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In this work, we study the notion of representation obliviousness in the context of pseudodeterministic streaming
algorithms. A (randomized) streaming algorithm A is pseudodeterministic, if for every stream D, there is a
“canonical value” g(9) so that with probability at least 2/3, A on input stream D outputs g(D). Intuitively,
a randomized algorithm is representation oblivious if the output distribution of the algorithm does not
depend on the representation of the input. We investigate this notion in the context of streaming algorithms,
more specifically, distinct elements estimation (Fy estimation) in data streams. In this context, representation
obliviousness captures the idea that the output distribution of an algorithm for estimating Fy should only
depend on the set of distinct elements of the stream. This is a natural notion, as we note that standard
streaming algorithms are representation-oblivious in this sense. We prove that any representation oblivious
pseudodeterministic streaming algorithm for estimating Fy must use Q(n) space, where [n] is the universe.
More generally, we prove that any representation oblivious pseudodeterministic #(n)-pass streaming algorithm
requires Q(n/t(n)) space. This lower bound matches the space requirement of the straightforward multi-pass
deterministic algorithm that exactly computes F,.
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1 Introduction

In this paper, we introduce and investigate the notion of representation oblivious streaming algo-
rithms in the context of pseudodeterminism. Intuitively, an algorithm is said to be representation
oblivious if the output does not depend on the “representation” of the input. In other words, the
algorithm must give the same output (or have the same output distribution in the case of random-
ized algorithms) for all representations of an input object. The precise definition of representation
depends on the problem. To illustrate, consider the problem of estimating distinct elements in a data
stream, also known as the F, estimation problem. This problem has received considerable attention
over the past three decades, leading to the design of (randomized) algorithms with optimal space
and update time [1, 3, 6, 14, 18, 27]. It seems intuitive and, indeed, practical to design algorithms
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where the output distribution remains consistent across streams that share the same set of distinct
elements. Thus, a suitable definition in this scenario is that a randomized algorithm A for estimating
distinct elements is representation oblivious if it produces the same output distribution for any
two streams with an identical set of distinct elements. For example, for streams (1, 2,1, 1,3) and
(2,1,3,3,3), A should have the same output distribution since the set of distinct elements for both
the streams is {1, 2, 3}.

Similarly, for the problem of estimating Fy, the k™ frequency moment (for k > 0), it is reasonable
to expect that the algorithm’s output depends solely on the frequency vector of the stream. Many
popular streaming algorithms for frequency estimation inherently adhere to this principle of
representation obliviousness, or they can be adapted to do so. We demonstrate this with several
well-known streaming algorithms, including the Gibbons-Tirthapura [18] or the BJKST algorithm
for Fy [3], the AMS sketch for Fy, the AMS algorithm for general Fy [1], and a version of the recent
CVM algorithm [10]. While the concept of representation obliviousness merits examination in
its own right, our investigation is primarily driven by the aim to understand the capabilities of
pseudodeterministic streaming algorithms for the problem of estimating frequency moments.

Pseudodeterministic Streaming Algorithms. The notion of pseudodeterminism was introduced
by Gat and Goldwasser to capture the notion of reproducibility in randomized algorithms [16].
Probabilistic algorithms lack reproducibility as two different runs of a probabilistic algorithm
can produce two different outputs. An illustrative example is that of generating an n-bit prime
number. A straightforward probabilistic algorithm for this problem randomly picks an n-bit positive
integer and outputs it if it is a prime number. Due to the density of prime numbers, this simple
algorithm succeeds with a non-trivial probability, which can be boosted by repetition. However,
two different runs of this algorithm will produce two different prime numbers with high probability.
Can we design a probabilistic algorithm that consistently outputs the same prime number with high
probability on different runs of the algorithm? This question led Gat and Goldwasser to introduce
the notion of pseudodeterministic algorithms [16] (originally termed Bellagio algorithms in their
paper). A randomized algorithm A is pseudodeterministic if for every x, there exists a canonical
value g(x) such that Pr[A(x) = g(x)] is high. Thus, even though pseudodeterministic algorithms
are randomized, they behave similarly to deterministic algorithms: on a given input, they output the
same canonical value consistently, similar to deterministic algorithms, with high probability. Since
its introduction, the notion of pseudodeterminism and its variations have received considerable
attention that led to an exploration of this notion in a variety of settings: search algorithms,
approximation algorithm, learning algorithms, parallel algorithms, interactive proofs, sublinear
algorithms, and streaming algorithms [2, 4, 5, 7, 11-13, 19-25, 29, 33].

In this paper, we focus on pseudodeterministic streaming algorithms. As pseudodeterminism
lies between determinism and general randomization, a theoretically and practically significant
question is:

Can we develop pseudodeterministic algorithms for critical streaming problems that achieve space
complexity comparable to that of the best randomized algorithm for these problems?

The most relevant prior work in this direction includes [4, 23, 24]. Goldwasser, Grossman, Mo-
hanty, and Woodruff [23] initiated the study of pseudodeterministic streaming algorithms. They
exhibited gaps between space-complexities of randomized, pseuodeterministic, and deterministic
streaming algorithms. They proved, for example, that there is no low-memory pseudodeterministic
algorithm for finding a nonzero entry in a vector, while there exists a low-memory randomized
algorithm for this problem. They also showed that there exist problems that admit low-memory pseu-
dodeterministic algorithms but no low-memory deterministic algorithms. For frequency-moment
estimation, they showed that any sketch-based pseudodeterministic algorithm in the turnstile model
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that estimates the stream’s £, norm requires Q(n) space. The classic Morris counter [30] yields an
O(log log n)-space randomized algorithm for estimating stream length; in contrast, [4, 24] show that
any pseudodeterministic streaming algorithm for estimating the number of items requires Q(log n)
space, matching the deterministic space complexity up to constants. Finally, [9] establishes space
lower bounds for pseudodeterministic streaming algorithms for the missing-elements problem,
matching deterministic space complexity up to polylogarithmic factors.

Our Contribution. We introduce and formalize the notion of representation oblivious algorithms.
For an equivalence relation R on the input space, a randomized algorithm A is R-oblivious if for
all inputs xy, x; such that (x1, x;) € R it holds that the distributions of the output of A on inputs
x1 and x; are the same. When R captures a natural equivalence for the problem, we just say A is
representation-oblivious.

We show that any representation oblivious pseudodeterministic streaming algorithm for esti-
mating Fy requires Q(n) space where n is the size of the universe. This asymptotically matches the
deterministic upper bound for the exact computation of Fy. In fact, our techniques can be extended
to show a tight lower bound for any multi-pass streaming algorithm for Fy: any #(n)-pass, repre-
sentation oblivious pseudodeterministic algorithm for Fy requires Q(n/t(n)) space. This matches
the deterministic complexity of t(n)-pass algorithm for exact computation of Fy. This is the first
lower bound on pseudodeterminism in the multi-pass models. Indeed, the authors of [23] raised
the question of establishing lower bounds in the multi-pass model as their lower bound techniques
can not be extended to multi-pass models. Our results hold for the insertion-only streaming model.
We use communication complexity techniques to prove our lower bound.

We argue that standard algorithms for frequency moment estimation are representation oblivious
and illustrate that for some well-known algorithms, including the BJKST algorithm for Fy and
AMS sketches for F, and Fi. While our focus is to investigate representation obliviousness in the
context of pseudodeterminism, we believe the notion of representation obliviousness is worthy of
investigation on its own.

Organization. The rest of the paper is organized as follows. In Section 2, we give the necessary
notation, definitions, and results from communication complexity that are required to prove our
lower bounds. In Sections 2.2 and 2.3, we introduce the notion of representation oblivious algorithms
in the context of streaming, pseudodeterminism and communication protocols. In Section 3, we
establish the single pass space Fy lower bound and then we extend it to multi-pass space Fy lower
bound in Section 4, we also show that this lower bound is tight. In Section 5, we illustrate the
representation obliviousness of some of the well-known algorithms from the literature. Finally, in
Section 6, we give concluding remarks. We also have a discussion on related open problems in the
conclusion section.

Related Works. A similar notion called Path Independence (PI) for deterministic turnstile streaming
algorithms was defined in [15]. We compare PI to our notion of Representation Oblivious (RO)
algorithms. A deterministic turnstile streaming algorithm is said to be Path Independent if the
algorithm’s resultant configuration depends only on the frequency vector of the input and the
current configuration. Later in [28], path independence was generalized to randomized turnstile
streaming algorithms. A randomized turnstile streaming algorithm is said to be Path Independent
if for all possible choices of randomness R, the deterministic algorithm obtained by fixing the
random bits to R is path independent. While the notions of Path Independence and Representation
Obliviousness are related, they are incomparable. For example, in the context of Fy, RO requires
inputs with the same set of distinct elements to have identical output distributions. Whereas PI

Proc. ACM Manag. Data, Vol. 3, No. 5 (PODS), Article 282. Publication date: November 2025.



282:4 Michael Chen, Sourav Chakraborty, A. Pavan, and N. V. Vinodchandran

requires that for each choice of randomness, the resulting deterministic algorithm’s output depends
on the frequency vector. Thus, it is possible for an algorithm to be RO but not PL

In [15, 28], they show how to convert an arbitrary turnstile streaming algorithm into path
independent one. However, their transformations crucially require that the streaming algorithm be
a turnstile streaming algorithm, and the conversion fails when the algorithm is for the insertion-only
model.

2 Preliminaries

We use N = {0,1,2,...} to denote the set of natural numbers. For a set X we use 2% to represent
the power set of X and |X| to denote the cardinality of the set. For n € N, we use [n] to denote the
set {1,...n}. We use ¥ : X — Y to denote that i is a (potentially partial) function from X to Y. If ¢/
is partial, we use dom ¢ to denote the domain of .

We consider randomized algorithms, and often view them as probability measures on the output
space, i.e., given a randomized algorithm A and an input x, A(x)(+) is a probability measure. Thus,
two inputs x, y have the same output distribution, denoted A(x) = A(y), if for every output w,
A(x)(w) = A(y)(w). We also view A(x) as a random variable wherever convenient.

2.1 Data Streaming Model

We use [n] to denote the universe. A stream over [n] is an element of [n]*, a sequence of items
from [n]. In the data streaming model, an algorithm A for a computational task is given one-way
access (one pass) to the stream 9. The design goal is to estimate a desired function of the stream
using as little memory and update time as possible, typically polylogarithmic in universe size n and
stream length |D|. We also consider multi-pass models. In this model, the algorithm is allowed to
make multiple passes over the input stream: a t(n)-pass algorithm is allowed to make ¢(n), one-way
passes over the entire stream before outputting the answer. Refer to [8] for more details on data
streaming model and algorithms. In this paper, we will focus mainly on the task of estimating
frequency moments of the stream.

We assume the streaming algorithm knows the size of the universe (as input). For a streaming
algorithm A and n € N, we use A, to denote the algorithm has been instantiated with universe
[n], i.e., the inputs to A, are streams from [n]*.

Let D be a data stream over [n], for i € [n] we use f;(D) to denote the frequency of i in
D. We use f(D) = (i(D),..., (D)) to denote the frequency vector of D. For k € N, we
use (D) = (flk(Z)), ..., f*(D)) to represent the k™ moment frequency vector, where 0° is
interpreted as 0. We use Fi (D) to denote the k' frequency moment of 9 which is defined as

Fe(D) = Y £1(D)
i=1

Note that Fo(9D) is the number of distinct elements of D and F; (D) is the number of items of D.

Definition 2.1. Let €,8 > 0. A streaming algorithm A is said to (¢, §)-approximate Fy. if for every
universe size n € N and for every stream D € [n]*

Pr (A (D) — Fr(D)| < eFp(D)) 2 1-6

For simplicity, in the rest of the paper we fix § = 1/3. We will also use the following additional
notation: For a set S C [n], D(S) denotes the stream representation of S in lexicographic order.
For any two streams D; and D, let DD, denote the concatenation of the two streams.
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2.2 Pseudodeterministic and Representation Oblivious Streaming Algorithms

We are interested in two notions; pseudodeterminism and representation obliviousness, in the
context of streaming.

Definition 2.2 (Pseudodeterministic algorithms [16]). A randomized algorithm A is pseudode-
terministic (PD for short) if for all inputs x, there is a canonical value g(x) such that Pr(A(x) =

g(x)) = 2.

In the context of streaming algorithms for Fy, a pseudodeterministic algorithm for a given input
stream should output a canonical approximation for F; with high probability.

We next introduce the notion of representation oblivious algorithms. Let k € N'\ {0}, note that
the frequency moment Fy is “oblivious” to the arrangement of the input stream in the sense that
for any stream D, Fr (D) depends only on the frequency vector f(9). In this sense, for example,
the streams (1,2,2,1,1) and (2,1, 1, 2, 1) are equivalent. We define this formally next.

Let D, and D; be streams over universe [n]. We say D; and D, are Ri-equivalent if f° k(D)) =
f¥(D,). This equivalence relation partitions the set of inputs to equivalence classes which we call
Ry-equivalence classes. When k = 0, the condition f°(D;) = f°(D,) is equivalent to the condition
that the set of unique elements in D, is equal to the set of unique elements in 9,. When k > 0, the
condition f¥(D) = f*(D,) is the same as f(D;) = f(Dy).

Definition 2.3 (R-oblivious). Let R be an equivalence relation on the input space. A randomized
algorithm A is R-oblivious if for all inputs x;, x, such that (x, x2) € R it holds that the distributions
of the output of A on inputs x; and x; are the same.

Definition 2.4. [Representation Oblivious Algorithm for Fi] Let k € N. Two streams D; and D,
are Re-equivalent if f(D;) = f¥(D,). A streaming algorithm A for Fy is said to be representation
oblivious if for every universe size n, A, is Rg-oblivious.

Recall that A, is the streaming algorithm A instantiated with the universe as [n]. By combining
the notions of pseudodeterminism and representation obliviousness, we arrive at the following
definition.

Definition 2.5. A streaming algorithm for Fj is Representation Oblivious Pseudodeterminis-
tic (ROPD) if it is both representation oblivious and pseudodeterministic.

The above definition means the following: Suppose A is an ROPD algorithm for F. Since A is
pseudodeterministic for every D there is a canonical value g(9) (which is an e-approximation
of Fo(D)) such that A outputs g(D) with probability at least 2/3. Representation obliviousness
imposes that if D; and D, belong to the same Ri-equivalence class, then g(D;) = g(D»).

We now state a more relaxed definition of representation obliviousness.

Definition 2.6 (ax-Representation Oblivious Algorithm for Fi). Let k € N and @ > 0. A streaming
algorithm A for Fy is said to be a-representation oblivious if for every universe size n, and all
streams ; and D, that are Ry equivalent, the statistical distance between A, (D;) and A, (D5)
is at most a.

We use this relaxed definition to prove that NVGMPC algorithm for Fy is %-representation
oblivious in Section 5.

Definition 2.7. A streaming algorithm for Fy is a-Representation Oblivious Pseudodetermin-
istic (a-ROPD) if it is both a-representation oblivious and pseudodeterministic.

Note that 0-ROPD is the same as ROPD. We remark that our lower bound results extend to
a-ROPD setting.
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2.3 Communication Complexity

For our lower bound proofs, we will need results from communication complexity. We focus on
randomized communication complexity.

Let m € Nand ¢ : {0,1} x {0, 1} — {0, 1} be a partial function, called the communication
problem. We often view binary strings of length m can as subsets of [m] in the standard way. In the
randomized communication model, Alice receives A € {0,1}™, and Bob receives B € {0, 1} such
that (A, B) € dom(¢). Both are unaware of the other’s string but have access to the same shared
random bits. Alice and Bob are allowed to send messages through a communication channel (in
both ways). The goal is for Bob to output (A, B). If the input is outside the domain, Bob is allowed
to output any arbitrary value. Alice and Bob are allowed to agree on a strategy before receiving the
input. The cost of a protocol is the sum of the lengths of messages communicated by Alice and Bob
over all inputs in dom ¢/ and over all random bits. The communication complexity of i, denoted
CC(¥), is the minimum cost over all protocols. No computation restrictions are placed for Alice
and Bob. Note that CC(y/) < m because Alice could simply send her entire input A to B, and then
Bob can simply compute (A, B). If Alice and Bob weren’t allowed to share public randomness, a
protocol that uses private randomness can be converted to one with public randomness with an
additive O(log m) factor via Newman’s lemma [32].

We now define the notion of pseudodeterminism for partial functions.

Definition 2.8 (Pseudodeterministic Protocols). Let m € N. Let 7 : {0, 1} x {0,1}* — {0,1} be a
partial function. A randomized protocol P for ¢ is pseudodeterministic (PD) if for for all inputs
(A, B) € 2lml x 2lm] there exists a canonical value g(A, B) such that

- The protocol P outputs g(A, B) with probability at least 2/3.
- g(A.B) = Y/(A, B) if (A, B) € dom(y)).

Note that the above definition requires that even when (A, B) ¢ dom(/), the protocol outputs a
canonical value with high probability. This subtlety may not be apparent at an initial glance. Suppose
P solves y : 2™ x 2lml (0,1}, suppose there exists (A, B) € 2™ x 2l™] but (A, B) ¢ dom(v))
with Pr(P(A, B) = 0) = ; and Pr(P(A, B) = 1) = 3. Therefore,  is not pseudodeterministic, but
still solves .

We next define the notion of representation oblivious protocols.

Definition 2.9 (T-oblivious). Let T be an equivalence relation on the input space {0, 1} x {0, 1}™.
A randomized protocol P is T-oblivious if for all inputs (A;, B;) and (Ay, By) that belong to the
same equivalence class, the output distribution of £ on inputs (A;, B;) and (Aj, B;) is the same.

Finally, we define the notion of representation oblivious pseudodeteriministic protocols.

Definition 2.10. Let ¢ : {0,1}™ x {0, 1} — {0, 1} be a partial function and T be an equivalence
relation over {0, 1}’ x {0, 1}™. A communication protocol P for i is T-oblivious pseudodeteri-
ministic (T-OPD), if it is T-oblivious and pseudodeterministic.

We now define some communication problems that we use in this paper.

Definition 2.11 (D1sy [26, 34]). Let m € N. The communication problem Disj,,, is the total function
Disj,, : 2™ x 2lm1 — (0,1} defined as

1 ifANB=0

Disy,, (A, B) =
T ) {0 otherwise
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Definition 2.12 (PRoMISE-UNION). Let m € N. The communication problem PrRomise-UNION,, is
the partial function PROMISE-UNION,,, : 21" x 2l™) — (0,1} defined as

1 if|[AUB| >3

ProMISE-UNION,, (A, B) = ]
0 if[AUBl<Z

We are interested in the oblivious and pseudodeterministic protocols for Promise-UNION. For this,
we define a specific equivalence relation. Note that a single input instance for the PRomIise-UNION,,
is (A, B) where A C [m] and B C [m].

Definition 2.13. Let m € N. Two input instances to PROMISE-UNION,, (A;, B1) and (Ay, By) are
pm-equivalent if A; UB; = Ay U B,.

For the rest of the paper, we are interested in the above relationship p,,. From now on, an ROPD
protocol for PRomISE-UNION,, refers to a p,,-OPD protocol.

3 Fy, Lower bound
In this section, we prove an Q(n) space lower bound for estimating F, over the universe [n] for
ROPD one-pass streaming algorithms.

THEOREM 3.1. Lete,§ < % Any ROPD streaming algorithm that (e, §)-approximates Fy requires
Q(n) space (where n is the size of the universe).

Our proof approach shall be to show that if an ROPD F, estimator using o(n)-space exists, then
there is a 0(m) communication protocol to solve Disj,, problem via the reductions depicted below.
This is a contradiction because the communication complexity of Disj,, is Q(m) [26, 34].

ROPD F, estimator

I

ROPD communication protocol for PRoMISE-UNION

I

Communication protocol for D1sy

LEMMA 3.2. For anyn € N, if there is a ROPD streaming algorithm that (%, % -approximates Fy
(with universe size n) using space s then there is a ROPD protocol for the PROMISE-UNION,, with
communication complexity s.

Proor. Let n € N. Let A, be a ROPD streaming algorithm that (%, % -approximates Fy over a
universe [n] and uses space s. We now define the protocol $, to solve the PROMISE-UNION,:

Alice receives A C [n] and Bob receives B C [n]. They convert their input sets to streams
Dy = D(A) and D = D(B), respectively. Alice runs the streaming algorithm A, on Dy and then
communicates the state at the end of her execution to Bob (requiring only s bits of communication).
On receiving this state, Bob continues the execution with his part of the stream Dg. Let D = D4 Dp.
At the end of the simulation, Bob has A, (D). Bob outputs 1 if A, (D) is at least n/2; otherwise,
Bob outputs 0.

We now prove that £, (1) is pseudodeterministic, (2) is representation oblivious, and (3) solves
ProMise-UNION,,

CrLamm 3.3. P, is pseudodeterministic.
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Proor. For a stream D over [n], let g(D) be the canonical value of A,, i.e., Pr(A,(D) =
9(D)) = % For A, B C [n], define

1 ifg(D(A)D(B)) >

h(4.B) = {0 if g(D(A)D(B)) <

NJERSIE

so that, Pr(P (A, B) = h(A,B)) > % Thus, h testifies that P, is pseudodeterministic. We emphasize
that the pseudodeterminism holds for all inputs. O

CrLamm 3.4. P, is representation oblivious.

Proor. Let (Ay, B;), (A2, By) be inputs (they need not be part of the promised region) such that
(A1, By) and (Ay, B,) are py-equivalent, i.e., A; UB; = A;UB;. We show that the output distributions
are the same. Let D; = Dy, Dp, and D, = Dy, Dp,. As the inputs are PRomISE-UNION,, equivalent
we have that f°(D;) = f°(D,), because the unique elements in D; and D, are the same and
as a consequence D; and D, are Ry-equivalent. We have A, (D;) = A,(D;) because A, is
representation oblivious. Which implies that $,,(A;, B;) = P, (A, B,), as required. ]

Craim 3.5. P, solves PROMISE-UNION,,.

ProoF. Let (A, B) € dom(PromIsE-UNION,) be a promised input, i.e., either |A U B| < 7 or
|AU B| > %. Also, let D = D(A)D(B), the concatenation of the stream of the set A and B. As
discussed in Claim 3.3, the output of the protocol #,, will depend upon the value of A, (D). To
prove #, solves PROMISE-UNION,, it suffices to show that g(D) is less than % for the case when
|AUB| < 7 and g(D) is at least 5 when |AUB| > %". This suffices because the event A, (D) = g(D)
occurs with probability at least 2/3. Since A, is an (% %
Case 1.If[AUB| < 2 theng(D) < 2(1+3) = 2.
Case 2. If [AU B| > 22 then g(D) > 32(1 - %) =4
Hence, the canonical values of P, gives the correct answer, i.e., h satisfies

-approximation algorithm for Fy we have:

h(A.B) = 1 if|J[AUB| >
77 lo if|JAUB

Thus P,, solves PROMISE-UNION,. m]

Thus, with Claim 3.3, Claim 3.4, and Claim 3.5, we conclude that ,, is a protocol for PRom1sE-UNION,,
that is representation oblivious and pseudodeterministic. O

We first state a fact due to [26, 34] to stating that Di1sj,,, has communication complexity Q(m).
Fact 3.6 ([26, 34]). CC(D1sj,,,) = Q(m)

Our goal now is to show that the existence of a ROPD protocol for PRomIse-UNION implies the
existence of a PD communication protocol for Disj over a smaller universe. Suppose we want to
solve Disj,,, distinguishing whether AN B = 0 or AN B # 0, equivalently distinguishing between
AUB = [m] or AUB # [m]. We consider the problem PROMISE-UNIONy,,, it distinguishes between
the case |A U B| < m and |A U B| > 3m. We shall show that embedded within a ROPD protocol
for PROMISE-UNIONy,, is a PD protocol for Disj,,. All Alice and Bob would need to do is take the
complement of their input and then follow the protocol for PROMISE-UNIONyy,,.

LeEMMA 3.7. The communication complexity of ROPD protocol for PROMISE-UNION,, is Q(m).
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Proor. Assume we have ROPD protocols P = (P)men that solves (PROMISE-UNIONy;, ) men
using o(m) communication. Using this, we shall design protocols (Q;;)men that solve (D1sj,,;,) men
using o(m) communication contradicting Fact 3.6.

Let m € N, we design a protocol @, to solve Disj,,. Alice and Bob first agree on the communica-
tion problem ProMIsE-UNION,, with input size n = 4m. They shall use the help of #, to solve Disj,,.
Since P, is PD there exists a canonical values for P, for A, B C [n] let g(A, B) be the canonical
value of P, i.e.,

Pr(P.(A B) = g(A B)) >

[SSH V)

Furthermore, since P, is representation oblivious, we have the additional guarantee that equivalent
elements (under p,, equivalence relation) have the same output distribution. i.e., for any (A;, By)
and (A, B) if A UBy = Ay UB, then P, (A1, B1) = Pn(Asz, Bz). In particular, their canonical values
are the same, g(A1, B1) = g(As, B,). Furthermore, the canonical value only depends on the union
of the subsets. For any X C [n], define h(X) = g(X, 0). We have that h satisfies the following
property: for all A, B C [n], g(A, B) = h(A U B). Observe that for any set X C [n], if |X| < n/4 then
h(X) = 0 and if |X| > 3n/4 then h(X) = 1 because P, solves PROMISE-UNION,,. Therefore, there
must exist a minimal Y such that h(Y) = 1 and removing any subset from Y results in an output
of 0. Furthermore, it must be the case that |Y| > n/4. Formally there exists Y with |Y| > n/4 such
that h(Y) = 1 and for every Z such that Z C Y, h(Z) = 0. Fix the lexicographically smallest Y so
that |Y| = n’, without loss of generality, assume Y = [n’] , as Alice and Bob can always agree to
rearrangements. Note that we have n’ > m. Alice and Bob agree to use £, and Y to solve D1sj,,,.

For X C [n’], we denote X = [n’]\ X, i.e., complement is taken over the universe [n’]. Identifying
disjointness can equivalently be seen as distinguishing between a “full universe” and “not a full
universe” by complementing the inputs over the universe [n’]. Formally, via De Morgan’s law, for
allABC ['],ANB=0 < AUB=[n].

We now define the protocol Q,,: Alice receives A C [m] and Bob receives B C [m]. Note that
trivially A,B C [n’] as n’ > m. Alice creates an instance A’ = A, and Bob creates an instance
B’ = B. They proceed as though this were an instance of PRomise-UNION,, with input (A’, B'). After
finishing the simulation, Bob obtains P, (A’, B'). If £,,(A’, B’) = 1 then Bob outputs 1; otherwise,
Bob outputs 0.

Correctness follows from the fact that for any set A, B C [m]

ANB=0 & AUB=[n] & h(AUB) =1

The communication required for this protocol is 0(n) = 0(4m) = o(m). Therefore, if there existed
ROPD protocols for PRom1se-UNION with o(m) communication, we could use them to generate
protocols for Disy with o(m) communication, which contradicts Fact 3.6. o

We are now ready to conclude Theorem 3.1.

PRrROOF OF THEOREM 3.1. Let €,5 < % If there exists ROPD streaming algorithm that (¢, §)-
approximates Fy using space o(n) then setting n = m and using Lemma 3.2 there exists ROPD proto-
cols with o(m) communication cost for PRom1se-UNION. This directly contradicts Lemma 3.7. O

4 Multipass Fy Lower Bound
We now extend the result to allow for the streaming algorithm to make multiple passes of the input.
THEOREM 4.1. Lett : N — N and €6 < % Any ROPD t(n)-pass streaming algorithm that

(e, 8)-approximates Fy requires Q(%) space (where n is the size of the universe).
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The proof of theorem 4.1 approach is similar to a single-pass streaming algorithm. We show that
a space-efficient ROPD multi-pass streaming algorithm for Fy can be used to solve PRom1se-UNION
efficiently.

LEMMA 4.2. Foranyn € N, ifthere isa ROPD t(n)-pass streaming algorithm that (3, 3)-approximates
Fo (with universe size n) using space s then there is a ROPD protocol for the PROMISE-UNION,, with
communication complexity O(s - t(n)).

Proor. Let n € N. Let A, be a ROPD ¢ (n)-pass streaming algorithm that (%, % -approximates Fy
over a universe [n] and uses space s. We now define the protocol £, to solve the PRoMISE-UNION,;:

Alice receives A C [n] and Bob receives B C [n]. They convert their input sets to streams
Dy =D(A) and Dp = D(B), respectively. Alice runs the streaming algorithm A, on D4 and then
communicates the state at the end of her execution to Bob. On receiving this state, Bob continues
the execution with his part of the stream Dp, he then returns the algorithm’s state to Alice. Alice
then initializes the next pass of the algorithm, and then they repeat the process for a total of ¢(n)
rounds of communication. Let D = Dy Dp, after t(n) rounds of communication (and therefore
they have simulated ¢(n) passes of the stream), Bob has A, (D). Bob outputs 1 if A, (D) is at least
n/2; otherwise, Bob outputs 0.

The cost of this communication is 2s - t(n) = O(s - t(n)). Using identical arguments from
Claim 3.3, Claim 3.4, and Claim 3.5, we conclude that #, is a protocol for PRoMIse-UNION,, that is
representation oblivious and pseudodeterministic. O

Proor oF THEOREM 4.1. Lett : N — Nand ¢,§ < % If there exists ROPD t(n)-pass streaming
algorithm that (e, §)-approximates Fy using space s = o(ﬁ) then setting n = m and using
Lemma 4.2 there exists ROPD protocols with o(s - t(n)) = o(% - t(n)) = o(n) communication
cost for PRomise-UN1ON. This directly contradicts Lemma 3.7. O

Note that Theorem 4.1 is indeed tight as one can design a ¢(n)-pass representation oblivious
deterministic t(n)-pass streaming algorithm that computes Fy of any stream using O(t(in)) space.

Let t : N — N. We now describe a simple representation oblivious deterministic ¢(n)-pass
streaming algorithm to that computes Fy. For simplicity’s sake, assume ¢(n) divides n. Partition the
[n] into By, B, ..., B;(n) where By first ﬁ elements of [n], B, are the next % elements of [n],
and so on. We have |B,| = }.

Algorithm 1: Representation Oblivious Deterministic t(n)-Pass Streaming Algorithm for
Fo
Input:Stream D = (ay, ..., am)
1D«0
2 forp=1,...,t(n) do
3 Observe D and count the size of the set {a; | i € [m]} N B, using O(t(Ln)) bits
4 D, < Number of distinct elements in D that belong to B,
s | D—D+D,

6 return D

OBSERVATION 4.3. Foranyt: N — N, Algorithm 1 is a t(n)-pass representation oblivious deter-
ministic t(n)-pass streaming algorithm that computes exact Fy using O(ﬁ) space.
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Proor. Clearly, the presented algorithm is deterministic (as a consequence, pseudodeterministic)
and uses O(T’;)) space because in each pass, the space used for counting can be re-used.

We now prove correctness, let D = (ay, ..., an) be a stream and let A = {a; | i € [m]} be the set
of unique elements. The set A can be partitioned as A = U;(:nl) (AN B).In each pass p € [t(n)],
D, is computed deterministically which is exactly |[A N B,|.

Representation Obliviousness follows from the fact that Algorithm 1 computes exact F, deter-
ministically, and from the fact that Fy of a stream only depends on the number of unique elements.
Formally, let Dy, D, be equivalent streams, i.e., f°(D;) = f°(D,). Because of correctness of
algorithm, the output is exactly Fo(D;) = Fo(D,) on either input. O

5 Illustration of Representation Oblivious Streaming Algorithms

We argue that known algorithms for Fy are representation oblivious and illustrate it with some
popular algorithms. We note that if we have an unbiased estimator that is representation oblivi-
ous, the algorithm will remain representation oblivious even after employing standard boosting
techniques. For this section, we use m to denote the stream length.

The BJKST Algorithm [3] presented below is a randomized streaming algorithm that given € > 0,
approximates Fy of any stream within a 1 + € multiplicative factor with probability at least % using
O( 6—12 log n) space. We shall prove that the BJKST algorithm for Fy is representation oblivious.

Algorithm 2: BJKST Algorithm for Fy [3]

Input:Universe size n, € > 0, Stream S = (ay, ..., an)
1 Randomly pick & : [n] — [N = n®] from 2-universal hash family H.
2t O(e%)

3 Observe the stream S and maintain a set V of ¢ smallest hashed values
4 v — t'" smallest element of V
5 Output %

THEOREM 5.1. The BJKST algorithm for Fy is representation oblivious.

Proor. A version of the BJKST algorithm from [3] is presented in Algorithm 2. Let D; =
(at,...»am), Do = (b1,...,bu) be two streams such that fO(D;) = f°(D,). To prove that the
output distributions are the same, it suffices to show that the outputs are the same conditioned on
the same hash function being chosen.

Fix a hash function h € H, let V; and V; be as described in Algorithm 2 when D, and D is given
as input respectively. Since f°(D;) = f°(Dy) (i.e., the set of unique elements is the same) and the
hash function is the same, we have V; = V;. Therefore, both outputs have the same value. Hence,
the output distributions obtained by uniformly at random picking a hash function in H are the
same. O

The NVGMPC Algorithm [31] (a version of the recent CVM algorithm for F, [10]) presented
below is a randomized streaming algorithm that given € > 0, approximates Fy of any stream within
a 1 + ¢ multiplicative factor with probability at least % using O(ei2 log® n) space. While the original
NVGMPC Algorithm (as presented in [31]) is for a much more general problem, namely the Klee’s
measure problem or estimating volume of union of Delphic sets, one can apply their algorithm to get
an F( estimation of a stream of items. We note that the NVGMPC Algorithm (for the Fy estimation)
is not truly representation oblivious - at least not according to the Definition 2.4. However, we shall
prove that the NVGMPC Algorithm for the Fy is %—representation oblivious.
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Algorithm 3: NVGMPC algorithm for Fy [31]

Input:Universe size n, € > 0, Stream S = (ay, ..., an)

1 INITIALIZE

2 thresh « max{[log2/€], 18}; Reps « [90/€%];
3 for (1 <k <logn)and (1 <r < Reps)do

s | X0

5 STREAMING PHASE:

6 for (1 <k <logn)and (1 <r < Reps)do

7 For every element of the stream, pick it independently with probability 1/2* and store
L the first thresh of them in Xr(k)

8 POST-STREAMING PHASE:
9 for 1 <k <logndo

—=(k
10 tZ(): 1 ZRepslxr(k)l

Reps ~r=1

11 k* = max{k € [logn] :?(k) > 1}

=(k* X
12 Output Z( ) - 2k

THEOREM 5.2. The NVGMPC algorithm for Fy is %—representation oblivious.

Proor. The algorithm of NVGMPC can be thought of as running log n X Reps number of algo-
rithms in parallel - each algorithm sampling from the stream with different probabilities. Finally,
after the stream ends, the output of the algorithm is a function of the number of elements picked in
the different algorithms.

More specifically, for any 1 < k < logn and any 1 < r < Reps, the algorithm picks each element
in the stream with probability 1/2* and stores the first thresh many in the bucket X,(k). So at the
end of the stream the |z\’,(k)| is, in fact, a random variable which is equal to min{thresh, Z,(k)},
where Z* is another random variable indicating the number of elements picked if each element
is independently picked with probability 1/2¥. In other words, Z% is a random number picked
accordingly to the distribution Bin(n, 1/2F).

The main contribution of NVGMPC is how they manage to pick each element of the stream
independently with probability 1/2F. When element a; comes it is removed from the stored set
)(r(k) and then g; is added to )(r(k) with probability 1/2%. Here we must note that the process is not
representation oblivious. The main issue is that if, for any k, the number of elements picked (when
each element of the stream is independently with probability 1/2¥) is more than thresh then only
the first thresh of them are stored in )(r(k). Thus clearly which elements are stored can be very
much be dependent on the ordering in the stream and hence the process (or rather the | )(r(k) |)is
not representation oblivious. The proof of correctness of the algorithm goes via proving that the
value of k* (in line 11) is either k¢ or ko — 1, where kj is the unique number satisfying the following
equation
Fo(S)

2h ©

3 3
- < -
4 2
The output of the algorithm depends only on the value of the |Xr(k)| fork > ko — 1.
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From our point of view, all we need to realize is that with probability at least 2/3 if the value of
k* in (line 11) remains same and the distribution of value of | )(,(k*)l remains same for any ordering
of the stream then the the algorithm is almost representation oblivious. And this is true as for
k > ko — 1, the number of size of I)(,(k)l is always less than thresh and which mean for k > ky — 1
the the distribution of the random variable |X,(k) | is invariant under the permutation of elements
in the stream.

Since the final output of NVGMPC is a function of the set of random variables |X,(k) | (for

k > ko — 1, the algorithm is indeed almost representation oblivious. O

We note that all sketching algorithms (as defined in [23]) for Fx (k > 0) are representation
oblivious. A sketching algorithm is a pair (M, g) where M is a distribution over d X n matrices
along with a function g : R — R where d < n. Let D be a data stream and x = f(D) be the
frequency vector of D. The output of the sketching algorithm on input D is g(Mx) where M is
drawn according to M. Note that known algorithms for estimating F, (such as AMS algorithm
from [1]) are sketching algorithms under this definition.

OBSERVATION 5.3. Let k > 0. All sketching algorithms [23] for Fy. are representation oblivious.

Proor. Let k > 0 and let (M, g) be a sketching algorithm. Let D; and D; be Ri-equivalent
streams, i.e., (D) = f(D,). Clearly, the output distributions are the same as g(Mf(D;)) =

gM[(Dy)). o
The AMS algorithm for Fi [1] below is a randomized streaming algorithm that, given k > 0 and
€ > 0, approximates F; of any stream within a 1 + € multiplicative factor with probability at least %

using O(nl_%) space. We note that this is a sampling-based algorithm, rather than sketch-based.
We shall prove that the AMS algorithm for estimating Fy is also representation oblivious.

Algorithm 4: AMS Algorithm for Fj [1]
Input:Universe size n, € > 0, Stream S = (ay, ..., am)
1 Function AMS_thread(S):
2 Pick random p ~ Unif([m])
3 r«— ng 1(a;=a,} //1y.y is the indicator function

4 return (r* — (r — 1)*)m

5 Run O(el—z) parallel independent copies of AMS_thread(S) and output the average.

THEOREM 5.4. The AMS algorithm for Fy. is representation oblivious.

Proor. A version of the AMS algorithm for estimating Fy from [1] for the general value of k > 0
is presented in Algorithm 4. For the sake of simplicity, we assume that the algorithm also gets the
stream’s length as input. This assumption can easily be lifted by reservoir sampling, as shown in
[1]. It suffices to show that the single instance AMS_thread is representation oblivious, as averaging
independent copies does not change the representation oblivious nature of the algorithm

Let D; = (ay, ... am), Do = (by, ..., byy) such that they are Ry-equivalent, i.e., f(D;) = (D).
Necessarily, we have m = m’, furthermore D, is a rearrangement of D,.

We will show that for every p € [m], there exists an £ € [m] such that the output for D,
conditioned on p being chosen is the same as the output of 9, conditioned on ¢ being chosen.
Furthermore, this mapping is bijective. Since the index is chosen uniformly at random, the output
distribution is therefore the same.
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Toward that end, fix a p € [m], let x = a,. Let t € [f,(D1)] so that a, is the ™ occurrence of x
in D;. Let £ € [m] be the index of the t™ occurrence of x in D,. Observe that this construction
leads to the following: Zﬁp 1{4,=a,} = 2% 1(p,=b,}, L.e., the frequencies of x in D; after position p
is the same as the frequencies of x in D, after position ¢. Therefore, the output for ; when p is
chosen is the same as the output for 9, when ¢ is chosen.

Thus, for every p € [m], there exists a unique £, € [m] such that the outputs are the same.
Since the index p is chosen uniformly at random, summing over all possible outputs for each p, the
output distribution is the same for D, and D,. ]

6 Discussion

We defined the notion of representation oblivious algorithms in the context of streaming algorithms
and investigated the pseudodeterministic space complexity of such algorithms for estimating F,. We
established that for such algorithms, pseudodeterministic complexity is the same as deterministic
complexity: they have a space lower bound of Q(n). Therefore, if a 0(n)-space pseudodeterministic
algorithm exists for estimating Fy of a stream, then it must use the representation of the stream
in some non-trivial way. Designing natural algorithms using low space seems to mandate rep-
resentation obliviousness because known techniques rely on ignoring the structure of the input
representation. In particular, current techniques for streaming algorithms are either hashing-based
or sampling-based, which are black-box techniques and do not exploit the representation of the
stream.

The notion of representation obliviousness is a very natural one. Certainly, the algorithms
described in Section 5 could be made non-representation oblivious by (say) perturbing the output
depending on the order of the stream: keep track of the smallest and the second smallest and
distinguish between the cases when the smallest comes before the second smallest versus the reverse.
But that seems like a meaningless computation. A comprehensive investigation of representation
obliviousness, even in settings other than streaming, is meaningful.

It is worth noting that if we are allowed the output set to be two values (2-PD), there is a
representation oblivious algorithm for Fy with O(logn) space (for constant ¢ and §): use BJKST
algorithm and round the output to the closest multiple of ¢ (this works for Fy also). Thus, it is very
intriguing that while ROPD algorithms for Fy require Q(n) space, there is an O(logn) space 2-PD
algorithm that is representation oblivious.

Discussion on lower bound for estimating Fy.. Finally, we would like to discuss some significant open
problems that have emerged from our research. An immediate open problem is to establish a space
lower bound for representation oblivious pseudodeterministic streaming algorithms for estimating
Fr (with k > 0), similar to the one we proved for Fy. The crucial component for the lower bound
is the communication complexity lower bound for p,,-OPD protocol for PRomISE-UNION,,. Recall
that the equivalence relation py, is defined as: (A, B1) is equivalent to (A, By) if A; UB; = A, U By.
To obtain a lower bound for representation oblivious pseudo-deterministic streaming algorithms
for estimating Fy (with k > 0), it is enough to prove a lower bound for z,,-OPD protocol for
PrOMISE-UNION,,, where 7, (a refinement of p,,) is defined as follows:

Definition 6.1. Two input instances (A, By) and (Ay, By) are 7,,-equivalent if A; U B; = A, U By
and Al N Bl = Az N Bz.

Possibly a bit surprisingly, there exists a simple pseudodeterministic communication protocol
for Promise-UNION, with respect to the equivalence relation z,,:
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Tm-OPD protocol for PRomISE-UNION ;,:
- Alice send size of her input.
- If the size of Alice’s input and size of Bob’s input add to more than 3m/4 then Bob
outputs 1 else 0

One can verify that the above protocol is indeed an 7,,-OPD protocol for PROMISE-UNION,,. But
the correctness of the protocol crucially hinges on the fact that the gap for the PrRomise-Un1ON,,
(as defined in 2.12 with parameter 3m/4 and m/4) is very large. Instead, let us define a version of
Promise-UNION,, with slightly different parameters:

Definition 6.2 (NEW-PROMISE-UNION). The communication problem NEw-PROMISE-UNION,, is
the partial function NEw-PROMISE-UNION,,, : 21 x 2[™] — {0, 1} defined as

1 if|[AUB|>0.6m

NEW-PROMISE-UNION,, (A, B) = ]
0 if|[AUB|<0.4m

The proof of Lemma 3.7 goes through to establish an Q(m) lower bound for any p,,-OPD
protocol for NEw-PromiIsE-UNION. A lower bound on the communication complexity for z,,-OPD
protocols for NEw-PrRomIsE-UNION,, would give a lower bound for the space complexity of any
ROPD streaming algorithms for estimating Fy for any k.

The ultimate goal of this line of research is to show a lower bound for pseudodeterministic
algorithms for Fy (without the restriction of representation obliviousness). Establishing a lower
bound for NEw-PromIse-UNION against Z,,,-OPD protocols will yield such a lower bound. Here,
J is the trivial identity relation where an input is related to only itself.

In fact, a lower bound for 7,,-OPD protocol for NEw-PRoMISE-UNION,, is a significant open
problem in the area of communication complexity. Only recently, some progress has been made
in a similar problem, but in the query complexity regime and not the communication complexity
regime [17]. Compared to the problem of obtaining a lower bound for Z,,,-OPD protocols for the
problem of NEw-PRoMISE-UNION,,, the problem of obtaining lower bounds for 7,,-OPD protocols
for NEw-PrROMISE-UNION , seems easie, and proving it would be a natural first step towards proving
a lower bound against 7,,,-OPD protocols.
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