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An oblivious subspace embedding (OSE), characterized by parameters m, n, d, €, §, is arandom matrix IT € RMmxn

such that for any d-dimensional subspace T C R, Pry[Vx € T,(1 — ¢)||x|l2 < |[IIx|l2 < (1 + ¢)]|x]l2] =
1 — 8. When an OSE has s < 1/2.001€ nonzero entries in each column, we show it must hold that m =
Q(d?/ (623”0(5) )), which is the first lower bound with multiplicative factors of d? and 1/e, improving on
the previous Q(d? /30(5)) lower bound due to Li and Liu (PODS 2022). When an OSE has s = Q(log(1/¢€)/¢)
nonzero entries in each column, we show it must hold that m = Q((d/e)l+1/4'0°165 /30(5)), which is the first
lower bound with multiplicative factors of d and 1/e, improving on the previous Q (d!*!/(166s+4)) Jower bound
due to Nelson and Nguyén (ICALP 2014). This second result is a special case of a more general trade-off among

d,€,s,d and m.
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1 Introduction

Subspace embedding is an essential dimensionality reduction tool for processing large datasets,
such as clustering [2, 7], performing correlation analysis [1], and solving basic linear algebraic
problems like regression and low-rank approximation [5]. Formally, given a subspace T C R", a
linear map IT : R” — R™ (or, equivalently, a matrix IT € R™*") is called an e-subspace-embedding
for Tif (1 —¢) ||x|l, < |IIx]|, < (1 +¢€) ||x]|, for all x € T simultaneously. In this definition, IT may
depend on the subspace T; however, in many applications, the data can be dynamically updated (and
thus T changes), so it is preferable to have a II that is independent of T, in which case II is called
an oblivious subspace embedding. It is clear that a fixed II cannot be a subspace embedding for all
subspaces T; a more reasonable definition thus includes randomness in II. The formal definition is
given below.

DEFINITION 1. An (n,d, €, §)-oblivious-subspace-embedding is a random matrix II1 € R™" such
that for any fixed d-dimensional subspace T C R", it holds that

Pr{vx e T,(1-¢)llx|lz < [[Ix[]z < (1+€)lx[l2] = 1-6. 1)
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116:2 Yi Li and Mingmou Liu

In most applications, T is the column space of data matrix A € R™9, 5o Eq. (1) can be written as
Pr|vx € RY, (1 - €)||Ax|ly < [[TAx|l, < (1+ ellAx|lz] > 1-6. (2)

When n and d are clear from the context, we may omit them in the parameters. We shall consider
only oblivious subspace embeddings, so we will also drop the word “oblivious” and simply say
“(e, 8)-subspace-embedding”.

A typical application of oblivious subspace embedding is linear regression, namely, solving
min, g ||Ax — b||, for given A € R™? and b € R" with n > d. Suppose II is an (¢, §)-subspace-
embedding for the column space of the concatenated matrix (A b). This subspace has dimension at
most d + 1, so IT can have only poly(d/e) < n rows. The subspace embedding property implies that
IIIAx — I1b||, = ||ITI(Ax — D)||, = (1 £ €) ||Ax — b||, for all x. Thus, the original large-scale problem
||Ax — b||, is reduced to a much smaller one |[IIAx — IIb||,, which can be solved much faster.

The design of IT aims to minimize the number m of rows while allowing ITA to be computed
efficiently. It has long been known that the optimal dimension is m = ©((d + log(1/6))/€?) [11],
but constructions achieving this bound are dense matrices and therefore slow to apply. Two main
approaches have been developed to improve runtime: using structured transforms (e.g. FFT-based),
or using sparse matrices with at most s nonzeros per column so that ITA can be computed in
O(s -nnz(A)) time. We focus on the latter approach, namely sparse oblivious subspace embeddings.

The sparsest case s = 1 is now completely understood. The classical Count-Sketch construction
places exactly one nonzero entry in each column at a uniformly random position, with its value
given by a uniformly random sign in {1, 1}. It is known that m = O(d?/(€%5)) rows suffice for
an (€, §)-subspace-embedding [9]. The quadratic dependence on d has long been known to be
necessary [10], and recently Li and Liu established a fully tight bound of m = Q(d?/(€26)) [8].

For larger s, the trade-off between sparsity and embedding dimension remains less well under-
stood. The OSNAP construction [6, 9] shows (i) m = O(d log(d/5)/e?) when s = ©(log(d/8)/e), or
(ii) m = O(d**" log(d/8)/€?) when s = ®@(1/(ye)) for any constant y > 0. Since the general lower
bound is m = Q((d +log(1/6))/€?) [11], case (i) is tight up to a logarithmic factor. Recent progress
has largely closed this logarithmic gap. It was shown in [4] that s = ©(log*(d/5)/€®), with higher
exponents of logarithmic factors and 1/e, can achieve m = O((d+log(1/5))/e?), which is optimal up
to a constant factor. This was later improved in [3], for € = e"%(@ to s = O(log?(d/5) /e+log® (d/5))
and optimal m = O((d +log(1/6))/€?).

In case (ii), as s decreases by a logarithmic factor, m significantly increases while still maintain-
ing a subquadratic dependence on d, namely, d'*'/®(¢5) This form matches the lower bound of
Q(d'*1/(16es+4)) 111]1. However, when s is a constant factor smaller, say, s < a/e for some constant
a > 0, a quadratic dependence on d becomes necessary: it is known that m = Q(e%d?) for constant
§ [11], improved to m = Q(e°(®) d?) in [8]. Since Count-Sketch (s = 1) already attains the tight
bound m = ©(d?/€?), no substantially better construction is known in the regime s < a/e, leaving
a large gap between the upper and lower bounds.

We conjecture that a tight lower bound m = Q(d?/€?) exists when s < /e and a lower bound
m = Q(d*1/0(es) /e2) exists when s > a/€, so there is a sharp transition for s € (¢!, 0(e ! log d)).
As a first step towards this goal, we ask the following question:

Is it possible to obtain a lower bound including both d* (resp. d'+*'/®(¢%) ) and 1/e as multiplicative
factors, such as Q(d?[€%1) (resp. Q(d"+1/®(€5) [e01)), when's < a/e (resp.s > a/e)?

Our Results. In this paper, we answer the question affirmatively by providing two trade-offs
between m and s. These are the first lower bounds with factors of both d'*/©(€s) and 1/e.

IThe constants such as 16 and 4 are not specified in the theorem statement in [11] but can be determined through a careful
examination of the proof.
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The first result states that any (€, §)-subspace-embedding with column sparsity at most (1/2 —
0(1))e must have Q(d?/(s"*%®) €2 polylog s)) rows. The result is formally stated below.

THEOREM 2. There exist absolute constants €, do, co, Ko, K1 > 0 such that the following holds. For all
€€ (0,6),5 € (0,8),d=1/e andn > Kyd?/(€?65), any (e, §)-subspace-embedding II must have

m > cod?/ (25K 1og!® )
rows if the column sparsity s of 1 satisfies 3 < s < ((1 — €)? + (2¢ — €%)/log s + 1/log? s)/(2e).

Note that the upper bound for s is (1/2 — 0(1))e if e = 0(1) and s = w(1).
Our second result is a general lower bound for sparse OSE: any OSE with column sparsity s must
have Q((d/se)+!/(L(#+o(1))es]+1) (1-0(5) /holylog 5) rows.

THEOREM 3. There exist absolute constants €, &, co, Ko, K1, K2 > 0 such that the following holds.
Foralle € (0,&),65 € (0,8),d > 1/€’, n > Kyd*/(€25), any (e, §)-subspace-embedding I1 must have

co - 01/ (=1 d\ Y-
2 0 . ( )
sKidx/(x-1) 1Og6/(x—1)+2 s

; 5
rows, if the column sparsity s of I satisfies3 < s < Kye 'logd, where y = | (4e+0)/0(1—1/logs)|+1
and 0 > (1-¢€)%/s —1/slogs.

Note that 4¢/0 = 4es(1+2¢/(1 —€)? + O(1/logs)), and y = [ (4 +0(1))es] +2if s = w(1) and
€ = 0(1). Thus for € < 1/202 and s = Q(log(1/€)/e) N O((logd)/e), our lower bound is at least

1
d 1+4(1+2€)€s
) o).
€

d1+1/(16es+4))

m=Q

which is better than the previous Q ( lower bound of Nelson and Nguyén [11] in the
dependence of both d and e.

We remark that the first lower bound is significantly stronger than the second when 1/4€e < s <
1/2¢, as the two arguments rely on different contradiction principles. We further remark that the
same lower bound can be obtained for s = 1, 2 (except that log s is replaced with some constant)

with a minor modification to our proof.

2 Technique overview

We begin by applying Yao’s minimax principle to construct a matrix distribution O (called the hard
instance) and to show that any deterministic (e, )-subspace-embedding II for the column space of
a random matrix U ~ D, i.e. Eq. (2) holds for U ~ D and deterministic II, must have many rows.

We adopt the hard instance D from [8], formally defined in Definition 7. Informally, U ~ D
has a random parameter § € (0,1] and takes the form U = VW. We denote U ~ Dg when S is
fixed, and the overall construction intuitively forces IT to be an OSE for U ~ Dg for most values
of f. The matrix V has d/f columns and each column (IIV),; is a copy of a random column of
I1.2 The matrix W is a random matrix ensuring that any large inner product (in absolute value)
between two columns of IIV makes it unlikely that II is a subspace embedding for U = VW (see
Lemma 8). Thus, as in [8, 11], the key task in the sparse case is to find a large inner product among
the columns of IIV.

Specifically, the proof for Theorem 2 identifies a pair of columns of IIV with inner product
exceeding 2e. The random W randomizes ||IIUo||3 for some unit vector o, causing ||[TIUv||2 to

ZFor a matrix A, we denote its i-th column vector by A ;.
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fluctuate over a range of length larger than 4e. This contradicts the OSE guarantee that ||TIUv||3 €
(1 + €)?, which is a range of length exactly 4e.

For the dense case, the proof follows the some intuition but considers all pairs from y > 2 columns
rather than just a single pair. We seek y columns Xj, ..., X, of IV such that ;. ;(X;, X;) > 4ey.
Here, the random matrix W is no longer useful (the randomnization trick does not work for large
x). Instead, we show that 3, [|X;||2 > (1 — €)?y and then choose an appropriate unit vector » such
that |[TIU|13 - x = | X; Xill5 = X IXill + X:2(Xi. X;j) > (1 + €)?y, violating the OSE guarantee.

We remark that the strategy for Theorem 2 naturally leads to an upper bound of 1/(2¢) for s,
while the strategy for Theorem 3 yields a phase transition around s = 1/(4€) from quadratic to
subquadratic dependence on d.

In the following sections, we shall describe our approach for the sparse case in Sections 2.1 to 2.3,
followed by the dense case in Section 2.4. Although the limitations in Section 2.1 and the intuition
in Section 2.2 apply to both cases, for simplicity, they are described in a form tailored to sparse case.

2.1 Limitations of previous approaches

The previous proofs [8, 11] adopt the following strategy. For a row k of IT, let Sy = {j : Iy ; > vk},
where k € (0,1). As noted earlier, we aim show that there exist two columns of IIV with a large
inner product. More precisely, the goal is to argue that ((IIV),;, (ITV)y ;) is large with a good small
probability when (ITV),; and (IIV), ; are drawn uniformly from the columns in Sg.

To see this, we split a vector into the k-th coordinate and the remaining coordinates, writing

(V) is TIV )5 j) = (V) ;s (TIV ) + (I V )iy (I V) i) 2 K+ (I V )iy (I V) ),

where IT) is obtained from IT by zeroing out the k-th row. Thus, it suffices to show that the remainder
X = ((IT,V)xis (II. V)4 ;) would not be too negative to cancel k. For example, it can be shown that

Pr(X > —«/2] = Q(x). (3)

Taking k = ©(e) implies that two random columns of ITV in Si have inner product Q(¢) with
probability Q(e). It then requires finding Q(1/€) such pairs of columns (which may come from
Sk for different values of k) to obtain a large inner product with constant probability. A simple
greedy strategy in [11] finds Q(+/d?/m) pairs, leading to a lower bound of m = Q(e%d?); a more
sophisticated greedy strategy in [8] finds many more pairs and improves this to Q(e9(%)d?).

We remark that Eq. (3) cannot be improved for a general matrix II. Furthermore, an example
was given in [8, Remark 10], showing that this strategy cannot prove a lower bound beyond Q(d?).
The example takes IT to be a horizontal concatenation of copies of d? X d? block diagonal matrix,
where each diagonal block is V8eH with H being a Hadamard matrix of order 1/(8¢). Hence, every
nonzero entry of IT is +v/8¢. Assume that & is a constant. The hard instance is 9; and the matrix V
has thus d columns. The previous strategy applies Eq. (3) with ¥ = 8¢. Now, two random columns
of TIV belong to the same Sy with probability ©(1/(ed?)); when this occurs, they have a large
inner product with probability ©(e). Hence, two random columns of IIV have an inner product
©(¢€) with probability ®(1/d?). On the other hand, since ITV has at most O(d?) column pairs, the
previous strategy finds a large inner product with probability at most a small constant. By enlarging
II from d? to ©(d?) rows, this probability can be made smaller than 8, so no contradiction with the
subspace embedding property arises. Hence this approach cannot yield lower bound beyond Q(d?).

In this example, however, two random columns of ITV has a much larger inner product than ©(¢)
whenever the inner product is nonzero; that is, X is likely to be much larger than x. Specifically,

Pr{X > 1 - 8¢} = O(¢)
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when (I V)4 ; and (I, V), ; are drawn from the same Si. This suggests that we could use a more
challenging hard instance Dg with a smaller f, which would be conducive to a higher lower bound.
For instance, when § = ©(¢), the inner product of two columns of IIV will be scaled down by a
factor of ©(e), leading to an inequality comparable with (3). But there are now potentially many
more column pairs than before, making a higher lower bound more likely.

2.2 The intuition

Recall that X = ((IT; V)i, (I, V) ;) for two random i, j € [n], where IT} is the matrix obtained
from IT by zeroing out the k-th row. The central technical issue is how to exploit the fact that X can
be much larger than x. We characterize the phenomenon with Eq. (4) below. Note that X < 1 and
E[X] = 0. For all ¥ € (0,1), if X < —3k with probability at least 2/3, then there is a nonnegative
integer £ < log(1/k) such that

Pr[X ~ 2'k] ~ 27%/log(1/x). (4)
This quickly follows from applying the law of total expectation:

log(1/x)
K+ Z E[X | X € (2K, 2] ] - Pr[X € (2%, 2*'x]] = E[X | X = =3x] - Pr[X > —3«]
=0
—EB[X] —E[X | X < -3k] - Pr[X < =3x] > 2«.

The formal statement and its proof can be found in Lemma 9. It is tempting to apply our new
observation, Eq. (4), in the strategy used by [8, 11] as described in Section 2.1 to prove a higher
lower bound. However, Eq. (4) is incompatible with the existing strategy. Instead, we devise a novel
approach which is drastically different from the previous greedy strategies to lower bound the
number of column pairs with large inner products.

2.3 Our approach for sparse case

To exploit Eq. (4), we adopt a straightforward strategy in a global manner. For description simplicity,
we call a column pair good if the pair has a large inner product. We partition columns of IIV into
two disjoint sets of equal size d/(2f) and show that

CrLAmM 4 (INFORMAL). One of the following two cases must hold:

(i) (good intra-partition pair) With Q(1) probability, there exist i, j < d/(2f) such that the inner
product ((IIV);, (IIV) ;) is large;

(ii) (good inter-partition pair) With Q(1) probability, there existi < d/(2f) and j > d/(2f) such
that the inner product ((IIV ) ;, (IIV )4 ;) is large.

Claim 4 is proved by an incremental strategy. Define S;. 2 {ie[n]: (4, (ITV)y, ;) is large},
the set of the columns of IT which has a large inner product with (IIV),_ ;. We shall show

CraM 5 (INFORMAL). For any column set S’ C [n] and a uniformly random column J € [n], with
a good probability, either ] € S, or S} \ S” is not small.

We first demonstrate how to prove Claim 4 using Claim 5. The first d/(2f) columns of ITV are
examined sequentially. At step j (j < d/(2f)),letS” =S]U---U S;._l and let J € [n] be the index
such that I, ; = (IIV), ;. If ] € S”, a good intra-partition pair is found; otherwise, the set 5"’
grows substantially. At the end of this procedure, if no good intra-partition pair is found, S” must
have grown at every step and n’ = [S{U---US), I ﬁ)l must therefore be large. Note that n’ counts
the number of columns of IT which can form a good pair with the first half of IIV. Recall that the
second half of ITV are d/(2f) columns uniformly distributed over the n columns of IT; hence, a
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116:6 Yi Li and Mingmou Liu

good inter-partition pair exists with probability at least 1 — (1 — n’/n)%/(?)_Since n’ is large, this
probability is also large, and Claim 4 follows.

Now, we need to prove Claim 5 for an arbitrary II. Directly analysing S} is hardly feasible,
so instead we proceeds as follows. We choose a suitable value 6 € [e, 1] with an integer ¢ €
[0,log(1/6)] and sample a random row k such that ITj ; = V6. We then lower bound |S} \ S”| by

lower bounding the size of {i € [n] \ " : IIx; = Ve, (yy, My i) ~ 270}

Great collision lemma. To this end, we introduce the great collision lemma, which is our core
technical innovation for the sparse case.

LEMMA 6 (GREAT COLLISION LEMMA, INFORMAL VERSION OF LEMMA 10). Suppose that S is a finite
multiset of vectors in the unit £, ball and k € (0,1/2]. There exists £ < [log(1/x)] such that for every
S C S of size O(|S|/log(1/x)),

" . 3 |S| B 1
u~UIx)11rf(s) |{U €S\S": (u0) > 2 ZK}‘ =Q (Zflog(l/lc))] =Q (log(l/K)) .

Informally, the great collision lemma shows that, for any set S of unit vectors, for any « > 0,
there exists a scale 2’k such that ~ |S|?/(2¢ log(1/x)) pairs of vectors in S have inner product ~ 2‘x.

The application of the great collision lemma is straightforward. By an averaging argument, we
fix universal 0, £ such that (i) many entries of IT have value = V6, and (ii) for many rows k € [m],
applying the great collision lemma with ¥ = 8/2 to the vector set {(H;C)*,j 2j € [n], i = \/5}
returns the fixed ¢.

We now provide more quantitative details of the argument which proves Claim 4 using Claim 5.
Since a column of ITV is uniformly distributed over all columns of I, we write it as I, j, where J
is uniform over [n]. We sample a row k such that II; ; ~ V0, then the joint distribution of (k, J)
can be viewed as first sampling a row k (not necessarily uniformly) and then sampling a column
J from the set Sg 2 {je[n]: Iy ; ~ Vo}. If the sampled row k does not satisfy condition (ii),
we skip this column J, i.e. skipping a column of IIV, so from now on we suppose k is such a row
in (ii). If |S” N Sg.0| = Q(|Sk.9|/log(1/0)), then J € S” with probability Q(1/log(1/6)) and a good
intra-partition pair is found. Otherwise, since IIy ; - ITj ; = 0 for all j, j* € Sy g, the (ii) and Eq. (4)
imply that, with probability Q(1/log(1/6)), many columns j € Sk \ S satisfy (IL, j, I1, ;) ~ 20
with J. Consequently, the size of S” will increase by Q(|Sk¢|/(2¢ log(1/6))). Thus, after examining
the first d/(2) columns of IIV, either a good intra-partition pair is found with Q(1) probability, or
n’ =|S"| is large enough to guarantee a good inter-partition pair with Q(1) probability.

Proof sketch of Lemma 6. Let ¢(u, £,S”") = |[{v € S\ S : {u,v) > 2’k — 2«x}|. We shall prove that,
for every not-too-large set S” C S, there are many u € S with large ¢(u, £, 5””). Due to the symmetry
of the inner product, this intuitively claims that there are many u € S with large ¢ (u, £, ®). Our idea
is to find log(1/x) disjoint subsets Sy, ..., Sog(1/x) C S of equal size, where each S; contains only
the vectors u € S with large ¢(u, ¢, 0). By the averaging principle, there is an ¢ € [log(1/x)] such
that the subset S, contains many u of large ¢(u, £, 0). Informally, the procedure works as follows.

(1) let Sy = 0, enumerate £ € {0,...,log(1/x)} in ascending order.

(2) for each ¢, let S; = 0. Repeat the following for |S|/(61og(1/x)) times: add to S, the u €

S\ Ui<,S; with the largest ¢(u, £, U;<,S;).
(3) we claim that there must exist an ¢ such that there are many u € S\ U;<,S; of large
@(u, £, U;i<S;) (which is clearly larger than ¢(u, ¢, 0)).

(4) if the assertion does not hold for all £, we end up with § = S\ Ui<log(1/x)Si of size %|S|, and

for all ¢, only a few pairs u, v € S have inner product ~ 2‘x. However, such an S cannot exist
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due to Eq. (4): for any large vector set S, by applying Eq. (4) with X = (u,v) for uniformly
random u,v € S, there must be an ¢ such that many pairs u, v € S are of inner product ~ 2‘k.
However, this argument still does not work for an arbitrary S”. To see this, note that the threshold
0(]S|/(2"1og(1/x))) for () could be much smaller than |S”’| and S” may contain some vectors so
that ¢(u, £,S”) is small for almost every u. To complete our proof, we slightly modify the procedure
as follows: In Step (2), for each ¢, we let S; be the subset S C S of size at most |S|/(321og(1/x))
which minimizes the number of u € S\ S” with large ¢(u,¢,S”), then initialize S, £ S, and add
the u for |S|/(6log(1/k)) times. The formal proof can be found in Section 4.2.

2.4 Our approach for general case

When s is large, e.g. s > 9/€, an average nonzero entry becomes small in absolute value and the
previous strategy of finding column pairs will not work. To see this, consider a random IT where
each column contains s nonzero entries, placed uniformly at random, each equal to 1/4/s. If two
columns of ITV share a nonzero row, their inner product is ~ 1/s < €/9 only (in absolute value),
which is too small to induce a contradiction by the argument from the previous section.

Instead, if we examine y columns Xj, ..., X, of IIV simultaneously, where each distinct pair
Xi, X share a nonzero row, we have

[~

If there exists a unit vector v such that IIUv = }}; X;/+/¥, then ITIU||2 ~ 1+ (y — 1)/s. Thus, if we
can find such a tuple (X, ..., X, ) with sufficiently large y, we can hope to derive a contradiction.

A first observation is that the randomization trick (Lemma 8), which works in the sparse case,
no longer works for large y, such as y = w(1). Indeed, if y vectors are multiplied by independent
random signs, the sum of the pairwise inner products may still be small with a high probability.

2
2

x(x-1)
=§ Xi2+§ Xi, Xj) ~ y+ —=——
,~ | ||2 ( ]) X s

i#j

For example, if all y vectors are e;, then the signed sum is O(~/y log y) in absolute value with
probability 1 — O(1/y) by a Chernoff bound, but we need anticoncentration of magnitude Q(y) to
derive the contradiction for a good lower bound. This indicates that we should examine the full
quantity ||TIU||; = || X; X;ll2/+/x instead of only a few pairwise inner products.

For simplicity, assume henceforth that every nonzero entry of II has absolute value 1/+/s. We
also remove the random signs from W so that every entry of U is nonnegative. It is easy to see that
almost every column of IT has an #,-norm of 1 + ¢; otherwise, IT would not be an OSE for U ~ D;.
Therefore, 3, [IX;]|3 = (1 + €)®x, and the key is to show that };.;(X;,X;) ¢ [—4ey, 4ex] (recall
that [|ITIUo||5 € [(1 - €)? (1+ €)?], which is a range of length 4€). A straightforward approach is to
find a row r such that there are y > 4es + 1 columns Xj, ..., X, in ITV which are nonzero in row r
and have the same sign there. We can then decompose 3, ;(X;, X;) into the contribution from row
r and the contribution from the remaining rows. The former part is exactly y(y — 1)/s > 4ey, and
the latter part can be bounded by applying our observation Eq. (4) as in the sparse case.

However, an immediate issue arises. To exploit the fact that the sum of the inner products is
large with small probability in order to obtain a stronger lower bound, we should take U ~ Dy
for some small S. This corresponds to splitting each coordinate of v so that IIV has d/f columns
and each coordinate of v corresponds to 1/ columns in IIV when examining IIUv. For f§ < 1,
we can find multiple tuples (Xj,...,X,) such that the event in Eq. (4) happens for one of these
x-tuples with good probability, but we cannot find a unit vector v such that IIUv covers exactly
one of desired y-tuples. Nevertheless, we can choose v to be a normalized sum of y standard basis
vectors such that IIUv covers Xj, ..., X, and another y/f — y columns. Consider ITIUo||5 via the
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116:8 Yi Li and Mingmou Liu

expansion (y/f) ||HUv||§ = |IXIIZ + V]2 + 2(X, Y), where X £ ¥.X; and Y is the sum of the
remaining y/f — y columns. We wish to show that the latter two terms do not cancel the first
term. The middle term is easy to control as Y is independent of X but the last term is problematic
as (X,Y) depends on X. A straightforward idea is to apply Eq. (4) by including ||Y||2 + 2(X,Y)
together with the coordinates of X; outside row r. However, it does not work owing to a similar
issue encountered when combining Eq. (4) with previous approaches in the sparse case.

Since Y is the sum of y/f — y uniformly random columns of I, it is easy to obtain that ||Y]|, =
(1 +¢€)(x/B - x) by requiring IT to be an OSE for U ~ Dy, where 1/f" = 1/ — 1. Next, we focus
on the inner product (X, Y), which can be written as the sum of inner products of two columns
which are drawn uniformly from all columns of II. By the linearity of expectation, we can see that
E(X,Y) > 0. Thus it is tempting to use Eq. (4) again to lower bound the inner product. However,
a chicken-and-egg issue arises: given a distribution of (X, Y), applying Eq. (4) yields an ¢, which
in turn determines our choice of . As a result, the distribution of (X, Y) changes according to
the new value of , since Y is sum of y/f — y random columns of II. To see how the distribution
changes, write (X,Y) = >;(X, Y;), where each Y; is an independent random column of II. Thus,
certain values of (X, Y;) would be barely present in the sum when 1/ is small while they are more
likely to appear when 1/f is large.

We resolve this issue by arguing in the reverse direction. We show that, by including a constant
factor more columns in Y, (X,Y) could be smaller than —8ey and in this case would not be
cancelled by 3, ;(Xi, Xj). Specifically, if Pr[(X, Y) < —ex] > 1/2, which means that (X, Y) cancels
2ixj{Xi, Xj), then Pr[(X,Y") < —8ey] > 1/256, where Y” is the sum of 8 independent copies of
Y. Therefore, ;. ;(X;, X;) will not cancel (X, Y) if U ~ Dpgys.

To summarize, we prove the lower bound with the following ingredients:

(1) set y = 4es,

(2) apply Eq. (4) to a random y-tuple of columns of IT that share same nonzero row, obtaining ¢,

(3) set B =~ 27¢ so that with Q(1) probability, at least one y-tuple satisfies 2ixj (X, Xj) = dex/ B,

(4) force IT to be an OSE for U ~ Dy for four different values of f” simultaneously: (a) f’ = f,

®d)1/p =1/B-1,(c) p' = B/8,(d) 1/p" =8/ — 1, so that 3, ;(X;, X;) + 2(X, Y) is either
> 4ey/fwhenU ~ Dg, or < —4ey/(f/8) when U ~ Dpgs, thereby yielding a contradiction.

The full proof can be found in Section 5.

3 Notation
For x,y € Rand 6 > 0, we write x =y = 0 if x € [y — 0,y + 0]. For a matrix A, we denote its i-th
column vector by A, ;, and denote by A; the matrix obtained by zeroing out the k-th row. For a
finite multiset S, we denote by Unif (S) the uniform distribution on S. For a random variable X and
a probability distribution D, we write X ~ D to denote that X follows D.

When d and € are clear from the context, we abbreviate the event in the probability of Eq. (2) to
“II is a subspace embedding for A”.

4 Lower Bound for Sparse Case

4.1 Preliminaries

Our hard instance D is based on the same construction as in [8]. It is a mixture distribution of Dy,
parameterized by f, on n X d matrices. With probability 1/2, D = Dy; with probability 1/2, D is
Dg, where 1/f = 2" and £ ~ Unif ({0, . . ., [log s1}). Recall the definition of Dg below.

DEFINITION 7 (DISTRIBUTION Dp [8]). The distribution Dg (0 < f < 1) is defined on matrices
U € R™ gs follows. The matrix U is decomposed as U = VW, where V € R™/F gnd w e R4/Fxd,
The matrix V has i.i.d. columns, eachVy; (i = 1,...,d/p) is chosen uniformly from the n standard
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basis vectors in R™. The matrix W is distributed as follows: For eachi = 1,...,d, set Wj; = O'j\/Efor
j=(i-1)/B+1,...,i/B, whereo; € {—1, 1} are independent Rademacher variables; set the remaining
entries of W to zero.

It follows from the same argument in [8] that U = VW is an isometry with probability at least
1-5/(2K) when n > Kd?/(25). Hence we assume that K is large enough and restrict our attention
to the case U is an isometry (i.e., V has independent columns and full column rank.)

Our starting point is the same as [8]. Observe that if two columns of IIV have a large inner
product (in absolute value) then IT cannot be a subspace embedding for U. This is formalized in the
following lemma.

LEMMA 8 ([8, LEMMA 4]). Suppose that [(Ax p, Axq)| = A€/ B for some distinct columns p, q of a
matrix A € R™4/B \where A > 2, and W is as in Definition 7. Then there exists a unit vector u € R4
such that ||AWul|3 ¢ [(1—¢€)?, (1+€)?] with probability at least 1/4 (over W).

It remains to find a pair of columns with a large inner product. A key tool for this task was given
in [8, Lemma 3], which strengthens the earlier results [11, Lemmata 8 and 9]. It states that given a
finite collection of vectors of length at most 1 + €, there always exists a small fraction of vector
pairs whose inner product is not too small (“small” here means being negative and far from 0). The
following lemma, which refines [8, Lemma 3], further extends the inner products to large positive
numbers.

LEMMA 9 (REFINED FROM [8, LEMMA 3]). Suppose that S is a finite multiset of vectors in the £;-ball
of radius 1 + € and u, v are independently sampled from Unif (S). Further suppose that x, A > 0 satisfy
k <A <1,andL = [log((1+€)%/A)]. Then one of the following must hold: (i) Pr[—k < (u,0) < A] >
i/ (2A(L+1)); (ii) there existsi € {0, ..., L—1} such thatPr[2'A < (u,0) < 2-2'A] > x/(4-2'A(L+1)).

ProoF. Let X £ (u,0). Then E[X] = E(u,0) = (Ew,Ev) = (Eu,Eu) > 0. IfPr[X > —k] > 1/2
there is nothing to prove, we henceforth assume that Pr[X < —«] > 1/2.
As E[X] > 0, by the law of total expectation

E[X|X > 0] - Pr[X > 0] > —E[X|X < 0] - Pr[X < 0] >

R

Since X < (1 + €)?, we have that
L-1
E[X]X € [0,A]] - Pr[X € [0,A]] + ZE[X|X € (2'A, 21A]] - Pr[X € (2'A, 2" A]] > g
i=0
By the pigeonhole principle, at least one of the L + 1 terms on the LHS is at least k/(2(L + 1)). If it
is the first term, we conclude with (i); otherwise, we conclude with (ii). )

When applying Lemma 9, we always assume that it returns an £ € {—1,..., [log((1 +€)?/A)1},
i.e. the case (i) is referred to as £ = —1.

4.2 Great collision lemma

Lemma 9 shows that among n vectors sampled from a set S, there exists an ¢ such that the expected
number of pairs with inner product ~ 2/« is at least ~ n?/2¢. In this section, we prove something
stronger: the number of such pairs is at least ~ n?/2¢ with high probability (over the choice of the
n vectors). This result, which we call the great collision lemma, is our major technical innovation
and is formally stated in Lemma 10 below.

To find vector pairs with large inner products, we use Algorithm 1, a greedy procedure. For each
¢, it collects vectors that have a large inner product with many other vectors. If there are many
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Algorithm 1: Finding a great collision
1 j— 1,5 «S;
2 L« [log((1+€)?/A)]+1;
3 K« LA/x;
4 foreach ¢ e {-1,...,L -1} do
5 p e« —kif £ = —1and p « 2A otherwise;
6 S; S
- o .
7 break ties arbitrarily: S, « S,;j:g‘?ll;% L 1{|{c/esj\5':(c,c’>zp}|2 zf|+55|1< },
8 Sj+1 < Sp\ S;s
9 je—j+1;
10 ie—1;
11 whilei < [S|/(6K) and |{(c,¢’) € S x S; : {c.,¢'y = p}| = ISI*/(2+°K) do
12 ¢ —argmax |{c” € S;: (¢, ¢"") > p}|;
c’€S;
I3 if [{c’ € S : (c.c’) > p}| < x[S|/(2/A) then
14 return (¢, S}, Si);
15 Sj+1 < Sj\ {c}
16 jej+1;
17 i—i+1;
18 if i > |S|/(6K) then
19 return (¢£,5));

such vectors, the task is done (the case in Line 19). Otherwise, each remaining vector has a large
inner product with not-too-many other vectors, and by Lemma 9 and the averaging principle, there
will still be sufficiently many vector pairs with a large inner product (the case in Line 14).

LEMMA 10 (GREAT COLLISION LEMMA). Suppose that S is a finite multiset of vectors in the £,-ball of
radius 1+ ¢, and that 0 < k < A < 1,L = [log((1+€)?/A)] +1 and K = LA/x. Then, there exists an
integer £ € {—1,...,L — 1} such that for every S’ C S with |S’| < |S|/(32K) it holds that

Pr Pr [{c.c"y = p] = ! > 3
c~Unif (S) |e~Unif(s\s") " pl= 205K | T 31K°
where p & —x ift = -1, and p 2 2°A if £ > 0.
PRroOOF. For notational convenience, let 1 £ 3/31. Recall that p £ —k if £ = —1and p £

2¢Aif £ > 0. Consider Algorithm 1. We first claim that it must return an ¢. Line 8 removes in
total at most |S|/(32K) columns from S; and Line 15 at most |S|/(6K) columns. Hence, if the
algorithm does not return an ¢, we would end up with an S; such that (i) |Sj| > % |S], and
(ii) [{(c.c’) € S; xS : (e, ¢’y = p}| < ISI?/(2*°K) < |S;|?/(2“*K). But, by Lemma 9, (i) and (ii)
cannot hold simultaneously.

We now know that the algorithm will return an ¢. There are two cases.

Case 1:  returned in Line 14. The algorithm returns S;, S; and ¢, which means that the “ground”
set is S} and we can find “good” vectors in S;. The claimed result can be rewritten as

) e
Z {‘{C’ES\S’:((‘,C’)ZPHZ Is] } - 7
€S

+5
¢ 2t K
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for all $" C S with |S’| < |S]/(32K). Recall that S, C S in Line 6. To prove the claimed result, it
suffices to show that for all S” C S with |S’| < |S]/(32K),

AlS|

pe o >
[{eespstee)zpl> ) = K )

1
ceS\S’ {

and we can assume without loss of generality that S” C S;. The definition of S,” guarantees that S}’
is the S’ which minimizes

, ’ ’ ’ ’ ’ S
{CES[\S :|{c €S \S 5<CsC>ZP}|Z 2¢’|+5|KH’

regardless of how we break the tie in Line 7. Recall that S; C S; \ S;’. Algorithm 1 guarantees in
Line 13 that

, , K|S|
[{c' €S;:(c.c’)y = p}| < Sin VeES)
On the other hand, combining the above equation with Eq. (5),
/ , k[S| S|
|{(C,C)€S]XSJ<C,C>ZP}|SE +W(|SJ|_P) (6)

Algorithm 1 also guarantees in Line 11 that

2
) €8x, 000 20l 2 5 .

T oK
Combining Eq. (6) with Eq. (7) yields the desired result Eq. (5).

Case 2: { returned in Line 19. The algorithm returns S; and ¢, which means that the “ground”
set is S; and the “good” vectors are the elements ¢ found in Line 12.

Recall that S; € S in Line 6. As in the previous case Eq. (5), it suffices to show that

AlS|
eSS et 5| | 2 T
[{eresp\steenzpiz ) = K

20+5 K

®)

1
ceS,\S’ {

forall S’ C S with |[S’| < |S|/(32K), and we can assume without loss of generality that S” C S;. The
definition of S}’ guarantees that S}’ is the S” which minimizes

S
{ceSé\S’:Hc' €S\ () = p}| > %H

regardless of how we break the tie in Line 7. After removing S}’ from S, the while-loop is executed

for at least |S|/(6K) times, so there are at least |S|/(6K) elements ¢ € S, \ S}’ satisfying that

|{c’ €S\ S {c,c’) = p}\ > k|S|/(2¢A). This implies that

: 15
’ r\ Q1 ’ x|S - :

ceSNSY {ltesisystecrzpi=57] = 6K

It follows that for a general S’ (letting N(c) = |{c’ €5, \8 :{c,c') > p}| for brevity)

S|
1 Is| | 2 1 5| | 2 1 wsl| 2 o
CE%;S, N2 5] Ce%\ls;, [N@=2 5] CE%\:S;! [Nzl = 6k
whence we see that Eq. (8) holds automatically. O
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4.3 Fixing the parameters

We shall prove a lower bound on the number of rows for an arbitrary unknown matrix IT which is
an (e, §)-subspace-embedding for U = VW ~ D. To analyse IIV, we shall fix some parameters of
IT and U so that the great collision lemma (Lemma 10) can be applied with suitable parameters.

First, we set k = 6/logs and A = 6 in Lemma 10, where V0 is the most common magnitude
among the nonzero entries of II. Then, for each row k, we find a set S , of columns which will
work perfectly with Lemma 10, and apply the lemma to obtain a value t’ ¢(k). We then find the
most frequent value £y among the ¢(k), and focus on the corresponding rows in II, i.e., the rows k
with £(k) = £y. Since our overall hard distribution is a mixture of hard instances corresponding to
different values of 5, we also fix the hard instance so that the pair of § and £y induces a high lower
bound. Specifically, we define a parameter £ based on £y and assert that IT must be a subspace
embedding for U ~ Dg with = 27

Let L 2 [logs]. Recall that our hard distribution D is D; with probability 1/2 and is D,-¢ with
probability 1/2, where £ ~ Unif ({0, . .., L}). We assume that IT is an (€, §)-subspace-embedding for
U~D. By Lemma 11, it suffices to consider only the columns of IT whose #,-norms lie in 1 + €.

LEMMA 11 (REFINED FROM [8, LEMMA 6]). IfII € R™ " is an (e, §)-subspace-embedding for U ~ D,
then a (1 — 26/d)-fraction of the columns of I1 have £,-norm in 1 + €.

The next lemma finds a large fraction of entries with the same order of magnitude. The proof is
an easy counting argument.

LEMMA 12. Suppose that I1 is a matrix with column sparsity at most s > 3. Then there exists a
0 > (1-¢€)?/s—1/slogs such that

2 ~ ~ 1
J~umi(tnl) 2. el |l =12 _Q( 2 ) )

k:| Tk, [2€[6,20) log”s

PrOOF. Let 0 = (1 —¢)?/s — 1/slogs and I £ [log,((1+ €)?/0)]. Since the column sparsity is s,

1
Z M 2> (1—€)? —s6 > —

k:|TIy., 220 logs-
By the linearity of expectation, this implies that
. 1
E I Mejll,=1x€| 2 —.
;‘ j~Unif ([n]) 2, | Ll | < logs

k:|IIy. ;|2 €[206,2i410)

Therefore there exists i such that

1
E 0P [Tl =1xe] =0 .
i S el =1e| =0 (]

Let 0 in the lemma statement be 2:0. The proof is complete. O
4.3.1 Applying the great collision lemma. Let 0 be as guaranteed by Lemma 12. For each row k,
let S = {j € [n] : Tt ;| > 6 and ||H*,j||2 =1+ €} denote the set of column vectors II, ; such
that | ;|* > 6. For each row k, either |{j € Sgp : i ; > VO}| > |Skol/2 or |{j € Ske : I ; <
—VB}| > |Sk.0]/2. In the former case, we let SEo £ {j€Sko: i, > V0}; in the latter case, we let
5+9 £ {j € Sko: Iy ; < —‘/5}
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LEMMA 13. Suppose that I1 is a matrix with column sparsity at most s (s > 3). There is an
to € [-1,[log((1+€)?/0)] + 1] and a set Sy, of rows such that the following holds.

(1) Bj-vnit ([n]) [ Hk €51 J € SZ,eH ‘ Il = 1 e] =0 (#gzs)

(ii) For each row k € Sy, let S; = {H*’f}iesi,g’ then for every S’ C S, satisfying that |S'| <
IS;.1/(32[log(1/6)Tlog s),

1 1
c,c'Y>p+0 — | =Q ,
~Un1f(S' \S) [ec'y 2 p+ 0] = ( 2t log2 s )] (10g2 s )

where p £ —0/logs if by = —1, and p £ 20 if £y > 0.

Pr
c~Unif (S})

Proor. We first show guarantee (i). Intuitively, we apply the great collision lemma (Lemma 10)
to each column, then take the majority of the returned ¢’s.

For each k € [m], recall that matrix II; is obtained from II by zeroing out the k-th row of
I1. For each nonempty Sk o> note that [|(IT )« jllz < 1+ € for each j € S} ,. Thus, for each row
k € [m], we can apply Lemma 10 to {(II} )*’]}]Eskﬂ with k 0/logs A 0 and obtain an

& < log((1+€)?/0)] + 1. Applying the averaging principle to Eq. (9), there is an 3 such that

eso s esiolf [l =1 2e] =2 555

~Umf ([n])

where S;, = {k € [m] : £ = £y}. This completes the proof of item (i).

Next we show guarantee (ii). Since £y is obtained by applying Lemma 10 to {(IT} )+ ;} e st, with
k = 0/logs and A = 0 for each k € S, it holds that for every S" C S, with |§'| < [S;|/(32 [log((l +
€)?/0)] log s) that

1 1
Pr c,cy> —|[=Q ,
c~Unif (S]) [ ~Un1f(S’ \S") [{e.c') = pl = (2fe log® s )] (log2 s)

where p £ —0/logs if £5 = —1 and p £ 200 if £y > 0. Guarantee (ii) follows immediately by
noticing that IT;;I1; x > 6 for all j, j* € Sf , for every row k € Sy,. o

k.6’

Let Sg = {(k,j) € [m] x[n] : j € Sipand k € Sy} We say an entry (i, j) of Il is good if
(i, j) € Sp. Lemma 13(i) can be rephrased as

[k & [m] (k,j)esgn|||n*,j||2=1ie]=g( ! ) (10)

~Umf([n] 0log®s

The following corollary follows easily from combining Eq. (10) and Lemma 11.
CoROLLARY 14. IfIT € R™" js an OSE forU ~ D, thenTl has at least Q(n/(0log®s)) good entries.

4.3.2  Fixing the hard instance. Recall that L = [logs]. Also recall that our hard instance Z:) isa
mixture of Dy with different values of f and IT is an (¢, §)-subspace-embedding for U ~ D. We

have assumed n > Kd?/(€%5) for large enough constant K so that U ~ D is an isometry with
probability 1 — §/(2K). By Markov’s inequality, for (1 — y)-fraction of £ € {0,...,L}, II is an
(€,258/y)-subspace-embedding for U ~ D,-, where y £ K& < 1/2, so that 28/y = 2/K is a small
constant. Hence, for each £ € {0,..., L}, there exists an £’ € [max{0, (1 — y)L — £}, L — £] such that

{z—f-f’ e [27L, (271)17], and

11
ITis an (€, 26/y)-subspace-embedding for U ~ D, . (
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Now, if £y < 0, we let t’é = 0; otherwise let t’é be the ¢’ as guaranteed by Eq. (11) with £ =
L — (£p +log(6/e)). We shall apply Il to U ~ Dz‘*é and show that there is a unit vector v such that
|[TIUv||; # 1 + € with probability larger than 26/y. Note that

2f0 = Q(62% JesY). (12)

4.4 The lower bound

We prove the lower bound in this section. Recall that we assume
3<s<((1-6)%+(2¢—€”)/logs+1/log”s) /(2e). (13)

Let (C,Cy,...,Cq) € [n]d' be the columns chosen by V, where d’ £ Zféd, listed in the order in
which they are sampled. We partition {C;};c[4] into the first half {C;};<a/» and the second half
{Ci}i>a /2. Our goal is to show that the set

{cen]:3i<d/2(cC;) =20} (14)

is large with high probability. To this end, we examine the columns I, ¢, sequentially and maintain
a growing set S’ C [n] consisting of the columns which have a large inner product with one of the
examined columns I, ¢, ..., L, ¢,.

We wish to apply Lemma 10 to lower bound the increment of S” after examining a new column
I, c,, but Lemma 10 only works in the following scenario (as the inner product at least —x when
¢ = —1): There is a row r and a set of columns S, such that (i) II,; - II, ; > 2e + k for any columns
i, j € Sy, and (ii) the column ¢ in Lemma 10 is sampled uniformly from S,. Then we apply Lemma 10
to the set of column vectors S, with row r removed, to find S, C S, such that (¢’,c) > p for any
¢’ € §] after removing row r. Consequently, (¢’,c) > p + 2e + k > 2¢ by condition (i).

To apply Lemma 10 (recall the aforesaid (i) and (ii)), we employ rejection sampling and double

counting in Section 4.4.1, which allows for viewing a random column C; as being sampled from the
aforesaid S, with a sampled row r. Then, in Section 4.4.2, we combine everything and follow the
proof idea in Section 2.3 to derive the desired lower bound.
4.4.1 Sampling entries. Let s/, = maXjen] [{k € [m] : (k,j) € Sp}|. To lower bound the
size of the set in Eq. (14), every time we examine a column C; ~ Unif([n]), we choose a row
k at random by the following procedure: (1) let s’ be the columns sparsity of C;; (2) sample a
random number a € [0,1]; (3) if @ > §"/s],,. discard C;; otherwise, choose a row k among the set
{k’ € [m] : (K',C;) € Sp} uniformly at random. If we do not discard C;, we include the columns j
with properties (k, j) € Sp and (I ;, 1, c,) > 20 to the set in Eq. (14).

By a double counting argument, it is easy to see that, if we do not discard C;, then (k, C;) is
uniformly distributed at random over all the (k, j) € Sp.

We call a column good if the column is sampled by V and is not discarded by the procedure
above. Let g be the number of good columns. By combining Corollary 14 with the fact s, ., < 2/6,
any single column (ITV); is discarded with probability at most O(1/log> s). By a Chernoff bound,
g = Q(d’ /log’® s) with high probability. Consequently we assume g > d’/log’ s in the remainder
of this paper. Let (C}, Cj, ..., C;) € [n]? be the remaining columns, and (R}, R}, ..., R}) € [m]’ the
rows corresponding to the remaining columns. Note that for any i € [g], (R}, C]) is uniformly at
random over all the (k, j) € Sp. The uniform distribution can be rephrased as following:

(1) Let R = r with probability proportional to |{j € [n] : (7, ) € Sa}|;

(2) Let C; be the column of a nonzero entry in {j € [n] : (r, j) € Sp} uniformly at random.
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Algorithm 2: Collecting columns

1 Let g be the number of good columns which are sampled by V and are not discarded by us;

2 Let (Ci, Cé, .. ,,C;) € [n]9 be the good columns, and (Ri,Ré, .. ,,Ré) € [m]9 the rows correspond to
the good columns chosen by us;

38 «—0,i1;

4 p— —0Bflogsifeg=—1andp « 2%0if £y > 0;

5 while i < g/2 do

6 if C] € §’ then

7 return Collision;

8 S Sy {c € [n] : (R},c) € Sp and (H*,C;,H*,C) >p+ 9};

4.4.2 Finding a large inner product. We use Algorithm 2 to find a pair of columns which has a large
inner product. The algorithm examines the columns from first half of the good columns one by
one, and checks if one of them can be used to form a large inner product with one of the examined
column. If this fails, we shall show that one of the remaining half good columns can be used to form
a large inner product with one of the examined columns with at least a (small) constant probability.
The detailed analysis is given below.

Let Sg; £ {cen]: (R,c) € Sp} be the set column indices corresponding to entries of S in row
RI.IE|S"NSr| = |Sk;|/(3210g(1/0) log s), then there isa j < i such that (H*,C}, Iy ;) is large with
probability at least 1/(321log(1/6) logss) (recall that C; is uniformly random over Sg;). Otherwise,
|S” N Ski| < ISk /(32 log(1/6) logs). Recall the deﬁn1t10n of a good entry and the fact that tr: is
obtained by applylng Lemma 10 to the column set {(HR,)* ctee S It follows that |S’| will increase
by Q(|Sk; |/ (2% log® 5)) with probability at least Q(1/log®s).

Recall that Sg has at least Q(n/(6 log® s)) elements by Corollary 14. Therefore, with probability at
least 1/2, R} is a row which has at least Q(n/(m60 log® 5)) entries in Sp. Hence, with high probability,
in the while-loop, at least g/4 times we have a row R; which has at least Q(n/(m60 log® 5)) entries
in Syp. Now we consider only such i.

If|S" N Ski| > |Sk;|/(321og(1/6) log's) happens at least g/4 times, we find a pair of columns with
a large inner product with probability at least

1 g/4 g
1-(1-—m——] >1- _—
3210g(1/9)logs) = eXp( 12810g(1/0)10gs)

@ d’ 2%d \\ () 2
gl—exp(—Q( 7y ))Zl—exp(—Q( 04 ))Z—,
log™s log™s 3

where step (a) follows from g > d’/(18log?s) and 1/6 < 2s, and step (b) follows from Eq. (12),
d>1/e?and s < 1/2e.

Otherwise, [S'NSk/| < |Sk/|/(321og(1/0) log s) happens at least g/4 times. Combining Lemma 13(ii)
and the fact that [Sg/| = Q(n/(m0 log® 5)), we have that |S’| increases by at least Q(n/(2m@log’ s))

with probability Q(l /log®s) each time. Hence, by a Chernoff bound, with probability at least
| increases at least Q(g/log® s) times and thus

15| = Q (L) (15)

2lom@log’ s
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116:16 Yi Li and Mingmou Liu

To summarize, when Algorithm 2 terminates, either (i) we have found a pair of columns with a
large inner product with probability at least 1/2, or (ii) we have with probability at least 1/2 a large
S’ satisfying Eq. (15).

In case (ii), there remain at least g/2 columns which have not been examined. By the construction
of §’, each unexamined column c has a large inner product with some examined column C; (i < g/2)
with probability at least Prounit()[c € S'] = [S’|/n = Q(g/ (2" m6 log’ 5)). Hence, there exists a
pair of columns with a large inner product with probability at least

g 9/2 Vi
P RN P I »
2fem@log’ s 2fem@log’ s

Recall that g = Q(d’/log’s), d’ = 2fod and Eq. (12). The Q(+) term on the right-hand side of Eq. (16)
is thus

Q( d/Z )_Q( 22(962d2 ) _Q( zt’gedz )_Q( d2 )
2lom@ log"’s 2fom@ log"s - €252y ms2 e log"s ms1*2re2 log's/

If m < cod?/(s"*?Y€® - log"® s) for some constant ¢y, then the probability in Eq. (16) is at least 2/3.
Combining all the “with high probability” events and both cases (i) and (ii), we conclude that with
probability at least 1/2, there exists a pair of columns of IIV whose inner product is at least p + 0
in absolute value.

If £p = —1, we have [(; = 0. In this case, we have found a pair of columns whose inner product is
at least p + 0 in absolute value. Recall that p = —/log s and 6 > ((1—¢€)%—1/logs)/s by Lemma 12,
then p + 6 > 2¢ by Eq. (13), i.e. our assumption on s. By applying Lemma 8 with 1/ = 1,ITis a
subspace embedding for U = VW ~ D, with probability at most 1/8, this contradicts Eq. (11)
since 1 - 26/y > 1-2/K.

If £p > 0, we have again found a pair of columns whose inner product is at least p + 6 in absolute
value. Recall that p = 20 and 6 > ((1 — €)? — 1/logs)/s by Lemma 12, then p + 0 > 2¢2% by
Eq. (13), i.e. our assumption on s. Applying Lemma 8 with 1/ = 2% shows that II is a subspace
embedding for U = VW ~ D, with probability at most 1/8, again contradicting Eq. (11).

We can therefore conclude that m = Q(d?/(s'*?Y€? - log" 5)). Applying Yao’s minimax principle
then completes the proof of Theorem 2.

5 Lower Bound for General Case
Our goal in this section is to prove Theorem 3, for OSEs with general column sparsity s. Recall that
€ is assumed to be at most a sufficiently small constant.

We modify the definition of the hard instance Dy by replacing Rademacher variables to +1s in
U ~ Dg. We also define an additional hard instance Z)% = Dg/(p+1) (under this modified definition
of Dgp) so that U ~ Z)é has exactly (1+ 1/f) nonzero entries per column. For notation convenience,
when we say 1/f = 0, it is understood that D/,S is D;.

DEFINITION 15 (MODIFIED DEFINITION OF Dg). The distribution Dg (0 < f < 1) is defined on
matrices U € R™ as follows. The matrix U is decomposed as U = VW, where V € R™¥F and
W e RYP*d_ The matrix V has i.i.d. columns, each Vii (i=1,...,d/p)isuniformly distributed among
the n canonical basis vectors in R™. The matrix W is distributed as follows: For eachi = 1,...,d and
j=G-1)/p+1,...,i/B, set W; = \/ﬁ; set the remaining entries of W to zero.
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5.1 Preliminaries

We first state a simple proposition which will be needed later. It can be proven easily by Chebyshev’s
inequality.

Cramm 16. Let (Xy,...,X,) € {0,a1} X --- X {0,a,} be a tuple of bivalued random variables. If
Xi’s are negatively correlated and a; < 1 for all i, then Pr[},; X; € [p/2,3u/2]] = 1 — 4/p, where

H £ E[2; Xi].

PROOF. Let p; = Pr[X; = a;]. Since X;’s are negatively correlated, and a; < 1 for all i,

ZXi ZVar Z(a pi — apl < Z api = ZX

By Chebyshev’s inequality,

Var

Pr /12 < 4/p. O

ZXi—[l ZXI

We shall apply the following proposition to show that ||X||3 may be large. The corollary is a
trivial extension of Lemma 9.

> ,u/Zl < 4-Var

COROLLARY 17. Suppose that S is a finite multiset of vectors in the £,-ball of radius 1 + € and
1,02, . . ., U are k vectors independent sampled from Unif (S). Further suppose that x, A > 0 satisfy
thatx < A < 1, and L = [log((1 + €)?/A)]. Then one of the following must hold:

()

2 0. 2 _rk .
Pr —kKSHZ_ A(v,,z)])skA ZZA(L+1)’
ijelk], i#j
(ii) there existsi € {0,...,L — 1} such that
. . K
Pr |2'K*A < h0) <2 2KPA | > —————.
r Z (01, 05) 1 AL+ )

Ljelk], i#j

PrROOF. Let X £ 2izjefk](vi, v;) for simplicity. Note that if Pr[X > —k%k] > 1/2 there is nothing
to prove, we henceforth assume that Pr[X < —k%x] > 1/2.

As E[X] > 0, by the law of total expectation

E[X|X > 0] - Pr[X > 0] > —E[X|X < 0] - Pr[X < 0] > k%k/2.
Since X < (1 + €)?k?, we have that
E[X]X € [0,k*A]] - Pr[X € [0,k*A]]
[og((1+¢)/A)1~1 _ 4 _ 4
+ Z E[X|X € (2'k*A, 27 K2A]] - Pr[X e (2'K%A, 27 K2 A]] > K2k /2.
i=0

By the pigeonhole principle, at least one of the [log((1+ ¢)/A)] + 1 terms on the LHS is at least

k%*x/2([log((1+€)/A)] + 1). If it is the first term in the preceding inequality, we conclude with (i);
otherwise, we conclude with (ii). O

Similarly to before, when applying this corollary, we always assume that it returns an ¢ €
{-1,...,L}, i.e. the case (i) is referred to as £ = —1.
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5.2 A lower bound under assumption

In this subsection we assume that every nonzero entry of IT is +1/4/s, each column contains exactly
s nonzeroes, and IT is an OSE for every Z)/’; with 1/ € {0, ..., 1/e}. We shall prove the following
lower bound in this subsection with these assumptions on II and remove the assumptions in
Section 5.3.

THEOREM 18. Suppose that (i) every nonzero entry of Il is +£1/+/s, (ii) each column contains ex-
actly s € (2,0(e 'logd)) nonzeroes, and (iii) I is an OSE for U of distribution Z)% for every
1/B €{0,...,1/e}. ThenII must have at least

s~/ (x-1) d 1+1/(x-1)
m=Q —logz/()(—l) S . (Z)
Note that for s = Q(log(1/€)/e) N O((logd)/e), the lower bound becomes

1+
€

From now on, we let y £ |4es| + 4.

rows, where y = |4es] + 4.

1

TiesT (10g3(1/6))®(log<11/e>) _Q((d)lmeim)

€ €

5.2.1 Partitioning OSE matrix. We partition submatrices according to the following claim.

CramM 19. The matrix I € R™" can be partitioned into 4m/s (combinatorial) submatrices
Iy, ... . ypys € Rmxn/(4m/s) gych that for each I1; with i < 2m/s there is a row r such that ev-
ery entry in row r is nonzero and has the same sign.

The proof is easy. Whenever a matrix has at least n/2 columns, by the averaging principle, there
must be a row which contains at least ns/4m entries of 1/+/s or at least ns/4m entries of —1/+/s.
We can just partition IT in a greedy manner.

If we choose d/f columns of IT uniformly at random, then there will be = (m/s) (d)/(ﬁ)(s/m))(
submatrices which receive at least y of the d/f random columns. We are going to examine each of
such submatrices from which at least y columns are chosen. For each of such submatrices I1;, we
can choose y canonical basis vectors ey, .. ., e;( sothat U(e] +---+ e;() covers at least y columns
in submatrix IT;. Let X denote the sum of the y columns in II; and Y the sum of the remaining
columns outside of II;. Then

ITIU (e1 + -+ ex) /NIl = IXI3/ O/ B+ x) + 26 Y)Y (x/ B+ x) + Y113/ G/ B+ )

Recall that Y is simply the sum of 1/f columns of II, it is not difficult to show that ||Y||, =
(x/B)(1 £ €) with probability 1 — 8. Thus, it suffices to focus on the first two terms.

For each i < 2m/s, let IT} denote the set of columns obtained from the columns in II; by removing
row r of IT;. We apply Corollary 17 to each of IT; for i < 2m/s with k = y, x = 1/(slogs), A = 1/s
and obtain an £ for each IT}. Let £; be the majority of these 2m/s values of £ and B8 C [2m/s] the index
set of i’s such that Corollary 17 returns #; when applied to IT’. Note that |B| = Q(m/(s- log? 5)) with
constant probability. Let X be a random variable which is obtained by sampling i € 8 uniformly at
random then summing over y uniformly random columns in IT;. Let A be the event that

x(1/s—1/slogs) < IXII5— (1—=1/s)x < 2x*/s
if &, = -1, or

(2‘71 + 1))(2/3 < ||X||§ -(1-1/s)y < (2£1+1 + 1))(2/3
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if £, > 0. Note that Pr[A] = Q(1/(2% log?s)) if i € B by Corollary 17 and Claim 19.

5.2.2 Obtaining lower bound via anticoncentration. Let A; be the event that U chooses at least y
columns in IT;, Y’ a uniformly random column over IT and Y the sum of y2¢ independent copies of
Y’. We are going to invoke the following lemma to complete the proof.

LEMMA 20. Assume thats = O(logd/e) ands > 3,d > 1/€°. If there exists B = 27¢ such that T1 is
an OSE for Z)k and

[m[“xﬂ"“je(116)2(X/ﬁ+x)(ﬂi]] :Q( ! ) (17)

2l log? s
ol . ¢=1/(x-1) d x/(x-1)
m=Q|— |- .
logZ/(x—l) s €

Proor. Let B’ C B denote the set of submatrices which receive at least y columns from U. Let
X; be indicator random variable for i € 8 having at least y columns from U. Note that X;’s are
negatively correlated, by Claim 16, with constant probability

B = @(|B| _ (d/ﬁ; d) (i))(). 18)

m

E
i~Unif (8)

then it must hold that

If the RHS is O(2¢ log® s), we are done. In the remainder of the proof, we thus assume that | 8’| =
Q(2°log® s) with constant probability. Choose a subset B” C B’ of size ©(2¢ log? 5) uniformly at
random over B’. Conditioned on |B”| = k, it is easy to see that 8’ is uniformly distributed over
all k-tuples of [2m/s] without replacement by the symmetry of distribution D.

Each submatrix IT; with i € 8” may receive more than y columns from U. Thus, we choose y
columns {C; j} je[ ] among these columns uniformly at random. Note that {C; ;} je[ ] is distributed
uniformly at random over (C;)X, where C; is the set of all columns of submatrix II;. For each
{Cij}jery) With i € B”, let {e;;}jc[,] be the set of canonical basis vectors so that {Ue; ;}jc[y]
covers all the {C; j}je[,]. Note that we may be able to cover them with less than y canonical basis
vectors, in that case we choose another canonical basis vector uniformly at random. We shall show
that the set U;c g {e; j} je[ ] is of size |B”| y with probability 1 —0(1), i.e. {e;;} jec[,) s are mutually
disjoint.

Fix any selection of U over all columns of II, which is a multiset of d/f + d columns of II. Note
that this fixes all the {C; j};c 8~ je[ ] as well. Then the relationship between e;’s and the aforesaid
multiset behaves in the following manner: each e; chooses 1/ + 1 columns from the multiset
uniformly at random, and any two distinct e;, ex never choose the same column from the multiset.
Notice that (i) [{Cij}ic g7 je[y]] = O(y2'log?s) = O(s*elog?s) = O(log® d/€?), (ii) for each e;, Ue;j
covers precisely 1/ + 1 = O(log d/e) columns, (iii) U chooses d/f + d = w(log® d/€®) columns in
total, any e; is associated with at most one column in {Cj j}c g~ jec[,] With probability 1 —o(1) by
a simple calculation.

Therefore, we conclude that with constant probability, there is a set 8" C [2m/s] of indices of
submatrices such that

(1) 18" = ©(2 log 5);

(2) B” distributed over [2m/s] uniformly at random without replacement;

(3) for each i € B”, there is a set {e; j}je[,] of x canonical basis vectors such that {Ue; ;} je[
covers y vectors in I1;, and the y columns are distributed uniformly at random over all the
columns of II; with replacement, the remaining y/f columns are distributed uniformly at
random over all the columns of IT with replacement;
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(4) Uiesr{eij}je[y is of size |B”| - x, ie. {e;;}je[y] s are mutually disjoint;

(5) {Ueij}je[y) s are mutually independent for different i € B”.

For simplicity, let p; = Pr[||IX + Y|, ¢ (1 + €)(x/B + x)|A;]. Now we examine each of
MU (ej1 + -+ + e, ) /y[x for i € B”. Recall that none of the canonical basis vectors is examined
more than once, therefore, X and Y from different i € 8" are mutually independent by properties
(4) and (5). By properties (2) and (3), there exists i € B’ such that ||X + Y|, ¢ (1 +x¢e)(x/B+ x)

with probability
1—n(l—pi)zl—ne‘Pizl—exp(Zp,- =Q min{l,Zp,}).
i€eB” ieB” ieB” i€eB”

Define for each i a random variable X; such that X; = p; for i € B” and X; = 0 otherwise, then
Y Xi = Xicg pi- The assumption (17) states that B;.unir(g) pi = Q(1/(2° log?s)). Note that X;’s
are negatively correlated, and E[X;] = Q(|8”[pi/|Bl), so E[Xicq pil = Q(B”|/2¢ log*s). As
|B”| = ©(2¢log?s), by property (2) and Claim 16, ;e g~ pi = Q(|8’]/(2¢ log® s)) with probability
1 - 0(1). Therefore, as long as there exists such a 8" of size @(2° log2 s), there isan i € 8" such
that ||X + Y?||, ¢ (1 + €)(x/B + x) with constant probability. Hence it must hold that

|B’] = 0(2 log? s).
Plugging in (18) and |B| = Q(m/(s - log®s)), we obtain that

ot d x/(x-1)
m=Q—————— .= . a!
(slogzs)l/()(_l) (6)

5.2.3 The anticoncentration. Conditioned on event A, we have [|X||2 ~ y + 2% y*/s. We now
examine (X, Y’) to find a good parameter S to meet the conditions of Lemma 20. Recall that
x = l4es] +4,50 (1—1/logs)y/s > 2e + €2 +1/s.

Case 1: 4, > 3 and Pr[(X, Y4~y > —(1/4) - 24 2 /s|A] > 1/2. By a union bound, (i) (X, Y473)
does not cancel [|X||5 — (1 + €)?, and (ii) [|Y|l2 = (1 - €)*(x/p) happen simultaneously with
probability 1/2 — 8. To summarize, if U ~ Dg with 1 /B = 2573, conditioned on A,

IXIZ +206Y) + Y15 = (1= 1/s)x+ 1 + 1) x* /s =2 (1/4) - 2% ¢* [s + (x/ H)(1 - €)°
> (1= (x/B+x)+(1/2) - 2% x*/s
> (1= e)*(x/B+x) +2(x/9)(x/B+x)
> (1+€)*(x/B+x) since y/s > 4e
with probability at least 1/2 — §. It can be rephrased as

(e[ I+ Y52 > 1+ 2B+ 0| A | 2 - -6,

N | -

E
i~Unif (B)

which implies that

[Pr [||x+ 7ol > (14 e)z(x/ﬁ+;())ﬂi” -0 ( ! ) .

E
i~Unif(8) 24 log2 s

Case 2: f; < 3. We follow the argument in Case 1 but apply U ~ Dg with 1/ = 0 to II, then
obtain that conditioned on A,

||X||§ >(1-1/s)y+ x*(1/s - 1/slogs) > (1 +e)’y,

Proc. ACM Manag. Data, Vol. 4, No. 2 (PODS), Article 116. Publication date: May 2026.



Sparsity-Dimension Trade-Offs for Oblivious Subspace Embeddings 116:21

where the second inequality is because (1 — 1/logs) y/s > 2¢ + €2 + 1/s. Then we conclude

[Pr [1IX113 > (1+€)%x| A:]] = Q( ! )

i~Ur11%(B) 24 Jog?
og”s

Case 3: £, > 3 and Pr[{X, Y473) < —(1/4) - 2% y?/s|A] > 1/2. It then follows that
Pr[(X,Y%) < =220 y%/s] = B[Pr[(X, Y7) < —2- 20 y?/5]|X]
> E[Pr[(X,Y773) < —(1/4) - 2" y*/s]%|X]
> E[Pr[(X, Y273y < —(1/4) - 29 5% /s]1X]®
Pr(X, Y173 < —(1/4) - 251 ¥ /s]®
> 1/256,

where the second inequality follows from Jensen’s inequality and the convexity of x — x%. By
a union bound, with probability at least 1/256 — &, (i) (X, Y4) dominates ||X||, — (1 — €)y, and
(i) |IYll. < (1+€)(x/B — x) happen simultaneously. To summarize, if U ~ Dg with 1/ = 24,
conditioned on A,
XI5 +20CY) +1YI15 < (1= 1/s)x + 7 + 1) P s =22 20 P [s + (1+ €)% (x/B)
<@+e)’(x/B+x) - (22" = 1)x*/s
< (1+2e+€" = (5/3)x/s)(x/B+ )
<(1-3e+€)(x/B+x)

with probability at least 1/256 — §, where the last inequality is because y/s > 4e. It can be rephrased
as

oEis [px b+ V[ < (1 - 02 (/)| 1 4| = % _s,

which implies that

E [Pr[||x+Y"1|;§<(1—e)2(x/ﬁ))ﬂ,-”=Q( ! )

i~Unif (8) 26 log? s

5.3 Removing the assumption

We find the most “popular” value of the entries of IT with the following lemma.

LEMMA 21 (REFINED FROM LEMMA 12). Suppose that I1 is a matrix with column sparsity at most
s > 3. Then there exists a 0 > (1 —€)?/s — 1/slogs such that

<

D Wl [, = 1+ €| = Q(1/10gs). (19)
k:| M ; [2€[0,20)

We apply the pre~ceding lemma to IT, then let y £ | (4¢ + 6)/0(1 - 1/logs)] +1 > 2.

Let distribution D be a mixture of Dg and Z);, which are parameterized by 8, on n X d matrices.
With probability 1/3, D = Dy; with probability 1/3, Disa Z)k for f ~ Unif([[logs]]); and with
probability 1/3, Disa Dg for B ~ Unif ([[log sT]).

We shall prove the following theorem in this subsection.
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THEOREM 22. Suppose that (i)s = O(e~'logd) ands > 3, and (ii) I is an OSE for U ~ D. Then 11

must have at least
o/ (x-1) d x/(x-1)
=Q =
m $8v/(x—=1) log(’/()(—l)"'zs (e)

rows, where y = | (4 +0)/(0(1 - 1/logs))] +1 > 2and 0 > (1 -¢€)?/s — 1/slogs.

Note that 4€/6 = 4es(1 + 2¢ + O(€?) + O(1/log s)). Thus for € < 1/202 and s = Q(log(1/€)/e) N
O((logd)/e), the lower bound is at least
d\FrEmes g
[ o)

5.3.1 Partitioning OSE matrix. Since II is an OSE for U ~ Z~) II is also an OSE for U ~ ;. Thus
IITIx jll2 = 1 + € for at least n(1 — 36/d) columns j of IT by Lemma 23.

m=Q

LEMMA 23 (REFINED FROM [8, LEMMA 6]). IfII € R™*" is an (e, §)-subspace-embedding for U ~ D,
then (1 —36/d)-fraction of the columns of I1 has £,-norm of 1 + €.

Now we partition IT with new parameters.

CraiM 24 (REFINED FROM CLAIM 19). Assume IT € R™" is of column sparsity s > 3.1 can be
partitioned into 0.05m0 log® s submatrices 1y, . . ., Iy o5mo10g? s € Rm*20n/(mOlog”s) gy cp that for each

I1; withi < 0.024m0 (1) every column has ¢;-norm 1 + €, and (2) there is a row r such that every entry
in rowr (i) is in [VO, V20] and (ii) has the same sign.

Foreachi < 0.024m0, let H; denote the set of columns obtained from the set of columns in IT; after
removing row r. We apply Corollary 17 to each IT; for i < 0.024m0 with k = y, x = 0/logs, A = 0,
and obtain an ¢ for each II}. Let #; be the majority of these 0.024m0 values of £ and 8 C [0.024m0)]
the index set of i’s such that Corollary 17 returns ¢; when applied to I} with i < 0.024mf. Note that
|B| = Q(mb/log?s). Let X be a random variable which is obtained by sampling i € B uniformly at
random then summing over y uniformly random column vectors in II;, XJ, ..., X} the y random
column vectors with zeroing out r-th row, x, .. ., x,, the values of the r-th row in II;. Then

IXIE= D> (XX +xx) = D (LX) +xixp) + > (X1 + 7).
ijelx] ijelxl:i#j i

Recall that each column in IT; is of £,-norm 1+¢, so 3; (|| X] ||g+xlz) = (1+€)?y. Recall that each entry
in row r and in II; is in [V0, V26] and has the same sign, 0 ;. xix; € [x(x — 1)0,2x(x — 1)0].
Finally, 3’ je| 1.2 (X, X}) is characterized by Corollary 17. Let A be the event that

(1=e)’x =0y +x* (0= 0/logs) < |IXIl3 < (1+€)°x — Oy +3x"0
if &, = -1, or
(1—ey -0+ QY+ 1)*0 < ||IX|2 < (1+e)y — Oy + (21" +2)x%0
if £, > 0. Note that Pr[A] = Q(1/(2% log®s)) if i € B by Corollary 17 and Claim 24.

5.3.2  Obtaining lower bound via anticoncentration. Let A; be the event that U chooses at least y
columns in IT;, Y’ a uniformly random column over I, Y¢ the sum of y2! independent copies of Y.
We are going to invoke the following lemma to complete the proof.
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LEMMA 25. Assume thats = O(e 'logd),s > 3, andd > 1/€’. If there exists £,1/ > 0 such that
I1 is an OSE for Dl,? and

[Pr[||x+Y"||§ ¢ (116)2()(//3+)()‘?{i” -0 (;) (20)

E
i~Unif (B) 2¢log?s

then it must hold that

9=t/ -1 (1 4 1/ x-D [ g\ X/ =D
pea (St (o)

6-1/(x-1) 1og®/x-D¥2 5 e

Proor. The proof is almost identical with the proof of Lemma 20, except the calculations. In this

case, we have
X
IB’I=®(IBI-(d(1+1/ﬁ))(—1 : ) )
X m0log”s

Also, f is not fixed to 24 5o

(d(1+1/B) | LI
|B| ( N )(—melogzs) =0(2"log"s).

Algebraic manipulation then leads to the claimed lower bound of m. O

5.3.3 The anticoncentration. Recall that II is an (e, §)-subspace-embedding for U ~ D. Recall
that we assume n > K(sd)?/6 for large enough constant K so that U ~ D is an isometry with
probability 1 — §/(2K). By Markov’s inequality, for (1 — y)-fraction of £ € [L], Il is an (¢, 28/y)-
subspace-embedding for U ~ D,-¢, where y = K8 = O(), so that 2§/y = 2/K is a small constant.
Similarly, for (1—y)-fraction of £ € [L], I is an (e, 25/y)-subspace-embedding for U ~ D _,, where
Y £ K§= O(9), so that 25/y = 2/K is a small constant.

Conditioned on A, we have || X||, ~ y+2% y20. We now examine (X, Y’} to find a good parameter
B to meet the conditions of Lemma 25. Recall that y = | (4 + 6)/(0(1 — 1/logs))] + 1 > 4¢/0, so

-0+ x0 — x0/logs > 4e. (21)

We follow the same argument as in the previous subsection. To this end, we shall find an integer
¢, < ¢; such that I is an (€, 2/K)-subspace-embedding for U ~ Dy, U ~ D!, , U ~ Dyp-3 and

222
U ~ D, simultaneously. By the pigeonhole principle, for £; > 8y logs + 3, there is an integer

t, € [£; — 8ylogs, £1] which meets the preceding requirement. Note that
2t = Q20 /s%Y). (22)

Case 1: t; > 8ylogs + 3 and Pr[(X, Y27%) > —(1/4) - 24 ¥?6] > 1/2. By our assumption, if we
examine ITIU with 1/ = 2273 < 24/8

IXIZ + Y113+ 20X, Y) 2(1 = )*(x/B+x) = 0x + (2" + 1) x*0
>(1=2e+€ +2(x0) (x/B+x) > (1+)*(x/B+ )
with probability at least 1/2 — 2/K, where the last inequality is because y6 > 4e. So we have for
1/B =2%73% > 26 /858 that

[Pr [HX+ Yf1‘3||§ > (1+ e)Z(X/ﬂ+)())ﬂi” =Q (;) .

i~U£15?<B> 26 Jog?
og”s
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Case 2: ; < 8ylog s + 3. We follow the argument in Case 1 but apply U ~ D/’; with 1/ =0to I,
then obtain that conditioned on A,

X115 > (1—€)’x — 0+ x*(0 - 0/logs) > (1+¢€)*y,
where the second inequality is due to Eq. (21). Then we conclude for 1/ =0 > 24/8s% — 1
B [PrLIXIE > (1 ex] ] = 0 (2”1@)
Case 3: t; > 8ylogs +3 and Pr[(X,Y273) < —(1/4) - 28 ¥?0] > 1/2. By our assumption, if we
examine [TU with 1/ = 2%
IXIIZ + Y113 +2¢X, Y) <(1+€)*(x/f+x) — 0x — (2-21 = 2)x°0
<(1+2e+€ = (5/3)(x0)(x/B+x) < (1=€)*(x/B+x)

with probability at least 1/256 — 2/K, where the last inequality is because y8 > 4e. So we have for
1/B = 2% > 24 /s% that

B [P T < 0= g ] A = 0 5 )
Applying Lemma 25 with the values of § in Cases 1 and 3, we obtain
2-6/ (=1 (1 4 26)x/ -1V (g x/(x=1)

m= ( 0-1/(x-1) 10g6/()(—1)+2 s ' ( ) )

€

which by Eq. (22) is at least

ot . g1/ (x-1) d x/(x-1)
=Q B .
m 58)’)(/()(—1) log(’/()(_l)+z s (6)

o1/ (x-1) d\ X/ (-1
m=Q . (—) .
(838Y)1/(X_1) 10g6/()(*1)+2 s €
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