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A common analysis task over a stream of time series is to find all pairs of windows whose correlation is above
a given threshold. For a large number of streams, doing so naively, i.e., checking the Cartesian product, is too
expensive. In essence, finding correlated pairs in a non-naive way boils down to a high-dimensional similarity
join in a Euclidean space. While there are similarity join algorithms, such as Quickjoin and ϵ-kdB tree, they
are inefficient for high-dimensional data. We propose CorrJoin, short for Correlation Join, that combines a
complementary dimension reduction and transformation step with a subsequent double-filtering step. In the
first step, we reduce the dimensionality of data stream windows by combining a fast but inaccurate method,
Piecewise Aggregate Approximation (PAA), with an accurate and slow one, Singular Value Decomposition
(SVD). Not only does SVD compensate for the weaknesses of PAA, it also transforms the data to make the
first filter based on bucketing more effective. The second filter, which uses Euclidean distances, reduces
the number of false positives before computing exact correlations. Our experiments reveal that in common
settings, CorrJoin is an order of magnitude faster than state-of-the-art approaches (up to 20 times faster than
Quickjoin).
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1 INTRODUCTION
Due to the ubiquity of sensors and sensor networks, the analysis of time series data in a timely
manner or (near) real-time has gained in importance. Time series data analysis can be found in
areas such as running scientific experiments, keeping track of industrial equipment and vehicles,
collecting economic statistics, and monitoring the health of patients. An increasingly important
application is monitoring the performance of thousands of servers in a data center [44]. There is a
trend in this area to move towards observability platforms, such as Prometheus and Dynatrace,
which provide more functionality compared to monitoring [37]. These platforms help DevOps
engineers in analyzing an incident by supporting the search for root causes. This analysis very
often involves investigating time series data (for instance, Prometheus stores its data as time series1)
and finding correlations between these time series. For example, keeping track of the latency of a
1https://prometheus.io/docs/concepts/data_model/
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web application we observe several peaks of high latency. Taking a closer look at other time series
we find that the latency of the backend database system behaves very similarly, i.e., the two latency
time series are highly correlated, indicating an issue with the database system. Now, correlation
does not necessarily mean causation, but it helps DevOps engineers to find the cause of an incident
much faster.2 Currently, the analysis is triggered after an incident and then relevant time series data
have to be found in log files and compared to each other to find correlated series. With the help of
our correlation join, we can keep track of the correlations between time series as the data becomes
available, making it possible to provide this information instantly when needed. We envision a
system that can provide observability in near real-time.
On a technical level, our goal is to efficiently compute correlation joins over time series data

streams. Thus, given a data stream consisting ofm unbounded time series, we determine all pairs of
time series that are locally correlated in terms of the Pearson correlation. Monitoring an unbounded
time series is handled by a window of length n that is shifted over each time series and uses the
most recent n data points (dimensions) to answer correlation queries. Two windows are considered
correlated if their correlation is above a given threshold, and uncorrelated otherwise. Determining
correlated pairs boils down to evaluating a self join among the windows of all streams with a join
predicate checking for correlation.
Partition- or hash-based joins are among the fastest join algorithms because they eliminate

many pairs from consideration, and only look at a small subset of the Cartesian product containing
potential join partners. When applying these kinds of joins for finding pairs of correlated windows
in data streams, we face two challenges. First, the join predicate is not based on equality, which
makes it difficult to apply hash-based algorithms. Second, we are dealing with high-dimensional
data, as typical data stream windows contain hundreds or thousands of values. In order to tackle
the first challenge, we map the Pearson correlation to the Euclidean distance and determine pairs
of windows with a distance less or equal to ϵ (which is the distance threshold derived from the
correlation threshold (see Section 2.1)). By assigning the windows to buckets of width ϵ , we eliminate
all pairs of windows from non-neighboring buckets. However, we cannot apply the bucketing
approach directly as the high dimensionality of the data would lead to buckets with a large number
of neighbors (this number increases exponentially with the number of dimensions). At the heart of
our novel approach CorrJoin, short for Correlation Join, is a complementary dimension reduction
and transformation. Using an innovative combination of Piecewise Aggregate Approximation
(PAA), an efficient but not very accurate dimensionality reduction technique, with Singular Value
Decomposition (SVD), an accurate but slow method, we are able to efficiently leverage bucketing
for the computation of correlation joins.
In the following, we briefly describe the steps of our algorithm (see Figure 2 for a visualization

of its overall structure). The first step of CorrJoin is responsible for preprocessing the input time
series windows by reducing their dimensionality via PAA, which is able to do this very efficiently
while retaining aggregated information. We actually produce two sets of dimensionality-reduced
windows. The windows in the first set are reduced to ks dimensions and are fed into SVD, while the
windows in the second set are reduced to ke dimensions and are used in a later filter step involving
the Euclidean distance. SVD prepares the data for bucketing by transforming the dimensions
and selecting the kb dimensions that best spread the data (i.e., have the highest variances). The
second step of CorrJoin utilizes double-filtering, passing the data from step one through two filters.
Considering a quadratic number of pairs, i.e., all pairs of the Cartesian product, is clearly inefficient.
So, the first filter, called bucketing filter, partitions the data into buckets of width ϵ and only compares
windows located in the same or neighboring buckets. The earlier mentioned SVD transformation

2https://cloud.redhat.com/blog/observability-superpower-correlation
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ensures that the data is spread across buckets in the most effective way. Since the bucketing filter is
not perfect, i.e., the output includes pairs that are not correlated, the pairs that pass the bucketing
filter are passed on to a second filter, the Euclidean distance filter, to check if the Euclidean distance
is below distance threshold ϵ using the windows with ke dimensions. This further decreases the
number of pairs for which the exact correlation has to be computed.
In summary, CorrJoin strikes a good balance between performance (from PAA) and accuracy

(from SVD). PAA-reduced windows are essential to speed up the SVD transformation and the
Euclidean distance filter. SVD in turn is needed to make the bucketing work efficiently. In particular,
our contributions are the following:

• We show how dimensionality reduction, dimensionality transformation, bucket filtering, and
distance filtering must be combined to get a robust reduce-filter-and-refine approach for time
series data that scales not only with the length but also with the number of time series. While
each of these techniques is well understood, none of them leads to an efficient algorithm if
used on its own. For a correlation join, these methods have to be combined in novel and very
specific ways to reach a high level of efficiency.
• We introduce a novel approach for computing threshold-based correlations between windows
of time series by combining Piecewise Aggregate Approximation (PAA), a fast but inaccu-
rate reduction technique, with Singular Value Decomposition (SVD), a slow but accurate
transformation and reduction technique.
• We decrease the number of pairwise comparisons by a bucketing filter that uses the most
important dimensions for partitioning the windows into buckets. The bucketing guarantees
that only windows in the same or in neighboring buckets must be compared. We present the
first approach that leverages complementary dimension reductions and transformations to
improve the efficiency of a bucketing filter.
• Using synthetic and real datasets, we conduct an extensive set of experiments to evaluate the
performance of CorrJoin and compare it to the state-of-the-art approaches. Our experiments
reveal that the proposed algorithm is at least an order of magnitude faster than the state-of-
the-art approaches, and reduces the number of comparisons by at least 80% for widely used
ranges of correlation thresholds.

2 DEFINITIONS AND TERMINOLOGY
We start out by defining the notation and terminology used in this paper. Throughout, we consider
a dataset withm time series.

Definition 2.1. A time series xp = {xp [1], xp [2], xp [3], . . . }, 1 ≤ p ≤ m, is an unbounded
sequence of data points that are equally spaced in time. Each data point is a real number.

Definition 2.2. A window wp [i + 1..i + n] of a time series xp is a continuous subsequence of xp of
length n with starting time i + 1, i.e.,wp [i + 1..i + n] = {xp [i + 1],xp [i + 2], . . . ,xp [i + n]}.

As new data arrives windows are shifted by h newly arriving data points, called the stride. We
writewp [αh + 1..αh + n] to refer to window α of time series xp with stride h. A window of length
n is an n-dimensional object, in which each data point represents a dimension.

We abbreviate wp [i + 1..i + n] and wq[i + 1..i + n] by x = {x[1],x[2], . . . ,x[n]} and y =
{y[1],y[2], . . . ,y[n]} with averages x̄ and ȳ, respectively. The Pearson correlation is defined for
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equal-length windows, x and y:

corr (x ,y) =

n∑
i=1
(x[i] − x̄)(y[i] − ȳ)√

n∑
i=1
(x[i] − x̄)2

√
n∑
i=1
(y[i] − ȳ)2

(1)

It is well known that the Pearson correlation can be computed incrementally over the windows [4].
We refer to this approach as incremental Pearson (IncP), which computes s1 =

∑n
i=1 x[i], s2 =∑n

i=1 x[i]
2, s3 =

∑n
i=1 y[i], s4 =

∑n
i=1 y[i]

2, s5 =
∑n

i=1 x[i] · y[i], and assembles these sums to

corr (x ,y) =
ns5 − s1s3√

(ns2 − s
2
1)(ns4 − s

2
3)

(2)

Ideally, we only calculate the exact correlation (according to Equation (1) or (2)) for a small number
of potentially correlated pairs. Dimensionality reduction techniques achieve this by reducing the
length of the windows and checking the correlation strength in a lower dimensional space, which
can be done more cheaply. We use Piecewise Aggregate Approximation (PAA) as a dimensionality
reduction technique since it is one of the fastest methods.3 It guarantees that no correlated pairs are
missed, i.e., there are no false negatives. False positives, i.e., non-qualifying pairs in the candidate set
are eliminated afterward. Although PAA is very efficient, it is not very accurate, i.e., it produces a
substantial number of false positives, especially if we drastically reduce the number of dimensions
to very low values. In order to compensate for this, we employ Singular Value Decomposition
(SVD) in combination with PAA. In the following, we briefly describe the two methods.

2.1 Piecewise Aggregate Approximation (PAA)
Piecewise Aggregate Approximation (PAA), also known as Piecewise Constant Approximation
(PCA) [34, 49], reduces the dimensionality of a window from n to k dimensions by dividing it into
k equi-length segments with the segment length equal to n

k [24, 56]. The reduced representation is
a vector containing the mean values of the segments.

Example (k = 4):
• x = {6, 2, 3, 1, 4, 5, 8, 7}
• X = PAA(x , 4) = {4, 2, 4.5, 7.5}

The time complexity for reducing the dimensionality of a window using PAA is O(n) [30].
Whenever h new data points become available, the mean value vector is updated at cost O(h + k).

Let x̂ = {x̂[1], x̂[2], . . . , x̂[n]} be the normalization of window x such that x̂[i] = (x[i] −
x̄)/

√∑n
i=1(x[i] − x̄)

2 where x̄ is the average of x . The Euclidean distance d between two win-
dows is the square root of the sum of the squares of the differences between the corresponding
data points of the windows:

d(x ,y) =

√√
n∑
i=1
(x[i] − y[i])2 (3)

The Pearson correlation corr can be expressed in terms of the Euclidean distance d [58], [43]:

corr (x ,y) = 1 −
1
2
d2(x̂ , ŷ) (4)

The higher the correlation between two pairs is, the smaller their distance becomes, as according
to Equation 4 the correlation and the distance are inversely related. It has been shown that the
3Also, Keogh et al. [24] have shown that there is no big difference between various dimensionality reduction techniques for
time series, but that PAA has a slight edge over the other methods.
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Euclidean distance between windows X and Y whose dimensions have been reduced with PAA
lower bounds the distance between the original windows x and y: this guarantees that there
are no false negatives (but we still need to remove false positives afterward). More precisely,
d(X ,Y ) ≤

√
k/n · d(x ,y) [24, 56]. Thus, assuming the PAA-representations of the normalized

windows are denoted by X̂ and Ŷ , we get d(X̂ , Ŷ ) ≤
√
k/n · d(x̂ , ŷ). According to this property and

Equation 4, we determine if corr (x ,y) ≥ T by checking d(X̂ , Ŷ ) ≤ ϵ where ϵ =
√

2k(1 −T )/n, since

corr (x ,y) ≥ T ⇒ 1 − 1/2d2(x̂ , ŷ) ≥ T ⇒ d(x̂ , ŷ) ≤
√

2(1 −T )

Thus, d(X̂ , Ŷ ) ≤
√
k/n · d(x̂ , ŷ) ≤

√
k/n ·

√
2(1 −T ).

2.2 Singular Value Decomposition (SVD)
Singular Value Decomposition (SVD) is a matrix decomposition technique that decomposes a matrix
M into three matrices U , D, V ⊺ (transpose of V ) such that M = UDV ⊺ [25, 28, 51]. The matrices
are defined as follows:
• MatrixM is anm × n matrix that consists ofm n-dimensional windows.
• Matrix U is anm × p matrix where p = min(m,n). The columns of U are the orthonormal
eigenvectors ofMM⊺.
• MatrixD is ap×n diagonal matrix with nonnegative elements σ1,σ2, . . . ,σn along its diagonal.
These elements are the square roots of the eigenvalues ofM⊺M , and are ranked in decreasing
order such that σ1 ≥ σ2 ≥ . . . , ≥ σn ≥ 0.
• Matrix V is an n × n matrix whose columns are the orthonormal eigenvectors ofM⊺M .

As an example, consider three windows: a = {3, 1}, b = {−1, 2} and c = {2, 4}. Then, we have

a ←
b ←
c ←

M(3×2)︷    ︸︸    ︷[
3 1
−1 2
2 4

]
=

U(3×2)︷         ︸︸         ︷[
0.5 −0.7
0.2 0.7
0.9 0.2

]
×

D(2×2)︷       ︸︸       ︷[
5.2 0
0 2.8

]
×

V⊺(2×2)︷         ︸︸         ︷[
0.6 0.8
−0.8 0.6

]
The productUD contains a set of windows that are rotated from the original windows in matrix

M . As they are merely rotated, their Euclidean distances are preserved. The dimensionality reduction
of the windows from n to k is performed by discarding (or zeroing-out) the n − k smallest σi from
matrix D (yielding the truncated version Dk ) and also discarding the n − k corresponding entries in
matrixU (yielding the truncated versionUk ). The productUkDk consists of k-dimensional windows
in the reduced dimensionality space.

SVD must examine the entire dataset and collects them windows of all series in a matrixM . SVD
has a computational complexity of O(m(np + k2)) for computing matrices U and D and reducing
the dimensionality of windows.

3 RELATEDWORK
We first look at related work that uses dimensionality reduction to implement approaches for
lowering the costs of distance (or correlation) computations. These approaches do not decrease the
number of pairwise comparisons, they only speed up the distance computations.
Agrawal et al. [2] authored a seminal work about efficiently comparing two time series at

scale. They measure the similarity of two sequences using the Euclidean distance, reducing the
dimensionality of the time series via DFT. Additionally, they demonstrate how to map the Pearson
correlation to the Euclidean distance (with the help of Parseval’s theorem [47]), making their
approach applicable for finding highly correlated time series. The idea of speeding up the correlation
computation between time series by reducing their dimensionality can also be found in the following
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approaches: Popivanov and Miller [41] use wavelet transformation instead of DFT, Chen et al.
[8] propose the use of linear approximation, and Qiu et al. [42] combine DFT with a neural
network. Mueen et al. [36] show how to improve the performance by optimizing the I/O cost of
the DFT-based approach. Xu et al. propose TSUBASA [53], which focuses on storing historical
time series data in a preprocessed form to accelerate the search for correlated pairs later on. The
main differences to our approach are that the data is queried an arbitrary number of times (which
makes the preprocessing worthwhile) and that all pairs are compared to each other during query
evaluation. While TSUBASA can be applied in an online setting, it cannot play out its strength in
such an environment and behaves similarly to the naive IncP approach. Several other methods
have been used in the past to reduce the dimensionality of windows and use a filter-and-refine
approach. These range from Piecewise Aggregate Approximation (PAA) [34, 49], Adaptive Piecewise
Constant Approximation (APCA) [7, 14, 21], Multiscale Segment Mean (MSM) [32], Discrete Haar
Wavelet Transform (DHWT) [19, 26], Piecewise Linear Approximation (PLA) [8, 23], Singular Value
Decomposition (SVD) [28, 51], all the way to Chebyshev Polynomials [5]. Additionally, there are
approaches that approximate the answer, i.e., they produce false negatives. There is an approach
based on neural networks [42], one on hierarchical domain transformation [29], another DFT-based
approach [58], and two computing dot products with random vectors [9, 54].

Next, we look at approaches that propose solutions to reduce the number of pairs that have to be
compared. These approaches avoid checking a quadratic number of pairs but their performance
deteriorates once we have significant costs for comparing two windows, which is the case for time
series data. Generally, we have the following alternatives to avoid all pairwise comparisons: index-
based approaches, in which matching objects are looked up via an index, sort-based approaches,
in which objects are first sorted on a dimension and then scanned in an interleaved fashion, and
partitioning/hash-based approaches, in which objects are partitioned and only compatible partitions
are considered. From these alternatives, we do not further pursue sort-based approaches, as they
have been shown to be outperformed by partitioning algorithms [20].

We first look at index structures that support queries searching for all time series that are similar
to a given query time series [6, 11, 15, 27, 33, 39, 40, 46, 50, 59]. The two major issues with these
indexes are that they are expensive to construct and they struggle with high-dimensional data
[12, 13, 17, 18, 52]. For our purposes, we need light-weight methods allowing us to build the indexes
efficiently on the fly, as we throw them away after the current batch of windows has been processed
and need to build new ones for the next batch. Additionally, we are dealing with high-dimensional
windows, a use case indexes generally struggle with. The only suitable index we found is the ϵ-kdB
tree by Shim et al. [46], with which we compare our approach.
Next, we discuss partition-based approaches. Jacox and Samet [20] apply the idea of Quicksort

to find the most similar data objects, creating their Quickjoin algorithm. They use a reference
point in space and the distance of the points in the dataset to this reference point to partition
the data. This approach is used recursively to divide the dataset into smaller and smaller subsets.
Once these subsets reach a size that is small enough, finding potential matches is started inside
the subsets and in the neighboring subsets. This approach has been shown to be highly effective,
outperforming sort-based approaches, which is why we compare our approach to it. Sarma et al.
[10] have generalized this approach to make it more suitable for parallel processing. There are
approximate methods for identifying candidate pairs in high-dimensional spaces: one based on
locality sensitive hashing (LSH) [1] and another based on randomly shifted grids [3]. Since these
methods produce false negatives, we do not consider them here.

Finally, complementary to our work are approaches using correlation to improve the accuracy of
predictions: Yi et al. [55], Gao et al. [16], and Lian et al. [31]. They rely on utilizing correlation for
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their predictions, but do not propose new algorithms for the efficient computation of threshold-
based correlations.

4 CORRELATION JOIN
Our goal is to determine all pairs of windows whose Pearson correlation is above threshold T . As
we map the correlation to the Euclidean distance (see Equation (4)), this boils down to returning
pairs whose distance is less or equal to ϵ . We start by illustrating how the bucketing filter works in
principle and why it should not be applied naively to a correlation join. The difficulties we run
into serve as a motivation for the solution we propose: a carefully crafted pipeline with several
steps (cf. Figure 2). We show how every single one of the difficulties can be overcome by combining
complementary dimensionality reduction and transformation techniques with a two-filter approach
for maximal efficiency.

4.1 Bucketing Filter
We avoid comparing allm2 pairs by partitioning the input windows of them data streams into
buckets. To keep things simple, we first show the principle for one-dimensional data points. We
divide the value domain of the data points into buckets of width ϵ , i.e., bucket b contains the data
points whose valuew falls into the interval [(b − 1)ϵ,bϵ), i.e., the first bucket is labeled b = 1. Thus,
given a valuew , ⌊wϵ ⌋ + 1 is the label of the bucketw belongs to.

Example 4.1. Let m = 6, ϵ = 0.5, and windows w1 = {0.1},w2 = {0.2},w3 = {0.3},w4 =

{1.2},w5 = {1.4},w6 = {1.8}. Windoww4 falls into bucket ⌊ 1.2
0.5 ⌋ + 1 = 3, which means thatw4 is

located in bucket 3. Figure 1 shows the final bucketing (Bkt is used as an abbreviation of bucket).

! ! ! !
Bkt 1 Bkt 2 Bkt 3 Bkt 4

"# "$ "% "& "' "(

Fig. 1. An example for window bucketing

Bucketing facilitates the search for pairs of data points within a distance of ϵ of each other, since
it allows us to distinguish three different cases. First, the distance between two data points in the
same bucket is definitely less than ϵ . Second, two data points located in non-neighboring buckets
cannot possibly be within distance ϵ of each other. Finally, for data points from neighboring buckets
we have to check if their distance is less or equal to ϵ .

dim reduction
(PAA)

m × n

m × ks
m × ke

dim transfor-
mation (SVD)

m × ks

m × kb

bucketing
filter

m × kb

m2r1

Euclidean
distance filter

m2r1 × ke

m2r2

correlation
computation

m2r2 × n

Fig. 2. CorrJoin computation pipeline: input dimensionality is stated above each box, output dimensionality
and candidate set sizes (for filtering steps) below each box; parameters to be tuned are ks , ke and kb .
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4.2 Moving to Higher Dimensions
Bucketing also works for high-dimensional data points. However, applying the approach in a
straightforward fashion leads to performance issues. Assuming that we have n-dimensional data
points and that we need to divide the value domain of each dimension into B partitions of width ϵ ,
yields Bn hypercubes for the bucketing scheme and each hypercube has up to 3n − 1 neighbors.
Applying bucketing to the windows of our data streams directly is infeasible since the windows
have hundreds or thousands of dimensions. Instead, we need to reduce the number of dimensions
before bucketing. However, reducing the number of dimensions negatively impacts the quality of
the bucketing approach. For example, if we reduce the number of dimensions by either picking
them randomly or using PAA, the distance between the data points in the reduced space is only a
lower bound of their true distance. As a consequence, the dimensionality reduction moves data
points closer together, meaning that we now have more data points assigned to the same bucket
or neighboring buckets as before, even though their true distance is greater than ϵ . Data points
located in the same or neighboring buckets must be compared. Reducing the dimensionality to
low values to make bucketing feasible means that we get a rougher approximation of the original
data. For the datasets we used in the experimental evaluation, we typically had to go down to three
dimensions (based on the investigations shown in Figures 4 and 7), leading to inaccurate distance
estimations using PAA.

In order to counteract the negative impact of dimensionality reduction, we apply Singular Value
Decomposition (SVD) to the m windows computed by PAA. After applying SVD, we pick the
dimensions with the highest variance, which leads to a better spread of data points among the
buckets, increasing the likelihood of data points ending up in non-neighboring buckets. In the end,
we have low-dimensional data (for our datasets, we used three dimensions), but the data created by
applying PAA and then SVD reflects the original distances much better than picking dimensions
randomly or using only PAA.

4.3 Euclidean Distance Filter
Before computing the correlation between pairs of windows from the same or neighboring buckets,
we use a Euclidean distance filter to further reduce the number of candidate pairs, but this time
using a higher number of dimensions compared to the dimensionality used by SVD before bucketing.
We denote the number of dimensions used for SVD by ks and the number of dimensions used
for the Euclidean distance filter by ke . By using ke dimensions we obtain a better accuracy and,
thus, fewer false positives. We can afford to use a higher number of dimensions, as we apply the
comparison to a smaller number of pairs. Only the pairs passing the bucketing filter will go through
the Euclidean distance filter.

4.4 Complete Algorithm
The complete CorrJoin algorithm assembles the different components into the pipeline shown
in Figure 2. The input to the pipeline arem windows, each with n dimensions. In a first step, we
reduce the dimensionality of the windows using PAA. We generate representations with ks and ke
dimensions as depicted in Figure 3 (the original windows are preserved in anm × n matrix). We
generate the ke -dimensional representation at this point already to save another scan through the
windows later on. The concrete values of ks and ke have a significant impact on the performance,
and we discuss the tuning of these parameters in Section 6.2. The ks -dimensional windows are fed
into the algorithm computing the SVD. From the output of SVD we choose the first kb dimensions
for the bucketing step (the calibration of parameter kb is discussed later). This produces a set of
candidate pairsC1 that contains r1 percent of the pairs in the Cartesian product. We call the pruning
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rate for this step the join pruning rate and it is equal to 1 − r1. Note that we do not pass the actual
windows through the pipeline but their matrix indices (red numbers in Figure 3) for lookup during
the processing. The values for r1 observed in our experimental evaluation are typically below 40%.
We apply a Euclidean filter step on this candidate set, this time using the ke -dimensional windows.
This yields candidate set C2 with r2 percent of the Cartesian product. Consequently, r2 determines
the overall pruning rate, which is equal to 1 − r2. Typical values for r2 are below 10%. Finally, we
compute the true value of the Pearson correlation for all pairs in the second candidate set, resulting
in the overall answer set.

Algorithm 1 shows the pseudocode for our CorrJoin algorithm. For better readability, the bucket-
ing is shown in Algorithm 2. MatricesW ,Ws ,Wb , andWe withm rows and n, ks , kb and ke columns,
store the values of the windows in the original and reduced dimensionality spaces, respectively.
Additionally, there is an input buffer Bp of size h, which holds the next batch of elements from
time series xp , i.e., in each step, h new values become available in the data streams. Operators
⊖ and ⊕ drop previous and add new data points to a window, respectively. In Algorithm 2, BKT
includes all the buckets of windows after bucketing according to kb dimensions. We note that in
our implementation, we store the windows indices in the buckets rather than the windows itself.

0
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W
m×n︷                                      ︸︸                                      ︷

9 7 5 2 6 7 4 1
7 6 2 5 9 6 3 5
4 3 4 4 7 8 9 4
1 3 2 2 1 5 8 9
4 1 4 4 4 8 9 5
3 2 3 5 5 7 9 4
8 7 5 6 5 8 9 6
7 8 7 3 1 2 6 9
9 4 3 3 2 3 1 1
9 4 3 2 6 4 6 5



Ws
m×ks︷        ︸︸        ︷

5.7 4.5
5 5.7

3.7 7
2 5.7

3.2 6.5
3.2 6.2
6.5 7
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We
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8 3.5 6.5 2.5
6.5 3.5 7.5 4
3.5 4 7.5 6.5
2 2 3 8.5

2.5 4 6 7
2.5 4 6 6.5
7.5 5.5 6.5 7.5
7.5 5 1.5 7.5
6.5 3 2.5 1
6.5 2.5 5 5.5



Wb
m×kb︷ ︸︸ ︷

−1.6
−0.2
1.5
2.1
1.6
1.5
−0.6
−2
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C1
m2r1×2︷  ︸︸  ︷
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1 6
1 9
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2 3
.
.
.

.

.

.
8 0
8 7
0 1
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0 9



C2
m2r2×2︷  ︸︸  ︷
6 9
2 4
2 5
4 5
0 1



R︷  ︸︸  ︷[6 9
2 4
0 1

]

Fig. 3. Example for utilized data structures: matrices withm rows and n, ks , kb and ke columns store windows
in the original and reduced dimensionality spaces. Candidate sets C1 and C2 contain window pairs that have
to be checked.

5 COST MODEL AND ANALYSIS
We now determine the run-time of the pipeline illustrated in Figure 2 and compare it to the cost of
the baseline algorithm. The total costs of the pipeline are comprised of five components, one for
each phase: computing the PAA representation, computation of SVD, bucketing filter, a Euclidean
distance filter, and the computation of the true correlation. If the time series data has not been
normalized yet, we need to first do the normalization. Altogether, the total costs ctotal are made up
of

(cnorm +) cPAA + cSV D + cbkt + cf il ter + ctrue (5)
We look at all these subcosts in turn and compare them to the costs of the brute-force baseline

approach, which computes the Pearson correlation for all m2 pairs on the full-sized windows,
resulting in cbase = O(m2n).

The normalization of the time series data can be done in timemn, so

cnorm = O(mn) (6)
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Algorithm 1: CorrJoin(x1, ...,xm ,n,h,T ,ks ,ke ,kb )
Input: Stream withm series x1,x2, . . . ,xm (each with an input buffer Bp ), window size n, stride

h, correlation threshold T , number of dimensions ks , ke , kb
Output: Report threshold-based correlations

1 ϵ1←
√

2ks (1 −T )/n, ϵ2←
√

2ke (1 −T )/n
2 α ← 1

3 while input buffers are arriving do
4 for p ← 1 tom do
5 wp [α] ←wp [α − 1][1..h] ⊖wp [α − 1]⊕ Bp
6 W [p] ← normalization ofwp [α] (see Section 2.1)
7 Ws [p],We [p] ← PAA(W [p], ks , ke )

8 Wb ← SVD(Ws )
9 C1← BucketingFilter(Wb , kb , ϵ1)

10 C2← ∅

11 for ⟨p,q⟩ ∈ C1 do
12 if d(We [p],We [q]) ≤ ϵ2 then C2← C2 ∪ ⟨p,q⟩

13 for ⟨p,q⟩ ∈ C2 do
14 if |corr (W [p],W [q])| ≥ T then Report (p,q,α)
15 α ← α + 1

Algorithm 2: BucketingFilter(Wb , kb , ϵ)
Input: MatrixWb of windows, number of dimensions kb , distance threshold ϵ
Output: Candidate set of likely correlated pairs of windows

1 C1← ∅

2 m← number of windows inWb

3 BKT ← initialize kb -dimensional bucketing scheme
4 for p ← 1 tom do
5 assignWb [p] according to kb columns to Bkti ∈ BKT
6 for Bkt ∈ BKT do
7 forWb [i] ∈ Bkt do
8 forWb [j] ∈ Bkt do
9 if i < j and d(Wb [i],Wb [j]) ≤ ϵ then C1 = C1 ∪ ⟨i, j⟩

10 for each neighbor Bkt ′ of Bkt do
11 forWb [i] ∈ Bkt do
12 forWb [j] ∈ Bkt

′ do
13 if d(Wb [i],Wb [j]) ≤ ϵ then C1 = C1 ∪ ⟨i, j⟩

14 return C1
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which is cheaper than cbase by a factor ofm.
Computing the PAA representation has the same time complexity, so its costs are

cPAA = O(mn) (7)

Again, this is much faster than the baseline approach. These steps take little time (together less
than 5%) and are preparation steps to speed up the following steps.
SVD’s costs are quadratic in the number of dimensions. This is the reason why it requires

low-dimensional data to perform efficiently. As the input data has ks dimensions, we get

cSV D = O(mk2
s ) (8)

Clearly, ks is always smaller than n, since we are reducing the dimensionality with PAA. However,
we also have to make sure that k2

s is smaller than m, otherwise the computation of SVD will
dominate the computation time.
Next we turn to the costs for the bucketing and joining. The cost for the bucketing ismkb as

assigning each window to a bucket is done considering kb dimensions. Let mi be the number
of elements in the i-th bucket and let mi j be the number of elements in the j-th neighbor of
bucket i . Basically, we need to determine the costs for joining the elements within a bucket (the
summation) and the costs for joining these elements with elements in neighboring buckets (the
double-summation):

cbkt = O(mkb +
Bkb∑
i=1

m2
ikb +

Bkb∑
i=1

3kb −1
2∑

j=1
mimi jkb ) (9)

Clearly, choosing a value for kb that is too large leads to a prohibitively expensive run time, due to
the exponential growth of the summation limits. The reason we use bucketing is to prune many
non-matching pairs without having to check them. Note that while the costs increase exponentially
in kb , the join pruning rate does not. On the contrary, increasing kb leads to diminishing returns,
i.e., the improvement of the pruning rate becomes smaller and smaller. On top of that, using SVD
allows us to pick the dimensions in order of importance, i.e., every additional dimension we choose
is worse than the preceding ones. We investigate this empirically in Section 6.2. Note that the costs
cbkt are impacted by the distribution of the data over the buckets. If the elements are clustered in a
few buckets, we compute the join of a considerable number of pairs in a nested-loop fashion. This
is the reason why it is important to spread out the elements over the buckets with the help of SVD.
The costs of the Euclidean distance filter applied next depend on the size m2r1 of the first

candidate set (r1 is the ratio of pairs passing the bucketing filter, i.e., the join pruning rate is equal
to 1 − r1):

cf il ter = O(m
2r1ke ) (10)

Clearly, ke is much smaller than n andm2r1 is also smaller thanm2 (the candidate set contains a
subset of the Cartesian product) as we see in the experimental evaluation. The smaller r1, the faster
this step will run. Asm2r1 is lower-bounded by the number of pairs in the final result set, this has
implications on the use of our algorithm. If we expect a very large result set, we may be better off
running the baseline approach. This is not surprising and true for all join algorithms, e.g., for a
large result set, a hash join cannot play out its strengths compared to a nested-loop join (see also
Section 6.3.3).

Finally, we have the costs for computing the answer set given the second candidate set produced
by the filter step, which has sizem2r2. Thus,

ctrue = O(m
2r2n) (11)
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As in the second candidate set the number of candidate pairs is further reduced, r2 is smaller than
r1, and the arguments we made for cf il ter also hold for ctrue . We achieve an overall pruning rate of
1 − r2.

6 EXPERIMENTAL EVALUATION
We evaluate our algorithm and compare it to the state-of-the-art and baseline approaches empirically.
By doing so, we back up claims made earlier and demonstrate the effectiveness and efficiency of
CorrJoin. We consider the following approaches:
• ϵ-kdB tree: partitions the data hierarchically into several tiles by randomly selecting di-
mensions. It reduces the number of comparisons by checking the windows inside a tile and
neighboring tiles, and computes the correlations for qualifying pairs.
• TSUBASA: finds correlated pairs by considering the correlation of all pairs. It divides each
window into multiple basic windows and obtains the statistics of basic windows to identify
pairwise correlations among the windows.
• Quickjoin: uses a reference window and the distance of the windows in the dataset to this
reference window to partition the data. It reduces the number of comparisons by recursively
partitioning the data into subsets. Once the subsets reach a size that is small enough, finding
potential matches is started inside the subsets and in the neighboring subsets. Finally, the
correlations are computed for qualifying matches.
• IncPPAA: computes correlated pairs by checking the correlation of all pairs. It speeds up
the calculation of the correlation by using the PAA filter-and-refine approach. Note that we
consider IncPPAA as our baseline approach, but it has been shown to be an efficient approach,
performing an order of magnitude faster than naive IncP [30].

6.1 Setup and Datasets
First, we describe our methodology, i.e., the setup of our experiments and the time series dataset
we used. We implemented the algorithms from scratch in R without using additional libraries, as
we want to measure their performance and not that of any libraries. We conducted the experiments
on a 2.2 GHz 6-Core Mac with 16 GB of memory. We used the following time series datasets4:
• Synthetic dataset is a collection of time series generated by the random walk model [2].
Thus, each time series xp = {xp [1],xp [2], . . . ,xp [n′]} is generated as

xp [i] = xp [i − 1] + zi , i = 2, 3, . . . ,n′ (12)

where x1 and zi are independent, identically distributed (IID) variables uniformly distributed
in the range (−1, 1). For each experiment with synthetic datasets, we generate as many time
series as we need.
• Random dataset is a collection of time series where each time series xp = {xp [1],xp [2], . . . ,
xp [n

′]} is generated as xp [i] = zi , i = 1, 2, . . . ,n′ , where zi is an independent, identically
distributed variable uniformly distributed in the range (−1, 1).
• Stock dataset consists of daily closing prices form = 3878 companies traded on the NASDAQ
stock exchange from 2016 to 2020 collected by Yahoo Finance5.
• Gas dataset contains 128 time series collected between 2007 and 2011 from a gas delivery
platform situated at the ChemoSignals Laboratory at the University of California in San Diego
(one measurement for every 6 hours) [45, 48]. We replicated every series in the dataset 40
times, creating one withm = 5120 series (as we are particularly interested in scaling issues).

4The code and datasets are available at https://drive.google.com/drive/folders/1skrE2x2DMgIms5lZR04kiOlLvvna2zNs
5https://finance.yahoo.com/
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To each replica we added an IID variable uniformly distributed in the range (−0.05, 0.05), so
that all time series are unique and the correlation rate of the dataset roughly stayed constant.
• Chlorine dataset consists of 161 time series (pipe junctions) of a water distribution network
and measurement of the Chlorine concentration level at all these junctions during 15 days
(one measurement for every 5 minutes) [36, 38]. Every series in the dataset is replicated 30
times with small additive noise to keep the correlation rate constant, creating a dataset with
m = 4830 series.

When we selected the datasets, we took care to consider the oscillation (or variability) of the
time series. Basically, oscillation is the speed and scale of changes in amplitude. For instance, a
high-oscillation dataset contains time series with many high peaks and low valleys. The oscillation
has an impact on the performance of dimensionality reduction approaches, such as PAA: the lower
the oscillation, the better these approaches can preserve the general shape of a time series. We
selected datasets with low, medium, and high oscillation for our experiments: these are the chlorine,
stock, and gas datasets, respectively.

6.2 Tuning our approach
Before comparing our approach to its competitors, we show how to tune parameters ks , ke , and
kb to achieve the best performance. We also demonstrate the impact of the different steps of the
CorrJoin pipeline on the performance, illustrating why the particular setup we have chosen for the
pipeline makes sense.

6.2.1 Dimensionality of Bucketing. We start by looking at the dimensionality kb used for the
bucketing, as this parameter drives the whole setup and determines the requirements for the
dimensionality reduction step. Figure 4 shows the runtime for different values of kb for the different
parts of the pipeline. In each subfigure the costs for computing the exact correlations (red part) is
the same, since the candidate set produced by the Euclidean distance filter is independent of kb .
We are particularly interested in the bucketing filter step (green part) and the Euclidean distance
filter step (orange part). Increasing kb makes the distance filter more effective due to the decreasing
number of candidate pairs created by the bucketing filter, at the cost of increased computational
overhead for bucketing. However, the gains become smaller and smaller, meaning that these are
diminishing returns. The overall runtime first decreases, but when going beyond kb = 3, it increases
again, as a larger number of dimensions slows down the bucketing filter due to checking a growing
number of buckets with an increasing number of neighbors.
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Fig. 4. Breakdown of runtime of CorrJoin for increasing kb

Having to use a small value for kb has a significant impact on the steps occurring before the
bucketing. We have to be able to bring the number of original dimensions, n, down to kb = 3
without losing too much accuracy. This is the topic of the following Section 6.2.2.
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6.2.2 Evaluation of PAA and SVD. One of the easiest and fastest ways to reduce the dimensionality
of a window down to kb = 3 dimensions is to select the dimensions randomly. We call this approach
CJRand .

The left-hand side of Figure 5) shows that this leads to a very poor runtime, since randomly
selected dimensions produce a lot of intermediate pairs that do not meet the correlation threshold.
The right-hand side of Figure 5 confirms that randomly picking 3 dimensions in a window results in
a terrible accuracy. The join pruning rate is almost zero for a correlation threshold of up to .95 and
in the end merely reaches 20%. We compare the random selection of dimensions with the CJ PAA
approach, which uses PAA to reduce the dimensionality. PAA aggregates all available information
in a window into mean values. This results in a much better overall runtime since the pruning rate
of CJ PAA is much higher (see Figure 5).
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Fig. 5. Total runtime and join pruning rate of CJRand and CJPAA

We can do better by leveraging SVD, a technique that transforms the data and allows us to pick
dimensions with a higher variance than any individual dimensions in the original window. Running
SVD directly on the original windows is out of the question, though. We ran some experiments and
it took SVD more than an hour to compute the decomposition for windows with 1000 dimensions.
Consequently, we must reduce the dimensionality of the original windows before using SVD.
Our experiments show that 15-dimensional data as input for SVD gives good results (we will
come back to this in Section 6.2.3). Thus, we apply a two-staged approach: in the first stage the
dimensionality is brought down to 15 dimensions and in the second stage we apply SVD to transform
and select dimensions. Figure 6 shows the results for using a random selection (CJRand+SV D ) and
PAA (CJ PAA+SV D ) in the first stage, respectively. Again, the PAA variant performs much better
than the random one. Although CJRand+SV D is better than CJRand , it is still much worse than
CJ PAA+SV D or CJ PAA. The clear winner is CJ PAA+SV D , which outperforms CJ PAA by a factor of
2.5.
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Fig. 6. Total runtime and join pruning rate of our approach with and without PAA
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It is also interesting to note that we get diminishing returns out of SVD, i.e., the first couple
of dimensions of a transformed window are the most important ones, as they exhibit the highest
variability. With every additional dimension, the variability drops, see Figure 7 for an illustration.
Thus, in general there is little reason to go beyond three dimensions for the bucketing, since the
additional dimensions do not help in distinguishing windows from each other.
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Fig. 7. Quickly falling eigenvalues for increasing kb

In summary, by combining PAA and SVD we increase the efficiency of bucketing. PAA first
reduces the dimensionality of a window to a level that allows us to make use of SVD, which in turn
prepares the data for the bucketing by allowing us to transform dimensions and select dimensions
with high variability.

6.2.3 Filtering and Refining. Before computing the true correlation and returning the answer set,
we apply a Euclidean distance filter to check the pairs coming out of the bucketing filter. Figure 8
shows a clear difference in runtime when running our pipeline with and without this distance filter.
Since computing the true correlation on the full-dimensional windows is more costly than doing so
on windows with a reduced dimensionality, it is beneficial to first filter out more false positives.
Since the bucketing phase has already removed many non-qualifying pairs, we can use a dimension
count of ke = 30 to obtain a better accuracy.
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Fig. 8. Total runtime of CorrJoin with and without Euclidean distance computations

We now turn to optimizing parameters ks and ke , the dimensionality used for SVD and the
Euclidean distance filter, respectively. This involves various trade-offs. Increasing ks leads to a
more accurate approximation of the windows at the cost of increased computational overhead for
SVD. On the other hand, increasing ke results in fewer candidate pairs at the cost of increased
computational overhead for the distance filtering. Figure 9 shows a heatmap of the runtime of our
approach for a range of values for ks and ke . We observe the best performance of CorrJoin for
ks = 15 and ke = 30. These are the values we use for the remainder of our experiments. As an
extreme case, we generate a random dataset whose series exhibit a random behavior, for which
there is a change in the optimal values for ks and ke . However, such a dataset is rarely seen in a real
world application and even if it does appear, it only changes the optimal parameter values slightly.
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Fig. 9. Heatmap of the runtime of CorrJoin with varying ks and ke

6.3 Performance
We compare the performance of CorrJoin with the baseline approach IncPPAA and its competitors ϵ-
kdB tree and Quickjoin. We look at the total runtime and pruning rates (join and overall), investigate
the impact of low correlation thresholds, and follow up by showing the effects of increasingm, the
number of time series, and increasing n, the size of the windows. Finally, we demonstrate how to
improve the performance of Quickjoin by applying dimensionality-reduction techniques to it.

6.3.1 Total Runtime and Pruning Rate. Figure 10 compares the runtime and pruning rates of
our approach to the ϵ-kdB tree, TSUBASA and the baseline approach (the join pruning rate is
indicated with a dashed line, the overall pruning rate with a solid line). The ϵ-kdB tree executes
the join by choosing the dimensions for partitioning the data sequentially one by one until no
further partitioning is possible. Essentially, this means that each dimension is chosen randomly
and the results in Figure 10 reflect this: they look very similar to the results for CJRand in Figure 5
and confirm that the random selection of dimensions does not work for high-dimensional data.
On the other hand, TSUBASA has a similar time complexity as the naive IncP since it does not
reduce the number of pairwise comparisons. Since the ϵ-kdB tree and TSUBASA are an order of
magnitude worse than the baseline approach, we drop them from further investigation and focus
on the comparison of CorrJoin with Quickjoin (to better see the comparison between CorrJoin and
IncPPAA, look at the first plot in Figure 19).
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Fig. 10. Total runtime and pruning rate of CorrJoin, ϵ-kdB tree and TSUBASA

We also look into the performance of ϵ-kdB tree for different numbers of dimensions (n) in
Figure 11. For a very low number of dimensions (n ≤ 30), the ϵ-kdB tree shows a better performance
than CorrJoin, but it quickly starts to deteriorate as the number of dimensions grows.

We continue by running CorrJoin and Quickjoin on three different real-world datasets: chlorine,
stock, and gas, which exhibit a low, medium, and high variability, respectively. Figure 12 shows the
total runtime and pruning rates for the chlorine, stock, and gas dataset. CorrJoin performs very
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Fig. 11. The ϵ-kdB tree performs better for very small n, but quickly starts to deteriorate as n increases

well on the datasets exhibiting a low or medium variability (chlorine and stock), since in these
cases PAA provides a more accurate approximation of the windows in the reduced dimensionality
space. PAA is able to preserve the overall shape of a time series more accurately, which in turn
makes the output of SVD in the following step more accurate as well. In terms of the runtime,
CorrJoin outperforms Quickjoin by a factor of up to 22 and IncPPAA by up to an order of magnitude
(T ≥ 0.95). Dimensionality reduction techniques do not work as well for datasets with a high
variability (this is a worst case for our technique). This is why for gas dataset, the pruning rate of
CorrJoin is not better than the pruning rate of Quickjoin, but in terms of performance, CorrJoin still
performs better than all the other algorithms. It is interesting to note that Quickjoin’s performance
for all three datasets is worse than that of the baseline approach.

0.85 0.9 0.95 1
0

200

400

600

Correlation threshold (T )

To
ta
lr
un

tim
e
(s
ec
)

Chlorine dataset

IncPPAA Quickjoin C J PAA+SVD

0.85 0.9 0.95 1
0

0.2

0.4

0.6

0.8

1

Correlation threshold (T )

Pr
un

in
g
ra
te

Chlorine dataset

0.85 0.9 0.95 1
0

200

400

Correlation threshold (T )

To
ta
lr
un

tim
e
(s
ec
)

Stock dataset

0.85 0.9 0.95 1
0

0.2

0.4

0.6

0.8

1

Correlation threshold (T )

Pr
un

in
g
ra
te

Stock dataset

0.85 0.9 0.95 1
0

500

1,000

1,500

Correlation threshold (T )

To
ta
lr
un

tim
e
(s
ec
)

Gas dataset

0.85 0.9 0.95 1
0

0.2

0.4

0.6

0.8

1

Correlation threshold (T )

Pr
un

in
g
ra
te

Gas dataset

Fig. 12. Total runtime and pruning rate of the approaches for different datasets
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Overall, the pruning rate of CorrJoin is better than that of Quickjoin, explaining part of the
difference in runtime. Due to the application of dimensionality-reduction techniques, CorrJoin can
also improve the runtime of the correlation computation compared to Quickjoin.

6.3.2 Memory Usage. Figure 13 shows the memory usage of the different approaches. IncPPAA uses
less memory than our approach and Quickjoin, since it does not reduce the number of comparisons
and, thus, does not need additional space for doing so. Nevertheless, CorrJoin only uses around 18
Megabytes more than IncPPAA.
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Fig. 13. Memory usage of different approaches

6.3.3 Low Correlation Thresholds. We now investigate the impact of lower correlation rates. Previ-
ous work on determining pairwise correlation [9, 30, 35, 42, 57, 58] looked almost exclusively at
high or very high correlation thresholds (0.9 or higher). While this covers an important category of
applications, there are application domains, such as the social sciences, in which correlated pairs
reach a correlation threshold of at most 0.5 or 0.6 [22]. The correlation threshold has a direct impact
on the parameter ϵ used for the Euclidean distance: ϵ determines the width of the buckets. The
higher the correlation threshold, the lower ϵ , which spreads out the windows among more buckets,
resulting in a smaller number of windows found in neighboring buckets. Figure 14 shows the effects
of varying the correlation threshold for the different real-world datasets. For the chlorine dataset
with a low variability, although CorrJoin also experiences a slowdown and lower join pruning rate
of the bucketing filter due to a larger answer set, it is still much faster than the other approaches.
For the medium and high variability datasets, stock and gas, CorrJoin still has an edge over the
other approaches in terms of performance.

The reason for the performance degradation of the algorithms is the growing size of the answer
set for decreasing correlation thresholds, leading to higher costs for generating this set. Even the
performance of the baseline approach, which uses a nested-loop strategy, suffers, as more pairs
meet the thresholds and have to be checked. For join-based approaches, which avoid computing the
Cartesian product, this also has another impact, as the techniques used to filter out non-correlated
pairs will pay off less and less. We generated synthetic datasets with different correlation rates,
i.e., the proportion of correlated pairs compared to the Cartesian product, to measure the effect of
a growing answer set. Figure 15 illustrates the speedup of CorrJoin and Quickjoin compared to
the baseline approach. For datasets with low variability (such as the synthetic dataset), in absolute
numbers the performance of Quickjoin and IncPPAA deteriorates very similarly when increasing
the size of the answer set (cf. top left diagram of Figure 14). For the speedup factor, this means that
it will actually increase, since Quickjoin’s performance is worse than the baseline approach (which
also causes it to stay below one). For CorrJoin, once the rate reaches around 20%, the difference in
performance between CorrJoin and IncPPAA is not discernible anymore.
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Fig. 14. Total runtime and pruning rate for low correlation thresholds.
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6.3.4 Stride. One effect of utilizing sliding windows is that we do not have to recompute everything
but are able to check for correlation incrementally. However, the impact of this effect is rather
small, as updating the mean value vectors of PAA can be done in linear time. In Figure 16a, we
compare the runtime of each method for different values of stride h. We report the results for the
synthetic dataset (similar results were obtained for the other datasets). The runtime of all methods
only increases (very) slightly.

Another, more important, effect of h is the tradeoff between throughput and latency. The larger
the value h, the higher the latency (as we have to wait for more values to arrive before processing
them) and the better the throughput (because we can processe larger batches). Figure 16b shows
the maximum number of series we are able to process for different values of h. For larger strides,
we can handle more data streams, but have to wait longer for all h values to arrive.
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Fig. 16. Runtime and maximum number of series which can be handled by each method when increasing
stride h

6.3.5 Number of Time Series. Next, we look at the scalability of the different approaches in terms
of the number of processed time series. Figure 17 shows the speedup of CorrJoin and Quickjoin
compared to the baseline approach. Quickjoin does not perform better than the baseline approach,
which results in a speedup of less than 1. For small values ofm, i.e.,m ≤ 100, the speedup of CorrJoin
is below one, since the overhead of the join operation (i.e., the preprocessing and partitioning of the
input data) does not pay off and IncPPAA is faster. Asm increases, i.e.,m > 100, CorrJoin quickly
starts to outperform IncPPAA and eventually levels off, asymptotically approaching a limit. The
primary factor determining the speedup of CorrJoin over IncPPAA is that IncPPAA has to compute
the Cartesian product, while CorrJoin eliminates a lot of pairs via the bucketing. The other factors
are roughly comparable (cf. Section 5). Calculating the exact costs cbkt (as defined in Section 5)
is difficult to do analytically. Nevertheless, we can estimate an upper bound for the best possible
speedup CorrJoin can hope to achieve. The baseline approach IncPPAA has to comparem2 pairs.
The size of the candidate set produced by CorrJoin ism2r1, which means we can lower-bound the
number of pairs that were compared in the bucket filter (every pair showing up in the answer
set was checked, otherwise it would not have appeared). In turn, this means that the ratio of
comparisons between IncPPAA and CorrJoin can be upper-bounded, it is m2

m2r1
= 1

r1
. Consequently,

the speedup of CorrJoin over IncPPAA is at most 1
r1
. For the setup in Figure 17, the join pruning

rate was 0.89, so 1
r1
= 1

0.11 ≈ 9.09 and the speedup can never go beyond this. It actually leveled off
sooner, as this upper bound is quite loose. The insights on scalability re-emphasize the findings
depicted in Figure 15. A lower correlation rate among windows leads to a smaller value for r1,
which in turn results in a higher speedup of CorrJoin compared to IncPPAA.
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6.3.6 Window Size. Finally, we consider the impact of the size of the original windows, n, on the
performance of the join algorithms (see Figure 18 for an illustration). As the window size increases,
the runtime of CorrJoin and Quickjoin goes up. For CorrJoin this does not happen entirely evenly,
but accelerates slightly with larger window sizes: for n = 5000, CorrJoin has a runtime of 105
seconds, for n = 10000, one of 235 seconds. There are multiple causes for the increasing runtime
and its unevenness. Clearly, larger windows take more time to process: this concerns the reduction
of the dimensionality at the very beginning of the pipeline and the final filter step, which is run
on the original windows again. As we can see on the right-hand side of Figure 18, n also has an
effect on the pruning rate. Since the dimensionality of the windows in the intermediate steps
(ks , ke , and kb ) does not change, we are reducing larger and larger windows to the same (small)
dimensionalities, which means that we lose more and more accuracy. Then there is also the effect
of distance concentration for high-dimensional data, i.e., the higher the dimension, the closer the
distance of a point to its closest neighbor becomes to the distance to its farthest neighbor. Thus,
the effectiveness of separating windows into different buckets based on their distances from each
other diminishes for very high dimensions. In contrast, Quickjoin’s runtime increases steeply right
from the start, as the window size n directly leads to higher costs for comparing window pairs.
Thus, while the costs for CorrJoin rise with increasing window size, our method is feasible in

practice, especially in the range of window sizes typical for applications.
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Fig. 18. Total runtime and pruning rate of the approaches with increasing window size n

6.3.7 Improving Quickjoin. Implementing Quickjoin as described by Jacox and Samet [20] leads to
an algorithm that spends a substantial amount of its computations for checking distances between
window pairs. This becomes apparent when increasing the window size (cf. Figure 18). One way to
improve Quickjoin is by leveraging the first part of our approach and reducing the dimensionalities
of the windows using PAA and filtering via the dimensionality-reduced windows. In Figure 19, we
show the results of comparing the improved Quickjoin (Quickjoin+) with CorrJoin and IncPPAA.
While applying PAA to Quickjoin certainly boosts its performance it is still clearly outperformed
by CorrJoin (see left-hand column of Figure 19). Only for very high correlation thresholds does
Quickjoin+ reach the same performance level as CorrJoin. Note that for very high correlation
thresholds, algorithms generally show a good performance, i.e., this case is easy to handle. For
low correlation thresholds, Quickjoin+ is even slightly slower than IncPPAA. When looking at the
pruning rate of Quickjoin+ and CorrJoin, we see that the first pruning done by CorrJoin via the
bucketing already results in a better rate than Quickjoin+’s partitioning.
As a final improvement, we apply both PAA and SVD to Quickjoin and then run Quickjoin’s

partitioning on windows whose dimensionality is the same as that of CorrJoin’s windows, i.e.,
the preprocessing now mirrors that of CorrJoin. While this improvement (shown as Quickjoin++
in Figure 20) improves the pruning rate of Quickjoin further and, in turn, its runtime, it is still
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Fig. 19. Total runtime and pruning rate of IncPPAA, CorrJoin, and the improvedQuickjoin+ (which is still
worse than CorrJoin)

slower than CorrJoin. We identified two aspects in which Quickjoin still differs from CorrJoin.
First, in contrast to CorrJoin, which can directly assign the dimensionality-reduced windows to
buckets, Quickjoin has to compare all windows in the current partition to a pivot. This results in a
higher total number of comparisons between windows (see Figure 20). Second, CorrJoin achieves
a more accurate partitioning for the filtering: it uses buckets with a width of exactly ϵ . Using a
smaller value would mean we could not rule out pairs from non-neighboring buckets, as buckets of
a distance of up to two positions could still contain matching pairs. On the other hand, using a
larger value would lead to checking additional pairs in wider neighboring buckets that could have
been ruled out with narrow buckets. Since Quickjoin partitions the data on the fly with pivots, it is
highly unlikely that it ends up with partitions that have a width of exactly ϵ . Therefore, compared
to CorrJoin, it has to check additional pairs.
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Fig. 20. Total runtime and pruning rate of IncPPAA, CorrJoin, andQuickjoin++ (employing both PAA and
SVD)

7 CONCLUSION AND FUTUREWORK
We propose CorrJoin, an efficient and effective algorithm for determining all pairs of data stream
windows whose correlation is above a certain threshold. We carefully combine PAA, SVD, bucketing,
and Euclidean distance filters to a novel and powerful reduce-filter-refine algorithm that leverages
the complementary properties of dimension reduction and transformation to build a highly effective
bucketing filter that outperforms state-of-the-art solution for this task. We illustrate its effectiveness
and efficiency in an empirical evaluation using several real-world datasets, showing that CorrJoin
outperforms state-of-the-art algorithms. It reduces the number of needed comparisons by at
least 80% and is several times faster than state-of-the-art algorithms and the baseline approach.
Additionally, we exhibit how parts of our technique can even be applied to Quickjoin, one of our
competitors, to boost its performance. While it is still (slightly) slower than our algorithm, it can
now consistently outperform the baseline. This demonstrates that our approach has the potential
to be applicable on a more general level.

For future work, we plan to investigate the following aspects. The bucketing approach makes it
possible to adapt our algorithm to distributed processing, for instance executing it in a map-reduce
framework. The preprocessing involving PAA and SVD can be done independently for each window
in the map step, while the bucketing determines in the shuffle step which reducers receive which
potential window pairs to check for correlation. We also believe that our approach is applicable to
high-dimensional similarity joins using dimensionality reduction techniques that lower-bound the
true distance and plan to take a closer look at this setting.
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