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Quantifying the contribution of database facts to query answers has been studied as means of explanation.
The Banzhaf value, originally developed in Game Theory, is a natural measure of fact contribution, yet its
efficient computation for select-project-join-union queries is challenging. In this paper, we introduce three
algorithms to compute the Banzhaf value of database facts: an exact algorithm, an anytime deterministic
approximation algorithm with relative error guarantees, and an algorithm for ranking and top-k. They have
three key building blocks: compilation of query lineage into an equivalent function that allows efficient
Banzhaf value computation; dynamic programming computation of the Banzhaf values of variables in a
Boolean function using the Banzhaf values for constituent functions; and a mechanism to compute efficiently
lower and upper bounds on Banzhaf values for any positive DNF function.

We complement the algorithms with a dichotomy for the Banzhaf-based ranking problem: given two facts,
deciding whether the Banzhaf value of one is greater than of the other is tractable for hierarchical queries and
intractable for non-hierarchical queries.

We show experimentally that our algorithms significantly outperform exact and approximate algorithms
from prior work, most times up to two orders of magnitude. Our algorithms can also cover challenging problem
instances that are beyond reach for prior work.
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1 INTRODUCTION

Explaining the answer to a relational query is a fundamental problem in data management [9—
12, 23, 24, 28, 36, 37]. Explanations typically rely on various forms of lineage [9, 12, 22] that records
which database tuples participate in the computation of a given query answer. A detailed and
compact explanation can be obtained by quantifying the contribution of each tuple in the lineage
to the query answer. Several such quantification measures have been proposed in recent years
(see Section 7). The Banzhaf value [7, 42] is one such measure and the focus of this work. It
originated in Cooperative Game Theory where it assigns scores to players based on their marginal
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contribution to every subset of the other players. It has found applications in many domains. Most
prominently, it is used as a measure of voting power in the analysis of voting in the Council of the
European Union [54]. It was shown to provide more robust data valuation across subsequent runs
of stochastic gradient descent than alternative scores such as the Shapley value [55]. It is used for
understanding feature importance in training tree ensemble models, where it is preferable over the
Shapley value as it can be computed faster and it can be numerically more robust [25]. In Banzhaf
random forests [52], it is used to evaluate the importance of each feature across several possible
feature sets used for training random forests. It is also used as a measure of risk analysis [19].

Example 1.1. Figure 1 illustrates a DBLP-like database of research papers, their authors and
topics, and a query that retrieves all topics of papers written by authors working in universities.
Consider the output tuple “data science”. One way to explain this output tuple is using its lineage,
which is derived by the query using all database tuples. The analyst may ask: how much does each
database tuple contribute to the output tuple? Which tuples contribute most? In case we only use
the topmost two tuples (marked a;—a;) in the Author table and the topmost three tuples (marked
wi—ws) in the Writes table, we would expect Alice to be more influential than Bob, since she wrote
more papers on data science. Yet in case we consider all database tuples, is it less clear how to
pick the most influential author in data science: Alice, Carol and David have each co-authored two
papers, while Bob has one single-authored paper.

Author (endo) Publication (endo)
Name Org Paper Title Conf
a; | Alice | The Uni p1 1 Bat in the hat | SIGMOD Writes (exo)
a Bob | The Uni P2 2 Dog in the fog | SIGMOD Author | Paper
3 Hen in the d VLDB i
as | Carol | The Uni Ps cen m fhe den wi ﬁ}%ce 1
ay | Dave | The Uni ) ice 2
Wy Bob 3
Query Q Topics (exo) wy | Carol 1
Q(t) == AuTHOR(x, “The Uni”), Paper Topic ws | Carol 2
Writes(x, y) Al 1 data science ws | Dave 1
o tz 2 data science wy | Dave 2
Publication(y,  c), t3 3 data science

Topics(y, t)

Fig. 1. A DBLP-like academic database and a query. Each fact is associated with a lineage variable written
next to it. The facts in the relations Author and Publication are endogenous, all other facts are exogenous.

The Banzhaf value can be used to resolve this conundrum: Whereas in the first case Alice is more
influential than Bob, in the second case Bob becomes more influential than Alice. The Banzhaf
value quantifies the marginal contribution of each database tuple (paper and author) to each query
output tuple (paper topic). More precisely, it identifies which input tuple f are critical to each
output tuple ¢: f is critical for a subset D’ of the database (or sub-database for short) if ¢ is not
an output tuple for D’, but t becomes an output tuple for D’ U {f}. The Banzhaf value of f is the
number of such sub-databases to which it is critical. The Shapley value [49] can also be used for
this quantification. The difference lies in the manner in which these quantities are aggregated: the
Shapley value weighs the contribution based on the size of sub-database, whereas the Banzhaf
value does not. Section 5 compares the two measures.
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Example 1.2. Reconsider Figure 1 (with the Author and Writes tables restricted to the two and
respectively three topmost tuples). We make the common distinction between endogenous and
exogenous facts, where we only wish to compute the influence of the former and the latter are
considered given. The tuple representing Alice (marked a,) is critical for any sub-database that
includes p; or p, but does not include ps. Intuitively, this is because ps is essential for any derivation
of the query result that does not involve Alice. By contrast, if the tuple representing Bob (a,) were
missing, alternative derivations could use either p; or p,. Hence, there are less sub-databases for
which a; is critical, compared to a;.

Since Banzhaf values are defined by the contributions to all possible sub-databases, their definition
does not give an efficient way of computing them. This paper starts a systematic investigation of
both theoretical and practical facets of three computational problems for Banzhaf values in query
answering: exact computation, approximation, and ranking. Our contributions are as follows.

1. Exact Banzhaf Computation (Section 3.1). We introduce EXABAN, an algorithm that computes
the exact Banzhaf scores for the contributions of facts in the answers to positive relational queries
(Select-Project-Join-Union in SQL). Its input is the query lineage, which is a Boolean positive
function whose variables are the database facts. Its output is the Banzhaf value of each variable. It
relies on the compilation of the lineage into a data structure called d-tree [21]. The compilation
recursively decomposes the function into a disjunction or conjunction of (independent) functions
over disjoint sets of variables, or into a disjunction of (mutually exclusive) functions with disjoint
sets of satisfying variable assignments. This approach is justified by the observation that if we
have the Banzhaf values for independent or mutually exclusive functions, we can then compute
the Banzhaf values for the conjunction or disjunction of these functions.

In our experiments with over 300 queries and three widely-known datasets (TPC-H, IMDB,
Academic), EXxABAN consistently outperforms the state-of-the-art solution [16], which we adapted
to compute Banzhaf instead of Shapley values. The performance gap is up to two orders of magnitude
on those workloads for which the prior work finishes within one hour, while ExaBan also succeeds
to terminate within one hour for 41.7%-99.2% (for the different datasets) of the cases for which
prior work failed.

2. Anytime Deterministic Banzhaf Approximation (Section 3.2). We also introduce ADABAN, an
algorithm that computes approximate Banzhaf values of facts. ADABAN is an approximation algo-
rithm in the sense that it computes an interval [£, u] that contains the exact Banzhaf value of a
given fact. It is deterministic in the sense that the exact value is guaranteed to be contained in the
approximation intervall. It is anytime in the sense that it can be stopped at any time and provides
a correct approximation interval for the exact Banzhaf value. Each decomposition step cannot
enlarge the approximation interval. Given any error € € [0, 1] and an approximation interval [¢, u]
computed by ApaBAN, if (1 — €)u < (1 + €)#, then any value in the interval [(1 — €)u, (1 + €)£]
is a (relative) e-approximation of the exact Banzhaf value. ADABAN provably reaches the desired
approximation error? after a number of steps. In the worst case, any deterministic approximation
algorithm needs exponentially many steps in the number of facts®. Yet in practical settings including
our experiments, ADABAN’s behavior is much better than the theoretical worst case. For instance,
ADABAN takes up to one order of magnitude less time than ExABAN to reach € = 0.1.

IThis is in stark contrast to randomized approximation schemes, where the exact value is contained in the approximation
interval with a probability § € (0,1).

In contrast, the randomized approximation schemes cannot guarantee that by executing one more iteration step the
approximation interval does not enlarge.

30therwise, it would contradict the hardness of exact Banzhaf value computation [32] that is attained by ADABAN for € = 0.
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ADABAN has two main ingredients: (1) the incremental decomposition of the query lineage into
a d-tree, and (2) a mechanism to compute lower and upper bounds on the Banzhaf value for a
variable in any positive DNF function.

The first ingredient builds on ExaBaN. Unlike ExaBAN, ADABAN does not exhaustively compile
the lineage into a d-tree before computing the Banzhaf values. Instead, it intertwines the incremental
compilation of the lineage with the computation of approximation intervals for the Banzhaf value. If
an interval reaches the desired approximation error, then ADABAN stops the computation; otherwise,
it further expands the d-tree. Thus, it may finish after much fewer decomposition steps than ExaBan.
This is the main reason behind ApaBAN’s speedup over EXABAN, as reported in our experiments.

The second ingredient is the computation of approximation intervals. ADABAN can derive lower
and upper bounds on the Banzhaf value for any variable in positive DNF functions at the leaves
of a d-tree. While the bounds may be arbitrarily loose, they can be computed in time linear in
the function size. Given approximation intervals at the leaves of a d-tree, ADABAN computes an
approximation interval for the entire d-tree, and thus for the query lineage.

3. Banzhaf-based Ranking and Top-k Facts (Section 4.1). We also introduce IcHIBAN, an algorithm
that ranks facts and selects the top-k facts based on their Banzhaf values. Reconsidering our running
example, we may ask which authors have the highest influence on a given topic. ICHIBAN is a
natural generalization of ADABAN: It incrementally refines the approximation intervals for the
Banzhaf values of all facts until the intervals are separated or become the same Banzhaf value. Two
intervals are separated when the lower bound of one becomes larger than the upper bound of the
other. IcHIBAN also supports approximate ranking, where the approximation intervals are ordered
by their middle points.

The top-k problem is to find k facts whose Banzhaf values are the largest across all facts in the
database. To obtain such top-k facts, we proceed similarly to ranking. We start by incrementally
tightening the approximation intervals for the Banzhaf values of all facts. Once the approximation
interval for a fact is below the lower bound of at least k other facts, we discard that fact from
our computation. Alternatively, we can stop the execution when the overlapping approximation
intervals reach a given error, at the cost of allowing approximate top-k.

Our experiments show that when ICHIBAN is prompted to produce approximate ranking or top-k
answers, in practice it achieves near-perfect results. This is true even in cases where previous
work [16], which gives no top-k correctness guarantees, produces inaccurate results. Furthermore,
IcHIBAN is by up to an order of magnitude faster than computing the exact Banzhaf values.

4. Dichotomy for Banzhaf-based Ranking (Section 4.2). Our fourth contribution is a dichotomy for
the complexity of the ranking problem in case of self-join-free Boolean conjunctive queries: Given
two facts, deciding whether the Banzhaf value of one fact is greater than the Banzhaf value of the
other fact is tractable (i.e., in polynomial time) for hierarchical queries and intractable (i.e., not in
polynomial time) for non-hierarchical queries. This dichotomy coincides with the dichotomy for the
exact computation of Banzhaf values [32]. This is surprising, since ranking facts does not require in
principle their exact Banzhaf values but just an approximation sufficient to rank them (as done in
IcHIBAN). The tractability for ranking is implied by the tractability for exact computation (since we
can first compute the exact Banzhaf values of all facts in polynomial time and then sort the facts by
their Banzhaf values), yet the intractability for ranking is not implied by the intractability for exact
computation. Our intractability result relies on the conjecture that an efficient (i.e., polynomial in
the inverse of the error and in the graph size) approximation for counting the independent sets in a
bipartite graph is not possible [13, 18].

5. Comparison with Shapley Values (Section 5). The Shapley value [49] is a measure closely related
to Banzhaf and previously used for explanation in query answering [16, 32]. We show that both
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measures yield very similar rankings in practice. ExABAN can be easily adjusted to compute the
exact Shapley values. This new algorithm, called ExaSHAP, runs slower than ExaABAN since it needs
to perform additional multiplications, yet it is faster than the state-of-the-art algorithm for Shapley
values [16].

D-tree for fact attribution. To the best of our knowledge, there is no prior work on Banzhaf or
Shapley value computation based on d-trees. D-trees, as well as other methods to compile Boolean
functions into tractable forms, have been previously used to compute the probability of output tuples
for queries over probabilistic databases [21]. Our use of d-tree is different: We compute the Banzhaf
value for the contribution of each input tuple to each output tuple. Consequently, novel methods
for the computation of exact values as well as bounds for approximation and ranking, are needed.
The common denominator of both uses is the efficient counting of the satisfying assignments (or
models) of a Boolean function. It is weighted model counting in probabilistic databases, where
different satisfying assignments may have different probabilities or weights, and model counting
for sub-functions in Banzhaf computation.

2 PRELIMINARIES

We denote by N the set of natural numbers including 0. For n € N, we denote [n] def {1,2,...,n}.
In case n = 0, we have [n] = 0.

Boolean Functions. Given a set X of Boolean variables, a Boolean function over X is a function
¢ : X — {0, 1} defined recursively as: a variable in X; a conjunction ¢; A ¢, or a disjunction ¢; V ¢,
of two Boolean functions ¢; and ¢,; or a negation —(¢;) of a Boolean function ¢;. A literal is a
variable or its negation. The size of ¢, denoted by |¢], is the number of symbols in ¢. For a variable
x € X and a constant b € {0, 1}, ¢[x := b] denotes the function that results from replacing x by
b in ¢. An assignment for ¢ is a function 6 : X — {0, 1}. We also denote an assignment 6 by the
set {x | (x) = 1} of its variables mapped to 1. The Boolean value of ¢ under the assignment 0 is
denoted by ¢[0].If [0] = 1, then 0 is a satisfying assignment or model of ¢. We denote the number
of models of ¢ by #¢. A function is positive if its literals are positive.

Databases and Queries. We assume familiarity with the standard notions of relational databases
(see [1]). Following prior work [32], we assume that the database is partitioned into a set D,
of endogenous and a set D, of exogenous facts. A conjunctive query (CQ) Q has the form Q(X) :
—Ri(X3),...,Ry(Xy) where Ry, ..., R, are relation names; X3, . .., X, are tuples including variables
and constants whose arity match that of the corresponding relations; and X, called the head
variables, is a subset of the variables occurring in X, ..., X;,. Each R;(X;) is an atom of Q. If X is the
empty set, we say that Q is boolean. Figure 1 includes an example of a CQ Q. A union of conjunctive
queries (UCQ) consists of a set of CQs {Qy, ..., Qr} whose head has the same arity.

We denote by at(X) the set of atoms with the query variable X. A CQ is hierarchical if for any
two variables X and Y, one of the following conditions holds: at(X) c at(Y), at(X) 2 at(Y), or
at(X) Nat(Y) = 0. A CQ is self-join free if there are no two atoms with the same relation symbol.

Query Grounding. A grounding of a CQ Q w.r.t. a database D is an assignment G of constants to
all variables of Q such that, after replacing every variable v by G(v), every atom of Q corresponds
to a fact in D. We use facts(G) to denote this set of facts. A grounding for a UCQ is a grounding
for one of its CQs. Each grounding G yields an output tuple, which is the restriction of G to the
head variables of Q. Multiple groundings may yield the same tuple: we use G(Q, D, t) to denote the
set of groundings yielding t. We use Q(D) to denote the set of output tuples for Q w.r.t. D.
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Example 2.1. The following groundings of the query in Figure 1 yield the output (data science):
Gy = {x — Alice,y — 1,I +— Bat in the hat,c + SIGMOD,t > data science}; G; = {x —
Bob,y > 3,1+ Hen in the den,c — VLDB,t > data science}.

Banzhaf Values of Database Facts. Consider a UCQ Q, a database D = (D,, D), an output tuple
t, and an endogenous fact f € D,. We denote by I(Q, D, t) the indicator function whose value
is 1if t € Q(D) and 0 otherwise. We then define the Banzhaf value * of a fact f as its marginal
contribution to the existence of t in the query output, aggregated over all sub-databases:

Banzhaf(Q,D, f,t) = ZD/Q(DH\{f})I(Q, D' UD, U{f},t) —I(Q,D" U Dy, t) (1)

Note that since UCQs are monotone, Banzhaf (Q, D, f, t) equals the number of sub-databases
D’ for which t € Q(D’ U Dy U {f}) while t ¢ Q(D’ U Dy). By counting these sub-databases, the
Banzhaf value intuitively reflects the extent to which the fact is replaceable in deriving a given
output tuple of interest.

Example 2.2. Consider the query Q and database D in Figure 1. We assume that all facts in
the relations Author and Publication are endogenous (contained in D,) and all other facts are
exogenous (contained in D,). We identify the facts in the relations Author and Publication by
the variables a;-a4 and respectively p;-ps.

We measure the impact of the existing authors on the topic data science using the Banzhaf value.
A fact f is critical for a set D’ € D, \ {f} if (data science) ¢ Q(D’ UD,) but (data science) €
Q(D’" U Dy U {f}). Hence, to determine the Banzhaf value of f, it suffices to count all sets D’ C
Dy \ {f} for which f is critical.

Let us first consider the relations Author and Writes restricted to their two and respectively
three topmost facts. Alice (a;) and Bob (a;) have two and respectively one paper on data science.
The Banzhaf value of a; is then indeed higher than the one of a,, as detailed next. For each set D’
of endogenous facts for which a; is critical, one of the following two cases holds: Either a, ¢ D’
and {p1, p2} N D’ # 0;0r a; € D', {p1,p2} N D" # 0, and p5 ¢ D’. The overall number of such sets
is nine. The sets for which a; is critical has one of the following properties: Either a; ¢ D’ and
ps € D’;ora; € D, {p1,p2} N D’ =0, and p3 € D’. There are five such sets. Hence, the Banzhaf
value of Alice is higher than the one of Bob.

Now, consider the full database in Figure 1. In this case, Alice, Carol, and Dave have co-authored
two papers (p; and p;), whereas Bob has one paper (p3), which is single-authored. Ranking the
three academics by the number of their papers would put Bob below all the others. However, the
Banzhaf value of the fact representing Bob is eleven, while the value for each of the other three
academics is nine, which means that Bob has the most impact.

Query Lineage. Let a database D = D,, U D,. We associate each endogenous fact f in D, with a
propositional variable denoted by v(f). Given a UCQ Q, a database D and an output tuple ¢, the
lineage of ¢ with respect to Q over D, denoted by lin(Q, D, t), is a positive Boolean function in
Disjunctive Normal Form over the variables u(f) of facts f in D,,, defined as follows:

. def
lin(@.D,H) = \/ N o @)
GeG(Q.Dit) fefacts(G)NDy,
Each clause in the lineage is a conjunction of variables associated with facts participating in a

grounding.

40ur results also apply to normalized versions of the Banzhaf value such as the Penrose-Banzhaf power or Penrose-Banzhaf
index [27].
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Example 2.3. Consider again the query Q and database D in Figure 1, where we restrict Author
and Writes to their first two and respectively three facts. Then, lin(Q, D, (data science)) =
(a1 A p1) V (a1 A pa) V (az A ps3). The variables of exogenous facts (in Writes and Topics) are
excluded from the lineage.

Banzhaf values in query answering may be computed based on the lineage, rather than directly
using the query and the database:

Definition 2.4 (Banzhaf Value of Boolean Variable). Given a Boolean function ¢ over X, the
Banzhaf value of a variable x € X in ¢ is:

Banzhaf(p.x) Y p[Y U{x} - olY] 3)
YCX\{x}

Each choice of a subset Y of variables to be assigned true corresponds to a choice of sub-database
including exactly the tuples whose variables are in Y. Each summand in Eq. (3) is either 0 or 1,
depending on whether adding x to the subset Y of variables chosen to be assigned true, flips the
truth value of ¢ from 0 to 1.

When ¢ = lin(Q, D, t) is positive, it can be shown:

Banzhaf (Q, D, f,t) = Banzhaf (lin(Q, D, t),v(f)) (4)

Example 2.5. Consider the lineage from Example 2.3: lin(Q, D, (data science)) = (a; A p1) V
(a1 A p2) V (az A ps3). Eq. (4) gives Banzhaf (Q, D, a;, (data science)) = Banzhaf (lin(Q, D, (data
science)), a;). This relies on the fact that any satisfying assignment for this lineage corresponds to
a database over which the query outputs the tuple (data science). For instance, any assignment
that sets a; and p; to true satisfies the lineage. Indeed, Q outputs (data science) when evaluated
over any database that contains all exogenous facts and the facts (Alice, The Uni) and (1,Bat in
the hat, SIGMOD) identified by a; and p;, respectively.

Computing Banzhaf values based on the lineage is in practice much more efficient than computing
them based on their direct definition, since the latter involves costly re-evaluation of the query
on sub-databases. Because of this, and since the lineage itself is efficiently computable [22], we
will focus in the remainder of the paper on the problem of Banzhaf computation over lineage
expressions.

Finally, we give a useful characterization of Banzhaf values via counting satisfying assignments.
Let #¢ be the number of satisfying assignments for a positive formula ¢. Based on [32], we get:

Banzhaf (@, x) = #¢[x := 1] — #p[x := 0] (5)

3 BANZHAF COMPUTATION

This section introduces our algorithmic framework for computing the exact or approximate Banzhaf
value for a fact (variable) in a query lineage (Boolean positive DNF function). Sec. 3.1 gives our
exact algorithm, which allows to introduce the building blocks of decomposition trees and formulas
for Banzhaf value computation that exploit the independence and mutual exclusion of functions.
Then, Sec. 3.2 extends the exact algorithm to an anytime deterministic approximation algorithm,
which incrementally refines approximation intervals for the Banzhaf values until the desired error
is reached.
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3.1 Exact Computation

The main idea of our exact algorithm is as follows. Assume we have the Banzhaf value for a
variable x in a function ¢;. Then, we can compute efficiently the Banzhaf value for x in a function
@ = @1 op @2, where op is one of the logical connectors OR (V) or AND (A) and in case the functions
@1 and ¢, are independent, i.e., they have no variable in common, or mutually exclusive, i.e., they
have no satisfying assignment in common. The following formulas make this argument precise,
where we keep track of both the Banzhaf value for x in ¢ and also of the model count #¢ for ¢:

o If 9 = ¢1 A @2 and ¢, and ¢, are independent, then:

#p = #01 - #02 (6)
Banzhaf (¢, x) = Banzhaf (@1, x) - #¢2 7)
o If p = ¢1 V ¢z and ¢; and ¢, are independent, then:
#p = #p1 - 2% + 2 - #oy — #1 - #02 ()
Banzhaf (¢, x) = Banzhaf (1, x) - (2" — #¢2), 9)

where n; is the number of variables in ¢; for i € [2].
o If 9 = @1 V @2, and ¢; and ¢, are mutually exclusive and over the same variables, then:

#p = #p1 + o, (10)
Banzhaf (¢, x) = Banzhaf (¢1, x) + Banzhaf (@2, x) (11)

The derivations of these formulas are given in the extended version of this paper [2].

For functions representing the lineage of hierarchical queries, it is known that they can be
decomposed efficiently into independent functions down to trivial functions of one variable [39].
For such functions, Eq. (6) to (9) are then sufficient to compute efficiently the Banzhaf values. For
non-hierarchical queries, however, this is not the case. A common general approach, which is
widely used in probabilistic databases [51] and exact Shapley computation [16], and borrowed from
knowledge compilation [14], is to decompose, or compile, the query lineage into an equivalent
Boolean function, where all logical connectors are between functions that are either independent
or mutually exclusive. While in the worst case this necessarily leads to a blow-up in the number of
decomposition steps (unless P=NP), it turns out that in many practical cases (including our own
experiments), this number remains reasonably small.

In this paper, we compile the query lineage into a decomposition tree [21]. Such trees have inner
nodes that are the logical operators enhanced with information about independence and mutual
exclusiveness of their children: ® stands for independent-or, ® for independent-and, and & for
mutual exclusion.

Definition 3.1. [21] A decomposition tree, or d-tree for short, is defined recursively as follows:

e Every function ¢ is a d-tree for ¢.
e If T, and Ty, are d-trees for independent functions ¢ and ¢ (resp.), the following are d-trees

for ¢ vV ¢ and ¢ A ¢ (resp.).

® O]
/ \ and / \
L, Ty L, Ty

e If T, and T}, are d-trees for mutually exclusive functions ¢ and resp. i, then the following is

a d-tree for ¢ V .

@

/ \
I, Ty
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2(9,17)
— \@(o,n
(3,3 @/ mo a2 (0,1) \P3(0,1)
auﬁ ~_
/

®(0,3)

(0,1) p1 (0,1

4

Fig. 2. Complete d-tree of the lineage lin(Q, D, data science) = (a; A p1) V (a1 A p2) V (a2 A p3) for the
query Q and database D from Figure 1, where the relations Author and Writes are restricted to the first two
and respectively three facts. Each node is associated with the pair of the Banzhaf value of aj, representing
Alice, and the model count computed for the subtree rooted at that node.

A d-tree, whose leaves are Boolean constants or literals, is complete.

Any Boolean function can be compiled into a complete d-tree by decomposing it into conjunctions
or disjunctions of independent functions or into disjunctions of mutually exclusive functions. The
latter is always possible via Shannon expansion: Given a function ¢ and a variable x, ¢ can be
equivalently expressed as the disjunction of two mutually exclusive functions defined over the
same variables as ¢: ¢ = (x A ¢[x := 1]) V (=x A ¢[x = 0]). This expression yields the d-tree:
(x @ p[x :=1]) ® (—x © p[x = 0]). The details of d-tree construction are given in prior work [21].
In a nutshell, it first attempts to partition the function into independent functions using a standard
algorithm for finding connected components in a graph representation of the function. If this fails,
then it applies Shannon expansion on a variable that appears most often in the function (other
heuristics are possible, e.g., pick variables whose conditioning allow for independence partitioning).
The functions ¢[x := 1] and ¢[x := 0] are subject to standard simplifications for conjunctions and
disjunctions with the constants 0 and 1. In the worst case, d-tree compilation may (unavoidably)
require a number of Shannon expansion steps exponential in the number of variables.

Example 3.2. Figure 2 shows a complete d-tree for the lineage ¢ = (a; Ap1) V (a1 Ap2) V (az Aps)
from example Ex. 2.3 (ignore the pair of numbers associated with each node for now). We first
observe that the function ¢; = (a; A p1) V (a1 A p2) consisting of the first two conjunctive clauses
of ¢ is independent of the last conjunctive clause ¢, = (az A p3). This means that each pair of
satisfying assignments for ¢; and ¢, can be composed into a single satisfying assignment for
¢. We decompose ¢ into the independent-or of ¢; and ¢,. To decompose ¢;, we apply Shannon
expansion on a; and obtain the two mutually exclusive functions @19 = —a; A ¢1[a; :==0] =0 and
@11 = a1 A @1la; == 1] = a; A (p1 V p2). The functions ¢1; and ¢, can be further decomposed into
independent functions until we obtain a complete d-tree.

Alternatively, we can factor out a; in ¢1 = (a1 Ap1) V (a1 A p2) to obtain the function a; A (p1 V p2),
and compile ¢, into the d-tree a; ©(p; ®p2). Our algorithm computing d-trees does this simplification
whenever a variable occurs in all clauses.

Fig. 3 gives our algorithm ExaBAN that computes the exact Banzhaf value for any variable x in
an input function ¢. It takes as input a complete d-tree for ¢ and uses Eq. (6) to (11) to express the
Banzhaf value of a variable x in a function ¢ represented by a d-tree T, using the Banzhaf values
of x in sub-trees T, and T,,,.
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ExaBan(d-tree T,, for function ¢, variable x)
outputs (Banzhaf (¢, x), #¢)

B:=0; #:=0; //initialization
switch T,,
casex: B:=1;#:=1
case x: B:=—-1;#:=1
case 1 or a literal not x nor —x: B:=0; # := 1
case 0: B:=0;#:=0
case T, op T,,:
(B;, #;) := ExaBAN(T,,,, x) for i € [2]
n; := number of variables in T, for i € [2]
switch op
case ©: //wlog if x is in ¢,then it is in ¢
B:=B;-#,;, #:=4# %
case ®: //wlog if x is in ¢@,then it is in ¢
B:= By - (2™ —#,); #:=# -2 42" Hy —# - #
case @: //wlog ¢; and ¢, have same variables
B:=B;i+By; #:=#+#
return (B, #)

Fig. 3. Computing the exact Banzhaf value for a variable x and the model count over a complete d-tree.

ProrosiTION 3.3. For any positive DNF function ¢, complete d-tree T, for ¢, and variable x in ¢,
ExaBAN(T,, x) = (Banzhaf (¢, x), #¢).

Example 3.4. The value pairs associated with the nodes of the complete d-tree in Figure 2 show
the trace of the computation of EXABAN for the d-tree and the variable a;, which stands for Alice in
the database from Figure 1. Each node is associated with the pair of the Banzhaf value and the model
count for the subtree rooted at that node. Hence, the first component 9 of the pair associated with
the root is the Banzhaf value of Alice within the decomposed lineage. We detail the computation of
the values (3, 3) at the ®-node in the left child tree of the root. This node is an independent-and.
The variable g, is in the left subtree. ExaABAN computes the Banzhaf value 3 of a; by multiplying
the Banzhaf value 1 at the left child node with the model count 3 at the right child node. The
model count of 3 is obtained by multiplying the model counts at the child nodes. The function
represented by the tree rooted at this ©-node is ¥ = a; A (p1 V p2). Indeed, every model of the
function must satisfy a; and at least one of p; and p,, which implies #/ = 3. Using Eq. (5), we get
Banzhaf (Y, a1) = #¢[a; .= 1] —#¥[a; :==0] =3-0=3.

ExABAN can be immediately generalized to compute the Banzhaf values for any number of
variables xi, ..., x,. For all variables, it uses the same d-tree and shares the computation of the
counts #;.

3.2 Anytime Deterministic Approximation

We introduce an anytime deterministic approximation algorithm, called ApaBAN, that gradually
expands the d-tree and computes after each expansion step upper and lower bounds on the Banzhaf
values and model counts for the new leaves. It then uses the bounds to compute an approximation
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interval for the partial d-tree. If the approximation interval meets the desired error, it stops.
Otherwise, it continues with the function compilation and bound computation at another leaf in
the d-tree. Eventually, the approximation interval becomes tight enough to meet the allowed error.
Unlike ExaBAN, ADABAN merges the construction of the d-tree with the computation of the bounds
so it can intertwine them at each expansion step.

We next explain how to efficiently compute upper and lower bounds for positive DNF functions,
albeit without any error guarantee. We then introduce ADABAN, which uses the bounds to compute
and incrementally refine approximation intervals for d-trees.

3.2.1 Efficient Computation of Lower and Upper Bounds for Positive DNF Functions. We introduce
two procedures L (for lower bound) and U (for upper bound) that map any positive DNF function
¢ to positive DNF functions that enjoy the following four desirable properties: (1) L(¢) and U(¢)
admit linear-time computation of model counting; (2) L(¢) and U(¢) can be synthesized from ¢ in
time linear in the size of ¢; (3) the number of models of L(¢) is less than or equal to the number of
models of ¢, which in turn is less than or equal to the number of models of U(¢); and (4) lower and
upper bounds on the Banzhaf value of x in ¢ can be obtained by applying L and U to the functions
@[x :=0] and ¢[x :=1].

The co-domain of L and U is the class of iDNF functions [21], which are positive DNF functions
where every variable occurs once. Whereas the first three aforementioned properties are already
known to hold for iDNF functions [21], the fourth one is new and key to our approximation
approach.

For the first property, we note that since each variable in an iDNF function only occurs once, we
can decompose the function in linear time into a complete d-tree with © or ® as inner nodes and
literals or constants at leaves. Then, we can traverse the d-tree bottom up and use Eq. (6) and (8) to
compute at each node the model count for the function represented by the subtree rooted at that
node. Overall, model counting for iDNF functions takes linear time.

For the second property, we explain the procedures L and U for a given DNF function ¢. The
iDNF function L(¢) is any subset of the clauses such that no two selected clauses share variables.
The iDNF function U(¢) is a transformation of ¢, where we keep one occurrence of each variable
and eliminate all other occurrences.

The third and fourth properties follow by Prop. 3.5:

ProrosITION 3.5. For any positive DNF ¢ and variable x in ¢:

#L(¢) < #o < #U(9)
#L(p[x == 1]) —#U(¢[x :=0]) < Banzhaf(¢,x)
<#U(p[x :=1]) —#L(p[x :=0])

Example 3.6. Consider the lineage ¢ = (a; A p1) V (a1 A p2) V (az A ps) from Example 2.3. We
compute lower and upper bounds for the model count #¢ and the Banzhaf value of a;, representing
Alice in the database from Figure 1. The function ¢ is a disjunction of two independent functions
1= (a1 Ap1) V (a1 A pz) and @2 = (az A p3). From Ex. 3.4, Banzhaf (¢,a;) = 9 and #¢ = 17. The
functions ¢[x :=0] = (0Ap1) V(OAP2) V(az Aps) =az Apsand p[x :=1] = (1 Ap1) V(1A
p2) V (az A ps3) = p1 V p2 V (a2 A p3) are in iDNF, so L(¢[a; := 0]) = U(gp[as == 0]) = ¢[a; == 0]
and L(¢[a; :=1]) = U(p[a; :=1]) = ¢[ay := 1]. Note that ¢[a; := 0] = az A ps, yet it is defined
over four variables, which is important for computing its correct model count.

We may also obtain the following iDNF functions: L(¢) = (a1 A p2) V (az A ps3) by skipping the
clause (a1 A p1) in ¢; and U(¢) = (a1 A p1) V p2 V (az A ps) by removing a; from the second clause
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BOUNDS(d-tree T, for function ¢, variable x)
outputs lower and upper bounds for Banzhaf (¢, x) and #¢

(Lp, Ls, Up, Ug) := (0,0,0,0) // Initialize the bounds
switch T,
case literal or constant ¢:
(Lp, Ls) = (Up, Us) := EXABAN(¥, x)
case non-trivial leaf :  //no literal nor constant
//Compute bounds by Prop. 3.5
Ly := #L(¢Y[x := 1]) — #U (¢ [x == 0])
Up := #U (Y [x = 1]) — #L(Y[x = 0])
Ly == #L(Y); Us:=#U(Y)
case T, op Tp,:
(L(i),Léi), Ub(i),U#(i)) := BOUNDS(T,,,, x), for i € [2]
n; := number of variables in ¢;, for i € [2]
switch op
case ©: //wlog if x is in ¢, then it is in ¢;
L=L"-L1%; U, =" v®?
L=L"-1?; v,=U".u®
case ®: //wlog if x is in ¢, then it is in ¢
Ly=LY (2% -UP); Uy =UY - (27 - LP)
Le:=LY 2m 4 1P om V. [
Uy =UM - 2m 4 u® oogm —yM . u®
case ®: //wlog ¢; and ¢, have same variables
Ly=LV +17; Uy =UY +U®
L=V +1%; v,=Uu" +Uul?
return (Ly, Ly, Up, Uy)

Fig. 4. Computation of bounds for the Banzhaf value Banzhaf (¢, x) and model count #¢, given a (possibly
partial) d-tree T, for the function ¢ and a variable x.
of ¢. Using Eq. (6) and (8):

#L((p[a1 = 0]) = #U(q)[al = 0]) =4,

$L(plar = 1]) = #U (pla; = 1]) = 13,

#L(p) =7, and #U (¢) = 23.

Hence, it indeed holds that #L(¢) = 7 < #¢ = 17 < #U, = 23 and #L(¢[a; = 1]) — #U(¢[a; =
0]) =9 < Banzhaf(¢p,a;) =9 < #U(¢[a; :=1]) — #L(¢[a; :=0]) = 9.
3.2.2  Efficient Computation of Lower and Upper Bounds for D-trees. The procedure BOUNDS in
Fig. 4 computes lower and upper bounds on the Banzhaf value and model count for any d-tree,

whose leaves are positive DNF functions, (possibly negated) literals, or constants. It does so in

linear time in one bottom-up pass over the d-tree.
The procedure’s input is a d-tree T,, for a function ¢ and a variable x for which we want to compute
the Banzhaf value. At a leaf ¢ of T, that is a literal or a constant, it calls ExABAN(Y, x) to compute
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the exact Banzhaf value and model count for £. At a leaf ¢ that is not a literal nor a constant,
the algorithm first computes the iDNF functions L(y), U(y), L(¢[x = b]), and U(y'[x = b])
for b € {0,1}. By Prop. 3.5, these functions can be used to derive lower and upper bounds on
Banzhaf (1, x) and #i. If T, has children, then it recursively computes bounds on them and then
combines them into bounds for itself. We next discuss the lower bound for the Banzhaf value of x in
case ¢ is a disjunction of independent functions ¢; and ¢,. The other cases are handled analogously.
By Eq. (9), the formula for the exact Banzhaf value is Banzhaf (¢, x) = Banzhaf (@1, x) - (2™ — #¢,).
To obtain a lower bound on Banzhaf (¢, x), we replace the term Banzhaf (g1, x) by its lower bound
and the term #¢, by its upper bound. We use the upper bound since the term occurs negatively.

Example 3.7. Consider the following partial d-tree representing the lineage ¢ = (a; A p1) V (a1 A
p2) V (az A ps) from Example 2.3. Each node is assigned a quadruple of bounds for the Banzhaf value
of a; and the model count for the d-tree rooted at that node. Following the notation in the procedure
BOUNDS in Fig. 4, the first and the third entries in a quadruple are the lower and respectively upper
bound for the Banzhaf value; the second and the fourth entries are the lower and respectively upper
bound for the model count.

Ly Ly Uy U

L, L« U, U 6. 1L 9 23) L, L: U, U
b # b # ® b # b #
3 1, 3 5 —  T~_@© 1 o0 1)

@1 = (a1 Ap1) V (az A p2) Q2 =a; A ps3

The function ¢ is a disjunction of the two independent functions ¢; = (a; A p1) V (a1 A p,) and
@2 = az A ps3. Since ¢, is already in iDNF, the quadruple labelling ¢, consists of the exact model
count 1 for ¢, and the exact Banzhaf value 0 for a; in ¢.

We explain the bounds in the quadruple labelling ¢;. Since ¢1[a; :=0] = (0A p1) V(0 A p2) =0
and ¢1[a; := 1] = p1 V p; are in iDNF, L, and U,, give the exact Banzhaf value Banzhaf (¢, a;) =
¢1lar == 1] — ¢1[a; = 0] = 3. The lower and upper bound for the model count of ¢ are Ly =
#L(¢1) = #(a1 A p1) = 1 and respectively Uy = #U (¢1) = #(p1 V (a1 A pz)) = 5.

Eq. (6) to (11) and Prop. 3.5 imply:

Propos1TION 3.8. For any positive DNF function ¢, d-tree T, for ¢, and variable x in @, it holds
BOUNDS(Ty, x) = (Lp, Ly, Up, Uy) such that L, < Banzhaf(¢,x) < Up and Ly < #¢ < Uy.

3.2.3  Refining Bounds for D-Trees. Fig. 5 introduces our approximation algorithm ApaBaN. Its
input is a partial d-tree T,,, a variable x, a relative error €, and initial trivial bounds [0,2"7!] on
Banzhaf (¢, x), where n is the number of variables in ¢. It computes an interval of e-approxima-
tions for Banzhaf (¢, x). First, it calls the procedure BounDs from Fig. 4 to obtain lower and
upper bounds Ly, Uy for Banzhaf (¢, x) based on the current partial d-tree T,,. It then updates
the best lower bound L and upper bound U seen so far. If (1 —€) - U — (1+¢) - L < 0, then it
returns the interval [(1 —€) - U, (1 +¢€) - L]. For any value B in this non-empty interval, we have
B> (1-¢)-U > (1-¢€)-Banzhaf(p,x) and B< (1+¢€)-L < (1+¢) - Banzhaf(¢,x),i.e,Bisa
relative e-approximation for Banzhaf (¢, x). If the condition does not hold, it picks a non-trivial (no
literal/constant) leaf /, decomposes it, and checks again whether the new bounds are satisfactory.
Such a leaf i/ always exists unless T, is complete, in which case U = L. The decomposition of
replaces i/ by 1 op > where op represents independent-and (®), independent-or (®), or mutual
exclusion (®). The decomposition of ¢ into mutually exclusive functions ¥4 and ¢ is always possible
using Shannon expansion.
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ApaBaN(d-tree T,,, variable x, error €, bounds [L, U])
outputs bounds for Banzhaf (¢, x) satisfying relative error e

(Lp, -, Up, - ) :=BounDs(T,,x) //get bounds on T,
t:=u:=0 //initialize the bounds to return
L:=max{L,Lp}; U := min{U,U,} //update bounds
if(1-¢)-U-(14¢)-L <0 //error satisfied
t:=(1-¢€)-U;u:=(1+¢)-L
else
pick a non-trivial leaf  of T, //no literal/constant
switch ¢/
case ; A i, for independent ¢4 and :
replace i by 1 © ¢, in T,,
case 1 V i, for independent ¢4 and i,:
replace ¢ by 1 ® Y in T,
default:
pick a variable y in ¢
replace Y by (yo ¢y :=1]) @ (-y 0 ¢y[y :=0]) in T,
[£,u] := ADABAN(T,, x, €, [L,U])
return [£, u]

Fig. 5. Approximating Banzhaf values with relative error € using incremental decomposition and bound
refinement.

ProroSITION 3.9. For any positive DNF function ¢, d-tree T, for @, variable x in ¢, error €, and
bounds L < Banzhaf (¢,x) < U, it holds ADABAN(T,, x, €, [L,U]) = [€,u] such that every value in
[£,u] is an e-approximation of Banzhaf (¢, x).

3.24 Optimizations. The algorithms ADABAN and BOUNDs presented in Figs. 4 and 5 are subject
to four key optimizations implemented in our prototype.

(1) Instead of eagerly recomputing the bounds for a partial d-tree after each decomposition step,
we follow a lazy approach that does not recompute the bounds after independence partitioning
steps and instead only recomputes them after Shannon expansion steps.

(2) To avoid recomputation of bounds for subtrees whose leaves have not changed, we cache the
bounds for each subtree. Hence, whenever a new bound is calculated for some leaf, it suffices to
propagate the bound along the path to the root of the d-tree.

(3) To approximate the Banzhaf values for several variables, we do not compute bounds for each
variable after each expansion step. Instead, we compute the approximation for one variable at a
time. After having achieved a satisfying approximation for one variable, we reuse the partial d-tree
constructed so far to obtain a desired approximation for the next variable. This reduces the number
of BOUNDS calls and improves the overall runtime of ADABAN.

Proc. ACM Manag. Data, Vol. 2, No. 3 (SIGMOD), Article 123. Publication date: June 2024.



Banzhaf Values for Facts in Query Answering 123:15

(4) Instead of computing bounds for #¢[x := 1] and #¢[x := 0], as done in bounds, it suffices to
compute bounds for #¢ and #¢[x := 0] for each variable x. This is justified by the following insight:

Banzhaf (@, x) = #p[x = 1] — #¢[x = 0]
= #p[x =1 +4p[x =0] —2-#p[x :=0] = #¢p — 2 - #p[x = 0]

4 BANZHAF-BASED RANKING AND TOP-k

When exact computation of Banzhaf values is out of reach, it is still highly valuable to identify the
k most influential facts and to rank the facts by their influence to the query result. Our anytime
approximation of Banzhaf values lends itself naturally to fast ranking and computation of top-k
facts, as follows.

4.1 The IcHIBAN Algorithm

We introduce a new algorithm called IcHIBAN, that uses ADABAN to find the variables in a given
function with the top-k Banzhaf values. It starts by running ApDABAN for all variables at the same
time. Whenever ADABAN computes the bounds for the Banzhaf values of the variables, IcHIBAN
identifies those variables whose upper bounds are smaller than the lower bounds of at least k other
variables. These former variables are not in top-k and are discarded. It then resumes ADABAN for the
remaining variables and repeats the selection process using the refined bounds. Eventually, it obtains
the variables with the top-k Banzhaf values. For ranking, IcHIBAN runs until the approximation
intervals for the variables do not overlap or collapse to the same Banzhaf value. IcHIBAN may also
be executed with a parameter € € [0, 1]. In this case, it may finish as soon as each approximation
interval reaches a relative error €. IcHIBAN then ranks the facts based on the order of the mid-points
of their respective intervals.

4.2 A Dichotomy Result

The time complexity of IcHIBAN is unavoidably exponential in the worst case. We next analyze
in further depth the complexity of the ranking problem and show a dichotomy in the complexity
of Banzhaf-based ranking of database facts. We first formalize the following ranking problem,
parameterized by a Boolean CQ Q:

Problem: RankBanNg

Description:  Banzhaf-based ranking of database facts
Parameter:  Boolean CQ Q

Input: Database D = (D,, Dy) and facts fi, f> € Dy,
Question: Is Banzhaf (Q, D, f;) < Banzhaf(Q, D, f2)?

We then show a dichotomy result. #BIS is the problem of counting independent sets in a bipartite
graph; it is conjectured that there is no FPTAS for #BIS [13, 18].

THEOREM 4.1. For any Boolean CQ Q without self-joins, it holds:

e IfQ is hierarchical, then RANKBANp can be solved in polynomial time.
e IfQ is not hierarchical, then RANKBANg cannot be solved in polynomial time, unless there is an
FPTAS for #BIS.

The tractability part of our dichotomy follows from prior work: In case of hierarchical queries,
exact Banzhaf values of database facts can be computed in polynomial time [32]. Hence, we can
first compute the exact Banzhaf values and then rank the facts. Showing the intractability part of
our dichotomy is more involved and requires novel development, and is deferred to the extended
version of this paper [2].
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5 ON BANZHAF VS. SHAPLEY VALUES

We have focused in this paper on Banzhaf values as a measure of facts contribution in query
answering. The Shapley value is a related notion that is commonly used in previous work on query
evaluation as well as in the literature on explaining predictions of Machine Learning models. We
next recall this notion, compare it to Banzhaf values, and discuss which of our algorithms can be
adapted to Shapley values. Section 6 further compares them.

Definition 5.1. As in Definition 2.4, let D = (Dy,, D) be a database where we distinguish between
endogenous (D,) and exogenous (D), let Q be a boolean query and let f be a fact in D. The Shapley
value of f with respect to Q and D is defined by:
|D’['(|Dn| — |D'] = D!

|Dnl!

Shap(Q, Dy, Dy, f) =
D’'CDp\{f}

(Q(D"UD, U{f}) —-Q(D" UDy)) (12)

The definition of Shapley value resembles that of Banzhaf value (Definition 2.4), except for the
coefficients multiplying the contribution of subsets. These coefficients stem from a probabilistic
interpretation, illustrated in [32]: Consider a probabilistic process in which players join the game
one by one, in a random order, and where the reward of each player is based on their marginal
contribution to the subset of players that have joined the game before them. The Shapley value of
a player is their expected reward in this probabilistic process.

Example 5.2. Revisiting Example 2.2, recall that in the computation of Banzhaf value of a fact f we
have counted the number of sets for which f is critical. For Shapley values, we need to distinguish
between the sets based on their sizes, so that we can weigh their contribution accordingly. For
instance, a; is critical for the set {ay, p1}. This set is of size 2, so it contributes M to the
Shapley value of a;. For the variant of the example including the topmost two tuples in the Author
relation, we have |D,,| = 5 (the total number of endogenous facts), and so the set {as, p1} contributes
% = 0.0333 to the Shapley value of a;. We repeat for all critical sets and sum up the obtained
values, yielding a total Shapley value of 0.3666 for a;. Similarly, for a, we obtain a Shapley value of
0.2.

There is no definitive answer to whether the Shapley or the Banzhaf value are the better fit
for the task of quantifying contribution. In domains outside query answering, both have been
extensively studied. The main property satisfied by Shapley and not by Banzhaf is that the Shapley
values of all players add up to the game value, while the Banzhaf values do not. This property is
crucial when the measure of contribution is used to distribute a reward corresponding to the game
value amongst members of the coalition, which is the original motivation behind Shapley values. It
is not necessarily a desideratum for importance attribution [44]; if needed, normalization methods
can be applied to Banzhaf [25]. The main advantage of Banzhaf over Shapley values is that the lack
of the combinatorial coefficients make it simpler.

We next revisit the computational problems we have studied for Banzhaf and briefly explain
which of the algorithms may be adapted to Shapley.

Exact Computation. For exact computation, our ExaBAN algorithm can be easily adapted to an
exact algorithm for Shapley values computation, which we refer to as ExaSHAP. Given a complete
d-tree for ¢, ExaSuap differs from ExABAN in that it computes, for each d-tree node, the number
of critical sets of each size (rather than just their total number), by adapting Equations (6) - (11) .
Namely, instead of computing the overall number of satisfying assignments #¢ we compute the
number of satisfying assignments #;¢ for every size k. Then, for instance, Equation (6) is replaced
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by
i=k
#ep = Z #i01 - #r—iP2 (13)
i=0
We follow similarly for the other equations (see [2]). The computed quantities are then propagated
up the d-tree, multiplied by the corresponding combinatorial coefficients and summed up.

Approximate Computation. Adapting AdaBan to Shapley values is more challenging, as explained
next. Recall that ADABAN calculates lower and upper bounds for multiple (usually many) incomplete
d-trees. Bound calculations over incomplete d-trees tend to be significantly more expensive for
Shapley than for Banzhaf because of the relative difficulty to calculate lower and upper bounds
for functions at leaves. Furthermore, we need to compute and propagate these bounds for each
critical set size. This overhead leads to ineffectiveness of this approach for Shapley values, calling
for further study of approximation of Shapley values.

Ranking and top-k. Our ranking algorithm relies on our approximation method ApABAN, and so
the difficulties in adapting it to Shapley values carry over the ranking. Due to their similarity, it is
natural to ask whether quantifying the contribution based on Shapley or Banzhaf values makes a
difference in terms of ranking. We show a somewhat disparity between theory and practice in this
respect: theoretically, the ranking may be different, and this holds even for simple queries such as
Q : —R(x),S(x), T(x) and for a particular choice of database [2]. However, in our experiments in
Section 6.6, the two rankings are often the same.

6 EXPERIMENTS
This section details our experimental setup and results.
6.1 Experimental Setup and Benchmarks

We implemented all algorithms in Python 3.9 and performed experiments on a Linux Debian 14.04
machine with 1TB of RAM and an Intel(R) Xeon(R) Gold 6252 CPU @ 2.10GHz processor.

Algorithms. We benchmarked our algorithms ExaBan, ExaSHAP, ADABAN, and IcHIBAN against
the following three competitors: S1622, for exact computation using an off-the-shelf knowledge
compilation package [16]; MC, a Monte Carlo-based randomized approximation [30]; and CNF-
ProXY, an heuristic for ranking facts based on their contribution [16]. These competitors were
originally developed for Shapley value. We adapted them to compute Banzhaf values (see Sec. 7).
This adaptation improved the execution time of the competitors (since the Banzhaf formula is
simpler to compute than Shapley), but the improvement was marginal compared to their overall
execution time (up to 0.1%). We only show for the baselines the (faster) execution times observed
for their Banzhaf variant. ADABAN, MC, and ICHIBAN expect as input: the error bound, the number
of samples, and respectively the number of top results to retrieve. We use the notation ArLcoX to
denote the execution of an algorithm Arco with parameter value X.

Datasets. We tested the algorithms using 301 queries evaluated over three datasets: Academic,
IMDB and TPC-H (SF1). The workload (see Table 1) is based on previous work on Shapley values
for query answering [4, 16]: as in [16], for TPC-H we used all queries without nested subqueries
and with aggregates removed, so expressible as SPJU queries. For IMDB and Academic, we used
all queries from [4] (Academic was not used in [16]). The lineage for all output tuples of these
queries was constructed using ProvSQL [48]. All algorithms take as input the same lineage. The
computation time for the lineage is therefore the same for all algorithms and as reported in [16].
We only report next the execution times of the algorithms for Banzhaf-related computation given
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Dataset | # Queries | # Lineages | # Vars (avg/max) | # Clauses (avg/max)
Academic 92 7,865 79/ 6,027 74/ 6,025
IMDB 197 986,030 25/ 27,993 15/ 13,800
TPC-H 12 165 1,918 / 139,095 863 /75,983

Table 1. Statistics of the datasets used in the experiments.

the lineage. The resulting set of nearly 1M lineage expressions is the most extensive collection for
which attribution in query answering has been assessed in academic papers.

Measurements. We measure the execution time of all algorithms and the accuracy of ADABAN
and MC. We define an instance as the (exact, approximate or top-k) computation of the Banzhaf
values for all variables in a lineage of an output tuple of a query over one dataset. We report failure
in case an algorithm did not terminate an instance within one hour. We also report the success rate
of each algorithm and statistics of its execution times across all instances (average, median, maximal
execution time, and percentiles). The pX columns in the following tables show the execution times
for the X-th percentile of the considered instances.

6.2 Summary of Experimental Findings

Our experimental findings lead to the following main conclusions:

(1) ExABAN consistently outperforms S1c22 for exact computation. Sec. 6.3 shows that ExaBan
significantly outperforms S1622 and also succeeds in many cases where S1622 times out (41.7%-99.2%
of these cases for the different datasets). ExASHAP generally outperforms S1G22 as well, but to a
lesser extent than ExaBAN.

(2) ADABAN outperforms EXABAN already for small relative errors. Sec. 6.4 shows that ADABAN is
up to an order of magnitude, and on average three times faster than ExaBan for relative error 0.1.

(3) The accuracy of MC can be orders of magnitude worse than that of ADABAN. Sec. 6.4 shows that
if we only run MC for a sufficiently small number of steps so that its runtime remains competitive
to ADABAN, then its accuracy can be up to four orders of magnitude worse than that of ADABAN.
On the other hand, if we were to run MC sufficiently many steps to achieve a comparable accuracy,
then its runtime becomes infeasible.

(4) IcHIBAN can quickly identify the top-k facts. Sec. 6.5 shows that IcHIBAN quickly and accurately
separates the approximation intervals of the first k Banzhaf values (demonstrated for k up to 10)
from the remaining values, and it is significantly more accurate than previous approaches based on
MC or CNF Proxy.

6.3 Exact Banzhaf computation

We first compare ExaBAN, ExaSuAP and S1622.

Success Rate. Table 2 gives the success rate of the exact algorithms for each dataset. ExaABan
succeeded for far more queries and lineages than S1622. For Academic and IMDB, both algorithms
succeeded for the majority of instances; a breakdown analysis shows that whenever S1622 failed
for a query, it failed for all lineages (output tuples) of this query. ExaABAN succeeds for 15% and
17% more queries for Academic and IMDB respectively. For TPC-H, the query success rate is
significantly lower for both algorithms. Still, ExaBAN failed for only 9% of the queries (S1622 failed
for 14%). EXASHAP succeeds in less cases than ExaBan, due to the additional operations needed
for Shapley value computation, yet it still outperforms S1622, indicating that our approach is also
competitive for exact Shapley value computation.

Runtime Performance. We first analyze the instances for which both algorithms succeed (there
are no instances for which S1622 succeeds and ExABAN fails). Table 3 shows that ExaBan clearly
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Dataset | Algorithm | Query Success Rate | Lineage Success Rate

ExaBaN 98.91% 99.99%
ExaSHAP 97.82% 98.84%
Academic S1622 83.91% 98.40%

| ApaBan0.1 |~ T9891% [ T 99.99% |
MC50#VARS 96.74% 98.83%
ExaBAN 82.23% 99.63%
IMDB ExASHAP 65.48% 99.53%
S1622 65.48% 98.35%

| ApaBan0.1 |~ ~ 8832% | 99.81% |
MC50#vARS 83.76% 99.74%
ExaABAN 58.33% 91.52%
TPC-H ExASHAP 50.00% 85.46%
S1622 50.00% 85.46%

| ApABan0.1 |~ " 75.00% | 92.73% |
MC50#vARs 50.00% 85.46%

Table 2. Query success rate: Percentage of queries for which the algorithms finish for all instances of a query
within one hour. Lineage success rate: Percentage of instances (over all queries in each dataset) for which the
algorithms finish within one hour.

Execution times [sec]
Mean p50 p75 P90  p95 P99 Max
ExaBan 0.004 0.001 0.002 0.003 0.004 0.080 0.356
Academic ExaSHap 0.023  0.001 0.003 0.029 0.219 0.346 0.756

Dataset | Algorithm

S1G622 0.290 0.124 0.134 0303 0.537 2.433 81.54

ExaBaN 0.149  0.002 0.003 0.014 0.046 0.631 1793

IMDB ExASHAP 0.727  0.003 0.013 0.090 0.470 6.414 >3600
S1G622 2.840 0.146 0365 1.710 5.909 54.63 2271

ExaBan 0.003  0.003 0.003 0.003 0.004 0.011 0.063
ExASHAP 0.007  0.003 0.003 0.005 0.009 0.015 0.558
S1622 1.217  0.080 0.140 0.200 0.260 1.450 157.3

Table 3. Runtime performance for exact Banzhaf computation in instances for which Si1622 succeeds.

TPC-H

outperforms S1G22: For instances that are hard for S1622, ExaBAN achieves a speedup of up to
166x (229x) for TPC-H (Academic). For IMDB, ExABAN’s speedup over S1G22 is already visible for
simple instances, with a speedup of 128x for the 95-th percentiles. ExaSHAP generally performs
somewhat worse than EXABAN yet generally still better than S1622. ExABAN and ExASHAP have a
few performance outliers for IMDB.

Runtime Performance of ExABAN when S1622 fails. S1622 fails for 126 instances in Academic,
16239 instances in IMDB, and 24 instances in TPC-H. Table 4 summarizes the success rate and
runtime performance of ExaABAN for these instances. For Academic, EXxABAN achieves near-perfect
success and finishes in less than ten minutes for all these instances. For IMDB, ExaBAN succeeds in
77.4% of these instances. For 95% of these success cases, EXABAN finishes in under ten minutes. For
TPC-H, ExaBAN succeeds in 41.7% of these instances; whenever it succeeds, its computation time is
just over one minute. To summarize, ExXABAN is generally faster and more robust than S1G22. One
reason is that, in contrast to EXABAN, S1G22 requires to turn the lineage into a CNF representation,
which may increase its size and complexity. This advantage is also shared by ExaSuap, which also
succeeds in many cases when S1622 fails, notably for IMDB (albeit to a lesser extent than ExABAN).

The effect of lineage size and structure. Figure 6 shows the performance of ExaBAN grouped by
the number of variables or clauses. EXABAN achieves near-perfect success rates and terminates in
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Success Execution times [sec]
rate Mean p50 P75 p90  p95 p99 Max
ExaBan 99.2% 128.9 1684 172.0 1744 175.0 189.0 563.5

Dataset | algorithm

Academic | g iSmar | 277% | 9364 3375 1514 6451 7116 1187 1397
o8 ExaBan | 774% | 1119 2410 9595 3488 597.1 1055 1381
ExaSmar | 713% | 2251 9194 2725 6405 9314 1392 3574

e ExaBan | 417% | 5377 5644 6024 6327 6623 6859 69.18

ExaSHAP 0% - - - - - - -

Table 4. EXABAN AND EXASHAP’s runtime performance for instances on which Si1c22 fails.
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Fig. 6. Success rate and execution time of EXABAN across all databases/queries, grouped by the number of
variables (clauses) in the lineage. An interval [, j] represents the set of lineages with #vars (# clauses) between
iand j.

Execution times [sec]
Mean p50 P75 po0 P95 P99 Max
ADABANO.1 0.761  0.001 0.002 0.007 0.048 60.05 173.7
Academic ExaBan 2.065 0.001 0.002 0.012 0.197 164.5 563.5
MC50#vaRrs | >42.77 0.003 0.013 0.072 0.239 >3600 >3600
ADABANO.1 0.624 0.001 0.003 0.014 0.044 4.740 984.9

Dataset | Algorithm

IMDB
ExaBaN 1.579  0.002 0.003 0.009 0.077 10.374 1793
MC50#vARrs | >13.99 0.012 0.039 0.386 2.613 257.1  >3600
TPC-H ADABANO.1 0.198  0.003 0.005 0.013  2.590 3.421 3.460

ExaBaN 4.227 0.895 0931 0938 51.05 61.98 69.18
MC50#vaRrs | >260.7 0.003 0.009 0.066 >3600 >3600 >3600

Table 5. Approximate versus exact Banzhaf computation for instances on which EXABAN succeeds.

under a few seconds for instances with less than 200 variables or less than 100 clauses. ExABAN is
successful in 25% (18%) of the instances with 1600-3200 variables (clauses).

6.4 Approximate Banzhaf Computation

We next examine the performance of ADABANO.1 (i.e., ADABAN with relative error 0.1) compared
to ExaBan and MC.

Success Rate. Table 2 shows that ADABANO.1’s success rate is higher than that of ExABAN. Indeed,
the former succeeds at least for all instances for which the latter also succeeds. For Academic,
where the success rate of ExABAN is already near perfect, there is no further improvement brought
by ApDABANO.1. For IMDB and TPC-H, however, ADABANO.1 succeeds for 88.32% and respectively
75% of queries, a significant increase relative to ExaABAN, which only succeeds for 82.23 % and
respectively 58.33 % of queries. In particular, we observe that ADABANO.1 achieves a success rate of
74% (68 %) even for lineages with 1600-3200 variables (clauses), a significant improvement compared
to the success rate of ExaBaN for these cases. MC50#VARs’s success rate is comparable to that of
ExaABAN (but see the discussion below on execution time).
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Table 6. ADABANO.1 runtime performance and success rate for instances on which ExABAN fails.

Success Execution times [sec]
Dataset
rate Mean p50 P75 p90 P95 p99 Max
IMDB 49.53% 644.1 575.3 847.0 1105 1247 1584 1802
TPC-H 15.39% 166.3 166.3 1664 1664 1664 1664 166.4

Dataset | Algorithm | Mean p50 P75 po0 po95 p99 Max

Academic ADABANO.1 | 5.24E-05 0 0 0 0 1.18E-03  2.09E-02
MC50#VARS 0.60 0.56 0.78 1.00 1.30 1.34 1.67

IMDB ADABANO.1 | 1.35E-04 0 0 0 7.77E-04  3.34E-03  1.92E-02
MC50#VARS 0.56 0.51 0.67 0.87 1.00 1.20 1.71

TPC-H ADABANO.1 | 9.04E-18 0 0 0 1.24E-24  3.23E-23  1.37E-15
MC50#VARS 0.50 0.44 0.67 1.00 1.34 1.34 1.34

Hard ADABANO.1 | 3.96E-04 2.40E-05 3.61E-04 1.19E-03 2.06E-03 4.21E-03  1.65E-02
MC50#VARS 0.312 0.303 0.383 0.4.65 0.516 0.64 1.13

123:21

Table 7. Observed error ratio as ; distance between the vectors of algorithm’s output and of the exact
normalized Banzhaf values for instances on which EXABAN succeeded.

Runtime Performance. Table 5 focuses on instances on which ExaBan (and also ADABANO.1)
succeeds. ADABANO.1 consistently outperforms both ExaABAN and MC50#vaRrs. The average runtime
gains over EXABAN range from a factor of 3 for Academic to 20 for TPC-H. MC50#VARs is slower
than ExaBAN for over 99% of the instances, and even fails for some instances for which ExaBan
succeeds. Running MC with a larger number of samples to improve its accuracy (see below) will
naturally take even more time.

Table 6 shows that, when only considering the instances on which ExaBan fails, ADABANO.1
succeeds in nearly 50% (15%) of these instances for IMDB (TPC-H). Both ExaABAN and ADABANO.1
fail for just one instance in Academic (not shown).

Approximation Quality. ADABANO.1 guarantees a deterministic relative error of 0.1. MC50#VARS
only guarantees a probabilistic absolute error, where the number of required samples depends
quadratically on the inverse of the error. Table 7 compares the observed approximation quality
of ADABANO.1 and MC50#vARs. These are measured as the ¢; distance between the vectors of
estimated Banzhaf values computed by each algorithm, compared to the ground truth exact Banzhaf
values as computed by ExaBan. The results are shown for all instances for which ExABAN succeeds,
and separately for the “hard" instances for which ExABAN took at least five seconds. ADABANO.1’s
approximation is consistently closer to the ground truth than MC50#vARs’s approximation by
several orders of magnitude.

Approximation Error as a Function of Time. Figure 7 presents, for several instances, the evolution
of the observed error for AbABAN and MC over time. These instances appear in [3] and were
selected, for illustration, from the set of “hard" lineages for which ExaBAN needs at least 200
seconds to compute the Banzhaf values of all variables (then, variables appearing in these lineages
were selected at random). The error of ADABAN decreases consistently over time, reaching a very
small error within a few seconds. This is consistent with our observation that a small error (¢ = 0.1)
is typically reached very quickly. In contrast, the behavior of MC is erratic and for some instances
it may not even converge within 200 seconds.

6.5 Top-k Computation

We evaluate the accuracy of IcHIBANO.1, which allows a relative error of up to 0.1, MC50#VARs,
and CNF Proxy using the standard measure of precision@k, which is the fraction of reported
top-k tuples that are in the ground truth top-k set. Table 8 gives the distribution of precision@k
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Fig. 7. Convergence rate of approximate Banzhaf value 9 to the exact Banzhaf value v as a function of time,

for representative instances. The observed error (y-axis) is calculated as @ ADABAN is stopped as soon as
it reaches the exact Banzhaf value.

Dataset | Algorithm Mean p50 P75 po0 p95 p99 Min
IcHIBANO.1 1/1 1/1 1/1 1/1 1/1 1/1 09/1
Academic | MC50#vARrs | 0.87/0.90 09/1 08/0.8 0.7/0.6 0.5/0.6 0.3/04 0.2/0.2
CNF Proxy | 0.87/095 09/1 08/1 07/08 0.6/08 05/06 03/04
IcHIBANO.1 1/1 1/1 1/1 1/1 1/1 1/1 0.6/0.4
IMDB MC50#vars | 0.90/087 09/1 08/0.8 0.7/06 0.6/0.6 0.5/0.4 0/0
CNF Proxy | 0.93/0.98 1/1 09/1 08/1 07/08 06/06 0.2/0.2
IcHIBANO.1 1/1 1/1 1/1 1/1 1/1 1/1 1/1
TPC-H MC50#vaRrs | 0.34/0.84 0.1/1 01/1 01/02 0.1/02 0.1/0.11 01/0
CNF Proxy | 0.88/0.97 09/1 08/1 0.7/08 0.7/0.8 0.7/ 0.6 0.7/ 0.6

Table 8. Observed precision@10 / precision@5 for instances for which ExABAN succeeds.

values observed for different instances and k € {5,10}. With the exception of some outliers
for IMDB, IcHIBANO.1 achieves near perfect precision@k, while MC50#vARs is much less stable
and consistently inferior. CNF Proxy is more accurate than MC50#VARs, but is also consistently
outperformed by IcHIBANO.1. The results for k = 1,3 are omitted for lack of space: for k = 1, all
algorithms achieve high success rates; for k = 3 the observed trends are similar to those in the table.
The execution time of IcHIBANO.1 is essentially the same as reported for ADABANO.1, i.e. typically
an order of magnitude better than ExaBaN.

We further run the variant of IcHIBAN that decides the top-k results with certainty (deferred to
the extended report [2]): for top-1, it is extremely fast; in many of the considered instances, there is
a clear top-1 fact, whose Banzhaf value is much greater than of the others. For top-3 and top-5, it
achieved better performance over IMDB than both ExaBan and ADABANO.1. This was however not
the case for TPC-H, where top-3 and top-5 computation took longer than ExaABan. We attribute
this to a large number of ties in the Banzhaf values of facts for the TPC-H workload, whose lineages
are more symmetric in the variables. IcCHIBANO.1 is a good alternative for such instances.

6.6 Banzhaf vs Shapley based ranking

As explained in Section 5, there are queries and databases for which Banzhaf-based and Shapley-
based rankings differ. We next study their similarity in practice. Table 9 shows an empirical
comparison of the rankings for the Academic dataset (results for other datasets show similar trends
and are deferred to [2]), for cases where we have the exact values as ground truth (i.e. cases where
S1622 succeeds). The measures used for comparison are precision@k for k = 3, 5, 10, Kendall’s 7,
[47] and Spearman’s correlation [46]. We report statistics for these measures aggregated over all
instances. For 90% of all instances, Banzhaf-based and Shapley-based rankings completely agree,
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and for 95-99% of the instances they are very similar. A few cases exhibit significantly different
rankings.

Measure Mean p75 p9%  p95 p99  Worst

Kendall 7 0.995 1 1 0.989  0.881 0.2
Spearman p 0.997 1 1 0.999 0949 0.239
Precision@3 0.999 1 1 1 1 0.666
Precision@5 0.997 1 1 1 0.8 0.6
Precision@10 | 0.998 1 1 1 0.9 0.6

Table 9. Comparison of Banzhaf and Shapley rankings. Percentiles are from most similar to least similar
rankings. Values closer to 1 indicate higher similarity of the two rankings.

7 RELATED WORK

We compare our work to multiple lines of related work.

Explaining Query Results. Many approaches for explanations in databases provide a detailed
record of the computation that took place using various models of lineage or provenance (e.g.,
[9, 12, 22]). Another approach (e.g. [17, 32, 36, 45]) is to quantify the contribution of individual
tuples and/or subsets thereof. These approaches are complementary: the lineage may be detailed
but is often too verbose and convoluted to be directly presented as explanation. Our work falls into
the second category, together with multiple lines of previous work that are based, for example, on:
Shapley values [32], causality, responsibility, and counterfactuals [34-36, 45], or methods for credit
distribution [17]. While there is no silver bullet for choosing a function that quantifies contribution,
the Shapley and Banzhaf values are of interest as they are grounded in Game Theory, where they
are extensively investigated (e.g., [20, 29, 50, 53]). Further approaches for explanations include
those based on provenance summaries [28] and explanations of outliers [38].

Shapley value. Recent works [8, 15, 16, 26, 30-32, 43] investigated the use of the Shapley value [20,
29, 49, 50, 53] for explanations in query answering, with particular focus on algorithms and the
complexity of computing exact and approximate Shapley values for facts. Our novel algorithm
for exact computation performs better than the state-of-the-art, in both the Banzhaf and Shapley
variants. Our novel anytime approximation and ranking algorithms for Banzhaf values have no
counterparts with provable guarantees of anytime approximation and/or ranking with provable
relative approximation for Shapley/Banzhaf values. In contrast, previous work [32] has proposed
a polynomial time randomized absolute approximation scheme for Banzhaf (and Shapley) values
based on Monte Carlo sampling. Sec. 6 shows experimentally that ADABAN significantly outperforms
this randomized approach. Randomized approximations based on Monte Carlo sampling have three
important limitations: (1) the achieved ranking is only a probabilistic approximation of the correct
one; (2) running one more Monte Carlo step does not necessarily lead to a refinement of the
approximation interval; (3) Monte Carlo views the input functions as black boxes and does not
exploit their structure. These limitations are not shared by our deterministic approximation ADABAN.
Our algorithm outperforms the ranking method proposed in previous work, namely the CNF Proxy
heuristic [16]; the latter has two further disadvantages: (a) no theoretical guarantees; (b) the proxy
values only reflect the relative order of contribution and not an approximation of its magnitude.
Furthermore, our dichotomy result for ranking has no counterparts for neither Shapley nor Banzhaf,
and our comparative study of Banzhaf and Shapley values for query answering is also novel.

Hardness of exact Banzhaf computation. Prior work shows, via reduction from query evaluation
in probabilistic databases, that for non-hierarchical self-join free CQs, computing exact Banzhaf
values of facts is FP*'-hard [32]. We are the first to show hardness of Banzhaf-based ranking. For
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that, we needed a completely different technique, relying on the conjecture that there is no PTIME
approximation for counting independent sets in a bipartite graph [13, 18].

The SHAP score. SHAP (SHapley Additive exPlanations) is used for feature importance in machine
learning (ML) [33]. Unlike Shapley/Banzhaf values, it models missing “players” (feature values in
ML) according to their expected values. Prior work [5, 6] showed that under common complexity
assumptions, there is no PTIME algorithm for ranking based on SHAP scores. This result uses a
different technique from our work, and due to the differences between SHAP and Banzhaf values,
their results could not be used here.

Probabilistic Databases. In probabilistic databases, the goal is to compute/approximate/rank the
probabilities of query answers. The work of [21, 40, 41] has developed approximation and ranking
algorithms for probabilistic databases that are based on incremental compilation of the query
lineage into partial d-trees. Our work differs from this prior work as it is tailored at Banzhaf value
computation and Banzhaf-based ranking as opposed to probability computation. In particular, in
probabilistic databases one needs to compute one probability value for a given lineage. For Banzhaf
values, we need to compute such value (or range) for every variable in the lineage. Furthermore,
the computation of Banzhaf values is of course different from the computation of probabilities,
and we consequently had to derive novel formulas and optimizations to compute/bound Banzhaf
values. We also showed an adaptation of our solution for exact computation of Shapley values, yet
achieving a practically effective anytime approximation algorithm for Shapley values remains a
challenge for future work.

8 CONCLUSION

We introduced algorithms for the exact and anytime deterministic approximate computation of the
Banzhaf values that quantify the contribution of database facts to the answers of select-project-
join-union queries. We also showed the use of these algorithms for Banzhaf-based ranking and
gave a dichotomy in the complexity of ranking. Our exact algorithm may further be adapted to
compute Shapley values. Our algorithms outperform prior work in both runtime and accuracy for
a wide range of problem instances.

There are several exciting directions for future work. First, we plan to extend our algorithmic
framework to more expressive queries that also have aggregates and negation. We would also
like to generalize our algorithms to further fact attribution measures, such as the SHAP score and
causality-based measures.
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