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A recent work, [Jayaram, Woodruff, Zhou ’24] studied the problem of designing streaming algorithms with
few changes memory. In particular they showed that one can solve the e-f;-heavy-hitters problem using
O(%nl_l/kpolylog(n/e)) state changes and O(poly(1/€) logn) space, although the log factors here are too
large for reasonable implementation.

Our first result is a new algorithm for solving the # heavy hitters problem for k € [1, 2]. Our algorithm
requires only O(%nl_l/kpoly(log log n) log 1) state changes and O(Eik polylog(n)) space. We also extend our
algorithm to k > 2, giving the same state change bound, but with an additional n'~?/¥ factor in the space.
Finally, we complement this result by a lower bound showing that our state change complexity is optimal up
to log log n factors.

At the core of our improved algorithm is a new, and very simple algorithm for solving heavy-hitters in
insertion only streams, which may be of independent interest.
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1 Introduction

Streaming algorithms have a long history of study, and have found numerous applications situations
where there is a high throughput of data [2, 20]. In the streaming model the goal is to observe a
stream of data one update at a time, and to “summarize" the data by producing a sketch of small
size from which one can recover a useful statistic in the underlying data.

Perhaps the most classical example of a streaming algorithm is the so-called heavy-hitters
problem, where the goal is to find the frequent items in a data stream. This is typically formalized
with respect to an # norm. If f is the frequency vector associated to the items in the data stream,
then an item x is e-heavy if f; > € ||f||; . This problem of identifying heavy elements was famously
studied by [9] who solved the £,-heavy-hitters problem, and was studied even earlier by [18] who
solved what is now called the ¢;-heavy-hitters problem. Since then many other variants of the
heavy-hitters problem have been considered, with various twists. For instance some algorithms
achieve improved space for insertion only streams [5], while others focus on other metrics such as
the update time required to process stream updates and update the sketch [15, 16].

Recently [14] introduced a new metric with which to measure the complexity of a streaming
algorithm, namely the number of state changes made by the algorithm. After each update is received
from the stream, an algorithm can choose whether or not to update its state. Most classical streaming
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algorithms do not give good state change bounds. For example CountSketch (and in fact all linear
sketches) update state on all stream updates. Thus it is perhaps surprising that [14] was able to
give an £-heavy-hitters algorithm (among other algorithms) that achieved polylogarithmic space
while only making /i state changes, again up to polylogarithmic factors.

While state changes have not previously received much attention in the context of streaming
algorithms, the model has natural motivations that make it worth studying. The most natural setting
for this model is in situations where write operations are more expensive than read operations.
For example, modern flash memory, which is widely used for long-term storage typically wears
out after roughly ten thousand write operations [3], while read operations do not create nearly as
much wear. So it can be useful to design algorithms that minimize write operations if an algorithm
stores its data in long-term memory. This problem of designing algorithms to reduce the wear on
memory has previously been studied outside the context of streaming algorithms [7, 8]. Similarly
in situations where there is shared memory, read operations are often somewhat less expensive as
they do not require synchronization. In a distributed setting where many threads are processing
streaming data and maintaining a shared data structure, having many write operations may lead to
more blocked threads on average, which could reduce processing time.

Outside of practical considerations, the few-state-change model may inspire new theoretical
developments for streaming algorithms. For example, algorithms that rarely change state, tend to
have very low update time on average. For certain streaming problems e.g., (¢, £2)-heavy-hitters, it is
not known whether one can obtain truly O(1) update time in the insertion-only model (independent
of €). It seems plausible that optimizing state changes could also lead to improved update-time
bounds. We direct the reader to [14] for additional motivation for the few-state-change model.

Given the above considerations, the few-state-change model is worthy of more consideration.
The previous work [14] gave algorithms that achieve optimal space bounds and state-change
bounds up to polylogarithmic factors; however these factors are quite large, and the analysis is
correspondingly complex. We ask:

Is it possible to obtain a nearly optimal state change bound for £,.-heavy-hitters for 1 < k < co using
space that is optimal up to polylogarithmic factors?

We show that this is indeed possible, and present a novel algorithm. Additionally, we show that
one can strip away much of the complexity of the analysis of [14] for the heavy-hitter problem. In
this direction, we give a simple, but new, algorithm with a short analysis that achieves optimal
space and state changes up to log factors. This algorithm is easy to implement and competitive in
practice. See the appendix for empirical results.

1.1 Our Models

Streaming model. We consider a stream of length m on a universe of [n], with a series of updates
X1,...,Xm € [n]. Throughout we will always use m to denote the stream length and n to denote
the universe size. For simplicity, we assume throughout that m = poly(n). We use f to denote the
frequency vector at the end of the stream, so f; is the number of occurrences of item i in the stream.
For a subset S C [m] of stream updates, we use fs to denote the frequency vector corresponding to
the updates at times in S.

We are interested in minimizing the number of state changes of a streaming algorithm A. If II;
is the internal state of A after i stream updates, then the number of state changes is defined to be
the number of i such that IT;;; # II;. We allow the algorithm to receive independent random bits
at every time step without this counting as additional state changes. This is a natural assumption
in practice as one could for example use a random number generator seeded with the current clock
time.
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Heavy-hitters. For our purposes, we define the heavy-hitters problem as follows.

PrOBLEM 1. We say thati € [n] is an (e, € )-heavy-hitter for f if f; = € ||f ||, . In the (e, &)-heavy-
hitters problem, items x, . .., X, are presented in a stream. The goal is to output a set H such that H
contains all (e, £;) heavy-hitters and with |H| < O(e%).

1.2 Our Results

We give several results for solving the heavy-hitters problem with different trade-offs between
state changes and space. Our first result shows that our core £ heavy-hitters algorithm yields a
good space and state change guarantee, provided that the sampling rate is chosen appropriately.
The first result is showing the correctness of the following algorithm.

ALGORITHM 1.

Accept a sampling rate parameter p.

(1) Maintain a list of counters L, initially empty.

(2) For each stream update, sample x; at rate p. If the item is sampled start a counter for universe
item x;, and append that counter to L. (There may be multiple counters tracking a single universe
item.)

(3) Increment all counters in L for x;

(4) Let L = [Cy,...,C]. Fori =1...k—1ifCit1 > %Ci, then remove C;, while preserving the
ordering of the remaining counters.

(5) Return a frequency vector f that contains the counts C; as estimates of their respective values.
Use 0 as estimates for all other values.

THEOREM 2. Let h € [n] be a (9/10, £;)-heavy-hitter. Ilellle <p< ﬁ Letf be the count

. . . o7 r 1
estimates returned by the algorithm. Then with at least constant nonzero probability, fi, > < |f|l, .

Moreover, fx < fx holds deterministically for all x. This algorithm uses O(log m(log m + log n)) space
and O(||f]l,) state changes.

Additionally, we remark that by running this algorithm for p at O(log m) different scales, we
obtain the same guarantee with no assumption that |||, is known to the algorithm, but with an
additional O(log m) factor on both the space and state changes. It is often preferable to have a
bound that scales with n, rather than with || f||,, which might be larger. By subsampling to reduce
l£1l, to O(y/n), we have the following result.

THEOREM 3. There is an algorithm that solves the (0.9, £,)-heavy-hitters problem with 3/4 proba-
bility using O(log® n) space and O(+/nlog’ n) state changes.

For the upper bounds, we ask whether it is possible to achieve the optimal state-change bound
for £ heavy hitters, while retaining polylog(n) space. We show that we can get surprisingly close;
for all 1 < k < 2 our number of state changes is optimal to within loglog n factors.

THEOREM 4. Fork € [1,2], there is an algorithm that solves the (¢, £;.)-heavy-hitters problem using
O(Ei2 (log %) log® nloglogn) space and O(%(log %)nl_l/k polyloglogn) state changes.

In the appendix, we show that a small change to this argument solves heavy-hitters for k > 2.

THEOREM 5. For k > 2, there is an algorithm that solves the (¢, £y )-heavy-hitters problem using
O(énl_z/k) space and O(é(log é)nl_l/k polyloglogn) state changes.

One might wonder if the additional log é factors are necessary in the above state change bounds.
This factor shows up within the space bound of many heavy-hitter algorithms, including BPTree
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[5], which is state-of-the-art for insertion-only streams. To the best of our knowledge, it is an open
question whether the log é is necessary in the space bound for insertion-only streams. Interestingly,
we show that it is necessary in the state-change bound:

THEOREM 6. Let k € [1, 00) Suppose that an algorithm solves the (¢, {)-heavy-hitter problem with
probability at least 3/4. Then this algorithm must use at least Q(nl‘l/k% log %) state changes.

1.3 Existing Work

Our work is closely connected to [14] who introduced the state-change model in the context of
streaming algorithms. While they obtain optimal bounds for £.-heavy-hitters up to polylog(n)
factors, these polylog(n) factors are quite large — roughly log"*3* if their results are applied directly,
which is not implementable in practice. While some of these log factors could likely be improved
by tightening their bounds, the extra log factors suggest that there may be a simpler algorithm
and analysis. Indeed our algorithm for £,-heavy-hitters described below already yields much better
polylog factors for both state changes and space. Moreover, our algorithm is extremely simple and
the core analysis fits within a page. The algorithm of [14] creates counters for randomly sampled
stream items, similar to our algorithm, but their counter maintenance is more complicated. They
maintain geometric counters going backwards in time. Among counters that have existed for
roughly the same time, they discard all but the smallest polylog(n) counters. We do not even need
to store the times at which the counters are created; we simply keep a counter alive until a new
counter which was initialized at a later time overtakes its count (to within a factor of 2).

We also note that a counter-based algorithm was used to solved the heavy-hitters problem in [6],
who used “pick-and-drop" sampling to find #-heavy-hitters for k > 3. This algorithm again falls
into the framework of “counter-based algorithms!" This algorithm essentially creates new counters
with some fixed probability, and holds the counter until some condition is met. The algorithm and
its analysis heavily rely on the fact that k > 2, so is not applicable to our setting where k < 2. See
[5] for a counterexample to “pick-and-drop" sampling when k = 2.

1.4 Technical Overview

The core ¢, algorithm. Our main insight is a counter-based algorithm for solving #-heavy hitters.
While extremely simple and natural, this algorithm appears to be new. We describe our algorithm
for solving the (0.9, £,)-heavy-hitters problem.

The base algorithm takes as a parameter a sampling rate p, and maintains a list of counters for
various universe items, initially empty. When a stream update for a universe item x is received, we
choose to sample x with probability p. If x is sampled then we start a new counter Z for x, which
maintains the count of x from that point in the stream onwards, and append it to the list. As stated
so far, this procedure would create pm counters, which would use too much space. Our key insight
is a simple procedure for pruning the list.

Suppose that [Z;, ..., ZN] is the list of active counters at some fixed point in time. The rule is
that if the count of Z;,; ever becomes at least half of the count for Z;, then we delete the counter Z;.
This means that we only ever store O(log m) counters since each count is at most the stream length
m, and also each count is at least twice the count following it. Since each counter maintains both
the identity of a universe item, as well as a count, the total space used is O(log m(logn + logm))
bits, which is O(log® n) for m = poly(n).

It turns out that the correct sampling rate to choose is p = m just large enough to pick up a
single heavy-hitter with good probability. The idea here is to consider what we call “competing
pairs". If i is an update to the heavy-hitter h we say that j competes with i if j comes after i and
the count for item x; starting at time j eventually reaches half of the count to h starting at i. A
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simple argument shows that the number of competing pairs is O(||f]|2), so that each heavy hitter
update is part of O(||f]|,) competing pairs on average. This means that we are likely to sample a
heavy hitter that is part of at most O(]|f||,) competing pairs, and conditioned on sampling it, we
are likely to not sample any of the updates that form a competing pair.

Note that we sample universe item i at most ”]J:—’Hz times in expectation. Each such counter that is
started leads to at most f; state changes from increment operations, and so the total number of state

2
changes is at most Y;; Hﬁ;\\ = ||fll, in expectation. If || f||, is known to the algorithm at runtime,
2

then it turns out that we can subsample the original stream at a rate of ”fLﬁ This preserves the
2

heaviness of the heavy-hitter up to a constant factor and reduces the £, norm of the stream to y/n.
So this yields an algorithm that makes O(+/n) state changes.

This implies correctness of our algorithm, provided that our sampling rate p was chosen to be
m up to constant factors. An issue though is that || f||, typically is not known to an algorithm at
runtime. In this situation, one option is to simply try all possible values of p up to a factor of 2. So
we run the algorithm above independently for p =1, %, i, e, % One of these p’s is guaranteed to
lie within a factor of 2 of m, and therefore achieves correctness, along with the state-change and
space bound. This run of the algorithm provides an approximate count of the heavy-hitter accurate
to within a constant factor with good probability. On all runs, the approximate counts returned are
guaranteed to be underestimates, so we simply return the item with the highest count across all
runs.

Optimizing state changes. The algorithm above yields O(+1/n log n) state changes, which is optimal
to within a log n factor. We ask whether it is possible to do even better. It turns out that it is. We
obtain an algorithm that makes O(+/n poly log log n) state changes, while still only using polylog(n)
space. The reason that the algorithm above gives a log n dependence for the number of state changes
is that we have to run an instance of the heavy-hitters algorithm for each “guess” at the scale of
lf I, - To do better, we track £, on prefixes of the stream. Ideally, we would like to track ¢, to within
a constant factor, but it is not clear how to do this without incurring additional log n factors in the
state change bound. Instead we will settle for maintaining a polylog n multiplicative approximation.

Here we use a standard approach for approximating Fy moments, introduced by [1]. The idea is to
rescale each coordinate i of f by an inverse exponential 1/ u;/ k. where u is exponentially distributed
with density e™. The maximum coordinate after the rescaling is distributed as || ]|, / u'/k and so
this maximum gives a constant factor approximation to £ with good probability. Moreover, the
maximum is a (@, &) heavy-hitter, so when k = 2, the algorithm that we discussed above finds
it, along with an approximate count with good probability. We note that one could also apply other
. tracking algorithms, such as those based on level sets (for example [10, 13, 17]) as done by [14].

This yields an algorithm with O(polylog(n)+/n) state changes for tracking ¢, at all times to
within, say, a logn factor. To reduce the state changes further, the observation is that we can
first of all assume that our original stream has length O(n) by sub-sampling at rate n/m (which
preserve the heaviness of the heavy-hitter). Then we are able to subsample the resulting stream at
a rate of 1/polylog(n) which preserves ¢, to within a polylog(n) factor. The universe size is now
reduced to say n/log" (n), so our effective universe size is O(n/log” n). This means that we now
only use O(polylog(n)+/n/log” n) state changes. By choosing r appropriately, we may make the
total number of state changes smaller than O(+/n) for tracking ¢,.

Now, given a polylog(n) approximation to ¢, at all times we start a new instance of our algorithm
each time our £ approximation changes by a factor of 2. We maintain only the O(loglogn)
most recent instances of the algorithm, which is sufficient to guarantee that one instance was
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started before half of the £, mass occurred in the stream. It is sufficient for this instance to be
run for O(loglog n) choices of p. Each instance of the algorithm can therefore be made to have
O(«/nloglogn) state changes.

Finally, to extend from 0.9-heavy-hitters to e-heavy-hitters, we apply the standard reduction of
hashing our universe into O(1/€?) buckets. Each heavy-hitter becomes 0.9-heavy in its respective
bucket with good probability. So by repeating this process O(log %) times, we identify all heavy-
hitters with good probability. Note that we settle for obtaining a set of size O(1/€?) containing the
heavy-hitters. The reason that we do not require everything in our set to be Q(¢) heavy is that
we do not have a way of tracking # to within a constant factor using O(~/n poly log log n) state
changes.

fx.-heavy-hitters. Most of the ideas discussed above extend fairly directly to £ heavy-hitters for
1 < k < 2 with a few modifications that turn out to complicate the analysis. The main issue is
in obtaining the optimal O(n!~'/¥) state change bound, without extra log n factors. If we were to
sample directly at a W rate as above, then this would be sufficient for correctness. However the

2
number of state changes is now }}; IIJ]‘P+|I,< which can be too large. So instead of maintaining exact
counts we use Morris counters, which can maintain an approximate count for i with O(log f;)

state changes. This reduces the total number of state changes to ;; fllll})ﬁ,f which we can bound by

O(n*~/k) for Iflle < n'/k (As for ¢, we reduce to this case by tracking lf |l and then sub-sampling
the stream at a rate of roughly n'/*/||f| « -) A few complications arise. For example, the Morris
counters can occasionally overestimate counts, so we need to be careful when simply taking the
maximum across runs. While the details are technical, this turns out to not cause serious problems.

Finally, in the appendix we address # for k > 2. The main point is to observe that an (e, &)-
heavy-hitter is also an (en'/¥~/2¢, £,)-heavy-hitter. Then we can apply our £, analysis direction.
The issue is that as in the k < 2 case, this may give too many candidate heavy hitters. To avoid this,
we give a slightly stronger bound on the Morris counters than for the k < 2 case to show that they
rarely overestimate dramatically.

Lower Bound. Finally we show that one cannot hope to do better than O(% log énl‘l/ k) state
changes for solving (e, fx)-heavy-hitters in general, even with no restrictions on space. Our lower
bound is inspired by the corresponding lower bound of [14], and is perhaps even slightly simpler.

We first consider the problem of solving 1/2-heavy-hitters with failure probability §. We consider
two streams. For the first stream all universe items occur in succession: 1, 2,3, ..., n. The second
stream is the same, except that one item at random is chosen to repeat n!/* times when it occurs,
making it heavy. So for example our stream might be: 1,2,3,3,3,3,3,4,5,...,n. Roughly, in order
to succeed the algorithm must change state on one of the repeated elements, otherwise it cannot
distinguish the two streams. But if the algorithm has probability g of changing state on the first
repeated element, then it has probability (1 — q)"l/k of never changing state on any of the repeated
elements (since the probability g cannot change without the algorithm changing state). This means
that g typically needs to be on the order log %n‘l/ k, which implies that a correct algorithm must
make Q(n'"V/* log %) state changes in expectation.

Now for e-heavy hitters, we divide the universe into e pieces and construct an instance similar
to the above on each piece. We then must effectively solve the 1/2-heavy-hitters problem on a
universe of size €¥n with failure probability at most 1/poly(e). Summing over all instances, then
gives the desired bound.
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2 The Counter Algorithm

In this section, we present the analysis for our counter algorithm, assuming that we have an
accurate estimate of the F, frequency moment. We will later show how to track F, using counters,
which will allow us to develop an algorithm that does not rely on knowing F,.

2.1 The core heavy-hitter algorithm.
THEOREM 7. Let h € [n] be a (9/10, £;)-heavy-hitter. Ifm <p< ﬁ Let f be the count

estimates returned by the algorithm. Then with at least constant nonzero probability, f, > 1 £l -

Moreover, f, < f holds deterministically for all x. This algorithm uses O(log m(log m + log n)) space
and O(||f]l,) state changes.

Proor. For stream indices i < j € [m], we say that (i, j) is a competing pair for h if x; = h and
there exists T > j such that f{; 7| (x;) > %f[iﬂ (h).1
We first count the competing pairs for h. Let f = [fi, ..., fn] be the frequency vector. Note that

#{i:3j,x; =k and (i, j) is a competing pair} < 2f. (1)

To form a competing pair (i, j) with x; = k, there are at most f; ways to choose j, and by the
above fact there are at most 2f; ways to choose i. That means that are at most 2 Zkf,f =2|/fl?
competing pairs.

Therefore the average update to h is part of at most 2 || f||% /f, competing pairs. Say that an

update to h is bad, if it is part of at least 2M ||f||§ / fn competing pairs, where we set M = % B

Markov’s bound, there are at most ﬁfh = % lfIl, bad updates.

Since h is a 9/10 heavy-hitter, there are at least % lfll, good updates. At our sampling rate, we
sample one of the first 1 ||f|l, good updates with at least constant nonzero probability. By the
definition of the algorithm, this item will be kept forever, and the associated count will be at least
% lfl,, provided that we do not sample any of the at most 6 || f||, values which form a competing
pair. By our sampling rate, we sample one of these items with probability at most 9/10 by a union
bound. So our algorithm succeeds with constant nonzero probability.

Next we bound the number of state changes. The universe item i has frequency f; and will
therefore be sampled with probability at most ﬁ If item i is sampled, then the counter for item i
will be updated at most f; times. Therefore the expected number of state changes is at most

Z = 2l

By Markov’s inequality, the number of state changes is bounded by O(||f||,) with constant proba-
bility. (On runs where the number of state changes reaches c || f||,, for a chosen constant ¢, we may
simply abort.)

For the space bound, observe that we maintain at most log m counters, since each counter is
always at least twice the next, and the value of each counter is bounded by m. Each counter stores
both a universe identity and a count, which requires O(log n + log m) space.

O

COROLLARY 8. Suppose that ||f]|, is promised to lie in [a,b]. Then there is an algorithm using
O(log(b/a)log m(log n + log m)) space and O(log(b/a) ||f|l,) state changes that achieves the guar-
antee of Theorem 7 with 3/4 probability.

! fi: 71 (h) means the frequency count of h on the stream interval [i, T].
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Proor. Recall that Theorem 7 only provides underestimates of the true frequency values. We
may therefore run this algorithm on power-of-two increments with p = a, 24, 4a, . .. b. Since one of
these values of p is in the range of Theorem 7, we may simply take the maximum frequency count
entrywise over runs, so that the guarantee holds with constant nonzero probability. By repeating
the entire procedure a constant number of times (and again taking maxes) we may boost the overall
success probability to 3/4. O

THEOREM 9. There is an algorithm that solves the (0.9, £,)-heavy-hitters problem with 3/4 proba-
bility using O(log® n) space and O(+/nlog® n) state changes.

ProoF. We run essentially the same algorithm as in Corollary 8 above but with a few small
changes. First suppose that || f]|, is known to lie in [M, 2M]. Then by applying Lemma 13 we may
subsample at rate ©(y/n/M) to reduce to the case where ||f||, = O(n). After subsampling, the
heavy-hitter remains ©(1)-heavy with good probability.

Now we recall the Morris+ counter of [21]. This yields a counter which is guaranteed to be
accurate to within 1 + 1—10 multiplicative error, and which is correct with probability at least 1 — §,
and uses O(loglog N + loglog %) space and O(log N log %) state changes after counting N items.

We run our algorithm from above on the subsampled stream. Whenever a new counter is
initialized by our algorithm, we additionally create a Morris+ counter for § = 1/poly(m). For this
counter we keep track the number of instances of that item in the original (not subsampled) stream.
Let f” denote the subsampled stream. Our analysis above in the proof of Theorem 7 shows that at
the 1/M sampling rate, with good probability, a counter for the heavy element h survives which
was initialized among the first 0.7 || f'||, good updates. Also with high probability, this update is
among the first 0.9 || f||, updates, by a Chernoff bound. So with at least constant probability, the
Morris counter initialized in parallel gives a constant factor approximation to || f||,. Since we can
guarantee that all Morris counters are correct with high probability, we may take the maximum
frequency count estimates over a serious of runs setting M = 1,2,4,8. .., m. The resulting count
for the heavy-hitter is at least % I fIl, with constant probability. Moreover, by correctness of the
Morris counters, there can only be at most O(1) elements that achieve a frequency count estimate
this large (since there are at most 5;-heavy items in the initial stream).

For the space bound, we run log m instances of an algorithm, each of which maintain logm
counters. Each counter stores a universe identity which requires O(log n) bits. So the total space
used is O(log® mlog n).

For the state changes, note that a Morris+ counter for f; makes O(log f; logm) state changes. So
the total number of state changes for one choice of p is at most ;; HJJZ_IHZ log(f;) logm < O(~\/nlog® m)

in expectation when p = ©(1/+/n). For choices of p, where more state changes occur, we simply
truncate the algorithm early.
O

2.2 Improvements with Morris Counters

Next we observe that the state changes for this algorithm can be optimized using Morris Counters.
We recall the following result:

THEOREM 10. There is an algorithm that gives a constant-factor approximation for the count of an
item that occurs at most N times with 9/10 probability, using O(loglog N) space and O(log N) state
changes in expectation. Moreover after k updates, the resulting count has expectation k, and variance
at most (k/10)2.

ProoF. This follows from the standard analysis of Morris counters. See for example [11, 12, 19, 21].
Note that the parameters can be changed to make the variance ck? for any choice of constant c. 0O
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LEmMMA 11. There is a counter algorithm that maintains an estimate of the number of instances of x
under the promise that x occurs at most m times. Let Zy be the estimate after k instances of x have
occurred. The counter Zj. satisfies

o Simultaneously for all k Z < Rk, with probability at least 1 — # forR > 2.
o Simultaneously for all k, Zy > k/2 with probability at least 9/10

Moreover this counter uses O((log log m)?) space and at most O(log mloglog m) state changes.
PrOOF. See appendix. O

We will next analyze the following version of our counter algorithm. This is essentially the same
algorithm as Algorithm 1, but the addition of line 5 makes the constants a bit more manageable.
(We could also use Algorithm 1 here.)

ALGORITHM 2.

Accept a sampling-rate parameter p.

(1) Maintain a list of counters L, initially empty.

(2) For each stream update, sample x; at rate p. If the item is sampled start a counter for universe
item x;, and append that counter to L.

(3) Increment all counters in L for x;

(4) Let L =[Cy,...,Cx). Fori=1...k=1ifCiy1 %C,-, then remove C;.

(5) If Ciy1 and C; are counters for the same item, then delete Ciy1.

(6) Return a frequency vector f that contains the counts C; as estimates of their respective values.
Use 0 as estimates for all other values.

LEMMA 12. Suppose that h is a (0.99, £ )-heavy-hitter. There is an algorithm that makes ||f||’,§_1
state changes in expectation, uses O(log m(logn + log mloglogm)) space, and outputs a frequency
vector estimate f, such that

(1) fh > 11—0 Ilf Iz with probability at least 0.05 )
(2) For any fixed x € [n], and R > 2, we have f, < Rfy with at least 1 — ﬁ probability.

Proor. We run the Algorithm 2, and use counters of Lemma 11. In addition, each time we start
a counter, we create a second independent counter in parallel, only to be used at the end of the
algorithm to produce approximate counts.

Set the sampling rate p in [m, W]. Since k < 2, note in particular that p < m For stream

indices i < j € [m], we say that (i, j) is an R-competing pair for hif x; = h, x; # h, and there exists

T > j such that fj;77(x;) > %f[i,ﬂ(h).
We first count the competing pairs. Note that

#{i: 3j,x; = k and (i, j) is an R-competing pair} < Rf;. 2

To form an R-competing pair (i, j) with x; = z, there are at most f, ways to choose j, and by the
above fact there are at most Rf, ways to choose i. Summing over z # h, this implies that the number
of R-competing pairs is at most

R 2 = ROIFIE - ) < RAFIE - = IF1) < RALFI

z#h

99

2 1 2
S IFIE) < RG-S IFIE).

Now, for each heavy-hitter update i, define the sets S; - to be the set of j > i such that (i, j) is
a 2"-competing pair for i but not a 2"~!-competing pair. Suppose that our algorithm initializes a
counter at i. Recall that this counter is at least half the true count at all times simultaneously with
probability at least 9/10 by Lemma 11. For now, suppose that this event holds. If this counter is
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278:10 William Swartworth and David P. Woodruff

discarded due to a counter started in S; 7, then this latter counter must overestimate by a factor of at
least 127! = £2 since none of the items in S;, are 2’ '-competing. By Lemma 11 this occurs with
probability at most %22, if £ > 4. The probability of sampling an element in S;, is at most p |Sl‘,[| .
So the probability that a counter initialized at i is discarded is at most

3 82
P S,', + P S,’, —_—,
; | fl ; | fl 5(20)2

conditioned on the counter maintaining a 2-approxiamation.
Note that }; |S,-,g| is bounded by the total number of 2’-competing pairs which we showed is at
most 2° = || f]|5. Summing the above quantity over heavy-hitter updates i gives

3 2 3 2
2| Rl il s | =2 205l + 2 Y, s 2110
=1 >4 =1 i £>3 i

i

3 2
1 8 1
< 28— |IfI% + — 2L |IfII?
P22 g5 W+ 9 3, St g W1

1 2
<p— - 17.
P IIf1I

Therefore the number of heavy-hitter updates i such that a counter initialized at i will be deleted
with at least 1/2 probability is at most 0.34p ||f||§ < 0.34]fll,, so there are at least 0.99 || ]l —
0.34(|f1l, = 0.99[|fll —0.34|fl = 0.64 | fll; such “good" updates.

Let G be the first 0.5 || f||, good updates. With probability at least 0.18, the first update to h that
we sample is in G. This means that the associated counter will be deleted with probability at most
% + % (the 1/10 is the probability that the counter for h ever underestimates by a factor of 2). Also
if this is the first counter initialized for A, then it cannot be deleted due to another counter for h
as in line 5 of the algorithm. The theorem now follows by correctness of the counters, as given
in Lemma 11 (recall that we use the independently started counters here to produce approximate
counts).

Bounding state changes. Consider a universe item x with frequency f;. The expected number
of times that a counter is started for x is at most ”]]:—"”k Moreover, the expected number of state

changes to such a counter is O(log( fy) loglog(fy)) < cx f5~! for a constant ¢; depending only on
k. So the expected number of state changes is bounded by

f k=1y _ k-1
2 i et = eI

Finally for the space, we maintain O(log m) counters each of which maintains an identity and
an approximate count. This requires O(log m(log n + log mloglog m)) space overall.

]

2.3 Subsampling the stream

Currently our state change and space bounds depend on log m as well as on ||f]|; . It turns out
that we can replace these bounds with a bound depending only on n if we subsample the stream
appropriately. To remove the dependence on m with will show that we can subsample the stream
at an n/m rate. Then to remove the dependence on || f||; we will show that we can subsample at an
appropriate rate to reduce the || f||; of the stream to n'/¥, provided that we have an approximation
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of || 1l . We will show how to obtain this approximation in the following section. We delegate the
proofs in this section to the appendix.

LEmMMA 13. Let f be the frequency count vector for a stream, and let g be the frequency count vector
for the stream where each stream update is sampled independently with probability p.

k=1 > ||||]{\|\|’1‘ 2k=1 > HHJ{H”;" Then with 3/4 probability we have
2k

llglle < Cp lIfllx for an absolute constant C. As a consequence, we have the following facts:
e Suppose that ||f|, = Tn'/* and that p < 1/T. Then with 3/4 probability, we have that
llgill§ < Cn.
e Suppose that p = n/m. Then we 3/4 probability, we have that ||g|l;, < C% |If]l .

Suppose that p satisfies p and also p

We will only require a polylog approximation to Fy and this can accomplished with few state
changes. The key idea is to subsample the stream, which roughly preserves the Fi of the stream
up to log factors. We need only a very course bound relating the Fy of the subsampled stream to
the F of the original stream. The next lemma shows that we can aggressively subsample a stream
while maintaining its F; up to a polylog factor.

LEMMA 14. Let k € [1,2]. Let S be a stream of length m on a universe of n items and suppose
that m O(n), let S" be a stream gotten by subsampling stream updates independently at a rate of
p= log — wherer > 1 is a constant, and let f’ be the corresponding frequency count vector. Then with
probability at least 1 — 6,

10g(1/5) IFI1E < max(1, I1£11) < 1F I -
Clog®

3 Improved State Changes via. Tracking Fj.

In order to perform Fi tracking, we use the max stability property of inverse exponentials, as
initially applied in [1]. The key fact that makes inverse exponentials useful for £ estimation is as
follows.

ProrosiTION 15. Let uy,. .., uy be i.i.d. from the exponential distribution e™*. Then

L Al

ax ———
VRV
13

where u is exponential with parameter 1.
PRrOOF. See [1]. O
Next we observe that for k < 2, after rescaling by inverse exponentials the resulting maximum is
typically an (Q(1), £;)-heavy-hitter. For k = 2, the maximum is an (k’gﬁ, ;) heavy hitter.
LEmMA 16. Let f € R" be fixed and let u; be i.i.d. exponentials. Let g; = %, wherek € [1,2]. Then
with at least 3/4 probability, E

max |g;| > —— [lyllx,
i log“n
where c is a constant depending on k.
Proor. See appendix. O

LEMMA 17. Suppose that f has a (a, £ )-heavy-hitter where ¢ is a constant. There is an algo-
rithm that gives an O(log m)-multiplicative approximation to ||fll with 9/10 probability using
O(=x L Jog® m(log n + log mloglog m)) space and O( L (log® m)n'~V/%) state changes.
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Proor. First by hashing the universe into 1/a* buckets, we may reduce to the case where
a=0(1).

Suppose that we were to subsample the stream at rate g = @(nl/k/||f||k). Then by Lemma 13
the resulting stream g has ||g|[; < O(n'/*). Also since the heavy-hitter occurs O(||f]|;) it occurs
©(n'/*) times in g with high probability, and hence remains ©(1)-heavy. Now consider applying
the algorithm of Lemma 12 to the the resulting stream g. We make one small modification: in
addition to the counters already used by the algorithm, whenever a new item is sampled create an
additional Morris counter that tracks the count in the original stream f rather than the subsampled
stream g. Note that this does not change the overall space, and increases the state changes by a
factor of at most O(log m).

If we apply a sampling rate p € [m, W], then the algorithm of 12 will use O(log m(logn +

log mloglogm)) space and O( ||f||],§_1) = O(n'/k) state changes. Since we do not know the correct
values to choose for the sampling rates p and g, we try all log® m possible pairs of rates, each of
the form 1/2 for i = 1,...,log m. One of these combinations will yield a 2-approximation to || f||,
with good probability using O(log mn'~'/¥) state changes.

Now on each of the O(log? m) runs, we simply terminate the run if it uses more than the
O((log m)n'~1/¥) state changes. Then for the runs that were not terminated, we take the maximum
of the largest surviving counters for each run. The probability that any given counter for an item x,
exceeds log? mf; is at most 1/log* n, and only a total of log® m counters survive the log? m runs. So
with failure probability at most 1/log n the maximum counter is not an overestimate of || f||,, by
more than a log? m factor.

Finally we may repeat this entire procedure a constant number of times, and take the maximum
over runs to boost the success probability to any desired constant. O

LEMMA 18. Suppose that our stream is of length O(n). There is an algorithm that uses O(log® nlog log n)
space and only O(n'~V/¥) state changes, and maintains a polylog(n) multiplicative approximation to
||f[0,,] Hk simultaneously at all times t.

PRrooF. First consider subsampling the stream at a rate ©(1/(log'* () log(m))) to produce a new
frequency vector g. By Lemma 14 this provides a polylog(n) multiplicative approximation to || f]|,.
at any point in the stream with failure probability at most 1/m? say. So by taking a union bound over
the stream, we obtain a polylog(n) approximation at all points in the stream simultaneously with
high probability. Since we assume that the initial stream had length O(n), with high probability, g
has at most O(n/log'® n) items that occur with nonzero frequency.

It now suffices to obtain a polylog(n) approximation to ||g||, at all times. To do this, consider
rescaling g by exponentials as in Proposition 15 to produce §. By Lemma 16 the top element of g is
1/log n-heavy with 3/4 probability, and given this, we obtain a log n multiplicative approximation
with 9/10 probability by Lemma 17. We repeat this process ©(log n) times for different rescalings,

and take the median over our estimates for the maximum entry. With failure probability at most
1/poly(n), the resulting median will lie between the 0.1 and 0.9 quantiles of % up to a logn
factor, by the max-stability property, where u is exponential. But this implies that the median is
within a polylog(n) factor of || f||, with high probability.

Finally note that since our effective universe size is O(n/log'’ n), we may obtain O(n'~"/¥) state

changes in our application of Lemma 17. O

3.1 (e, £)-heavy-hitters

In this section we combine the various pieces to give our general heavy-hitters algorithm.
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THEOREM 19. Suppose that h is (0.999, £;.) heavy-hitter, on the universe [n] for a stream of length
m. There is an algorithm that makes O(n'~'/* (loglog n)? logloglog n) state changes in expectation,
uses O(log® nloglog n) space, and outputs a frequency vector estzmatef such that

(1) fh > % Ilf |l with probability at least 0.05 A
(2) For any fixed x € [n], and R > 2, we have fy < Rfy with at least 1 — ZSIT probability.

Proor. First we may subsample our stream to have length O(n) using Lemma 13. Let f” be the
frequency count vector for the resulting stream.

This sub-sampling maintains ©(1)-heaviness with 9/10 probability. Now on the resulting stream,
we apply Lemma 18 to track || f”||, at all times accurate to within a polylog(n) factor. Let t1, f5, . .., tn

be the first times at which our estimate for H flo.z1|l, is at least 2. Then for some constant r we

[
know that ||f[0,t,-]||k lies in [ o —,log" n2' .

We maintain the list of t;’s as follows If L is the current estimate of the £ norm of the stream
up to the current time, then we will delete all t; such that 2 - 21 log" n < o gL, and maintain all
other t;’s. Note that this deletion rule, along with correctness of the estimators, implies that we
only ever maintain O(loglogn) of the t;’s. Also note that we never delete ¢; until we can certify
that H f10,ti21] | . is at most half || f]|; . In particular, the smallest ¢; that is maintained always satisfies
”f[O,ti]”k < % lf Il - Let t5 be the smallest t; at the end of the stream. We have “f[O,ts] e S % 1f Il

We also have that 2° > 41(|)|;;|,|’E 3 These two facts imply that ||f][, € [lggzbn 4-2%log® n].

At each time t; we start log log n new instances of the heavy-hitter algorithm from Lemma 12
using sampling rates p spaced geometrically in powers of 2 in this interval [k)zé—%sn, 4-2%log” n|

When a time ¢; is deleted, we also delete the corresponding data from these runs of the algorithm.
For technical reasons to be described below, we actually run ©(logloglogn) instances of this
algorithm and then take the 0.02 quantile of the resulting frequency estimates. Note that one of
these values of p is guaranteed to be a 2-approximation to ||f]|, at the end of the algorithm, by
construction. This also only require O(loglog n) instances of the algorithm per active t;.

Note that a 0.999—heavy—hitter of f” will be a 0.99 heavy-hitter of the stream beginning at t;,
since H floslle < % lIflli - So one of the algorithm instances started at t; will yield a frequency
estimate for h that is at least 5 If |l with good probability.

To get our estimate for the frequency counts we take the 0.02 quantile of each frequency
estimate over the ©(logloglog n) runs of the algorithm. Then we take the maximum over the runs
corresponding to the O(loglog n) choices of p. The probability that any give run overestimates by
a factor of R is then at most zst w, so for fixed x, we have the desired upper bound by a
union bound. The lower bound on the estimate of the frequency of A follows from the correctness
of Lemma 12.

]

THEOREM 20. Fork € [1,2], there is an algorithm that solves the (e, £)-heavy-hitters problem
using

O(é(log é) log® nloglogn) space and O(%(Iog %)nl_l/k

poly loglog n) state changes.

Proor. Using a standard idea as in [5] for example, we reduce to the O(1)-heavy-hitters problem.
We use a pairwise independent hash function to sample a subset of the universe [n] into @(Elk)

subsets of size ©(eXn). If h is an (e, £ )-heavy-hitter and the constant are chosen appropriately,
then with probability at least €%, h is a (0.99, £ ) heavy-hitter of its set with at least 1/2 probability.

Proc. ACM Manag. Data, Vol. 3, No. 5 (PODS), Article 278. Publication date: November 2025.



278:14 William Swartworth and David P. Woodruff

We then run our Q(1)-heavy-hitter algorithm of Theorem 19 on each of the subsets of [n]. Since
each subset has size ©(e¥n), this requires O((e*n)!~1/¥) state changes per subset, and therefore
O(£n'~1/) state changes overall.

We repeat this entire procedure of hashing and running O(1)-heavy-hitter O(log 1) times. With
probability at least 1/100 each heavy-hitter h is given a count estimate of at least 35 ||fIl; by
Theorem 19. Therefore by a Chernoff bound, if we run the procedure N = O(log é) times, h will
receive a count estimate of at least 1—10 lf Il on at least z_(l)oN runs with probability at least 1 — %ek.

Now we argue that not many items can achieve such a large count estimate on a constant fraction
of runs. Suppose that x is a universe item that occurs f, times. By Theorem 19, the probability that

612(‘)‘%{2 := px. Then the probability that
k

this x occurs with at least this count on at least 2_(1)0N runs is at most py for if p, < 1/400 for N a
large enough constant.
So the expected number of items that achieve a count of at least 55 || f|l; on ﬁN runs is at most

Z 1+ Z Px S#{X:szﬁ}"'

. 1 . 1
X:Px 2 300 X:Px <700

the count estimate for fx for x is at least fj || f]l;. is at most

10012

2 2
xife<cellfl € £ 1l

The first term is at most O(1/€X) since the set consists of Q(€)-heavy-hitters. For the second term,
we have the quantities f, each bounded by ce || f]|, and whose kth powers sum to at most ||f||£
To bound the sum we wish to maximize Y, £ subject to these constraints. Using the interpolation
inequality from the proof of Proposition 25 we have that in general ||0||§ < ||v||,’§ ||U||§o_k . So in
our situation, Y, f < ||f||’,: (ce |IfIl,)?~k, which implies that the second sum above is bounded by
O(e™*). This means that it suffices for us to return the largest O(e ) frequency count estimates. O

4 Lower Bound

In this section we present a simple lower bound for the e-heavy-hitters problem.

THEOREM 21. Let k € [1, 00) Suppose that an algorithm solves the (e, £ )-heavy-hitter problem
with probability at least 3/4. Then this algorithm must use at least Q(nl_l/ké log %) state changes.

ProoF. We proceed in a series of steps.

High probability lower bound for O(1)-heavy-hitters. We take our stream to have as updates
1,2,3,...,nin that order. For a single item h chosen uniformly at random we repeat that item ni/k
times when it occurs. By construction, A is then an O(1)-heavy-hitter. We call this stream S.

Now fix an algorithm A that makes at most T state changes. Consider running A on the stream
S’ whichis 1, 2,. .., n with no item repeated. At the item i is seen, the internal state of A will dictate
a probability p; that A changes state on item i. (Note that p; is itself a random variable.) Note that
expected number of state changes is E(p;) + ... + E(pn) < T. This means that E(p;) < 10T /n for at
least (9/10)n values i. So with probability 9/10 we have that E(p;,) < 10T /n, which implies that
pr < 40T /n with probability at least 1/2. This means that with probability at least

40T

allk
n "

1
—(1—
5

A does not change state on h. So if A distinguishes S from S’ with probability 1 — § then we must

have 0T
(1 - _)nllk S 25;
n
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or equivalently n'/* log(1 — %) < log(28), which after bounding log(1 — x) by a first order
approximation implies that T > Q(n'~/¥ log 1) for large enough n.

Lower bound for identifying a heavy-hitter. With the same setup as above, suppose that A is an
algorithm that runs on S and outputs a set H of size at most R, which contains the heavy-hitter with
probability at least 1 — 6. Then let S, and Sj, be the streams with hy and h; respectively repeated
as above. Such a A could distinguish between Sy, and Sj, with probability at least 1 — R/n — 6.
This means that A must distinguish at least one of the two streams from S’ with failure probability
at most %(R/n +8). So A must make Q(n!~1/k log(§ + 6)71) state changes.

Extending to e-heavy-hitters. Now divide the universe into R := 1/€* equally sized pieces, each
of size €¥n. Construct streams P1, ..., Pr where in each stream P;, one item i is chosen to repeat
(ekn)l/k = en'/* times precisely as above and concatenate them. Let Ay, . .., h, be the items chosen
to be heavy on each stream P;. Note that the final output to the heavy-hitters problem must have
size at most ce ¥, In particular the intersection of the output with each sub-universe must have
size at most O(ce ™). So we relax the problem and allow our algorithm to output O(ce¥) items in
each sub-universe. To be correct it must output the heavy item in each P;. It is clear that a correct
heavy-hitter algorithm could solve this problem. For n > 1/€* say, the previous paragraph shows
that we must make Q((en)'~"/¥log(1/€)) state changes to succeed on stream P; with failure
probability at most €/10. But a correct algorithm cannot fail with probability €¢/10 on more than
half of the stream, so on all streams together our algorithm requires Q (e~ (e*n)!~/* log(1/e¢))
state changes as claimed.

O
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A Extension to k > 2.

To extend our heavy-hitters result to k > 2, we can apply exactly the argument for k < 2, but need
better concentration for the Morris counters. In particular the techiniques of [21] effectively show
that Morris counters are extremely unlikely to overestimate by a large factor R.

LEMMA 22. Let X denote the value of a Morris counter after N updates, and let N = 2% — 1 be its
estimate of N. Then, for any R > 2, there exists an absolute constant ¢ > 0 such that

P[N > RN] < exp(—cR).

Proor. To reach level k = log, (RN + 1), the Morris counter must process a random number of
updates given by the sum

where G; ~ Geom(p;) with p; = 27%. Each G; is independent and satisfies E[G;] = 2/, so the
expected number of updates to reach level k is

k-1
E[T;] =22" =2F_1=RN.
i=0
We seek to bound P[T; < N] = P[Tx — E[Tx] < —(R — 1)N]. Note that each G; is sub-gamma?
with variance proxy v; = Var(G;) < 2%/ and scale parameter b; < 2. The sum Ty is then sub-gamma
with parameters
k-1 k-1 ) 22k
5 = O(R’N?), b=maxb; <25' = O(RN).
L
0
Applying the sub-gamma lower-tail bound, for t = (R — 1)N < v/b, we have:
R—1)2N?
(—Q) < exp(—cR)
20

for some constant ¢ > 0. Hence,
P[N = RN| = P[X > log,(RN + 1)] = P[T; < N] < exp(—cR),
as claimed ]

This gives the following version of Theorem 19. The proof is identical, but we use the stronger
Morris counter guarantee for (2).

THEOREM 23. Suppose that h is (0.999, fx) heavy-hitter, on the universe [n] for a stream of length
m. There is an algorithm that makes O(n'~'/*(loglog n)? logloglog n) state changes in expectation,
uses O(log® nloglog n) space, and outputs a frequency vector estimate f, such that

(1) fh > % Ilf |l with probability at least 0.05 A
(2) For any fixed x € [n], and R > 2, we have f; < Rf; with at least 1 — exp(—cR) probability.

Next we give our £ heavy-hitter result for k > 2.

THEOREM 24. Fork > 2, there is an algorithm that solves the (e, {x)-heavy-hitters problem using
O(Z%n'"?/%) space and O(X log n'~'/¥ poly loglog n) state changes.

2See [4] for background on subgamma random variables.

Proc. ACM Manag. Data, Vol. 3, No. 5 (PODS), Article 278. Publication date: November 2025.



278:18 William Swartworth and David P. Woodruff
ProoF¥. First observe that for k > 2, an (e, f)-heavy-hitter is always an (en'/¥~1/2 ¢,)-heavy-
hitter. Let ¢ = en'/¥~1/2, Now we run the argument of Theorem 20 to identify the (¢’, £,)-heavy-
hitters. This set may be too large, but we now have better count estimates by the above result. In
particular, we wish to bound the number of items with count estimates at least {5 || 1l -
We follow the last paragraph in the proof of Theorem 20. say that i is a small index if f; < 260 £ -
observe that the probability that the frequency of a small index f; is estimated to be at least 5 || fl,

is at most exp(— cellf”") < O(

k
k”f”k) So the expected number of small indices with a count
estimate this large is at most O( =% —)- There are at most o(x ) heavy hitters, and so o< —) count
estimates larger than 75 || f1|; -

The rest of the proof of Theorem 20 applies to show that all the heavy-hitters are found and
receive a count estimate of at least Q(e’ || f1|,) = Q(e [|f|l;)- It therefore suffices to select the largest

O(1/€*) count estimates from among the (¢’, ;)-heavy-hitters. O

B Proofs of subsampling lemmas

We need a simple bound for the fractional moments of a binomial random variable.
ProPOsSITION 25. Let X be Binomial(n, p) and letr € [1,4] Then
E(X") < C(np + (pn)").
Recall the following interpolation inequality for norms for 1 < ¢; < r < ¢a:

-0 0
1L < AL L1,

o) 1-60

= 4 =2,

92 q1

By the moments of a binomial random variable, we have E(X) = Cpn and E(X*) = O(np+(np)*).

Now consider two cases.
If np < 1 then E(X) = O(np) and E(X*)/* is O((np)'/*) and so by the interpolation inequality
with ¢; =1 and ¢, = 4, we have

E(X")Y" < 0((np)'? + (np)?'*) = O((np)'~1%) = O((np)"/").

Otherwise if np > 1, then E(X) and E(X*)/* are both O(pn) and so E(X")"/" is O(np) as well
by the interpolation inequality.

where % =

Proof of Lemma 13. By applying Proposition 25, we have the bound
E(llglE) = Var((¢f + ...+ gp) +E(f +... + g})’

= Var(gh) + ... + Var(g}) + (E(g’f) b+ E(gh)

<SE(@) + .+ B + (@D + ..+ E(gh))

< DL Clpfi+ (pf)™) + (Z Clpfi+ (pﬁ)k))

=CIIfll, + P  IFIIER) + C2(p IfIl, + p* IFIF)2.

The latter term within each pair of parentheses is larger by the hypothesis on p, and so the first
part of the claim follows from Markov.

For the first bullet point, we verify the two inequalities for p = 1/T (note that choosing p smaller

||f||1 < 1

only decreases ||g||;). Then we have ||f]|, < n'~ 1/k Ilfllg = Tn, which rearranges to < Tk T
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Similarly, we have

[Fals [Falkys
IFIl < n =V FlLe < n2 VK| f)| = n2m S0k o ek D ok

2%k-1 ) £112k
TR T
For the second bullet point, suppose that p =

k
ani =
k—
which rearranges to ”H]f””;k < IIfTIZ"ll = p%
We use the following version of the Chernoff bound
ProrosiTiON 26. Let X3,
Then for § € (0,1),

= f . We verify the two inequality. First recall
that || ]|, < n'-1/k 11l whichrearranges to LAl

— = pk=1 Similarly, || f]l, < n*~ Y% || ]l

Xy, be i.i.d Bernoulli(p) random variables. Let X = X;

+ ...+ X,
Pr(X < (1-6)pn) < exp(—=8*pn/2).

Proof of Lemma 14. First divide the universe [n] into dyadic level sets Sy, S1,

i ... according to
frequency counts, where S; contains the universe items with frequency count in [27, 2*1)
Note that

IS 2k = IIfIIE

Since all frequency counts are bounded by m, for some i, we have |S;| 2K >

i 1 k

125 > d I fIE

Next we show that that a reasonable fraction of the mass of this level set is preserved with high
probability. Let j be a universe item in S;. Then j occurs with frequency at least 2. Sampling at a
rate p, we have by Proposition 26 that

Pr(f] < (p/2)f;) < exp(-pf;/8) < exp(—p2'/8) :==1 -

Now we c0n51der two cases. First suppose that |S;| < M, where we set M = 8log’ (n) log(1/6)
Then 2 > W £ 1k -
So

Pr(ff < (p/2)f) < PP oo I /9

< exp(

- 1 11%)

8(CM)V/k log!/k*" (n) Pl
As long as || fll; = Clog® (n) log(1/8) this probability is bounded by g. Then taking a union
bound over the elements in S;, we have that fj' > (p/2)f; for all j € S; with failure probability at
most §. This implies that

IF1E = > (p/2)2fF = 1Sil (p/2)k2k > c1— IFUE
Jj€ESi

For the second case, suppose that |S;| > M. Say that an item j in S; is good if f7 > (p/2)f;. Note
that j is good with probability at least p

Again by a Chernoff bound, the number of good items is at least (p/2) |S;| with failure probability
at most

by our choice of M. Conditioned on the number of good items being at least (p/2) |S;|, we have that
If/lIk = (p/2) IS 2% = (p/2)

IIfII,C IIfII,C
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In either case, we showed that

k
1 Mk = I£1IE

4C1 r+1( )

with failure probability at most §, provided that ||f||k > Clog® (n)log(1/5). Finally if ||f||£ is
smaller than this value, then we obtain the desired bound immediately.

C Proof of Lemma 16
We first bound ||g||ﬁ . Note that

||f||,C

Pr(|gi|* > =1-exp(= [AIF 5 /IFIE) < IAF 57N F1IF

Therefore
If ”k

E|#{i: |g;| > =—%}| < ¢*.

let &, be the event that there are most (10 log n)Zk’ entries in g larger than 277 || f||, . By Markov,
&, fails to hold with probability at most p— o . The probability that at least one of the events &,
does not hold is at most 1/10 by a union bound over all r.

So with probability at least 9/10, all of the events &, hold. Suppose that all events &, hold. Let

= ||gll - Then we have the bound

gy < M*-#{i: gi 2 27" [Ifllg) + Z#{i tgi 2 27 I Il @ AN

r>1
< MF(10log n2¥) + Z(lo log n2K7) (27" |1 £1l,)*
r>1

< MF(10log n2¥) + 10 - 2K (log® n) |IfII5 ,

after summing over log n terms. Recall that M* /|| f ||£ ~ 1/u where u is exponentially distributed.
So u < 3 with probability at least 0.95, and hence M > (1/3)V* ||f|l, = (1/3) ||f ||, with at least
0.95 probability. This implies that ||g||2 Ck ||f||k as desired.

D Morris Counter Results

Proof of Lemma 11. Let Yy be the value of a Morris counter from Theorem 10 after k increments.

Recall that E(Y;) = k and Var(Y,) < (k/10)%. By Chebyshev’s inequality,
1
Pr(Y, > Rk) <Pr(|Vy—k|>(R-1k) < ——.
(Y 2 R) < Pr(1¥e ~kl 2 (R~ D) < [oom—rsn

We run O(loglog m) instances of the Morris Counter in parallel and use the median count as

our estimate, which we call Z.. Then for fixed k and R > 2 we have,
1 1

Pr(Zy, > <
r(Zk 2 Rk) < 100log, m (R — 1)’

after choosing the hidden constant appropriately. By a union bound, this implies that Z; < Rk
holds at k = [m/2'] for all i with failure probability at most Since Zj is non-decreasing,
this means that

1
100(R-1)2"

1 o1
100 (R —1)2 ~ 25R?’

Pr(3k, Z > 2Rk) <

for R > 2.
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Fig. 1. Behavior of CountSketch for varying buckets and |log, n] repetitions.

Also by Chebyshev, Pr(Y; < (3/4)k) < % So we have that Pr(Z; < (3/4)k) < m. Again
union bounding over a geometric set of updates starting at 1, we obtain Z; > k/2 for all k with

probability at least 9/10.

E Experiments

We conduct preliminary experiments which suggest that our algorithm may yield reasonable
constants in practice.

In each experiment we take a stream and universe of length 10000. We consider two distributions
on stream, (a) and (b). For distribution (a) each item of the stream is the heavy item with \/Lﬁ and is

otherwise a uniformly random item. For distribution (b) we have /n heavy items, and then 3 other
items that occur y/n/2 times y/n/4 times and y/n/8 times. The remaining items all occur once. An
experiment is successful the algorithm correctly identifies the heavy hitter. Each datapoint in our
graphs is the fraction of successes over 1000 independent trials.

In Figure 1 we show the success probability of CountSketch for varying numbers of buckets,
and a fixed number of repetitions. In Figure 2 we show the performance of our counter-based
Algorithm 1 for various sampling rate parameters p. Since CountSketch is being repeated 13 times
in each run, it uses comparable space to our datastructure on these datasets. Indeed for obtaining
probabilities near 1/2, our data structure appears to do slightly better. We note that we could also
boost our data structure by repeating it to achieve higher failure probability. While these input
distributions are quite simple, they suggest that our algorithm may in practice be comparable to
CountSketch, at least in certain regimes. We leave a more detailed empirical study to future work.
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Fig. 2. Behavior of our counter-based algorithm for various sampling rates. A sampling rate of q/+/n is
recorded as log g on the x-axis.
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