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Large, sparse categorical data is a natural way to represent complex data like sequences, trees, and graphs.
Such data is prevalent in many applications, e.g., Criteo released a terabyte size click log data of 4 billion
records with millions of dimensions. While most existing clustering algorithms like 𝑘-Means work well on
dense, numerical data, there exist relatively few algorithms that can cluster sets of sparse categorical features.

In this paper, we propose a new method called 𝑘-FreqItems that performs scalable clustering over high-
dimensional, sparse data. To make clustering results easily interpretable, 𝑘-FreqItems is built upon a novel
sparse center representation called FreqItem which will choose a set of high-frequency, non-zero dimensions
to represent the cluster. Unlike most existing clustering algorithms, which adopt Euclidean distance as the
similarity measure, 𝑘-FreqItems uses the popular Jaccard distance for comparing sets.

Since the efficiency and effectiveness of 𝑘-FreqItems are highly dependent on an initial set of representative
seeds, we introduce a new randomized initialization method, SILK, to deal with the seeding problem of
𝑘-FreqItems. SILK uses locality-sensitive hash (LSH) functions for oversampling and identifies frequently
co-occurred data in LSH buckets to determine a set of promising seeds, allowing 𝑘-FreqItems to converge
swiftly in an iterative process. Experimental results over seven real-world sparse data sets show that the
SILK seeding is around 1.1∼3.2× faster yet more effective than the state-of-the-art seeding methods. Notably,
SILK scales up well to a billion data objects on a commodity machine with 4 GPUs. The code is available at
https://github.com/HuangQiang/k-FreqItems.
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1 INTRODUCTION
Unstructured or semi-structured data in the form of sequences (e.g., text), trees, and graphs are often
represented as a set of categorical features resulting in sparse data sets with enormous cardinality
and ultra-high dimensionality. For example, Criteo released a terabyte size sparse data set in 2013,1
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which has around 4 billion records, and each record is represented as a sparse binary vector with
millions of dimensions, but only about 39 non-zero values on average [77].
Data clustering is a fundamental problem in data management and data mining. While there

exist many clustering algorithms for dense, numerical data [6, 31, 34, 35, 82, 86, 100], they cannot
be easily adapted to handle sparse data sets since:

(1) They tend to use similarity functions for numerical data (with Euclidean distance being the
most common one), which is not suitable for comparing sparse data sets.

(2) While there are dimension reduction and feature embedding methods [2, 64] that can convert
sparse data into a dense format of lower dimensionality, they are typically done as a pre-
processing step before the clusters are identified. Since, for ultra-high dimensional data
sets, data in different clusters can be similar to each other in completely different subsets
of dimensions, such approaches can result in a large amount of information loss [64, 97].
Furthermore, the cluster representatives that are found in such approaches are not easily
interpretable due to the data transformation.

(3) Due to their choice of similarity functions, they often have to represent clusters using the
full set of dimensions which is prohibitively expensive for ultra-high dimensional sparse data
sets. For subspace clustering algorithms [16, 21, 51, 95, 96, 98] which try to simultaneously
determine cluster memberships and important features for each cluster, using dense numerical
cluster representatives with millions of dimensions also incurs many errors when determining
initial cluster membership due to a large number of noisy dimensions.

To address the challenges we have highlighted, in this paper, we look at the problem of performing
partitioning-based clustering algorithms [23, 29, 30, 38, 47, 66, 75, 80, 81] over sparse data with
enormous cardinality and ultra-high dimensionality. Our choice is motivated by the fact that many
of these algorithms, such as 𝑘-Means [66, 75] and 𝑘-Modes [47], have linear-time complexity with
respect to both cardinality and dimensionality while producing cluster representatives that are
simple and easy to interpret. Furthermore, their simple, iterative nature provides many opportunities
for utilizing modern hardware, such as GPUs, to accelerate the execution of the clustering operation
[19, 63].
Given that our focus is on sets of sparse categorical features, we adopt Jaccard distance as the

metric for data clustering, instead of using the commonly used Euclidean distance in numeric data
clustering algorithms. Jaccard distance is a widely used and versatile metric for set data, and has
been successfully applied in sparse data clustering scenarios, such as in the work of Lu et al. [70]
for scalable news recommendation.

In addition to choosing an appropriate distance function, the representation of cluster centers is
another crucial aspect to consider when clustering sparse data. In this paper, we propose a novel
sparse center representation called FreqItem, specifically designed for set data. Our approach draws
inspiration from 𝑘-Modes, a commonly used method for categorical data, but we relax its condition
by selecting a set of high-frequency, non-zero dimensions to effectively represent the cluster center
in the context of sparse data clustering. Our experiments demonstrate that FreqItem outperforms
other commonly used center representations for set data, such as Mode [47] and Medoid [52, 71],
in terms of achieving a smaller sum of squared distances between data points and their closest
centers. In addition, FreqItem exhibits a computation time that scales linearly with the cluster
size, similar to other widely used center representations such as Centroid and Mode in existing
partitioning-based algorithms.
With the FreqItem representation, we introduce a new method named 𝑘-FreqItems for sparse

data clustering based on Jaccard distance. 𝑘-FreqItems adopts the iterative refinement paradigm of
the 𝑘 partitioning algorithms to cluster the set data in two aspects: (1) it uses Jaccard distance to
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evaluate the closeness of set data; (2) it adopts the FreqItem to represent the cluster center. The
time complexity of 𝑘-FreqItems in each iteration is 𝑂 (𝑛𝑑𝑘), where 𝑛 is the data cardinality and 𝑑 is
the average number of non-zero dimensions.

As a second step, we tackle the seeding problem of 𝑘-FreqItems. Like most iterative refinement
clustering algorithms, the seeding step of finding 𝑘 initial cluster centers is crucial for the perfor-
mance of 𝑘-FreqItems since having well-selected seeds can speed up the convergence and give
better clustering results [7, 11]. With the FreqItem representation, some existing seeding meth-
ods (with theoretical guarantees) [7, 11, 84] can be adapted for 𝑘-FreqItems to provide favorable
initial cluster centers. The primary downside is their inherently sequential nature. For example,
𝑘-Means++ [7, 84] requires 𝑘 sequential iterations through the data set to produce 𝑘 initial centers.
𝑘-Means∥ [11] reduces the sequential iterations from 𝑘 to 𝑂 (log𝑛) by an overseeding strategy, but
both methods rely on the information from past iterations to select seeds in the next iterations,
restricting their scalability to massive data sets.

Locality-Sensitive Hashing (LSH) [39, 50] is a widely used approximation technique inmany large-
scale clustering methods, especially for clustering acceleration [54, 62, 76] and data partitioning
[15, 102]. The locality-sensitive property of hash functions in LSH allows for the creation of buckets
that often contain similar data points from the same cluster, making them suitable for providing
effective seeds for quick convergence. Nevertheless, despite its potential, there has been limited
research on leveraging LSH for initial seeding in (sparse data) clustering algorithms.

With this insight, we propose a new Seeding method based on simILar bucKets (SILK). Motivated
by 𝑘-Means∥, we introduce an overseeding step that utilizes the locality-sensitive property of
MinHash functions [18] for oversampling and selects the frequently co-occurred data from similar
buckets to obtain good initial centers. With LSH for oversampling, we remedy the sequential
issue in 𝑘-Means++ and 𝑘-Means∥ seeding and empirically justify that SILK can converge rapidly
with the well-selected seeds. At the implementation level, we exploit the parallelism with GPUs
and implement SILK on a distributed platform for large-scale clustering. In the experiments, we
adopt two state-of-the-art methods (i.e., 𝑘-Means++ and 𝑘-Means∥) and four hybrid approaches
(embedding with conventional clustering) as baselines to make a systematic comparison with SILK.
Extensive results over five large-scale sparse data sets and two small ones with ground truth labels
show that the SILK seeding is around 1.1∼3.2× faster yet more effective than 𝑘-Means++ and
𝑘-Means∥ seeding, especially for large 𝑘 values.

The rest of this paper is organized as follows. Section 2 reviews the preliminary knowledge.
Section 3 introduces 𝑘-FreqItems for sparse data clustering. We present a new seeding technique
SILK for set data in Section 4. Experimental results are reported and analyzed in Section 5. Section
6 surveys related work. Finally, we conclude our work in Section 7.

2 PRELIMINARIES
Before introducing𝑘-FreqItems and SILK, we review the𝑘-Means problem and the Lloyd’s algorithm;
then, we present two famous 𝑘-Means variants 𝑘-Means++ and 𝑘-Means∥ for initial seeding.

Suppose X is a set of dense, numerical data represented as vectors in a 𝑑-dimensional Euclidean
space R𝑑 . Let ∥𝑥 − 𝑦∥ be the Euclidean distance for any 𝑥,𝑦 ∈ R𝑑 . For any set C ⊂ R𝑑 and 𝑥 ∈ X,

𝐷 (𝑥, C)2 = min
𝑐∈C
∥𝑥 − 𝑐 ∥2. (1)

Definition 1 (𝑘-Means Problem): Given an integer 𝑘 and a data set X ⊂ R𝑑 , the 𝑘-Means problem
aims to find a set of 𝑘 cluster centers C ⊂ R𝑑 minimizing the sum of the squared distances 𝜙X (C), i.e.,

𝜙X (C) =
∑︁
𝑥∈X

𝐷 (𝑥, C)2 =
∑︁
𝑥∈X

min
𝑐∈C
∥𝑥 − 𝑐 ∥2. (2)
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Algorithm 1: 𝑘-Means++ Seeding
Input: data set X, weight vector𝑤 , # clusters 𝑘 ;

1 C ← Select a data point 𝑥 ∈ X with probability 𝑤𝑥∑
𝑥 ′ ∈X 𝑤𝑥 ′

;
2 for 𝑖 = 2 to 𝑘 do
3 Select 𝑥 ∈ X with probability 𝑤𝑥𝐷 (𝑥,C)2∑

𝑥 ′ ∈X 𝑤𝑥 ′𝐷 (𝑥 ′,C)2
;

4 C ← C ∪ {𝑥};
5 return C;

Algorithm 2: 𝑘-Means∥ Overseeding
Input: data set X, # rounds 𝑟 , oversampling factor 𝑙 ;

1 C ← Select a data point 𝑥 ∈ X uniformly at random from X;
2 for 𝑖 = 1 to 𝑟 do
3 S ← Add 𝑥 ∈ X with probability min(1, 𝑙 ·𝐷 (𝑥,C)

2

𝜙X (C) );
4 C ← C ∪ S;
5 return C;

Given a subset 𝑋 ⊂ X as a cluster, we usually use Centroid (i.e., the arithmetic mean position of
all data points in 𝑋 ) to represent the cluster center 𝑐 for Euclidean distance, i.e., 𝑐 = 1

|𝑋 |
∑
𝑥∈𝑋 𝑥 .

Lloyd’s Algorithm. The vanilla 𝑘-Means is the Lloyd’s algorithm [66], which starts with a random
set of 𝑘 distinct data as the cluster centers. In each iteration, it first assigns data to their closest
cluster center; then, it updates the centers (i.e., Centroids) based on the data in their clusters. The
iteration is repeated until the centers are no longer changed. This iteration is also known as the
Lloyd’s iteration, which can be done in 𝑂 (𝑛𝑑𝑘) time.
The Lloyd’s algorithm has been widely used because it is simple, efficient, and easy to parallel.

Unfortunately, it is guaranteed only to achieve a local optimum. Finding the optimal solution
𝜙𝑂𝑃𝑇 (X) to the 𝑘-Means problem (even with 𝑘 = 2) is NP-hard [24].

𝑘-Means++. To obtain a near-optimal solution, 𝑘-Means++ has been proposed with a carefully
designed seeding step based on the 𝐷2-sampling strategy [7, 84]. Given a data set X and any set of
cluster centers C ⊂ X, the 𝐷2-sampling strategy selects a data point 𝑥 ∈ X as a new center with
probability as follows

𝑝 (𝑥) = 𝐷 (𝑥, C)2
𝜙X (C)

=
𝐷 (𝑥, C)2∑

𝑥 ′∈X 𝐷 (𝑥 ′, C)2
. (3)

We follow [10] and describe the seeding step of 𝑘-Means++ for the possibly weighted data in
Algorithm 1. Let C be the cluster centers found so far. It starts by randomly selecting an 𝑥 ∈ X as
the first center; then, it sequentially chooses the remaining (𝑘 − 1) centers by 𝐷2-sampling and
incrementally updates C and 𝐷 (𝑥, C).
Arthur and Vassilvitskii [7] demonstrate that the sum of the squared distances 𝜙X (C) of 𝑘-

Means++ seeding is bounded in expectation by 𝐸 [𝜙X (C)] ≤ 8(log2 𝑘 + 2) · 𝜙𝑂𝑃𝑇 (X). Note that
𝑘-Means++ seeding takes Θ(𝑛𝑑𝑘) time only, which is linear to 𝑛 and 𝑑 . However, it requires exact
𝑘 sequential iterations through the data, limiting its data scalability.

𝑘-Means∥. To tackle large-scale data sets, Bahmani et al. [11] design an overseeding step to reduce
the number of sequential iterations, which is depicted in Algorithm 2. Let C be a set of initial
centers. It draws a data point 𝑥 ∈ X uniformly at random as the first center. Then, it proceeds in 𝑟
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Algorithm 3: 𝑘-Means∥ Seeding
Input: data set X, 𝑘 , # rounds 𝑟 , oversampling factor 𝑙 ;

1 C ← 𝑘-Means∥ Overseeding(X, 𝑟 , 𝑙);
2 foreach 𝑐 ∈ C do
3 Assign 𝑥 ∈ X to 𝑋𝑐 such that 𝑐 = arg min𝑐′∈C ∥𝑥 − 𝑐′∥;
4 𝑤𝑐 ← |𝑋𝑐 |;
5 C′ ← 𝑘-Means++ Seeding(C,𝑤, 𝑘);
6 return C′;

sequential rounds, where in each round, it adds 𝑥 ∈ X into C with probability min(1, 𝑙 ·𝐷 (𝑥,C)
2

𝜙X (C) ),
where 𝑙 is called the oversampling factor. As such, one can select |C| = 𝑟 ·𝑙 +1 centers in expectation,
which is usually larger than 𝑘 .

To reduce |C| to 𝑘 , 𝑘-Means∥ further assigns weights to the centers 𝑐 ∈ C based on the number of
data in their clusters; then, it calls𝑘-Means++ seeding to re-cluster theweighted centers to determine
the final 𝑘 centers. As |C| ≪ |X|, the re-clustering can be done efficiently. The complete 𝑘-Means∥
seeding is displayed in Algorithm 3, where the time complexity is 𝑂 (𝑛𝑑𝑟𝑙). In practice, 𝑟 is often
set to 𝑂 (log𝑛), preferably even constant [10, 11]. As the number of rounds (i.e., synchronizations)
is largely reduced, Algorithm 2 is suitable for a distributed setting [78].

3 K-FREQITEMS
We now present 𝑘-FreqItems for sparse data clustering. We first illustrate some notations used
throughout the rest of this paper in Subsection 3.1. We then define a new center representation
called FreqItem and validate its effectiveness in Subsection 3.2. Finally, we present the details of
𝑘-FreqItems in Subsection 3.3.

3.1 Notations
In the following sections, we focus on the set data for Jaccard distance. Suppose the set data are
one-hot encoded as binary vectors2 in a 𝑑-dimensional Hamming space {0, 1}𝑑 . To be concise,
we continue to use X to denote a set of binary vectors. Let 𝑑 be the number of average non-zero
dimensions of X, and we assume 𝑑 ≪ 𝑑 . For any two 𝑥,𝑦 ∈ {0, 1}𝑑 , the Jaccard distance is defined
as follows:

𝐽 (𝑥,𝑦) = 1 − ⟨𝑥,𝑦⟩
|𝑥 | + |𝑦 | − ⟨𝑥,𝑦⟩ =

|𝑥 | + |𝑦 | − 2⟨𝑥,𝑦⟩
|𝑥 | + |𝑦 | − ⟨𝑥,𝑦⟩ , (4)

where |𝑥 | is the number of non-zero values in 𝑥 ; ⟨𝑥,𝑦⟩ is the inner product of 𝑥 and 𝑦. For ease of
reference, from now on we use the set data and binary vectors interchangeably.

3.2 FreqItem: A New Center Representation
First of all, the formulation of the 𝑘-Means problem in Section 2 is valid for the set data. However,
the dense center representation of 𝑘-Means (e.g., Centroid) might not be suitable for sparse data.

To leverage the simplicity and efficiency of the 𝑘-Means paradigm, it is vital to define a suitable
sparse center representation for the set data. Given a subset 𝑋 ⊂ X as a cluster, according to
Definition 1, the ideal cluster center 𝑐∗ for Jaccard distance should minimize the sum of the squared

2We do not store the set data in a binary vector format. In practice, we only store their non-zero dimensions as we focus on
the ultra-high dimensional, sparse data.
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distances for all 𝑥 ∈ 𝑋 , i.e.,
𝑐∗ = arg min𝑐∈{0,1}𝑑

∑︁
𝑥∈𝑋

𝐽 (𝑥, 𝑐)2. (5)

Challenges. There are up to 2𝑑 solutions for the ideal center, which is hard to determine. Thus,
we consider two alternative options to represent the cluster center for the set data. One is to use
Medoid. Given a set of 𝑛 binary vectors, Medoid is the vector that has the minimum sum of the
squared distances to the remaining vectors. The advantage of Medoid is that the center comes from
the data. Hence, we do not need to design a different method to compute the center. Nonetheless,
the time complexity to determine Medoid is 𝑂 (𝑛2𝑑), limiting its scalability to tackle massive data
sets.
As binary vectors can be regarded as categorical data, another option is to develop different

variants of Mode as the cluster center. Depending on what the dimensions represent, we have
(1) Mode1: if we consider each dimension as a binary attribute (i.e., 0 and 1), a center can be

defined by the dimensions whose frequency is at least 1;
(2) Mode2: if we treat each dimension as a value in a multivalued attribute, a center can be

defined by the dimension(s) with the maximum frequency.
Whether using Mode1 or Mode2, one can determine the center in 𝑂 (𝑛𝑑) time, which is much

more efficient than using Medoid. Nevertheless, its effectiveness might be far from the ideal center
𝑐∗, which will be validated later in this subsection.

FreqItemRepresentation. Intuitively, one can design different center representations for different
kinds of data to approach the ideal center. The Mode might be suitable with the concern of its
𝑂 (𝑛𝑑) efficiency. Nonetheless, it is too strict to consider all non-zero dimensions (Mode1) or the
dimension(s) with the maximum frequency (Mode2). We now define a new center representation
named FreqItem, which is inspired by Mode, but we relax the condition of the non-zero dimensions
with an extra parameter 𝛼 .

Definition 2 (FreqItem): Given a cluster 𝑋 ⊂ X and a parameter 𝛼 (0 ≤ 𝛼 ≤ 1), the cluster center 𝑐
is represented by the frequent items (FreqItem), i.e., the non-zero dimensions whose frequency is at
least max(1, ⌈𝛼 · 𝐹 ⌉), where 𝐹 is the maximum frequency among them.

Example 1: We now use an example to illustrate how to compute FreqItem. Suppose 𝛼 = 0.4
and 𝑋 = {𝑥1, 𝑥2, 𝑥3, 𝑥4} is a cluster with four data, where 𝑥1 = 10101 00000, 𝑥2 = 10100 00100,
𝑥3 = 10000 10100, and 𝑥4 = 10000 00101. We first retrieve and scan the non-zero dimensions from
the data in 𝑋 and count their frequency, i.e., (𝑑1, 4), (𝑑3, 2), (𝑑5, 1), (𝑑6, 1), (𝑑8, 3), (𝑑10, 1), where
𝑑𝑖 is the 𝑖-th dimensions. Thus, the maximum frequency is 𝐹 = 4 and the filtering threshold is
max(1, ⌈𝛼 · 𝐹 ⌉) = 2. Based on Definition 2, we determine the non-zero dimensions {𝑑1, 𝑑3, 𝑑8} as
the frequent items, and the FreqItem representation is 𝑐 = 10100 00100. △

We use 𝛼 to control the sparsity of FreqItem. According to Definition 2, the FreqItem is Mode1 if
𝛼 = 0 (the extremely dense case of FreqItem); and it is Mode2 if 𝛼 = 1 (the extremely sparse case of
FreqItem). Like the time to compute Mode, the time to compute FreqItem is also 𝑂 (𝑛𝑑), which is
more efficient than the time to determine Medoid. However, there remains a problem for FreqItem:
how to set a proper value of 𝛼?

Choice of 𝛼 . According to Equation 4, if we set 𝛼 → 1, as ⟨𝑥, 𝑐⟩ will be close to 0, i.e., ⟨𝑥, 𝑐⟩ → 0,
then 𝐽 (𝑥, 𝑐) → 1, which is contradicted to Equation 5; if we set 𝛼 → 0, since |𝑐 | ≫ |𝑥 |, then
𝐽 (𝑥, 𝑐) → 1, also conflict to Equation 5. Therefore, it might be tricky to find a suitable value of 𝛼 .
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To further analyse the impact of 𝛼 , we rewrite Equation 5 as below:

𝑐∗ = arg min𝑐∈{0,1}𝑑
∑︁
𝑥∈𝑋

(
|𝑥 | + |𝑐 | − 2⟨𝑥, 𝑐⟩
|𝑥 | + |𝑐 | − ⟨𝑥, 𝑐⟩

)2

= arg min𝑐∈{0,1}𝑑
∑︁
𝑥∈𝑋

(
2 − |𝑥 | + |𝑐 |
|𝑥 | + |𝑐 | − ⟨𝑥, 𝑐⟩

)2

= arg max𝑐∈{0,1}𝑑
∑︁
𝑥∈𝑋

(
⟨𝑥, 𝑐⟩
|𝑥 | + |𝑐 |

)2
.

Let 𝑠 =
∑
𝑥∈𝑋 ( ⟨𝑥,𝑐 ⟩|𝑥 |+|𝑐 | )

2. According to Definition 2, the filtering threshold max(1, ⌈𝛼 ·𝐹 ⌉) increases
as 𝛼 increases. As such, the number of non-zero dimensions of the FreqItem 𝑐 is reduced, and hence
the number of identical non-zero dimensions between 𝑐 and 𝑥 is also reduced. Thus, both |𝑐 | and
⟨𝑥, 𝑐⟩ decreases as 𝛼 increases. Nevertheless, the relationship between 𝑠 and 𝛼 is still not clear.
Fortunately, given a cluster of sparse data, the frequency of different dimensions is usually

quite different. For example, for the cluster 𝑋 = {𝑥1, 𝑥2, 𝑥3, 𝑥4} shown in Example 1, only a few
dimensions contain a high frequency (e.g., 3 or 4), while most dimensions only have a shallow
frequency (e.g., 0 or 1). We sort the frequency of all dimensions in descending order and plot the
histogram in Figure 1(a). As can be seen, the corresponding histogram asymptotically satisfies the
heavy-tailed distribution.
Suppose the histogram of the frequency of the sorted dimensions (descending order) follows a

heavy-tailed distribution. Based on Definition 2, we can also use this heavy-tailed distribution to
represent the curve of ⌈𝛼 · 𝐹 ⌉ vs. |𝑐 |. As depicted in Figure 1(b), given a parameter 𝛼 (0 ≤ 𝛼 ≤ 1) and
its corresponding FreqItem 𝑐 , the 𝑦-axis of the heavy-tailed distribution is ⌈𝛼 · 𝐹 ⌉, and according
to Figure 1(a), the 𝑥-axis can be considered as the number of non-zero dimensions of 𝑐 whose
frequency is at least ⌈𝛼 · 𝐹 ⌉, i.e., |𝑐 |.
Moreover, the cumulative distribution function (CDF) of this heavy-tailed distribution is corre-

lated to ⟨𝑥, 𝑐⟩. As shown in Figure 1(b), as 𝛼 decreases (e.g., 𝛼4 → 𝛼3), |𝑐 | increases (e.g., |𝑐4 | → |𝑐3 |),
and hence the CDF of this heavy-tailed distribution increases (e.g., orange area→ orange area +
blue area); since the FreqItem 𝑐 contains more non-zero dimensions, ⟨𝑥, 𝑐⟩ also increases. Thus,
this heavy-tailed distribution simultaneously represents the relationships of |𝑐 | vs. 𝛼 and ⟨𝑥, 𝑐⟩ vs.
𝛼 . We can use this heavy-tailed distribution to study the relationship between 𝑠 and 𝛼 .

Frequency

0

2

3

4

1

Heavy-tailed distribution

(a) Heavy-tailed distribution

0

Heavy-tailed distribution

(b) The curve of ⌈𝛼 · 𝐹 ⌉ vs. |𝑐 |

Fig. 1. An illustration of the choice of 𝛼 .

From Figure 1(b), with the same increment of 𝛼 , i.e., 0 < 𝛼1 < 𝛼2 < 𝛼3 < 𝛼4 < 1 and 𝛼2 − 𝛼1 =

𝛼4 − 𝛼3, we have two interesting observations: (1) |𝑐1 | − |𝑐2 | > |𝑐3 | − |𝑐4 |, which indicates that |𝑐 |
decreases significantly when 𝛼 is small, and |𝑐 | decreases very gently when 𝛼 is large. (2) As the
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Fig. 2. The MSEs of four center representations.
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Fig. 3. The curves of MSE vs. 𝛼 .

blue area is larger than the red area, we have ⟨𝑥, 𝑐3⟩ − ⟨𝑥, 𝑐4⟩ > ⟨𝑥, 𝑐1⟩ − ⟨𝑥, 𝑐2⟩, which means that
⟨𝑥, 𝑐⟩ decreases very gently when 𝛼 is small, and ⟨𝑥, 𝑐⟩ decreases significantly when 𝛼 is large.
Based on these two observations, we can infer that: (1) When 𝛼 is small, as |𝑐 | decreases sig-

nificantly but ⟨𝑥, 𝑐⟩ decreases very gently, 𝑠 increases as 𝛼 increases. (2) When 𝛼 is large, as |𝑐 |
decreases very gently but ⟨𝑥, 𝑐⟩ decreases significantly, 𝑠 decreases as 𝛼 increases. Thus, the curve
of 𝑠 vs. 𝛼 might have an inverse U shape, and there might exist an optimal 𝛼 (0 < 𝛼 < 1) maximizing
𝑠 . We can use grid search to find such a value to approach the ideal center 𝑐∗.

Validation. To validate the effectiveness of the FreqItem representation, we conduct experiments
on four real-world sparse data sets, where the details of the data sets can be found in Subsection 5.1.
We randomly sample 1, 000 binary vectors from each data set as a cluster and compute the Mean
Square Error (MSE) for performance evaluation. Intuitively, the lower the MSE, the more effective
the center representation. Figure 2 shows the MSEs of FreqItem, Medoid, Mode1, and Mode2 for the
four sparse data sets. For the FreqItem representation, we report the lowest MSE by a grid search of
𝛼 ∈ [0, 1] with step 0.01. According to Figure 2, we find that the MSEs of FreqItem are the lowest
among the four center representations, which empirically shows that compared with the other
three baselines, the FreqItem is more effective and suitable to be the center representation for the
set data on Jaccard distance.

To further investigate the impact of 𝛼 , we plot the curve of MSE vs. 𝛼 in Figure 3. To be concise,
we only show results on Criteo10M and Avazu. However, similar trends can be observed from
URL and KDD2012. From Figure 3, we have three interesting findings: (1) These curves are in
a U shape. Thus, there exists an optimal 𝛼 minimizing MSE, which justifies our analysis of the
choice of 𝛼 . (2) The cases 𝛼 = 0 and 𝛼 = 1 are always worse than others, which indicates that
the FreqItem representation is uniformly better than Mode1 and Mode2. (3) There exists a wide
range of 𝛼 values corresponding to the (near) smallest MSE, i.e., 𝛼 ∈ [0.17, 0.25] for Criteo10M
and 𝛼 ∈ [0.14, 0.26] for Avazu. This reason might be that the filtering threshold max(1, ⌈𝛼 · 𝐹 ⌉)
contains a ceiling function ⌈·⌉. Therefore, we can efficiently determine a near-optimal 𝛼 with grid
search (even with a coarse step size).
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Algorithm 4: 𝑘-FreqItems
Input: data set X ⊂ {0, 1}𝑑 , # clusters 𝑘 , parameter 𝛼 ;

1 C ← Select 𝑘 binary vectors uniformly at random from X;
2 do
3 Assign 𝑥 ∈ X to 𝑋𝑐 such that 𝑐 = arg min𝑐′∈C 𝐽 (𝑥, 𝑐′);
4 Update 𝑐 ∈ C from (𝑋𝑐 , 𝛼);
5 while C is not stable;
6 return Clusters {𝑋𝑐 }𝑐∈C ;

3.3 𝑘-FreqItems
𝑘-FreqItems is a 𝑘-Means variant designed for the set data on Jaccard distance. Suppose C is a set
of cluster centers. The pseudo-code of 𝑘-FreqItems is depicted in Algorithm 4.

In the beginning, we choose 𝑘 initial centers C uniformly at random from the data set X (Line 1).
In the assignment step (Line 3), a tie can be broken arbitrarily as long as the method is consistent. In
the update step (Line 4), with a pre-specified parameter 𝛼 (0 ≤ 𝛼 ≤ 1), we re-compute each FreqItem
𝑐 ∈ C from its corresponding cluster 𝑋𝑐 according to Definition 2. We call this assignment-update
step as a 𝑘-FreqItems iteration. We repeat this iteration until the set of FreqItems C is stable (Line
5). Finally, we return all clusters {𝑋𝑐 }𝑐∈C as the clustering results of X (Line 6).
The formal proof of convergence for 𝑘-FreqItems is not yet available. However, according to

our experiments, we observe that the MSE decreases in each 𝑘-FreqItems iteration and approach a
constant after several iterations. Those results empirically demonstrate that 𝑘-FreqItems is able to
converge to a local optimum. More analyses will be discussed in Subsection 5.7.
Similar to the Lloyd’s iteration, the 𝑘-FreqItems iteration can be done in 𝑂 (𝑛𝑑𝑘) time as the

FreqItem can be computed in 𝑂 (𝑛𝑑) time. Thus, like 𝑘-Means, 𝑘-FreqItems is generally simple and
efficient. Unfortunately, it only finds a local optimum, which might be poor in practice. Next, we
will consider the seeding problem of 𝑘-FreqItems and introduce SILK to deal with this problem.

4 SILK
Once the center representation (i.e., FreqItem) is specified, state-of-the-art seeding methods, such
as 𝑘-Means++, can be generalized to obtain an initial set of 𝑘 centers that is 𝑂 (log𝑘)-approximate
to the optimal solution. Their time complexities, however, are highly sensitive to 𝑘 , which might
be unsuitable for massive data sets, especially when 𝑘 is large. In this section, we design a new
seeding step by leveraging LSH functions and propose SILK to remedy the scalability issue.

4.1 LSH Background
We first present the LSH background. LSH [4, 5, 12, 20, 25, 33, 39, 41–46, 50, 58, 59, 65, 67–69,
73, 87–91, 103–105] is a classic hashing scheme with an appealing property that the collision
probability of the hash function for any two vectors 𝑥,𝑦 is inversely related to their distance. Given
a distance function 𝐷𝑖𝑠𝑡 (·, ·), a family of hash functionsH is locality-sensitive to 𝐷𝑖𝑠𝑡 (·, ·) if, for any
𝑥1, 𝑥2, 𝑦1, 𝑦2, the hash function ℎ ∈ H satisfies the condition that Pr[ℎ(𝑥1) = ℎ(𝑦1)] ≥ Pr[ℎ(𝑥2) =
ℎ(𝑦2)] ⇔ 𝐷𝑖𝑠𝑡 (𝑥1, 𝑦1) ≤ 𝐷𝑖𝑠𝑡 (𝑥2, 𝑦2).
MinHash. It is a well-known LSH scheme [17, 18] for similarity search over Jaccard distance. Given
any 𝑥 ∈ {0, 1}𝑑 and a random permutation 𝜋 : [𝑑] → [𝑑], the MinHash function ℎ𝜋 (·) is defined
as follows:

ℎ𝜋 (𝑥) = min
𝑖:𝑥𝑖=1

𝜋 (𝑖). (6)
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Fig. 4. An example of SILK overseeding.

Let 𝛿 = 𝐽 (𝑥,𝑦) be the Jaccard distance for any two 𝑥,𝑦 ∈ {0, 1}𝑑 . The collision probability of 𝑥
and 𝑦 is computed as follows:

𝑝 (𝛿) = Pr[ℎ𝜋 (𝑥) = ℎ𝜋 (𝑦)] = 1 − 𝛿. (7)

MinHash usually uses the (𝐾, 𝐿)-bucketing framework [50] to find similar data. For any 𝑥 ∈
{0, 1}𝑑 , it concatenates𝐾 i.i.d. MinHash functions to form a bucket, i.e.,𝐻 (𝑥) = (ℎ𝜋1 (𝑥), · · · , ℎ𝜋𝐾 (𝑥)).
Due to the 𝐾-concatenation, the collision probability of any 𝑥 and 𝑦 decreases from 𝑝 to 𝑝𝐾 . Thus,
the far data are hard to collide, but the collision probability of the close data is also reduced. As a
remedy, MinHash builds 𝐿 such hash tables to increase the accuracy.

4.2 SILK: A New Seeding Method
Overview. SILK is motivated by 𝑘-Means∥, where both methods adopt the oversampling strategy
to avoid finding a single seed in each iteration. Different from the 𝑘-Means∥ seeding, we do not
apply the 𝐷2-sampling strategy in the overseeding step because this strategy inherently includes
the comparison with the formerly selected seeds when we update Equation 3, leading to sequential
iterations. With the insight that the close data in the same clusters often collide in the same buckets,
we apply MinHash functions for oversampling and obtain the initial centers in one round.

SILK Overseeding. The SILK overseeding consists of three steps: two-level MinHash, frequent
data determination, and initial center computation. Its pseudo-code is depicted in Algorithm 5.

Two-Level MinHash.We first apply MinHash to convert binary vectors X into buckets B (Line 1).
Note that we do not directly obtain the initial centers from these buckets. The reasons are two
folds: (1) There may be too many buckets with once MinHash, and many of them are very similar.
(2) Though the data in the same bucket could be close to each other, they do not necessarily belong
to the same cluster. Thus, the FreqItem constructed from a single bucket might not be an excellent
initial center.

We apply MinHash again to convert the buckets B into bins T (Line 2).3 With the second level
MinHash, we can group similar buckets into the same bins and retrieve the frequent data from
similar buckets. Since these frequent data are commonly found in multiple similar buckets, they are
relatively rare and have a higher probability in the same cluster. Thus, using such data to determine
initial centers is probably more efficient and promising. Next, we illustrate how to determine the
frequent data from bins.

Frequent Data Determination. For ease of illustration, we first provide a concrete definition of the
frequent data, which is inspired by the FreqItem representation.

3To distinguish the buckets from the first level MinHash, we call the buckets produced from the second level MinHash as
bins. Each bin is a set of bucket identities (IDs).
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Algorithm 5: SILK Overseeding
Input: data set X ⊂ {0, 1}𝑑 , filtering parameters 𝛼, 𝛽 , parameters 𝐾1, 𝐿1, 𝐾2, 𝐿2 for the

two-level MinHash;
1 B ← Apply MinHash(𝐾1, 𝐿1) for X;
2 T ← Apply MinHash(𝐾2, 𝐿2) for B;
3 S ← ∅ ;
4 foreach 𝐵𝑖𝑛 ∈ T do
5 if |𝐵𝑖𝑛 | ≤ 1 then continue;
6 Determine a set of frequent data 𝑋 from (𝐵𝑖𝑛, 𝛽);
7 S ← S ∪ {𝑋 };
8 Remove the near duplications of S;
9 C ← ∅;

10 foreach 𝑋 ∈ S do
11 Compute the FreqItem 𝑐 from (𝑋, 𝛼);
12 C ← C ∪ {𝑐};
13 return C;

Definition 3 (Frequent Data): Given a set of buckets from the same bin and a parameter 𝛽 (0 ≤ 𝛽 ≤
1), the frequent data is a set of data that are appeared in those buckets with at least max(1, ⌈𝛽 · 𝐹 ′⌉)
time, where 𝐹 ′ is the maximum frequency among the data.

The procedure of frequent data determination (Lines 3–7) is described as follows. Let S be a
set to store the frequent data. For each 𝐵𝑖𝑛 ∈ T , if it has a single bucket only, i.e., |𝐵𝑖𝑛 | ≤ 1, we
ignore it because it cannot ensure most data from this bucket are in the same cluster. Otherwise,
we retrieve and scan the data from the buckets in 𝐵𝑖𝑛 and count their frequency, which is the
number of occurrences of each data in those buckets. As such, we can get the maximum frequency
(i.e., 𝐹 ′) among the data. Based on Definition 3, we determine a set of frequent data 𝑋 from 𝐵𝑖𝑛

and add 𝑋 into S. We repeat this procedure to determine all 𝑋 ’s from T . Note that the frequent
data determination is similar to the computation of FreqItem, and they have the same linear time
complexity.
Due to the randomness of MinHash functions, some near duplicate 𝑋 ’s might be added into S

multiple times. Fortunately, since 𝑋 consists of a set of data IDs, we can consider S as a set of
buckets as input; then, we repeat the second level MinHash and the frequent data determination
for deduplication (Line 8).

In practice, we suggest setting a large value of 𝛽 to reduce the frequent data size |𝑋 | and get the
highly frequent data to produce initial centers. For example, we set 𝛽 = 0.9 in the experiments.
Moreover, since the motivation of deduplication is to remove the highly similar or identical 𝑋 ’s, it
is unnecessary to use large 𝐾 and 𝐿 values for the second level MinHash. Therefore, to improve
efficiency, we set 𝐾 = 2 and 𝐿 = 1 for deduplication in the experiments.

Initial Center Computation. Let C be a set of initial centers. It starts as an empty set (Line 9). For
each set of frequent data 𝑋 ∈ S, we follow Definition 2 to compute the FreqItem 𝑐 and add 𝑐 into
C. We repeat this procedure to get all initial centers (Lines 10–12).

Example 2: We now use Figure 4 to illustrate the SILK overseeding. Suppose X = {𝑥1, 𝑥2, · · · , 𝑥6}
and there exist 3 clusters, i.e., {𝑥1, 𝑥2}, {𝑥3, 𝑥4}, and {𝑥5, 𝑥6}. In this example, we set 𝐿1 = 4, 𝐿2 = 2,
and 𝛼 = 𝛽 = 0.6. We first apply MinHash to partition X into buckets B. With 𝐿1 = 4, we get 8
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Algorithm 6: SILK
Input: data set X ⊂ {0, 1}𝑑 , # clusters 𝑘 , parameters 𝛼, 𝛽 , parameters 𝐾1, 𝐿1, 𝐾2, 𝐿2 for the

two-level MinHash;
1 C ← SILK Overseeding(X, 𝛼, 𝛽, 𝐾1, 𝐿1, 𝐾2, 𝐿2);
2 foreach 𝑐 ∈ C do
3 Assign 𝑥 ∈ X to 𝑋𝑐 such that 𝑐 = arg min𝑐′∈C 𝐽 (𝑥, 𝑐′);
4 𝑤𝑐 ← |𝑋𝑐 |;
5 C′ ← 𝑘-Means++ Seeding(C,𝑤, 𝑘);
6 Proceed with the standard 𝑘-FreqItems iterations;
7 return Clusters {𝑋𝑐 }𝑐∈C′ ;

buckets, e.g., we get 2 buckets 𝐵1 = {𝑥1, 𝑥2, 𝑥4} and 𝐵2 = {𝑥3, 𝑥5, 𝑥6} from the first hash table. Next,
with 𝐿2 = 2, we use B as input and apply MinHash again to get 6 bins.

We then determine the frequent data. For 𝐵𝑖𝑛1 ∈ T , we first scan the data from {𝐵1, 𝐵3, 𝐵5, 𝐵7}
and count their frequency, i.e., (𝑥1, 4), (𝑥2, 4), (𝑥3, 1), (𝑥4, 2), (𝑥5, 2), (𝑥6, 1). Thus, we have 𝐹 ′ = 4
and max(1, ⌈𝛽 · 𝐹 ′⌉) = 3. Based on Definition 3, we get the frequent data 𝑋1 = {𝑥1, 𝑥2} from 𝐵𝑖𝑛1.
Similarly, we get 𝑋2 = {𝑥3, 𝑥4, 𝑥5, 𝑥6} from 𝐵𝑖𝑛2. We ignore 𝐵𝑖𝑛3 as |𝐵𝑖𝑛3 | ≤ 1. Some identical 𝑋𝑖 ’s
have been added into S in multiple times, e.g., we add the same {𝑥1, 𝑥2} twice from both 𝐵𝑖𝑛1
and 𝐵𝑖𝑛4. Thus, we apply MinHash again for deduplication and keep 4 sets of frequent data, i.e.,
𝑋1 = {𝑥1, 𝑥2}, 𝑋2 = {𝑥3, 𝑥4, 𝑥5, 𝑥6}, 𝑋3 = {𝑥5, 𝑥6}, and 𝑋4 = {𝑥3, 𝑥4}.

Finally, we compute the initial centers from S. For 𝑋1 ∈ S, we count the frequency of the
non-zero dimensions from {𝑥1, 𝑥2}, i.e., (𝑑1, 2), (𝑑2, 1), (𝑑3, 1), (𝑑4, 2), (𝑑5, 2). Thus, 𝐹 = 2 and
max(1, ⌈𝛼 · 𝐹 ⌉) = 2. Based on Definition 2, we select {𝑑1, 𝑑4, 𝑑5} as the frequent items and get
𝑐1 = 10011 00000. Similarly, we get 𝑐2 = 10000 01000, 𝑐3 = 10000 01100, and 𝑐4 = 10000 01001 from
𝑋2, 𝑋3, and 𝑋4. △

SILK Seeding. The SILK overseeding is the first step of SILK seeding. After that, we get a set
of initial centers C, where its size |C| is usually larger than 𝑘 . Thus, we follow the procedure of
𝑘-Means∥ seeding to reduce |C| to 𝑘 , as it is efficient yet very effective.

We perform once data assignment to get the weights of initial centers. Specifically, we first assign
each 𝑥 ∈ X to its closest cluster 𝑋𝑐 , where 𝑐 = arg min𝑐′∈C 𝐽 (𝑥, 𝑐′); then, we get the weight 𝑤𝑐
of each initial center 𝑐 ∈ C based on the number of data in 𝑋𝑐 , i.e., 𝑤𝑐 = |𝑋𝑐 |. After that, we call
𝑘-Means++ seeding (Algorithm 1 by replacing Euclidean distance to Jaccard distance) to re-cluster
the weighted initial centers to determine the final 𝑘 cluster centers. Since |C| ≪ |X|, the cost of
re-clustering is not significant.
There are several ways to control |C|. For example, we can get more initial centers from more

hash tables (i.e., set larger 𝐿1 and 𝐿2). Moreover, to reduce |C|, we can ignore more bins when we
determine the frequent data (i.e., Line 5 in Algorithm 5).

The Full Algorithm. SILK is a randomized initialization method. After the SILK seeding, it is
followed by the standard 𝑘-FreqItems iterations, until the set of cluster centers is stable. The
pseudo-code of SILK is depicted in Algorithm 6.

Time Complexity Analysis. As SILK proceeds with the standard 𝑘-FreqItems iterations, we focus
on the SILK seeding. According to MinHash [18], 𝐾1 = 𝐾2 = 𝑂 (log𝑛) and 𝐿1 = 𝐿2 = 𝑂 (𝑛𝜌 ), where
𝜌 = ln𝑝1/ln𝑝2; 𝑝1 and 𝑝2 can be computed by Equation 7 with two distance thresholds 𝑟1 and
𝑟2 (0 < 𝑟1 < 𝑟2 < 1). For ease of analysis, we assume |C| and 𝑘 are of the same magnitude, i.e.,
|C| = 𝑂 (𝑘).
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Fig. 5. The system architecture of SILK seeding.

We first analyze the time complexity of SILK overseeding, which consists of four parts. (1) The
first level MinHash takes 𝑂 (𝑛𝑑𝐾1𝐿1) = 𝑂 (𝑑𝑛1+𝜌 log𝑛) time. (2) Let 𝑛B be the number of buckets
and 𝑑B be the average bucket size. As 𝑛B𝑑B = 𝑛𝐿1 = 𝑂 (𝑛1+𝜌 ), the second level MinHash spends
𝑂 (𝑛B𝑑B𝐾2𝐿2) = 𝑂 (𝑛1+2𝜌 log𝑛) time. (3) The frequent data determination requires 𝑂 (𝐿2𝑛B𝑑B) =
𝑂 (𝑛1+2𝜌 ) time. (4) The initial center computation takes 𝑂 (𝑑𝑛S) time, where 𝑛S =

∑
𝑋 ∈S |𝑋 |. Thus,

the time complexity of SILK overseeding is𝑂 (𝑑𝑛1+𝜌 log𝑛+𝑛1+2𝜌 log𝑛+𝑛1+2𝜌+𝑑𝑛S) = 𝑂 (𝑛1+2𝜌 log𝑛).
After that, the data assignment to get weights takes 𝑂 (𝑛𝑑 |C|) = 𝑂 (𝑛𝑑𝑘) time. Finally, the

𝑘-Means++ seeding spends 𝑂 ( |C|𝑑𝑘) = 𝑂 (𝑑𝑘2) time to get the final 𝑘 centers. Thus, the time
complexity of SILK seeding is 𝑂 (𝑛1+2𝜌 log𝑛 + 𝑛𝑑𝑘 + 𝑑𝑘2) = 𝑂 (𝑛1+2𝜌 log𝑛).
Remarks.With the two-level MinHash for oversampling, the SILK overseeding can produce |C|
seeds at a time and hence avoid the sequential iterations required by 𝑘-Means++ and 𝑘-Means∥.
However, as 𝑘-Means∥ overseeding only takes 𝑂 (𝑛𝑑 |C|) time, where |C| = 𝑟 · 𝑙 + 1, it has a lower
time complexity than the SILK overseeding. Note that the two-level MinHash is the most time-
consuming part of the SILK overseeding. Fortunately, due to the independence nature of MinHash
functions, the SILK overseeding can be implemented in a fully parallel fashion. In contrast, the
parallelism exploited in 𝑘-Means∥ overseeding only applies in each iteration. Thus, with sufficient
resources, the SILK overseeding can be more efficient than 𝑘-Means∥ overseeding in practice.

4.3 A Distributed Implementation
We now present the implementation of SILK on a distributed platform with multiple GPUs, with
a specific focus on SILK seeding. The 𝑘-FreqItems iteration can be considered as comprising of
the initial center computation (update step) and the subsequent data assignment to calculate
weights (assignment step), which are the two key intermediate steps of SILK seeding. To facilitate
communication, we utilize the Message Passing Interface (MPI). In a system with 𝑔 GPUs, we evenly
distribute the data sets and launch 𝑔 processes, where each process corresponds to a single GPU
for parallel computation. The system architecture is visually depicted in Figure 5.

Two-Level MinHash.We first instruct GPU threads to compute the MinHash functions to convert
the data into buckets. Since each process 𝑃 𝑗 only has a part of the data, the buckets are incomplete.
Thus, we perform a bucket synchronization to gather the buckets such that (1) the data IDs with
the same MinHash values are put into the same buckets; (2) each 𝑃 𝑗 contains a subset of hash tables
with (almost) equal-sized to keep the workload balanced. Afterward, we instruct the GPU threads
to calculate the second-level MinHash functions to transform buckets into bins.

Frequent Data Determination. Note that the bins are incomplete as we do not broadcast the local
buckets to all processes, but determining frequent data requires the complete bucket information in
each bin to determine the maximum frequency. Nonetheless, to reduce the communication cost, we
do not synchronize bins. Instead, we first determine the local frequent data for each 𝑃 𝑗 from its local
buckets with a pre-specified local 𝛽 ; then, we broadcast the local frequent data and their frequency
to all processes; finally, we obtain the global frequent data with the global 𝛽 . By employing local 𝛽 ,
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the global frequent data is rendered as an approximation of the ground truth. Encouragingly, any
potential error stemming from this approximation can be effectively minimized through meticulous
adjustment of the local 𝛽 , which shall be validated in Subsection 5.8.

Initial Center Computation. So far, we have obtained the global frequent data IDs in each
process. However, due to the dispersed data storage across processes, precise computation of the
initial centers would incur substantial communication overhead. Hence, like determining frequent
data, we design a strategy to approximately compute the initial centers. This strategy involves
determining the local frequent items using a pre-defined local 𝛼 , broadcasting them along with
their frequencies to all processes, and subsequently computing the global FreqItems using the
global 𝛼 . By appropriately selecting the local 𝛼 , the global FreqItems can closely approximate the
exact ones. The validation of this assertion will be provided in Subsection 5.8.

Data Assignment and 𝑘-Means++ Seeding. After the SILK overseeding, each 𝑃 𝑗 has the global
initial centers. We initially compute the local weights for the local data through data assignment.
Subsequently, the local weights are broadcasted to all processes to obtain the global weights. Finally,
leveraging the global initial centers and global weights as inputs, we utilize OpenMP to perform
𝑘-Means++ seeding, resulting in the generation of the final 𝑘 cluster centers.

4.4 Discussions
Generalization. Although we only present SILK in the Hamming spaces for the objective function
𝜙X (C) =

∑
𝑥∈X min𝑐∈C 𝐽 (𝑥, 𝑐)2, this seeding technique can be extended to arbitrary metric spaces

with more general objective functions. These generalizations only need to change (1) the center
representation and (2) the LSH scheme for the input metric. For example, for the 𝜙X (C) defined by
Equation 2, we can extend the SILK seeding to support the most commonly used Euclidean distance
by (1) using Centroid as the center and (2) utilizing the vanilla E2LSH [3, 25] to produce buckets.

Application Scenarios. As 𝑘-FreqItems and SILK aim to optimize 𝜙X (C), they are good at finding
compact clusters. Therefore, when dealing with sparse data sets that exhibit a clustering pattern
in a spherical shape, they have the potential to yield high-quality results. However, it should be
noted that, akin to many other partitioning-based techniques, they may encounter limitations when
encountering data sets with complex shapes. On the other hand, as will be validated in Section 5,
𝑘-FreqItems and SILK can efficiently handle large 𝑘 values. They are ideal as a pre-processing tool
to generate many small, compact microclusters, which can then be used as summarized information
for other data analytical operations, including classification [99] and clustering [100]. Thus, the
output of 𝑘-FreqItems and SILK is not an end but can act as input to scale up many other operations.

5 EXPERIMENTS
5.1 Data Sets
We use five real-world data sets (i.e., URL,4 Avazu,5 KDD2012,6 Criteo10M and Criteo1B7) with large
cardinality and ultra-high dimensionality to evaluate the efficiency and effectiveness of 𝑘-FreqItems
and SILK. We also select two small, sparse data sets (i.e., News208 and RCV19) with ground truth
cluster labels to asses the clustering quality. Their statistics are summarized in Table 1.

4https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html#url.
5https://www.kaggle.com/c/avazu-ctr-prediction/data.
6https://www.kaggle.com/c/kddcup2012-track2/data.
7http://labs.criteo.com/2013/12/download-terabyte-click-logs/.
8https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multiclass.html#news20.
9https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multiclass.html#rcv1.multiclass.
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Table 1. The statistics of seven sparse data sets.

Data Sets 𝑛 𝑑 𝑑 Global 𝛼 Local 𝛼

News20 2.0 × 104 6.2 × 104 80 0.2 –
RCV1 5.3 × 105 4.7 × 104 65 0.2 –
URL 2.3 × 106 3.2 × 106 116 0.5 0.3

Criteo10M 1.0 × 107 1.0 × 106 39 0.3 0.3
Avazu 4.0 × 107 1.0 × 106 15 0.4 0.4

KDD2012 1.5 × 108 5.4 × 107 11 0.3 0.4
Criteo1B 1.0 × 109 1.0 × 106 39 0.3 0.3

• News20 is a collection of nearly 20,000 newsgroup documents, partitioned almost evenly
across 20 newsgroups [57].
• RCV1 is an archive of 804,414 manually categorized newswire stories from Reuters, Ltd [60].
We follow [14] and obtain a multiclass subset with 53 categories.
• URL is a collection of 2.3 million URLs that are used for detecting malicious URLs [74]. It has
about 3.2 million features but with only around 116 non-zeros.
• Avazu comes from a competition of click-through rate prediction jointly hosted by Avazu and
Kaggle in 2014. We generate it by applying the winning solution.10
• KDD2012 is extracted from the training file of the second track in KDD CUP 2012. We convert
it into binary vectors according to the number of possible categories.
• Criteo10M and Criteo1B are the first 10 million and 1 billion records extracted from Criteo,
which consists of 24 days’ click logs with around 4 billion records.

5.2 Evaluation Metrics
We use the following metrics for performance evaluation.
• Time.We use the running time (or simply time) to evaluate the efficiency of a method. It is
defined as the wall-clock time (in seconds) of a method for clustering.
• MSE. We use the Mean Square Error (MSE) to measure the effectiveness of a method. Given a
set of 𝑛 binary vectors X ∈ {0, 1}𝑑 and 𝑘 centers C,𝑀𝑆𝐸 = 1

𝑛

∑
𝑥∈X min𝑐∈C 𝐽 (𝑥, 𝑐)2. A small

MSE indicates an effective clustering result.
• ARI. We use Adjust Rand Index (ARI) [49, 93] to evaluate the quality of clusters generated by
a method compared with ground truth labels. A large ARI indicates a high-quality result.
• Purity.Wealso adopt purity [28] to assess the clustering quality, i.e., purity = 1

𝑛

∑𝑘
𝑖=1 max1≤ 𝑗≤𝑘 𝑛

𝑗

𝑖
,

where 𝑛 𝑗
𝑖
is the number of data in cluster 𝑖 that belongs to the ground truth cluster 𝑗 . A large

purity value means a high-quality result.

5.3 Competitors
As demonstrated in Subsection 3.2, the FreqItem representation is much better than Medoid and
Mode. Thus, we use FreqItem as the cluster center for Jaccard distance. To validate the clustering
performance of 𝑘-FreqItems and SILK, we adapt two state-of-the-art methods (i.e., 𝑘-Means++
and 𝑘-Means∥) for Jaccard distance as baselines. To make a systematic evaluation of 𝑘-FreqItems
and SILK, we also implement four hybrid methods (i.e., embedding together with conventional
clustering) for comparison. Their MSEs are computed on the original sparse data based on the
output labels. The details of these methods are described below:

10https://github.com/ycjuan/kaggle-avazu.
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• 𝑘-FreqItems. It is implemented as depicted in Section 3. We select 𝑘 data uniformly at random
as 𝑘 initial centers (random seeding).
• SILK. We implement SILK as described in Section 4. We use the SILK seeding to obtain the 𝑘
initial centers.
• 𝑘-FreqItems++. We adapt 𝑘-Means++ to tackle sparse data clustering based on Jaccard
distance: (1) we use the FreqItem as the cluster center; (2) we conduct data assignment based
on Jaccard distance. Referring to Algorithm 1 (the seeding step), we apply OpenMP to speed
up the computation of 𝐷 (𝑥, C) of the 𝑘 sequential iterations. We call it 𝑘-FreqItems++ and
name the seeding step 𝑘-FreqItems++ seeding.
• 𝑘-FreqItems∥. Similar to 𝑘-FreqItems++, we adapt 𝑘-Means∥ for sparse data clustering.
Referring to Algorithm 2, as it adds 𝑙 = 𝑂 (𝑘) seeds into C in each sequential round, we
leverage GPUs to compute 𝐷 (𝑥, C) in parallel. We call it 𝑘-FreqItems∥ and name the seeding
step 𝑘-FreqItems∥ seeding.
• SVD+𝑘-Means, SE+𝑘-Means, SVD+DBSCAN, SE+DBSCAN. We implement these four
hybridmethods for performing sparse data clustering: (1)We use Singular ValueDecomposition
(SVD) [37] and Sparse Embedding (SE) [64] to embed the high-dimensional, sparse data into a
series of low-dimensional spaces, i.e., 𝑑 ′ ∈ {10, 20, 50, 100, 200}.11 (2) For the embedded data,
we run Mini-Batch 𝑘-Means [85] and DBSCAN [31] based on Euclidean distance to get the
clustering results.

Experiments Environments. All experiments are conducted on a distributed platform with two
computing nodes: (1) node 1 has an Intel® Xeon® Platinum 8170 CPU @ 2.10 GHz with 52 cores;
(2) node 2 has an Intel® Xeon® Gold 6130 CPU @ 2.10 GHz with 32 cores. In addition, both nodes
have 4 NVIDIA GeForce GTX 1080 Ti’s with 11 GB memory and run on CentOS 7.4.
For the two small data sets News20 and RCV1, we conduct the experiments on node 1 with 1

GPU. For the five large data sets, we conduct the experiments on node 1 with 4 GPUs by default
except for the scalability test to multiple GPUs (Subsection 5.8).

Parameter Settings.We consider 𝑘 from 1, 000 to 10, 000. For 𝑘-FreqItems∥, we set 𝑟 = 5 and 𝑙 = 𝑘
[10, 11]. For SILK, we set 𝐾1, 𝐾2 ∈ {4, 6}, 𝐿1 ∈ {8, 16, 24}, and 𝐿2 ∈ {6, 8, 10} to get different number
of seeds. Also, we observe that the performance of SILK is comparable for a wide range of large
global 𝛽 and local 𝛽 values. For simplicity, we fix global 𝛽 = 0.9 and local 𝛽 = 0.8. The settings of
global 𝛼 and local 𝛼 will be discussed in the next subsection.

5.4 Impacts of Global 𝛼 and Local 𝛼
We first study the impacts of global 𝛼 and local 𝛼 for 𝑘-FreqItems (with 𝑘 = 1, 000) to guide the
users for parameter setting. We vary global 𝛼 ∈ {0.1, 0.2, · · · , 0.9} and local 𝛼 ∈ {0.1, 0.2, · · · , 0.9}
and plot the 3D scatter points in Figure 6.

We have two interesting observations. First, the scatter points over the four data sets are all in a
U shape, which indicates that there may exist a pair of global 𝛼 and local 𝛼 minimizing MSE and
further justifies our analysis of the choice of 𝛼 discussed in Subsection 3.2. Second, there exists a
wide range of global 𝛼 and local 𝛼 such that their corresponding MSEs are very close to the smallest
MSE, i.e., global 𝛼 ∈ {0.2, · · · , 0.5} and local 𝛼 ∈ {0.2, · · · , 0.5}. This finding implies that we can
efficiently find a near-optimal pair with grid search even with a coarse increment like 0.1. These
observations also correspond to the findings from Figure 3.

In the following experiments, we set up global 𝛼 and local 𝛼 in two steps: (1) we keep the top-𝑚
pairs (e.g.,𝑚 = 5) of global 𝛼 and local 𝛼 with the smallest MSEs as candidates such that all of

11We only report 𝑑 ′ = 200 if not otherwise specified, as they reach the best results.
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Fig. 6. Impacts of global 𝛼 and local 𝛼 for 𝑘-FreqItems.
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Fig. 7. Seeding results of different methods.

which allow FreqItem as an effective center; (2) as their differences in MSE are almost negligible,
we select the pair with the largest global 𝛼 and local 𝛼 to determine FreqItem. Since this pair leads
to the smallest 𝑑 , the FreqItem can be computed efficiently. Their settings are depicted in Table 1.
Note that as 𝑘-FreqItems++, 𝑘-FreqItems∥, and SILK also apply FreqItem as the cluster center, the
settings of global 𝛼 and local 𝛼 are the same for them.

5.5 Seeding Performance
We now study the seeding performance of SILK. To make a fair comparison, we evaluate the seeding
performance of the four 𝑘-FreqItems series methods by considering only the seeding step and the
first iteration. Their seeding results are shown in Figure 7.
The SILK seeding is around 1.1∼3.2× faster than 𝑘-FreqItems++ seeding and 𝑘-FreqItems∥

seeding, and its advantage is more significant as 𝑘 increases. The primary reason is that the SILK
overseeding is independent of 𝑘 , and it produces seeds in one round. In contrast, the time complexity
of 𝑘-FreqItems++ seeding and 𝑘-FreqItems∥ seeding is linear to 𝑘 , and they respectively require
sequential 𝑘 iterations and 𝑟 rounds to generate seeds.

The running time of 𝑘-FreqItems (with random seeding) is the least among the competitors, but
its MSEs are also the largest in most cases (except KDD2012). The MSEs of SILK are much smaller
than those of the three competitors. For example, their differences to the second-best method
(except URL) are even more significant than those between the second-best and the worst method.
These results justify the effectiveness of our intuition in leveraging LSH functions to determine
seeds from similar buckets.

In addition, the running time of 𝑘-FreqItems++ seeding on URL is less than that of 𝑘-FreqItems∥
seeding. The reason might be that the data set URL has larger 𝑑 than other data sets. Thus, with a
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Fig. 8. Clustering results on News20 and RCV1.

fixed GPU memory budget, the number of data that 𝑘-FreqItems∥ can process in a single batch
becomes less, leading to more times of GPU memory loading, which is generally expensive. As 𝑑
decreases, 𝑘-FreqItems∥ seeding will be more efficient than 𝑘-FreqItems++ seeding, which is in
accordance with the results in Figure 7.

5.6 Clustering Performance
Performance on Small Data Sets.We first evaluate the clustering quality of the four 𝑘-FreqItems
series methods and four hybrid methods on two small, sparse data sets with ground truth labels.
The results are depicted in Figure 8.

For News20, SILK achieves the highest ARI and Purity together with the lowest MSE, and the
𝑘-FreqItems series methods outperform the four hybrid methods in all metrics. For RCV1, the
𝑘-FreqItems series methods also perform better in terms of MSE and Purity, and SILK also has
marginal improvement on ARI compared to embedding methods. Thus, the 𝑘-FreqItems series
methods outperform the four hybrid methods, especially in Purity and MSE. Moreover, SILK has a
uniformly larger ARI than the four hybrid methods. The reason might be that the hybrid methods
require embedding the high-dimensional, sparse data into low-dimensional space. They prune off
many dimensions and incur a large amount of information loss. Thus, their clustering quality is
worse than that of the 𝑘-FreqItems series methods, which indicates that the hybrid methods might
not be suitable for the high-dimensional, sparse data sets.
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Fig. 9. Clustering results of different methods.

For DBSCAN, we show its results with 𝑑 ′ = 10 as it achieves the best clustering quality. Moreover,
as it cannot directly specify 𝑘 , we perform a grid search of its parameters (i.e., 𝜀 ∈ [0.05, 20] with
step 0.05 and MinPts ∈ [3, 10] with step 1) to obtain its best results for different 𝑘 . However, the
clustering quality of SVD+DBSCAN and SE+DBSCAN is still the worst among the competitors.
These results indicate that DBSCAN might not be suitable for sparse data even after embedding as
the similarity only preserves better with more dimensions, but DBSCAN degrades rapidly as 𝑑 ′
increases. Due to the poor efficiency of DBSCAN (e.g., 10∼100× slower than Mini-Batch 𝑘-Means in
our experiments) under the exhaustive parameter searching, we only test it on two small data sets.

Performance on Large-scale Data Sets.We continue to run the four 𝑘-FreqItems series methods
as soon as they converge to their local optimums. The clustering results are shown in Figure 9,
where the running time of SVD+𝑘-Means and SE+𝑘-Means consists of the embedding time and the
clustering time.
The four 𝑘-FreqItems series methods are much more efficient than SVD+𝑘-Means and SE+𝑘-

Means for most data sets except for the URL, whose cardinality and dimensionality are relatively
smaller. Moreover, the running time of SILK is the least among all six competitors as the good
seeds of SILK lead to fast convergence. As for the effectiveness, the 𝑘-FreqItems series methods
also have an obvious advantage against SVD+𝑘-Means and SE+𝑘-Means, especially on Criteo10M
and KDD2012. On the other hand, the worse performance of SVD+𝑘-Means and SE+𝑘-Means on
both measures further validate that the hybrid approaches might not be suitable for the sparse data
sets with ultra-high dimensionality.

Among the four 𝑘-FreqItems series methods, 𝑘-FreqItems (with random seeding) generally has
the worst performance, while SILK with good seeds achieves the least or at least comparable
MSE. These results justify that the seeding strategies indeed affect the clustering quality. Besides,
compared to SVD+𝑘-Means and SE+𝑘-Means, the 𝑘-FreqItems series methods have very close MSEs.
This might be because they all use the FreqItem as the cluster center (with the same global 𝛼 and
local 𝛼) and follow the identical 𝑘-FreqItems iteration. In summary, the 𝑘-FreqItems series methods
(especially SILK) perform better against the hybrid methods regarding finding high-quality clusters
on sparse data sets.

5.7 Validation of Convergence
Next, we validate the convergence of the 𝑘-FreqItems series methods. We show their curves of MSE
vs. # iterations in Figure 10. To be concise, we only display the convergence results with 𝑘 = 10, 000.
Similar patterns can be observed from other 𝑘 values.
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Fig. 10. Convergence results of different methods (𝑘 = 10, 000).

We have two interesting findings from Figure 10. First, the MSEs of all methods decrease mono-
tonically as # iterations increases, and their values approach a constant after a few iterations. These
results empirically validate that 𝑘-FreqItems can converge to a local optimum. Moreover, the same
claim can be confirmed for 𝑘-FreqItems++, 𝑘-FreqItems∥, and SILK. Second, the convergence speed
might be relevant to the seeding performance. For example, as the SILK seeding obtains more
effective seeds (e.g., smaller MSEs) than 𝑘-FreqItems++ seeding, 𝑘-FreqItems∥ seeding, and random
seeding, the convergence time of SILK is earlier than that of the three baselines by about 1∼3
iterations.

5.8 Scalability to Multiple GPUs
To verify the effectiveness of the distributed implementation, we study the performance of SILK
under different # GPUs. We vary the # GPUs in a range of {1, 2, 4, 8}. To be concise, we only show
the seeding results of SILK on Criteo10M and Avazu. Similar trends can be observed from other
data sets.

We have two observations from Figure 11. (1) The running time of SILK is asymptotically linear
to # GPUs, which indicates that the workload of each GPU is approximately balanced, and the
communication cost is vastly reduced. (2) The curves of MSE vs. 𝑘 for different # GPUs are very close
to each other. This finding shows that with proper settings of local 𝛼 and local 𝛽 , the approximation
of the FreqItem and the set of frequent data can approach their ground truths. The two observations
also validate the effectiveness of the distributed implementation of SILK and show its potential
scalability to tackle massive data sets with multiple GPUs. Note that the running time of SILK does
not increase smoothly, especially on 1 and 2 GPUs. The reason might be that we select different
MinHash parameters (e.g., 𝐿1 and 𝐿2) for different 𝑘 to smooth MSE. The larger 𝐿1 (or 𝐿2) leads to
longer running time.

We also study the performance of 𝑘-FreqItems∥ under different # GPUs. Due to space limitation,
we only report its seeding results on Criteo10M and Avazu in Figure 12. Similar to SILK, we observe
that (1) the running time of 𝑘-FreqItems∥ is asymptotically linear to # GPUs; (2) the curves of MSE
vs. 𝑘 for different # GPUs are very close to each other. Observation (2) further shows that with a
proper setting of local 𝛼 , the approximation of the FreqItem can approach its ground truth. These
results also validate the effectiveness of our adaptation of 𝑘-FreqItems∥ (i.e., adapt 𝑘-Means∥ for
Jaccard distance) and our distributed implementation of 𝑘-FreqItems∥.

5.9 Performance on Billion-Scale Data Set
We study the performance of the 𝑘-FreqItems series methods on the billion-scale data set Criteo1B.
We set the same global 𝛼 and local 𝛼 as Criteo10M. The results are depicted in Figure 13.

Compared with 𝑘-FreqItems, 𝑘-FreqItems++, and 𝑘-FreqItems∥, SILK shows more elevated
efficiency superiority on this billion-scale data set, especially for the seeding results. For example,
SILK uses only 12.6 hours to obtain 𝑘 = 10, 000 seeds, while 𝑘-FreqItems∥ and 𝑘-FreqItems++ need
about 40.7 and 53.1 hours, respectively. In other words, SILK is more than 3.2× and 4.2× faster
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Fig. 11. SILK seeding on different # GPUs.
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Fig. 12. 𝑘-FreqItems∥ seeding on different # GPUs.

than 𝑘-FreqItems∥ and 𝑘-FreqItems++, respectively. The speedup ratio is the largest among the
five large data sets.
Besides, we discover that the MSEs of SILK after seeding are very close to their convergence

values. For example, for 𝑘 = 10, 000, the MSE of SILK after seeding is 0.291, while its corresponding
value after convergence is 0.287. The difference is 0.004 only. If a small estimated error is allowed,
we can directly use the SILK seeding results as outputs without extra iteration. As such, SILK only
takes 12.6 hours. As for a comparison, the MSE of 𝑘-FreqItems∥ after convergence is 0.281, but it
takes 47.9 hours.
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Fig. 13. Seeding and clustering results on Criteo1B.
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5.10 Impacts of MinHash Parameters
Finally, we study the impacts of MinHash Parameters in SILK, i.e., 𝐿1, 𝐾1, 𝐿2, and 𝐾2. To be concise,
we only report the results on Avazu. Similar trends can be observed from other data sets. In Figure
14, we show the clustering results of SILK with 𝐿1 ∈ {8, 16, 24} and 𝐾1 ∈ {4, 6}. For each line we fix
𝐾2 = 4 and vary 𝐿2 ∈ {6, 8, 10}.
First of all, the increment of both 𝐿1 and 𝐿2 would lead to larger 𝑘 . 𝐿1 affects the number of

buckets in the first level MinHash and thus has a significant impact on 𝑘 . As 𝐿2 affects the number
of bins in the second level MinHash, it has a small factor contributed to 𝑘 . 𝐾1 and 𝐾2 control the
quality of buckets. Increasing them usually leads to smaller 𝑘 as many infrequent points have been
filtered, and the number of buckets/bins becomes smaller.

Parameter Tuning. To find the proper parameters for a specific 𝑘 , we first search 𝐿1 in coarse
granularity to identify suitable values that produce a larger number of seeds than 𝑘 . Then, we
vary 𝐿2 in a small range to approach the best results. As for 𝐾1 and 𝐾2, we empirically set them
within {4, 6} as the very large 𝐾1 and 𝐾2 would deteriorate the results rapidly by producing scarce
buckets/bins.
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6 RELATEDWORK
Clustering is a very fundamental problem with extensive studies. A comprehensive survey can be
referred to [92, 94]. Below, we first review the representative works regarding sparse data clustering
with frequent items. Then, we discuss the pioneer works relevant to 𝑘-FreqItems and SILK. Finally,
we discuss and analyze other popular clustering methods for sparse data.

6.1 Clustering with Frequent Items
The concept of frequent itemset was first proposed in Association Mining [1] and later has been
adapted for sparse data clustering. In the frequent term-based text clustering [13], Beil et al.
first applied Apriori [1] to find the frequent itemsets and then utilized the mutual overlap of
frequent itemsets to cluster documents. Later, Fung et al. [32] combined the intermediate results of
finding the frequent itemsets with hierarchical clustering to construct a topic hierarchy for greater
interpretability of the results. Nevertheless, both methods need to find all frequent itemsets with
different cluster supports in advance. Recently, Zhang et al. [101] proposed Maximum Capturing
that employed the Minimum Spanning Tree (MST) to cluster documents based on co-occurrences
of frequent itemsets. However, its scalability might be limited as the MST requires the complete
similarity matrix of the data sets. As for 𝑘-FreqItems and SILK, we use the frequent items to
represent the cluster center, which can be done in 𝑂 (𝑛𝑑) time.

6.2 Partitioning-based Methods
𝑘-Means is a classic partitioning-based clustering algorithm initially introduced by MacQueen [75],
which works on dense, numerical data. The most famous version is the Lloyd’s algorithm [66].
As the data volume has grown swiftly, many 𝑘-Means variants have been developed to support
large 𝑛 and 𝑑 [23, 29, 30, 38, 80, 81]. Recently, researchers also leverage modern hardware such as
GPU [19, 63] and many-core supercomputers [36, 61] for acceleration. 𝑘-Modes [47, 83] is another
prevalent partitioning-based clustering algorithm that targets dense, categorical data. To better
handle the border of clusters, researchers also adopted the fuzzy theory for deciding the central
and boundary objects of clusters [48, 56].

Spherical 𝑘-Means [27] is a popular 𝑘-Means variant for sparse data. It adopts cosine similarity
as the metric. Researchers show its utility on sparse data with a few significant features [26, 40].
Nonetheless, recent methods [53, 79] observe that as the iterations proceed, its cluster centers will
become dense as many infrequent features are averaged to the centers. This phenomenon might
incur noisy features and cause more time and space overhead. To alleviate this problem, Kim et al.
[53] preserved the center sparsity by applying a threshold to filter infrequent features. These works
justify the importance of the center sparsity for sparse data clustering and support our center
representation by frequent items.

6.3 Seeding Methods
As is well-known, a good seeding method is vital for the quick convergence of the 𝑘-Means type
methods. A pioneer work is 𝑘-Means++ [7, 84], which takes only Θ(𝑛𝑑𝑘) time. However, the 𝑘
sequential iterationsmake it hard to parallel. Bahmani et al. [11] proposed𝑘-Means∥, which contains
an overseeding step to reduce the 𝑘 sequential iterations to 𝑂 (log𝑛) rounds. Later, Bachem et al.
developed two fast and provably good seeding algorithms [8, 9] based on the Markov chain Monte
Carlo sampling to approximate the 𝐷2-sampling distribution. They also provided a comprehensive
analysis of 𝑘-Means∥ that bounds the quality of 𝑘 seeds even for a small, constant number of rounds
[10]. Recently, Cohen-Addad et al. [22] proposed a near-linear time method for 𝑘-Means++ seeding
with rejection sampling.
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The seeding methods discussed above are all focused on dense data. Recently, Kim et al. [53]
proposed an overseeding approach for cosine similarity on sparse data. They first randomly select
𝜇𝑘 points from the data set as initial centers; then, they randomly choose a seed and prune those
seeds close to it within a heuristic threshold; this pruning procedure is repeated until the size of
remaining seeds is less than 𝜆𝑘 (1 ≤ 𝜆 < 𝜇). This approach reduces the distance computation cost
to 𝑂 (𝜇𝑘2), but its clustering quality might be highly impacted by the random selection of the 𝜇𝑘
initial centers. SILK is inspired by 𝑘-Means∥, but we utilize LSH functions for overseeding and
obtain the seeds from similar buckets.

6.4 Other Clustering Methods for Sparse Data
Hierarchical clustering [35, 100] is one of the most widely used methods for sparse data, such as
text data. Their results can form dendrograms to facilitate understanding these clusters, providing
superior interpretability for applications like topic modeling. Nonetheless, building the hierarchy
is usually expensive, thus limiting their scalability to tackle a large corpus of data directly. Spectral
clustering [55, 82, 86] can also support sparse data since they work on the Laplacian graph that
is extracted from the similarity matrix. The downside of spectral clustering is that constructing
the similarity matrix is time-consuming for large-scale data and usually requires domain experts
to build the matrix [55]. Besides, density-based clustering methods [6, 31, 34] can support sparse
data as they work on the neighbor graph, but their performance may deteriorate rapidly due to
the curse of dimensionality. In a recent study, Lulli et al. [72] introduced a novel 𝜀-graph and
proposed NG-DBSCAN, which employs a distributed implementation to construct the graph and
circumvent the costly 𝜀-neighborhood queries, making it feasible for large cardinality and various
(symmetric) distance/similarity functions. However, NG-DBSCAN has limitations in handling
high-dimensional, sparse data with more than one thousand dimensions, and its scalability is
still inferior to partitioning-based methods. Thus, while these three kinds of methods exhibit
commendable performance under their respective assumptions/conditions, they may not be well-
suited for scenarios involving enormous cardinality and/or ultra-high dimensionality, which are
the focus of our paper.

7 CONCLUSION
In this paper, we have addressed the challenge of clustering sparse data with large cardinality and
ultra-high dimensionality. We have proposed a novel sparse center representation called FreqItem
and introduced 𝑘-FreqItems for sparse data clustering based on Jaccard distance. We have validated
the choice of 𝛼 and demonstrated that FreqItem is a practical and efficient center representation
for set data. Furthermore, we have utilized LSH functions for oversampling and developed SILK, a
seeding technique for 𝑘-FreqItems. Our empirical results showcase the rapid convergence of SILK.
We have also implemented SILK on a distributed platform and demonstrated its efficient scalability
with an asymptotically linear relationship to the number of GPUs employed. In our experiments,
SILK outperforms seven competitors and showcases excellent scalability even with 1 billion set
data on a commodity machine equipped with 4 GPUs.
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