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We study the problem of continually releasing statistics of an evolving dataset under differential privacy. In
the event-level setting, we show the first polynomial lower bounds on the additive error for insertions-only
graph problems such as maximummatching, degree histogram and 𝑘-core number computation. These results
represent an exponential improvement on the polylogarithmic lower bounds of Fichtenberger, Henzinger,
and Ost [35] for the former two problems, and are the first lower bounds in the continual release setting
for the latter problem. Our results run counter to the intuition that the difference between insertions-only
vs fully dynamic updates (ie with insertions and deletions) causes the gap between polylogarithmic and
polynomial additive error. Indeed, we show that for estimating the size of the maximum matching or 𝑘-core
number of a vertex, allowing small multiplicative approximations is what brings the additive error down to
polylogarithmic. We complement these results with improved upper bounds on the additive error when no
multiplicative approximation is allowed.

Beyond graph problems, our techniques also show that polynomial additive error is unavoidable for the
Simultaneous Norm Estimation problem in the insertions-only setting. When multiplicative approximations
are allowed, we circumvent this lower bound by giving the first continual mechanism with polylogarithmic
additive error under (1 + 𝜁 ) multiplicative approximations, for any 𝜁 > 0, for estimating all monotone
symmetric norms simultaneously.

In the item-level setting, we show polynomial lower bounds on the product of the multiplicative and the
additive error of continual mechanisms for a large range of graph problems. To the best of our knowledge,
these are the first lower bounds shown for any differentially private mechanism under continual release with
multiplicative error. To obtain these results, we prove a new lower bound on the product of multiplicative
and additive error for the 1-Way-Marginals problem, and give reductions from 1-Way-Marginals
to our desired graph problems. This generalizes the prior results of Hardt and Talwar [39] and Bun, Ullmann,
and Vadhan [13], who gave lower bounds on the additive error for the special case of mechanisms with no
multiplicative error.
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1 Introduction

Differential privacy [24] has emerged as the standard for privacy-preserving data analysis. Research
on releasing updated statistics with each update to an evolving dataset under differential privacy,
called the continual release (or observation) setting, was initiated by the seminal work by Dwork et
al. [26] and Chan et al. [15] on computing prefix sums of an integer-valued stream. It has since
seen usage in a wide variety of topics, including subroutines for first-order methods in machine
learning [20, 36, 58], dynamic maintenance of graph properties [21, 35, 47, 63], histograms [43, 45],
and estimating norms of frequency vectors of data streams [14, 32] (see [41] for a survey).

The general continual release model is commonly defined as follows: Given an initially empty data
set, a stream of𝑇 update operations arrive, one per time step. After each arrival a new answer has
to be output, leading to the disclosure of𝑇 outputs. The goal is to have a small additive error; ideally
it should be at most polylogarithmic in the problem parameters, which is typically the length 𝑇
of the stream and, e.g. in the case of graphs, the number of vertices 𝑛. Usually the incremental

setting (where each operation is an insertion) and the fully dynamic setting (where an operation is
an insertion or a deletion) have been studied, since the deletions-only setting is often symmetric
to the insertions-only setting.

Initial edge-private graph mechanisms [35, 63] focused mostly on the incremental setting. Fichten-
berger, Henzinger and Ost [35] gave mechanisms for various graph problems with polylogarithmic
additive error, albeit with small (1 + 𝜁 ) multiplicative approximations, and complemented these
with logarithmic lower bounds on the additive error of any mechanisms in the exact setting (i.e.,
mechanisms with no multiplicative error). The situation in the fully dynamic setting, on the other
hand, was more dire, where no non-trivial mechanisms were known for most problems of interest.

Towards explaining the lack of such mechanisms in the fully dynamic setting, a recent line of
results [31, 59] shows that polynomial additive error is unavoidable for mechanisms in the exact
setting for graph problems such as maximummatching and degree histogram under both insertions
and deletions. In the non-private setting, going from the incremental to the fully dynamic setting
usually leads to a decrease in performance (as measured by asymptotic running time). Thus, it is
natural to conjecture that the decrease in performance in the private setting (measured by additive
error) is due to the change in the set of permissible operations. This leads to the following question:

Question 1

Does the transition from the incremental to the fully dynamic setting

cause the increase from polylogarithmic to polynomial additive error for

differentially private mechanisms?

Prior work [31, 59] do not answer this question: The mechanisms with polylogarithmic additive
error in the incremental setting for many of these problems have a small multiplicative error, while
their polynomial fully dynamic lower bounds hold only for mechanisms in the exact setting.

Surprisingly, we are able to refute the intuition that the inherent hardness of obtaining mecha-
nisms with polylogarithmic additive error is caused by the fully dynamic setting for many of these
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problems: We give polynomial lower bounds for them even for the incremental version. We study
both graph problems – such as matching or 𝑘-core – but also use our techniques for a standard
data streaming problem, that of simultaneous norm estimation. This answer motivates us to refine
our understanding of incremental mechanisms in the exact setting, for which we present improved
algorithms – reducing the gap between the upper and lower bounds.

Secondly, note that in the incremental model, any object appears only once in the stream – namely
when it is added. However, for the fully-dynamic setting, objects can appear multiple times, and
this can lead to two different notions of neighboring inputs and, thus, of differential privacy, namely
item-level neighboring and event-level neighboring. In graphs, for the item-level setting of privacy,
privacy is guaranteed against all updates corresponding to the same edge – which can be inserted
and deleted multiple times over the stream history. This is opposed to the event-level setting, where
privacy is guaranteed against a single update operation, i.e., one update of one edge.

Question 1 applies to the event-level setting. However, depending on the application, the item-level
setting with its stronger privacy guarantees is more relevant. Therefore we also investigate the
accuracy guarantees that are possible for differentially private mechanisms in the item-level fully
dynamic setting. Previous item-level lower bounds for graphs by Raskhodnikova and Steiner [59]
were slightly higher than the corresponding event-level bounds, but were still only for the exact
setting, i.e., without multiplicative error. Our dichotomy between exact mechanisms and mecha-
nisms with multiplicative error for incremental results raises the question whether there is a similar
dichotomy in the item-level fully dynamic setting. Said differently, is it possible that the item-level
lower bounds of [59] can be circumvented by giving mechanisms with small multiplicative approx-
imations and polylogarithmic additive error? Or are there polynomial lower bounds even with
small multiplicative error? This leads us to the following question:

Question 2

Does there exist a dichotomy between the additive error of exact

mechanisms and mechanisms with multiplicative error for the item-level

setting as in the event-level setting?

We answer this question negatively by giving suitable polynomial lower bounds.

To conclude, we make the following contributions: Firstly, we prove polynomial lower bounds on
a variety of graph problems and for symmetric norms estimation in the event-level incremental
setting. This runs counter to the intuition of these problems being difficult only in the fully-dynamic
setting. Then, we complement those lower bounds with better upper bounds for same problems.
Finally, we present a lower bound on the product of additive and multiplicative error for 1-Way-
Marginals and then use it to prove lower bounds on the product of additive and multiplicative
error for a variety of graph problems in the item-level setting, which answers Question 2 above.

1.1 Our Results

Question 1. We refute the common intuition that the hardness of obtaining mechanisms with
polylogarithmic additive error is caused by the ability to remove elements from the stream, by
giving polynomial lower bounds for the incremental version of many of these problems. Our results
show that for problems such as maximum matching and estimating the 𝑘-core number of a vertex,
the hardness arises not from allowing deletions, but rather from the choice of not allowing small
multiplicative approximations. Specifically, we show the following result:
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Table 1. Results on private event-level problems. A tuple 𝜂, 𝑂 (𝛼) says there exists an 𝜂-multiplicative ap-

proximation mechanism with 𝑂 (𝛼) additive error, while 𝜂, Ω(𝛼) shows a lower bound of Ω(𝛼) on any

𝜂-approximation. The superscript min on a multivariate asymptotic notation means that the notation holds

for the min of all operands, e.g., 𝑂min (𝐴, 𝐵) = 𝑂 (min{𝐴, 𝐵}). Results that only hold for pure differential

privacy are subscripted with 𝜀. We hide the dependence on 𝜀 and log(1/𝛿) for simplicity. The lower bound

on SNE in Theorem 3 holds even for a subset of monotone symmetric norms, namely TopK norms.

Problem Incremental Fully Dynamic

Mult. Err. Add. Err. Reference Mult. Err. Add. Err. Reference

Matching

1 Ω𝜀 (log𝑇 ) [35]
1 Ωmin ( 4√

𝑇, 4√𝑛) Section 4 1 Ωmin ( 4√
𝑇,
√
𝑛) [31, 59]

1 𝑂min ( 3√
𝑇, 3√𝑛) Lemma 3 1 𝑂min ( 3√

𝑇, 𝑛) [59]
1 + 𝜁 𝑂𝜀 (log2 𝑛/𝜁 ) [35]

KCore (𝑣)

1 Ωmin ( 8√
𝑇, 4√𝑛) Section 4

1 𝑂min ( 6√
𝑇, 3√𝑛) Lemma 3

1 + 𝜁 𝑂𝜀 (log2 𝑛/𝜁 ) [35]
2 + 𝜁 𝑂𝜀 (log3 𝑛/𝜁 2) [31]

DegHist
1 Ω𝜀 (log𝑇 ) [35]
1 Ωmin ( 4√

𝑇,
√
𝑛) Section 4 1 Ωmin ( 4√

𝑇,
√
𝑛) [59]

1 𝑂min ( 3√
𝑇,
√
𝑛) Lemma 4 1 𝑂min ( 3√

𝑇, 𝑛) [59]

SNE 1 Ωmin ( 4√
𝑇,
√
𝑛) Theorem 3

1 + 𝜁 𝑂𝜀 (log6 (𝑛𝑇 )/𝜁 5) Theorem 4

Theorem 1. Let 𝜀 ∈ [0, 1] and 𝛿 ∈ [0, 1/3]. Any (𝜀, 𝛿)-dp incremental mechanism in the exact

setting for maintaining the size of the maximum matching, degree histogram, or core number of a

vertex
1
must have additive error 𝛼 = Ω(min{𝑇𝑎, 𝑛𝑏}), for some problem-specific constants 𝑎, 𝑏 ∈

[1/8, 1/2] which are given in Table 1.

Our polynomial lower bounds for the real-valued graph problems are tight in the sense that relaxing
to either the static setting or to small multiplicative approximations admit private mechanisms
with polylogarithmic additive error. Our bounds exponentially improve the previous lower bounds
of Fichtenberger, Henzinger and Ost [35] for maximum matching and degree histogram, and are
the first lower bounds for 𝑘-core estimation under continual release.

We also give improved upper bounds for these problem, significantly reducing the gap between
lower and upper bounds in the item-level setting. More specifically, when𝑇 was much larger than
𝑛, the best mechanisms in the exact setting given by Raskhodnikova and Steiner [59] in the fully
dynamic case (for the problems whose lower bound reduction was from inner product queries) was
the trivial mechanism that returns 0 as the answer at all time steps. This led to a

√
𝑛 gap between

the lower and upper bounds for the problems in Table 1. We present new incremental upper bounds
that match our lower bounds up to a 12√𝑛 factor, drastically reducing the gap.

1These problems are formally defined in Section 2.

Proc. ACM Manag. Data, Vol. 4, No. 2 (PODS), Article 107. Publication date: May 2026.



Improved Lower Bounds for Privacy under Continual Release 107:5

Theorem 2. There exist (𝜀, 𝛿)-dp incremental mechanisms in the exact setting for maintaining the

size of the maximum matching, degree histogram, or core number of a vertex with additive error
2

𝛼 = 𝑂𝜀,𝛿 (min{𝑇 𝑐 , 𝑛𝑑 }) for problem-specific constants 𝑐, 𝑑 ∈ [1/6, 1/2] which are given in Table 1.

Norm estimation problem. We show that our lower bound techniques also extend from graph mech-
anisms to a standard problem for data streams, namely the incremental norm estimation problem.
This problem requires maintaining a data structure whose output estimates various norms of the
frequency vector under continual insertions of elements. It is especially important in the private
setting to estimate multiple norms simultaneously, since querying for each norm separately using
composition theorems requires privacy budget proportional to the square root of the number of
norms queried, which is prohibitive as the number of queries grow. This problem has been studied
extensively under differential privacy in the streaming setting [7, 11, 52, 62, 66], and there exist
mechanisms with polylogarithmic additive error at the cost of a small (1 + 𝜁 ) multiplicative error.
Since the goal of these mechanisms is to minimize space usage in addition to the additive error,
most works use a variant of a bucketing technique which inherently loses some multiplicative
error. Towards discovering the limits of the problem in the continual setting even without space
constraints, we show that such multiplicative approximations are necessary for simultaneous norm
estimation problems (regardless of space usage) by showing polynomial lower bounds on the addi-
tive error of any continual mechanism that solves a special case, namely estimating all the Top-𝑘
norms (where the Top-𝑘 norm is the sum of the 𝑘 largest frequencies).

Theorem 3. Let 𝜀 ∈ [0, 1] and 𝛿 ∈ [0, 1/3]. Any incremental (𝜀, 𝛿)-dp mechanism in the exact set-

ting for TopK that runs with𝑛 elements for𝑇 timestepsmust have additive error𝛼 = Ω(min{ 4√
𝑇,
√
𝑛}).

This is the first lower-bound for this problem, even in the fully-dynamic setting. We complement
this result by showing that the problem admits polylogarithmic additive error both in the static
setting and when allowing small multiplicative error. The static problem can be reduced to comput-
ing prefix sums of the sorted frequency vector. For the incremental setting, we show a strong upper

bound on estimating all monotone symmetric norms simultaneously (SNE) with small multiplicative
error and polylogarithmic additive error (See Definition 1 for a formal definition). As a special case,
this problem consists of estimating all the ℓ𝑝 -norms and the Top-𝑘 norms of the frequency vector
simultaneously. As point of comparison, there is no known way of getting a mechanism for esti-
mating all ℓ𝑝 norms from a mechanism that just estimates one, since you cannot use composition
theorems over all possible ℓ𝑝 norms. For Top-𝑘 norms, using a composition theorem would have
an accuracy loss that is at least

√
𝑛, while our result has additive error polylog(𝑛).

Theorem 4. Let 𝜀 > 0 and 𝜁 ∈ (0, 1/2]. There exists an 𝜀-dp (1 + 𝜁 )-approximate mechanism for

IncSNE with additive error 𝑂

(
1

𝜀2𝜁 5 · log6 (𝑛𝑇 )
)
· 𝐿(𝑒1) for any monotone symmetric norm 𝐿, where

𝐿(𝑒1) is the norm of the first standard basis vector.
3

Question 2. As our final result, we show that the item-level lower bounds of [59] cannot be cir-
cumvented by allowing multiplicative error: we give a polynomial lower bound on the product of
the additive and multiplicative errors. This implies that the item-level fully dynamic setting is too
strong to admit mechanisms with small additive error, even with polylog multiplicative error.

2Here𝑂𝜀,𝛿 hides poly(1/𝜀, log(1/𝛿 ) ) factors, and𝑂 (𝑋 ) = 𝑂 (𝑋 polylog(𝑋 ) ) .
3𝐿 (𝑒1 ) is allowed to not be𝑂 (1) here, since this holds for any monotone symmetric norm 𝐿, not only a fixed one.
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Theorem 5. Let 𝜀, 𝛿 ∈ [0, 1]. Any (𝜀, 𝛿)-dp mechanism in the item-level fully dynamic setting

with multiplicative approximation 𝜂 and additive error 𝛼 for maintaining the size of the maximum

matching, subgraph counts, degree histogram, mincut, 𝑠-𝑡 mincut, or core number of a vertex on 𝑛-node

graphs for 𝑇 ≥ Ω(1/𝛿) time steps must have

𝜂 · 𝛼 =

{
Ω(min{

√
𝑇, 𝑛}) when 𝛿 = 0

Ω̃(min{ 3√
𝑇, 𝑛}) when 0 < 𝛿 < 𝑜 (1/𝑇 )

for edge count, the lower bounds areΩ(min{
√
𝑇, 𝑛2}) for𝛿 = 0 andΩ(min{ 3√

𝑇, 𝑛2}) for𝛿 ∈ (0, 𝑜 (1/𝑇 )).

Even in the exact setting, these constitute the first lower bounds for mincut, 𝑠-𝑡-mincut and 𝑘-core.

Our results show that even relaxing to prohibitive 𝑜 (𝑛/polylog(𝑛))-multiplicative approximations
still does not result in polylogarithmic additive error, and any𝑂 (

√
𝑛)-approximate mechanism still

needs to have Ω(
√
𝑛) additive error for long streams (with𝑇 ≫ 𝑛). For all the fully dynamic graph

problems discussed above, while the item-level setting offers high privacy guarantees, we show
that no private mechanism can offer competitive accuracy guarantees. To achieve these bounds
we extend the fingerprinting lower bound technique of [13, 39] to work for mechanisms for 1-
Way-Marginals that have both a multiplicative and an additive error. 1-Way-Marginals
has served as a central hard problem in differential privacy and reductions from this problem have
been used repeatedly to show lower bounds [2, 44, 46, 59]. Thus, our strengthened lower bound is
likely to be of independent interest. A different extension of mechanisms with only multiplicative
error was given in [57]. We compare with their work in the related work section (Section 1.2).

Due to space constraints, we provide a high-level technical overview and focus on selected results,
while presenting some results only in a very concise way. All missing details can be found in the
full version of the paper [1].

1.2 Related Work

Other work on fingerprinting-based lower bounds. Peter, Tsfadia, and Ullman [57] use a variation
of Bun et al. [13]’s method to show a hardness result for fingerprinting codes with additional
constraints on the codewords. Namely, they consider the case that for 𝑏 ∈ {0, 1}, at least a 1−𝛼

2
fraction of columns are 𝑏 in all codewords. For the 1-Way-Marginals problem, they use a
reduction from their constrained version of fingerprinting codes to show a lower bound on the
additive error (where the additive error is measured by the ℓ2 error), which is a function of the
maximum pairwise Euclidean distance of the rows. They use the assumption that there is only a
small fraction of columnswithmixed entries (in their reduction using the constrained fingerprinting
hardness result), to bound the maximum pairwise Euclidean distance of the rows of the matrix.
The idea is that if at least 𝑑 ′ out of 𝑑 columns are uniform in all of their entries, then every pair
of rows is different in at most 𝑑 − 𝑑 ′ entries, so their Euclidean distance is at most

√
𝑑 − 𝑑 ′. Since

we deal with problems whose accuracy is measured with the ℓ∞ norm, and since their technique
does not achieve different bounds for the ℓ∞ error than that of Bun et al. [13], their methods are
orthogonal to ours and cannot be used to show our multiplicative approximation results.

They apply their technique to show a lower bound for differentially private mechanisms for (𝑘, 𝑧)-
clustering for all 𝑧 ≥ 1 that allow both multiplicative and additive error. Specifically, they show
a lower bound on the additive error which has inverse dependency on the square root of the
multiplicative error (ignoring polylogarithmic factors). As they do not analyze graph problems
and work with a different norm, their results are incomparable with ours.
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Privacy for graph problems. Private release of graph statistics has been an avenue of fruitful results
with the definition of edge differential privacy by Nissim et al. [55], including results on graph
cuts [18, 30, 37, 38], effective resistances [51], All Pair Shortest Paths [9, 16, 33, 60], densest sub-
graph [22, 34, 54], triangle counting [40], and minimum spanning trees [56]. This area has also
been explored in other settings such as local DP [53]. Song et al. [63] and Fichtenberger et al. [35]
initiated the study of graphs in the dynamic setting, and Fichtenberger et al. gave mechanisms in
the exact setting with polylogarithmic error for minimum spanning tree, number of high-degree
nodes, and edge count in the incremental setting. For other problems with low sensitivity, they
gave (1+𝜁 )-approximation mechanisms based on the sparse vector technique with polylogarithmic
additive error. Epasto et al. [31] and Raskhodnikova and Steiner [59] give the first polynomial lower
bounds for fully dynamic mechanisms in the event-level setting, as mentioned in Table 1. [59] also
give lower bounds in the item-level setting. Our results extend their framework in both settings.

Simultaneous Norm Estimation problem. Estimating norms of the frequency vector is a fundamen-
tal problem which is heavily investigated because of its applications in areas such as data man-
agement [3, 64]. This line of work includes a privacy angle [5, 48, 67], and has many practical
applications, for example in estimating join sizes [50, 68]. Blasiok et al. [6] study the non-private
monotone symmetric norm estimation (SNE) problem in the streaming model where the focus is
on having low memory, and the mechanism only provides an output for the last time step. They
give a mechanism with multiplicative error (1 + 𝜁 ), and small memory that depends quadratically
on a parameter they call maximum modulus of concentration𝑚𝑚𝑐 (𝐿) (𝑂 (log𝑛) for ℓ𝑝 norm with
𝑝 ∈ [1, 2], but

√︁
𝑛/𝑘 for Top-𝑘). Braverman et al. [11] give a differentially private mechanism

for this problem in the streaming model. Using sublinear memory (that depends on the𝑚𝑚𝑐 pa-
rameter), they can output at the end of the stream a vector which solves the SNE problem with
multiplicative error (1 + 𝜁 ), but their privacy analysis relies on the fact that the mechanism only
output once, while our mechanism gives 𝑇 outputs.

The private estimation of singular ℓ𝑝 frequencies has received attention in the streaming model,
which is the model that outputs only once. In this model prior work focuses on estimating a
single ℓ𝑝 norm with 𝑝 given as input. Specifically results are known for the case of 𝑝 = 0, 1, 2 [7,
12, 17, 27, 52, 61, 62], 𝑝 ∈ (0, 1] [66], and 𝑝 ∈ [0,∞) [8]. This differs from our setting which
simultaneously estimates multiple norms under continual observation. There has been one prior
work in the continual observation setting. For the special case of a given ℓ𝑝 norm, Epasto et al. [32]
presented a mechanism to privately estimate the norm, which works for any fixed 𝑝 given to
the mechanism at start. Our work extends this result by allowing simultaneous estimation of all
monotone symmetric norms – covering all ℓ𝑝 and Top-𝑘 norms. Note that our mechanism does
not need to know which norms will be asked for at the start. It only needs to disclose the requested
norm when the user wants to estimate it.

2 Preliminaries

Notation. We denote {1, 2, . . . , ℎ} by [ℎ]. All our problems have a universe U = [ℎ] ∪ {⊥} of
elements including the empty element⊥, and all our streams have a fixed length𝑇 ∈ N. The empty
element has no influence on the value of the function that is computed on any set 𝑆 of elements,
so the value of the function on 𝑆 , 𝑆 \ {⊥}, and 𝑆 ∪ {⊥} are identical. For frequency estimation
problems, we use 𝑛 = ℎ to denote the number of elements, and for graph problems, we use 𝑛 to
denote the number of nodes where each element 𝑖 ∈ U corresponds to an edge in the graph.

Incremental and fully dynamic problems. A fully-dynamic stream, which allows both insertion and
deletion of elements, is a sequence u = 𝑢1, . . . , 𝑢𝑇 with 𝑢𝑡 ∈ {+,−} × U. An incremental stream u
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is a fully dynamic stream with only insertions, i.e., 𝑢𝑡 ∈ {+} × U for all 𝑡 ∈ 𝑇 . An insertions-only
problem is prefixed with Inc, while a fully-dynamic problem is prefixed with FD.

Frequency vector. The frequency vector 𝑓 𝑡 ∈ Nℎ at time 𝑡 counts the number of times each item is
present in the dataset after taking into account all insertions and deletions up to time 𝑡 . Formally,

𝑓 𝑡 = (𝑓 𝑡1 , . . . , 𝑓 𝑡ℎ ), and 𝑓 𝑡𝑖 =
∑︁
𝑡 ∈[𝑇 ]

1
(
𝑢𝑡 ∈ {+,−} × {𝑖}

)
· sgn(𝑢𝑡 ),

where sgn(𝑢𝑡 ) = 1 if the first coordinate of 𝑢𝑡 is +, and −1 otherwise.

We consider the most general setting where we allow the frequency vector to be non-binary and
negative. Thus, items can be inserted to the stream even when they are already present, and also
deleted when absent. Note that the ⊥ element is not counted in the frequency vector, so having
an update of ⊥ corresponds to a time step with no changes for all the problems we consider.

Static problems. In the static version of the dynamic problems discussed, all the updates are provided
upfront, and only one estimate of the value is required after all the updates have been performed.

Neighboring streams. Two streams are event-level neighboring if they are identical at all time steps
except for one. Formally, u and v are event-level neighboring if there exists a 𝑡∗ ∈ [𝑇 ] such that
𝑢𝑡 = 𝑣𝑡 for all 𝑡 ≠ 𝑡∗. Two streams are item-level neighboring if the streams are identical in the
occurrences of all elements except for those of a single element 𝑥 ∈ U, and one stream can be
obtained from the other by replacing some subset of occurrences of 𝑥 with ⊥. Formally, u and v
are item-level neighboring if there exists an element 𝑥 ∈ U such that either

𝑣𝑡 ∈
{
{𝑢𝑡 } for all 𝑡 ∈ [𝑇 ] such that 𝑢𝑡 ∉ {+,−} × {𝑥}
{𝑢𝑡 } ∪ ({+,−} × ⊥) otherwise

or the above restriction holds with the roles of 𝑢 and 𝑣 swapped.

Differential privacy. Let 𝜀, 𝛿 ≥ 0. A randomized mechanism A : U𝑇 → O is said to be (𝜀, 𝛿)-
differentially private (DP) if for all neighboring streams u and v and for all subsets of outputs
𝑆 ⊆ O, we have Pr[A(u) ∈ 𝑆] ≤ 𝑒𝜀 · Pr[A(v) ∈ 𝑆] + 𝛿 . If 𝛿 = 0, then we say the mechanism is
𝜀-DP.

Continual observation. An algorithm in the continual observation setting gets as input a stream u.
At each time step 𝑡 ∈ [𝑇 ], it obtains as input𝑢𝑡 , and must output some 𝑥𝑡 ∈ X only using 𝑢1, . . . , 𝑢𝑡
before moving on to the next time step. In this setting, the output space O for defining privacy is
the product of 𝑇 many output spaces X, one at each time step, namely O = X𝑇 .

Here, we mention two key properties of differential privacy (post-processing and composition)
that are used in this paper.

Theorem 6 (Post-processing [29]) . LetM be an (𝜀, 𝛿)-DP mechanism with range R. For
any arbitrary randomized mapping 𝑓 : R → R′, 𝑓 ◦M is also (𝜀, 𝛿)-DP.

Now, we mention two composition theorems for differential privacy.

Theorem 7 (Basic Composition [29]) . LetM1, . . . ,M𝑘 be differentially private mechanism

on the same domain such thatM𝑖 is (𝜀𝑖 , 𝛿𝑖 )-DP (for all 𝑖 ∈ [𝑘]). ThenM[𝑘 ] (𝑥) = (M1 (𝑥), . . . ,M𝑘 (𝑥))
is (∑𝑘

𝑖=1 𝜀𝑖 ,
∑𝑘

𝑖=1 𝛿𝑖 )-DP.
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Theorem 8 (Advanced Composition [29]) . Given target privacy parameters 0 < 𝜀′ < 1
and 𝛿 ′ > 0, To ensure (𝜀′, 𝑘𝛿 + 𝛿 ′) cumulative privacy loss over 𝑘 mechanisms it suffices that each

mechanism is (𝜀, 𝛿)-DP, where 𝜀 = 𝜀′

2
√
2𝑘 ln(1/𝛿 ′ )

.

Approximations. Since we work with randomized mechanisms whose accuracy guarantee holds
with some probability, we say that a randomized mechanism A for a real-valued problem 𝑔 has 𝜂
multiplicative error and 𝛼 additive error if the output of the mechanism satisfies, on all inputs 𝑥 ,
with probability at least 2/3, 𝜂−1 · 𝑔(𝑥) − 𝛼 ≤ A(𝑥) ≤ 𝜂 · 𝑔(𝑥) + 𝛼. When 𝜂 = 1, we call this the
exact setting, since there is no multiplicative error. For vector-valued functions, the output of the
mechanism must satisfy on all inputs 𝑥 , with probability at least 2/3,

∥A(𝑥) − 𝜂−1 · 𝑔(𝑥)∥∞ ≤ 𝛼 and ∥A(𝑥) − 𝜂 · 𝑔(𝑥)∥∞ ≤ 𝛼.

The output in the continual observation setting is a vector in the output space O = X𝑇 , and thus
the accuracy guarantee holds with probability at least 2/3 over all time steps as well.

TopK. Let U be a universe with 𝑛 elements. The TopK norms problem is to output an 𝑛-
dimensional vector containing the estimate of the norms ∥ 𝑓 ∥Top-𝑘 =

∑𝑘
𝑖=1 |𝑓𝜎 (𝑖 ) | of the frequency

vector 𝑓 for all 𝑘 ∈ {1, . . . , 𝑛}, where 𝜎 is the sorting permutation, i.e., |𝑓𝜎 (1) | ≥ |𝑓𝜎 (2) | ≥ · · · |𝑓𝜎 (𝑛) |.
This interpolates between the ℓ1 and the ℓ∞ norms, with Top-1 = ℓ∞ and Top-𝑛 = ℓ1.

Monotone symmetric norms. A norm 𝐿 is monotone if for all 𝑓 , 𝑓 ′ ∈ R𝑛 with |𝑓𝑖 | ≤ |𝑓 ′𝑖 | for all 𝑖 , it
holds that 𝐿(𝑓 ) ≤ 𝐿(𝑓 ′). It is symmetric if for all permutations 𝜎 of 𝑛 elements, it holds that 𝐿(𝑓 ) =
𝐿(𝑓𝜎 (1) , . . . , 𝑓𝜎 (𝑛) ). It is known [4] that a norm is monotone if and only if 𝐿(𝑓 ) = 𝐿( |𝑓1 |, . . . , |𝑓𝑛 |),
which is called gauge-invariance.

Definition 1 (The SNE problem). The Monotone Symmetric Norm Estimation (SNE) problem is
to estimate the frequency vector 𝑓 for all monotone symmetric norms simultaneously. This comes
in two flavours. Given a frequency vector 𝑓 ∈ N𝑛 with 𝑛 = ℎ elements, the vector version of SNE is
to maintain a vector 𝑓 ∈ R𝑛 where 𝑓 is an approximation with 𝜂 multiplicative error and 𝛼 additive
error if the following holds for all symmetric norms 𝐿 simultaneously:

|𝐿(𝑓 ) − 𝜂−1 · 𝐿(𝑓 ) | ≤ 𝛼 and |L(𝑓 ) − 𝜂 · 𝐿(𝑓 ) | ≤ 𝛼.

The second version, called the data structure version of SNE, is to maintain a data structure 𝔡 that
can be queried to estimate any particular monotone symmetric norm, where 𝔡 : N𝑛 × L → R𝑛

is an approximation with 𝜂 multiplicative error and 𝛼 additive error if the following holds for all
symmetric norms 𝐿 simultaneously: |𝔡(𝑓 , 𝐿) − 𝜂−1 · 𝐿(𝑓 ) | ≤ 𝛼 and |𝔡(𝑓 , 𝐿) − 𝜂 · 𝐿(𝑓 ) | ≤ 𝛼 .

As earlier, privacy is defined with respect to all possible outputs of 𝔡 for any query. For the
mechanisms we design, the data structure will maintain a finite set of frequency vectors and
return one of them for any queried norm, so it suffices to argue privacy with respect to returning
the set of output vectors since the choice of vector to return can be performed as post-processing.

Constructing a graph from a stream. Given a stream u whereU is the set of edges of a graph, we
construct the graph 𝐺𝑡 at time 𝑡 with all positive frequency edges, namely 𝑒 ∈ 𝐺𝑡 if and only
if 𝑓 𝑡𝑒 > 0, where 𝑓 𝑡𝑒 is the cumulative frequency of edge 𝑒 in the first 𝑡 updates of u as defined
above. Thus event-level neighoring streams correspond to the standard edge-neighboring event-
level setting, and item-level neighboring streams correspond to the standard edge-neighboring
item-level setting, since one can replace every operation that moves 𝑓 𝑡𝑒 outside {0, 1} by ⊥.
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Graph problems. A graph problem 𝑔 is a vector-valued function 𝑔 : G → R𝑘 where G is the space of
all undirected, unweighted, simple graphs. We consider the following problems on graphs, and the
property to be returned by a mechanism for the problem. Some of the problems have designated
special vertices (such as 𝑠 and 𝑡 for 𝑠-𝑡-MinCut), which are assumed to be encoded in the graph
representation (such as being the first two vertices in the representation).
• Matching: maximum number of vertex disjoint edges present,
• DegHist: degree histogram = (𝑑1, . . . , 𝑑𝑛−1) where 𝑑𝑖 = number of vertices of degree 𝑖 ,
• KCore (𝑣): core number of a particular vertex 𝑣 , which is defined as

max{𝑘 ∈ [𝑛] | 𝑣 ∈ a subgraph of 𝐺 with min degree ≥ 𝑘},
• MinCut: minimum number of edge removals needed to disconnect the graph,
• 𝑠-𝑡-MinCut: minimum number of edge removals needed to disconnect vertices 𝑠 and 𝑡 ,
• 𝑓≥𝜏 : number of vertices with degree at least 𝜏 ,
• EdgeCount: number of edges in the graph.

For our lower bounds, we use the following two problems.

InnerProduct (𝑑,𝑚). Given 𝑑,𝑚 ∈ N, the input is a private dataset 𝑥 ∈ {0, 1}𝑑 , and a sequence
of𝑚 public query vectors 𝑞1, . . . , 𝑞𝑚 with 𝑞 𝑗 ∈ {0, 1}𝑑 . The output consists of private estimates of
the inner products ⟨𝑥, 𝑞1⟩, . . . , ⟨𝑥, 𝑞𝑚⟩. Two neighboring instances differ in one bit of 𝑥 .

Based on the results from [19, 23, 25, 52], Jain et al. [44] used the following lower bound on a linear
number of inner product queries to show lower bounds for fully dynamic count of distinct elements.

Theorem 9 (19, 23) . There exists a constant 𝜁 ∈ N such that for any 𝑑 ∈ N, 𝜀 ∈ [0, 1], and
𝛿 ∈ [0, 1/3], any (𝜀, 𝛿)-dp mechanism in the exact setting that solves InnerProduct (𝑑, 𝜁𝑑) up to
additive error 𝛼 satisfies 𝛼 = Ω(

√
𝑑).

1 -Way-Marginals (𝑛,𝑑). Given 𝑛,𝑑 ∈ N, the input is a private matrix 𝑌 ∈ ({0, 1}𝑑 )𝑛 , and the
output consists of private estimates of the normalized column sums 1

𝑛

∑𝑛
𝑖=1 𝑌𝑖, 𝑗 for each column

𝑗 ∈ [𝑑]. Two neighboring matrices for this problem differ in a single row.

We extend the following lower bounds on the additive error of 1-Way-Marginals in Section 6,
to a lower bound on the product of multiplicative and additive error.

Theorem 10 (13 , 39) . For every 𝜀, 𝛿 ∈ [0, 1] and 𝑑, 𝑛 ∈ N, there exists 𝛼 = 𝑂 (1), such that if there
exists an (𝜀, 𝛿)-differentially private mechanism to solve 1-Way-Marginals(𝑛,𝑑) with additive

error 𝛼 , then if 𝛿 = 0, 𝑛 = Ω(𝑑/𝜀) and if 𝛿 > 0 and 𝛿 = 𝑜 (1/𝑛), 𝑛 = Ω̃(
√
𝑑/𝜀).

Jain et al. [46] used a sequential embedding technique from this problem to prove polynomial lower
bounds under continual observation, which was then extended by other works to show similar
bounds for other problems under continual observation [42, 44, 59].

3 Technical Overview

3.1 Event-level incremental graph problems

Our lower bounds in this setting reduce from the inner product query problem, which consists of
a secret dataset 𝑥 ∈ {0, 1}𝑑 , and a sequence of𝑚 = Θ(𝑑) query vectors 𝑞1, . . . , 𝑞𝑚 with 𝑞 𝑗 ∈ {0, 1}𝑑 .
It has been shown [19, 23] that answering all the inner product queries ⟨𝑥, 𝑞1⟩, . . . , ⟨𝑥, 𝑞𝑚⟩ privately
must incur an additive error of Ω(

√
𝑑) on at least one of the answers.
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Previous dynamic lower bound reductions from this problem were restricted to functions that were
additive across connected components. These reductions proceeded by constructing a gadget where
each component corresponded to one bit of 𝑥 and one bit of 𝑞 𝑗 , where the function value of the 𝑖th
component was 1 whenever the bits 𝑥𝑖 and 𝑞 𝑗𝑖 were simultaneously equal to 1, and was 0 otherwise.
Since the function was additive, one could sum up the function values across all components to
obtain ⟨𝑥, 𝑞 𝑗 ⟩. The edges corresponding to the current query were then deleted, and edges for the
next query were inserted. A generalization of these gadgets to the weighted setting, called 2-edge
distinguishing gadgets, were the main tool used by the event-level reductions of [59].

We extend these lower bound reductions in two ways. (1) First, by taking all bits of the vectors 𝑥
and 𝑞 𝑗 into account simultaneously, we can obtain lower bounds even for non-additive functions
such as estimating the core number of a vertex. (2) Prior constructions insert suitable edges when
a new query vector 𝑞 𝑗 arrives, next ask a query to determine the suitable output and finally “reset
the state of the construction” by deleting the previously inserted edges. We show how to construct
gadgets for “incremental erasure”, i.e., the state is reset using edge insertions instead of deletions.

We give the general lower bound framework in Section 4, and describe here only the lower bound
for computing the core number of one fixed vertex 𝑣 (i.e., the largest 𝑘 such that 𝑣 belongs to a
subgraph with minimum degree ≥ 𝑘), which implies a lower bound for computing the core number
of all vertices. The general version of this lower bound is formally stated in Theorem 1. Our
reduction places 𝑣 into a subgraph where its core number is the sum of two quantities: a value
independent of the current query, and the desired inner product value.

The input to our reduction is a private dataset 𝑥 ∈ {0, 1}𝑑 and (non-private) vectors 𝑞1, ..., 𝑞𝑚 ∈
{0, 1}𝑑 . Our goal is to build a graph and a sequence of edge insertions such that the core number
of vertices of the graph after specific updates allow us to compute all the inner-products ⟨𝑥, 𝑞𝑖⟩.

Our graph consists of a dedicated vertex 𝑣 whose core-number at various times
in the input sequence will be the value of inner products; a set 𝑈 = {𝑢1, . . . , 𝑢𝑑 }
that will encode the private dataset 𝑥 ; and sets of vertices 𝑉 𝑗 ,𝑊 𝑗 (each with 𝑑
vertices) that will be used for the 𝑗 th query. This creates a graph with 𝜃 (𝑚𝑑)
vertices. To encode the dataset 𝑥 , we add an edge (𝑣,𝑢𝑖 ) if the 𝑖th bit of the secret
dataset 𝑥 is 1. The answer to each query could be as high as 𝑑 , and we want to
increase the core number of 𝑣 by one for each query bit. The core number of 𝑣 at

the end of the reduction could thus be as high as Ω(𝑚𝑑). We want the query vertices to have high
core numbers, since the core number of 𝑣 should increase by 1 whenever a query bit and dataset
bit are set to 1, which requires 𝑣 to belong to progressively larger cores. Towards this, we insert a
complete graph between all𝑉 and𝑊 vertices, giving a 𝜃 (𝑚𝑑)-complete graph with 𝜃 (𝑚2𝑑2) edges.

Answering the first query goes as follows. We start
with 𝑣 being connected to all of 𝑉 0 ∪𝑊 0. There is a
complete bipartite graph between 𝑈 and 𝑉 0, and no

edges between 𝑈 and𝑊 0. Before the first query is
inserted, it holds that the degree of 𝑣 is 2𝑑+∥𝑥 ∥1, while
its core number is 2𝑑 since all of its neighbors in𝑈 do
not belong to any subgraph with degree ≥ 2𝑑 . Since
the core number is at most the degree of a vertex, this
gives a slack of ∥𝑥 ∥1 for possible increase in the core number of 𝑣 . Whenever a query bit and
dataset bit are simultaneously set to 1, we use this slack to increase the core number of 𝑣 by 1.
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More specifically, to answer the first query ⟨𝑥, 𝑞1⟩, we insert specific
“query edges”. For each 𝑖 with 𝑞1𝑖 = 1, we add all the edges from 𝑢𝑖 to
𝑊 0 and 𝑉 1. If 𝑞1𝑖 = 0, then we do not insert any edges. We show that
after all the query edges are inserted, the core number of 𝑣 is exactly
𝑘 = 2𝑑 + ⟨𝑥, 𝑞1⟩. Firstly, any vertex 𝑢𝑖 with 𝑞1𝑖 = 0 cannot belong to a
subgraph with induced degree ≥ 𝑘 , since the degree of 𝑢𝑖 in the whole
graph is ≤ 𝑑 + 1. This means that all neighbors of 𝑣 in 𝑈 whose query

bit is set to 0 do not contribute to its core number. This upper bounds the core number of 𝑣 by 𝑘 .

To show that the core number of 𝑣 is at least 𝑘 as well, we show that there exists a subgraph with
minimum degree 𝑘 as certificate: this is the subgraph induced by the set of vertices 𝑆 = {𝑣} ∪ {𝑢𝑖 :
𝑞1𝑖 = 1} ∪ 𝑉 0 ∪𝑊 0 ∪ 𝑉 1 ∪𝑊 1. First, all vertices in 𝑉 0,𝑉 1,𝑊 0 and𝑊 1 have degree more than
𝑘 : indeed, they induce a complete graph on 4𝑑 vertices, hence have degree at least 4𝑑 − 1 ≥ 𝑘 .
Second, the vertices in {𝑢𝑖 : 𝑞1𝑖 = 1} are connected to all of 𝑉 0 (as all the vertices of 𝑈 ), and by
construction to all vertices in𝑊 0 and 𝑉 1. Hence, they have degree at least 3𝑑 ≥ 𝑘 . Finally, the
degree of 𝑣 is precisely 𝑘 : it has 2𝑑 neighbors in 𝑉 0 ∪𝑊 0, and by construction exactly ⟨𝑥, 𝑞1⟩
neighbors in {𝑢𝑖 : 𝑞1𝑖 = 1}. Thus, the core number of 𝑣 is at least 𝑘 . Together with the previous
argument it follows that the core number of 𝑣 is exactly 𝑘 and the answer ⟨𝑥, 𝑞1⟩ can be computed
by subtracting 2𝑑 from the core number of 𝑣 .

To complete the processing of the first query, we then “reset”
the gadget by adding all missing edges from𝑈 to𝑊 0 and𝑉 1, and
also adding edges from 𝑣 to all of 𝑉 1 ∪𝑊 1. This transforms the
gadget to the same “state” it was before the first query, with 𝑉 1

and𝑊 1 replacing the roles of𝑉 0 and𝑊 0: 𝑣 is connected to all of
𝑉 1 and𝑊 1, vertices in 𝑈 are connected to 𝑉 1 but not𝑊 1. The
only change is the core number of 𝑣 : as there is a complete graph
between vertices in 𝑉 and𝑊 , it increases by exactly 2𝑑 . Therefore, one can easily repeat this
process for each 𝑞 𝑗 in order to answer all queries. Doing so, the number of edges insertions to the
graph is 𝑇 = 𝑂 (𝑚2𝑑2) = 𝑂 (𝑑4) and the number of vertices 𝑛 = 𝑂 (𝑚𝑑) = 𝑂 (𝑑2). Hence, the lower
bound for inner product queries translate to a lower bound of Ω(min{ 8√

𝑇, 4√𝑛}) for computing core
numbers in insertion-only streams.

We now discuss mechanisms for incremental graph problems with no multiplicative (but with
additive) error. We call this the exact setting. While the earlier upper bounds in the exact setting
were achieved by a combination of (i) the mechanism that recomputes every 3√

𝑇 time steps and
(ii) the mechanism that returns 0 at all time steps [59], we show that in the incremental setting,
the natural mechanism is to use the sparse vector technique (SVT) [28] to track the true answer
and then to update it every time the true value differs significantly from the currently output
value. While earlier use of SVT in the incremental setting by Fichtenberger et al. [35] was only for
(1 + 𝜁 )-approximate mechanisms, we show that it can be directly used to obtain upper bounds for
mechanisms in the exact setting as well. We present the details in Section 5. Our mechanism is sim-
ilar to the mechanism of Henzinger et al. [42] which works in the fully dynamic setting. Applying
this approach to estimating the core number of a vertex gives an upper bound of𝑂 (min{ 6√

𝑇, 3√𝑛}).

3.2 Item-level fully dynamic graph problems

Previous lower bounds by Raskhodnikova and Steiner [59] for mechanisms in the exact setting
were reductions from the one-way marginals problem, which is the problem of estimating the
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column sums of an 𝑛 × 𝑑 binary matrix. To show multiplicative approximation lower bounds,
we white-box the one-way marginals lower bounds on the additive error shown by Hardt and
Talwar [39] and Bun et al. [13], and use them to give multiplicative approximation lower bounds.
While earlier work concentrated only on the additive error, we show that even when the product
of the multiplicative and the additive error is small, one can decode column sums accurately for the
one-way marginals problem. Our reduction makes use of the specific structure of the instances
that are used in the 1-Way-Marginals lower bound reductions, which we expand on next.

We give a short overview of our modified reduction. In the original reduction of Bun et al. [13],
each row of the matrix, an element of {0, 1}𝑑 , corresponds to a so-called fingerprinting code of a
user. The goal is to return the normalized column sums, rounded in some way to {0, 1}𝑑 , such that
the following property is true for most columns: If all the users have the same bit in a column,
then the returned bit has to match this common bit. In [13] it is shown that any (𝜀, 𝛿)-differentially
private algorithm for the one-way marginals problem when rounded to the closest bit, has to have
additive error at least a constant (for the normalized setting, which corresponds to linear additive
error in the unnormalized setting).

We show that for the same fingerprinting matrices, the rounding condition can be extended to give
a lower bound even for mechanisms with multiplicative and additive error. The key contribution
here is to notice that the only columns that are constrained by the above condition are the uniform
columns: the all-1s column and the all-0s column; for all other columns, any answer is acceptable.
Since only the uniform columns are constrained, we show that even when the product of the
multiplicative and additive error is smaller than some constant, the rounding algorithm can still
distinguish the all-1s column from the all-0s column. Informally, our lower bound is as follows
(see Corollary 2 and Theorem 11 for formal statements).

Theorem 11 (Informal) . Any (𝜀, 𝛿)-dpmechanism for (normalized) 1-Way-Marginals (𝑛,𝑑)
with multiplicative error 𝜂 and additive error 𝛼 satisfies 𝜂 · 𝛼 = Ω(1), with 𝑛 = 𝑂 (𝑑) for 𝛿 = 0 and
𝑂 (
√
𝑑) for 0 < 𝛿 = 𝑜 (1/𝑛).

Since the range of (normalized) 1-Way-Marginals(𝑛,𝑑) is [0, 1]𝑑 , for the unnormalized version
of 1-Way-Marginals(𝑛,𝑑) this lower bound translates into 𝜂 · 𝛼 = Ω(𝑛). We can use this fact
to show that mechanisms with constant multiplicative error 𝜂 cannot have additive error linear in
the length of the output range. The hardness results shown by [39] and [13] follow as special cases
of our theorem by setting 𝜂 = 1, which correspond to mechanisms in the exact setting.

Armed with our lower bound, we show that a class of reductions that includes those presented
earlier by Raskhodnikova and Steiner [59] using 1-edge distinguishing gadgets for item-level
fully dynamic lower bounds are actually approximation-preserving reductions to the 1-Way-
Marginals problem. While their reductions only work for functions that are additive across
connected components (such as maximum matching), our general reductions work for a much
larger class of graph functions that includes estimating the (global) mincut, 𝑠-𝑡 mincut, and core
number of a vertex. As did [59] we define a general framework as follows. We first define a class of
graphs, called marginals solving family (and informally called gadgets), that have to fulfill certain
properties. Our gadgets are different from the gadgets in [59] in the sense that we do not necessarily
have vertex-disjoint gadgets corresponding to each row of the matrix. In fact, this is the reason why
our lower bounds are not limited to additive functions. Then we show that if a graph problem has
a gadget that fulfills the properties, then there is a lower bound for the product of the additive and
multiplicative error for any continual mechanism maintaining that graph problem. The gadgets
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have parameters, allowing the lower bounds to vary for different graph problems depending on
the value of the parameters.

If a graph problem has a marginals solving family F , then any all-0, resp. all-1 column in the matrix
𝑀 of the1-Way-Marginals problem is mapped by F into a specific graph whose value for the
desired graph problem is 0, resp. a large value (which equals the lower bound that we can prove).
The transformation of the graph from one column to the next column is done by edge updates and
gives rise to a sequence of graphs. The mapping from 1-Way-Marginals to a graph sequence
needs to be smooth with respect to the neighboring relation, so that two neighboring databases for
1-Way-Marginals map to two item-level neighboring graph sequences. For this, our reduction
for each graph problem is designed such that all of the updates corresponding to the 𝑖th row (for
the different columns) of the 1-Way-Marginals instance are mapped to (potentially multiple)
updates on the same edge, say 𝑒𝑖 , of the desired graph problem for every 𝑖 ∈ [𝑛], and each of
the edge updates changes the value of the graph problem of interest by exactly 1 (or a constant,
depending on the problem).

We describe our general lower bound framework for the item-level setting in Section 7, and here, in
order to show the general idea of our lower bounds, we only explain our lower bound for calculating
𝑠-𝑡-MinCut (for fixed vertices 𝑠 and 𝑡 ). As mentioned above, we do so by reducing from 1-Way-
Marginals. The input to our reduction is a private matrix 𝑀 ∈ {0, 1}𝑛×𝑑 . We introduce a
sequence of 𝑇 = 𝑛 + 2𝑛𝑑 updates on a graph 𝐺 with 𝑛 + 2 vertices (including 𝑠 and 𝑡 ) such that the
size of its 𝑠-𝑡-MinCut at time step 𝑡𝑖 = 2𝑛𝑖 is equal to the 𝑖th column sum (

∑
𝑗∈[𝑛] 𝑀 𝑗,𝑖 ) for all

𝑖 ∈ [𝑑]. Let the vertex set of𝐺 be𝑉 = {𝑠, 𝑡, 𝑣1, . . . , 𝑣𝑛}. The initial edge set is empty and the update
sequence is as follows:

Initialization: In the first 𝑛 time steps, we insert the edges (𝑣𝑖 , 𝑡) for every 𝑖 ∈ [𝑛].

Calculating the 𝑖th column sum (for every 𝑖 ∈ [𝑑]): Time steps [(2𝑖 − 1)𝑛 + 1, (2𝑖 + 1)𝑛] are
corresponding to the 𝑖th column sum. In the first half of these time steps, in time step (2𝑖 − 1)𝑛 + 𝑗 ,
we insert the edge (𝑠, 𝑣 𝑗 ) if 𝑀 𝑗,𝑖 = 1 and have a no-op time step otherwise. Note that after time
step 2𝑖𝑛, for every 𝑗 with𝑀 𝑗,𝑖 = 1, 𝑣 𝑗 has an edge to both 𝑠 and 𝑡 (and only to them), and for every
other 𝑗 , 𝑣 𝑗 only has an edge to 𝑡 . Note that ({𝑠},𝑉 \ {𝑠}) is a minimum (𝑠, 𝑡)-cut, and the edge set
corresponding to this cut is {(𝑠, 𝑣 𝑗 ) |𝑀 𝑗,𝑖 = 1}. Therefore, the value of 𝑠-𝑡-MinCut at this time
step is

∑
𝑗∈[𝑛] 𝑀 𝑗,𝑖 , which is the 𝑖th column sum. Then, in the next 𝑛 time steps, at time step 2𝑖𝑛 + 𝑗

(for every 𝑗 ∈ [𝑛]), we undo the update on time step (2𝑖 − 1)𝑛 + 𝑗 , i.e, remove the edge (𝑠, 𝑣 𝑗 ) if
𝑀 𝑗,𝑖 = 1 and have a no-op time step otherwise. Note that after time step (2𝑖 + 1)𝑛, the edge set of
the graph is, regardless of the entries of the matrix𝑀 , equal to {(𝑣 𝑗 , 𝑡) | 𝑗 ∈ [𝑛]}.

Note that in the update sequence above, changing the 𝑗 th row of 𝑀 , only affects insertions and
deletions of the edge (𝑠, 𝑣 𝑗 ). Thus, the sequences corresponding to any two neighboring instances
of 1-Way-Marginals, will be item-level neighboring update sequences for the 𝑠-𝑡-MinCut
problem. Note that the 𝑠-𝑡-MinCut instance mentioned above has 𝑁 = 𝜃 (𝑛) nodes and𝑇 = 𝜃 (𝑛𝑑)
time steps. Thus, by using an (𝜀, 𝛿)-DP mechanism that solves 𝑠-𝑡-MinCut with multiplicative
error𝜂 and additive error𝛼 for inputs with atmost𝑁 nodes and atmost𝑇 updates as a blackbox, one
can have an (𝜀, 𝛿)-DP mechanism that solves 1-Way-Marginals(𝑛,𝑑) with multiplicative error
𝜂 and additive error 𝛼

𝑛
. Where for 𝛿 > 0, we can find 𝑑 = 𝜃 ((𝑇𝜀)2/3) and 𝑛 = 𝜃 (min( 3

√︁
𝑇 /𝜀2, 𝑁 ,𝑇 )),

and for 𝛿 = 0, 𝑑 = 𝜃 (
√
𝑇𝜀) and 𝜃 (min(

√︁
𝑇 /𝜀, 𝑁 ,𝑇 )), such that the number of nodes in the reduction

above is less than 𝑁 and the number of updates is less than 𝑇 , and for both cases the number of
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samples is less than the sample complexity stated in Theorem 11. Thus, from our lower bound on 1-
Way-Marginals we have for every (𝜀, 𝛿)-DP and (𝜂, 𝛼)-accurate mechanism for 𝑠-𝑡-MinCut,
if 0 < 𝛿 < 𝑜 (1/𝑇 ), then 𝜂 ·𝛼 = Ω̃(min( 3

√︁
𝑇 /𝜀2, 𝑁 ,𝑇 )), and if 𝛿 = 0, then 𝜂 ·𝛼 = Ω̃(min(

√︁
𝑇 /𝜀, 𝑁 ,𝑇 )).

3.3 Incremental simultaneous norm estimation problems

We next show our techniques can also be extended to non-graph problems, namely to the popular
streaming problem of estimating norms of the frequency vector of the stream. Specifically, we show
polynomial lower bounds for simultaneous norm estimation (SNE), by showing that estimating all
TopK norms of the frequency vector in the incremental model requires large additive error. This
result was stated more formally in Theorem 3.

Our reduction constructs a stream of insertions on 𝑛 elements such that for each query 𝑞 𝑗 , the
number of elements with the highest frequency corresponds to the value of the inner product
𝑘∗ = ⟨𝑥, 𝑞 𝑗 ⟩ at a certain time step, and the remaining elements have strictly smaller frequency. In
our reduction, this highest frequency will be 𝑗 + 1 for the 𝑗 th query and there will be exactly 𝑘∗
many items with frequency 𝑗 + 1. Thus, Top-𝑘 will equal [Top- (𝑘 − 1)] + ( 𝑗 + 1) for all 𝑘 ≤ 𝑘∗,
and for all 𝑘 > 𝑘∗, Top-𝑘 will be at most [Top- (𝑘 − 1)] + 𝑗 . When viewing the plot of 𝑘 against
Top-𝑘 , the slope of this plot is 𝑗 + 1 until 𝑘∗, and it is at most 𝑗 afterwards. We use the private
output of the mechanism to determine when the slope of the plot changes from 𝑗 + 1 to 𝑗 . The
function that maps 𝑘 to Top-𝑘 is stable in the sense that

privateEstimate(𝑘∗) − 𝑘∗ ≤ 𝑂 (error of the Top-𝑘 mechanism).

This ensures that the accuracy guarantees of the Top-𝑘 mechanism translate into accuracy guaran-
tees for estimating this “change point” 𝑘∗, which is then the accuracy guarantee for inner product
as well. The known lower bounds for inner product then give a Ω(min{ 4√

𝑇,
√
𝑛}) lower bound on

the additive error for estimating TopK norms.

We complement this lower-bound by an upper bound that shows that mechanisms with an arbi-
trarily small constant multiplicative approximation of (1 + 𝜁 ), it is possible to reduce the additive
error to polylogarithmic (see Theorem 4 for an exact statement). This mirrors our previous graph
results, and shows again that the difficulty of the problem lies in avoiding any multiplicative ap-
proximation. Note that the SNE problem comes in two flavors, where the goal of the first is to
maintain a vector (called the vector version) whose norm approximates the frequency vector for all
the relevant norms, while the goal of the second (called the data structure version) only requires to
maintain a data structure that can be queried to obtain any norm. We give mechanisms for both
versions and discuss the vector version first.

The first straightforward mechanism for the incremental monotone symmetric norm estimation
problem would be to just compute a private histogram of the input stream, i.e., for each element
𝑖 maintain a private estimate 𝑓𝑖 of its frequency. One can guarantee using a continual histogram
mechanism that 𝑓𝑖 − 𝑓𝑖 ≤ log2𝑇 . While this is good for any individual element – close to the best
one can do, in light of the lower bound of log𝑇 [26] – this yields a very poor approximation for
some norms: for instance, the ℓ1 norm of 𝑓 and 𝑓 may differ by 𝑛 log2𝑇 .

To improve over this, let 𝜏 𝑓 ≈ log2 (𝑇 )/𝜁 be a value that we will use as a threshold. We first note
that whenever 𝑓𝑖 is large, 𝑓𝑖 is a very good multiplicative approximation to 𝑓𝑖 . More specifically,
when 𝑓𝑖 is larger than the threshold 𝜏 𝑓 , then 𝑓𝑖 ∈ (1 ± 𝜁 ) 𝑓𝑖 for some constant 𝜁 . Thus, we are
left with dealing with low-frequency elements, for which the error can accumulate. Following the
approach of Blasiok et al. [6] from the non-private setting, we deal with these elements as follows.
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(1) First, we group them into levels of elements with approximately the same frequency: ideally,
we would like the 𝑗 th level to contain all elements with frequency 𝑓𝑖 ∈ [2𝑗 , 2𝑗+1). (2) If that were
possible, then we could estimate the number of elements in each level, called the size of the level. As
earlier, if the size of the level 𝑏 𝑗 is large enough, then we have a correct private estimate 𝑏 𝑗 . Thus,
we could represent the level 𝑗 by 𝑏 𝑗 elements with frequency 2𝑗 which is a private proxy for those
elements. (3) What remains are elements with low frequency present in levels with small size: the
combination of those two conditions ensure that there cannot be too many elements satisfying
this condition, and that they also cannot contribute significantly to any norm. We replace their
frequencies by 0, and incorporate the error accrued in the norm estimate into the additive error.

While the above argument almost works, there is one crucial issue with respect to privatizing the
frequencies. To privately determine if an element has high frequency, we can check if the private
estimate 𝑓𝑖 is larger than the threshold 𝜏 𝑓 . However, to determine the level size for the elements
with low frequency, i.e., 𝑓𝑖 < 𝜏 𝑓 , we must use their true frequency. This is because even small
variations in the privatized frequency could cause high errors for the estimated level sizes. We can
easily deal with elements that have 𝑓𝑖 ≥ 𝜏 𝑓 , or that have 𝑓𝑖 < 𝜏 𝑓 and 𝑓𝑖 < 𝜏 𝑓 , however, the critical
issue comes from the fact that there are elements for which 𝑓𝑖 ≥ 𝜏 𝑓 > 𝑓𝑖 . Indeed, the guarantee
we have on 𝑓𝑖 is only that 𝑓𝑖 ≤ 𝑓𝑖 and 𝑓𝑖 − 𝑓𝑖 ≤ log2 (𝑇 ), but 𝑓𝑖 is computed from 𝑓𝑖 by adding a
random noise which cannot be exactly estimated in advance. Thus, one of our key contributions
is to design the threshold such that the dropped elements, namely those with 𝑓𝑖 ≥ 𝜏 𝑓 > 𝑓𝑖 , have
a negligible contribution to the norm. To show this, we need the threshold 𝜏 𝑓 to be chosen from
a carefully designed probability distribution where, with probability 2/3, only a tiny fraction of
elements are dropped; using properties of monotone symmetric norms, we can conclude that any
such norm of the frequency vector does not change much even after dropping these elements.

Our mechanism thus first picks 𝜏 𝑓 and then computes the following vector: for every element 𝑖
with 𝑓𝑖 ≥ 𝜏 𝑓 , the estimated frequency is 𝑓𝑖 , and for any level of elements with frequency in [2𝑗 , 2𝑗+1)
and 2𝑗+1 < 𝜏 𝑓 , the mechanism computes the size of the level 𝑏 𝑗 privately. If 𝑏 𝑗 > log2 (𝑇 )/𝜁 , then,
as before, 𝑏 𝑗 is almost the true size 𝑏 𝑗 , i.e., 𝑏 𝑗 = (1 ± 𝜁 )𝑏 𝑗 . Therefore the mechanism adds 𝑏 𝑗 many
elements with estimated frequency 2𝑗 to the output vector. If 𝑏 𝑗 ≤ log2 (𝑇 )/𝜁 , then there are few
elements and their frequency is small, so we can simply ignore them. This incurs an additive error
polylog(𝑇 ) · 𝐿(𝑒1) for any monotone symmetric norm 𝐿, where 𝐿(𝑒1) is the 𝐿-norm of the first
standard basis vector. The accuracy guarantee holds with constant probability for this mechanism
at any fixed time step. For the data structure version of the problem, we boost the accuracy by
running a main mechanism which internally runs𝑂 (log𝑇 ) copies of the mechanism for the vector
version. The main mechanism, thus, maintains 𝑂 (log𝑇 ) frequency vectors. When given a query,
the main mechanism calculates the queried norm on all the frequency vectors, determines the
median frequency vector based on the norm, and outputs its answer. This then gives Theorem 4.

We note that the basic approach of separating high and low frequency elements, and estimating
the levels’ sizes, was introduced in the non-private setting by Blasiok et al. [6], and using continual
histogram to estimate the relevant quantity is quite a natural idea. Our key contribution of this
result is the randomization of the threshold 𝜏 𝑓 , and the accompanying accuracy analysis.

4 Incremental Graph Lower Bounds

To showour lower bounds for algorithmic problems in graphs, we introduce the notion of extendable
bitwise AND gadgets, which is an extension of 2-edge distinguishing gadgets of Raskhodnikova and
Steiner [59] to the incremental graph setting. Intuitively, our gadgets allow embedding an inner
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product query using the “AND part” of the gadget, then the “extensibility” of the gadgets allows
“resetting the impact” of the previous query for inserting the next query.

Since our gadgets are defined to embed inner product queries into our incremental graph problems,
we only consider the case when𝑚 = 𝜁𝑑 for the constant 𝜁 from Theorem 9 to simplify notation,
even though it could be defined for any sequence of queries in the most general case.

Extendable bitwise AND gadget(𝑑) for graph problem 𝑔. Given a dimension 𝑑 ∈ N, an extendable
bitwise AND gadget consists of the following: positive and increasing functions 𝑣 (𝑑) and 𝑡 (𝑑),
where the former denotes the number of nodes in the gadget, and the latter an upper bound on the
number of edge insertions, an initial graph 𝐻init = (𝑉 , 𝐸0) with |𝑉 | = 𝑣 (𝑑), along with

(1) edges 𝑒1, . . . , 𝑒𝑑 ∈
(
𝑉
2
)
such that for any 𝑥 ∈ {0, 1}𝑑 , one can define 𝐻 1

𝑥 = 𝐻init ∪ {𝑒𝑖 }𝑖∈[𝑑 ]:𝑥𝑖=1
satisfying the conditions below, and

(2) for any sequence of𝑚 = 𝜁𝑑 query vectors 𝑞 𝑗 with 𝑗 ∈ [𝑚] as in Theorem 9, a sequence of
pairs of edge sets (𝑆 𝑗 ,𝑇 𝑗 ) and decoding functions dec𝑗 : Range(𝑔) → R such that the following
conditions hold:

(a) dec𝑗 is 1-Lipschitz continuous with respect to the error norm ∥ · ∥ on 𝑔, i.e., for any pair
𝑥,𝑦 ∈ Range(𝑔), |dec𝑗 (𝑥) − dec𝑗 (𝑦) | ≤ ∥𝑥 − 𝑦∥.

(b) inserting 𝑆 𝑗 into𝐻 𝑗
𝑥 creates a graph𝑄 𝑗

𝑥 = 𝐻
𝑗
𝑥∪𝑆 𝑗 which satisfies dec𝑗 (𝑔(𝑄 𝑗

𝑥 ))−dec𝑗 (𝑔(𝐻 𝑗
𝑥 )) =

⟨𝑥, 𝑞 𝑗 ⟩,

(c) inserting 𝑇 𝑗 into 𝑄 𝑗
𝑥 creates the graph 𝐻 𝑗+1

𝑥 = 𝑄
𝑗
𝑥 ∪𝑇 𝑗 , i.e., it “resets the query”.

When the function𝑔 is real-valued, we use the identity function dec𝑗 = id as the decoding functions.
In general we use the gadgets for all dimensions 𝑑 ∈ N together to construct our lower bounds,
so we use 𝑣 (𝑑) and 𝑡 (𝑑) to denote the relevant parameters with their dependence on 𝑑 . We hide
the dependence on 𝑔 when talking about a single function 𝑔. We may insert 𝑂 (𝑑) many ⊥s in the
stream, but since it will always hold that 𝑡 (𝑑) = Ω(𝑑),4 these𝑂 (𝑑) insertions of⊥ are asymptotically
subsumed by 𝑡 (𝑑). The lower bound of Ω(

√
𝑑) from inner product then directly leads to lower

bounds for the variables of the graph stream, 𝑇 and 𝑛.

Lemma 1. Let 𝜀 ∈ [0, 1] and 𝛿 ∈ [0, 1/3], and let 𝑔 be a graph problem that admits an extendable

bitwise AND gadget with 𝑣 (𝑑) vertices and 𝑡 (𝑑) edges. For any (𝜀, 𝛿)-dp mechanism for the event-level

setting that is (i) solving 𝑔 in the exact setting and (ii) running on 𝑛-node graphs for 𝑇 timesteps with

additive error 𝛼 , it holds that

𝛼 = Ω
(
min

{√︁
𝑡− (𝑇 ),

√︁
𝑣− (𝑛)

})
,

where 𝑓 − is the generalized inverse of a function 𝑓 : N→ N defined as 𝑓 − (𝑥) = sup{𝑑 | 𝑓 (𝑑) ≤ 𝑥}.

We use this to prove lower bounds for natural graph problems by presenting such gadgets.

Lemma 2. There exist extendable bitwise AND gadgets for the following problems and parameters:

IncMatching : 𝑣 (𝑑) = 𝑂 (𝑑2) and 𝑡 (𝑑) = 𝑂 (𝑑2),
IncDegHist : 𝑣 (𝑑) = 𝑂 (𝑑) and 𝑡 (𝑑) = 𝑂 (𝑑2),
IncKCore : 𝑣 (𝑑) = 𝑂 (𝑑2) and 𝑡 (𝑑) = 𝑂 (𝑑4).

4This is because 𝑡 (𝑑 ) is a positive and increasing function.
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Algorithm 1: Reduction from InnerProduct to solving 𝑔 in the exact setting
Input: A secret dataset 𝑥 ∈ {0, 1}𝑑 , and𝑚 = 𝜁𝑑 queries 𝑞1, . . . , 𝑞𝑚 with 𝑞 𝑗 ∈ {0, 1}𝑑 .
Output: Inner product answers ⟨𝑥, 𝑞1⟩, . . . , ⟨𝑥, 𝑞𝑚⟩

1 Set 𝑑 = min {𝑡− (𝑇 ), 𝑣− (𝑛)} , 𝑛′ = 𝑣 (𝑑), and 𝑇 ′ = 𝑡 (𝑑).
2 Initialize an (𝜀, 𝛿)-dp mechanism A for solving 𝑔 in the exact setting with 𝑛′ vertices for 𝑇 ′ timesteps

with additive error 𝛼 .
3 Insert edges of 𝐻init in any arbitrary order.
4 for 𝑡 = 1, . . . , 𝑑 do
5 if 𝑥𝑡 = 1 then insert edge 𝑒𝑡 else insert ⊥ ⊲ insert dataset 𝑥

6 for 𝑗 = 1, . . . ,𝑚 do
7 ℎ̃← dec𝑗 evaluated on the query value from A on the current graph 𝐻 𝑗

𝑥 .
8 Insert all edges in 𝑆 𝑗 in any arbitrary order. ⊲ insert query 𝑗

9 𝑞← dec𝑗 evaluated on the query value from A on the current graph 𝑄 𝑗
𝑥 .

10 Set inprod𝑗 = 𝑞 − ℎ̃.
11 Insert all edges in 𝑇 𝑗 in any arbitrary order. ⊲ neutralize query 𝑗

5 Insertions-only Graph Upper Bounds

In this section, we first state our insertions-only upper bound for a set of graph problems including
IncMatching and IncKCore, then we mention our upper bound for IncDegHist.

The following can be shown using the sparse vector technique (SVT).

Lemma 3. Let 𝑔 : G → R be a monotone function on graphs with constant sensitivity such that

for every incremental stream of length 𝑇 on graphs with 𝑛 vertices, the output of 𝑔 lies in the range

[𝐿(𝑛,𝑇 ), 𝑅(𝑛,𝑇 )] of length ℓ = 𝑅(𝑛,𝑇 ) − 𝐿(𝑛,𝑇 ). Then, for 𝜀 > 0 and 𝛿 ∈ [0, 1) there is an (𝜀, 𝛿)-DP
mechanism𝑀 that answers 𝑔 with additive error 𝛼 , where for 𝛿 > 0, 𝛼 = 𝑂 (ℓ1/3

√︁
ln(1/𝛿)/𝜀) and for

𝛿 = 0, 𝛼 = 𝑂 (
√
ℓ/𝜀).

Using the lemma above, we have the following:

Corollary 1. For 𝜀 > 0 and 𝛿 ∈ [0, 1) there we have the following upper bound for the additive error
of (𝜀, 𝛿)-DP mechanisms for IncMatching: for 𝛿 > 0, 𝛼 = 𝑂̃ (min(𝑛,𝑇 )1/3

√︁
ln(1/𝛿)/𝜀) and for

𝛿 = 0, 𝛼 = 𝑂̃ (
√︁
min(𝑛,𝑇 )/𝜀). Also, for IncKCore (𝑣), we have the following bounds: for 𝛿 > 0,

𝛼 = 𝑂̃ (min(𝑛,
√
𝑇 )1/3

√︁
ln(1/𝛿)/𝜀) and for 𝛿 = 0, 𝛼 = 𝑂̃ (

√︃
min(𝑛,

√
𝑇 )/𝜀)

To show the following upper bound, we use𝑛 separate counters (one for each degree) to calculate the
number of vertices with each degree. Then we use the advanced composition theorem (Theorem 8)
to find the right privacy parameter for the counters, so that the whole mechanism is private.

Lemma 4. For any 𝜀, 𝛿 ∈ (0, 1), there is an (𝜀, 𝛿)-differentially private mechanism in the exact setting

that solves IncDegHist with additive error 𝛼 , where 𝛼 = 𝑂 (
√︁
𝑛 log(1/𝛿)/𝜀).

6 Lower Bounds for 1-Way-Marginals

In this section, we will first review the definition of sample complexity and 1-Way-Marginals
and then prove two different lower bounds for its sample complexity. The first lower bound is for
𝜀-DP mechanism and uses a more restrictive notion of accuracy, namely (𝜂, 𝛼)-accuracy than the
second lower bound that applies for (𝜀, 𝛿)-DP mechanisms and uses (𝜂, 𝛼, 𝛽)-accuracy.
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Definition 2. A set of counting queries 𝑄 has sample complexity 𝑛∗ for (𝜀, 𝛿)-DP and (𝜂, 𝛼)-
accuracy, resp., (𝜂, 𝛼, 𝛽)-accuracy if 𝑛∗ is the smallest number of samples such that there exists an
(𝜀, 𝛿)-DP and (𝜂, 𝛼)-accurate, resp. (𝜂, 𝛼, 𝛽)-accurate mechanism for 𝑄 .

Definition 3 (1-Way-Marginals(𝑛,𝑑)). In this problem, given a private matrix 𝑌 ∈ {0, 1}𝑛×𝑑 ,
the mechanism must output an estimation of the average of the 𝑗 th column ( 1

𝑛

∑
𝑖 𝑌𝑖, 𝑗 ) for each

𝑗 ∈ [𝑑].

6.1 Pure Differential Privacy

Now, we prove the following bound on the sample complexity of approximating (withmultiplicative
error 𝜂 and additive error 𝛼) this problem under pure differential privacy. This is an extension of
the proofs of Hardt and Talwar [39] and De [19] to allow multiplicative approximations.

Definition 4 ((𝜂, 𝛼)-Accuracy for 1-Way-Marginals(𝑛,𝑑)). Let 𝜂 ≥ 1 and 𝛼 ∈ [0, 1] be param-
eters. An output sequence (𝑎1, . . . , 𝑎𝑑 ) is an (𝜂, 𝛼)-accurate answer to 1-Way-Marginals(𝑛,𝑑)
on database 𝐷 ∈ ({0, 1}𝑑 )𝑛 if

1
𝜂
· 1
𝑛

𝑛∑︁
𝑖=1

𝐷𝑖, 𝑗 − 𝛼 ≤ 𝑎 𝑗 ≤ 𝜂 ·
1
𝑛

𝑛∑︁
𝑖=1

𝐷𝑖, 𝑗 + 𝛼

for all columns 𝑗 ∈ [𝑑].

A mechanism M is (𝜂, 𝛼)-accurate for 1-Way-Marginals(𝑛,𝑑) if for every database 𝐷 ∈
({0, 1}𝑑 )𝑛 ,

Pr[M(𝐷) is an (𝜂, 𝛼)-accurate answer to 1-Way-Marginals(𝑛,𝑑) for 𝐷] ≥ 2/3,

Theorem 12. Let 𝜂 ≥ 1 and 𝛼 > 0 such that 𝜂 ·𝛼 < 1
2 . For every 𝜀-DP mechanismM : {0, 1}𝑛×𝑑 →

[0, 1]𝑑 for 1-Way-Marginals(𝑛,𝑑) that is (𝜂, 𝛼)-accurate, it holds that 𝑛 = Ω(𝑑/𝜀).

Thus, we have the following lower bound on the additive error on 𝜀-DP 𝜂-approximations of
1-Way-Marginals(𝑛,𝑑):

Corollary 2. There exist constants 𝑐1, 𝑐2 > 0, such that if 𝑛 ≤ 𝑐1 ·𝑑/𝜀, then for every 𝜀-DP mechanism

M : {0, 1}𝑛×𝑑 → [0, 1]𝑑 that is (𝜂, 𝛼)-accurate it holds that 𝜂 · 𝛼 > 𝑐2.

6.2 Approximate Differential Privacy

We show that the lower bound for approximate DP given by [13] can be extended to mechanisms
with multiplicative errors. We follow their proof structure, and recall two definitions that will be
used in this section. We first introduce the definition of accuracy that we will be using in this
subsection, which allows for a 𝛽 fraction of the queries to be answered with unbounded error.

Definition 5 ((𝜂, 𝛼, 𝛽)-Accuracy for 1-Way-Marginals(𝑛,𝑑)). Let 𝜂 ≥ 1 and 𝛼, 𝛽 ∈ [0, 1] be pa-
rameters. An output sequence (𝑎1, . . . , 𝑎𝑑 ) is an (𝜂, 𝛼, 𝛽)-accurate answer to 1-Way-Marginals(𝑛,𝑑)
on database 𝐷 ∈ ({0, 1}𝑑 )𝑛 if

1
𝜂
· 1
𝑛

𝑛∑︁
𝑖=1

𝐷𝑖, 𝑗 − 𝛼 ≤ 𝑎 𝑗 ≤ 𝜂 ·
1
𝑛

𝑛∑︁
𝑖=1

𝐷𝑖, 𝑗 + 𝛼

for at least a 1 − 𝛽 fraction of columns 𝑗 ∈ [𝑑]. A mechanism A is (𝜂, 𝛼, 𝛽)-accurate for 1-Way-
Marginals(𝑛,𝑑) if for every database 𝐷 ∈ ({0, 1}𝑑 )𝑛 ,

Pr[A(𝐷) is an (𝜂, 𝛼, 𝛽)-accurate answer to 1-Way-Marginals(𝑛,𝑑) for 𝐷] ≥ 2/3
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Note that if a mechanismM is (𝜂, 𝛼, 𝛽)-accurate, then for every 𝛽 ′ such that 𝛽 ≤ 𝛽 ′ ≤ 1,M is also
(𝜂, 𝛼, 𝛽 ′)-accurate. Thus, if there is no (𝜂, 𝛼, 𝛽 ′)-accuratemechanism for 1-Way-Marginals(𝑛,𝑑),
then there does not exist an (𝜂, 𝛼, 𝛽)-accurate mechanism for 1-Way-Marginals(𝑛,𝑑) (for
0 ≤ 𝛽 ≤ 𝛽 ′ ≤ 1). This means proving an impossibility result for (𝜂, 𝛼, 𝛽)-accurate mechanisms for
1-Way-Marginals(𝑛,𝑑) will imply the impossibility of (𝜂, 𝛼, 0)-accurate mechanisms (which is
equivalent to (𝜂, 𝛼)-accuracy).

Definition 6 (Reidentifiable Distribution). For𝑛,𝑑 ∈ N, letD be a distribution on 𝑛-row databases
with 𝑑 columns, 𝐷 ∈ ({0, 1}𝑑 )𝑛 . The distribution D is 𝛾-reidentifiable from (𝜂, 𝛼, 𝛽)-accurate
answers to 1-Way-Marginals(𝑛,𝑑) if there exists an adversary B : ({0, 1}𝑑 )𝑛 × [0, 1]𝑑 → [𝑛] ∪
{⊥} such that for every mechanism A : ({0, 1}𝑑 )∗ → [0, 1]𝑑 , the following both hold:

(1) Pr𝐷←𝑅D [(B(𝐷,A(𝐷)) = ⊥)∧(A(𝐷) is (𝜂, 𝛼, 𝛽)-accurate for 1-Way-Marginals(𝑛,𝑑))] ≤
𝛾 .

(2) For every 𝑖 ∈ [𝑛], Pr𝐷←D [B(𝐷,A(𝐷−𝑖 )) = 𝑖] ≤ 𝛾 .

Here, 𝐷−𝑖 corresponds to 𝐷 after removing its 𝑖th row and the probabilities are taken over the
choice of 𝐷 , 𝑖 , and coin flips of A and B. Also, D and B can share a common state.

The common state shared by D and B, is an auxiliary string 𝑎𝑢𝑥 that D sends to B (but not A)
about the realization of 𝐷 and is supposed to help B reidentify the index 𝑖 .

Intuitively, the first condition says that with high probability 1−𝛾 , it does not simultaneously occur
that B receives an accurate answer for the whole database 𝐷 from A and it does not accuse any
index at all. The second condition says that the probability of B accusing some index, whose row
has been removed from the database used by A (which is then a false accusation) is at most 𝛾 .

We show that the existence of a reidentifiable distribution for 1-Way-Marginals implies (under
a condition on the parameters) strong lower bounds on the accuracy guarantees of any (𝜀, 𝛿)-
differentially private mechanism for 1-Way-Marginals for certain parameters. Note that since
𝐷 is public, the output of B is a post-processing of the output of A.

Lemma 5. Let 𝛼, 𝛽,𝛾 ∈ [0, 1], 𝜀 > 0, 𝛿 ∈ (0, 1], 𝜂 ≥ 1 be parameters and let 𝑑, 𝑛 ≥ 1 be in-

tegers. If there exists a 𝛾-reidentifiable distribution D from (𝜂, 𝛼, 𝛽)-accurate answers to 1-Way-

Marginals(𝑛,𝑑), then there is no (𝜂, 𝛼, 𝛽)-accurate (𝜀, 𝛿)-DPmechanism for 1-Way-Marginals(𝑛,𝑑)

such that 𝑒−𝜀 · 1
𝑛
·
( 2
3 − 𝛾

)
−𝛿 > 𝛾 . In particular, for 𝜀 = 1, this holds for any 𝛿 < 2/(3𝑒𝑛) −𝛾 −𝛾/(𝑒𝑛),

and so choosing 𝛾 = 1/(100𝑛) and 𝛿 ≤ 1/(5𝑛) suffices.

Now, we restate a variant of the definition of fingerprinting codes introduced in [13]. Fingerprinting
codes were initially introduced by Boneh and Shaw [10]. Assume there is a set of 𝑛 users, {1, . . . , 𝑛}.
A fingerprinting code is a pair (Gen, Trace) of randomized mechanisms where Gen outputs a binary
codebook 𝐶 ∈ ({0, 1}𝑑 )𝑛 containing 𝑛 codewords of length 𝑑 such that 𝑐𝑖 is the codeword of user
𝑖 and Trace : ({0, 1}𝑑 )𝑛 × {0, 1}𝑑 → [𝑛] is supposed to trace back one of the codewords used in a
coalition’s codeword. In particular, a set 𝑆 ⊆ [𝑛] can form a coalition to create a certain codeword
𝑐′ from their own codewords in the codebook (𝐶𝑆 ), maintaining some constraints (formalized in
the set 𝐹𝛽 (𝐶𝑆 ) of feasible codewords). Trace, given the codebook and the new codeword 𝑐′, has
to trace back one of the codewords 𝑖 or does not accuse anyone of participating in the coalition.
However, the probability of the new codeword maintaining the constraint and Trace not accusing
anybody should be low; moreover, Trace should not accuse somebody who has not participated in
the coalition (except with a small probability). The definition below is a variant of fingerprinting
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codes with a weaker (compared to the standard definition of fingerprinting codes) constraint on
feasible codewords (𝐹𝛽 (𝐶𝑆 )).

Definition 7 (Error-Robust Fingerprinting Codes [13]). For any 𝑛,𝑑 ∈ N, 𝛾, 𝛽 ∈ [0, 1], a pair
of mechanisms (Gen,Trace) is an (𝑛,𝑑)-fingerprinting code with security 𝛾 robust to a 𝛽 fraction

of errors if Gen outputs a codebook 𝐶 ∈ {0, 1}𝑛×𝑑 such that 𝑐𝑖 is the codeword of user 𝑖 and for
every (possibly randomized) adversary A𝐹𝑃 , and every coalition 𝑆 ⊆ [𝑛] with codewords set
𝐶𝑆 = ∪𝑖∈𝑆 {𝑐𝑠 }, if we set 𝑐′ ← A𝐹𝑃 (𝐶𝑆 ), then

(1) Pr[𝑐′ ∈ 𝐹𝛽 (𝐶𝑆 ) ∧ Trace(𝐶, 𝑐′) = ⊥] ≤ 𝛾,
where 𝐹𝛽 (𝐶𝑆 ) = {𝑐′ ∈ {0, 1}𝑑 | Pr𝑗←[𝑑 ] [∃𝑖 ∈ 𝑆, 𝑐′𝑗 = 𝑐𝑖 𝑗 ] ≥ 1 − 𝛽}

(2) Pr[Trace(𝐶, 𝑐′) ∈ [𝑛] \ 𝑆] ≤ 𝛾,

where the probability is taken over the coins of Gen, Trace, and A𝐹𝑃 . The mechanisms Gen and
Trace may share a common state.

The existence of such Gen and Trace is proved in the same paper. (For the standard definition of
fingerprinting codes, their existence was shown in [65].)

Theorem 13 (13) . For every 𝑑 ∈ N, and 𝛾 ∈ (0, 1], there exists an (𝑛,𝑑)-fingerprinting code with
security 𝛾 robust to a 1/75 fraction of errors for 𝑛 = 𝑛(𝑑,𝛾) = Ω̃(

√︁
𝑑/log(1/𝛾)) .

Note that for any 𝑛 ∈ N, if there exists an (𝑛,𝑑)-fingerprinting code with security 𝛾 robust to a 𝛽
fraction of errors, then there also exists one for any 𝑛′ ∈ N where 𝑛′ ≤ 𝑛.

It then follows that for every𝑑 ∈ N, and𝛾 ∈ (0, 1], there exists a function𝑛′ (𝑑,𝛾) = 𝜃 (
√︁
𝑑/log(1/𝛾))

(possibly slower growing than 𝑛(𝑑,𝛾)) such that for every 𝑛 ≤ 𝑛′ (𝑑,𝛾), there exists an (𝑛,𝑑)-
fingerprinting code with security 𝛾 robust to a 1/75 fraction of errors. Since we will need the exact
terms inside the asymptotic notation in our proofs, we use constants 𝑐1 > 0 and 𝑐2 < 0 such that
for large enough 𝑑 , the above-mentioned fingerprinting code exists for every 𝑛 ≤ 𝑐1

√
𝑑 log𝑐2 𝑑

𝛾
.

The following lemma shows that the existence of fingerprinting codes implies the existence of
reidentifiable distribution for 1-Way-Marginals(𝑛,𝑑).

Lemma 6. Given 𝑛,𝑑 ∈ N and 𝛽,𝛾 ∈ [0, 1], if there exists an (𝑛,𝑑)-fingerprinting code with security

parameter 𝛾 robust to a 𝛽 fraction of errors, then there exists a distribution D on databases 𝐷 ∈
({0, 1}𝑑 )𝑛 that is 𝛾-reidentifiable from (𝜂, 𝛼, 𝛽)-accurate answers to 1-Way-Marginals(𝑛,𝑑) if

𝜂 · 𝛼 < 1
2 .

Now, we are ready to prove the main result of this section.

Theorem 14. For 𝑑 ∈ N, 𝑛 = 𝑂 (
√
𝑑), 𝛼 ∈ [0, 1] and 𝜂 ≥ 1 such that 𝜂 · 𝛼 < 1

2 , there exists no
(1,𝑂 (1/𝑛))-DP mechanism for 1-Way-Marginals(𝑛,𝑑) that is (𝜂, 𝛼, 1/75)-accurate.

In particular, this shows that any (𝜂, 𝛼)-approximation mechanism must have 𝜂 · 𝛼 ≥ 1/2 = Ω(1).

Now, to extend the result above from (𝜀0, 𝛿)-DP for constant 𝜀0 to (𝜀0, 𝛿)-DP for any 𝜀 ≤ 1,

we use the following lemma which is similar to Lemma 2.6 of [13] implied by [49]. However, since
they only showed the lemma for the case of 𝜂 = 1, we show it for the general case here.
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Lemma 7. Let 𝛼, 𝛽 ∈ [0, 1], 1 ≤ 𝜂, let constant 𝜀0 > 0 and 0 < 𝜀 ≤ 𝜀0. If 1-Way-Marginals(𝑛,𝑑)

has sample complexity 𝑛∗ for (𝜂, 𝛼, 𝛽)-accuracy and (𝜀0, 𝛿)-differential privacy for 𝛿 = 𝑂 (1/𝑛), then
1-Way-Marginals(𝑘𝑛,𝑑) (for 𝑘 = ⌊ 𝜀0

𝜀
⌋) has sample complexity Ω( 𝑛∗

𝜀
) for (𝜂, 𝛼, 𝛽)-accuracy and

(𝜀, 𝛿 ′)-differential privacy where 𝛿 ′ (𝑘𝑛) = 𝑂 (1/(𝑘𝑛)) = 𝑂 (𝜀/𝑛).

Note that the above arguments also hold for any set of counting queries. Now, by Lemma 7 and
Theorem 14, we have the following:

Theorem 15. For 𝜀 ≤ 1, 𝑑 ∈ N, 𝑛 = 𝑂 (
√
𝑑/𝜀), 𝜂 ≥ 1 and 𝛼 ∈ [0, 1] such that 𝜂 · 𝛼 < 1

2 , there exists
no (𝜀,𝑂 (1/𝑛))-DP mechanism for 1-Way-Marginals that is (𝜂, 𝛼, 1/75)-accurate.

As (𝜂, 𝛼, 1/75)-accuracy implies (𝜂, 𝛼)-accuracy, the corresponding statement also holds for (𝜂, 𝛼)-
accuracy.

7 Item-Level Lower Bounds for Fully Dynamic Graph Mechanisms

In this section, we will use reductions from 1-Way-Marginals to show strong lower bounds
on fully dynamic item-level graph problems.

We first introduce the framework of graph problems for which we show our lower bounds.

Definition 8 (Marginals Solving Family). Let 𝑛0 ∈ N and 𝑔 be a real-valued graph function. We
call a family of tuples {(𝐻𝑛 = (𝑉𝑛, 𝐸𝑛), (𝑒1, . . . , 𝑒𝑛))}𝑛>𝑛0 a marginals solving family for function 𝑔

with weight𝑤 and size (𝜈 (𝑛), 𝜉 (𝑛)) (where 𝜈 : N→ N is an increasing function of 𝑛, 𝜉 : N→ N is
an increasing polynomial functions of 𝑛, and𝑤 is a positive number) if the following holds for all
𝑛 > 𝑛0:

• 𝐻𝑛 is a graph with 𝜈 (𝑛) vertices and 𝜉 (𝑛) edges, i.e., |𝑉𝑛 | = 𝜈 (𝑛), |𝐸𝑛 | = 𝜉 (𝑛),

• One of the following cases happen: (Note that the same case should hold for all values of𝑛 > 𝑛0)

– 𝑒1, . . . , 𝑒𝑛 ∉ 𝐸𝑛 and for every subset 𝑆 ⊆ [𝑛], 𝑔((𝑉𝑛, 𝐸𝑛 ∪ {𝑒𝑖 | 𝑖 ∈ 𝑆})) = 𝑤 · |𝑆 |, or

– 𝑒1, . . . , 𝑒𝑛 ∈ 𝐸𝑛 and for every subset 𝑆 ⊆ [𝑛], 𝑔((𝑉𝑛, 𝐸𝑛 \ {𝑒𝑖 | 𝑖 ∈ 𝑆})) = 𝑤 · |𝑆 |

If there exists such a sequence for a problem 𝑔, we say that 𝑔 has a marginal solving family with
weight𝑤 and size (𝜈, 𝜉).

Recall that inserting ⊥ is equivalent to a no-op and has no influence on the graph (and thus the
value of the function).

Now, we use a reduction from 1-Way-Marginals to prove a lower bound for graph problems
that have marginal solving families.

Theorem 16. Let 𝜀, 𝛿, 𝛼 ∈ [0, 1] and 𝜂 ≥ 1. Let 𝑔 : G[𝑉 ] → R be a function that has a marginals

solving family with weight 𝑤 and size (𝜈, 𝜉), where G[𝑉 ] is the set of all graphs with vertex set 𝑉 .

Then, for all large enough 𝑇 and 𝑁 , if there exists an (𝜀, 𝛿)-differentially private mechanism that

solves 𝑔 with multiplicative error 𝜂 and additive error 𝛼 , for inputs with at most𝑇 time steps on graphs

with at most 𝑁 vertices, then

𝜂 · 𝛼 =


Ω̃
(
𝑤 ·min

(
3
√︁
𝑇 /𝜀2, 𝜈− (𝑁 ), 𝜉− (𝑇 )

))
when 𝛿 > 0 and 𝛿 = 𝑜 (1/𝑇 )

Ω̃
(
𝑤 ·min

(√︁
𝑇 /𝜀, 𝜈− (𝑁 ), 𝜉− (𝑇 )

))
when 𝛿 = 0

where 𝑓 − (𝑥) = sup{𝑦 | 𝑓 (𝑦) ≤ 𝑥} is the generalized inverse as earlier.
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We show a reduction from 1-Way-Marginals to graph problems with a marginal solving family.
The proof of Theorem 16 follows by fixing the right parameters in the reduction.

Lemma 8 (Reduction from 1-Way-Marginals(𝑛,𝑑) to graph problems that have marginals
solving family). Let 𝑛,𝑑 ∈ N and 𝑌 ∈ {{0, 1}𝑑 }𝑛 . Then for all 𝑤 ∈ R+ and functions 𝜈 and 𝜉 that

satisfy conditions of Definition 8 and each function 𝑔 : G(𝑉 ) → R with a marginal solving family

with weight𝑤 and size (𝜈, 𝜉), there exists a transformation from 𝑌 to a fully dynamic graph stream

on 𝑁 -node graphs, where 𝑇 = 𝜉 (𝑛) + 2𝑛𝑑 , 𝑁 = 𝜈 (𝑛), and the graph after the update on time step 𝑡 is

𝐺𝑡 (∀𝑡 ∈ [𝑇 ]), such that

• The transformations of neighboring 𝑌,𝑌 ′ ∈ {{0, 1}𝑑 }𝑛 give item-level neighboring streams, and

• defining 𝑡0 = 𝜉 (𝑛), for all 𝑗 ∈ [𝑑] and 𝑡 𝑗 = 𝜉 (𝑛) + 2 𝑗𝑛, we have 𝑔(𝐺𝑡 𝑗−𝑛) = 𝑤
∑𝑛

𝑖=1 𝑌𝑖, 𝑗 .

Now, we use our framework to show lower bounds for a variety of problems using Theorem 16. First,
let us mention the definition of 1-edge distinguishing gadgets by Raskhodnikova and Steiner [59].
This gadgets are defined for additive functions, which are defined as follows:

Definition 9 (Additive Graph Functions). A function 𝑔 is additive if for every graph 𝐺 with
connected components 𝐶1, . . . ,𝐶𝑚 , we have 𝑔(𝐺) =

∑
𝑖∈[𝑚] 𝑔(𝐶𝑖 ).

Definition 10 (1-Edge Distinguishing Gadgets [59]). Let𝑔 be a real-valued additive graph function,
𝐻 = (𝑉 ′, 𝐸′) be a graph and 𝑒 ∈ 𝑉 ′ × 𝑉 ′. Set 𝑛𝑔 = |𝑉 ′ | and 𝑚𝑔 = |𝐸′ |. The pair (𝐻, 𝑒) is
called a 1-edge distinguishing gadget for 𝑔 of size (𝑛𝑔,𝑚𝑔) and weight 𝑤 if either: 𝑒 ∉ 𝐸′ and
𝑔((𝑉 ′, 𝐸′ ∪ {𝑒})) = 𝑔(𝐻 ) +𝑤 , or 𝑒 ∈ 𝐸′ and 𝑔((𝑉 ′, 𝐸′ \ {𝑒})) = 𝑔(𝐻 ) +𝑤 . If there exists such a pair
for a problem 𝑔, we say that 𝑔 has a 1-edge distinguishing gadget.

In their theorem, Raskhodnikova and Steiner show the following lower bound for every function 𝑔
that has a 1-edge distinguishing gadget. In Corollary 3, among other problems, we show a stronger
lower bound for all functions 𝑔 that have a 1-edge-distinguishing gadget such that 𝑔(𝐻 ) = 0, as
defined below:

Definition 11 (0-based 1-Edge Distinguishing Gadgets). Let 𝑔 be a real-valued additive graph
function, 𝐻 = (𝑉 ′, 𝐸′) be a graph and 𝑒 ∈ 𝑉 ′ ×𝑉 ′. Set 𝑛𝑔 = |𝑉 ′ | and𝑚𝑔 = |𝐸′ |. The pair (𝐻, 𝑒) is
called a 0-based 1-edge distinguishing gadget for 𝑔 of size (𝑛𝑔,𝑚𝑔) and weight𝑤 if 𝑔(𝐻 ) = 0 and
either: 𝑒 ∉ 𝐸′ and 𝑔((𝑉 ′, 𝐸′ ∪ {𝑒})) = 𝑤 or 𝑒 ∈ 𝐸′ and 𝑔((𝑉 ′, 𝐸′ \ {𝑒})) = 𝑤 . If there exists such a
pair for a problem 𝑔, we say that 𝑔 has a 0-based 1-edge distinguishing gadget.

Here are a few examples of 0-based 1-edge distinguishing functions:

• Matching: For this problem setting 𝐻 to be two isolated vertices and 𝑒 to be the potential
edge between them, gives a 0-based 1-edge distinguishing gadget of size (2, 0) and weight 1.

• Subgraph Counting: For the problem of counting instances of any subgraph𝐺 , a 0-based 1-edge
distinguishing gadget for it is by setting 𝐻 to be 𝐺 − 𝑒 for any arbitrary edge 𝑒 in 𝐺 . Then
(𝐺 − 𝑒, 𝑒) will be such a gadget of size ( |𝑉 (𝐺) |, |𝐸 (𝐺) − 1|) and weight 1. When 𝐺 = 𝐾3, the
cycle graph on 3 vertices, this gives the well-studied triangle counting problem.

Our lower bounds are stronger than that of [59] since our bounds hold even for mechanisms that
have multiplicative error. Now, we are ready to show our lower bounds.

Corollary 3. Let 𝜀, 𝛿 ∈ [0, 1] and 𝜂 ≥ 1. For every large enough 𝑇 and 𝑁 , if there is a mechanism

that is (𝜀, 𝛿)-DP and (𝜂, 𝛼)-accurate for the functions below, then the bound holds for 𝜂 and 𝛼 :
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• Every 𝑔 that has a 0-based 1-edge distinguishing gadget of size (𝑛𝑔,𝑚𝑔) and weight𝑤 :

𝜂 · 𝛼 =


Ω̃

(
𝑤 ·min

(
3
√︃

𝑇
𝜀2 ,

𝑁
𝑛𝑔
, 𝑇
𝑚𝑔

))
when 𝛿 > 0 and 𝛿 = 𝑜 (1/𝑇 )

Ω̃

(
𝑤 ·min

(√︃
𝑇
𝜀
, 𝑁
𝑛𝑔
, 𝑇
𝑚𝑔

))
when 𝛿 = 0

• 𝑓≥𝜏 , KCore, and MinCut:

𝜂 · 𝛼 =


Ω̃
(
𝑤 ·min

(
3
√︁
𝑇 /𝜀2, 𝑁 ,

√
𝑇

))
when 𝛿 > 0 and 𝛿 = 𝑜 (1/𝑇 )

Ω̃
(
𝑤 ·min

(√︁
𝑇 /𝜀, 𝑁

))
when 𝛿 = 0

• 𝑠-𝑡-MinCut:

𝜂 · 𝛼 =


Ω̃
(
𝑤 ·min

(
3
√︁
𝑇 /𝜀2, 𝑁 ,𝑇

))
when 𝛿 > 0 and 𝛿 = 𝑜 (1/𝑇 )

Ω̃
(
𝑤 ·min

(√︁
𝑇 /𝜀, 𝑁 ,𝑇

))
when 𝛿 = 0

• EdgeCount:

𝜂 · 𝛼 =


Ω̃
(
𝑤 ·min

(
3
√︁
𝑇 /𝜀2, 𝑁 2

))
when 𝛿 > 0 and 𝛿 = 𝑜 (1/𝑇 )

Ω̃
(
𝑤 ·min

(√︁
𝑇 /𝜀, 𝑁 2

))
when 𝛿 = 0

Remark. For 𝑠-𝑡-MinCut and MinCut, our arguments will still hold if we extend the model to
weighted graphs with maximum weight𝑊 where neighboring sequences can differ arbitrarily in
updates corresponding to the edge between a single pair of vertices. The reductions would have
the weight of all of the edges set to𝑊 . In that case, the lower bounds will be multiplied by𝑊 .
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