, 𝑟2) ← (𝜎 𝑗 , 𝑗, 0)
5 if 𝑎1 ∼ 𝜎 𝑗 then
6 𝑟2 ← 𝑟2 + 1

7 with probability
1

𝑟2

, (𝑎2, 𝑖2, 𝑟3) ← (𝜎 𝑗 , 𝑗, 0)
8 if 𝑎2 ∼ 𝜎 𝑗 then
9 𝑟3 ← 𝑟3 + 1

10 with probability
1

𝑟3

, (𝑎3, 𝑖3, 𝑟4) ← (𝜎 𝑗 , 𝑗, 0)
11 . . .

12 if 𝑎𝑝−1 ∼ 𝜎 𝑗 then
13 𝑟𝑝 ← 𝑟𝑝 + 1

14 with probability
1

𝑟𝑝
, (𝑎𝑝 , 𝑖𝑝 ) ← (𝜎 𝑗 , 𝑗)

15 return mult(𝑖1, . . . , 𝑖𝑝 )
∏

𝑘∈[𝑝 ] 𝑟𝑘 .

Algorithm 2: Streaming-Robust-𝐹𝑝

Input: a noisy data stream 𝜎 of size𝑚, parameter 𝜖

Output: an ((𝜖 +𝑂 (𝜂𝑝 )), 0.01)-approximation of 𝐹𝑝

1 ℓ ← 100, 𝑡 ← 10
6 (𝑝!)𝑚1−1/𝑝

𝜖2

2 obtain ℓ𝑡 estimates {𝑋𝑖, 𝑗 }𝑖∈[ℓ ], 𝑗∈[𝑡 ] by running ℓ𝑡 instances of Algorithm 1 in parallel

3 for 𝑖 ∈ [ℓ], let 𝑋𝑖 ← 1

𝑡

∑
𝑗∈[𝑡 ] 𝑋𝑖, 𝑗

4 return min{𝑋1, . . . , 𝑋ℓ }.

Algorithm and Analysis. The algorithm is described in Algorithm 2, which uses Algorithm 1 as

a subroutine. At a high level, Algorithm 1 aims to obtain an unbiased estimator of the number of

ordered 𝑝-cliques in 𝐺𝜎
, which serves as a low-bias estimate of 𝐹𝑝 . This is achieved by sampling

and counting increasingly ordered 𝑝-cliques in its main loop (Lines 2–14), followed by scaling

the result with appropriate multinomial coefficients (Line 15). By executing Algorithm 1 multiple

times in parallel, Algorithm 2 applies a min-average aggregation (Lines 3–4) to produce the final

approximation for 𝐹𝑝 .

We have the following result regarding Algorithm 2.

Theorem 2.1. For any constant 𝑝 ∈ Z+, given a noisy input data stream of length𝑚 with 𝜂𝑝 ≤ 1

3(𝑝!) ,

Algorithm 2 computes an ((𝜖+𝑂 (𝜂𝑝 ), 0.01)-approximation of 𝐹𝑝 , using a single pass and𝑂
(

1

𝜖2
𝑚1−1/𝑝

)
words of space.

In the rest of this section, we prove Theorem 2.1. We will make use of the following inequality.
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Lemma 2.2 ([18]). Let 𝑍1, . . . , 𝑍𝑡 be arbitrary non-negative independent random variables, with
expectations 𝜇1, . . . , 𝜇𝑡 where 𝜇𝑖 ≤ 1 for all 𝑖 . Then for any 𝛿 > 0,

Pr

[
𝑡∑︁
𝑖=1

𝑍𝑖 <

(
𝑡∑︁
𝑖=1

𝜇𝑖

)
+ 𝛿

]
> min

(
𝛿

1 + 𝛿 ,
1

13

)
.

We note that when 𝑝 = 1, the output of Algorithm 2 is always𝑚, which is exactly 𝐹1. We thus

focus on integers 𝑝 ≥ 2.

We start by introducing the following concept.

Definition 2.3 (Ordered 𝑝-Cliqe). For a data stream 𝜎 of length𝑚, define the set of ordered
𝑝-cliques in 𝐺𝜎 as K𝜎

𝑝 =
{
(𝑖1, . . . , 𝑖𝑝 ) ∈ [𝑚]𝑝 | ∀( 𝑗, 𝑘) ∈ [𝑝]2, 𝜎𝑖 𝑗 ∼ 𝜎𝑖𝑘

}
.

Fact 2.4. For a noiseless data stream 𝜏 ,
���K𝜏

𝑝

��� = 𝐹𝑝 .
Proof. Let 𝑛𝜏 be the number of distinct elements in 𝜏 , and {𝑉1, . . . ,𝑉𝑛𝜏 } be the set of cliques in

𝐺𝜏
. It is easy to see that for any 𝐾𝑝 ∈ K𝜏

𝑝 , all 𝑝 nodes in 𝐾𝑝 must belong to the same clique 𝑉𝑘 for

some 𝑘 ∈ [𝑛𝜏 ]. Therefore, the total number of ordered 𝑝-cliques is
∑

𝑘∈[𝑛𝜏 ] |𝑉𝑘 |
𝑝 = 𝐹𝑝 . □

The following lemma shows that for a noisy data stream 𝜎 and the corresponding ground truth

𝜏 , if 𝜂𝑝 is small, then K𝜎
𝑝 and K𝜏

𝑝 overlap significantly.

Lemma 2.5. For graphs 𝐺𝜎 = ( [𝑚], 𝐸𝜎 ) and 𝐺𝜏 = ( [𝑚], 𝐸𝜏 ), representing a noisy data stream 𝜎

and the corresponding ground truth 𝜏 respectively, we have���K𝜎
𝑝 \ K𝜏

𝑝

��� ≤ 𝜂𝑝𝐹𝑝 , and
���K𝜏

𝑝 \ K𝜎
𝑝

��� ≤ 𝑝
2

· 𝜂𝑝𝐹𝑝 .

Proof. We first bound the size of K𝜎
𝑝 \ K𝜏

𝑝 . Consider an ordered 𝑝-clique 𝐾𝑝 = (𝑖1, . . . , 𝑖𝑝 )
in K𝜎

𝑝 \ K𝜏
𝑝 with 𝑖1 = 𝑖 . There must exist a 𝑘 ∈ [𝑝] such that 𝑖𝑘 ∈ 𝐵𝜎

𝑖
\ 𝐵𝜏

𝑖
. Therefore, the

total number of ordered 𝑝-cliques in K𝜎
𝑝 \ K𝜏

𝑝 with 𝑖1 = 𝑖 is at most

��𝐵𝜎
𝑖

��𝑝−1 −
��𝐵𝜎

𝑖
∩ 𝐵𝜏

𝑖

��𝑝−1 ≤��𝐵𝜎
𝑖
∪ 𝐵𝜏

𝑖

��𝑝−1 −
��𝐵𝜎

𝑖
∩ 𝐵𝜏

𝑖

��𝑝−1

. Summing over 𝑖 ∈ [𝑚], we have���K𝜎
𝑝 \ K𝜏

𝑝

��� ≤ ∑︁
𝑖∈[𝑚]

(��𝐵𝜎𝑖 ∪ 𝐵𝜏𝑖 ��𝑝−1 −
��𝐵𝜎𝑖 ∩ 𝐵𝜏𝑖 ��𝑝−1

)
= 𝜂𝑝𝐹𝑝 .

We next bound the size ofK𝜏
𝑝 \K𝜎

𝑝 . Let 𝑛𝑖 be the number of ordered 𝑝-cliques inK𝜏
𝑝 that contains

𝑖 and at least one node from 𝐵𝜏
𝑖
\𝐵𝜎

𝑖
. We have

𝑛𝑖 ≤ 𝑝
(��𝐵𝜏𝑖 ��𝑝−1 −

��𝐵𝜎𝑖 ∩ 𝐵𝜏𝑖 ��𝑝−1

)
≤ 𝑝

(��𝐵𝜎𝑖 ∪ 𝐵𝜏𝑖 ��𝑝−1 −
��𝐵𝜎𝑖 ∩ 𝐵𝜏𝑖 ��𝑝−1

)
.

Note that for each 𝐾𝑝 = (𝑖1, . . . , 𝑖𝑝 ) ∈ K𝜏
𝑝 \ K𝜎

𝑝 , there exists 𝑥,𝑦 ∈ [𝑝] such that 𝑖𝑥 ≠ 𝑖𝑦 and

(𝑖𝑥 , 𝑖𝑦) ∉ 𝐸𝜎 , which implies that 𝐾𝑝 is counted in both 𝑛𝑖𝑥 and 𝑛𝑖𝑦 . Summing over 𝑖 ∈ [𝑚], we have���K𝜏
𝑝 \ K𝜎

𝑝

��� ≤ 1

2

∑︁
𝑖∈[𝑚]

𝑛𝑖 ≤
𝑝

2

·
∑︁

𝑖∈[𝑚]

(��𝐵𝜎𝑖 ∪ 𝐵𝜏𝑖 ��𝑝−1 −
��𝐵𝜎𝑖 ∩ 𝐵𝜏𝑖 ��𝑝−1

)
=
𝑝

2

· 𝜂𝑝𝐹𝑝 .

□

Fact 2.4 and Lemma 2.5 imply that we can estimate 𝐹𝑝 via estimating

���K𝜎
𝑝

���. However, it seems

difficult to estimate this quantity directly in the data stream model under sublinear memory space.

We therefore turn our attention to a closely related set.

Definition 2.6 (Increasingly Ordered 𝑝-Cliqe). For a data stream 𝜎 , define the set of increas-
ingly ordered 𝑝-cliques in 𝐺𝜎 as ®K𝜎

𝑝 = {(𝑖1, . . . , 𝑖𝑝 ) ∈ K𝜎
𝑝 | 𝑖1 ≤ . . . ≤ 𝑖𝑝 }.
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Note that for each increasingly ordered 𝑝-clique ®𝐾𝑝 = (𝑖1, . . . , 𝑖𝑝 ) ∈ ®K𝜎
𝑝 , there are exactly

mult(𝑖1, . . . , 𝑖𝑝 ) ordered 𝑝-cliques in K𝜎
𝑝 that consist of the same multiset of nodes.

To facilitate the subsequent analysis, we introduce the following concept.

Definition 2.7 (Tail Set). For a data stream 𝜎 and 𝑗 ∈ [𝑝], define the tail set of an increasingly
ordered 𝑗-clique (𝑖1, . . . , 𝑖 𝑗 ) in 𝐺𝜎 as tail(𝑖1, . . . , 𝑖 𝑗 ) = {𝑖 ∈ [𝑚] | 𝑖 ≥ 𝑖 𝑗 ∧ (∀𝑘 ∈ [ 𝑗], 𝜎𝑖 ∼ 𝜎𝑖𝑘 )}.

In words, tail(𝑖1, . . . , 𝑖 𝑗 ) contains all nodes 𝑖 ∈ [𝑚] appearing after 𝑖 𝑗 (including 𝑖 𝑗 ) in the stream

that, together with the 𝑗-clique (𝑖1, . . . , 𝑖 𝑗 ), form an increasingly ordered ( 𝑗 + 1)-clique.
The following lemma shows that Algorithm 1 outputs an unbiased estimator of

���K𝜎
𝑝

���. Let 𝐼1, . . . , 𝐼𝑝
correspond to 𝑖1, . . . , 𝑖𝑝 in Algorithm 1 be the random nodes, and let 𝑅1, . . . , 𝑅𝑝 correspond to

𝑟1, . . . , 𝑟𝑝 in Algorithm 1 be the tail counts. Note that 𝑅1 = 𝑚 is actually a fixed value, whereas

others are true random variables.

Lemma 2.8. Let 𝑋 =mult(𝐼1, . . . , 𝐼𝑝 )
∏

𝑘∈[𝑝 ] 𝑅𝑘 be the output of Algorithm 1. It holds that E[𝑋 ] =���K𝜎
𝑝

���.
Proof. It is easy to see that in Algorithm 1, 𝐼1 is uniformly sampled from [𝑚] and 𝐼𝑘 is uniformly

sampled from tail(𝐼1, . . . , 𝐼𝑘−1) for 𝑘 = 2, . . . , 𝑝 . Let ®𝐾𝑝 = (𝑖1, . . . , 𝑖𝑝 ) ∈ ®K𝜎
𝑝 be an increasingly

ordered 𝑝-clique. We have

Pr[𝐼1 = 𝑖1, . . . , 𝐼𝑝 = 𝑖𝑝 ] = Pr[𝐼1 = 𝑖1] ·
𝑝∏

𝑘=2

Pr [𝐼𝑘 = 𝑖𝑘 | 𝐼1 = 𝑖1, . . . , 𝐼𝑘−1 = 𝑖𝑘−1]

=
1

𝑚

𝑝∏
𝑘=2

1

|tail(𝑖1, . . . , 𝑖𝑘−1) |
. (2)

Note that 𝑅1 = 𝑚, and 𝑅𝑘 = |tail(𝐼1, . . . , 𝐼𝑘−1) | for 𝑘 = 2, . . . , 𝑝 , and (𝐼1, . . . , 𝐼𝑝 ) is always an
increasingly ordered 𝑝-clique. It follows that

E[𝑋 ] =
∑︁

(𝑖1,...,𝑖𝑝 ) ∈ ®K𝜎
𝑝

Pr[𝐼1 = 𝑖1, . . . , 𝐼𝑝 = 𝑖𝑝 ] · E[𝑋 | 𝐼1 = 𝑖1, . . . , 𝐼𝑝 = 𝑖𝑝 ]

(2)

=
∑︁

(𝑖1,...,𝑖𝑝 ) ∈ ®K𝜎
𝑝

1

𝑚

𝑝∏
𝑘=2

1

|tail(𝑖1, . . . , 𝑖𝑘−1) |
·mult(𝑖1, . . . , 𝑖𝑝 ) ·𝑚

𝑝∏
𝑘=2

|tail(𝑖1, . . . , 𝑖𝑘−1) |

=
∑︁

(𝑖1,...,𝑖𝑝 ) ∈ ®K𝜎
𝑝

mult(𝑖1, . . . , 𝑖𝑝 ) =
���K𝜎

𝑝

���.
□

Let 𝑋1, . . . , 𝑋𝑡 denote 𝑡 independent outputs of Algorithm 1, and let 𝑋 = 1

𝑡

∑
𝑖∈[𝑡 ] 𝑋𝑖 . The next

two lemmas show that when the mismatch ambiguity 𝜂𝑝 is small, 𝑋 is tightly concentrated around

𝐹𝑝 with good probability.

Lemma 2.9 (𝑋 is not too large). Pr
[
𝑋 < (1 + 𝜖 + 𝜂𝑝 ) · 𝐹𝑝

]
> 1

13
.

Proof. Lemma 2.8 gives E[𝑋 ] =
���K𝜎

𝑝

��� . Applying Lemma 2.2 (setting 𝑍𝑖 = 𝑋𝑖/|K𝜎
𝑝 | and 𝛿 = 1),

we have

Pr
[
𝑋 <

(
1 + 1

𝑡

) ���K𝜎
𝑝

���] >
1

13

. (3)
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By Fact 2.4 and Lemma 2.5, ���K𝜎
𝑝

��� ≤ ���K𝜏
𝑝

��� + ���K𝜎
𝑝 \ K𝜏

𝑝

��� ≤ (1 + 𝜂𝑝 )𝐹𝑝 . (4)

The lemma follows from (3), (4), and the fact that
1

𝑡
≪ 𝜖

2
. □

Lemma 2.10 (𝑋 is not too small). Pr
[
𝑋 ≥

(
1 − 𝜖 − 2(𝑝!)𝜂𝑝

)
· 𝐹𝑝

]
> 1 − 2 · 10

−5.

Proof. For every 𝑗 ∈ [𝑡], let 𝑌𝑗 = min

{
𝑋 𝑗 ,𝑚(𝑝!)

���𝐵𝜏𝐼1 ���𝑝−1

}
.We have the following claims, whose

proofs will be given shortly. The first claim states that the expectation of each 𝑌𝑗 is not far away

from 𝐹𝑝 given that 𝜂𝑝 is small, and the second bounds the variance of each 𝑌𝑗 .

Claim 2.11. For any 𝑗 ∈ [𝑡], (1 − 2(𝑝!)𝜂𝑝 )𝐹𝑝 ≤ E[𝑌𝑗 ] ≤ (1 + 𝜂𝑝 )𝐹𝑝 .

Claim 2.12. For any 𝑗 ∈ [𝑡], Var[𝑌𝑗 ]
(E[𝑌𝑗 ] )2 ≤

𝑝!

1−2(𝑝!)𝜂𝑝 ·𝑚
1−1/𝑝 .

We now have

Pr
[
𝑋 <

(
1 − 𝜖 − 2(𝑝!)𝜂𝑝

)
𝐹𝑝

]
= Pr


1

𝑡

∑︁
𝑗∈[𝑡 ]

𝑋 𝑗 − (1 − 2(𝑝!)𝜂𝑝 )𝐹𝑝 < −𝜖𝐹𝑝
 (5)

≤ Pr

1

𝑡

∑︁
𝑗∈[𝑡 ]

𝑌𝑗 − E[𝑌𝑗 ] < −𝜖𝐹𝑝
 (6)

≤
Var[𝑌𝑗 ]
𝑡𝜖2𝐹 2

𝑝

(7)

≤
(1 + 𝜂𝑝 )2Var[𝑌𝑗 ]
𝑡𝜖2 (E[𝑌𝑗 ])2

(8)

≤
(1 + 𝜂𝑝 )2

𝑡𝜖2
· 𝑝! ·𝑚1−1/𝑝

1 − 2(𝑝!)𝜂𝑝
(9)

≤ 1

𝑡
· 12(𝑝!)𝑚1−1/𝑝

𝜖2
(10)

≤ 2 · 10
−5,

where from (5) to (6), we use the fact 𝑋 𝑗 ≥ 𝑌𝑗 and the first inequality of Claim 2.11. From (7) to

(8), we apply the second inequality of Claim 2.11. From (8) to (9), we apply Claim 2.12. From (9)

to (10), we use our assumption 𝜂𝑝 < 1

3(𝑝!) . The last inequality is due to our choice of 𝑡 (Line 1 of

Algorithm 2). □

Now we are ready to prove Theorem 2.1. Recall that we have set ℓ = 100 in Algorithm 2. Let

𝑋min = min

{
𝑋1, . . . , 𝑋ℓ

}
be the output of Algorithm 2. By Lemma 2.9 and 2.10, we have

Pr
[
𝑋min < (1 + 𝜂𝑝 + 𝜖)𝐹𝑝

]
≥ 1 −

(
1 − 1

13

) ℓ
> 0.999, and

Pr
[
𝑋min ≥ (1 − 𝜖 − 2(𝑝!)𝜂𝑝 )𝐹𝑝

]
≥ 1 − ℓ · 2 · 10

−5 = 0.998.

The theorem follows from a union bound.

Finally, we give the proofs for the two claims used in Lemma 2.10.
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Proof of Claim 2.11. We prove for every 𝑗 ∈ [𝑡], and thus drop the subscript 𝑗 in 𝑋 𝑗 and 𝑌𝑗 and

write them as 𝑋 and 𝑌 for convenience. We first look at the difference between 𝑋 and 𝑌 ,

E[𝑋 − 𝑌 ] =
∑︁

𝑖∈[𝑚]
Pr[𝐼1 = 𝑖] · E[𝑋 − 𝑌 | 𝐼1 = 𝑖] =

1

𝑚

∑︁
𝑖∈[𝑚]

E[𝑋 − 𝑌 | 𝐼1 = 𝑖] .

Conditioned on 𝐼1 = 𝑖 , we have

𝑋 = mult(𝑖, 𝐼2, . . . , 𝐼𝑝 ) ·
∏
𝑘∈[𝑝 ]

𝑅𝑘 ≤ 𝑝! ·
∏
𝑘∈[𝑝 ]

𝑅𝑘

= 𝑝! ·𝑚 ·
𝑝∏

𝑘=2

|tail(𝑖, . . . , 𝐼𝑘−1) | (11)

≤ 𝑝! ·𝑚 · |tail(𝑖) |𝑝−1

(12)

≤ 𝑚(𝑝!)
��𝐵𝜎𝑖 ��𝑝−1

, (13)

where from (11) to (12), we use the fact that tail(𝑖, 𝐼2, . . . , 𝐼𝑝−1) ⊆ tail(𝑖, 𝐼2, . . . , 𝐼𝑝−2) ⊆ · · · ⊆ tail(𝑖).
The step from (12) to (13) follows from tail(𝑖) ⊆ 𝐵𝜎

𝑖
.

We thus have

E[𝑋 − 𝑌 | 𝐼1 = 𝑖] = E
[
max

{
𝑋 −𝑚(𝑝!)

��𝐵𝜏𝑖 ��𝑝−1

, 0

} ��� 𝐼1 = 𝑖] ≤𝑚(𝑝!) ·max

{��𝐵𝜎𝑖 ��𝑝−1 −
��𝐵𝜏𝑖 ��𝑝−1

, 0

}
.

Noting that Pr[𝐼1 = 𝑖] = 1

𝑚
, we have

E[𝑋 − 𝑌 ] ≤ 𝑝! ·
∑︁

𝑖∈[𝑚]
max

{��𝐵𝜎𝑖 ��𝑝−1 −
��𝐵𝜏𝑖 ��𝑝−1

, 0

}
≤ 𝑝! ·

∑︁
𝑖∈[𝑚]

(��𝐵𝜎𝑖 ∪ 𝐵𝜏𝑖 ��𝑝−1 −
��𝐵𝜏𝑖 ∩ 𝐵𝜎𝑖 ��𝑝−1

)
= 𝑝! · 𝜂𝑝𝐹𝑝 . (14)

Consequently,

E[𝑌 ] = E[𝑋 ] − E[𝑋 − 𝑌 ]
≥

���K𝜎
𝑝

��� − 𝑝! · 𝜂𝑝𝐹𝑝 (by (14) and Lemma 2.8)

≥
���K𝜏

𝑝

��� − ���K𝜏
𝑝 \ K𝜎

𝑝

��� − 𝑝! · 𝜂𝑝𝐹𝑝
≥ (1 − 2(𝑝!)𝜂𝑝 )𝐹𝑝 . (by Fact 2.4 and Lemma 2.5)

On the other hand, by (4) and Lemma 2.8, we have E[𝑌 ] ≤ E[𝑋 ] =
���K𝜎

𝑝

��� ≤ (1 + 𝜂𝑝 )𝐹𝑝 . The claim
follows. □

Proof of Claim 2.12. Let 𝑛𝜏 be the number of distinct elements in the ground truth 𝜏 , and

{𝑉1, . . . ,𝑉𝑛𝜏 } be the set of cliques in 𝐺𝜏
. We prove for every 𝑗 ∈ [𝑡], and thus drop the subscript 𝑗

in 𝑌𝑗 for convenience.

By the definition of 𝑌 , we have 𝑌 ≤𝑚(𝑝!) ·max𝑖∈[𝑚]
��𝐵𝜏

𝑖

��𝑝−1

=𝑚(𝑝!) ·max𝑘∈[𝑛𝜏 ] |𝑉𝑘 |𝑝−1, which

implies

Var[𝑌 ] ≤ E[𝑌 2] ≤𝑚(𝑝!) · max

𝑘∈[𝑛𝜏 ]
|𝑉𝑘 |𝑝−1 · E[𝑌 ] . (15)

Note that

max

𝑘∈[𝑛𝜏 ]
|𝑉𝑘 |𝑝−1 =

(
max

𝑘∈[𝑛𝜏 ]
|𝑉𝑘 |𝑝

)
1−1/𝑝

≤ ©­«
∑︁

𝑘∈[𝑛𝜏 ]
|𝑉𝑘 |𝑝

ª®¬
1−1/𝑝

= 𝐹
1−1/𝑝
𝑝 . (16)
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And by Hölder’s inequality,

𝑚 =
∑︁

𝑘∈[𝑛𝜏 ]
|𝑉𝑘 | ≤ 𝑛1−1/𝑝

𝜏
©­«

∑︁
𝑘∈[𝑛𝜏 ]

|𝑉𝑘 |𝑝
ª®¬

1/𝑝

= 𝑛
1−1/𝑝
𝜏 𝐹

1/𝑝
𝑝 . (17)

Combining (15), (16), (17) and the first inequality of Claim 2.11, we have

Var[𝑌 ]
E[𝑌 ]2 ≤

𝑝! ·𝑚 ·max𝑘∈[𝑛𝜏 ] |𝑉𝑘 |𝑝−1

E[𝑌 ] ≤
𝑝! · 𝑛1−1/𝑝

𝜏 𝐹
1/𝑝
𝑝 · 𝐹 1−1/𝑝

𝑝

(1 − 2(𝑝!)𝜂𝑝 )𝐹𝑝
≤ 𝑝! ·𝑚1−1/𝑝

1 − 2(𝑝!)𝜂𝑝
.

□

2.2 The Distributed Algorithm
We note that our streaming algorithm cannot be directly translated into a round-efficient distributed

algorithm, as sampling from the ordered 𝑝-cliques needs at least 𝑝 rounds. The key to designing

a distributed algorithm that is efficient in both communication and rounds is the fact that, for

the ground-truth dataset 𝜏 , the quantity 𝐹𝑝 (𝜏) coincides with the (𝑝 − 1)-th degree moment of
𝐺𝜏

, defined as 𝑀𝜏
𝑝−1

≜
∑

𝑖∈[𝑚]
��𝐵𝜏

𝑖

��𝑝−1

. When 𝜂𝑝 (𝜎, 𝜏) is small, the (𝑝 − 1)-th degree moment

𝑀𝜎
𝑝−1

≜
∑

𝑖∈[𝑚]
��𝐵𝜎

𝑖

��𝑝−1

of𝐺𝜎
is expected to be close to𝑀𝜏

𝑝−1
. Consequently, an accurate estimate

of𝑀𝜎
𝑝−1

yields a good approximation of 𝐹𝑝 (𝜏).
In the coordinator model, obtaining an unbiased estimate of𝑀𝜎

𝑝−1
is relatively straightforward:

we can uniformly sample nodes and query each site for their degrees. However, this vanilla sampling

strategy suffers from instability, similar to the streaming setting. Fortunately, the analysis techniques

developed for the data stream model can be applied in this context as well.

Our two-round algorithm for approximating 𝐹𝑝 in the coordinator model is described in Algo-

rithm 3. In the first round, the sites and coordinator sample a random set of nodes. At Line 11, the

coordinator tries to convert the sample from being “without replacement” to “with replacement”.

In the second round, the players compute the (𝑝 − 1)-th degree moment for each sampled node.

Finally, the coordinator use the min-average aggregation to output the final approximation.

We have the following guarantees regarding Algorithm 3.

Theorem 2.13. For any constant 𝑝 ≥ 1, given an input dataset of size𝑚 with 𝜂𝑝 ≤ 0.4 partitioned
among 𝑘 sites in the coordinator model, Algorithm 3 computes a ((𝜖 +𝑂 (𝜂𝑝 )), 0.01)-approximation of

𝐹𝑝 , using two rounds and 𝑂
(

1

𝜖2
𝑘𝑚1−1/𝑝

)
words of communication.

While Algorithm 3 differs considerably from Algorithm 2, their analyses share similarity, espe-

cially regarding the handling of random variable instability.

Due to the space constraints, we defer the proof of Theorem 2.13 to the full version of this

paper [32].

3 The Lower Bounds
We now explore the lower bounds, beginning with an overview of key ideas and proof techniques.

Ideas and Technical Overview. We utilize the classical multiparty communication problem

DISJ𝑛,𝑘 for proving the lower bounds. In DISJ𝑛,𝑘 , we have 𝑘 players. Each player 𝜅 (𝜅 ∈ [𝑘]) is
given a vector 𝑋 (𝜅 ) =

(
𝑋
(𝜅 )
1
, . . . , 𝑋

(𝜅 )
𝑛

)
∈ {0, 1}𝑛 , representing a subset of [𝑛]. We use the vector

and subset representation interchangeably. The input {𝑋 (1) , . . . , 𝑋 (𝑘 ) } of DISJ𝑛,𝑘 satisfies one of

the following two cases:
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Algorithm 3: Distributed-Robust-𝐹𝑝
Input: a noisy dataset 𝜎 of size𝑚 partitioned among 𝑘 sites, where the 𝜅-th site holds 𝜎 (𝜅 ) ;

a parameter 𝜖

Output: an ((𝜖 +𝑂 (𝜂𝑝 )), 0.01)-approximation of 𝐹𝑝

1 𝑡 ← 10
6𝑚1−1/𝑝

𝜖2
, ℓ ← 100

2 // First Round:

3 Coordinator: send𝑚 to all sites.

4 for site 𝜅 ← 1, . . . , 𝑘 do
5 𝑆 (𝜅 ) ← ∅ /* set of sampled nodes at the 𝜅-th site */

6 foreach 𝑞 ∈ 𝑉 (𝜅 ) do
7 with probability

2𝑡ℓ
𝑚
, 𝑆 (𝜅 ) ← 𝑆 (𝜅 ) ∪ {𝑞}

8 send 𝑆 (𝜅 ) to the coordinator.

9 // Second Round:

10 /* convert “sampled without replacement” to “sampled with replacement” */

11 Coordinator: 𝑆 ′ ← ⋃
𝜅∈[𝑘 ] 𝑆

(𝜅 )
. If |𝑆 ′ | < 𝑡ℓ , the coordinator outputs fail. Otherwise, it

computes a sample 𝑆 from 𝑆 ′ such that (1) |𝑆 | = 𝑡ℓ , and (2) each element in 𝑆 is uniformly

sampled from [𝑚] with replacement. This can be done using a method described in [14,

Section 3.2]. Send 𝑆 to all sites.

12 for site 𝜅 ← 1, . . . , 𝑘 do
13 foreach 𝑖 ∈ 𝑆 do
14 𝑑

(𝜅 )
𝑖
←

��𝑉 (𝜅 ) ∩ 𝐵𝜎
𝑖

�� /* local degree of node 𝑖 at the 𝜅-th site */

15 send {𝑑 (𝜅 )
𝑖
}𝑖∈𝑆 to the coordinator.

16 // Output:

17 Coordinator: calculate 𝑑𝑖 ←
∑

𝜅∈[𝑘 ] 𝑑
(𝜅 )
𝑖

for each 𝑖 ∈ 𝑆 . Divide 𝑆 into ℓ groups {𝑆1, . . . , 𝑆ℓ },
each containing 𝑡 samples. For each 𝑗 ∈ [ℓ], calculate 𝑋 𝑗 ← 𝑚

𝑡

∑
𝑖∈𝑆 𝑗
(𝑑𝑖 )𝑝−1

.

18 return min{𝑋1, . . . , 𝑋ℓ }.

(1) NO instance: all 𝑘 subsets are pairwise disjoint. That is, for any 𝜅 ≠ 𝜅′, 𝑋 (𝜅 ) ∩ 𝑋 (𝜅′ ) = ∅.
(2) YES instance: they have a unique common element but are otherwise disjoint. That is,��⋂

𝜅∈[𝑘 ] 𝑋
(𝜅 ) �� = 1 and for any 𝜅 ≠ 𝜅′, 𝑋 (𝜅 ) ∩ 𝑋 (𝜅′ ) = ∩𝜅∈[𝑘 ]𝑋 (𝜅 ) .

The problem is for the 𝑘 players to find out via communication whether the input is a YES instance

or a NO instance. DISJ𝑛,𝑘 is originally studied in the blackboard model, where whenever a player

sends a message, all other (𝑘 − 1) players can see it. It is easy to see that any lower bound proved in

the blackboard model also holds in the coordinator model, where the 𝑘 sites serve as the 𝑘 players,

who communicate with each other through the coordinator. The following result is known for

DISJ𝑛,𝑘 . We say an algorithm 𝛿-error if the algorithm errors with probability at most 𝛿 .

Theorem 3.1 ([9]). Any 0.49-error algorithm for DISJ𝑛,𝑘 needs Ω
(

𝑛
𝑘 log𝑘

)
bits of communication in

the blackboard model.

The DISJ𝑛,𝑘 problem described above was used to prove an Ω̃
(
𝑚1−2/𝑝 )

space lower bound for

the 𝐹𝑝 problem in the noiseless data stream model [9]. The standard reduction works as follows:

given an (𝜖, 𝛿)-approximation streaming algorithmA for 𝐹𝑝 , we can solve DISJ𝑛,𝑘 with parameters

𝑛 = Θ(𝑚) and 𝑘 = ((1 + 3𝜖)𝑛)1/𝑝 in the following way: Each player 𝜅 ∈ [𝑘] constructs a set of
items 𝜎 (𝜅 ) by including every 𝑖 ∈ 𝑋 (𝜅 ) . The final stream 𝜎 is the concatenation of all 𝜎 (𝜅 ) , that
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is, 𝜎 = 𝜎 (1) ◦ . . . ◦ 𝜎 (𝑘 ) . The 𝑘 players can simulate the streaming algorithm A to solve DISJ𝑛,𝑘

as follows: the first player runs A on 𝜎 (1) and write the end memory configuration 𝑀1 to the

blackboard. The second player continue runs A on 𝜎 (2) starting from𝑀1, and then write the end

memory configuration𝑀2 to the blackboard, and so on. At the end, the last player outputs YES if the

streaming algorithm outputs an 𝐹𝑝 -estimation larger than (1 + 𝜖)𝑛, and NO otherwise. If multiple

passes are allowed, then the last player can write its end memory configuration to the blackboard

and restart the simulation from the first player. If the streaming algorithm A uses 𝑂 (1) passes and
𝑠 bits of space, then the 𝑘 players solve DISJ𝑛,𝑘 problem using at most𝑂 (𝑠𝑘) bits of communication.

By Theorem 3.1, we have 𝑠𝑘 = Ω
(

𝑛
𝑘 log𝑘

)
, and consequently, 𝑠 = Ω

(
𝑛

𝑘2
log𝑘

)
= Ω

(
𝑚1−2/𝑝

log𝑚

)
.

However, this proof strategy is not generally applicable in the coordinator model, as the reduction

requires 𝑘 = Ω
(
𝑚1/𝑝 )

. In fact, there exist (𝜖, 0.01)-approximation algorithms for 𝐹𝑝 in the coordina-

tor model with 𝑘 players using 𝑂̃

(
𝑘𝑝−1

𝜖2

)
bits of communication [17, 23]. Our key observation is that

in the noisy data setting, a similar reduction can be performed using only a constant number of play-

ers. Moreover, the proof only requires that the dataset has small 𝐹𝑝 -mismatch-ambiguity, 𝜂𝑝 =𝑂 (𝜖),
under which an (𝜖 +𝑂 (𝜂𝑝 ), 𝛿)-approximation is equivalent to an (𝑂 (𝜖), 𝛿)-approximation.

More precisely, each player 𝜅 ∈ [𝑘], for each element 𝑖 ∈ [𝑛], adds 𝑡/𝑘 pairwise dissimilar items

(for an appropriate parameter 𝑡 to be specified later); let𝑄
(𝜅 )
𝑖

denote these items. We further require

that if two players 𝜅 and 𝜅′ share an element 𝑖 in the DISJ𝑛,𝑘 instance, then for any pair of items

𝑢 ∈ 𝑄 (𝜅 )
𝑖

and 𝑣 ∈ 𝑄 (𝜅
′ )

𝑖
, it holds that 𝑢 ∼ 𝑣 . Conversely, if they do not share any element, then all

items they create are pairwise dissimilar. It is important to notice that this requirement cannot be

satisfied in noiseless settings due to the transitivity constraint: If all items in 𝑄
(𝜅 )
𝑖

were similar to

those in 𝑄
(𝜅′ )
𝑖

, then transitivity would imply that all items within 𝑄
(𝜅 )
𝑖

to be mutually similar. In

contrast, we will show that in the noisy data setting, it is possible to construct an explicit dataset

and an appropriate similarity function that jointly satisfy both requirements with probability 0.99.

We present two concrete constructions. The first is more natural—its similarity oracle is induced

by a natural distance function. More precisely, let 𝑠 = Θ
(
𝑡2

log 𝑡

𝑘2

)
be a parameter. For each player

𝜅 ∈ [𝑘] and each 𝑖 ∈ [𝑛], we consider two cases (in the DISJ𝑛,𝑘 instance):

(1) If𝑋
(𝜅 )
𝑖

= 1, the player randomly partition the set {(𝑖, 𝑘 +1, 1), . . . , (𝑖, 𝑘 +1, 𝑠)} into 𝑡/𝑘 subsets

of equal size, and let item 𝑞
(𝜅 )
𝑖, 𝑗

be the 𝑗-th partition. The randomness used by different players

are independent.

(2) If 𝑋
(𝜅 )
𝑖

= 0, the player arbitrarily partition the set {(𝑖, 𝜅, 1), . . . , (𝑖, 𝜅, 𝑠)} into 𝑡/𝑘 subsets of

equal size, and let item 𝑞
(𝜅 )
𝑖, 𝑗

be the 𝑗-th partition.

We then let 𝑄
(𝜅 )
𝑖

=

{
𝑞
(𝜅 )
𝑖,1
, . . . , 𝑞

(𝜅 )
𝑖, 𝑡
𝑘

}
.

This construction satisfies all the properties that we need. The only issue is that each item

requires 𝑂
(
𝑚1/𝑝

log𝑚
)
bits to describe, which renders a non-trivial word versus bit gap between

the upper and lower bounds. We therefore propose a second, somewhat artificial construction that

still satisfies all the required properties, while allowing each item to be described using only a

logarithmic number of bits.

Now, let us look at the YES instance of DISJ𝑛,𝑘 . Let 𝑖
∗
be the element shared among all players. It

is easy to see that the set of items in 𝜎𝑌 created by the 𝑘 players from 𝑖∗ form a complete 𝑘-partitie

graph, which is not far away from a clique. According to our definition of 𝐹𝑝 -mismatch-ambiguity

𝜂𝑝 , there is a noiseless dataset 𝜏𝑌 such that, when used as the ground truth, the noisy dataset we

construct for 𝐹𝑝 from the YES instance of DISJ𝑛,𝑘 has 𝜂𝑝 (𝜎𝑌 , 𝜏𝑌 ) ≤ 10𝜖𝑝

𝑘
, which is at most

𝜖
𝐶+1

by

choosing 𝑘 = 10𝑝 (𝐶 + 1) (a constant!).
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On the other hand, for a NO instance of DISJ𝑛,𝑘 , the graph representation of the resulting

dataset 𝜎𝑁 for 𝐹𝑝 consists solely of singleton nodes, corresponding to a noiseless dataset 𝜏𝑁 with

𝜂𝑝 (𝜎𝑁 , 𝜏𝑁 ) = 0. By choosing the parameter 𝑡 = (10𝜖𝑚)1/𝑝 and 𝑛 = 𝑚
𝑡
, we can show that (1 − 𝜖 −

𝐶𝜂𝑝 (𝜎𝑌 , 𝜏𝑌 ))𝐹𝑝 (𝜏𝑌 ) > (1 + 𝜖 +𝐶𝜂𝑝 (𝜎𝑁 , 𝜏𝑁 ))𝐹𝑝 (𝜏𝑁 ). Therefore, any ((𝜖 +𝐶𝜂𝑝 ), 𝛿)-approximation

streaming algorithm for 𝐹𝑝 that can be used to solve the DISJ𝑛,𝑘 problemwith error at most (𝛿+0.01),
where the term 0.01 counts the error probability of the input reduction. Consequently, Theorem 3.1

implies an Ω
(

1

𝜖1/𝑝𝑚
1−1/𝑝

)
space lower bound for ((𝜖 +𝐶𝜂), 0.48)-approximating 𝐹𝑝 in the noisy

data stream.

Using the same approach, we can prove a communication lower bound of Ω
(

1

𝜖1/𝑝𝑚
1−1/𝑝

)
bits in

the coordinator model.

The Lower Bounds. We prove the following multiparty communication lower bound for 𝐹𝑝-

estimation on noisy datasets.

Theorem 3.2. For any constants 𝑝 > 1, 𝐶 ≥ 0 and 𝜖 ∈ (0, 1

3
), any ((𝜖 +𝐶𝜂𝑝 ), 0.48)-approximation

algorithm for computing 𝐹𝑝 on any noisy dataset of up to𝑚 items distributed over 𝑘 ≥ 10𝑝 (𝐶 + 1)
players needs Ω

(
1

𝜖1/𝑝𝑚
1−1/𝑝

)
bits of communication in the blackboard model.

This theorem yields two immediate corollaries, one for the data stream model and one for

the coordinator model. In the standard connection between the data stream model and 𝑘-party

communication (see the technical overview), we set the number of players 𝑘 = 10𝑝 (𝐶 + 1) = Θ(1).

Corollary 3.3. For any constants 𝑝 > 1, 𝐶 ≥ 0 and 𝜖 ∈ (0, 1

3
), any 𝑂 (1)-pass ((𝜖 +𝐶𝜂𝑝 ), 0.48)-

approximation algorithm for computing 𝐹𝑝 on any noisy data stream of length up to 𝑚 needs

Ω
(

1

𝜖1/𝑝𝑚
1−1/𝑝

)
bits of space.

Corollary 3.4. For any constants 𝑝 > 1,𝐶 ≥ 0 and 𝜖 ∈ (0, 1

3
), any ((𝜖+𝐶𝜂𝑝 ), 0.48)-approximation

algorithm for computing 𝐹𝑝 in the coordinator model on any noisy dataset of up to𝑚 items distributed

over 𝑘 ≥ 10𝑝 (𝐶 + 1) sites needs Ω
(

1

𝜖1/𝑝𝑚
1−1/𝑝

)
bits of communication, regardless the number of

rounds.

Due to the space constraints, we defer the proof of Theorem 3.2 to the full version of this

paper [32].

4 An Improved Distributed Algorithm for Low-Ambiguity Regime
As noted in the introduction, the communication cost of Algorithm 3 presented in Section 3 is

asymptotically optimal in terms of𝑚. However, we find that when the mismatch ambiguity 𝜂𝑝 falls

below a certain threshold, it is possible to design algorithms with communication cost independent
of𝑚. In this section, we present a distributed algorithm in the coordinator model for datasets with

small 𝐹𝑝 -mismatch ambiguity, achieving a communication cost of poly

(
𝑘, 1

𝜖

)
words.

Ideas and Technical Overview. For ease of reference, we summarize in Table 1 a set of notations

that will be used throughout the remainder of this section.

Same as that in the general case (Section 2.2), our goal is to estimate the (𝑝−1)-th degree moment

𝑀𝜎
𝑝−1

, which is close to 𝐹𝑝 when 𝜂𝑝 is small. Intuitively, we can view 𝜂𝑝 as a budget available to an

adversary, who perturbs the ground truth graph 𝐺𝜏
by adding or removing edges. Consider, for

example, a graph consisting of (𝑚 −𝑚1/𝑝 ) isolated nodes and a clique of size𝑚1/𝑝
, whose nodes are

evenly distributed across 𝑘 sites. When 𝜂𝑝 = Θ(𝜖), the adversary can use their budget to convert

the clique into a 𝑘-partite graph by deleting all edges with both end nodes located at the same
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Notation Description

𝑉 (𝜅 ) subset of [𝑚] held by site 𝜅 ∈ [𝑘].
𝑑
(𝜅 )
𝑖

≜
��𝑉 (𝜅 ) ∩ 𝐵𝜎

𝑖

��
number of nodes similar to 𝜎𝑖 held by site 𝜅.

𝑑𝑖 ≜
∑

𝜅∈[𝑘 ] 𝑑
(𝜅 )
𝑖

=
��𝐵𝜎

𝑖

��
global degree of 𝜎𝑖 .

𝑑𝑖,local ≜ 𝑑
(𝜅 (𝑖 ) )
𝑖

local degree of 𝜎𝑖 , where 𝜅 (𝑖) ∈ [𝑘] is the site that
holds 𝜎𝑖 .

𝐷
(𝜅 )
local

≜
∑

𝑖∈𝑉 (𝜅 ) (𝑑𝑖,local)𝑝−1
sum of local degree moments of 𝑉 (𝜅 ) .

𝐷local ≜
∑

𝜅∈[𝑘 ] 𝐷
(𝜅 )
local

=
∑

𝑖∈[𝑚] (𝑑𝑖,local)𝑝−1
sum of local degree moments of [𝑚].

𝑑𝜏
𝑖,local

≜
��𝐵𝜏

𝑖
∩𝑉 (𝜅 (𝑖 ) )

��
local degree of 𝜏𝑖 .

𝑑𝜏
𝑖
≜

��𝐵𝜏
𝑖

��
global degree of 𝜏𝑖 .

Table 1. Summary of notations.

site. As a result, each site cannot locally determine whether a node is part of a clique or merely an

isolated node—yet this distinction is critical due to the substantial contribution of clique nodes to

the quantity𝑀𝜎
𝑝−1

.

Ourmain idea for datasets with small𝜂𝑝 is that when the adversary does not have sufficient budget

to eliminate all local structural information, then we can exploit the remaining local structures to

identify high-degree nodes with a small amount of communication. Note that the contribution of

high-degree nodes dominate the value of𝑀𝜎
𝑝−1

.

We first consider the noiseless case to see how the local information helps. Let 𝜎 be a noiseless

dataset, and let 𝑉 denote the largest clique of 𝐺𝜎
. For each 𝜅 ∈ [𝑘], let 𝑉 (𝜅 ) be the nodes in 𝑉 that

is held by site 𝜅. Let 𝛼 = 𝑘
𝜖
be a threshold. If

|𝑉 |
|𝑉 (𝜅 ) | > 𝛼 , then 𝑉

(𝜅 )
is small and the site 𝜅 may not

be able to identify 𝑉 (𝜅 ) as part of a large clique 𝑉 without communication. But this is not a big

issue, since the contribution of 𝑉 (𝜅 ) is at most
1

𝛼
-fraction of that of 𝑉 and can thus be ignored. On

the other hand, if
|𝑉 |
|𝑉 (𝜅 ) | ≤ 𝛼 , then

��𝑉 (𝜅 ) �� is large given |𝑉 | is large. In this case, site 𝜅 can identify

𝑉 (𝜅 ) as part of a large clique without any communication. Therefore, to estimate𝑀𝜎
𝑝−1

, it suffices

to estimate the contribution of large 𝑉 (𝜅 )s.

To implement this idea, we sample nodes according to the probabilities

{
(𝑑𝑖,local )𝑝−1

𝐷local

}
𝑖∈[𝑚]

(i.e.,

proportional to the (𝑝 − 1)-th power of their local degrees; definitions for 𝑑𝑖,local, 𝐷local, and other

newly introduced notations in this overview are provided in Table 1). For each sampled node 𝐼 , we

query all 𝑘 sites to obtain its global degree 𝑑𝐼 . It is easy to verify that 𝑌 = 𝐷local ·
(

𝑑𝐼
𝑑𝐼 ,local

)𝑝−1

serves

as an unbiased estimator for 𝑀𝜎
𝑝−1

. However, this estimator is unstable due to its high variance.

To resolve this issue, we introduce a truncated estimator 𝑋 = 𝑌 · 1
{

𝑑𝐼
𝑑𝐼 ,local

≤ 𝛼
}
. 𝑋 is an biased

estimator of𝑀𝜎
𝑝−1

, where the bias comes from the nodes whose global-to-local degree ratio exceeds

𝛼 (i.e., the nodes from small 𝑉 (𝜅 )s), which counts for at most a
𝑘
𝛼
(= 𝜖) fraction of 𝑀𝜎

𝑝−1
. We can

further show that 𝑂

(
𝛼𝑝−1

𝜖2

)
=𝑂

(
𝑘𝑝−1

𝜖𝑝+1

)
samples are enough for an accurate approximation of E[𝑋 ].

Now consider the case that the dataset has a small ambiguity. For our method to fail, the adversary

must select some nodes from large 𝑉 (𝜅 )s and change their global-to-local degree ratios by adding

or removing edges, in order to push them above the threshold 𝛼 . To this end, we show that the
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adversary’s most effective strategy is to remove local edges. As a simple example, consider the

case when 𝑝 = 2 and a node 𝑖 such that 𝑑𝜏
𝑖
/𝑑𝜏

𝑖,local
= 𝛼/2. To increase 𝑑𝜏

𝑖
/𝑑𝜏

𝑖,local
to 𝛼 , the adversary

needs to remove roughly 𝑑𝜏
𝑖,local
/2 = 𝑑𝜏

𝑖
/𝛼 local edges incident to node 𝑖 , which eliminates node 𝑖

from the set of low global-to-local ratio nodes. Since the contribution of node 𝑖 to 𝐹2 is 𝑑𝑖 ≤ 𝑑𝜏𝑖 , this
operation will only increase the bias of 𝑋 by at most 𝑑𝜏

𝑖
. Therefore, given a budget of 𝜂2𝐹2 edge

insertions/deletions, the adversary can only increase the bias of the input by at most 𝛼𝜂2𝐹2, which

is at most 𝜖𝐹2 when 𝜂2 ≤ 𝜖
𝛼
=𝑂

(
𝜖2

𝑘

)
. We can extend this argument to the general setting and any

𝑝 ≥ 2, showing that the bias of 𝑋 is at most 𝜖𝐹𝑝 when 𝜂𝑝 ≤ 𝑂
(

𝜖𝑝

𝑘𝑝−1

)
.

Algorithm and Analysis. The algorithm is described in Algorithm 4. Let us briefly describe it

in words. In the first round, each site sends the sum of the local (𝑝 − 1)-th degree moments of its

nodes to the coordinator, who aggregates them to obtain 𝐷local, the total (𝑝 − 1)-th degree moments

over all𝑚 nodes. In the second round, the sites and the coordinator jointly sample each node with

probability proportional to its local (𝑝 − 1)-th degree moment. In the third round, the exact global

degree of each sampled node is computed. Finally, using 𝐷local together with the local and global

(𝑝 − 1)-th degree moments of the sampled nodes, the coordinator constructs the final truncated

estimator.

We have the following result regarding Algorithm 4.

Theorem 4.1. For any constant 𝑝 ≥ 2 and a noisy size-𝑚 dataset 𝜎 with 𝜂𝑝 ≤ 𝜖𝑝

4
𝑝+1 ·𝑘𝑝−1

, Algorithm 4
computes an ((𝜖 + 𝑂 (𝜂𝑝 )), 0.01)-approximation of 𝐹𝑝 in the coordinator model with 𝑘 sites, using

three rounds and 𝑂
(

𝑘𝑝

𝜖𝑝+1

)
words of communication.

In the rest of this section, we prove Theorem 4.1. The round complexity is clear from Algorithm 4.

The communication cost is dominated by communicating 𝑆 between sites and the coordinator,

which uses 𝑂 (𝑘𝑡) =𝑂 (𝑘𝑝/𝜖𝑝+1) words. In what follows, we prove the correctness of the algorithm.

We start with the following simple fact.

Fact 4.2. For a noiseless dataset 𝜏 , 𝐹𝑝 =
∑

𝑖∈[𝑚] (𝑑𝜏𝑖 )𝑝−1.

Proof. Let 𝑛𝜏 be the number of distinct elements in 𝜏 , and {𝑉1, . . . ,𝑉𝑛𝜏 } be the set of cliques in
𝐺𝜏

. Then we have

𝐹𝑝 (𝜏) =
∑︁

𝑘∈[𝑛𝜏 ]
|𝑉𝑘 |𝑝 =

∑︁
𝑘∈[𝑛𝜏 ]

∑︁
𝑖∈𝑉𝑘
|𝑉𝑘 |𝑝−1 =

∑︁
𝑘∈[𝑛𝜏 ]

∑︁
𝑖∈𝑉𝑘

��𝐵𝜏𝑖 ��𝑝−1

=
∑︁

𝑖∈[𝑚]

��𝐵𝜏𝑖 ��𝑝−1

.

□

The following lemma shows that each summand at Line 20 of Algorithm 4 does not deviate from

𝐹𝑝 by much.

Lemma 4.3. For a dataset 𝜎 , let 𝐼 ∈ 𝑆 be a sampled node from Algorithm 4 and 𝑋 = 𝐷local ·(
𝑑𝐼

𝑑𝐼 ,local

)𝑝−1

· 1
{(

𝑑𝐼
𝑑𝐼 ,local

)𝑝−1

≤ 𝜃
}
. We have

(
1 − 2𝜂𝑝 − 𝜖

2

)
𝐹𝑝 ≤ E[𝑋 ] ≤ (1 + 𝜂𝑝 )𝐹𝑝 .

Proof. We start with the second inequality. Let 𝑝𝑖 = Pr[𝐼 = 𝑖]. We have

𝑝𝑖 = Pr[site 𝜅 (𝑖) is sampled] · Pr[𝑖 is sampled | site 𝜅 (𝑖) is sampled]

=
𝐷
(𝜅 (𝑖 ) )
local

𝐷local

· (𝑑𝑖,local)
𝑝−1

𝐷
(𝜅 (𝑖 ) )
local

=
(𝑑𝑖,local)𝑝−1

𝐷local

.
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Algorithm 4: Distributed-Robust-𝐹𝑝 -Low-Noise

Input: a noisy dataset 𝜎 of size𝑚 partitioned among 𝑘 sites, where the 𝜅-th site holds 𝜎 (𝜅 ) ;
a parameter 𝜖

Output: an ((𝜖 +𝑂 (𝜂𝑝 )), 0.01)-approximation of 𝐹𝑝

1 𝑡 ← 36·4𝑝 ·𝑘𝑝−1

𝜖𝑝+1
, 𝜃 ← 2

(
4𝑘
𝜖

)𝑝−1

2 // First Round:

3 Coordinator: send “start” to all sites.

4 for site 𝜅 ← 1, . . . , 𝑘 do
5 𝐷

(𝜅 )
local
← ∑

𝑖∈𝑉 (𝜅 ) (𝑑𝑖,local)𝑝−1

6 send 𝐷
(𝜅 )
local

to the coordinator

7 // Second Round:

8 Coordinator: calculate 𝐷local ←
∑

𝜅∈[𝑘 ] 𝐷
(𝜅 )
local

. Then, pick 𝑡 i.i.d. samples from [𝑘] according

to probabilities

{
𝐷
(𝜅 )
local

𝐷local

}
𝜅∈[𝑘 ]

. Let 𝑠𝜅 be the number of times 𝜅 is sampled. Send 𝑠𝜅 to site 𝜅

for each 𝜅 ∈ [𝑘].
9 for site 𝜅 ← 1, . . . , 𝑘 do

10 pick 𝑠𝜅 i.i.d. samples from 𝑉 (𝜅 ) according to probabilities

{
(𝑑𝑖,local )𝑝−1

𝐷
(𝜅 )
local

}
𝑖∈𝑉 (𝜅 )

11 send all the sampled nodes to the coordinator

12 // Third Round:

13 Coordinator: let 𝑆 be the set of sampled nodes. Send 𝑆 to all sites.

14 for site 𝜅 ← 1, . . . , 𝑘 do
15 foreach 𝑖 ∈ 𝑆 do
16 𝑑

(𝜅 )
𝑖
←

��𝑉 (𝜅 ) ∩ 𝐵𝜎
𝑖

��
17 send {𝑑 (𝜅 )

𝑖
}𝑖∈𝑆 to the coordinator

18 // Output:

19 Coordinator: calculate 𝑑𝑖 ←
∑

𝜅∈[𝑘 ] 𝑑
(𝜅 )
𝑖

for each 𝑖 ∈ 𝑆 .

20 return 1

𝑡

∑
𝑖∈𝑆

(
𝐷local ·

(
𝑑𝑖

𝑑𝑖,local

)𝑝−1

· 1
{(

𝑑𝑖
𝑑𝑖,local

)𝑝−1

≤ 𝜃
})
.

Let 𝑌 = 𝐷local ·
(

𝑑𝐼
𝑑𝐼 ,local

)𝑝−1

. By the definition of 𝑋 , we have

E[𝑋 ] ≤ E[𝑌 ] =
∑︁

𝑖∈[𝑚]
𝑝𝑖 · 𝐷local ·

(
𝑑𝑖

𝑑𝑖,local

)𝑝−1

=
∑︁

𝑖∈[𝑚]
(𝑑𝑖 )𝑝−1. (18)

Note that ������ ∑︁𝑖∈[𝑚](𝑑𝑖 )𝑝−1 −
∑︁

𝑖∈[𝑚]
(𝑑𝜏𝑖 )𝑝−1

������ ≤ ∑︁
𝑖∈[𝑚]

(��𝐵𝜎𝑖 ∪ 𝐵𝜏𝑖 ��𝑝−1 −
��𝐵𝜎𝑖 ∩ 𝐵𝜏𝑖 ��𝑝−1

)
= 𝜂𝑝𝐹𝑝 . (19)

By (19) and Fact 4.2, we have

(1 − 𝜂𝑝 )𝐹𝑝 ≤
∑︁

𝑖∈[𝑚]
(𝑑𝑖 )𝑝−1 ≤ (1 + 𝜂𝑝 )𝐹𝑝 . (20)
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Combining (18) and (20), it follows that E[𝑋 ] ≤ (1 + 𝜂𝑝 )𝐹𝑝 .
We now prove the first inequality. We start by bounding the difference between 𝑋 and 𝑌 .

E[𝑌 − 𝑋 ] =
∑︁

𝑖∈[𝑚]
𝑝𝑖 · 𝐷local ·

(
𝑑𝑖

𝑑𝑖,local

)𝑝−1

· 1
{(

𝑑𝑖

𝑑𝑖,local

)𝑝−1

> 𝜃

}
=

∑︁
𝑖∈[𝑚]

(𝑑𝑖 )𝑝−1 · 1
{(

𝑑𝑖

𝑑𝑖,local

)𝑝−1

> 𝜃

}
≤

∑︁
𝑖∈[𝑚]

��𝐵𝜎𝑖 ∪ 𝐵𝜏𝑖 ��𝑝−1 · 1
{(

𝑑𝑖

𝑑𝑖,local

)𝑝−1

> 𝜃

}
≤

∑︁
𝑖∈[𝑚]

(��𝐵𝜎𝑖 ∪ 𝐵𝜏𝑖 ��𝑝−1 − (𝑑𝜏𝑖 )𝑝−1

)
︸                                  ︷︷                                  ︸

1○

+
∑︁

𝑖∈[𝑚]
(𝑑𝜏𝑖 )𝑝−1 · 1

{(
𝑑𝑖

𝑑𝑖,local

)𝑝−1

> 𝜃

}
︸                                         ︷︷                                         ︸

2○

.

For the first part,

1○ ≤
∑︁

𝑖∈[𝑚]

(��𝐵𝜎𝑖 ∪ 𝐵𝜏𝑖 ��𝑝−1 −
��𝐵𝜎𝑖 ∩ 𝐵𝜏𝑖 ��𝑝−1

)
= 𝜂𝑝𝐹𝑝 . (21)

For the second part, we divide [𝑚] into two sets using a threshold 𝛼 =

(
𝜃
2

) 1

𝑝−1

:

𝐻 =

{
𝑖 ∈ [𝑚]

����� 𝑑𝜏
𝑖

𝑑𝜏
𝑖,local

> 𝛼

}
and 𝐿 =

{
𝑖 ∈ [𝑚]

����� 𝑑𝜏
𝑖

𝑑𝜏
𝑖,local

≤ 𝛼
}
.

We utilize the following two claims to bound the contributions of items in 𝐻 and 𝐿, respectively.

Their proofs will be given shortly.

Claim 4.4. ∑︁
𝑖∈𝐻
(𝑑𝜏𝑖 )𝑝−1 ≤

𝑘𝐹𝑝

𝛼
.

Claim 4.5. ∑︁
𝑖∈𝐿
(𝑑𝜏𝑖 )𝑝−1 · 1

{(
𝑑𝑖

𝑑𝑖,local

)𝑝−1

> 𝜃

}
≤ 𝜃𝜂𝑝𝐹𝑝 .

By Claim 4.4 and Claim 4.5, we have

2○ ≤
∑︁
𝑖∈𝐻
(𝑑𝜏𝑖 )𝑝−1 +

∑︁
𝑖∈𝐿
(𝑑𝜏𝑖 )𝑝−1 · 1

{(
𝑑𝑖

𝑑𝑖,local

)𝑝−1

> 𝜃

}
≤

𝑘𝐹𝑝

𝛼
+ 𝜃𝜂𝑝𝐹𝑝 ≤

𝜖𝐹𝑝

2

, (22)

where in the last inequality, we have used 𝜃 = 2

(
4𝑘
𝜖

)𝑝−1

, 𝛼 =

(
𝜃
2

) 1

𝑝−1

= 4𝑘
𝜖
, and our assumption

𝜂𝑝 ≤ 𝜖𝑝

4
𝑝+1 ·𝑘𝑝−1

. Combining (21) and (22), we have

E[𝑌 − 𝑋 ] ≤ 𝜂𝑝𝐹𝑝 +
𝜖𝐹𝑝

2

. (23)
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By (18), (20) and (23), we have

E[𝑋 ] = E[𝑌 ] − E[𝑌 − 𝑋 ] ≥
(
1 − 2𝜂𝑝 −

𝜖

2

)
𝐹𝑝 .

□

Finally, we prove the two claims.

Proof of Claim 4.4. Let 𝑛𝜏 be the number of distinct elements in 𝜏 , and {𝑉1, . . . ,𝑉𝑛𝜏 } be the set
of cliques in 𝐺𝜏

. Note that∑︁
𝑖∈𝐻
(𝑑𝜏𝑖 )𝑝−1 =

∑︁
𝜅∈[𝑘 ]

∑︁
𝑗∈[𝑛𝜏 ]

∑︁
𝑖∈𝑉 (𝜅 )∩𝑉𝑗

(𝑑𝜏𝑖 )𝑝−1 · 1
{

𝑑𝜏
𝑖

𝑑𝜏
𝑖,local

> 𝛼

}
(24)

=
∑︁
𝜅∈[𝑘 ]

∑︁
𝑗∈[𝑛𝜏 ]

∑︁
𝑖∈𝑉 (𝜅 )∩𝑉𝑗

��𝑉𝑗

��𝑝−1 · 1
{ ��𝑉𝑗

����𝑉 (𝜅 ) ∩𝑉𝑗

�� > 𝛼
}

(25)

=
∑︁
𝜅∈[𝑘 ]

∑︁
𝑗∈[𝑛𝜏 ]

��𝑉𝑗

��𝑝−1 ·
���𝑉 (𝜅 ) ∩𝑉𝑗

��� · 1 { ��𝑉𝑗

����𝑉 (𝜅 ) ∩𝑉𝑗

�� > 𝛼
}

<
∑︁
𝜅∈[𝑘 ]

∑︁
𝑗∈[𝑛𝜏 ]

��𝑉𝑗

��𝑝
𝛼

=
∑︁
𝜅∈[𝑘 ]

𝐹𝑝

𝛼
=
𝑘𝐹𝑝

𝛼
,

where from (24) to (25), we use the fact that if 𝑖 ∈ 𝑉𝑗 ∩ 𝑉 (𝜅 ) , then 𝑑𝜏𝑖 =
��𝐵𝜏

𝑖

�� = ��𝑉𝑗

��
and 𝑑𝜏

𝑖,local
=��𝐵𝜏

𝑖
∩𝑉 (𝜅 )

�� = ��𝑉𝑗 ∩𝑉 (𝜅 )
��
. □

Proof of Claim 4.5. For any 𝑖 ∈ 𝐿 such that

(
𝑑𝑖

𝑑𝑖,local

)𝑝−1

> 𝜃 , we have

𝜃 <
(𝑑𝑖 )𝑝−1

(𝑑𝑖,local)𝑝−1
(26)

≤
��𝐵𝜎

𝑖
∪ 𝐵𝜏

𝑖

��𝑝−1��𝐵𝜎
𝑖
∩ 𝐵𝜏

𝑖
∩𝑉 (𝜅 (𝑖 ) )

��𝑝−1
(27)

=

(𝑑𝜏
𝑖
)𝑝−1 +

(��𝐵𝜎
𝑖
∪ 𝐵𝜏

𝑖

��𝑝−1 − (𝑑𝜏
𝑖
)𝑝−1

)
(𝑑𝜏

𝑖,local
)𝑝−1 −

(
(𝑑𝜏

𝑖,local
)𝑝−1 −

��𝐵𝜎
𝑖
∩ 𝐵𝜏

𝑖
∩𝑉 (𝜅 (𝑖 ) )

��𝑝−1

) , (28)

where from (26) to (27) we use𝑑𝑖 =
��𝐵𝜎

𝑖

�� ≤ ��𝐵𝜎
𝑖
∪ 𝐵𝜏

𝑖

��
and𝑑𝑖,local =

��𝐵𝜎
𝑖
∩𝑉 (𝜅 (𝑖 ) )

�� ≥ ��𝐵𝜎
𝑖
∩ 𝐵𝜏

𝑖
∩𝑉 (𝜅 (𝑖 ) )

��
.

Rearranging the terms in (28) gives

𝜃 (𝑑𝜏
𝑖,local
)𝑝−1 − (𝑑𝜏𝑖 )𝑝−1 ≤

(��𝐵𝜎𝑖 ∪ 𝐵𝜏𝑖 ��𝑝−1 − (𝑑𝜏𝑖 )𝑝−1

)
+ 𝜃

(
(𝑑𝜏

𝑖,local
)𝑝−1 −

���𝐵𝜎𝑖 ∩ 𝐵𝜏𝑖 ∩𝑉 (𝜅 (𝑖 ) ) ���𝑝−1

)
≤

(��𝐵𝜎𝑖 ∪ 𝐵𝜏𝑖 ��𝑝−1 − (𝑑𝜏𝑖 )𝑝−1

)
+ 𝜃

(
(𝑑𝜏𝑖 )𝑝−1 −

��𝐵𝜎𝑖 ∩ 𝐵𝜏𝑖 ��𝑝−1

)
≤ 𝜃

(��𝐵𝜎𝑖 ∪ 𝐵𝜏𝑖 ��𝑝−1 −
��𝐵𝜎𝑖 ∩ 𝐵𝜏𝑖 ��𝑝−1

)
, (29)

where in the second inequality, we use the fact that for any 𝑝 ≥ 2 and any three sets 𝐴, 𝐵,𝐶 such

that 𝐵 ⊆ 𝐴, we always have |𝐴|𝑝−1 − |𝐵 |𝑝−1 ≥ |𝐴 ∩𝐶 |𝑝−1 − |𝐵 ∩𝐶 |𝑝−1

. The last inequality holds

since 𝜃 ≥ 1.
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On the other hand, since 𝑖 ∈ 𝐿 and 𝛼 =

(
𝜃
2

) 1

𝑝−1

, we have

𝜃 (𝑑𝜏
𝑖,local
)𝑝−1 − (𝑑𝜏𝑖 )𝑝−1 ≥ 𝜃

(
𝑑𝜏
𝑖

𝛼

)𝑝−1

− (𝑑𝜏𝑖 )𝑝−1 = (𝑑𝜏𝑖 )𝑝−1. (30)

Combining (29) and (30), we have for any 𝑖 ∈ 𝐿 such that

(
𝑑𝑖

𝑑𝑖,local

)𝑝−1

> 𝜃 ,

(𝑑𝜏𝑖 )𝑝−1 ≤ 𝜃
(��𝐵𝜎𝑖 ∪ 𝐵𝜏𝑖 ��𝑝−1 −

��𝐵𝜎𝑖 ∩ 𝐵𝜏𝑖 ��𝑝−1

)
.

It follows that∑︁
𝑖∈𝐿
(𝑑𝜏𝑖 )𝑝−1 · 1

{(
𝑑𝑖

𝑑𝑖,local

)𝑝−1

> 𝜃

}
≤

∑︁
𝑖∈[𝑚]

𝜃

(��𝐵𝜎𝑖 ∪ 𝐵𝜏𝑖 ��𝑝−1 −
��𝐵𝜎𝑖 ∩ 𝐵𝜏𝑖 ��𝑝−1

)
= 𝜃𝜂𝑝𝐹𝑝 .

□

Lemma 4.6. Let 𝑋 = 1

𝑡

∑
𝑖∈[𝑡 ] 𝑋𝑖 , where 𝑋𝑖 is defined as in Lemma 4.3 for the 𝑖-th sample in 𝑆 . Then

with probability at least 2

3
, (1 − 2𝜂𝑝 − 𝜖)𝐹𝑝 ≤ 𝑋 ≤ (1 + 𝜂𝑝 + 𝜖)𝐹𝑝 .

Proof. We first bound the variance of 𝑋𝑖 .

Var[𝑋𝑖 ] ≤ E[𝑋 2

𝑖 ]
≤ 𝜃 · 𝐷local · E[𝑋𝑖 ] (since 𝑋𝑖 ≤ 𝜃 · 𝐷local)

= 𝜃 · ©­«
∑︁

𝑖∈[𝑚]
(𝑑𝑖,local)𝑝−1ª®¬ · E[𝑋𝑖 ] ≤ 𝜃 ·

©­«
∑︁

𝑖∈[𝑚]
(𝑑𝑖 )𝑝−1ª®¬ · E[𝑋𝑖 ]

≤ 𝜃 · (1 + 𝜂𝑝 )𝐹𝑝 · E[𝑋𝑖 ] (by (20))

≤ 𝜃 ·
1 + 𝜂𝑝

1 − 2𝜂𝑝 − 𝜖
2

· E[𝑋𝑖 ]2 (by Lemma 4.3)

≤ 6𝜃 · E[𝑋𝑖 ]2. (by assumption 𝜂𝑝 ≤ 𝜖𝑝/(4𝑝+1 · 𝑘𝑝−1))

By Chebyshev’s inequality,

Pr
[��𝑋 − E[𝑋 ]�� > 𝜖

2

· E[𝑋 ]
]
≤ 4

𝑡𝜖2
· Var(𝑋1)
E[𝑋1]2

≤ 24𝜃

𝑡𝜖2
=

1

3

.

By Lemma 4.3, we have with probability
2

3
,

𝑋 ≤
(
1 + 𝜖

2

)
(1 + 𝜂𝑝 )𝐹𝑝 ≤ (1 + 𝜖 + 𝜂𝑝 )𝐹𝑝 , and

𝑋 ≥
(
1 − 𝜖

2

) (
1 − 2𝜂𝑝 −

𝜖

2

)
𝐹𝑝 ≥ (1 − 𝜖 − 2𝜂𝑝 )𝐹𝑝 ,

which completes the proof. □

Finally, Theorem 4.1 follows directly from Lemma 4.6. Note that we can always apply the median

trick to reduce the error probability of Algorithm 4 to 0.01 without changing the asymptotic

communication complexity and the round complexity.

Remark 4.7. We note that the lower bound of Ω
(
𝑘𝑝−1

𝜖2

)
bits for 𝐹𝑝 in the coordinator model with

noiseless data [36] also holds in the presence of noise. Consequently, in terms of 𝑘 , the communication
cost in Theorem 4.1 is only a factor of 𝑘 from optimal.
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Remark 4.8. In our lower bound construction (see the full version of this paper [32]), the input of 𝐹𝑝 ,
obtained from a YES instance of DISJ𝑛,𝑘 , has mismatch ambiguity at most 𝑐2𝜖

𝑘
for a constant 𝑐2 = 10𝑝 .

For 𝑝 = 2, the ambiguity threshold in Theorem 4.1 is up to 𝑐1𝜖
2

𝑘
for a constant 𝑐1 = 1

4
𝑝+1

. Thus, the

communication cost phase transition for 𝐹2 happens in the range [ 𝑐1𝜖
2

𝑘
,
𝑐2𝜖

𝑘
].

5 Concluding Remarks
In this work, we introduce the parameter 𝐹𝑝 -mismatch-ambiguity and leverage it to design sublinear

algorithms for the 𝐹𝑝 problem on noisy data in the data stream model and the coordinator model.

Several directions remain open following this work. First, there are still gaps in 𝜖 between our

upper and lower bounds that need to be closed.

Second, in the coordinator model, it would be interesting to obtain a complete characteriza-

tion of the tradeoff between mismatch ambiguity and communication cost. In particular, is the

communication cost phase transition mentioned in Remark 4.8 smooth or abrupt?

Third, it is worth exploring a setting where the similarity oracle 𝑓 , given two items 𝜎𝑖 and 𝜎 𝑗 ,

outputs a real value in [0, 1] rather than a Boolean value in {0, 1} that indicates whether they are

similar or dissimilar. By convention, we set 𝑓 (𝑖, 𝑖) = 1 for all 𝑖 ∈ [𝑚]. Define 𝑔 : [𝑚] × [𝑚] → {0, 1}
such that 𝑔(𝑖, 𝑗) = 1 if 𝜎𝑖 and 𝜎 𝑗 correspond to the same ground truth element, and 𝑔(𝑖, 𝑗) = 0

otherwise. We can then generalize the definition of 𝐹𝑝 -mismatch-ambiguity as follows:

𝜂wt𝑝 (𝜎, 𝜏) = 1

𝐹𝑝 (𝜏 )
∑

𝑖∈[𝑚]

[ (∑
𝑗∈[𝑚] max{𝑓 (𝑖, 𝑗), 𝑔(𝑖, 𝑗)}

)𝑝−1 −
(∑

𝑗∈[𝑚] min{𝑓 (𝑖, 𝑗), 𝑔(𝑖, 𝑗)}
)𝑝−1

]
.

We leave open the question of whether efficient streaming and distributed algorithms can be

developed to estimate 𝐹𝑝 when using 𝜂wt𝑝 as a parameter in the approximation ratio.

Finally, it would be interesting to study other problems under the mismatch ambiguity framework.
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