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We study linear sketches and data stream algorithms for the ℓ𝑝 -sampling problem. Here one chooses an

𝑟 × 𝑛 matrix 𝐴 and computes 𝐴 · 𝑣 for an underlying vector 𝑣 . From 𝐴 · 𝑣 , one should output a coordinate

𝑖 ∈ {1, 2, . . . , 𝑛} with probability (1 ± 𝜖) ∥𝑣𝑖 ∥𝑝
∥𝑣 ∥𝑝𝑝

. One is also allowed to output FAIL with a small constant

probability. In the estimation version of the problem, one would also like to output a (1 ± 𝜖)-approximation to

|𝑣𝑖 |𝑝
∥𝑣 ∥𝑝𝑝

, which is the probability for which 𝑖 was sampled. For 0 < 𝑝 < 2, work of Jayaram and Woodruff (FOCS,

2018) showed an upper bound of 𝑟 =𝑂 (log𝑛) while for 𝑝 = 2 the best known upper bound is 𝑟 =𝑂 (log2 𝑛).
They posed it as an open question to resolve this gap. We prove an Ω(log2 𝑛) sketching dimension lower

bound for 𝑝 = 2, thereby separating the complexity for 0 < 𝑝 < 2 from that of 𝑝 = 2, and showing that their

upper bound is optimal. Further, we show an Ω(𝜖−2 log𝑛) sketching dimension lower bound for the estimation

problem, improving the previous Ω(𝜖−2) bound and showing optimality of their algorithm. These results

give sketching dimension lower bounds for real-valued inputs, but by applying a result of Gribelyuk, Lin,

Woodruff, Yu, and Zhou (STOC, 2025), we obtain the same sketching dimension lower bound for poly(𝑛)-valued
integer sketches on poly(𝑛)-bounded integer-valued streams, thereby showing the optimality of Jayaram and

Woodruff’s sketch for turnstile streams.
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1 Introduction
The streaming model of computation is a standard framework for analyzing massive datasets that

are too large to be stored in available memory, such as database logs, financial market data, physical

sensor readings, and social network activity. In this model, an algorithm typically makes a single

pass over a sequence of updates to an underlying dataset, and must use a small amount of memory

to solve a given task.

Linear sketches are one of the most common and powerful techniques for designing streaming

algorithms, especially in the so-called turnstile streaming model which allows for positive and

negative updates to the underlying dataset. One reason is that they are easy to maintain under such

operations. Formally, for an underlying data vector 𝑣 ∈ R𝑛
, a linear sketch maintains a much smaller

vector 𝐴 · 𝑣 ∈ R𝑚
(where𝑚 ≪ 𝑛) via a sketching matrix 𝐴 ∈ R𝑟×𝑛

. Given an update 𝑣 ← 𝑣 +𝑤 in

the stream, for some vector𝑤 , one can update the sketch 𝐴(𝑣 +𝑤) ← 𝐴𝑣 +𝐴𝑤 without knowledge

of 𝑣 . It is known that under certain conditions, an optimal algorithm in the turnstile streaming

Authors’ Contact Information: William Swartworth, wswartworth@gmail.com, Carnegie Mellon University, Pittsburgh, PA,

USA; David P. Woodruff, dwoodruf@cs.cmu.edu, Carnegie Mellon University, Pittsburgh, PA, USA.

This work is licensed under a Creative Commons Attribution 4.0 International License.

© 2026 Copyright held by the owner/author(s).

ACM 2836-6573/2026/5-ART119

https://doi.org/10.1145/3801915

Proc. ACM Manag. Data, Vol. 4, No. 2 (PODS), Article 119. Publication date: May 2026.

https://doi.org/10.1145/3801915
https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0
https://doi.org/10.1145/3801915


119:2 William Swartworth & David P. Woodruff

model for any problem can be implemented as a linear sketch, making lower bounds for linear

sketches broadly applicable to understanding the limits of streaming computation [1, 8, 9].

Within this context, one of the most widely studied problems is that of ℓ𝑝 sampling. The objective

of an ℓ𝑝 sampler is to select an index 𝑖 with probability proportional to its contribution to the 𝑝-th

power ∥𝑣 ∥𝑝𝑝 of the 𝑝-norm of 𝑣 , that is, with probability approximately
|𝑣𝑖 |𝑝
∥𝑣 ∥𝑝𝑝

. These were introduced

in [10] and followed by a number of works which achieved improved bounds [2, 7]. These papers

introduce a relative error 𝜈 and output an index with probability (1± 𝜈) |𝑣𝑖 |
𝑝

∥𝑣 ∥𝑝𝑝
with space complexity

depending polynomially on 𝜈−1. This powerful primitive is a key subroutine in algorithms for

numerous problems, including heavy hitter detection, norm estimation, and finding duplicates.

A significant breakthrough in this area was the development of perfect samplers in [6] for the

range 𝑝 ∈ (0, 2), which achieve this exact probability distribution, i.e., 𝜈 = 0, up to overall additive

1

poly(𝑛) variation distance, and using a provably optimal sketching dimension of 𝑟 =𝑂 (log𝑛). Note
that with constant probability these samplers are allowed to output a special FAIL symbol These

sketches imply a streaming algorithm for poly(𝑛)-bounded integer vectors 𝑣 using 𝑂 (log2 𝑛) bits
of memory [6]. .

Despite this progress for 𝑝 ∈ (0, 2), the sketching complexity of ℓ2-sampling remained open. The

best-known upper bound for perfect ℓ2-sampling has sketching dimension 𝑟 =𝑂 (log2 𝑛), leaving
a logarithmic gap compared to the Ω(log𝑛) sketching dimension lower bound that holds for all

𝑝 ≥ 0 (see, e.g., [7]; this is also implicit in the 1-sparse compressed sensing lower bounds of [3]). In

terms of bit complexity for poly(𝑛)-bounded turnstile streams this gap translates to an 𝑂 (log3 𝑛)
upper bound in [6] versus an Ω(log2 𝑛) bit lower bound in [7]. This poses the central question,

which is an open question in Section 8 of [6]:

Is ℓ2 sampling an inherently harder problem than ℓ𝑝 sampling for 𝑝 < 2?

We note that ℓ2-sampling is especially important, as it can for example be used to obtain perfect

ℓ𝑝-sampling for all 𝑝 > 2 via a black box reduction which in turn has applications to ℓ𝑝-moment

estimation [13]. They also have applications in randomized numerical linear algebra to sampling

by leverage scores in turnstile streams [4].

1.1 Our Results
We answer the above question in the affirmative, both in the real-valued sketching model and in

the finite precision turnstile streaming model. Namely, we prove an Ω(log2 𝑛) sketching dimension

lower bound for 𝑝 = 2, thereby separating the complexity for 0 < 𝑝 < 2 from that of 𝑝 = 2

and showing that the upper bound of Jayaram and Woodruff [6] is optimal. Further, we show an

Ω(𝜖−2 log𝑛) sketching dimension lower bound for the frequency estimation problem, improving

the previous Ω(𝜖−2) bound and showing the optimality of the algorithm of [6]. While these results

give sketching dimension lower bounds for real-valued inputs, by applying a recent result of

Gribelyuk, Lin, Woodruff, Yu, and Zhou [5] we obtain the same sketching dimension lower bound

for poly(𝑛)-valued integer sketches on poly(𝑛)-bounded integer-valued input streams, thereby

showing the optimality of Jayaram and Woodruff’s sketch for turnstile streams as well.

Furthermore, we extend our analysis to the problem of providing a (1± 𝜖) relative error estimate

of the value 𝑣𝑖 for a sampled index 𝑖 . For 𝑝 < 2, this task is known to require 𝑂 (𝜖−𝑝 ) additional
sketching dimension or 𝑂 (𝜖−𝑝 log𝑛) additional bits in the turnstile streaming model. For 𝑝 = 2,

prior algorithms required an additional 𝑂 (𝜖−2 log𝑛) sketching dimension, or 𝑂 (𝜖−2 log2 𝑛) bits in
the turnstile streaming model, which is yet another instance of a mysterious log𝑛 factor gap from

0 < 𝑝 < 2. We close this gap as well, showing yet another phase transition at 𝑝 = 2 by proving a

matching Ω(𝜖−2 log𝑛 log 1

𝛿
) sketching dimension lower bound for this estimation task when using
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an ℓ2 sampler and a matching Ω(𝜖−2 log2 𝑛 log 1

𝛿
) bit complexity lower bound in turnstile streams,

thereby fully characterizing the source of the additional complexity. Combining our two main

results, we show:

Theorem 1.1. An (𝜖, 𝛿)-ℓ2-sampler with frequency estimation requires a sketching dimension of at
least

Ω(log2 𝑛 + 1

𝜖2
log𝑛).

Moreover, storing such a sketch for vectors with poly(𝑛) sized entries requires

Ω(log3 𝑛 + 1

𝜖2
log

2 𝑛)

bits of space.

1.2 Preliminaries
ℓ2 samplers. We use the following definition for an ℓ2 sampling sketch. For us, we only consider

sketches with constant failure probability. Additionally, while ℓ2 samplers exist, our lower bounds

hold against samplers that perform ℓ2 sampling up to constants. So we use this less restrictive

definition here.

Definition 1.1. An ℓ2 sampling sketch is an algorithm that observes a linear sketch 𝑆𝑣 of 𝑣 ∈ R𝑛 with
𝑆 : R𝑛 → R𝑚 , and chooses to either output FAIL, with probability at most 1

2
, or output a coordinate ℓ .

Conditioned on not outputting FAIL, the outputted coordinate must satisfy

Pr(ℓ = 𝑖) =
(1 ± 1

2
)𝑣2𝑖

∥𝑣 ∥2 .

Existing ℓ2 sampling sketches are also able to output accurate frequency estimates for the sampled

coordinate. We will provide a lower bound against such sketches as well.

Definition 1.2. An (𝜖, 𝛿) −ℓ2 sampling sketch with frequency estimation is an algorithm that observes
a linear sketch 𝑆𝑣 of 𝑣 ∈ R𝑛 with 𝑆 : R𝑛 → R𝑚 , and chooses to either output FAIL, with probability at
most 1

2
, or output a coordinate ℓ . Conditioned on not outputting FAIL, the outputted coordinate must

satisfy

Pr(ℓ = 𝑖) =
(1 ± 1

2
)𝑣2𝑖

∥𝑣 ∥2 .

Additionally, conditioned on not failing, the algorithm must out an estimate 𝑣𝑖 satisfying

Pr( |𝑣𝑖 − 𝑣𝑖 | > 𝜖𝑣𝑖 ) ≤ 𝛿.

Leverage scores. We will use leverage scores several times throughout our arguments. The 𝑖th

leverage score of an orthogonal projection Π is by definition 𝜏2𝑖 := ∥Π𝑒𝑖 ∥2.The following is the

well-known fact that the sum of leverage scores of a matrix equals its rank.

Proposition 1.1. Let Π ∈ R𝑛×𝑛 be an orthogonal projection of rank𝑚. Then
∑𝑛

𝑖=1 ∥Π𝑒𝑘 ∥2 =𝑚.

Proof. We have
𝑛∑︁
𝑖=1

∥Π𝑒𝑘 ∥2 = Tr(Π𝑇Π) = Tr(Π2) = Tr(Π) =𝑚.

□

Heavy Hitters. We will use the language of heavy-hitters throughout. Given a frequency vector

𝑣 , we say that coordinate 𝑖 is (𝜖, ℓ𝑝 )-heavy if ∥𝑣𝑖 ∥2 ≥ 𝜖 ∥𝑣 ∥𝑝𝑝 . Unless otherwise stated, 𝜖-heavy will

always mean (𝜖, ℓ2)-heavy.
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1.3 Technical Overview
ℓ2-sampling. We show that an ℓ2 sampler requires a sketching dimension of at least Ω(log2 𝑛).

To do this, we first construct a game that can be solved by an ℓ2 sampler, and then show that any

sketch which solves the game requires Ω(log2 𝑛) sketching dimension.

To construct the game, first observe that an ℓ2 sampling sketch can be applied to find an Ω(1)-
heavy-hitter with constant probability. If 𝑣2𝑖 ≥ 1

2
∥𝑣 ∥2

2
, then by definition, the sampler chooses

coordinate 𝑖 with constant probability. Unfortunately this isn’t enough to give an Ω(log2 𝑛) lower
bound, since CountSketch already finds heavy-hitters using 𝑂 (log𝑛) sketching dimension.

An ℓ2 sampler is more powerful though, and can find smaller “spikes", albeit with lower probability.

To make this precise we take the input of our game to be 𝑣 =N(0, 𝐼𝑛) + 2𝑟/2𝑒𝑘 where 𝑘 is uniform

over coordinates and 𝑟 is uniform over [log𝑛] . At scale 𝑟 , an ℓ2 sampler recovers coordinate 𝑘 with

probability roughly 2
𝑟/𝑛. To codify this in the game, we design the game to give a payout of 𝑛/2𝑟

when the chosen scale is 𝑟 and the sketch correctly identifies coordinate 𝑘. An ℓ2 sampler achieves

expected payout of Ω(1) conditionally for each 𝑟 , and therefore an Ω(1) expected payout overall.

Intuitively, achieving a constant expected score for each 𝑟 should require a sketching dimension of

Ω(log𝑛), and there are log𝑛 scales 𝑟 , so this suggests a sketching lower bound of Ω(log2 𝑛).
The situation at each scale is reminiscent of 1-sparse recovery which is known to have Ω(log𝑛)

sketching lower bound [11]. One way to prove this is via the Shannon-Hartley theorem, and indeed

this would generalize to show that obtaining constant expected payout at any fixed scale 𝑟 requires

Ω(log𝑛) rows. Unfortunately, for us this does not give enough information about what the sketch

must look like at each scale. For example, if one could just use the same sketch for each 𝑟 , then the

sketching dimension would not need to increase with the number of levels.

We show that the situation is different for different values of 𝑟 . For recovering spike of size√
𝑛 planted within a standard Gaussian vector, a dense Gaussian sketch would suffice to attain

constant probability of success. However for smaller spikes, our argument will show that it cannot.

We roughly show that finding a spike of size 2
𝑟/2

with 𝑛/2𝑟 probability requires scaling up 𝑛/2𝑟
coordinates by a factor of

√
𝑛/2𝑟/2, so that if scaled, the large coordinate becomes nearly Ω(1)

heavy. In other words we show that the rescaling that all known ℓ2 sampling sketches perform is

necessary for recovering smaller spikes.

The discussion above is for a fixed scale 𝑟 . For each scale 𝑟 , there are 𝑛/2𝑟/2 coordinates rescaled
to 𝑂 (

√
𝑛). Since we do not know 𝑟 ahead of time, all of these rescalings must be performed

simultaneously, and so we end up with 1 coordinate rescaled by

√
𝑛, 2 coordinates rescaled by√︁

𝑛/2, 4 coordinates rescaled by

√︁
𝑛/4, and so on. The net effect is that the rescaling scales the

squared norm of the input vector by a factor of log𝑛. Thus at scale 𝑟, when rescaling produces a

heavy-hitter, it is not 𝑂 (1) heavy, but rather 𝑂 (1/log𝑛) heavy. This is the source of our additional
log𝑛 factor.

To describe our argument a bit more precisely, note that the sketching matrix can without loss

of generality be taken an orthogonal projection Π : R𝑛 → R𝑛
where Π has rank𝑚, corresponding

to the sketching dimension. By Yao’s minimax principle [14], for fixed𝑚, the expected payout of

the game above is maximized for a deterministic choice of Π. In this picture, the coordinate-wise

rescalings correspond to the leverage scores 𝜏2𝑖 := ∥Π𝑒𝑖 ∥2 of Π [12]. Let 𝑥
(𝑟 )
𝑘

= Π(2𝑟/2𝑒𝑘 ) be the
sketches of the possible spikes. Our key technical observation is as follows:

Lemma 1. Let 𝑣1, . . . , 𝑣𝑚 be vectors in R𝑑 , with ∥𝑣𝑖 ∥ ≤ 1

10

√
ln𝑚 for all 𝑖 . Let 𝐼 be drawn uniformly

from [𝑚], and let 𝑋 be distributed asN(𝑣𝐼 , 𝐼𝑑 ). The probability of recovering 𝐼 from an observation of
𝑋 is at most 1/poly(𝑚).
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This implies that the spikes that project into the ball 𝐵 of radius 𝑐
√︁
log𝑛 cannot be differentiated

from one another under the background N(0, 𝐼𝑚) noise. At each scale 𝑟 , we must therefore have

𝑛(2𝑟/𝑛) = 2
𝑟
vectors that project outside of𝐵. The squared norm of each projection is ∥𝑥 (𝑟 )

𝑘
∥2 = 𝜏2

𝑘
2
𝑟
,

so there must be 2
𝑟
leverage scores that are least log𝑛/2𝑟 . This holds for all 𝑟 , and we show that

this implies that𝑚, which is the sum of the leverage scores, is at least log
2 𝑛.

We point out here that our lemma has a short heuristic derivation. Suppose that we would like

to be able to recover 𝐼 under the constraint that the 𝑣𝑖 ’s all lie in a ball of radius
1

10
log𝑛. The

best-case scenario should plausibly be when the 𝑣𝑖 ’s are maximally separated, i.e., when they are

at the vertices of a regular simplex in𝑚 − 1 dimensions. Up to a constant-factor rescaling, this

simplex is isometric to the set of𝑚 coordinate vectors in R𝑚, rescaled by
1

10

√︁
log𝑛. But it is easy to

understand this corresponding mixture of Gaussians. The MAP recovery algorithm simply chooses

the coordinate vector corresponding to the largest coordinate 𝑋 ’. But the largest coordinate of
1

10

√︁
log𝑛𝑒𝑘 + N(0, 𝐼𝑛) is typically not 𝑒𝑘 , since a N(0, 1) random variable is at least

1

10

√︁
log𝑛 with

at least 𝑛−0.5 probability, say. Unfortunately, this argument is difficult to make rigorous, so we

supply a different argument in the section below.

ℓ2-sampling with frequency estimation. We also consider lower bounds for samplers that output

a multiplicative approximation (1 ± 𝜖) with failure probability at most 𝛿 to the coordinate it

samples. The idea is similar to frequency estimation, although the details are a bit different. Here

we consider a distinguishing game where the player observes the sketch, is told 𝑟 and 𝑘 afterwards,

and must decide whether the spike had size 2
𝑟/2

or (1 + 𝜖)2𝑟/2 . The game pays out 1 for a correct,

and − 1

𝛿
to penalize incorrect answers. We observe that an ℓ2 sampler can achieve Ω(1) expected

payout on this game. On the other hand, we show that achieving Ω(1) expected payout requires a

sketching dimension of Ω( 1
𝜖2
log𝑛 log 1

𝛿
). The idea is that projection of 𝑣𝑘𝑒𝑘 is distributed as either

N(∥Π𝑒𝑘 ∥𝑣𝑘 , 1) or N((1 + 𝜖)∥Π𝑒𝑘 ∥𝑣𝑘 , 1). We bound the number of samples needed to confidently

distinguish between these Gaussians, and consequently bound the expected score of the game

at each scale. Then we sum across coordinates 𝑘 and scales 𝑟 , and carefully bound the resulting

sum. This turns out to give the correct lower bound of Ω( 1
𝜖2
log𝑛 log 1

𝛿
) for for achieving an Ω(1)

expected score in the above game.

Bit lower bounds. Finally we show how to apply the recent lifting framework of [5] to obtain bit

lower bounds for sketches. The main idea from [5] that we apply is that under certain technical

conditions on the sketching matrix (we can assume without loss generality), the sketch of a discrete

Gaussian is close in total variation distance to that of a continuous Gaussian, rounded to the nearest

point in the lattice induced by 𝐴. Since our games our unaffected by this small amount of running,

this implies that the payout on discrete Gaussian inputs cannot be higher than for continuous

Gaussian inputs. Thus we obtain a lower bound for discrete distributions as well, which generally

require Ω(log𝑛) bits per entry on input vectors with polynomailly sized inputs.

2 Sampling Lower Bound
2.1 Main Probabilistic Lemma
The main idea is to bound the probability of recovering the sampled index from a gaussian mixture,

when all means lie in a ball of radius𝑂 (
√︁
log𝑛).We start with two propositions that we use below.

Proposition 2.1. Let 𝑋 ∼ N(0, 𝐼𝑑 ) be a random vector in R𝑑 , with probability density function (PDF)
𝑓 (𝑥). Let 𝑓1 (𝑥) be the PDF of aN(𝑣, 𝐼𝑑 ) distribution, where 𝑣 ∈ R𝑑 is a fixed non-zero vector. Then for
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any 𝑟 > 0, the probability Pr(𝑓1 (𝑋 )/𝑓 (𝑋 ) ≤ 𝑟 ), where 𝑋 ∼ N(0, 𝐼𝑑 ), is given by

Pr

(
𝑓1 (𝑋 )
𝑓 (𝑋 ) ≤ 𝑟

)
= Φ

(
ln 𝑟 + 1

2
∥𝑣 ∥2

∥𝑣 ∥

)
,

where Φ(·) is the cumulative distribution function (CDF) of the standard normal distribution N(0, 1)
and ∥𝑣 ∥ denotes the Euclidean norm of 𝑣 .

Proof. The PDF of 𝑋 ∼ N(0, 𝐼𝑑 ) is

𝑓 (𝑥) = 1

(2𝜋)𝑑/2
exp

(
−1
2

𝑥𝑇𝑥

)
.

The PDF of a N(𝑣, 𝐼𝑑 ) distribution is

𝑓1 (𝑥) =
1

(2𝜋)𝑑/2
exp

(
−1
2

(𝑥 − 𝑣)𝑇 (𝑥 − 𝑣)
)
.

We are interested in the probability Pr(𝑓1 (𝑋 )/𝑓 (𝑋 ) ≤ 𝑟 ), where 𝑋 ∼ N(0, 𝐼𝑑 ). The ratio of the

PDFs is

𝑓1 (𝑋 )
𝑓 (𝑋 ) =

1

(2𝜋 )𝑑/2 exp
(
− 1

2
(𝑋 − 𝑣)𝑇 (𝑋 − 𝑣)

)
1

(2𝜋 )𝑑/2 exp
(
− 1

2
𝑋𝑇𝑋

)
= exp

(
−1
2

(𝑋 − 𝑣)𝑇 (𝑋 − 𝑣) + 1

2

𝑋𝑇𝑋

)
= exp(𝑋𝑇 𝑣 − 1

2

∥𝑣 ∥2).

The probability we want to calculate is

Pr

(
exp

(
𝑋𝑇 𝑣 − 1

2

∥𝑣 ∥2
)
≤ 𝑟

)
= Pr(𝑋𝑇 𝑣 ≤ ln 𝑟 + 1

2

∥𝑣 ∥2).

Note that 𝑌 := 𝑋𝑇 𝑣 is distributed as N(0, ∥𝑣 ∥2). We can standardize 𝑌 by defining𝑊 = 𝑌/∥𝑣 ∥.
Then𝑊 ∼ N(0, 1). The probability becomes

Pr

(
𝑊 ∥𝑣 ∥ ≤ ln 𝑟 + 1

2

∥𝑣 ∥2
)
= Pr

(
𝑊 ≤

ln 𝑟 + 1

2
∥𝑣 ∥2

∥𝑣 ∥

)
,

from which the claim follows by the definition of Φ. □

Proposition 2.2. Let D1, . . . ,D𝑚 be probability distributions on R𝑑 with PDFs 𝑓1, . . . , 𝑓𝑚 . Let 𝐼 be
uniform on [𝑛] and let 𝑋 be drawn from D𝐼 . Suppose that for all 𝑖

Pr

𝑍∼D𝑖

(
𝑓𝑖 (𝑍 )

𝑓1 (𝑍 ) + . . . + 𝑓𝑚 (𝑍 )
≥ 𝑝

)
≤ 𝛿.

Let 𝐼 : R𝑑 → [𝑚] be fixed. Then
Pr(𝐼 (𝑋 ) = 𝐼 ) ≤ 𝛿 + 𝑝.

Proof. The posterior probability of 𝐼 = 𝑘 given 𝑋 = 𝑥 is 𝑞𝑘 (𝑥) = Pr(𝐼 = 𝑘 |𝑋 = 𝑥). Using Bayes’

theorem and Pr(𝐼 = 𝑘) = 1/𝑚:

𝑞𝑘 (𝑥) =
Pr(𝑋 = 𝑥 |𝐼 = 𝑘) Pr(𝐼 = 𝑘)

Pr(𝑋 = 𝑥) =
𝑓𝑘 (𝑥) (1/𝑚)∑𝑚
𝑗=1 𝑓𝑗 (𝑥) (1/𝑚)

=
𝑓𝑘 (𝑥)∑𝑚
𝑗=1 𝑓𝑗 (𝑥)

.

Let 𝑆 (𝑥) = ∑𝑚
𝑗=1 𝑓𝑗 (𝑥). So 𝑞𝑘 (𝑥) = 𝑓𝑘 (𝑥)/𝑆 (𝑥).
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Let 𝐴𝑘 = {𝑥 | 𝐼 (𝑥) = 𝑘} be the set of 𝑥 values for which we estimate 𝐼 to be 𝑘 . Let 𝐵𝑘 = {𝑥 |
𝑞𝑘 (𝑥) > 𝑝}. The probability of correctly recovering 𝐼 is:

Pr(𝐼 (𝑋 ) = 𝐼 ) = 1

𝑚

𝑚∑︁
𝑘=1

∫
𝐴𝑘

𝑓𝑘 (𝑥)𝑑𝑥 =
1

𝑚

𝑚∑︁
𝑘=1

(∫
𝐴𝑘∩𝐵𝑘

𝑓𝑘 (𝑥)𝑑𝑥 +
∫
𝐴𝑘∩𝐵𝑐

𝑘

𝑓𝑘 (𝑥)𝑑𝑥
)

To bound the first sum,

1

𝑚

𝑚∑︁
𝑘=1

∫
𝐴𝑘∩𝐵𝑘

𝑓𝑘 (𝑥)𝑑𝑥 ≤
1

𝑚

𝑚∑︁
𝑘=1

∫
𝐵𝑘

𝑓𝑘 (𝑥)𝑑𝑥 ≤ 𝛿,

by the stated condition.

For the second sum, note that 𝑓𝑘 (𝑥) ≤ 𝑝𝑆 (𝑥) for all 𝑥 ∈ 𝐵𝑐
𝑘
. Therefore

1

𝑚

𝑚∑︁
𝑘=1

∫
𝐴𝑘∩𝐵𝑐

𝑘

𝑓𝑘 (𝑥)𝑑𝑥 ≤
1

𝑚

𝑚∑︁
𝑘=1

∫
𝐴𝑘∩𝐵𝑐

𝑘

𝑝𝑆 (𝑥)𝑑𝑥

= 𝑝

𝑚∑︁
𝑘=1

∫
𝐴𝑘∩𝐵𝑐

𝑘

𝑆 (𝑥)
𝑚

𝑑𝑥

= 𝑝

𝑚∑︁
𝑘=1

∫
𝐴𝑘∩𝐵𝑐

𝑘

𝑓𝑋 (𝑥)𝑑𝑥

= 𝑝

∫
∪𝑘 (𝐴𝑘∩𝐵𝑐

𝑘
)
𝑓𝑋 (𝑥)𝑑𝑥,

which is at most 𝑝 as desired.

□

Lemma 2. Let 𝑣1, . . . , 𝑣𝑚 be vectors in R𝑑 , with ∥𝑣𝑖 ∥ ≤ 1

10

√
ln𝑚 for all i. Let 𝐼 be drawn uniformly

from [𝑚], and let 𝑋 be distributed asN(𝑣𝐼 , 𝐼𝑑 ). The probability of recovering 𝐼 from an observation of
𝑋 is at most 2𝑚−0.5.

Proof. Fix 𝑖 and suppose that 𝑥 is distributed according to N(𝑣𝑖 , 𝐼𝑑 ). Let 𝑓𝑖 be corresponding
PDF. By Proposition 2.1, we have

Pr

(
𝑓𝑗 (𝑥)
𝑓𝑖 (𝑥)

≤𝑚−0.5
)
= Φ

(
ln(𝑚−0.5) + 1

2
∥𝑣𝑖 − 𝑣 𝑗 ∥2

∥𝑣𝑖 − 𝑣 𝑗 ∥

)
= Φ

(
−0.5 ln(𝑚) + 1

2
∥𝑣𝑖 − 𝑣 𝑗 ∥2

∥𝑣𝑖 − 𝑣 𝑗 ∥

)
≤ Φ

(
−0.5 ln(𝑚) + 1

50
ln𝑚

1

5

√
ln𝑚

)
= Φ(−2.4

√
ln𝑚)

≤ exp((−2.4
√
ln𝑚)2/2)

=𝑚−2.88 .

Here we bounded ∥𝑣𝑖 − 𝑣 𝑗 ∥ by ∥𝑣𝑖 ∥ + ∥𝑣 𝑗 ∥ ≤ 1

5

√
ln𝑚, and used that the expression in the second

line is monotonic in ∥𝑣𝑖 − 𝑣 𝑗 ∥.
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It follows from this that

Pr

(
𝑓𝑖 (𝑥)

𝑓1 (𝑥) + . . . + 𝑓𝑚 (𝑥)
≥𝑚−0.5

)
= Pr

(
𝑓1 (𝑥) + . . . + 𝑓𝑚 (𝑥)

𝑓𝑖 (𝑥)
≤𝑚0.5

)
≤ Pr

(
min

𝑗

𝑓𝑗 (𝑥)
𝑓𝑖 (𝑥)

≤𝑚−0.5
)

≤𝑚−1.88,
where we applied a union bound in the last step. Then by Proposition 2.2, the probability of

recovering 𝐼 is at most𝑚−0.5 +𝑚−1.88 ≤ 2𝑚−0.5.
□

2.2 Lower Bound for ℓ2 Samplers
The problem we consider is identifying the location of a planted spike in a N(0, 𝐼𝑑 ) random vector.

The size of the spike is chosen to be a random power of

√
2 between 1 and

√
𝑛. When the spike is

of size 𝑅, we would like to formulate the problem so that the index of the spike must be recovered

with probability 𝑅2/𝑛. However we would like to use Yao’s principle to reduce to deterministic

sketches. A probability guarantee depending on the choice of scale does not directly allow for

applying Yao’s principle. So instead, we introduce a game with a payoff scheme, where the payoff

is inversely proportional to the success probabilities that we would like to enforce at each scale.

Problem 2.1. Let 𝑛 be a power of 2. Let 𝑟 be drawn uniformly from [log𝑛], and let 𝑘 be drawn
uniformly from [𝑛] . We define the distribution D as the distribution of 𝑁 (0, 𝐼𝑛) + 2𝑟/2𝑒𝑘 . Given a
linear sketch Π𝑣 of a sample 𝑣 ∼ D, the goal is to output the coordinate 𝑘. Correctly outputting the
coordinate 𝑘 earns a score of max(𝑛/2𝑟 , 𝑛1/4).
First we observe that an ℓ2 sampling sketch gets a good score on this game.

Proposition 2.3. An ℓ2-sampling sketch that samples coordinate 𝑖 with probability (1 ± 1

2
) 𝑓 2𝑖
∥ 𝑓 ∥2

2

achieves a score of Θ(1) in Problem 2.1.

Proof. Suppose that the spike has size 2
𝑟/2. Note that the norm of a N(0, 𝐼𝑛) sample is 𝑂 (

√
𝑛)

with good probability, so the sampler chooses coordinate 𝑘 with probability Ω(2𝑟/𝑛) by the ℓ2
sampling guarantee. It follows that the expected payoff is Ω(1) conditioned on 𝑛/2𝑟 > 𝑛1/4, which
occurs with constant probability. So the overall expected payoff is Ω(1). □

Theorem 2.1. A randomized sketch for Problem 2.1 that achieves a score of Θ(1) must have sketching
dimension at least Ω(log2 𝑛).
Proof. By Yao’s principle, it suffices to show the lower bound for a deterministic sketch and

recovery strategy. Without loss of generality, suppose that the sketch is an orthogonal projection

Π of rank𝑚.

Let 𝑣
(𝑟 )
𝑘

= 2
𝑟/2Π𝑒𝑘 , be the projection of the 𝑘-th spike at scale 𝑟 . Note that we observeN(0, 𝐼 ) + 𝑣

where 𝑣 is uniform from the set {𝑣 (𝑟 )
𝑘
}.

Let 𝑃𝑘𝑟 be the probability of winning conditioned on fixed values for 𝑘, 𝑟 . Let 𝑄 be the random

variable representing the payout of our strategy. Let 𝐵 = {𝑣 (𝑟 )
𝑘

: ∥𝑣 (𝑟 )
𝑘
∥ ≤ 1

10

√︁
log𝑛}. For fixed 𝑟,∑︁

𝑘

∥𝑣 (𝑟 )
𝑘
∥2 =

∑︁
𝑘

2
𝑟 ∥Π𝑒𝑘 ∥2 = 2

𝑟𝑚.

So at most
100·2𝑟𝑚
log𝑛

of these lie outside the ball of radius
1

10

√︁
log 𝑟 . This implies that |𝐵𝑐 | ≤ 200𝑚𝑛

log𝑛
. So

either𝑚 ≥ Ω(log2 𝑛), in which case we are done, or |𝐵 | ≥ 𝑛.
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By Lemma 2 the probability of correctly recovering 𝑘 and 𝑟 from the sketch conditioned on

𝑣
(𝑟 )
𝑘
∈ 𝐵 is at most 2𝑛−0.5 for any strategy. To win however, we only need to correctly identify 𝑘 .

There are at most log𝑛 values of 𝑟 though, so

Pr(win|𝑣 (𝑟 )
𝑘
∈ 𝐵) ≤ 2𝑛−0.5 log𝑛

since a strategy that recovers 𝑘 can recover 𝑟 with 1

log𝑛
probability, simply by uniform guessing.

Since the maximum payout is 𝑛1/4, we have

1

|𝐵 |
∑︁

𝑣
(𝑟 )
𝑘
∈𝐵

𝑛

2
𝑟
𝑃𝑘𝑟 = E(𝑄 |𝑣 (𝑟 )

𝑘
∈ 𝐵) ≤ 𝑛1/4 (2𝑛−0.5 log𝑛) ≤ 2𝑛−0.25 log𝑛.

Then we have

E(𝑄) = 4

𝑛 log𝑛

∑︁
𝑘,𝑟

( 𝑛
2
𝑟

)
𝑃𝑘𝑟

=
4

𝑛 log𝑛

∑︁
𝑣
(𝑟 )
𝑘
∈𝐵

( 𝑛
2
𝑟

)
𝑃𝑘𝑟 +

4

𝑛 log𝑛

∑︁
𝑣
(𝑟 )
𝑘

∉𝐵

( 𝑛
2
𝑟

)
𝑃𝑘𝑟

≤ 4

𝑛 log𝑛
|𝐵 | (2𝑛−0.25 log𝑛) + 4

𝑛 log𝑛

∑︁
𝑣
(𝑟 )
𝑘

∉𝐵

( 𝑛
2
𝑟

)
𝑃𝑘𝑟

≤ 2𝑛−0.25 log𝑛 + 4

𝑛 log𝑛

∑︁
𝑣
(𝑟 )
𝑘

∉𝐵

( 𝑛
2
𝑟

)
𝑃𝑘𝑟 .

We are left with bounding the remaining sum. To this end we write

4

𝑛 log𝑛

∑︁
𝑣
(𝑟 )
𝑘

∉𝐵

( 𝑛
2
𝑟

)
𝑃𝑘𝑟 =

4

𝑛 log𝑛

∑︁
𝑘,𝑟

1

[
𝜏2
𝑘
2
𝑟 ≥ 1

100

log𝑛

] ( 𝑛
2
𝑟

)
𝑃𝑘𝑟

≤ 4

log𝑛

∑︁
𝑘,𝑟

1

[
𝜏2
𝑘
2
𝑟 ≥ 1

100

log𝑛

] (
1

2
𝑟

)
=

4

log𝑛

∑︁
𝑟

1

2
𝑟

∑︁
𝑘

1

[
𝜏2
𝑘
2
𝑟 ≥ 1

100

log𝑛

]
=

4

log𝑛

∑︁
𝑟

1

2
𝑟
#{𝑘 : 𝜏2

𝑘
≥ 1

100

log𝑛

2
𝑟
}

=
4

log𝑛

∑︁
𝑟

𝐿𝑟

2
𝑟
,

where we set 𝐿𝑟 = #{𝑘 : 𝜏2
𝑘
≥ 1

100

log𝑛

2
𝑟 }. Note that

𝐿𝑟+1 − 𝐿𝑟 = #{𝑘 : 𝜏2
𝑘
∈

[
1

100

log𝑛

2
𝑟+1 ,

1

100

log𝑛

2
𝑟

)
},
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so

𝑚 =

𝑛∑︁
𝑖=1

𝜏2𝑖 ≥
∞∑︁

𝑟=−∞
(𝐿𝑟+1 − 𝐿𝑟 )

1

100

log𝑛

2
𝑟+1

=
log𝑛

100

( ∞∑︁
𝑟=−∞

𝐿𝑟+1
2
𝑟+1 −

1

2

∞∑︁
𝑟=−∞

𝐿𝑟

2
𝑟

)
=
log𝑛

200

∞∑︁
𝑟=−∞

𝐿𝑟

2
𝑟
.

It follows that

∑∞
𝑟=−∞

𝐿𝑟
2
𝑟 ≤ 200𝑚

log𝑛
. Plugging in to our calculations above gives

E(𝑄) ≤ 2𝑛−0.25 log𝑛 + 4

log𝑛

200𝑚

log𝑛
= 2𝑛−0.25 log𝑛 + 800𝑚

log
2 𝑛

,

and the result follows. □

3 Frequency Estimation
We consider the following problem.

Problem 3.1. Let 𝑛 be a power of 2. Let the distribution D be defined as N(0, 𝐼𝑛) + (1 + 𝑧𝜖)2𝑟/2𝑒𝑘
where 𝑘 is uniform on [𝑛], 𝑟 is uniform on [log𝑛], and 𝑧 is uniform on {0, 1}.

Alice chooses an orthogonal projection Π, and observes Π𝑣 where 𝑣 ∼ D . Alice is then told 𝑟 and 𝑘 ,
and must choose to either pass or output a guess 𝑧 of 𝑧. If Alice passes, she receives a score of 0. If 𝑧 = 𝑧

she receives a score of 𝑛/2𝑟 , and if 𝑧 ≠ 𝑧 she receives a score of −𝛼𝑛/2𝑟 .

Next we show that an ℓ2 sampler with frequency estimation can get a good expected score on

this game.

Lemma 3. Let Π is an ℓ2-sampling sketch that passes with probability at most 1/2 and conditioned
on not passing, samples item 𝑖 with probability (1± 1

2
) 𝑓𝑖

∥ 𝑓 ∥2
2

, and conditioned on sampling item 𝑖 outputs

a frequency estimate ˆ𝑓𝑖 satisfying ˆ𝑓𝑖 = (1 ± 𝜖) 𝑓𝑖 with probability at least 1 − 𝛿.
Given such a sampler, Alice can achieve an expected score of Ω(1 − (𝛼 + 1)𝛿) on Problem 3.1.

Proof. Alice simply uses the sketch to perform ℓ2 sampling on the frequency vector. If the

sampler fails, then she passes. Otherwise she checks if her sample matches 𝑘, if it does she uses the

sampler to compute a (1 ± 𝜖) multiplicative estimate to 𝑣𝑘 .

The probability that she samples coordinate 𝑘 is Θ(2𝑟/𝑛). Given this, the probability that she

correctly guesses 𝑧 is at least 1−𝛿 by correctness of the sampler. Thus up to constants, her expected

score is

2
𝑟

𝑛
[(1 − 𝛿) 𝑛

2
𝑟
+ 𝛿 (−𝛼𝑛

2
𝑟
)],

as claimed. □

We will use the following simple bound below.

Proposition 3.1. We have the bound exp(−1/𝑥) ≤ min(1, 𝑥2) for 𝑥 ≥ 0.

Proof. It is clear that exp(−1/𝑥) ≤ 1. For the other bound it suffices to show that 𝑓 (𝑥) :=
𝑥2 exp(1/𝑥) ≥ 1. Note that 𝑓 ′ (𝑥) = (2𝑥 − 1) exp(1/𝑥), and so 𝑓 is minimized when 𝑥 = 1/2 where
it achieves a minimum of (𝑒/2)2 > 1. □
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The following propositions bounds the probability that we can confidently identify the part of a

Gaussian mixture that a sample arises from.

Proposition 3.2. Let D0 and D1 be N(0, 1) and N(−𝑇, 1) respectively where 𝑇 ≥ 0. Suppose that
𝑘 is uniform on {0, 1} and that 𝑋 is drawn from the mixture distribution 1

2
D0 + 1

2
D1. Let E be the

event that {Pr(𝑘 = 1|𝑋 = 𝑡) ≥ 𝛽 or Pr(𝑘 = 0|𝑋 = 𝑡) ≥ 𝛽} or in other words that the MAP estimate for
𝑘 has 𝛽 confidence. Then

Pr(E) ≤ 1
𝑇 ≥
√
𝐶𝛽
+min(1, 128𝑇 4/𝐶4

𝛽
),

where 𝐶𝛽 = log
𝛽

1−𝛽 .

Proof. The posterior probability of 𝑘 = 0 conditioned on observing 𝑋 = 𝑡 is

Pr(𝑘 = 0|𝑋 = 𝑡) = 𝑒−𝑡
2/2

𝑒−𝑡2/2 + 𝑒−(𝑡+𝑇 )2/2
.

This quantity is at least 𝛽 precisely when

𝑒−𝑇𝑡−𝑇
2/2 ≤ 1

𝛽
− 1,

or equivalently when

𝑡 ≥ −𝑇
2

+ 1

𝑇
log( 𝛽

1 − 𝛽 ) := −
𝑇

2

+
𝐶𝛽

𝑇
.

To bound this, consider two cases. If 𝐶𝛽/𝑇 ≥ 2(𝑇 /2) (or equivalently when 𝑇 ≤
√︁
𝐶𝛽 ),

Pr(𝑋 ≥ −𝑇
2

+
𝐶𝛽

𝑇
) ≤ Pr(𝑋 ≥

𝐶𝛽

2𝑇
) ≤ exp(−𝐶2

𝛽
/(8𝑇 2)),

by the Chernoff tail bound.

In the second case where 𝑇 ≥
√︁
𝐶𝛽 , we simply bound Pr(𝑋 ≥ −𝑇

2
+ 𝐶𝛽

𝑇
) ≤ 1. Combining these

bounds and considering both 𝑘 = 0 and 𝑘 = 1 gives

Pr(E) ≤ 1
𝑇 ≥
√
𝐶𝛽
+ 2 exp(−𝐶2

𝛽
/(8𝑇 2)),

and combining with Proposition 3.1 yields the claim. □

Lemma 4. Let 𝜏2𝑖 = ∥Π𝑒𝑖 ∥22, and set 𝑓𝛽 (𝑡) = 1
𝑇 ≥
√
𝐶𝛽
+min(1, 128𝑇 4/𝐶4

𝛽
), where 𝐶𝛽 is as defined

above. Then if Alice uses the sketch Π, her expected payout is at most

1

𝑛 log
2
𝑛

log
2
𝑛∑︁

𝑟=1

𝑛∑︁
𝑖=1

𝑛

2
𝑟
𝑓 𝛼
1+𝛼
(𝜖2𝑟/2∥Π𝑒𝑖 ∥).

Proof. Note that Alice observes Π(1 + 𝑧𝜖)2𝑟/2𝑒𝑘 ) + 𝑔 where 𝑔 is the projection of a N(0, 𝐼𝑛)
random variable onto Im(Π) = 𝑆. By choosing an orthonormal basis of 𝑆 containingΠ(1+𝑧𝜖)2𝑟/2𝑒𝑘 ),
this is equivalent to Alice distinguishing between N(0, 1) and N(𝜖2𝑟/2∥Π𝑒𝑘 ∥, 1).
If Alice can only estimate 𝑧 with confidence less than

𝛼
1+𝛼 , then she should pass on her turn,

otherwise her expected payout is negative. However, conditioned on 𝑟 and 𝑘 the probability that

Alice observes a sample that causes her to be
𝛼

1+𝛼 confident is at most

𝑝𝑟,𝑘 := 𝑓 𝛼
1+𝛼
(𝜖2𝑟/2∥Π𝑒𝑘 ∥)

by Proposition 3.2. Then by the payout rule of the game, Alice’s expect payout is at most

1

𝑛 log
2
𝑛

log
2
𝑛∑︁

𝑟=1

𝑛∑︁
𝑖=1

𝑝𝑟,𝑖
𝑛

2
𝑟
=

1

𝑛 log
2
𝑛

log
2
𝑛∑︁

𝑟=1

𝑛∑︁
𝑖=1

𝑛

2
𝑟
𝑓 𝛼
1+𝛼
(𝜖2𝑟/2∥Π𝑒𝑖 ∥).
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□

The final step is to bound the sum above.

Lemma 5. Using our previous notation, we have the bound

1

𝑛 log
2
𝑛

log
2
𝑛∑︁

𝑟=1

𝑛∑︁
𝑖=1

𝑛

2
𝑟
𝑓 𝛼
1+𝛼
(𝜖2𝑟/2∥Π𝑒𝑖 ∥) ≤

8

log
2
𝑛

𝑛∑︁
𝑖=1

√
128𝜖2𝜏2𝑖

𝐶2

𝛼/(1+𝛼 )
+ 2

log𝑛

𝑛∑︁
𝑖=1

𝜖2

𝐶𝛼/(1+𝛼 )
𝜏2𝑖 .

Proof. We consider the two terms of 𝑓 separately.

First sum. We first bound

1

𝑛 log
2
𝑛

log
2
𝑛∑︁

𝑟=1

𝑛∑︁
𝑖=1

𝑛

2
𝑟
min

(
1,
128𝜖422𝑟𝜏4𝑖

𝐶4

𝛼/(1+𝛼 )

)
.

To cut down on notation, set 𝜎4

𝑖 =
128𝜖4𝜏4𝑖
𝐶4

𝛼/(1+𝛼 )
, so that we wish to bound

1

log
2
𝑛

log
2
𝑛∑︁

𝑟=1

1

2
𝑟

𝑛∑︁
𝑖=1

min(1, 22𝑟𝜎4

𝑖 ).

We divide into dyadic sets. Let 𝐵𝑘 = {𝑖 : 𝜎2

𝑖 ∈ ( 1

2
𝑘+1 ,

1

2
𝑘 ]}. Then

𝑛∑︁
𝑖=1

min(1, 22𝑟𝜎4

𝑖 ) ≤
𝑟−1∑︁
𝑘=0

|𝐵𝑘 | +
∞∑︁
𝑘=𝑟

|𝐵𝑘 | (
1

2
𝑘
)222𝑟 =

𝑟−1∑︁
𝑘=0

|𝐵𝑘 | +
∞∑︁
𝑘=𝑟

1

4
𝑘−𝑟 |𝐵𝑘 |.

Then we calculate

log
2
𝑛∑︁

𝑟=1

1

2
𝑟

𝑛∑︁
𝑖=1

min(1, 22𝑟𝜎4

𝑖 ) ≤
log𝑛∑︁
𝑟=1

1

2
𝑟

(
𝑟−1∑︁
𝑘=0

|𝐵𝑘 | +
∞∑︁
𝑘=𝑟

1

4
𝑘−𝑟 |𝐵𝑘 |

)
=

log𝑛∑︁
𝑟=1

1

2
𝑟

∞∑︁
𝑘=0

1𝑘≤𝑟−1 |𝐵𝑘 | +
log𝑛∑︁
𝑟=1

1

2
𝑟

∞∑︁
𝑘=0

1𝑘≥𝑟
1

4
𝑘−𝑟 |𝐵𝑘 |

=

∞∑︁
𝑘=0

|𝐵𝑘 |
(
log𝑛∑︁
𝑟=1

1

2
𝑟
1𝑘≤𝑟−1 +

log𝑛∑︁
𝑟=1

1

2
𝑟
1𝑘≥𝑟

1

4
𝑘−𝑟

)
=

∞∑︁
𝑘=0

|𝐵𝑘 |
(

𝑘∑︁
𝑟=1

1

2
2𝑘−𝑟 +

log𝑛∑︁
𝑟=𝑘+1

1

2
𝑟

)
≤
∞∑︁
𝑘=0

|𝐵𝑘 |
(

1

2
𝑘−1 +

1

2
𝑘

)
≤ 8

∞∑︁
𝑘=0

1

2
𝑘+1 |𝐵𝑘 |

≤ 8

𝑛∑︁
𝑖=1

𝜎2

𝑖 .

This implies that

1

𝑛 log
2
𝑛

log
2
𝑛∑︁

𝑟=1

𝑛∑︁
𝑖=1

𝑛

2
𝑟
min

(
1,
128𝜖422𝑟𝜏4𝑖

𝐶4

𝛼/(1+𝛼 )

)
≤ 8

log
2
𝑛

𝑛∑︁
𝑖=1

𝜎2

𝑖 =
8

log
2
𝑛

𝑛∑︁
𝑖=1

√
128𝜖2𝜏2𝑖

𝐶2

𝛼/(1+𝛼 )
.
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Second sum. Set 𝛽 = 𝛼
1+𝛼 . We would like to bound

1

𝑛 log
2
𝑛

log
2
𝑛∑︁

𝑟=1

𝑛∑︁
𝑖=1

𝑛

2
𝑟
1𝜖22𝑟 ∥Π𝑒𝑖 ∥2≥𝐶𝛽

=
1

log
2
𝑛

log
2
𝑛∑︁

𝑟=1

1

2
𝑟
#{𝑖 : 𝜖

2

𝐶𝛽

∥Π𝑒𝑖 ∥2 ≥
1

2
𝑟
}.

To bound this sum, let 𝐷𝑘 = {𝑖 : 𝜖2

𝐶𝛽
∥Π𝑒𝑖 ∥2 ∈ ( 1

2
𝑘+1 ,

1

2
𝑘 ]}. Then the sum above is at most

1

log
2
𝑛

log
2
𝑛∑︁

𝑟=0

1

2
𝑟
( |𝐷0 | + . . . + |𝐷𝑟 |) ≤

1

log
2
𝑛
(2|𝐷0 | + |𝐷1 | +

1

2

|𝐷2 | + . . .)

≤ 2

log𝑛

𝑛∑︁
𝑖=1

𝜖2

𝐶𝛽

∥Π𝑒𝑖 ∥2

□

Putting the pieces together gives our main result of this section.

Theorem3.1. An algorithm that performs ℓ2 samplingwith frequency estimation requiresΩ( 1
𝜖2
log𝑛 log 1

𝛿
)

space. Here 𝛿 is the probability that the frequency estimate is not a (1±𝜖) multiplicative approximation.

Proof. Assume 𝛿 is bounded by fixed constant, say 1/4 and set 𝛼 = 1

2𝛿
− 1 in Problem 3.1 so that

by Lemma 3 allows Alice to achieve an expected score of Ω(1).
On the other hand, Lemma 4 and Lemma 5 give a bound on the expected payout of

8

log
2
𝑛

𝑛∑︁
𝑖=1

√
128𝜖2𝜏2𝑖

𝐶2

𝛼/(1+𝛼 )
+ 2

log
2
𝑛

𝑛∑︁
𝑖=1

𝜖2

𝐶𝛼/(1+𝛼 )
𝜏2𝑖 .

Let the sketching dimension be𝑚. Combining with 1.1, and noting that𝐶𝛼/(1+𝛼 ) = log𝛼 = Ω(log 1

𝛿
),

this bound is

𝑂

(
𝜖2

log𝑛 log2 1

𝛿

𝑚 + 𝜖2

log𝑛 log 1

𝛿

𝑚

)
=𝑂

(
𝜖2

log𝑛 log 1

𝛿

𝑚

)
.

So𝑚 must be at least Ω( 1
𝜖2
log𝑛 log 1

𝛿
) as claimed. □

4 Bit Lower Bounds
First recall the definition of the discrete Gaussian.

Definition 4.1. For 𝜇 ∈ R𝑛 and PSD Σ ∈ R𝑛×𝑛 , the discrete GaussianD(𝜇, Σ) on Z𝑛 is the distribution
on Z𝑛 such that there is a normalizing constant 𝜆 with Pr𝑥∼D(𝜇,Σ) (𝑥 = 𝑦) = 𝜆𝑓N(𝜇,Σ) (𝑦), where 𝑓N(𝜇,Σ)
is the density function for a (continuous) normal distribution. In other words the discrete Gaussian is a
distribution on Z𝑛 with density proportional to that of the corresponding continuous Gaussian over its
support.

We recall the following result from [5]. As the next lemma will remove the first condition, we

defer to [5] for a definition of 𝜆⊥ (𝐴).
Theorem 4.1. (Lemma 5.3 of [5]) Let 𝐶 > 0 be a fixed constant, and let 𝑆 ∈ R𝑛×𝑛 be a full rank
matrix. Let 𝐴 ∈ R𝑟×𝑛 be a matrix with rational entries and 𝑟 ≤ 𝑛 such that:
(1) 𝜆⊥𝑚𝑎𝑥 (𝐴) ≤

𝜎𝑛 (𝑆 )
10𝐶 log𝑛

(2) 𝑛6𝐶 ≥ 𝜎1 (𝑆) ≥ 𝜎𝑛 (𝑆) ≥ 𝑛5𝐶+3

Let D1 be the distributions of 𝐴𝑥 where 𝑥 ∼ D(0, 𝑆𝑇𝑆) and let D2 be the distribution of 𝑦 where
𝑦 is obtained by rounding 𝐴𝑥 for a sample 𝑥 ∼ N(0, 𝑆𝑇𝑆) to the lattice point of its unit cell in 𝐴Z𝑛 .

Then D1 and D2 differ by at most 1

𝑛𝐶
in total variation distance.
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The first condition in Theorem 4.1 turns out not to be important, as we can assume it without

loss of generality by increasing the size of the sketch by at most a constant factor.

Lemma 6. (Lemma 3.1 of [5]) Let 𝐴 ∈ Z𝑟×𝑛 for 𝑟 ≤ 0.25𝑛 be a full rank integer matrix with entries
bounded by 𝑀 for some 𝑀 ≥ 𝑛. There exists a pre-processing that adds rows to 𝐴 to form a matrix
𝐴′ ∈ Z𝑚×𝑛 for𝑚 ≤ 4𝑟 such that 𝜆max (L⊥ (𝐴′) ≤

√
𝑛𝑀2.

The next lemma shows that we may take 𝐴 to have integer entries bounded by 𝑛 in magnitude.

This is convenient because it means we do not have to worry about the size of 𝐴’s entries being

chosen adaptively to the length of the stream.

Lemma 7. A sketching matrix 𝐴 ∈ R𝑚×𝑛 with integer entries bounded in magnitude by 𝑛ℓ may
be simulated by a sketching matrix 𝐴′ ∈ R𝑚ℓ×𝑛 with integer entries bounded in magnitude by 𝑛.
Moreover, storing 𝐴′𝑣 is no more expensive that storing 𝐴𝑣 ′ as integer vectors, when 𝑣 when the entries
of 𝑣 are constrained to be at most 𝑛𝑐 for a constant 𝑐.

Proof. To construct 𝐴′ simply write each element of 𝐴 as its 𝑛-ary expansion. For each place

value 𝑘 , construct a new matrix 𝐴 (𝑘 ) where 𝐴 (𝑘 )
𝑖 𝑗

is the 𝑘th 𝑛-ary digit of 𝐴𝑖 𝑗 . Then let 𝐴′ be the

vertical concatenation of the matrices 𝐴 (𝑘 ) .
Note that the entries of𝐴𝑣 can be as large as 𝑛𝑐+ℓ , so storing𝐴𝑣 requires Ω(𝑚(1+ ℓ) log𝑛) space.

On the other hand, the entries of 𝐴′𝑣 are bounded by 𝑛𝑐+1 so 𝐴′𝑣 may be stored with 𝑂 (𝑚𝑙 log𝑛)
space. □

Theorem 4.2. A linear sketch for ℓ2 sampling requires at least Ω(log3 𝑛) space to store when 𝑣

has poly(𝑛) sized entries. Similarly, a linear sketch for (𝜖, 𝛿)-ℓ2-sampling with frequency estimation
requires at least Ω( 1

𝜖2
log

2 𝑛 log 1

𝛿
) bits.

Proof. We give the proof for ℓ2 sampling sketches, as the proof for frequency estimation is nearly

identical, except that we use Problem 3.1 instead. From the lemma above, we may assume that the

entries of 𝐴 are integers bounded by 𝑛 in magnitude. Consider the distribution D0 defined to be

D(0, 𝑛2𝑐 𝐼𝑛) + 𝑛𝑐2𝑟/2𝑒𝑘 for a constant 𝑐, where 𝑟, 𝑘 are distributed as in Problem 2.1, and where the

payout scheme is the same as in Problem 2.1. Note that this is just a rescaled and discretized version

of Problem 2.1. Also let D1 be the continuous version of this distribution: N(0, 𝑛2𝑐 𝐼𝑛) + 𝑛𝑐 ⌊2𝑟/2⌋𝑒𝑘
where 𝑟 and 𝑘 are as above. Also let D𝑖,𝑟,𝑘 denote the distribution D𝑖 conditioned on the values of

𝑟 and 𝑘.

Let 𝑔 be the (deterministic) recovery function such that 𝑔(𝐴𝑣) is the output of the ℓ2 sampler

on the input vector 𝑣 . By Lemma 6, we may assume without loss of generality that condition

1 of Theorem 4.1 holds, and we may ensure that condition 2 holds by choosing the constant 𝑐

appropriately.

Now, let 𝐴D𝑖 be the distribution gotten by applying 𝐴 to a sample from D𝑖 , and let round(·) be
the function that rounds to the nearest lattice point of the lattice defined by 𝐴.

By Theorem 4.1, we have that TVD(round(𝐴D1,𝑟 ,𝑘 ), 𝐴D0,𝑟 ,𝑘 ) ≤ 𝑛−𝐶 , and therefore

TVD(𝑔(round(𝐴D1,𝑟 ,𝑘 )), 𝑔(𝐴D0,𝑟 ,𝑘 )) ≤ 𝑛−𝐶 ,

for all 𝑟, 𝑘 . Since the payout is bounded by 𝑛, this means that for any 𝑟, 𝑘 the expected payout differs

by at most 1/poly(𝑛) between the two distributions. So if there is an algorithm to obtain expected

payout Ω(1) on the second distribution, then it must be possible to obtain Ω(1) expected payout

on the first distribution. So by our lower bound Theorem 2.1, 𝐴 must have Ω(log2 𝑛) rows, and so

storing the sketch 𝐴𝑣 requires Ω(log3 𝑛) bits. □
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