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Regular expressions (RegEx) are an essential tool for pattern matching over streaming data, e.g., in network
and security applications. The evaluation of RegEx queries becomes challenging, though, once subsequences
are incorporated, i.e., characters in a sequence may be skipped during matching. Since the number of subse-
quence matches may grow exponentially in the input length, existing RegEx engines fall short in finding all
subsequence matches, especially for queries including Kleene closure.

In this paper, we argue that common applications for RegEx queries over streams do not require the
enumeration of all distinct matches at any point in time. Rather, only an aggregate over the matches is
typically fetched at specific, yet unknown time points. To cater for these scenarios, we present SuSe, a novel
architecture for RegEx evaluation that is based on a query-specific summary of the stream. It employs a novel
data structure, coined StateSummary, to capture aggregated information about subsequence matches. This
structure is maintained by a summary selector, which aims at choosing the stream projections that minimize
the loss in the aggregation result over time. Experiments on real-world and synthetic data demonstrate that
SuSe is both effective and efficient, with the aggregates being based on several orders of magnitude more
matches compared to baseline techniques.
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1 Introduction

The evaluation of regular expressions (RegEx) over streaming data is at the core of applications in
various domains, such as network monitoring [31, 38, 41, 42], financial fraud detection [54, 57], or
infrastructure security [12, 37]. RegEx have been studied extensively in theoretical computer sci-
ence [30, 33] and automata-based approaches for their evaluation, most prominently the Thompson
construction [55] and its derivates, have been around for decades.

However, existing RegEx engines, such as PCRE2 [18], pcregrep [28], Oniguruma [2], Boost.Regex [39],
RE2 [50], and TRE [1] are limited in their ability to consider subsequences during evaluation: First,
they lack native support for skipping characters in a sequence when constructing matches. This is
not a matter of expressiveness, though, since the skipping of characters can be encoded explicitly,
e.g., by transforming a regular expression 𝛾 = 𝑎𝑏𝑐 into 𝛾 ′ = Σ∗𝑎Σ∗𝑏Σ∗𝑐Σ∗ with Σ being the under-
lying alphabet. However, such explicit encoding significantly increases the per-match state and
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Fig. 1. Architecture for RegEx evaluation over streams.

changes the underlying language. Second, they do not support enumerating all matches, allowing
only greedy or lazy matching that returns a single match. REmatch [51] is a notable exception in
that it supports the enumeration of all matches; yet, it suffers from performance issues due to the
exponential growth of subsequence matches with input size, as we demonstrate later empirically.
Complex Event Processing (CEP) engines like FlinkCEP [20] allow for subsequence matching

using automata-based methods. They evaluate sequence queries grounded in regular expressions,
enhanced with predicates and time window constraints. However, these engines also face perfor-
mance issues caused by the need to manage exponentially many matches. The CORE engine [10]
seeks to address this by representing matches in an efficient data structure. Still, it exhaustively
enumerates matches, leading to significant performance bottlenecks, as demonstrated by our
experiments.

In this paper, we argue that RegEx evaluation with subsequences may be optimized based on the
following two observations:
(1) Many application scenarios demand that all matches of a regular expression are incorporated,

whereas the output is given in terms of an aggregate (e.g., count or sum) computed over all
matches. Such scenarios are referred to as event trend aggregation and dedicated solutions
that are based on incremental computation of the aggregate have been developed for it, e.g.,
GRETA [47] and its successors [43, 46, 48, 52].

(2) The matches of a regular expression, and aggregates over them, are not necessarily needed
at any point in time. Rather, many application scenarios involve an external trigger that
determines when the result is relevant. For instance, users may load an analysis report, open a
dashboard, or refresh a visualization at certain, generally unknown time points.

Combining these two observations, we present SuSe, a novel architecture for RegEx evaluation.
As shown in Fig. 1, it incrementally maintains a query-specific summary of the stream that includes
a substream of selected elements along with aggregated information about query matches. This
summary provides an approximate answer, which is generally more accurate than existing evalua-
tion strategies, and which can be fetched at any point in time. From a technical point of view, SuSe
makes the following contributions:
(1) We present a model for RegEx subsequence matching with aggregations that is based on a

summary of a stream. Based thereon, we formulate the problem of constructing an optimal
summary that minimizes the expected information loss.

(2) We introduce StateSummary, a novel data structure to capture aggregated information about
subsequence matches. We elaborate on the operations to maintain this structure.

(3) We present an approach for summary selection, which aims at constructing an optimal sum-
mary. It is based on a cost model to assess the potential benefit of stream elements.

Below, we first provide a motivating example (§2) and introduce preliminaries (§3), before giving a
formal problem statement (§4). Then, we define the StateSummary (§5), as the basis for summary
selection (§6). We present evaluation results (§7), demonstrating that SuSe computes aggregates
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Random S:
Summary Size: 5; RegEx: AB∗C;

B3 B5 C6 C9 A10

Matches: 0

FIFO S:
C6 A7 B8 C9 A10

Matches: 2

SuSe S:
A1 A2 B3 B5 C6

Matches: 8

Stream s: A1 A2 B3 C4 B5 C6 A7 B8 C9 A10 . . .

Fig. 2. Comparison of random, First-In-First-Out (FIFO), and our SuSe summary selection strategy.

based on several orders of magnitude more matches than baseline techniques. Finally, we review
related work (§8) and conclude the paper (§9).

2 Motivating Example

Consider a bike rental service that aims to enhance operational efficiency by analyzing patterns
within trip data streams, e.g., targeting patterns of events denoting short trips in busy areas. These
patterns, indicative of user behavior, are defined using regular expressions. The inherent variability
and complexity of real-world data streams, where a strictly contiguous occurrence of events within
a pattern may be rare or too restrictive, motivates the search for subsequences, i.e., events in a
pattern can occur in a non-contiguous order in the stream. Furthermore, streams are partitioned by
attributes, e.g., bike ID or start location, to facilitate targeted analysis.

To inform operational decision making, a dashboard gives an overview of the current number of
patterns, i.e., it derives a simple aggregate over the matches of a query that describes the relevant
trips. Whenever the dashboard is refreshed, at unknown time points, the aggregate is updated
and a subsequence of the stream that induced many pattern matches is made available for a quick
plausibility assessment. Here, it is fine to trade a minor information loss due to approximate results
for increased efficiency, as decision making is based on general trends rather than the exact results.

Fig. 2 showcases three strategies for retaining stream subsequences: Random, First-In-First-Out
(FIFO), and SuSe. Given is a stream 𝑠 , a summary size 𝑛, and a regular expression 𝛾 = 𝐴𝐵∗𝐶 .
Assuming that all events of 𝑠 fall within the time window of the RegEx query, we aim to select a
subsequence S of 𝑠 (i.e., an order-preserving selection of elements) no larger than 𝑛, that maximizes
the count of subsequence matches upon evaluating the RegEx against the summary S. For the
stream in Fig. 2, we compare the strategies at the point in time after the event 𝐴10 was processed.

Random. A first baseline strategy randomly selects an element for eviction when appending a
new one, once the summary size 𝑛 is reached. This way, a subsequence was chosen which produces
zero matches upon evaluating 𝛾 against S, wasting the entire space.
FIFO. The FIFO strategy always keeps the latest 𝑛 elements in the summary S. Evaluating 𝛾

against S generates two matches, i.e., 𝐴7𝐶9 and 𝐴7𝐵8𝐶9. However, keeping 𝐶6 in the summary,
which cannot contribute to any matches, illustrates inefficient space usage.

SuSe. Using the SuSe framework presented in this work, we would arrive at a more effec-
tive stream summary resulting in eight matches: 𝐴1𝐶6; 𝐴2𝐶6; 𝐴1𝐵3𝐶6; 𝐴2𝐵3𝐶6; 𝐴1𝐵5𝐶6; 𝐴2𝐵5𝐶6;
𝐴1𝐵3𝐵5𝐶6; and 𝐴2𝐵3𝐵5𝐶6. Yet, the answer is still approximate (missing, for instance, matches with
event 𝐵8 of the stream).

3 Preliminaries

3.1 Regular Expressions

Languages. An alphabet Σ = {𝑎1, . . . , 𝑎𝑚} is a set of characters. A word is a sequence of characters
𝑤 = ⟨𝑐1, . . . , 𝑐𝑛⟩ of size 𝑛 = |𝑤 | over Σ, i.e., 𝑐𝑖 ∈ Σ. The character at the 𝑖-th index in word 𝑤 is
denoted by𝑤 [𝑖], for 1 ≤ 𝑖 ≤ |𝑤 |. The concatenation of words𝑤 = ⟨𝑐1, . . . , 𝑐𝑛⟩ and𝑤 ′ = ⟨𝑐′1, . . . , 𝑐′𝑚⟩
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is 𝑤.𝑤 ′ = ⟨𝑐1, . . . , 𝑐𝑛, 𝑐′1, . . . , 𝑐′𝑚⟩. A prefix of 𝑤 is any word of length ≤ 𝑛 that starts from its first
character.
A subsequence 𝑦 of a word 𝑤 = ⟨𝑐1, . . . , 𝑐𝑛⟩, denoted by 𝑦 ⪯ 𝑤 , is obtained by deleting zero

or more characters from𝑤 without altering the order of the remaining characters. There are 2𝑛
possible subsequences of𝑤 . Formally, a subsequence 𝑦 is represented as 𝑦 = ⟨𝑐𝑖1 , . . . , 𝑐𝑖𝑘 ⟩, where
𝑘 ≤ 𝑛 and 1 ≤ 𝑖1 ≤ . . . ≤ 𝑖𝑘 ≤ 𝑛.

To establish the relation between the indices in 𝑦 and 𝑤 , a mapping function𝑚 : {1, . . . , 𝑘} →
{1, . . . , 𝑛} is defined such that 𝑗 ↦→ 𝑖 𝑗 . This function maps the 𝑘 indices of 𝑦 to the corresponding
indices in𝑤 , denoted as 𝑦 ⪯𝑚 𝑤 . A partial mapping of a subsequence 𝑦′ to𝑤 , denoted as 𝑦′ ⪯𝑝𝑚 𝑤 ,
involves any prefix 𝑦′ of 𝑦 that can be mapped to𝑤 using function 𝑝𝑚. Note that multiple (partial)
mapping functions may exist from a subsequence to a word.

Example 1. Consider the alphabet Σ = {𝐴, 𝐵,𝐶, 𝐷} and a word𝑤 = ⟨𝐴1, 𝐵2, 𝐷3,𝐶4, 𝐴5, 𝐵6,𝐶7, 𝐷8⟩.
Here, 𝑦 = ⟨𝐴1, 𝐵2, 𝐷3,𝐶4⟩ is a subsequence with two different mappings: we have 𝑦 ⪯𝑚1 𝑤 with
𝑚1 : 1 ↦→ 1, 2 ↦→ 2, 3 ↦→ 3, 4 ↦→ 4; and 𝑦 ⪯𝑚2 𝑤 with𝑚2 : 1 ↦→ 1, 2 ↦→ 2, 3 ↦→ 3, 4 ↦→ 7.

The set of all words of length 𝑛 ∈ N0 over an alphabet Σ is Σ𝑛 ; and the set of all possible words is
Σ∗ =

⋃
𝑛≥0 Σ

𝑛 . A language 𝐿 over Σ is any subset 𝐿 ⊆ Σ∗, and the set of all prefixes of 𝐿 is denoted
as 𝐿pre. The empty word is 𝜀 = Σ0.
Let 𝐿1 and 𝐿2 be languages defined over an alphabet Σ. Then, we define concatenation, union,

and Kleene star for languages as:
◦ 𝐿1𝐿2 = {𝑥 .𝑦 | 𝑥 ∈ 𝐿1, 𝑦 ∈ 𝐿2},
◦ 𝐿1 ∪ 𝐿2 = {𝑥 ∈ Σ∗ | 𝑥 ∈ 𝐿1 ∨ 𝑥 ∈ 𝐿2}, and
◦ 𝐿∗1 =

⋃
𝑛≥0 𝐿

𝑛
1 .

RegEx. We inductively define regular expression semantics. The symbols ∅, 𝜀, and 𝑎 ∈ Σ are
regular expressions, describing:
◦ the empty language 𝐿(∅) = ∅;
◦ the language 𝐿(𝜀) = ⟨𝜀⟩, and
◦ for each character 𝑎 ∈ Σ, the language 𝐿(𝑎) = {⟨𝑎⟩}.

Let 𝛼 and 𝛽 be regular expressions, with languages 𝐿(𝛼) and 𝐿(𝛽). Then, semantics of concatenation
𝛼𝛽 , union (𝛼 |𝛽), and Kleene star (𝛼)∗ are defined as follows: 𝐿(𝛼𝛽) = 𝐿(𝛼)𝐿(𝛽); 𝐿(𝛼 |𝛽) = 𝐿(𝛼) ∪
𝐿(𝛽); and 𝐿((𝛼)∗) = 𝐿(𝛼)∗.

3.2 Regular ExpressionQueries over Streams

Natural numbers represent time points, denoted as T ⊆ N. A stream 𝑠 = (𝜔 = ⟨𝑐1, 𝑐2, . . .⟩, 𝜆 =

⟨𝑡1, 𝑡2, . . .⟩, 𝜐 = ⟨𝑣1, 𝑣2, . . .⟩) comprises sequences of characters 𝑐𝑖 ∈ Σ (i.e., 𝜔), timestamps 𝑡𝑖 ∈ T
(i.e., 𝜆), and values 𝑣𝑖 ∈ N (i.e., 𝜐). They induce stream elements 𝑒𝑖 = (𝜔 [𝑖], 𝜆[𝑖], 𝜐 [𝑖]) for 1 ≤ 𝑖 ,
with 𝜔 [𝑖] (or 𝑐𝑖 ), 𝜆[𝑖] (or 𝑡𝑖 ), and 𝜐 [𝑖] (or 𝑣𝑖 ) being the 𝑖-th elements of the respective sequences.
When referencing a stream element 𝑒𝑖 corresponding to a mapping function𝑚, we use bracket
notation, e.g., 𝜆[𝑚(𝑖)]; if the index is clear, we refer to an element’s attribute values by index, e.g.,
𝑡𝑖 , to reduce clutter.

The stream is assumed to be totally ordered by timestamps, i.e., 𝑡𝑖 < 𝑡 𝑗 for 1 ≤ 𝑖 < 𝑗 , which,
in practice, may be achieved by techniques for out-of-order handling and tie-breaking mecha-
nisms [45, 56]. The value 𝑣𝑖 models a payload of 𝑒𝑖 and could also be defined over a different domain,
depending on the application scenario. Let 𝑡 ∈ T be a time instance. A substream 𝑠 (𝑡) = (⟨𝑐1, . . . , 𝑐𝑝⟩,
⟨𝑡1, . . . , 𝑡𝑝⟩, ⟨𝑣1, . . . , 𝑣𝑝⟩) is the stream up to index 𝑝 , containing only elements with timestamps ≤ 𝑡 .
A regular expression query 𝑞 = (𝛾, 𝜏,𝒜) is a triple, comprising a regular expression 𝛾 (also 𝑞𝛾 ), a

time window 𝜏 ∈ T (also 𝑞𝜏 ), and an aggregate function 𝒜 (also 𝑞𝒜). A mapping 𝑦 ⪯𝑚 𝜔 of a word
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𝑦 ∈ 𝐿(𝛾) to 𝜔 is a match of a regular expression query 𝑞 if the time window constraint is satisfied,
i.e., 𝜆[𝑚(𝑘)] − 𝜆[𝑚(1)] ≤ 𝑞𝜏 .
Example 2. For Σ = {𝐴, 𝐵,𝐶}, consider the stream 𝑠 = (𝜔, 𝜆,𝜐) with 𝜔 = ⟨𝐴1, 𝐵2,𝐶3,𝐶4⟩ and

𝜆 = ⟨1, 5, 6, 9⟩. For the RegEx 𝑞𝛾 = 𝐴𝐵𝐶 , two mappings between the only word ⟨𝐴1, 𝐵2,𝐶3⟩ in 𝐿(𝑞𝛾 )
and 𝜔 exist:𝑚1 : 1 ↦→ 1, 2 ↦→ 2, 3 ↦→ 3 and𝑚2 : 1 ↦→ 1, 2 ↦→ 2, 3 ↦→ 4. Yet, with a time window 𝑞𝜏 = 5,
only𝑚1 is a match of the RegEx query.

A partial match occurs when a word 𝑦 ∈ 𝐿pre (𝛾) maps to indices of 𝜔 and satisfying the time
window constraint. It is a candidate for becoming a complete match as more characters of 𝜔 are
examined. Notably, a complete match can also serve as a partial match. For instance, for 𝛾 =

𝐴(𝐵 |𝐶)𝐷∗, a match of the word ⟨𝐴1, 𝐵2, 𝐷3⟩ ∈ 𝐿(𝛾) is also a partial match of ⟨𝐴1, 𝐵2, 𝐷3, 𝐷4⟩ ∈ 𝐿(𝛾).
Our work utilizes a streaming model of computation, in which a RegEx query 𝑞 = (𝛾, 𝜏,𝒜) is

received and preprocessed. We focus on the aggregate functions𝒜 ∈ {Count, Sum,Avg}, which
are defined over the matches of 𝑞. Count calculates the number of matches, Sum adds up the
payload values of elements from all complete matches, and Avg is the ratio of Sum to Count.

3.3 Regular ExpressionQuery Matching

Automata-Based Matching. Traditional matching of a regular expression 𝑞𝛾 against a stream
(word) relies on a Non-deterministic Finite Automaton (NFA). An NFA is a tupleN = (𝑍, Σ, 𝛿, 𝑧0, 𝐹 ),
with 𝑍 as a finite set of states, Σ as the alphabet, 𝑧0 ∈ 𝑍 as the initial state, 𝛿 : 𝑍 × Σ→ 2𝑍 as the
transition function, and 𝐹 ⊆ 𝑍 as the set of final states.
The NFA for 𝑞𝛾 is obtained by the Thompson construction [55] that recursively builds small

automaton fragments and links them with 𝜀-transitions. For each sub-expression (concatenation,
union, Kleene star), a fragment is created with unique initial and accept states: union merges
sub-expressions via a new initial and accept state, concatenation joins accept states of one fragment
to the start state of the next, and Kleene star introduces a loop to re-enter the sub-expression or skip
it. By recursively assembling these fragments, one obtains an NFA accepting all words in 𝐿(𝑞𝛾 ).
As motivated, we aim to detect all possible (partial) matches of words from 𝐿(𝑞𝛾 ) to indices in a

word 𝑤 . This mirrors the most challenging combination of consumption and selection policies [3,
25, 58] in event processing: Reuse and Skip-Till-Any-Match (STAM). A simple automata-based
matching method works as follows: Each incoming element is checked against the current set of
automata. If an element enables a transition in an automaton, the automaton is duplicated, with
one copy disregarding the transition and the other one taking it, yielding an exponential growth in
the number of automata as the input grows.
Regular Expression Subsequence Matching. To formalize the evaluation of a regular expression
query 𝑞 = (𝛾, 𝜏,𝒜), only 𝑞𝛾 and 𝑞𝜏 are required, as the aggregate function 𝒜 is applied to the
resulting matches. We capture the matches resulting from evaluating 𝑞 over a stream 𝑠 = (𝜔, 𝜆,𝜐)
using two sets: complete matches𝐶𝑀 and partial matches 𝑃𝑀 . These sets are based on the language
𝐿(𝑞𝛾 ) and its prefix language 𝐿pre (𝑞𝛾 ), respectively. 𝑃𝑀 includes a partial match if it maps a word
𝑦 ∈ 𝐿pre (𝑞𝛾 ) to indices in 𝜔 .𝐶𝑀 includes a match if it maps a word 𝑦 ∈ 𝐿(𝑞𝛾 ) to indices in 𝜔 . Either
way, the mapping must satisfy the time window 𝑞𝜏 .

Next, we formalize the construction of 𝐶𝑀 , while the construction of 𝑃𝑀 works analogously.
Let 𝑖 be the index of the last received stream element 𝑒𝑖 and [𝑖] = {1, . . . , 𝑖}. We defineMCM = {𝜑 |
𝜑 : 𝐿(𝑞𝛾 ) → 2[𝑖 ]} as the set of all word mapping functions 𝜑 from words in 𝐿(𝑞𝛾 ) to sets of up to 𝑖
indices in𝜔 . Note that the mapping function𝑚 introduced earlier can be depicted through the word
mapping function 𝜑𝑚 , e.g., in Example 2,𝑚1 aligns with 𝜑𝑚1 (⟨𝐴1, 𝐵2,𝐶3⟩) = {1, 2, 3}. Analogously,
the set of all partial word mapping functions,MPM = {𝜑 ′ | 𝜑 ′ : 𝐿pre (𝑞𝛾 ) \ 𝐿(𝑞𝛾 ) → 2[𝑖 ]}, is based on
𝐿pre (𝑞𝛾 ).
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Table 1. Overview of notations for RegEx queries.

Notation Explanation

Σ = {𝑎1, . . . , 𝑎𝑚 } Alphabet containing characters.
𝑤 = ⟨𝑐1, . . . , 𝑐𝑛 ⟩ Word (sequence of characters) of size 𝑛 = |𝑤 | .
𝑤 [𝑖 ] Character at 𝑖-th index of 𝑤.
𝑦 ⪯𝑚 𝑤 A subsequence 𝑦 of 𝑤 with a mapping𝑚.
𝑞 = (𝛾, 𝜏,𝒜) Regular expression query 𝑞, composed of regular ex-

pression 𝛾 , a time window size 𝜏 , and an aggregate
function 𝒜.

𝑠 = (𝜔 = ⟨𝑐1, . . .⟩,
𝜆 = ⟨𝑡1, . . .⟩,
𝜐 = ⟨𝑣1, . . .⟩)

A stream of related sequences of characters 𝑐𝑖 ∈ Σ
(i.e.,𝜔), timestamps 𝑡𝑖 ∈ T (i.e., 𝜆), and values 𝑣𝑖 ∈ N
(i.e., 𝜐), respectively.

𝐿 (𝛾 ), 𝐿pre (𝛾 ) The languages of all words and all prefixes of 𝛾 , re-
spectively.

𝑃𝑀,𝐶𝑀 The sets of partial and complete matches, respectively,
resulting from evaluating 𝑞 over the stream 𝑠 .

A word mapping function 𝜑 for a word 𝑦 ∈ 𝐿(𝑞𝛾 ), represented by 𝜑 (𝑦) = {𝑖1, 𝑖2, . . . , 𝑖 |𝑦 | } with
𝑖1 < 𝑖2 < . . . < 𝑖 |𝑦 | , is deemed valid if it satisfies the following conditions:
(1) (Reconstruction) The indices 𝜑 (𝑦) = {𝑖1, 𝑖2, . . . , 𝑖 |𝑦 | } in 𝜔 must reconstruct 𝑦 ∈ 𝐿(𝑞𝛾 ), i.e.,

𝑦 = ⟨𝜔 [𝑖1], 𝜔 [𝑖2], . . . , 𝜔 [𝑖 |𝑦 | ]⟩.
(2) (TimeWindow Constraint) The mapping must adhere the time window constraint, i.e., 𝜆[𝑖 |𝑦 | ]−

𝜆[𝑖1] ≤ 𝑞𝜏 .
Based thereon, we define the set 𝐶𝑀 = {𝜑 | 𝜑 ∈ MCM, 𝜑 is valid} as all valid word mapping
functions 𝜑 . Analogously, 𝑃𝑀 denotes the set of all valid partial word mapping functions 𝜑 ′.

Finally, using the set of complete matches as 𝐶𝑀 , we integrate the aggregate function 𝒜. With
𝑞𝒜 = Count, the result is |𝐶𝑀 |, i.e., the total number of complete matches. If 𝑞𝒜 = Sum, the result
is
∑

𝜑∈𝐶𝑀
∑

𝑗∈range(𝜑 ) 𝜐 [ 𝑗], summing values from 𝜐 of complete matches. For 𝑞𝒜 = Avg, the result
is Sum(𝐶𝑀)/Count(𝐶𝑀).

Example 3. Consider an alphabet Σ = {𝐴, 𝐵,𝐶} and a regular expression query 𝑞 = (𝛾, 𝜏,𝒜) with
𝑞𝛾 = 𝐴𝐵𝐶 and 𝑞𝜏 = 5. The language of 𝑞𝛾 is 𝐿(𝑞𝛾 ) = {⟨𝐴1, 𝐵2,𝐶3⟩}. For the stream 𝑠 = (𝜔, 𝜆,𝜐),
with 𝜔 = ⟨𝐴1,𝐶2, 𝐵3, 𝐴4,𝐶5, 𝐵6,𝐶7⟩, 𝜆 = ⟨1, 2, 3, 4, 5, 6, 7⟩, and values 𝜐 = ⟨2, 3, 5, 6, 13, 7, 9⟩, potential
matches are {𝜑1 : ⟨𝐴1, 𝐵2,𝐶3⟩ ↦→ {1, 3, 5}, 𝜑2 : ⟨𝐴1, 𝐵2,𝐶3⟩ ↦→ {1, 3, 7}, 𝜑3 : ⟨𝐴1, 𝐵2,𝐶3⟩ ↦→ {4, 6, 7}}.
Incorporating the time window 𝑞𝜏 , we obtain 𝐶𝑀 = {𝜑1 : ⟨𝐴1, 𝐵2,𝐶3⟩ ↦→ {1, 3, 5}, 𝜑3 : ⟨𝐴1, 𝐵2,𝐶3⟩ ↦→
{4, 6, 7}}. For some aggregations𝑞𝒜 , we get Count(𝐶𝑀) = 2 and Sum(𝐶𝑀) = (2+5+13)+ (6+7+9) =
42.

4 Problem Statement

We consider scenarios, in which the query evaluation is relevant at a random time instance (e.g.,
when a user refreshes a dashboard). Let𝑈 : Ω → T be a random variable representing this trigger,
with Ω as the sample space encompassing all potential trigger instances. The probability distribution
of𝑈 is denoted by 𝑃𝑈 (𝑡), specifying the probability that𝑈 equals 𝑡 . Let E ⊆ T be the set of evaluation
timestamps, which are drawn independently as a fixed number 𝑁 of samples from T according to
𝑃𝑈 , yielding E = {𝜀1, . . . , 𝜀𝑁 }. Each 𝜀𝑖 ∈ E denotes a time instance when query results are relevant.

Then, we define a summary substreamS as a subsequence of elements from the substream 𝑠 (𝜀) up
to time 𝜀 ∈ E, containing at most 𝑛 elements, as S(𝜀, 𝑛) = (⟨𝑐𝑖1 , . . . , 𝑐𝑖𝑘 ⟩, ⟨𝑡𝑖1 , . . . , 𝑡𝑖𝑘 ⟩, ⟨𝑣𝑖1 , . . . , 𝑣𝑖𝑘 ⟩)
where 1 ≤ 𝑖1 ≤ · · · ≤ 𝑖𝑘 ≤ 𝑝 , 𝑘 ≤ 𝑛, and each 𝑖 𝑗 is an index of a stream element in 𝑠 (𝜀). Here, 𝑝 is
the index of the latest stream element with timestamp ≤ 𝜀. Technically, the summary substream
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q = (γ, τ,A )

qγ = A(B∗C)∗D
qτ = 10
qA = Count (#matches)
s = (ω, λ, υ)

z0 z1 z2 z3
A

C

B

D

C

B

#z0 = #z1 = #z2 = #z3 = 0
A : #z1 ← #z1+1 B : #z2 ← #z2+#z2+#z1
C : #z1 ← #z1 +#z1 +#z2 D : #z3 ← #z3 +#z1

Compile NFA to State Counters
and Count Rules

StateSummary - Count RulesThompson Construction, ε-Transition Removal
& State Merge

A1 (λ[1] = 32) B2 (λ[2] = 35) A3 (λ[3] = 37) D4 (λ[4] = 38) B5 (λ[5] = 40) C6 (λ[6] = 41) D7 (λ[7] = 42)

Characters ω,
timestamps λ
of stream s

A1

A1 : #z1 ← #z1 + 1 = 1

A1B2

B2 : #z2 ← #z2 +#z2 +#z1 = 1

A3

A3 : #z1 ← #z1 + 1 = 2

Automata-Based Matching of q

A1D4

A3D4

D4 : #z3 ← #z3 +#z1 = 2
StateSummary Matching of q

A1B5

A3B5

A1B2B5

B5 : #z2 ← #z2 +#z2 +#z1 = 4

A1C6

A1B2C6

A3C6

A1B5C6

A3B5C6

A1B2B5C6

C6 : #z1 ← #z1 +#z1 +#z2 = 8

A1D7

A3D7

A1C6D7

A1B2C6D7

A3C6D7

A1B5C6D7

A3B5C6D7

A1B2B5C6D7

D7 : #z3 ← #z3 +#z1 = 10

Resulting
State

After D7

Global
State

Counters

Partial Matches PM

NFA’s in z1: {A1, A3, A1C6, A1B2C6, A3C6,
A1B5C6, A3B5C6, A1B2B5C6}

NFA’s in z2: {A1B2, A1B5, A3B5, A1B2B5}

#z1 = 8 #z2 = 4 |PM | = 12

Complete Matches CM

{A1D4, A3D4, A1D7, A3D7, A1C6D7, A1B2C6D7,
A3C6D7, A1B5C6D7, A3B5C6D7, A1B2B5C6D7}

#z3 = 10 |CM | = 10

NFA’s in z3:

Fig. 3. Characters 𝜔 and timestamps 𝜆 of a stream 𝑠 and the NFA for the regular expression 𝑞𝛾 = 𝐴(𝐵∗𝐶)∗𝐷 .
The counters of the StateSummary are contrasted with the (partial) matches constructed by traditional

automata-based matching.

is constructed by a summary selection function that decides whether an element should be kept,
discarded, or replaced.

We aim to assess how the projected elements in a summary affect a loss function 𝑙𝒜 : N×N→ R
upon an evaluation trigger. The loss quantifies the discrepancy between the values 𝑥opt and 𝑥 ,
obtained by the aggregate for query matches over either the stream 𝑠 (𝜀) (for 𝑥opt) or the chosen
subsequence S(𝜀, 𝑛) (for 𝑥 ) at time 𝜀.
For aggregations Count and Sum, we employ the loss function 𝑙Count (𝑥, 𝑥opt) = 𝑙Sum (𝑥, 𝑥opt) =
|𝑥−𝑥opt |. For Avg, we define the loss as the relative error 𝑙Avg (𝑥, 𝑥opt) = |

𝑥−𝑥opt
𝑥opt
|. For each evaluation

timestamp 𝜀 ∈ E, we aim to minimize the loss 𝑙𝒜 .

Problem 1. Let Σ be an alphabet and 𝑠 (𝜀) = (𝜔, 𝜆,𝜐) be a stream up to time instance 𝜀 ∈ T. Also,
let 𝑞 = (𝛾, 𝜏,𝒜) be a regular expression query, 𝑛 be the summary size, S(𝜀, 𝑛) the summary substream,
and E ⊆ T a finite set of evaluation timestamps. For each time point 𝜀 ∈ E, we aim at a summary
substream S(𝜀, 𝑛) with minimal loss:

minimize
∑︁
𝜀∈E

min
S(𝜀,𝑛)

(𝑙𝒜 (𝑞𝒜 (𝐶𝑀S(𝜀,𝑛) ), 𝑞𝒜 (𝐶𝑀𝑠 (𝜀 ) )))

5 State Summary Data Structure

The optimization problem defined in Problem 1 seeks to minimize the loss at evaluation time points,
which, in turn, is affected by the set of complete matches at these time points. However, as the
time points are unknown, the complete matches would need to be available at any time. Yet, their
computation at every time point is infeasible. As mentioned, the number of automata to maintain
may grow exponentially in the number of processed elements, which yields an exponential runtime
of an evaluation algorithm.
Motivated by these observations, we present SuSe to address Problem 1. We avoid any direct

materialization and maintenance of (partial) matches and retain only the information necessary
for evaluating the aggregate function, at any time point. Specifically, SuSe relies on a stream
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summary, as illustrated in Fig. 1. The summary captures aggregated stream information that, when
an evaluation trigger occurs, allows for the (approximate) computation of the aggregate over the
complete matches of the query.
The stream summary employed in SuSe comprises the summary substream of selected stream

elements S and the StateSummary data structure. Given a regular expression query 𝑞 = (𝛾, 𝜏,𝒜),
we compile the StateSummary from it, which stores aggregated information about partial and
complete matches from evaluating 𝑞 over elements in S. We refer to these aggregates as global state
counters: For each state of the underlying NFA of 𝑞𝛾 , a global state counter tracks the aggregated
information for (partial) matches in that state, considering all elements that have been selected
into the summary substream. To measure how each element in S contributes to these global state
counters, we introduce local state counters, capturing for each state the aggregated information
that particular element contributes to. In §6, local state counters guide our summary selection
algorithm in deciding which elements to keep or replace by assigning them a benefit. Finally, to
handle a temporal context due to the time window, we define an active time window that denotes
the segment of summary elements still capable of producing future matches. We use this segment
to enrich the potential benefit of summary elements by predicting their future match participation.

In the remainder, we fix a time instance 𝜀 ∈ T and summary size 𝑛, and, thus, write S to represent
the summary substream. Let 𝑠 = (𝜔, 𝜆,𝜐) be a stream; the summary substream S = (𝜔 ′, 𝜆′, 𝜐′) is a
subsequence of its elements.
To simplify the presentation, we first introduce the StateSummary for queries using Count

as the aggregation function, in terms of its construction (§5.1) and maintenance (§5.2). Then, we
discuss how it is adapted for Sum and Avg aggregations (§5.3).

5.1 StateSummary Compilation

Given a regular expression query 𝑞 = (𝛾, 𝜏,𝒜), the StateSummary is constructed based on the
NFA for 𝑞𝛾 obtained by the Thompson construction [55]. The NFA is further adapted by removing
epsilon transitions, subsequent removal of unreachable states, and merging of states (which are
final or non-final) with identical transitions. The resulting NFA, denoted as N = (𝑍, Σ, 𝛿, 𝑧0, 𝐹 ), is
used to compile our StateSummary. The data structure includes state counters (summarized in
Table 2) that are defined and derived as follows.

Global State Counter. For each state 𝑧𝑖 ∈ 𝑍 in N , where 0 ≤ 𝑖 < |𝑍 |, the global state
counter #𝑧𝑖 ∈ N keeps track of the number of (partial) matches in that state 𝑧𝑖 , considering
all selected elements 𝑒𝑖 = (𝜔 ′ [𝑖], 𝜆′ [𝑖], 𝜐′ [𝑖]) in S. Initially, these counters are set to zero. Let
S#𝑍 = (#𝑧0, . . . , #𝑧 |𝑍 | ) denote the tuple of global state counters of S, derived from the states 𝑍 of
the compiled NFA, where each component #𝑧𝑖 in S#𝑍 denotes a global state counter. Referring to
the example given in Fig. 3, with global state counters (#𝑧0, #𝑧1, #𝑧2, #𝑧3), processing the stream 𝑠

yields 8 partial matches in 𝑧1, 4 partial matches in 𝑧2, and 10 complete matches in 𝑧3, represented
by the global state counters (0, 8, 4, 10).

Count Rules. The Count rules specify the number of (partial) matches in a given state, based
on the evaluation of query 𝑞 over the selected elements in S. We derive them from the transitions of
N by checking, for each state 𝑧𝑖 ∈ 𝑍 and each character 𝑐 ∈ Σ, if there is a transition leading to any
state in 𝑍 . As an illustration, consider the NFA in Fig. 3, where 𝛿 (𝑧1,𝐶) = {𝑧1}, while 𝛿 (𝑧1, 𝐴) = ∅.

With each character 𝑐 , any (partial) match in a state 𝑧𝑖 satisfying 𝛿 (𝑧𝑖 , 𝑐) ≠ ∅ can transition using
𝑐 . This creates (partial) matches in the resulting state(s), as each (partial) match in 𝑧𝑖 transitions
with 𝑐 , causing the current count of (partial) matches in the subsequent state(s), given by 𝛿 (𝑧𝑖 , 𝑐),
to increment by the current count #𝑧𝑖 . Transitions from the initial state 𝑧0 ∈ 𝑍 to a state 𝑧𝑘 ≠ 𝑧0
represent the creation of a new (partial) match, adding one to #𝑧𝑘 .
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Table 2. Overview of different counter concepts.

Notation Explanation

S#𝑍 Global state counters: counting all (partial) matches in S.
𝑒#𝑍 Local state counters: counting (partial) matches 𝑒 is involved.
A#𝑍 Active global state counters: counting all (partial) matches

satisfying 𝑞𝜏 , thus having the potential to lead to future
matches.

A𝑒#𝑍 Active local state counters: counting (partial) matches 𝑒 is
involved satisfying 𝑞𝜏 , thus, having the potential to lead to
future matches.

Based on N ’s transitions, we define Count rules to quantify the number of (partial) matches
within a state resulting from matching an element against the current state. For each state 𝑧𝑖 ∈ 𝑍 ,
global state counter #𝑧𝑖 in S#𝑍 , and character 𝑐 ∈ Σ:
(1) If 𝑧𝑖 has a self-loop with 𝑐:

if 𝛿 (𝑧𝑖 , 𝑐) = {𝑧𝑖 } then #𝑧𝑖 ← #𝑧𝑖 + #𝑧𝑖 .
(2) If transitions from states {𝑧𝑖1 , 𝑧𝑖2 , . . . , 𝑧𝑖𝑙 } lead to 𝑧𝑘 upon processing character 𝑐 (excluding

the self-loop case):
if 𝛿 (𝑧𝑖 𝑗 , 𝑐) = {𝑧𝑘 } for 𝑗 ∈ {1, ..., 𝑙} then #𝑧𝑘 ← #𝑧𝑘 +

∑𝑙
𝑗=1 #𝑧𝑖 𝑗 .

(3) If the transition goes from the initial state 𝑧0 to 𝑧𝑘 ≠ 𝑧0:
if 𝛿 (𝑧0, 𝑐) = {𝑧𝑘 } then #𝑧𝑘 ← #𝑧𝑘 + 1.

Note that for counters impacted by both, a self-loop and a transition from a different state, the
number must first be doubled by the self-loop. This ensures that no (partial) match undergoes two
transitions.
Since 𝛿 yields a subset of 2𝑍 , a character 𝑐 may update multiple state counters, with O(|𝑍 |) as

an upper bound.

Example 4. Consider the stream 𝑠 = (𝜔, 𝜆,𝜐) with 𝜔 = ⟨𝐴1, 𝐵2, 𝐴3, 𝐷4, 𝐵5,𝐶6, 𝐷7⟩ in Fig. 3. The
expression 𝛾 = 𝐴(𝐵∗𝐶)∗𝐷 yields global state counters S#𝑍 = (#𝑧0, #𝑧1, #𝑧2, #𝑧3), each initialized to
zero. The Count rules are depicted in the upper box in Fig. 3. Processing 𝑠 , 𝐴1 increments #𝑧1 by one.
Then, 𝐵2 increases #𝑧2 by the sum of #𝑧1 and #𝑧2; 𝐴3 adds one to #𝑧1; and 𝐷4 augments #𝑧3 to 2. After
processing 𝑠 , it holds that |𝑃𝑀 | = #𝑧1 + #𝑧2 = 8 + 4 = 12 and |𝐶𝑀 | = #𝑧3 = 10.

Local StateCounter. For each element 𝑒 inS, local state counters, denoted as 𝑒#𝑍 = (𝑒#𝑧0 , . . . , 𝑒#𝑧 |𝑍 | )
and initialized to zero, quantify the number of partial and complete matches involving element
𝑒 across each state. They are updated using the Count rules introduced above for global state
counters. When an element 𝑒 arrives, the local state counters 𝑒#𝑍 reflect the (partial) matches that 𝑒
contributes to the global state counters; thus, 𝑒#𝑍 is updated first based on the values of the global
state counters in S#𝑍 . Subsequent updates of 𝑒#𝑍 , however, rely on the values in their respective
local state counters, to incorporate new (partial) matches involving 𝑒 .

Example 5. Consider Fig. 3 and element 𝐵5. Upon its arrival, 𝐵5 is incorporated by all partial
matches in states 𝑧1 and 𝑧2. Hence, we have 𝐵5#𝑧2 ← #𝑧2 + #𝑧1 = 3. Note that only when 𝐵5 is added,
we apply the global state counters #𝑧𝑖 in S#𝑍 to the local state counters. Afterwards, the Count rules
update 𝐵5’s local state counters by factoring in the corresponding local state counter values. Therefore,
when𝐶6 is processed next, the local state counter for 𝐵5 gets updated: 𝐵5#𝑧1 ← 𝐵5#𝑧1 +𝐵5#𝑧1 +𝐵5#𝑧2 = 3,
resulting in 𝐵5#𝑍 = (0, 3, 3, 0).

To discuss complexity, we overload notation and write |S| for the number of elements in S. If
each state is reachable from any other state, for each element 𝑒 , we must monitor all |𝑍 | counters,
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. . . A11 B13 A14 D15 B17 C18 D19ω′ =

. . . 32 35 37 38 40 41 42λ′ =

|PMA| = 12
|CMA| = 10
A#Z = (0, 8, 4, 10)

Time:42

Active time window A of size qτ

Selected stream elements in S

Query q = (γ, τ,A ) ; qγ = A(B∗C)∗D ; qτ = 10 ; qA = Count

. . . A11 B13 A14 D15 B17 C18 D19

. . . 32 35 37 38 40 41 42

ω′ =

λ′ =

|PMA| = 4
|CMA| = 4
A#Z = (0, 3, 1, 4)

Time:43

Update A due to time step increase

. . . B13 A14 D15 B17 C18 D19 B20

. . . 35 37 38 40 41 42 43

ω′ =

λ′ =

|PMA| = 8
|CMA| = 4
A#Z = (0, 3, 5, 4)

B20#Z
= (0, 0, 4, 0)

AB20#Z
= (0, 0, 4, 0)

Time:43(B20 arrives with timestamp 43)

Update A due to adding B43

Fig. 4. Evolution of a summary for a given regular expression query; shaded elements are in the active time

window A.

which yields a space complexity for both types of counters of O(|𝑍 | + |S| · |𝑍 |), which simplifies to
O(|S| · |𝑍 |), where typically |𝑍 | ≪ |S|.
Sliding Time Window. The time window 𝑞𝜏 of a regular expression query constrains matches
based on the timestamps of elements. If a stream element 𝑒 is added to the summary, it is possible
that not all summary elements fall within the same time window as 𝑒 . Hence, the global state
counters S#𝑍 may not represent the correct values for initializing the local state counters 𝑒#𝑍 . We
now detail the extensions to StateSummary for such temporal context.

We define the active time window A as the subsequence of the selected elements in S that, upon
adding an element 𝑒 , satisfy the time window 𝑞𝜏 with 𝑒 . Based thereon, we maintain separate active
global and local state counters, denoted by A#𝑍 and A𝑒#𝑍 , respectively. They reflect the match
counts per element in A and are updated based on the same Count rules as before. Within A,
the term A𝑖𝑛𝑖𝑡 denotes the oldest initiator element, i.e., the oldest selected element, for which the
character aligns with a transition in the automaton starting in the initial state 𝑧0. There is no need
to keep elements before this element A𝑖𝑛𝑖𝑡 not linked to transitions from the initial state, as they
cannot create new (partial) matches.

Example 6. Consider the selected characters 𝜔 ′ of the elements at time 42 in Fig. 4 and the query
𝑞 from Fig. 3. Here, 𝐷19 is the most recently appended element. Due to 𝑞𝜏 , 𝐴11 = A𝑖𝑛𝑖𝑡 remains the
earliest initiator matching 𝐷19 and stays inA as it satisfies the time window. Yet, at time 43, 𝐴11 is no
longer valid and, hence, is removed from A, but it remains in S. Although 𝐵13 fits within the time
window, it is discarded from A since it is not an initiator; we set A𝑖𝑛𝑖𝑡 = 𝐴14. The elements in A
correspond to 𝜔 in Fig. 2; thus, the matches corresponding to the counters are also depicted there.
As we add 𝐵20, the local state counters 𝐵20#𝑍 are initialized from the active time window state

countersA#𝑍 = (0, 3, 1, 4), so that we arrive at 𝐵20#𝑍 = (0, 0,A#𝑧1 +A#𝑧2 , 0) = (0, 0, 4, 0). These counts
represent the current number of (partial) matches. Then, we update the global state counter values by
adding the contributions from 𝐵20: S#𝑍 ← S#𝑍 + 𝐵20#𝑍 , meaning S#𝑧𝑖 ← S#𝑧𝑖 + 𝐵20#𝑧𝑖 for 0 ≤ 𝑖 < |𝑍 |.
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In addition, we maintain active local state counters A𝑒#𝑍 for elements 𝑒 inA to track the number
of matches each element participates in within A (whereas the local state counters 𝑒#𝑍 also cover
elements no longer in A). This nuanced tracking is crucial for estimating the benefit of an element
in A to yield future matches.

As soon as an element 𝑒 drops out of A, its local state counters 𝑒#𝑍 can no longer increase, but
only decrease. The reason being that 𝑒 can no longer lead to new (partial) matches.

Maintaining the active global and local state counters results in additional space requirements of
size O(|A| · |𝑍 |). Since |A| depends on 𝑞𝜏 and |S|, we arrive at O(𝑚𝑖𝑛{𝑞𝜏 , |S|} · |𝑍 |).

5.2 Operations

In this section, we detail the Initialize, Insert, and Remove operations that manipulate the
summary.
Initialize. The StateSummary is initialized for a regular expression query 𝑞 = (𝛾, 𝜏,𝒜), the
NFA N = (𝑍, Σ, 𝛿, 𝑧0, 𝐸) derived for it, and a user-defined summary size 𝑛 (from Problem 1). We
create tuples S#𝑍 ,A#𝑍 to capture the global state counters and the active global state counters,
respectively. Note that the active time window A is a subsequence of S, so that we do not store it
explicitly.

We allocate O(𝑛 · |𝑍 |) memory for all future elements and their local state counters. Consequently,
the runtime of the Initialize operation is dominated by initializing the local state counter tuples
for these elements, which requires O(|S| · |𝑍 |) time and space.

We use an array to hold the elements when implementing the StateSummary. While this choice
induces an overhead for the Remove operation, it facilitates efficient linear scans, which are required
by our Insert and Remove operations.
Insert. The Insert(𝑒) operation appends an element 𝑒 from the stream to the summary substream
S and is detailed in Alg. 1. To incorporate 𝑒 , we need to adjust the (active) global state counters
S#𝑍 and A#𝑍 , and for each element 𝑒 in A its (active) local state counters 𝑒#𝑍 and A𝑒#𝑍 . Finally,
we have to initialize the active local state counter A𝑒#𝑍 of 𝑒 and its local state counters 𝑒#𝑍 .

To comprehend the influence of 𝑒’s character 𝑐 on the NFA, we assess its impact on ongoing
(partial) matches within the active time window A. Specifically, we identify the states affected
by 𝑐 . This is determined by the computeStateCounterChange function (line 11), which first
initializes a new state counter tuple 𝑛𝑒𝑤𝐶𝑜𝑢𝑛𝑡𝑒𝑟𝑠 of size |𝑍 | with zeros. Then, for each source state
from_𝑧 ∈ 𝑍 , we determine each target state to_𝑧 ∈ 𝑍 , resulting from a transition using 𝑐 , to increase
the state counter 𝑛𝑒𝑤𝐶𝑜𝑢𝑛𝑡𝑒𝑟𝑠#𝑡𝑜_𝑧 by the count of 𝑐𝑜𝑢𝑛𝑡𝑒𝑟𝑠#𝑓 𝑟𝑜𝑚_𝑧 (line 15). The resulting update
tuple is saved to 𝑔𝑙𝑜𝑏𝐶𝑜𝑢𝑛𝑡𝑒𝑟𝐶ℎ𝑎𝑛𝑔𝑒 (line 1).
In line 2 and line 3, we update the global state counters S#𝑍 and active global state counters
A#𝑍 using 𝑔𝑙𝑜𝑏𝐶𝑜𝑢𝑛𝑡𝑒𝑟𝐶ℎ𝑎𝑛𝑔𝑒 (i.e., by adding tuple components, line 17). From line 4 to line 7, for
each element 𝑒 in A, we determine the impact of 𝑐 on the active local state counters of 𝑒 , denoted
by 𝑙𝑜𝑐𝑎𝑙𝐶ℎ𝑎𝑛𝑔𝑒 (line 5), to update its active local state counters A𝑒#𝑍 and local state counters 𝑒#𝑍
by 𝑙𝑜𝑐𝑎𝑙𝐶ℎ𝑎𝑛𝑔𝑒 . Finally, after appending the new element 𝑒 to S (line 8), denoted by S ⊕ 𝑒 , we
initialize its active local state counters A𝑒#𝑍 (line 9) and local state counters 𝑒#𝑍 (line 10).
The time complexity of Insert is dominated by the updates of the (active) local state counters

of elements in A. The size of A is dictated by 𝑞𝜏 and, if 𝑞𝜏 > |S|, a single insert can affect
all elements in S. Since computeStateCounterChange requires O(|𝑍 |2) time, Insert takes
O(𝑚𝑖𝑛{𝑞𝜏 , |S|} · |𝑍 |2) time using O(|𝑍 |) space.
Remove. The Remove(𝑒) operation removes element 𝑒 from S. From global state counters S#𝑍 ,
we subtract the local state counters 𝑒#𝑍 , representing all (partial) matches involving 𝑒 . Similarly,
the active global state counters A#𝑍 are reduced by A𝑒#𝑍 . When removing 𝑒 , related (active) local
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Algorithm 1: Insert.
input :Summary substream S; global state counters S#𝑍 and all local state counters (e.g., 𝑒#𝑍 ); stream element 𝑒

to insert and its character 𝑐 ; NFA N = (𝑍, Σ, 𝛿, 𝑧0, 𝐸 ) ; active time window A with active global state
counters A#𝑍 and all active local state counters (e.g., A𝑒#𝑍 )

1 globCounterChange← computeStateCounterChange(A#𝑍 ,N, 𝑐);
2 S#𝑍 ← addStateCounters(S#𝑍 , globCounterChange,N);
3 A#𝑍 ← addStateCounters(A#𝑍 , globCounterChange,N);
4 for 𝑒 in A do

5 localChange← computeStateCounterChange(A𝑒#𝑍 ,N, 𝑐);
6 A𝑒#𝑍 ← addStateCounters(A𝑒#𝑍 , localChange,N);
7 𝑒#𝑍 ← addStateCounters(𝑒#𝑍 , localChange,N);
8 S ← S ⊕ 𝑒 ;
9 A𝑒#𝑍 ← globCounterChange;

10 𝑒#𝑍 ← globCounterChange;
11 function computeStateCounterChange(counters,N, 𝑐)
12 newCounters← 0|𝑍 | ;
13 for from_z ∈ 𝑍 do

14 for to_z ∈ 𝛿 (from_z, 𝑐 ) do
15 newCounters#to_z ← newCounters#to_z + counters#from_z;

16 return newCounters;

17 function addStateCounters(stateCounters1, stateCounters2, N)
18 addCounters← 0|𝑍 | ;
19 for 𝑧 ∈ 𝑍 do addCounters#𝑧 ← stateCounters1#𝑧 + stateCounters2#𝑧 ;
20 return addCounters;

Table 3. Time and space complexity of summary operations.

Operation Time complexity Space complexity

Initialize O( |S | · |𝑍 | ) O ( |S | · |𝑍 | )
Insert O(𝑚𝑖𝑛{𝑞𝜏 , |S | } · |𝑍 |2 ) O ( |𝑍 | )
Remove O(𝑚𝑖𝑛{𝑞𝜏 , |S | }2 · |𝑍 |2 ) O (𝑚𝑖𝑛{𝑞𝜏 , |S | } · |𝑍 | )

state counters for remaining elements may require updating. However, StateSummary does not
include the required counts of (partial) matches for pairs of elements. We, thus, define a procedure
for obtaining the joint counts of 𝑒 and all affected elements, as detailed in our technical report [6].

Complexity. Remove implies a series of Insert operations. For every new element inserted, all
prior elements are updated. This results in a quadratic time complexity of O(𝑚𝑖𝑛{𝑞𝜏 , |S|}2 · |𝑍 |2)
and a space complexity of O(𝑚𝑖𝑛{𝑞𝜏 , |S|} · |𝑍 |). We give an overview of our operations in Table 3
and refer to [6] for details.

5.3 Model Extensions

Aggregate Functions. Having described the StateSummary for Count aggregations, we turn to
Sum and Avg.

As before, when an element 𝑒 is added to S, transitions of the automaton are triggered, creating
new matches in subsequent states. For all affected (partial) matches, the character 𝑐 of element 𝑒
and its payload value 𝑣 must be incorporated. We define the Sum counters and rules based on those
introduced for Count.
For each state 𝑧𝑖 ∈ 𝑍 , we create a Sum counter 𝒮#𝑧𝑖 ∈ N, representing the current total sum

over all payload values of (partial) matches in 𝑧𝑖 . This yields a tuple of global sum counters 𝒮#𝑍 =
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(𝒮#𝑧0 , . . . ,𝒮#𝑧 |𝑍 |) ). As for the Count rules, there are three cases we have to handle for defining the
Sum rules: (1) self-loops, (2) transitions from other states, and (3) transitions originating from 𝑧0:
For each 𝑧𝑖 ∈ 𝑍 , each 𝒮#𝑧𝑖 in 𝒮#𝑍 , and character 𝑐 with value 𝑣 :

(1) If 𝑧𝑖 has a self-loop with 𝑐:
if 𝛿 (𝑧𝑖 , 𝑐) = {𝑧𝑖 } then 𝒮#𝑧𝑖 ← 𝒮#𝑧𝑖 + #𝑧𝑖 · 𝑣 .

(2) If transitions from states {𝑧𝑖1 , 𝑧𝑖2 , . . . , 𝑧𝑖𝑙 } lead to 𝑧𝑘 upon processing character 𝑐 (excluding
the self-loop case):
if 𝛿 (𝑧𝑖 𝑗 , 𝑐) = {𝑧𝑘 } for 𝑗 ∈ {1, 2, ..., 𝑙} then

𝒮#𝑧𝑘 ← 𝒮#𝑧𝑘 +
∑𝑙

𝑗=1𝒮#𝑧𝑖 𝑗 + #𝑧𝑖 𝑗 · 𝑣 .
(3) If the transition goes from the initial state 𝑧0 to 𝑧𝑘 ≠ 𝑧0:

if 𝛿 (𝑧0, 𝑐) = {𝑧𝑘 } then 𝒮#𝑧𝑘 ← 𝒮#𝑧𝑘 + 1 · 𝑣 .

The (active) local sum counters are defined analogously to their Count-based counterparts, but
rely on the Sum rules.
Maintaining the StateSummary for Sum and Count, support for Avg is obtained by using the

ratio 𝒮#𝑧𝑖 /#𝑧𝑖 for each state 𝑧𝑖 ∈ 𝑍 .

Example 7. Extending our example from §2, with a stream partitioned by bike ID and a query
detecting all short bike trips, each trip event may include a duration attribute. Evaluating the Sum
aggregate on this attribute yields the total ride time per bike across all such trips, whereas Avg computes
the avg ride time per bike per trip.

Predicates. Patterns often materialize in stream partitions (e.g., per sensor, per person, per
vehicle), making our model directly applicable for equality predicates over corresponding attribute
values per partition. When defining predicates over subsets of query characters, e.g., 𝑞𝛾 = 𝐴𝐵𝐶

where 𝐵’s and𝐶’s (but not 𝐴’s) shall have equal attribute values, characters for which the predicate
does not apply (here, the 𝐴 characters) are replicated in each partition. Without partitioning,
equality predicates can still be processed bymaintaining counters for each attribute value previously
considered for partitioning, tracking matches specifically for that value.

Selection Policies. The semantics underlying our model is known as the STAM policy [3, 25, 58].
To integrate a stricter policy, such as Skip-Till-Next-Match (STNM) [25], we adapt the Count rules
to reflect STNM’s key distinction: it prevents skipping relevant elements, i.e., (partial) matches are
not duplicated; thus, the increase in matches in subsequent states is balanced by an equivalent
decrease in the originating states when an element arrives.
Multi-Query.When multiple RegEx queries share the same time window size 𝜏 , they can be

processed together with one StateSummary bymerging their patterns via union, e.g.,𝑞1 = (𝛾1, 𝜏,𝒜)
and 𝑞2 = (𝛾2, 𝜏,𝒜) become 𝑞3 = (𝛾1 |𝛾2, 𝜏,𝒜). If queries have different time window sizes, each
StateSummary must manage distinct active time window segments, complicating sharing and
maintenance. Still, a separate StateSummary for each query may be used, though it forfeits shared-
counter benefits and increases maintenance overhead by at least a factor in the size of the query
workload.

6 Summary Selection

To maintain a summary with the aim to minimize the loss in query evaluation, we first show how
to quantify the potential of an element to contribute to a substantial amount of complete matches
(§6.1). Based thereon, we present a selection strategy (§6.2). Again, we first discuss Count, and
later generalize to Sum and Avg (§6.3).
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#z0 = #z1 = #z2 = #z3 = 0
A : #z1 ← #z1 + 1
B : #z2 ← #z2 +#z2 +#z1
C : #z1 ← #z1 +#z1 +#z2
D : #z3 ← #z3 +#z1

Influences on #z1: 1+#z1+#z2
Influences on #z2: #z2 +#z1
Influence on #z3: #z1

Query:
q = (γ, τ,A )
qγ = A(B∗C)∗D
qτ = τ
qA = Count

Alph. prob.:
P (A) = 0.5,
P (B) = 0.2,
P (C) = 0.15,
P (D) = 0.15

t = 0

#z1(0) =#z1

#z2(0) =#z2

#z3(0) =#z3

(Weighted)
Influences I1, . . . , I6:
I1(t) = 1 · P (A)
I2(t) = #z2(t) · P (B)
I3(t) = #z1(t) · P (B)
I4(t) = #z1(t) · P (C)
I5(t) = #z2(t) · P (C)
I6(t) = #z1(t) · P (D)

I1(0) = 1 · P (A)
I4(0) = #z1(0) · P (C)
I5(0) = #z2(0) · P (C)

I2(0) = #z2(0) · P (B)
I3(0) = #z1(0) · P (B)

I6(0) = #z1(0) · P (D)

t = 1

#z1(1) =#z1(0) +

Weighted influences of A and C at t=0 on#z1︷ ︸︸ ︷
1 · P (A) + (#z1(0) + #z2(0)) · P (C)

#z1(1) =#z1 + 0.5 + #z1 · 0.15 + #z2 · 0.15
#z1(1) =1.15 ·#z1 + 0.15 ·#z2 + 0.5

#z2(1) =#z2(0) + (#z2(0) + #z1(0)) · P (B)

#z2(1) =#z2 +#z2 · 0.2 + #z1 · 0.2
#z2(1) =1.2 ·#z2 + 0.2 ·#z1

#z3(1) =#z3(0) + #z1(0) · P (D)

#z3(1) =#z3 + 0.15 ·#z1

t = 2

#z1(2) =#z1(1) +

Weighted influences of A and C at t=1 on #z1︷ ︸︸ ︷
1 · P (A) + (#z1(1) + #z2(1)) · P (C)

#z1(2) =1.15 ·#z1 + 0.15 ·#z2 + 0.5 + P (A)+

(1.15 ·#z1 + 0.15 ·#z2 + 0.5 + 1.2 ·#z2 + 0.2 ·#z1) · P (C)

#z1(2) =1.15 · (1.15 ·#z1 + 0.15 ·#z2 + 0.5) + 0.15 · (1.2 ·#z2 + 0.2) + 0.5

#z1(2) =1.3525 ·#z1 + 0.3525 ·#z2 + 1.075

Fig. 5. Extending the example from Fig. 3, we compute the expected benefit for 𝑡 ∈ [0, 1, 2]. Resulting
coefficients are cached.

6.1 Benefit Function

To build a stream summary, we define a benefit function B that scores an element based on the
present benefit for current aggregation results, and the expected benefit for future results.
Present Benefit. The present benefit Bpres:S → N (for Count) of an element 𝑒 in S is defined by
the number of complete matches involving 𝑒 , i.e., sum of local state counters for final states 𝐹 in N :

Bpres (𝑒) =
∑

𝑧𝑖 ∈𝐹 𝑒#𝑧𝑖 (1)

We write BApres (𝑒) to denote all complete matches of 𝑒 within A.
Expected Benefit. The expected benefit Bexp: S × T → R≥0 quantifies the expected count of
complete matches involving 𝑒 using its active local state counterA𝑒#𝑍 (i.e., (partial) matches with 𝑒
that may lead to further matches) and the remaining time span Δ𝜏 , in which 𝑒 can participate in
matches.
We assume that the probability distribution over Σ, coined alphabet probability and denoted

as 𝑃Σ : Σ → [0, 1], is known. That is, 𝑃Σ (𝑐) represents the probability that character 𝑐 ∈ Σ is the
character of the subsequent stream element 𝑒 . The time window 𝑞𝜏 determines the maximum time
an element can lead to (partial) matches. As such, to compute the expected benefit, we induce, for
each time step 𝑡 ∈ [0, 𝑞𝜏 ], all possible characters 𝑐 ∈ Σ and measure their influence on the active
state counters, weighted by their occurrence probability 𝑃Σ (𝑐).

Based on the active local state counters #𝑧𝑖 in A𝑒#𝑍 (denoted here as #𝑧𝑖 instead of A#𝑧𝑖 to ease
the presentation), we compute how each #𝑧𝑖 is affected per time step. For #𝑧𝑖 , the resulting count
#𝑧𝑖 (𝑡) represents the averaged count over all possible words Σ𝑡 weighted by 𝑃Σ (𝑐), i.e., the expected
match count after 𝑡 time steps.

Consider Fig. 5, with the regular expression 𝑞𝛾 = 𝐴(𝐵∗𝐶)∗𝐷 , the corresponding Count rules, and
their influences on state counters. Each rule models how a state counter is influenced. Since we create
a Count rule for each transition in N , the number of influences equals the number of transitions
𝑇 = {(𝑧, 𝑥, 𝑧′) | 𝑧 ∈ 𝑍, 𝑥 ∈ Σ, 𝑧′ ∈ 𝛿 (𝑧, 𝑥)}. For each active state counter #𝑧𝑖 in A𝑒#𝑍 , we determine
the total influence on #𝑧𝑖 for a single time step. That is, we determine all influences on #𝑧𝑖 that
correspond to all transitions leading to 𝑧𝑖 , i.e., 𝑇𝑧𝑖 = {(𝑧, 𝑥) | 𝑧 ∈ 𝑍, 𝑥 ∈ Σ, 𝑧𝑖 ∈ 𝛿 (𝑧, 𝑥)}. Each tuple
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(𝑧, 𝑥) ∈ 𝑇𝑧𝑖 represents an influence on 𝑧𝑖 . For the automaton in Fig. 3,𝑇𝑧1 = {(𝑧0, 𝐴), (𝑧1,𝐶), (𝑧2,𝐶)},
yielding the influences 1, #𝑧1, and #𝑧2, respectively, on #𝑧1, which results in the total influence
1 + #𝑧1 + #𝑧2. Also, each influence is weighted by probability 𝑃Σ (𝑐) of character 𝑐 occurring, e.g.,
for #𝑧1, we get 1 · 𝑃 (𝐴) + (#𝑧1 + #𝑧2) · 𝑃 (𝐶).

For each transition in𝑇 , we define an influence function, 𝐼𝑘 : T→ R≥0, with 1 ≤ 𝑘 ≤ |𝑇 |, indicating
the weighted influence of a tuple (𝑧, 𝑥, 𝑧′) ∈ 𝑇 at time 𝑡 , yielding the set of all influences I =

{𝐼1, . . . , 𝐼 |𝑇 | }. For every active state counter #𝑧𝑖 in A#𝑍 , we define an influence set 𝑆𝑖 ⊆ {1, . . . , |𝑇 |},
which contains the indices of influence functions that affect #𝑧𝑖 . In Fig. 5, #𝑧1’s influence set is
determined by 𝑆1 = {1, 4, 5}, indicating that 𝐼1, 𝐼4, and 𝐼5 affect #𝑧1.

The computation at time 𝑡 +1 relies on the results at time 𝑡 . As such, we derive a linear recurrence
relation that operates on the active local state counters #𝑧𝑖 inA𝑒#𝑍 of an element 𝑒 in S to compute
𝑒’s expected benefit and, therefore, the overall benefit.

Specifically, at time 𝑡 = 0, we adopt #𝑧𝑖 (0) = #𝑧𝑖 as the initial relation, signifying #𝑧𝑖 ’s current
value. Then, the general linear recurrence relation for each 𝑡 + 1 and counter #𝑧𝑖 is defined as:

#𝑧𝑖 (𝑡 + 1) = #𝑧𝑖 (𝑡) +
∑

𝑘∈𝑆𝑖 𝐼𝑘 (𝑡) (2)

To update #𝑧𝑖 (𝑡 + 1), we add to its previous value, #𝑧𝑖 (𝑡), the sum of weighted influences on
#𝑧𝑖 at time 𝑡 . In Fig. 5, at 𝑡 = 2, #𝑧1 (2) is updated to 1.3525 · #𝑧1 + 0.3525 · #𝑧2 + 1.075, that is,
#𝑧1 (2) = #𝑧1 (1) + 𝐼1 (1) + 𝐼4 (1) + 𝐼5 (1) = #𝑧1 (1) + 1 · 𝑃 (𝐴) + (#𝑧1 (1) + #𝑧2 (1)) · 𝑃 (𝐶).

The output of Eq. 2 relies on the initial active local state counters values #𝑧𝑖 in A𝑒#𝑍 of 𝑒 , which
only increase. Hence, the result also captures 𝑒’s active present benefit. Thus, to define the expected
benefit function Bexp : S×T→ R, we subtract BApres (𝑒), estimating the expected count of complete
matches 𝑒 leads to:

Bexp (𝑒, 𝑡) =
∑

𝑧𝑖 ∈𝐹 A𝑒#𝑧𝑖
(𝑡) − BApres (𝑒) (3)

For instance, let A𝑒#𝑍 = (0, 5, 10, 15) in Fig. 5; at 𝑡 = 0, A𝑒#𝑍 remains unchanged, while at 𝑡 = 1,
A𝑒#𝑍 updates to (0, 7.75, 13, 15.75).
CachingCoefficients. The computational cost forBexp (𝑒, 𝑡) grows as the timewindow𝑞𝜏 increases.
We, therefore, employ a cache that is built during pre-processing using the inputs 𝑃Σ and S. Using
Fig. 5 for illustration, we note that for each time step 𝑡 and each active state counter #𝑧𝑖 , a linear
combination with constant coefficients is derived. A growing time window 𝑞𝜏 modifies only these
coefficients, leaving the active state counter #𝑧𝑖 value anchored to its initial. Hence, for every
𝑡 ∈ [0, 𝑞𝜏 ], we store the coefficients corresponding to each state counter #𝑧𝑖 . In Fig. 5, for instance,
for #𝑧1 (2), the cached coefficients are 1.3525, 0.3525, and 1.075.
In total, for every 𝑡 ∈ [0, 𝑞𝜏 ], we keep track of all O(|𝑍 |) state counters by caching at most
O(|𝑍 |) coefficients, leading to the memory requirement O(𝑞𝜏 · |𝑍 | · |𝑍 |), simplifying to O(𝑞𝜏 · |𝑍 |2).
After the cache is computed, for a given summary element 𝑒 and time instance 𝑡 , we can compute
Bexp (𝑒, 𝑡) in time O(|𝑍 |) since we have to factor in all cached coefficients for a given input tuple.

6.2 Selection Strategy

The selection strategy, denoted as𝜓 (S, 𝑒), derives a new summary from the current one S upon
the arrival of a stream element 𝑒 . It may insert 𝑒 , replace 𝑒old in S by 𝑒 , or discard 𝑒 (here, S|𝑒old
denotes the removal of element 𝑒old from S)

𝜓 (S, 𝑒) =


S ⊕ 𝑒 if 𝑒 is inserted into S
(S|𝑒old) ⊕ 𝑒 if 𝑒old is replaced by 𝑒
S if 𝑒 is discarded

(4)
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The decision of𝜓 relies on the benefit function B. If the summary capacity has not been reached,
a new element 𝑒 is inserted. If the summary is filled already, the choice between replacement
and discarding is done by iterating through the summary from the oldest to the newest element,
identifying the element 𝑒′ with the lowest benefit. For elements outside the active time window A,
it holds that B(𝑒′, 0) = Bpres (𝑒′) is their benefit. Upon reaching Ainit, we set 𝑒old = 𝑒new = Ainit,
marking both the oldest and initial newest initiators of A. Note that 𝑒old remains constant. As we
proceed, encountering a new initiator updates 𝑒new. We then determine values Δ𝜏old = 𝑞𝜏 − (𝑡 −
𝜆′ [𝑖old]) and Δ𝜏new = 𝑞𝜏 − (𝑡 − 𝜆′ [𝑖new]) with 𝑡 as the timestamp of 𝑒 , and 𝑖old, 𝑖new as the indices
of 𝑒old, 𝑒new. The value Δ𝜏old specifies the duration during which both 𝑒 and 𝑖old will be involved in
matches. Conversely, Δ𝜏new designates the overall period in which 𝑒 will participate in matches at
most. Based thereon, we define the benefit function B : S × T × T→ R≥0:

B(𝑒,Δ𝜏old ,Δ𝜏new ) = Bpres (𝑒) +
Bexp (𝑒,Δ𝜏old ) + Bexp (𝑒,Δ𝜏new )

2
(5)

The function offers a balanced measure of the benefit of 𝑒 , averaging its potential benefits over the
periods Δ𝜏old and Δ𝜏new .

The idea is based on the following observation: The value of Δ𝜏old can be small, indicating that 𝑒
might not contribute to matches for long; however, Δ𝜏new dictates how long 𝑒 can lead to matches.
On the other hand, relying solely on Δ𝜏new might not capture the expected benefit accurately, given
that 𝑒 aligns with 𝑖old in many (partial) matches, but not for the span of Δ𝜏new .

Finally, we compute 𝑒#𝑍 and A𝑒#𝑍 for 𝑒 , to estimate its benefit B(𝑒,Δ𝜏old ,Δ𝜏new ). If the benefit of
𝑒′ is smaller, we replace 𝑒′ with 𝑒 ; otherwise, 𝑒 is discarded. Since we compute Bexp in time O(|𝑍 |)
for each element in S, the run time complexity of the selection strategy𝜓 is given by O(|S| · |𝑍 |)
using O(𝑞𝜏 · |𝑍 |2) space.

6.3 Modifications for Other Aggregate Functions

When adopting the Sum aggregate function, the benefit function needs to be adapted. The function
for the present benefit is defined analogously, i.e., summing up all values of complete matches.
Turning to the expected benefit function, we note that for Count, we estimate the count of matches
that element 𝑒 may generate. For Sum, each of these future matches carries a value 𝑣 . Therefore,
the expected benefit for 𝑒 is augmented by its current present benefit (for Sum), combined with the
expected match count of 𝑒 weighted by 𝑣 . While this function underestimates the expected Sum
value for 𝑒 , the underestimation is consistent across all summary elements.

7 Experimental Evaluation

To evaluate SuSe, we conducted experiments using the setup described in §7.1. Specifically, we
present results on the overall effectiveness, including an ablation and recall study (§7.2); on the
sensitivity of the approach (§7.3); on a comparison against state-of-the-art engines for regular
expressions and complex event processing (§7.4); and on two real-world datasets (§7.5 and §7.6).

7.1 Experimental Setup

Our implementation and experimental setup is publicly available 1.
Datasets and Parameters. We used two real-world datasets and synthetic data to assess SuSe

regarding the Count aggregate. First, we used one month of the Citi Bike dataset [13] that captures
information about bike rentals. It contains ≈ 3.8 million events, each of them describing the duration
of a trip, the start and end station, a bike ID, and information about the driver.

1https://github.com/spurtzel/SuSe
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Our second real-world dataset, NASDAQ [40], contains stock trading data for 462028 events on a
minute-by-minute basis. Each entry lists the stock symbol, opening, closing, highest and lowest
prices, and the trading volume for that minute.

In synthetic data experiments, we assessed the influence of different parameters on SuSe, i.e., the
summary size |S|, stream size, number of evaluation timestamps |E |, and the time window 𝑞𝜏 and
length of 𝑞𝛾 of a query. To generate the data streams, characters were drawn from alphabets based
on different distributions: Zipfian, normal, and uniform. The evaluation timestamps, see Problem 1,
were sourced from a Poisson process and a uniform distribution. Yet, the differences between both
models have been negligible.
Baselines. We evaluated the performance of our approach against two baselines: A random

baseline replaces a randomly chosen element in the summary once its capacity is met. The FIFO
baseline consistently replaces the oldest element once its capacity is met.

Our ablation study used a restricted SuSe model, where the benefit function B is solely based on
the present benefit Bpres.

We examined StateSummary’s efficiency by comparing it to the state-of-the-art RegEx engine
REmatch [51] and CEP engines FlinkCEP [20] and CORE [10]. For REmatch and CORE, we conducted
experiments without outputting matches to minimize overhead and ensure fairness. In our Flink
setup, while match printing was required to measure processing time for implementation reasons,
subsequent evaluations confirmed a negligible impact on the results.

Metrics.We assess the evaluation quality using the relative recall improvement. At each evaluation
time point 𝑡 ∈ E, we divide the current number of complete matches from SuSe by the current
number of complete matches from a corresponding baseline. Averaging the sum of these ratios
denotes the relative recall improvement.
We also evaluate the absolute recall. At each evaluation timestamp, it is calculated by dividing

the match count from SuSe by the ground truth, obtained by setting the summary size |S| to the
stream size (limited to 2000 in these experiments). Hence, the absolute recall coincides with the loss
function 𝑙Count in Problem 1, as both measure how close 𝑥 (SuSe) is to 𝑥opt (the ground truth) and
thus yield the same optimum solution, 𝑥 = 𝑥opt. We also examine the detected matches recall, i.e.,
the ratio of complete matches that were present in SuSe to all potential matches over time.

We further report performance metrics, such as throughput (avg number of elements processed
per second), latency (avg processing duration per element), and memory usage (max resident set
size).

Implementation. Our experiments were conducted using a 𝐶++ implementation, with 128-bit
counters. They ran on a server with 4 Intel Xeon E7-4880 (60 cores, 1TB RAM), except for the
experiments shown in Fig. 9, which ran on a system with an Intel i7-1265U processor (10 cores;
@4.80 GHz) and 32GB RAM.

7.2 Overall Effectiveness

We first compare against a random baseline (SuSe/Random - S/R) and a FIFO baseline (SuSe/FIFO -
S/F). In Fig. 6a - 6b, we assessed how variations in the summary size |S| (100 to 5000), time window
size 𝑞𝜏 (10 to 250), and alphabet probability distribution 𝑃Σ (Zipfian, uniform (u), normal (n)) affect
the relative recall improvement, using a query with 𝑞𝛾 = 𝑎(𝑏∗𝑐)∗𝑑 (𝑒 |𝑓 )𝑔∗.
SuSe outperforms its baselines by choosing summaries that generate up to 1020 more matches.

There is no parameter combination, in which SuSe performs worse than a baseline (black dashed
line). A clear trend emerges for both plots: the larger 𝑞𝜏 and the smaller |S|, the more significant the
advantage. As the summary size increases, the baselines find more matches by chance; nevertheless,
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Fig. 6. Examining the impact on relative recall improvement (higher is better) by varying (a) summary and

time window sizes and (b) the alphabet probability distribution 𝑃Σ.
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Fig. 7. Examining the impact of the benefit functionB compared toBpres (a) on the relative recall improvement,

(b) proximity to lower bound in absolute recall, and (c) proximity to lower bound in detected matches recall

(higher is better in all plots).

for these parameters, SuSe chooses stream subsequences that generate at least three orders of
magnitude more matches on average.

Ablation Study.We compared SuSe’s benefit function B against a setup using solely the present
benefit Bpres, i.e., denoted by B/Bpres, in terms of the relative recall improvement, the related
absolute recall, and the detected matches recall. In Fig. 7a, a trend similar to that in Fig. 6a is
observed: smaller |S| and larger 𝑞𝜏 lead to better subsequence selections. This is attributed to B
providing a more accurate assessment of an element’s future potential. For 𝑞𝜏 = 250, SuSe with B
obtains at least three orders of magnitude more matches on average over solely using Bpres and up
to 1018 more for smaller values of |S|, showing the effectiveness of B.

Absolute Recall. In Fig. 7b, we evaluated the loss function 𝑙Count from Problem 1, showing how
closely SuSe approaches the optimal recall value.

Here, increasing |S| positively affects recall. This is attributed to the reduced difference between
the ground truth’s summary size (equal to the stream size) and SuSe’s summary size. SuSe clearly
attains higher recall values when employing expected benefits B, compared to using solely Bpres.
Also, when |S| ≥ 𝑞𝜏 , with B, SuSe selects substantially better subsequences, increasing recall by
up to 80% − 95%. This trend can be attributed to our assumption in §6.2 regarding the expected
benefit B, where we implicitly assumed that at least one time window size of elements fits into the
summary. For values |S| ≥ 𝑞𝜏 , this assumption is valid, leading to more accurate estimates and an
enhanced recall.
Detected Matches Recall. For Fig. 7c, we examined how many of all possible matches were

present in SuSe, again comparing B and Bpres. The trends align closely with those observed for
the absolute recall. SuSe with B yields a recall of 90% − 98% for |S| = 500, indicating that SuSe
chooses rich stream subsequences.
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Fig. 8. Examining the impact on relative recall improvement (higher is better) by varying (a) the number of

evaluation timestamps |E |, (b) the pattern length, (c) the count of Kleene stars, (d) Kleene star position, (e)

union operator count, and (f) query character overlap.

7.3 Sensitivity Analysis

Next, we assess the effect of various parameters on the relative recall improvement. We fix 𝑞𝜏 = 100
and |S| = 500, and vary stream sizes (10000 - 25000), the numbers of evaluations (25 - 50), and 𝑃Σ
(Zipfian or uniform). We report averages of over 50 runs.

Number of Evaluation Timestamps. Fig. 8a examines the influence of increasing the number
of evaluation timestamps |E | on the relative recall improvement. As the boxplots indicate, increasing
the number of evaluations does not impact the results.
Pattern Length. Fig. 8b shows that as the pattern length grows, selecting subsequences that

yield matches becomes increasingly challenging. SuSe addresses this by quantifying the importance
of individual elements, prioritizing, for instance, rare elements that are essential to keep to obtain

Proc. ACM Manag. Data, Vol. 3, No. 3 (SIGMOD), Article 222. Publication date: June 2025.



222:20 Steven Purtzel and Matthias Weidlich

matches. While for pattern length two, FIFO performs slightly better, for pattern lengths above ten,
SuSe is superior by up to almost five orders of magnitude.

Kleene Operator. In Fig. 8c, we employed a regular expression of length twelve and incremen-
tally increased the number of Kleene operators, distributing them randomly. As SuSe is aware of
characters with Kleene operators (by Count/Sum rules), it selects better summaries.

In Fig. 8d, we examined four regular expressions: one without a Kleene operator and three with
the Kleene’s position varied. Without Kleene, SuSe’s advantages are minimal, while there is a large
difference for the other cases, independent of the Kleene position.
Union Operator. We also explored the effect of the union operator in Fig. 8e. We varied the

number of unions from zero to seven and generated and combined random sequences for 𝑞𝛾 ’s with
union operators. Yet, the impact is negligible.

In Fig. 8f, we fixed a query of length ten and progressively increased the character overlap. We
randomly selected two characters of the given query for each step, linking them to the query and
a union. While the baselines show different trends, in all configurations, SuSe yields significant
improvements.

7.4 Efficiency

StateSummary State-of-the-art Comparison.We compared StateSummary’s efficiency against
the state-of-the-art RegEx engine REmatch and two CEP engines, FlinkCEP and CORE, in Fig. 9. We
summarize the idea of the experiment as follows: To assess the current state, i.e., the current number
of matches and involvements of individual events, we would need to use a RegEx/CEP engine.
However, such engines implement a traditional two-step approach: first building the state, then
evaluating aggregate functions over it. Hence, these methods deliver matches and exact results. In
contrast, our approach avoids the direct maintenance of (partial) matches and evaluates aggregate
functions without match materialization. When the summary is smaller than the word to process,
the resulting aggregate value is approximate; however, if the summary is greater than or equal to
the word size, the results remain exact.

Given the inferior performance of other RegEx engines (see [51]) and their limitation in computing
all subsequence matches, we focus on REmatch as a representative RegEx engine. FlinkCEP is
an industry-strength tool offering a robust framework for fault-tolerant and distributed stream
processing. As such, it offers features that are not implemented in the other engines, which induces
a non-negligible overhead during query evaluation that needs to be considered in any comparative
analysis. We note for FlinkCEP, though, that parallelizing the workload is not straightforward,
since the input stream must be keyed and partitioned while ensuring that all matches are found,
which is further complicated by operators like Kleene star. While FlinkCEP employs a traditional
automata-based evaluation, CORE employs compact match representations, avoiding exponential
state growth, and provides match enumeration with output-linear delay.

The evaluated procedures utilized one to two cores on average (i.e., FlinkCEP did not parallelize
processing as the input stream is not keyed). The maximum resident set size was ≈ 500 MB for
FlinkCEP (increasing to over 1 GB for 𝑥 = 256, and not terminating after several hours), ≈ 409 MB
for CORE, ≈ 3.3 MB for REmatch, and ≈ 81 MB for SuSe.
We set the summary size to the corresponding 𝑥-value, ensuring that the processed word fits

entirely within the summary. Thus, we focused exclusively on StateSummary operations without
employing summary selection, computing exact values instead of approximations. We set the time
window size such that all elements fit into a single window, maximizing the number of matches to be
detected. Also, we ensured that all methods produced the same result when evaluating the aggregate
function. We tested with 𝑞𝛾 = 𝐴𝐵𝐶𝐷 (the REmatch syntax being !𝑥{𝐴}.∗!𝑦{𝐵}.∗!𝑧{𝐶}.∗!𝑤{𝐷}) for
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Fig. 9. Comparison against the state of the art, focusing on (a) execution time (lower is better) and (b)

throughput gain (higher is better), varying the number of processed elements.
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Fig. 10. (a) Execution time (lower is better) for processing 105 elements across different summary and

time window sizes, (b) throughput (higher is better), (c) average minimum, average maximum, and average

processing latency per element (lower is better), and (d) average maximum memory usage (lower is better).

the required processing time of input words of varying sizes. As input, we choose words of the
form 𝐴𝑖𝐵𝑖𝐶𝑖𝐷𝑖 with 𝑖 ∈ N+, e.g., 𝐴8𝐵8𝐶8𝐷8, ensuring an increase in matches for rising 𝑥-values.

StateSummary consistently processes words at least an order of magnitude faster than REmatch,
and at least three orders of magnitude faster than CORE and Flink. Particularly for words longer
than 512 characters, the performance gap between StateSummary and both REmatch and CORE
significantly widens, while Flink did not terminate for these values due to overload.
The performance differences induce throughput gains, as shown in Fig. 9b. The ratio indicates

how much more quickly StateSummary processed a word than REmatch, CORE, or Flink. The
throughput gain always exceeds one, indicating StateSummary’s superiority; for longer words,
this gain increases significantly.
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Fig. 11. Citi Bike: (a) relative recall improvement (higher is better), (b) throughput (higher is better), and (c)

latency (lower is better).

SuSe’s Overall Efficiency. In Fig. 10, we examined how varying |S| (see legend) and 𝑞𝜏 affects
the execution time, throughput, processing latency per element, and memory usage of SuSe
(employing summary selection) for processing a stream of 105 elements. Fig. 10a shows that the
larger |S| and the larger 𝑞𝜏 , the longer the execution time. Also, a time window size exists for
all procedures up to a summary size of 500, where execution time stabilizes or slightly decreases.
The reasoning being that the Remove operation is the most expensive one (see §5.2), with cost
𝑚𝑖𝑛(𝑞𝜏 , |S|). Once either |S| > 𝑞𝜏 or 𝑞𝜏 > |S|, the smaller value of the two parameters becomes
the limiting factor for runtime, rendering the influence of the other parameters marginal. With
larger 𝑞𝜏 , SuSe chooses better subsequences, which reduces the number of Remove operations and
explains the drop in runtime for 𝑞𝜏 ≥ |S|.
In Fig. 10b, we examined the resulting throughput values for a fixed 𝑞𝜏 = 500. For the same

reasons as discussed above, there is a decline in throughput as the summary size expands.
In Fig. 10c, we investigated the resulting average min, max, and average processing latency per

element per second. A boxplot shows the latencies for increasing 𝑞𝜏 , while the corresponding line
plots denote the averages. A larger |S| leads to elevated processing latencies. However, the median
of the average processing latencies consistently remains below 10−1𝑠 , showing streaming feasibility.
Finally, the induced memory footprint turned out to be negligible and constant for various |S|

and 𝑞𝜏 , see Fig. 10d.

7.5 Case Study: Citi Bike

Character Types and Queries. Fig. 11 denotes our results for the Citi Bike real-world dataset.
The character types encompass rides on frequented routes, pinpoint brief rides at busy stations,
rides at central stations, and member rides at quieter stations, giving a thorough understanding
of the Citi Bike dynamics. We defined a query with 𝑄0𝛾 = 𝐸 (𝐻 |𝐾)∗𝐸, recognizing patterns where
a ride starts at a busy station, followed by a combination of rides at central and quieter stations,
ending with a ride at a busy station, suggesting probable areas for station enhancements or upkeep.
The second query, 𝑄1𝛾 = (𝐸 |𝐵 |𝐹 )+𝐶𝐸𝐻𝐹 , captures sequences of rides that start at busy stations,
popular routes, or extended rides at central spots, followed by short and consecutive rides at busy
stations, a trip at a central location, and concluding with a prolonged ride there.

Effectiveness. To examine the relative recall improvement, we varied |S| and 𝑞𝜏 in Fig. 11a. For
both queries, not all summary sizes yielded matches. Generally, there is an upward trend in the
results with a larger 𝑞𝜏 ; SuSe identifies subsequences that are between three and twelve orders of
magnitude superior for 𝑞𝜏 = 500.

Throughput and Latency. Throughput and latency of SuSe are shown in Fig. 11b and Fig. 11c.
For smaller values of |S| and 𝑞𝜏 (refer to legend), SuSe’s throughput increases. However, with larger
values for |S| and 𝑞𝜏 , the lower throughput is attributed to the Remove operation. Fig. 11c shows
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Fig. 12. NASDAQ: (a) relative recall improvement (higher is better), (b) throughput (higher is better), and (c)

latency (lower is better).

the avg min, avg max, and avg latency of SuSe, with 𝑞𝜏 = 500. An increase in summary size leads
to higher latencies. Yet, the average max latency hovers around 10−2 seconds, while the average
processing latency remains under 10−2 seconds for |S| = 500, which meets real-time demands.

7.6 Case Study: NASDAQ

Character Types and Queries. Fig. 12 represents our results for the NASDAQ real-world dataset.
We derived character types based on stock market activities, e.g., significant price changes, trade
volumes, daily peak or lowest prices, periods of consistent behaviour or fluctuations, and market
uncertainty. We formulated a query with 𝑄0𝛾 = 𝐴(𝐵 |𝐺)∗𝐴, detecting an initial price increase,
succeeded by any number of price reductions or uncertain market periods, and ending with a
subsequent price surge, potentially signalling a fluctuating stock price ascent. The second query,
𝑄1𝛾 = 𝐴∗𝐺 (𝐴|𝐵)∗𝐺∗𝐴, captures zero or more price rises, followed by market uncertainty, zero or
more occurrences of either significant price rises or drops, a potential period of market uncertainty,
and ends with a price rise.

Effectiveness. In Fig. 12a, we varied |S| and 𝑞𝜏 between 100 − 500 using the 𝑄0 and 𝑄1 above.
Here, for all |S|, matches were obtained. Generally, larger |S| and 𝑞𝜏 led SuSe to derive superior
stream subsequences, resulting in up to 1023 additional matches. However, even at smaller parameter
values, SuSe’s subsequences surpassed both baselines by magnitudes ranging from 104 to 1013.
Notably, for𝑄1, SuSe identified better subsequences due to the increased count of Kleene operators.

Throughput and Latency. In our examination of throughput and processing latency of SuSe,
as shown in Fig. 12b and Fig. 12c, a similar trend as for Citi Bike emerges: when decreasing the
summary and time window size (see legend), SuSe’s throughput enhances, reaching peaks of up to
1500 elements per second. However, when the |S| and 𝑞𝜏 increase, the throughput decreases to
around 70 − 80 elements.
Turning to Fig. 12c, we fixed 𝑞𝜏 = 500 and increased the summary size, resulting in an upward

trend of the latencies. Nevertheless, while the average maximum latency approaches 10−2 seconds,
the average processing latency for S = 500 stays just below 10−2 seconds, again denoting latencies
suitable for real-time computing.

8 Related Work

RegEx Extensions. Practical regular expression matching engines often deviate from the theo-
retical concept of regular expressions, both in terms of syntax and semantics. Typical syntactical
sugar like lookaheads [22], intersection or complement operators [24], or counters [23] allow expo-
nentially more succinct regular expressions. Yet, as a conversion to finite automata is possible, our
approach remains applicable. In contrast, the backreference operator [21, 22] to describe unbounded
repetitions of substrings is non-regular and leads to an NP-complete matching test [4]. Hence, these
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languages are not representable by NFAs, and lifting our approach to these models remains future
work.

Regular expressions have been restricted to achieve better (i.e., subquadratic) matching perfor-
mance, see [8]. Also, so-called deterministic regular expressions have provably better worst-case
matching bounds [29]. Since these restrictions represent regular languages, our method is still
applicable.

StreamSummaries. Summaries are small data structures that can be updated flexibly and answer
certain queries on the input accurately [14]. For instance, a sample of some data may provide an
approximate query answer. Sketches are used for the approximate representation of a vector, e.g.,
in approximate counting or quantile estimation, with Count-Min [15], HyperLogLog [19], GK [27],
and KLL [32] being prominent structures. There is also work on summaries for approximate pattern
matching under string edit distance [36], where substrings within a streamed text must be found
that are within edit distance 𝑘 of a given pattern.
Our SuSe data structure combines sketching with weighted sampling. The StateSummary

provides efficient operations to represent global (and local) state counters, i.e., a vector capturing
the current number of (partial) matches per state. Our summary selection algorithm assigns each
element a benefit, i.e., a weight, enabling the retention of a bounded sample of stream elements
that maximizes the number of matches for a query, and thus approximates the actual number of
(partial) matches in the stream.

Subsequences. Subsequences are crucial tools in fields like biological sequence analysis [49]
and event stream processing [7, 25, 58]. They are linked to longest common subsequences [9],
shortest common supersequences [44], or subsequence counting [17], and are studied in contexts of
gap-size [16] and wildcard constraints [34, 35]. However, obtaining aggregated information about
subsequence mappings within a text has barely been researched. Solely in [17] and [26], dynamic
programming algorithms are presented which for a single word 𝑦 and a text𝑤 count the number
of mappings 𝑦 ⪯𝑚 𝑤 . We complement their work using a more holistic approach: We provide
aggregated information for a set of patterns derived from a regular expression 𝛾 and simultaneously
account for partial mappings from 𝐿pre (𝛾). While prior works assume static text, SuSe processes
streams, which require online computation.
CEP Optimizations. Queries in CEP use regular expressions for pattern recognition. Here,

optimizations include load shedding [11, 53, 59] that discard events or partial matches unlikely to
complete; and filters of streams [5] that retain the events that are most likely to lead to complete
matches. SuSe also functions as a filter, with its selected summary substream. It resembles these
methods in (1) state-based decisions, (2) reducing system load, and (3) minimizing information
loss. Yet, SuSe bases decisions on the StateSummary without materializing the state, evading the
exponential complexity of automata-based evaluation, and its decisions, unlike [5, 59], are not
reliant on a learned model, enhancing streaming practicality.

9 Conclusions

We proposed SuSe, an architecture for regular expression subsequence summarization over data
streams. It incorporates a StateSummary data structure that captures a query-specific stream
summary through aggregated subsequence match information. We presented a summary selection
algorithm, leveraging StateSummary for choosing stream subsequences, which aim to minimize
the loss in the aggregated results over time. SuSe is multiple orders of magnitude faster than leading
RegEx and CEP engines, while generating aggregates based on richer subsequences than baseline
approaches.
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