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Subgraph queries are widely used but face significant challenges due to complex patterns such as negative

and optional edges. While worst-case optimal joins have proven effective for subgraph queries with regular

patterns, no method has been proposed that can process queries involving complex patterns in a single

multi-way join. Existing CPU-based and GPU-based methods experience intermediate data explosion when

processing complex patterns following regular patterns. In addition, GPU-based methods struggle with issues

of wasted GPU memory and redundant computation. In this paper, we propose cuMatch, a GPU-based unified

worst-case optimal join processing method for subgraph queries. It avoids intermediate data explosions by

processing even complex pattern queries in a single multi-way join. It is also memory-efficient and fast, due to

a new partitioning format, scheduling method, and task fusion technique. Extensive experiments demonstrate

that cuMatch outperforms state-of-the-art methods by orders of magnitude, without out-of-memory errors.
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1 Introduction
A subgraph query is a basic operation in graph analysis [67], which finds all subgraphs within the

data graph 𝐺 that are identical to the query graph 𝑄 . For example, given a query graph 𝑄1 and

a data graph 𝐺 with vertex labels and edge labels as in Figure 1, the task is to find all subgraphs

in 𝐺 that map to the pattern 𝑄1 defined as (𝑢0, 𝑢1, 𝑢2, 𝑢3, 𝑢4). The results are {(𝑣0, 𝑣2, 𝑣6, 𝑣8, 𝑣12),
(𝑣0, 𝑣3, 𝑣7, 𝑣9, 𝑣14), (𝑣0, 𝑣3, 𝑣7, 𝑣10, 𝑣13)}. This kind of graph pattern matching is used across various

domains, such as social network recommendations [24], fraud detection [30, 59], anti-money

laundering [75], and protein-protein interaction analysis [82].

Recently, the computational complexity of processing subgraph queries has significantly in-

creased due to the need for data scalability and query flexibility in these applications [8, 12, 16, 47, 62,

68, 85]. Subgraph queries are known to be NP-hard, typically requiring the exploration of all possible

subgraphs in the data graph [14]. As data graph sizes grow to hundreds of millions or even billions
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Fig. 1. Example of query graphs and data graph.

of times larger than the query graph, both the result size and search space increase dramatically,

potentially leading to very long query processing times [47]. Moreover, the need to process queries

with sophisticated and specific search patterns, such as negative or optional edges (referred to as

complex pattern), further increases the complexity [8, 16, 47]. Figure 1 shows𝑄2, a query with a neg-

ative edge, and𝑄3, a query with an optional edge.𝑄2 of (𝑢5, 𝑢6, 𝑢7) maps to {(𝑣0, 𝑣2, 𝑣7), (𝑣0, 𝑣3, 𝑣6)},
which do not include the negative edge connecting 𝑢6 and 𝑢7. 𝑄3 of (𝑢8, 𝑢9, 𝑢10) maps to five

subgraphs of 𝐺 , {(𝑣0, 𝑣6, 𝑣8), (𝑣0, 𝑣7, 𝑣9), (𝑣0, 𝑣7, 𝑣10), (𝑣1, 𝑣5, 𝑣8), (𝑣1, 𝑣5, 𝑣11)}, as well as (𝑣1, 𝑣4, 𝑛𝑢𝑙𝑙),
which has no edge between 𝑢9 and 𝑢10. These complex patterns are particularly useful for analyzing

uncertainty in social networks and detecting suspicious inactive relationships [47, 70].

Most existing methods have addressed such large-scale subgraph queries with complex pat-
terns (shortly, LSQ) through join-based approaches [1, 5, 17, 37, 48, 51, 69, 77, 80, 87]. All instances

of𝑄 in𝐺 can be enumerated by representing the edges of the data graph in the form of relations and

performing join operations according to the edge connections in the query graph [69, 80]. Most of

them process subgraph queries using worst-case optimal multi-way join (WCOJ) [7] such as leapfrog
triejoin (LFTJ) [1, 5, 17, 37, 48, 51, 77, 87]. LFTJ utilizes a trie data structure similar to the Compressed
Sparse Row (CSR) [21] format and is known to be efficient for processing subgraph queries since its

execution time is proportional to the maximum output size and it avoids materializing intermediate

data [52, 66]. To address the high computational complexity of subgraph queries, several methods

have been proposed to extend LFTJ by harnessing the parallelism of CPUs or GPUs [1, 17, 48, 51].

However, two major issues still remain unresolved by existing methods.

First, existing methods cannot process subgraph queries involving complex patterns in a single

multi-way join, which leads to intermediate data explosion and frequent failures in query processing
due to out-of-memory errors. The state-of-the-art CPU-based methods, such as Kùzu [17] and

Umbra [51] typically first process regular edges using a multi-way join, followed by complex

patterns using binary joins — specifically, anti-join for a negative edge or outer-join for an optional

edge. Here, the result of processing the regular edges serves as an intermediate data for processing

complex patterns and can be significantly large [17, 51]. These methods may fail to process subgraph

queries due to the large amount of intermediate data. In addition, their execution times can be

very long, since they do not employ the LFTJ technique for complex patterns. The state-of-the-art

GPU-based method, ALFTJ [37], efficiently processes subgraph queries with regular patterns due

to leveraging massive parallelism. However, it cannot handle complex patterns because GPUs lack

support for direct data transfer between concurrent kernel functions, making it challenging to

implement a pipeline approach [37, 43]. The state-of-the-art GPU-based DBMS, HeavyDB [27],

along with other methods [19, 57], have partially addressed the intermediate data explosion issue

through JIT compilation. However, this approach is only feasible when the database is small enough

to fit entirely in GPU memory.
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Second, even for regular edges, existing GPU-based methods encounter significant issues, such as

wasted GPU memory and redundant computation, primarily due to inefficient partitioning and task

scheduling. ALFTJ [37] uses a boxing method to partition relations row-based (e.g., source vertices)

and then sequentially processes the sub-tasks created by their combinations [37, 87]. However,

since column information (e.g., destination vertices) is not considered, unnecessary data that does

not contribute to the results is also loaded into GPU and wastes GPU memory. In addition, although

intermediate results across sub-tasks may be identical, all sub-tasks are processed independently,

leading to redundant computation.

To solve the above issues, we propose cuMatch, a GPU-based unified LFTJ method for subgraph

queries with complex patterns. cuMatch can process even complex pattern queries in a single LFTJ

operation on GPUs without producing intermediate data. We summarize the issues of existing

methods into the following three problems: (1) wasted GPU memory, (2) redundant computation,

and (3) intermediate data explosion. First, to reduce wasted GPU memory, we propose a new data

format called the Labeled Grid Format (LGF), which partitions the data graph based on both row and

column information. The scheduling method based on LGF minimizes the loading of unnecessary

data into GPU, preventing memory waste. Second, to reduce redundant computation, we propose a

technique called task fusion, which combines sub-tasks into a batch and processes them using a

single kernel, eliminating redundant operations within the batch. Third, to avoid intermediate data

explosion, we propose the LFTJ method that can process not only regular edges, but also negative

and optional edges within a single LFTJ operation. Negative and optional edges are still processed

within the same unified LFTJ framework, leveraging LGF, task fusion, and GPU kernel.

The main contributions of this paper are as follows:

• Wepropose cuMatch, a GPU-basedmemory-efficient LFTJ processing framework for subgraph

queries.

• We propose the LGF format and scheduling method, designed to reduce wasted GPU memory.

• We propose the task fusion technique to reduce redundant computation among sub-tasks

arising from partitioning.

• We propose the LFTJ method that can process complex patterns within a singlemulti-way join.

• We demonstrate that cuMatch outperforms existing methods by orders of magnitude, even

on large-scale graphs of 20 billion edges.

The rest of the paper is organized as follows. Section 2 reviews LSQ and LFTJ, and highlights the

limitations of existing methods. Section 3 presents the LGF format and scheduling method, and

Section 4 presents the task fusion technique. Section 5 presents the complex pattern processing

method, and Section 6 addresses the limitation of cuMatch. Section 7 presents the results of

experimental evaluation, and Section 8 discusses related work. Finally, Section 9 concludes the

paper.

2 Preliminaries
2.1 Subgraph query
We consider a directed, vertex-labeled and edge-labeled graph 𝐺 = (𝑉 , 𝐸, 𝐿), where 𝑉 is the set of

vertices, 𝐸 is the set of edges, and 𝐿 is the labeling function that associates labels to vertices and

edges. We denote a vertex by 𝑣𝑖 and an edge from 𝑣𝑖 to 𝑣 𝑗 by 𝑣𝑖 → 𝑣 𝑗 . We also denote the label of a

vertex by 𝐿(𝑣𝑖 ) and the label of an edge by 𝐿(𝑣𝑖 → 𝑣 𝑗 ). We consider that an undirected graph has

bidirectional edges and an unlabeled graph has a single label. Then, a subgraph query is typically

defined by subgraph homomorphism or subgraph isomorphism, where the definitions depend on

whether the duplication of vertices and edges is allowed when mapping between two graphs, as

detailed in Definition 2.1 [3, 33, 66, 80, 83, 84].
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Definition 2.1. Subgraph Homomorphism (respectively Isomorphism): Given two graphs

𝑄 = (𝑉𝑞, 𝐸𝑞, 𝐿𝑞) and𝐺 = (𝑉 , 𝐸, 𝐿), a subgraph homomorphism (respectively isomorphism) from𝑄 to

𝐺 is a mapping (respectively injective) function 𝑓 : 𝑉𝑞 → 𝑉 such that (1) ∀𝑢 ∈ 𝑉𝑞, 𝐿𝑞 (𝑢) = 𝐿(𝑓 (𝑢));
(2) ∀(𝑢 → 𝑣) ∈ 𝐸𝑞, 𝑓 (𝑢) → 𝑓 (𝑣) ∈ 𝐸; and (3) ∀(𝑢 → 𝑣) ∈ 𝐸𝑞, 𝐿𝑞 (𝑢 → 𝑣) = 𝐿(𝑓 (𝑢) → 𝑓 (𝑣)).

For a data graph 𝐺 = (𝑉 , 𝐸, 𝐿), a query graph 𝑄 = (𝑉𝑞, 𝐸𝑞, 𝐿𝑞) identifies all subgraphs in𝐺 via a

function 𝑓 that satisfies subgraph homomorphism (or isomorphism). We focus on homomorphism

for simplicity, but the discussion can be easily extended to isomorphism by adding simple conditional

statements [66].

Subgraph query processing methods can be categorized into exploration-based methods primarily

for only vertex-labeled or unlabeled graphs and join-based methods primarily for labeled graphs.

This study belongs to the latter category, which is recognized as being well suited for the LSQ

workloads [66]. In join-based methods, a subgraph query is equivalent to performing a multi-way

join among the relations representing the edges of the data graph 𝐺 , each corresponding to an

edge in the query graph 𝑄 [2, 47, 48]. An edge 𝑢𝑖 → 𝑢 𝑗 of 𝑄 is represented as a relation 𝑅(𝑢𝑖 , 𝑢 𝑗 ),
which contains tuples {(𝑣𝑖 , 𝑣 𝑗 ) | ∀(𝑣𝑖 → 𝑣 𝑗 ) ∈ 𝐸, 𝐿(𝑣𝑖 ) = 𝐿𝑞 (𝑢𝑖 ) ∧ 𝐿(𝑣 𝑗 ) = 𝐿𝑞 (𝑢 𝑗 ) ∧ 𝐿(𝑣𝑖 →
𝑣 𝑗 ) = 𝐿𝑞 (𝑢𝑖 → 𝑢 𝑗 )}. For example, in Figure 1, 𝑄1 can be represented by five relations: 𝑅0 (𝑢0, 𝑢1),
𝑅1 (𝑢2, 𝑢0), 𝑅2 (𝑢1, 𝑢2), 𝑅3 (𝑢2, 𝑢3), and 𝑅4 (𝑢3, 𝑢4). The relation 𝑅0 (𝑢0, 𝑢1) contains two tuples {(𝑣0, 𝑣2),
(𝑣0, 𝑣3)}. Performing a multi-way join on these five relations yields three resulting tuples, each

corresponding to a subgraph in Figure 1.

2.2 Subgraph query with LeapFrog TrieJoin
LFTJ [71] is a worst-case optimal multi-way join algorithm, with a time complexity proportional

to the worst-case output size. As a preprocessing step, it sorts relations according to a predefined

matching order among the vertices in a query graph and constructs a trie index using the sorted

relations. Then, following the matching order, it finds the candidate set for each vertex in the query

graph through set intersection operations and performs traversal to derive appropriate results

for all candidates. Since a graph is typically represented in a format like CSR, which is nearly

identical to the trie index, LFTJ can be performed directly on the graph without the preprocessing

step [77, 87]. Moreover, unlike binary joins, it employs backtracking [71] and thus conducts the

join with minimal additional memory by avoiding the materialization of intermediate data [52].

This makes LFTJ well-suited for LSQ, which can produce large-scale output [1, 48, 66].

Intersection tree: The core components of LFTJ, specifically, the set intersection operation and

backtracking-based traversal, can be explained using an intersection tree structure. The maximum

height of this tree is equal to the number of vertices in the query graph, i.e., 𝑛. Each node at a

depth 𝑖 (0 ≤ 𝑖 < 𝑛) in the tree represents the state of selecting candidates for the vertex 𝑢 𝑗 of the

query graph, where 𝑢 𝑗 corresponds to the 𝑖-th position in the matching order (0 ≤ 𝑗 < 𝑛). Each

node in the tree contains information about the candidate set for each 𝑢 𝑗 obtained through the

set intersection operation. Backtracking is used to traverse these candidates and expand to the

next depth. When an invalid state is reached (i.e., when no candidates exist), the process returns to

the previous depth to explore other candidates. If the maximum height of the tree is successfully

reached, the 𝑛 candidates selected, one from each depth, are enumerated to produce a resulting

subgraph.

Figure 2 illustrates an example of performing LFTJ to find the query graph 𝑄1 in the data graph

𝐺 in Figure 1. Figure 2(a) represents the five tries 𝑇0, 𝑇1, 𝑇2, 𝑇3, and 𝑇4, each corresponding to the

relations 𝑅0, 𝑅1, 𝑅2, 𝑅3, and 𝑅4, respectively, mentioned in Section 2.1. Due to the typical adjacency

list format of graphs, each trie has a height of 2. The set of vertices belonging to each level in the

trie can be defined as in Definition 2.2.
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Fig. 2. Example of LFTJ (matching order: 𝑢0 ≺ 𝑢1 ≺ 𝑢2 ≺ 𝑢3 ≺ 𝑢4).

Definition 2.2. Trie level sets (LV-0, LV-1): Given a trie 𝑇𝑖 , we refer to the set of elements

at level 0 as LV-0 and denote it by 𝑇𝑖 (0). Similarly, we refer to the set of elements at level 1 for

𝑣 𝑗 ∈ 𝑇𝑖 (0), which are the child nodes of 𝑣𝑖 , as LV-1 and denote it by 𝑇𝑖 (𝑣 𝑗 ).

For example, 𝑇1 (0) = {𝑣0, 𝑣1}, and 𝑇1 (𝑣1) = {𝑣4, 𝑣5}. LV-0 of 𝑇1 (i.e., 𝑇1 (0)) has the set of vertices
{𝑣0, 𝑣1} corresponding to the vertex 𝑢0 in the query graph. LV-0 of 𝑇0 (i.e., 𝑇0 (0)) has another set of
vertices {𝑣0} corresponding to 𝑢0. Figure 2(b) shows the intersection tree when LFTJ is performed

on the tries in Figure 2(a). To select the candidates for 𝑢0, a set intersection is performed between

𝑇0 (0) and 𝑇1 (0), resulting in the candidate set {𝑣0}. This forms the root node of the intersection

tree. Then, to determine the candidates for 𝑢1, a set intersection is performed between 𝑇0 (𝑣0)
and 𝑇2 (0) since 𝑇2 (0) has another set of vertices corresponding to 𝑢1. It yields the candidate set

{𝑣2, 𝑣3}, which forms the child nodes of the root node. Each vertex in the candidate set is explored

sequentially, beginning with 𝑣2. For 𝑢2, a set intersection is performed among 𝑇1 (𝑣0), 𝑇2 (𝑣2), and
𝑇3 (0), which yields the candidate set {𝑣6}. By repeating the same process for𝑢3 and𝑢4, the subgraph

(𝑣0, 𝑣2, 𝑣6, 𝑣8, 𝑣12) is obtained as shown in the intersection tree. Backtracking to the vertex 𝑣3 for 𝑢1
and performing the same process finds two additional subgraphs.

Set intersections: Since the set intersection operation is a dominant cost in LFTJ [71], research

has been conducted to accelerate it using GPUs [37]. The traditional CPU methods sequentially

advance each set iterator to the largest value accessed so far [71]. Figure 3(a) shows an example

of CPU methods for three sorted sets, 𝐾0, 𝐾1, and 𝐾2. The process starts with 𝐾2 and sequentially

advances iterators through the three sets to find the least upper bound of the largest value so

far (e.g., in the first step, since the largest value is 4, 𝐾2’s iterator advances to 6). However, the GPU

method exploits the GPU’s characteristic of executing the same instruction simultaneously on

groups of threads [54], known as a warp. Figure 3(b) shows an example of the GPU method, where

one warp consists of three threads. 𝐾0 becomes the base set since it has the shortest length. Then,
the threads in the warp perform a binary search on 𝐾1 and 𝐾2 to determine the set of elements

that intersect with the values 1, 3, and 7 in 𝐾0. Afterward, the warp performs a binary search on

the next range (shaded in blue), excluding the previous range (shaded in yellow), to determine the

set of elements that intersect with the values 11 and 34 in 𝐾0. The theoretical time complexity of

both approaches is known as 𝑂 (𝑁𝑚𝑖𝑛 log(𝑁𝑚𝑎𝑥/𝑁𝑚𝑖𝑛)), where 𝑁𝑚𝑖𝑛 and 𝑁𝑚𝑎𝑥 are the lengths of

the shortest and longest sets, respectively [37, 71]. However, the practical performance of the GPU

method is several times faster than that of the CPU methods due to its massive parallelism [37].

2.3 Limitations of Existing methods

Problems 1 (wasted GPU memory) and 2 (redundant computation): Due to limited GPU

memory, GPU-based LFTJ methods typically partition the tries using a method called boxing [37, 87].
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Fig. 3. Example of set intersection on CPU and GPU.

It divides the available GPU memory space into segments, where the number of segments is equal

to the number of the tries needed to execute LFTJ. Then, the size of each segment is determined

according to the number of segments. For example, Figure 4 shows an example of the boxing

method for Figure 2. We assume that each value (e.g., 𝑣0) in the tries occupies a size of 1, and

the available GPU memory space is 25. Then, five tries are used to execute LFTJ, the size of each

segment becomes 5. The size of some tries (𝑇1) exceeds the segment size of 5, so these tries are

partitioned based on their LV-0. In Figure 4, 𝑇1, 𝑇3, and 𝑇4 are partitioned, with 𝑇1 divided into two

partitions, denoted as 𝑇1,0 and 𝑇1,1. The tries with the same LV-0 must follow the same partition

ranges. For example,𝑇0 and𝑇1, which share𝑢0 as LV-0, follow the same partition ranges: [𝑣0, 𝑣0] and
[𝑣1, 𝑣1]. The GPU-based LFTJ methods create sub-tasks by considering all possible combinations of

partitions across the tries. The sub-tasks are performed sequentially, where each sub-task transfers

its assigned combination of partitions to GPU and executes LFTJ. Figure 4(b) shows the intersection

tree for three sub-tasks out of eight sub-tasks in total, each composed of different combinations of

partitions: {𝑇0,0,𝑇1,0,𝑇2,0,𝑇3,1,𝑇4,0}, {𝑇0,0,𝑇1,0,𝑇2,0,𝑇3,1,𝑇4,1}, and {𝑇0,0,𝑇1,0,𝑇2,0,𝑇3,0,𝑇4,0}.
Due to the approach described above, the existing GPU-based LFTJ methods suffer from draw-

backs such as wasted GPU memory and redundant computation. First, partitioning based on LV-0

is too coarse and simplistic, causing unnecessary data that does not contribute to generating results
to be also loaded into GPU, leading to wasted GPU memory. For instance, in 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘2, although
𝑇4,0 contains only 𝑣8 and 𝑣9 as candidates for 𝑢3, the entirety of 𝑇3,0 must be loaded into GPU

memory. In other words, 𝑣11 belonging to 𝑇3,0 (𝑣5) cannot be a candidate for 𝑢3, yet it is loaded into

GPU memory. As the graph size increases, the length of LV-1 in the tries can grow significantly,

leading to lack of GPU memory. In addition, loading unnecessary data from disk to main memory

or from main memory to GPU leads to substantial performance degradation. Second, each sub-task
redundantly performs the same computation, particularly for the upper levels of the intersection

tree. In Figure 4(b), the gray-shaded areas represent the same intersection operations that are

redundantly computed across different sub-tasks.

Problem 3 (intermediate data explosion for complex pattern queries): Existing LSQ

processing methods handle negative and optional edges using anti-joins and outer-joins, respec-

tively [47, 49]. Specifically, anti-joins are processed using a combination of an outer-join and the

IS NULL operator. However, unlike equi-joins, anti-joins and outer-joins lack commutativity and

associativity properties [20]. As a result, they are typically processed using a binary join rather than

a multi-way join like LFTJ [17, 51]. Consequently, for a given subgraph query, existing methods

first perform a multi-way join for regular edges, followed by a binary join for negative or optional

edges [17, 51]. For instance, in the case of 𝑄2 in Figure 1(a), LFTJ is performed on 𝑅0 (𝑢5, 𝑢6) and
𝑅1 (𝑢7, 𝑢5), followed by an anti-join with 𝑅2 (𝑢6, 𝑢7).

Due to the approach described above, the existing methods suffer from drawbacks such as inter-

mediate data explosion and performance degradation for complex pattern queries. The separated
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Fig. 4. Example of GPU-based LFTJ methods.

processing of a multi-way join and a binary join fails to explore connected relationships, which

can significantly increase the amount of intermediate data [6]. For example, 𝑄2 in Figure 1 not only

finds and stores the correct answers {(𝑣0, 𝑣2, 𝑣7), (𝑣0, 𝑣3, 𝑣6)}, but also stores the wrong answers

{(𝑣0, 𝑣2, 𝑣6), (𝑣0, 𝑣3, 𝑣7)} as intermediate data. As the size of the graph increases, the volume of

intermediate data grows, which can lead to out-of-memory errors. One of the GPU-based state-of-

the-art methods for LSQ, HeavyDB [27], processes complex pattern queries solely using binary

joins without using a multi-way join, which leads to significant performance degradation.

3 Format and Scheduling for Reducing Wasted GPU Memory
3.1 Labeled Grid Format
In this section, we present the Labeled Grid Format (LGF), a format designed to address the issue

of wasted GPU memory. The 2D grid format, where the source and destination vertex ranges

are physically partitioned with equal width and height, is widely used for presenting simple

graphs [35, 41, 42, 73, 86]. Each partition is referred to as a block, and the edges within each block

are typically stored in adjacency list formats, such as CSR. We extend the 2D grid format to LGF

to reduce both the time cost of loading unnecessary data into GPU and the space cost of storing

unnecessary data in GPU memory.

In general, a labeled graph contains multiple edge labels and multiple vertex labels. In LGF, each

grid corresponds to a unique edge label. The source and destination vertex ranges of each grid

can be logically partitioned based on vertex labels. Since each vertex label is associated with a

different number of vertices, a different number of blocks is physically allocated to each vertex

label, following a concept proposed in [55]. The VertexLabel table stores the vertex label name and

the block-level range. A specific block of a specific grid contains edges that share the same source
vertex labels, destination vertex labels, and edge label. We maintain this block-level metadata and

refer to it as GridMap. Since GridMap follows a 3D array structure, each element in GridMap has

coordinates (𝑥 , 𝑦, 𝑧), where 𝑥 is the block ID for source vertex, 𝑦 is the block ID for destination

vertex, and 𝑧 is the grid ID for edge label (𝑥 ≥ 0, 𝑦 ≥ 0, 𝑧 ≥ 0). A specific element in GridMap

points to a block 𝑃𝑖 (or 𝑃
′
𝑖 ) that contains the edges corresponding to source vertex label, destination

vertex label, and edge label. Here, 𝑃𝑖 refers to a block containing out-edges, while 𝑃 ′𝑖 refers to a

block containing in-edges. We note that both out-edges and in-edges must be stored for LFTJ since

the match order is arbitrary (e.g., 𝑢0 ≺ 𝑢2 in 𝑄1 requires in-edges with respect to LV-0).

Figure 5 shows an example of LGF for the data graph𝐺 in Figure 1, which consists of five vertex

labels {𝐴, 𝐵,𝐶, 𝐷, 𝐸} and two edge labels {𝑎, 𝑏}. For simplicity, we assume that all vertices with

the same vertex label fit within a single block. Thus, all ranges in the VertexLabel table have a

length one (e.g., [0,1)). For example, 𝑃3, pointed by (2, 3, 1) in GridMap, contains out-edges that
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Fig. 5. Example of Labeled Grid Format (LGF).

share the source vertex label𝐶 , destination vertex label 𝐷 , and edge label of 𝑏. Due to lack of space,

the figure shows only the blocks 𝑃0, 𝑃
′
1
, 𝑃2, 𝑃3, and 𝑃4, which correspond to the tries 𝑇0, 𝑇1, 𝑇2, 𝑇3,

and 𝑇4, respectively, in Figure 2(a). In the figure, we present 𝑃 ′
1
rather than 𝑃1 to properly explain

the processing method for 𝑄1.

As we pointed out in Section 2.3, partitioning tries based solely on LV-0 can result in unnecessary

data being loaded into GPU, leading to wasted GPU memory. To address this, we partition each

block into smaller units called slices, based not only on LV-0 (i.e., source vertex) but also on LV-

1 (destination vertex). Each block is recursively divided into four quadrants — NW, NE, SW, and

SE — until the size of a slice is below a specific threshold 𝜃 . For example, in Figure 5, 𝑃 ′
1
is further

divided into slices 𝑆1 and 𝑆2, where 𝜃 = 4, and empty slices are omitted. This partitioning method

allows us to selectively load only the relevant data pieces in terms of both LV-0 and LV-1 into GPU

memory. It also satisfies the requirement for the intersection operation in LFTJ, where the ranges

of the partitions to be intersected must be aligned for both LV-0 and LV-1. For example, unlike

Figure 4(a), Figure 5 prevents unnecessary candidates, such as 𝑣11 in the slice 𝑆6, from being loaded

into GPU memory.

3.2 Memory-Efficient Scheduling
In this section, we present the scheduling method to efficiently load the necessary slices of LGF

into GPU memory for executing LFTJ. The method can access the blocks and slices that correspond

to the edge patterns in the query graph using metadata like GridMap. The traditional scheduling

method defines sub-tasks by considering all possible combinations of partitions (slices). However,

our method defines sub-tasks by only considering combinations of the necessary slices. To achieve

this efficiently, we introduce a task scheduling tree.
Task scheduling tree: The task scheduling tree is a data structure for representing sub-tasks

and the minimal set of slices required to process a given query by exploring all combinations

through backtracking. We first sort the edges of the query graph according to the matching order

and represent it as a query trie, referred to as QT. For example, the QT for 𝑄1 has LV-0, denoted
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as QT(0), {𝑢0, 𝑢1, 𝑢2, 𝑢3}, and LV-1, denoted as QT(𝑢0) = {𝑢1, 𝑢2}, QT(𝑢1) = {𝑢2}, QT(𝑢2) = {𝑢3},
and QT(𝑢3) = {𝑢4}. Backtracking proceeds by iterating over combinations of slices that belong to

the edge patterns connected to the 𝑖-th element of QT(0) at depth 𝑖 . Upon reaching the maximum

depth of |QT(0) |, the current state (the slice IDs so far) is defined as a sub-task. Here, sub-task IDs

are assigned sequentially in the order in which they are explored. Throughout this backtracking

process, the task scheduling tree is constructed, where the nodes of the tree contain the slice IDs

within each combination. Since multiple slice combinations may exist at the root, this can result

in the formation of multiple trees. The entire task scheduling process is conducted on CPU once,

followed by executing each sub-task kernel on GPU.

Figure 6(a) shows the task scheduling tree for 𝑄1. Since 𝑄1 requires 𝑃0, 𝑃
′
1
, 𝑃2, 𝑃3, and 𝑃4 at

the block level, the space of all possible combinations of slices becomes {𝑆0} × {𝑆1, 𝑆2} × {𝑆3} ×
{𝑆4, 𝑆5, 𝑆6, 𝑆7} × {𝑆8, 𝑆9, 𝑆10}. For the first element 𝑢0 in the matching order, since QT(𝑢0) = {𝑢1, 𝑢2},
𝑆0 and 𝑆2 corresponding to two edge patterns (𝑢0, 𝑢1) and (𝑢0, 𝑢2), respectively, form depth 0 (the

root node) of the tree. Next, 𝑆3 corresponding to (𝑢1, 𝑢2) forms depth 1. Next, among four candidate

slices 𝑆4, 𝑆5, 𝑆6, and 𝑆7 at depth 2, two are pruned (pruning method is explained below), leaving only

𝑆5 and 𝑆7 for the backtracking search. Once the process is complete at depth 3, three leaf nodes

remain, which generates three sub-tasks, 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘0...2, along the root-leaf path. In detail, 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘0
is {𝑆0, 𝑆2, 𝑆3, 𝑆5, 𝑆8}, 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘1 is {𝑆0, 𝑆2, 𝑆3, 𝑆5, 𝑆10}, and 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘2 is {𝑆0, 𝑆2, 𝑆3, 𝑆7, 𝑆9}.

Pruning for backtracking: We prune unnecessary slices that do not contribute to the intersec-

tion operations of LFTJ for a given query. To assess contributability, we define the 2D range of a

slice in Definition 3.1.

Definition 3.1. Slice ranges (LV-0 range, LV-1 range): We define the range determined by the

minimum and maximum vertex IDs among the vertices in 𝑆𝑖 (0) as the LV-0 range for 𝑆𝑖 . Similarly,

we define the range determined by the minimum and maximum vertex IDs in the sets of child

vertices 𝑆𝑖 (𝑣 𝑗 ) for all 𝑣 𝑗 ∈ 𝑆𝑖 (0) as the LV-1 range for 𝑆𝑖 .
For example, assuming that the vertex ID of 𝑣𝑖 is 𝑖 , 𝑆2 has an LV-0 range of [0, 1) and an LV-1

range of [6, 8). LV-0 and LV-1 ranges are precomputed during the construction of the data graph

in LGF and are automatically loaded into main memory upon initialization. During backtracking,

we can easily check whether the set intersection operation can yield candidates by checking the

overlap of ranges for the slices corresponding to the query graph vertex at each depth in the task

scheduling tree. We perform this efficiently using RANGE_STKS, an array with a stack for each

vertex in the query graph. The 𝑖-th stack manages the overlapped range of vertex 𝑢𝑖 in the query

graph, and the overlapped range of the current state is managed through push and pop operations

on the stacks.

Figure 6(c) shows the changes in RANGE_STKS as task scheduling is performed at depths of

1 and 2. In the example, since the query graph has five vertices, RANGE_STKS consists of five

stack arrays. Each stack is initialized with [0,∞). At depth 1 (on the left), RANGE_STKS contains

the LV-0 and LV-1 ranges of the currently selected slices 𝑆0, 𝑆2, and 𝑆3 (a total of six slice ranges).

Among the candidate slices {𝑆4, 𝑆5, 𝑆6, 𝑆7} for depth 2, 𝑆4 is pruned because its LV-0 range [5, 6) does
not overlap with the top of RANGE_STKS[2], i.e., [6, 8). In contrast, 𝑆5 is not pruned as its LV-0

range [6, 8) overlaps with the top of RANGE_STKS[2], and at the same time, its LV-1 range [8, 10)
overlaps with the top of RANGE_STKS[3], i.e., [0,∞). The overlapped ranges are then pushed into

RANGE_STKS, and the backtracking search proceeds for 𝑆5 (on the right). When the backtracking

search for 𝑆5 completes, the pushed slice ranges are popped, and the pruning method similarly

handles the next candidates 𝑆6 and 𝑆7.

Algorithm 1 presents the task scheduling algorithm with pruning. It defines the recursive

function genTaskSchedulingNode and calls it at Line 33. The function consists of several steps:
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Fig. 6. Example of task scheduling based on LGF.

base case (Lines 2-3), exploration (Lines 4-9), pruning (Lines 10-18), state update (Lines 19-25),

recursive call (Line 26), and backtracking (Lines 27-30). The exploration step assigns the 𝑑𝑒𝑝-th

element of QT(0) to 𝑢𝑠 , and finds the set of edge patterns 𝐸 associated with 𝑢𝑠 in QT (Lines 4-7).

Then, using GridMap, it explores and combines the slices corresponding to each of the |𝐸 | edge
patterns (Line 8). The pruning step examines the slice combinations to determine whether they

overlap with the ranges of previously traversed slices using the 𝑜𝑣𝑒𝑟𝑙𝑎𝑝 function (Lines 10-16). The

function 𝑜𝑣𝑒𝑟𝑙𝑎𝑝 (𝑢𝑖 , 𝑟𝑖 ) returns true if 𝑟𝑖 overlaps with the top element of the RANGE_STKS[𝑖];
otherwise, it returns false (Line 15). All stacks in the RANGE_STKS are initialized to the value

[0,∞) (Lines 31-32) and updated during the state update and backtrack steps by pushing or popping
the overlapped range information for each 𝑢𝑖 (Lines 19-20, 29-30). If a valid combination is found, a

task scheduling node is generated, and the slice IDs are stored in the node (Lines 21-25). Nodes that

are not associated with sub-tasks are deleted (Lines 27-28). Backtracking stops once the maximum

depth is reached (Lines 2-3).

The scheduling process completes quickly since the size of data structures manipulated by

Algorithm 1 is relatively small. QT is proportional to the query size, and the task scheduling tree is

typically much smaller than the total number of slices. For example, the process completes within

1 ms when generating 178 sub-tasks for the data graph of 20 billion edges, which is stored in 2,402

slices in LGF. The details will be provided in the experimental evaluation.

4 Task Fusion for Reducing Redundant Computation
In this section, we present the task fusion method to reduce redundant computations among

sub-tasks (e.g., the gray area in Figure 6(b)). The task fusion method exploits the common ancestors

in the task scheduling tree.

By definition of the task scheduling tree, we can find the candidate set for the 𝑖-th element of

QT(0) using the slices stored in the nodes of the tree from depth 0 to depth 𝑖 . For example, for

𝑠𝑢𝑏-𝑡𝑎𝑠𝑘0 = {𝑆0, 𝑆2, 𝑆3, 𝑆5, 𝑆8} in Figure 6(a), the candidate set for 𝑢2 can be obtained by intersecting

LV-1 of 𝑆2 (at depth 0), LV-1 of 𝑆3 (at depth 1), and LV-0 of 𝑆5 (at depth 2). If sub-tasks share a

common ancestor from depth 0 to depth 𝑖 in the task scheduling tree, they can share the candidate

sets because the slices required to determine the candidate set for the 0-th to 𝑖-th elements of QT(0)
are the same. In Figure 6(a), 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘0 and 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘1 share a common ancestor down to depth 2. As
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Algorithm 1: LGF Task Scheduling

Input: N, /* number of vertices in query graph */

Input: QT /* query trie sorted by matching order */

Output: ROOTS, /* set of scheduling tree roots */
1 Function genTaskSchedulingNode (𝑑𝑒𝑝, 𝑝𝑎𝑟𝑒𝑛𝑡) :
2 if 𝑑𝑒𝑝 = |QT(0) | then
3 return;
4 𝑢𝑠 ← 𝑑𝑒𝑝-th element of QT(0);
5 𝐸← ∅;
6 for 𝑢𝑒 ∈ QT(𝑢𝑠 ) do
7 𝐸← 𝐸 ∪ {(𝑢𝑠 , 𝑢𝑒 )};
8 𝐶 ← combination set of 𝑠𝑙𝑖𝑐𝑒𝑠 mapped to each pattern 𝐸;

9 for { 𝑆0, ... , 𝑆 |𝐸 |−1 } ∈ 𝐶 do
10 𝑖𝑠𝑃𝑟𝑢𝑛𝑒𝑑 ← 𝑓 𝑎𝑙𝑠𝑒;

11 for 𝑆𝑖 ∈ { 𝑆0, ... , 𝑆 |𝐸 |−1 } do
12 𝑢𝑒 ← i-th element of QT(𝑢𝑠 );
13 𝑟𝑠 ← LV-0 range for slice 𝑆𝑖 ;

14 𝑟𝑒 ← LV-1 range for slice 𝑆𝑖 ;

15 if not 𝑜𝑣𝑒𝑟𝑙𝑎𝑝 (𝑢𝑠 , 𝑟𝑠 ) ∧ 𝑜𝑣𝑒𝑟𝑙𝑎𝑝 (𝑢𝑒 , 𝑟𝑒 ) then
16 𝑖𝑠𝑃𝑟𝑢𝑛𝑒𝑑 ← 𝑡𝑟𝑢𝑒;

17 if 𝑖𝑠𝑃𝑟𝑢𝑛𝑒𝑑 = 𝑡𝑟𝑢𝑒 then
18 continue;
19 for 𝑆𝑖 ∈ { 𝑆0, ... , 𝑆 |𝐸 |−1 } do
20 Push LV-0, LV-1 range of 𝑆𝑖 onto RANGE_STKS;

21 if 𝑝𝑎𝑟𝑒𝑛𝑡 = 𝑛𝑢𝑙𝑙 then
22 Create 𝑛𝑜𝑑𝑒 and insert it into ROOTS;

23 else
24 Create 𝑛𝑜𝑑𝑒 as a child of 𝑝𝑎𝑟𝑒𝑛𝑡 ;

25 Store slice IDs (𝑆0, ... , 𝑆 |𝐸 |−1) in 𝑛𝑜𝑑𝑒;
26 genTaskSchedulingNode (𝑑𝑒𝑝 + 1, 𝑛𝑜𝑑𝑒);
27 if 𝑑𝑒𝑝 ≠ |QT(0) | − 1 then
28 Delete 𝑛𝑜𝑑𝑒 if it has no children;

29 for 𝑆𝑖 ∈ { 𝑆 |𝐸 |−1, ... , 𝑆0 } do
30 Pop LV-0, LV-1 range of 𝑆𝑖 from RANGE_STKS;

31 for 𝑖 ← 0 to N − 1 do
32 Push [0,∞) onto RANGE_STKS[𝑖];
33 genTaskSchedulingNode (0, 𝑛𝑢𝑙𝑙);

a result, in Figure 6(b), the candidate sets for 𝑢0, 𝑢1, and 𝑢2 are the same for 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘0 and 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘1.

Since the task scheduling tree is constructed based on the order of backtracking, it ensures the

maximum possible common ancestors among sub-tasks. If two sub-tasks have no common ancestor,

they cannot share the candidate sets.

The task fusionmethod reduces redundant operations by grouping sub-tasks that share a common

ancestor into a batch and processing the batch with a single GPU kernel. It organizes each batch to
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include consecutive and non-overlapping sub-task ID ranges. The size of a batch is determined

by the slices required for the sub-tasks within the batch. The method constructs each batch to

maximize the utilization of the available GPU memory buffer.

4.1 Task Fusion for a Single Batch
We now explain how to process each batch as a fused operation. Each batch has a corresponding

sub-tree in the task scheduling tree. While performing a depth-first traversal (DFS) of the sub-tree

from the root node, we can assign a unique node ID starting from 0 to each visited node. We

extract the set of nodes visited during traversal to form a new tree structure called the Duplicate
Management (DM) tree. For example, Figure 7(a) shows the DM tree extracted from Figure 6(a).

Here, we assume that all eight slices for three sub-tasks fit into GPUmemory, allowing the sub-tasks

to be processed as a single batch. The DM tree features a supplementary array, referred to as the

ST array, that stores the sub-task IDs associated with each DM tree node. If multiple sub-task IDs

are associated with a DM tree node, only the smallest ID among them is stored in a corresponding

node of the ST array.

Due to their small sizes, the DM tree and the ST array are managed in GPU’s shared memory,

while the slices for the sub-tasks of a batch are loaded into and managed in GPU’s global memory.

Once the slices, the DM tree, and the ST array are prepared in GPU, the LFTJ kernel is executed (the

kernel algorithm is explained in Algorithm 2). In the LFTJ kernel, set intersection operations are

performed on slices while traversing the DM tree. Its process and results are illustrated in the

intersection tree, as shown in Figure 7(b). At depth 𝑖 of the DM tree, the candidate set for the

𝑖-th element of QT(0) (referred to as 𝑓1 (𝑖)) is determined, while at depth 𝑗 of the intersection tree,

the candidate set for the 𝑗-th element of the matching order (referred to as 𝑓2 ( 𝑗)) is determined.

Since QT(0) is also sorted by the matching order, for all 𝑓1 (𝑖) = 𝑓2 ( 𝑗), 𝑖 ≤ 𝑗 holds true, allowing
for simultaneous traversal of the DM tree while performing LFTJ. Whenever a set intersection

operation is performed, all other sub-tasks that share the same candidates are processed together.

Figure 7 shows an example of the task fusion method. We assume that the current position in

the DM tree is at node ID 2, and 𝑢0 and 𝑢1 have been mapped to 𝑣0 and 𝑣2, respectively, as shown

in Figure 7(b). The candidate set {𝑣6} for 𝑢2 is obtained through a set intersection operation. To

determine the candidates for 𝑢3 when 𝑢2 is 𝑣6, the traversal in the intersection tree moves to the

next depth, advancing simultaneously to node ID 3 in the DM tree, which corresponds to 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘0.

After completing the exploration and obtaining the subgraph (𝑣0, 𝑣2, 𝑣6, 𝑣8, 𝑣12), the traversal in the

intersection tree returns to depth 2 and advances to node ID 4 in the DM tree while reusing the

previous intersection result, which corresponds to 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘1.

Algorithm 2 presents the LFTJ kernel algorithm incorporating the task fusion method. The lines

shaded in gray highlight the additions made to implement this method. The basic version of the

algorithm, without the shaded lines, is designed for processing a single sub-task. Set intersection

operations are performed in the matching order (Lines 2, 4), and the candidate set (CS) is iterated

while updating the current state (i.e., vertex IDs) and conducting backtracking search (Lines 16-18).

When the maximum depth is reached, the subgraph pattern is found, and the process returns to the

previous depth (Lines 6-8). When the task fusion method is applied, the 𝑛𝑜𝑑𝑒𝐼𝑑 argument iterates

in the DM tree simultaneously. When a set intersection operation is performed, CS is shared and

iterated over the child nodes of the DM tree (Lines 11-14). The setIntersection function performs the

intersection operation at the thread block level, as shown in Figure 3(b), on the slices corresponding

to 𝑠𝑢𝑏𝑡𝑎𝑠𝑘𝐼𝑑 (Lines 3-4).

The task fusion method leverages GPU’s shared memory for storing and utilizing CS, since it

is much faster than global memory. However, since shared memory is typically very limited (e.g.,

164 KB), the method performs set intersection operations in small segments of size𝑊 , which is
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Fig. 7. Example of the task fusion method.

proportional to the number of threads per thread block. In detail, the operation is first performed on

the range [0,𝑊 ) based on the base set of the shortest length, and the result, CS
′
, is stored in shared

memory. Then, all subsequent sub-tasks that need to share CS
′
utilize it from shared memory. Once

CS
′
is fully utilized, the set intersection operation continues on the next range [𝑊, 2𝑊 ).

4.2 Task Fusion for Multiple Batches
If a query consists of a single batch, it is processed as described in Section 4.1. However, if the

query consists of multiple batches, it is processed to leverage GPU streams and multiple GPUs.

GPU streams allow us to transfer the required slices to GPU memory, execute the LFTJ kernel, and

transfer the resulting subgraphs to main memory, asynchronously and simultaneously [34, 56].

Since LSQ is computationally intensive, transferring slices from disk into GPU memory can be

hidden by the kernel execution time.

This approach can be extended to multiple GPUs since each batch is processed independently

of the others. The batch sizes (i.e., the sum of slices) are nearly identical, because each batch is

designed to fit within the available GPU memory buffer. Consequently, the LFTJ kernel execution

times across batches are also nearly identical, allowing the query performance to scale almost

linearly as the number of GPUs increases. This is demonstrated in the experiments in Section 7.5.

5 LFTJ Processing for Complex PatternQueries
In this section, we explain how cuMatch processes complex pattern queries using a single LFTJ

operation on GPU. Section 5.1 and Section 5.2 present the methods for processing Negative edge

Patterns (NP) and Optional edge Patterns (OP), respectively.

5.1 Negative edge patterns
An NP query can be decomposed into two parts: one consisting of regular edge patterns (RP) and

the other of negative edge patterns. Thanks to the LGF format and scheduling (in Section 3) and

the LFTJ kernel processing method (in Section 4), cuMatch can seamlessly handle both the RP and

NP parts within a unified framework without producing intermediate data.

In principle, edges matching RP in the corresponding slices are included as candidates, while

those matching NP in the corresponding slices are excluded from candidates. We assume that a slice

𝑆𝑖 contains zero or more edges connecting two vertices corresponding to 𝑢𝑥 and 𝑢𝑦 for a negative

edge {𝑢𝑥 , 𝑢𝑦}. We define the complement slice of 𝑆𝑖 in Definition 5.1.

Definition 5.1. Complement slice: We define a full slice of 𝑆𝑖 as one that contains all possible

edges that can be represented by the source and destination ranges of 𝑆𝑖 . Then, we define the

complement slice of 𝑆𝑖 , denoted it by 𝑆𝑐𝑖 , as a full slice that excludes the edges of 𝑆𝑖 .
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Algorithm 2: LFTJ Kernel with Task Fusion

Input: N, /* number of vertices in query graph */

Input: M, /* number of DM tree nodes */

Input: QT, /* query trie sorted by matching order */

Input: ODR[N], /* array of matching order elements */

Input: ST[M], /* array of sub-task IDs */

Input: DM_ROOTS, /* set of DM tree roots */

1 Function LFTJFusion (𝑑𝑒𝑝, 𝑛𝑜𝑑𝑒𝐼𝑑) :
2 𝑢 ← ODR[𝑑𝑒𝑝];
3 𝑠𝑢𝑏𝑡𝑎𝑠𝑘𝐼𝑑 ← ST[𝑛𝑜𝑑𝑒𝐼𝑑];
4 CS← setIntersection(𝑢, 𝑠𝑢𝑏𝑡𝑎𝑠𝑘𝐼𝑑);
5 if 𝑑𝑒𝑝 = N − 1 then
6 for 𝑣 ∈ CS do
7 Find a subgraph (RES[0], · · · , RES[𝑁 − 2], 𝑣);
8 return;
9 else
10 if 𝑢 ∈ QT(0) then
11 for 𝑐 ∈ child node IDs of 𝑛𝑜𝑑𝑒𝐼𝑑 do
12 for 𝑣 ∈ CS do
13 RES[𝑑𝑒𝑝] = 𝑣 ;
14 LFTJFusion (𝑑𝑒𝑝 + 1, 𝑐);
15 else
16 for 𝑣 ∈ CS do
17 RES[𝑑𝑒𝑝] = 𝑣 ;
18 LFTJFusion (𝑑𝑒𝑝 + 1, 𝑛𝑜𝑑𝑒𝐼𝑑);
19 for 𝑟𝑜𝑜𝑡 ∈ DM_ROOTS do
20 𝑟𝑜𝑜𝑡𝐼𝑑 ← node ID of 𝑟𝑜𝑜𝑡 node;

21 LFTJFusion (0, 𝑟𝑜𝑜𝑡𝐼𝑑);

cuMatch performs a single LFTJ operation on the slices for RP and the complement slices for NP.

For example, 𝑆3 in Figure 5 contains out-edges with the source vertex label 𝐵, the destination vertex

label𝐶 and the edge label is 𝑏. Since the vertices labeled 𝐵 are {𝑣2, 𝑣3} and the vertices labeled𝐶 are

{𝑣4, 𝑣5, 𝑣6, 𝑣7} in the data graph, 𝑆𝑐
3
becomes 𝑆𝑐

3
(𝑣2) = {𝑣4, 𝑣5, 𝑣7} and 𝑆𝑐3 (𝑣3) = {𝑣4, 𝑣5, 𝑣6}. To find

the 𝑄2 pattern in Figure 1, we perform LFTJ on the three slices 𝑆0, 𝑆2, and 𝑆
𝑐
3
, and the intersection

tree produces the result {(𝑣0, 𝑣2, 𝑣7), (𝑣0, 𝑣3, 𝑣6)}, as shown on the left in Figure 8(b). To determine

the candidates for 𝑢7 when 𝑢5 is 𝑣0 and 𝑢6 is 𝑣2, a set intersection is performed between 𝑆2 (𝑣0) and
𝑆𝑐
3
(𝑣2), which yields the candidate set {𝑣7}.
cuMatch avoids materializing the complement slices, as it is time-consuming and requires a large

amount of memory. Since real-world graphs are typically sparse, the complement slices can become

significantly dense. Instead, cuMatch performs LFTJ without materialization by leveraging the fact

that each slice consists of two-level tries of LV-0 and LV-1. For RP, LFTJ performs set intersection

on LV-0, then performs the second set intersection on LV-1 of the LV-0 candidate. In contrast, for

NP, the modified LFTJ method skips set intersection on LV-0, then performs negative set intersection
on LV-1 of the candidates. Skipping the first set intersection allows all LV-0 elements in the slice to
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Fig. 8. Example of complex pattern query processing of cuMatch (matching order: 𝑢5 ≺ 𝑢6 ≺ 𝑢7 for NP,
𝑢8 ≺ 𝑢9 ≺ 𝑢10 for OP).

become candidates. The original GPU-based set intersection checks the presence of elements of the

base set through binary searches on other sets (i.e., LV-1), as shown in Figure 3(b). In contrast, the

GPU-based negative set intersection checks the absence of elements using binary searches on LV-1.

For example, in Figure 3(b), assuming that 𝐾1 is LV-1 for NP and 𝐾0 and 𝐾2 either LV-0 or LV-1

for RP in a query, thread 𝑡1 checks whether 3 is absent in 𝐾1 and whether 3 is present in 𝐾2, then

determines it as a candidate.

We note that the LV-0 and LV-1 ranges for NP should be replaced with the minimum and

maximum ranges within the slice for correctness (Lines 13-14 in Algorithm 1). For example, in the

case of 𝑆6, the LV-0 and LV-1 ranges should be [4, 6) and [10, 12), respectively. In addition, the length

of LV-1 for NP should be adjusted to the maximum possible length of LV-1 in the corresponding

slice minus the actual length of LV-1. This ensures that the correct base set with the shortest length

is chosen. For example, in Figure 5, the adjusted length of 𝑆3 (𝑣2) would be 4− 1= 3. If LV-1 for NP is

chosen as the base set, each thread processes the elements between each pair of adjacent elements.

5.2 Optional edge patterns
Similar to NP, cuMatch can seamlessly process queries containing both RP and OP within a

unified framework. The most challenging issue in processing OP is checking the existence of 𝑛𝑢𝑙𝑙

vertex (e.g., (𝑣1, 𝑣4, 𝑛𝑢𝑙𝑙) matching 𝑄3 in Figure 1). To efficiently verify such 𝑛𝑢𝑙𝑙 vertices in LFTJ,

cuMatch arranges query vertices connected by optional edges at the end of the matching order (e.g.,

𝑢8 ≺ 𝑢9 ≺ 𝑢10 for𝑄3). When processing OP of 𝑢𝑖 ≺ 𝑢 𝑗 , cuMatch skips set intersection on LV-0, then

performs normal set intersection on LV-1 of the candidates. During the set intersection on LV-1,

cuMatch can determine the 𝑛𝑢𝑙𝑙 value corresponding to 𝑢 𝑗 based on whether the candidate set of

𝑢 𝑗 is empty for each candidate vertex of 𝑢𝑖 . The difference between processing NP and OP lies in

whether the second set intersection is negative or normal. For example, the right side in Figure 8(a)

shows the task scheduling tree for𝑄3, which includes four sub-tasks: 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘0 = {𝑆1, 𝑆4}, · · · , 𝑠𝑢𝑏-
𝑡𝑎𝑠𝑘3 = {𝑆2, 𝑆7}. When 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘0 determines the candidates for 𝑢10 when 𝑢8 is 𝑣1 and 𝑢9 is 𝑣4, the

candidate set is the same as 𝑆4 (𝑣4), which is an empty set. Thus, (𝑣1, 𝑣4, 𝑛𝑢𝑙𝑙) may be a resulting

subgraph.

However, in reality, determining the 𝑛𝑢𝑙𝑙 value is more challenging than described above. If

any node that shares a common ancestor in the intersection tree has a non-𝑛𝑢𝑙𝑙 value, the 𝑛𝑢𝑙𝑙

value cannot be considered a true 𝑛𝑢𝑙𝑙 value. To verify this, we need to aggregate the results from

multiple involved sub-tasks. For example, the right side of Figure 8(b) shows the intersection tree

produced when performing four sub-tasks. By task fusion, 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘0 and 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘1 are combined,

Proc. ACM Manag. Data, Vol. 3, No. 3 (SIGMOD), Article 143. Publication date: June 2025.



143:16 Sungwoo Park, Seyeon Oh, and Min-Soo Kim

as are 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘2 and 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘3. Similar to 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘0, 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘1 determines the candidates for 𝑢10
when 𝑢8 is 𝑣1 and 𝑢9 is 𝑣4. The candidate set is the same as 𝑆6 (𝑣4), which is also an empty set,

allowing us to finally determine (𝑣1, 𝑣4, 𝑛𝑢𝑙𝑙) as the resulting subgraph. In contrast, when 𝑢8 is

𝑣0 and 𝑢9 is 𝑣6, 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘2 returns {𝑣8}, while 𝑠𝑢𝑏-𝑡𝑎𝑠𝑘3 returns an empty set. Thus, (𝑣0, 𝑣6, 𝑣8) is
returned as a result subgraph, whereas (𝑣0, 𝑣6, 𝑛𝑢𝑙𝑙) is not.

We refer to the pattern results from the root to a node in the intersection tree before determining

𝑛𝑢𝑙𝑙 vertex as intermediate pattern results. For example, (𝑣1, 𝑣4) is an intermediate pattern result

that matches the pattern (𝑢8, 𝑢9) in the query graph 𝑄3. If intermediate pattern results are verified

across different batches, incorrect patterns may be returned as false positives. Thus, cuMatch

schedules sub-tasks that share the same intermediate pattern results into the same batch to ensure

correctness. This is straightforward because sub-tasks sharing a common ancestor have consecutive

sub-task IDs in our task scheduling method. cuMatch employs a heuristic approach where, once

GPU buffer memory exceeds a certain threshold (e.g., above 80% capacity), sub-tasks that do not

share intermediate pattern results are deferred to the next batch for processing.

We note that the LV-0 range for OP should be replaced with the minimum and maximum range

within the slices corresponding to 𝑂𝑃 for correctness (Line 13 in Algorithm 1). For example, in

the case of 𝑆6, the LV-0 range should be [4, 6), while the LV-1 range should remain [11, 12). In

addition, as described in Section 4.1, the candidate set of 𝑢𝑖 is managed in small segments of size𝑊 .

Consequently, we maintain a boolean array of length𝑊 to manage the 𝑛𝑢𝑙𝑙 value of 𝑢 𝑗 in GPU’s

shared memory.

6 Limitations
cuMatch is a GPU-based method that leverages massive parallelism at the thread-block level and is

so highly efficient for complex queries involving numerous set intersection operations. However,

its performance can degrade considerably for long-sequential path queries where the path length is

too long and each vertex has too few candidate sets to effectively exploit the GPU’s parallelism. We

consider such long-sequential path queries to be beyond the scope of cuMatch and handle them

with CPU-based methods. To decide if a given query can be effectively processed by cuMatch, we

introduce a simple heuristic measure called the Efficiency Metric (𝐸𝑀), defined in Eq.(1).

𝐸𝑀 =
𝑆𝑢𝑚𝑜𝑓 𝑡ℎ𝑒 𝑏𝑎𝑠𝑒 𝑠𝑒𝑡 𝑙𝑒𝑛𝑔𝑡ℎ𝑠 𝑖𝑛 𝑒𝑎𝑐ℎ 𝑠𝑒𝑡 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜 𝑓 𝑠𝑒𝑡 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑓 𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑐𝑎𝑙𝑙𝑠
(1)

Thismeasure can be quickly estimated by sampling the candidate sets at depth 0 of the intersection

tree and then measuring the lengths. If the EM value is much smaller than the warp size (typically

32 threads), we decide the query unsuitable for cuMatch, since it cannot utilize even a single warp

in each thread block.

7 Performance Evaluation
In this section, we present the experimental results in three categories.

•We evaluate the performance of LSQ processing of cuMatch compared with the state-of-the-art

CPU and GPU-based methods in terms of execution time across various datasets (in Section 7.2

and Section 7.4).

•We evaluate the memory usage of cuMatch compared with the state-of-the-art methods, focus-

ing particularly on issues of the wasted GPU memory and the intermediate data explosion in

processing complex patterns (in Section 7.3).
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•We conduct an ablation study of cuMatch to assess various techniques, including task scheduling,

task fusion, and GPU streams, as well as scalability related to the number of GPUs (in Section 7.5).

We also evaluate the construction time and space cost of the LGF format (in Section 7.6).

7.1 Experimental Setup
LSQB datasets and queries: For the experiments, we utilize the LDBC microbenchmark known

as the Large-scale Complex Subgraph Query Benchmark (LSQB) [47]. This benchmark features

the highest number of high-level joins and the largest portion of data access among the LDBC

SNB datasets, which are de-facto standard graph query benchmarks [47]. LSQB supports complex

pattern benchmarking, and its data graph is billions of times larger than its query graph. The data

graph contains 12 types of vertex labels and 15 types of edge labels. We use two scale factors (SF):
SF=100 (326.0 M vertices and 2.1 B edges) and SF=1,000 (3.0 B vertices and 21.1 B edges). There

are a total of ten query graphs, all of which are depicted in Figure 9. Q1 to Q9 are the original

queries, while Q1-S is a new query added by us for the experiments. Regular edges are represented

by solid black lines, negative edges by dashed red lines, and optional edges by dashed blue lines.

Vertex labels are distinguished by color, while edge labels are omitted in the figure. Q7, Q8, and

Q9 include complex patterns. Q5, Q6, Q8, and Q9 contain a pair of vertices represented by dashed

borders, which indicates a filter condition that both vertices must map to distinct vertices in the

data graph. Q1-S is a modified version of Q1 that is shorter than Q1, but yields the same number

of resulting subgraph patterns as Q1. All queries return the number of patterns found. Table 1

shows the number of patterns found for each query, ranging from a minimum of 1.1 billion (B) to a

maximum of 3.5 trillion (T) at SF=1,000.

Q1-S Q2 Q3 Q4

Q5 Q6 Q7 Q8 Q9

Q1

Fig. 9. Query graphs used in the LSQB datasets.

Table 1. Number of matching subgraphs per query.

SF Q1(-S) Q2 Q3 Q4 Q5 Q6 Q7 Q8 Q9

100 38.3B 115.4M 255.7M 2.4B 1.4B 291.4B 3.7B 710.8M 280.0B

1,000 458.9B 1.1B 3.4B 29.5B 13.9B 3.5T 42.4B 7.0B 3.4T

Table 2 presents 𝐸𝑀 for ten queries at SF=100. The 𝐸𝑀 value of Q1 is extremely low, prompting

us to exclude it and consider that it is processed using conventional methods. Instead, we use Q1-S

that produces the same number of results. When we processed Q1 at SF=1,000 using cuMatch, it

actually timed out (taking longer than 1 hour).

Real-world datasets and queries: We also evaluate performance on four real-world graph

datasets with diverse distributions: LiveJournal [39] (4.8 million vertices and 69.0 million edges),

Orkut [39] (3.1 million vertices and 117.2 million edges), Friendster [39] (65.6 million vertices and

1.8 billion edges), and Twitter [36] (61.6 million vertices and 1.5 billion edges). These are undirected
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Table 2. The Efficiency Metric (EM) values of queries (SF=100).

Q1 Q1-S Q2 Q3 Q4 Q5 Q6 Q7 Q8 Q9

2.3 242.5 537.9 24.3 247.4 662.4 254.5 302.5 1,460.0 255.3

and unlabeled graphs. Following previous studies [10, 25, 31], we randomly assign labels to vertices

to create labeled graphs. The number of vertex label types for LiveJournal, Orkut, Friendster, and

Twitter is 1, 10, 10, and 15, respectively.We refer to them as LiveJournal-LB1, Orkut-LB10, Friendster-

LB10, and Twitter-LB15. LiveJournal-LB1 is effectively an unlabeled graph.We use five query graphs

shown in Figure 10. RQ1–RQ3 are regular patterns sourced from previous studies [31, 58], while

RQ4 and RQ5 are complex patterns by introducing an optional edge and a negative edge into RQ2,

respectively. Each query vertex is assigned a distinct label type wherever possible.

RQ1 RQ2 RQ3 RQ4 RQ5

Fig. 10. Query graphs used in the real-world datasets.

Systems compared: We compared cuMatch with the state-of-the-art CPU and GPU-based

LFTJ methods capable of processing LSQ. First, we compared with Kùzu [17] and Umbra [51],

which are CPU-based graph and relational DBMSs supporting LFTJ. These systems select between

LFTJ and binary joins based on their query optimization strategy and available memory capacity.

EmptyHeaded [1] is excluded as it cannot generate data for SF=100. We also compared it with

ALFTJ [37], HeavyDB [27] (GPU-based relational DBMSs), and RAPIDS [15] (a GPU-based relational

library). ALFTJ supports LFTJ on GPUs using the boxing method explained in Section 2.3. Although

ALFTJ is the state-of-the-art GPU-based LFTJ method, it does not support queries with complex

patterns or queries that include high degree vertices (degree greater than 3). In addition, while

the original ALFTJ did not support filter conditions, we have implemented this feature, enabling

ALFTJ to handle filter conditions. RAPIDS and HeavyDB do not support LFTJ, but HeavyDB can

process LSQ by partially addressing the intermediate data explosion issue through JIT compilation

on GPUs. We also compared with state-of-the-art exploration-based methods, Peregrine [28] and

GraphPi [64]. Both methods do not support directed graphs. GraphPi supports only unlabeled

graphs, while Peregrine supports only vertex-labeled graphs. Since these methods are unable to

execute LSQB, we instead evaluated their performance using real-world datasets. We attempted to

evaluate another exploration-based method, Circinus [31], but were unable to do so because we

requested but could not receive the source code from the authors. Table 3 summarizes the systems

compared in our experiments.

HW/SW environment: We conduct all experiments on a single server equipped with two

16-core 3.0 GHz CPUs, 1 TB of main memory, four 6.4 TB PCI-E SSDs (RAID 0), and one Nvidia

A100 GPU with 80GB of memory. For CPU-based methods, all CPU cores and memory are utilized

without restrictions, and their default settings are applied. For GPU-based methods, except RAPIDS,

we allocate 20GB as GPU buffer memory unless specified otherwise. For RAPIDS, we used the

full 80GB as GPU buffer since the library does not permit adjustments to the GPU buffer size.

The operating system is Ubuntu 20.04.02, with g++ 7.5.0 as the compiler and CUDA 11.6 toolkit

for kernel compilation. The versions of the systems compared in our experiments are Umbra

30b000783, Kùzu 0.6.0, HeavyDB 7.2.4, and RAPIDS 24.12. To ensure fair comparisons, we evaluate

the performance of all methods with memory and OS caches cleared before each execution (i.e.,
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Table 3. Summary of characteristics of compared systems.

Approach
System/
Library

CPU/
GPU

Support
WCOJ

In-memory/
Disk-based

Support
labeled graph

Join-based

Kùzu CPU O Disk-based O

Umbra CPU O Disk-based O

ALFTJ GPU O In-memory O

HeavyDB GPU X Disk-based O

RAPIDS GPU X In-memory O

cuMatch GPU O Disk-based O

Exploration-

based

GraphPi CPU X In-memory X

Peregrine CPU X In-memory △

cold start). Therefore, the evaluation for ALFTJ, RAPIDS, GraphPi, and Peregrine includes the time

taken to load data from SSDs to main memory.

7.2 Comparison using LSQB datasets
Figure 11 shows the query processing times of Kùzu, Umbra, RAPIDS, heavyDB, ALFTJ, and

cuMatch at SF=100 and SF=1,000.

Comparison with CPU-based systems: Kùzu fails to process Q1-S due to O.O.M. and Q3 and

Q9 due to T.O. The large number of vertices and edges in Q1-S and Q3 causes a large amount of

computation. Umbra outperforms Kùzu for most queries and successfully processes more queries

than Kùzu. It only fails to process Q9 due to O.O.M. at SF=1,000, specifically, while constructing the

hash table for the binary hash join. Both Kùzu and Umbra fail to process Q9 at SF=1,000 because

it is an NP query that leads to intermediate data explosion between processing RP and NP. In

fact, Q9 has a pattern where a negative edge is added to Q6. Umbra can process Q9 at a small

scale like SF=100, but its processing time increases significantly (by 11.5X) compared to Q6 due

to the negative edge. In contrast, cuMatch successfully processes all queries, and the increase in

processing time for Q9 compared to Q6 is not substantial (only by 4.4X at SF=100). It is due to the

unified LFTJ framework of cuMatch, which handles RP, NP, and OP seamlessly without producing

intermediate data. In addition, cuMatch outperforms Kùzu by up to 281X (Q1-S at SF=100) and

Umbra by up to 19.3X (Q9 at SF=100).

Comparison with GPU-based systems: RAPIDS fails to execute all queries at SF=1,000 and all
queries except Q2 at SF=100. It cannot handle billions of rows and fails to manage the intermediate

data explosion on GPUs, even with an 80GB GPU buffer. HeavyDB also fails to process most queries,

except Q3, Q6, and Q9 at SF=100. The failures are all due to O.O.M. HeavyDB operates only when

the data fits within GPU memory. ALFTJ also fails to process many queries, successfully processing

only Q1-S, Q2, Q5 (only at SF=100), and Q6. It fails to process Q7, Q8, and Q9 since they are NP

or OP queries. It also fails to process Q3 and Q4 since they include high degree vertices (degree

greater than 3).

To provide a more precise comparison, we evaluate the performance of RAPIDS and HeavyDB

on a smaller dataset, SF=10 (35.5 M vertices and 217.0 M edges). Figure 12(a) shows the result,

where cuMatch significantly outperforms RAPIDS and HeavyDB across all queries. In RAPIDS,

Q1-S fails due to R.E., and Q6 and Q9 fail due to O.O.M. at SF=10. These queries generate billions of

intermediate rows during execution. In HeavyDB, the performance gap is more pronounced for

Q3, Q8, and Q9. Q3 contains many cycles, leading to numerous binary joins in HeavyDB. Q8 and

Q9 are NP queries, resulting in intermediate data. The processing time for Q9 increases by 87X

compared to Q6 in HeavyDB, due to NP.
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(b) Comparison with LSQB datasets (SF=1,000)
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Fig. 11. Comparison of query execution times (T.O.: the elapsed time exceeds 1 hour, O.O.M.: out of memory,
R.E.: runtime error, N.A.: not supporting the query).
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Fig. 12. Additional comparison with GPU-based methods.

We also evaluate ALFTJ’s performance in an in-memory environment where all the data required

for the queries is already preloaded into main memory. Figure 12(b) shows the result, where Q1-S,

Q2, and Q6 are the only queries that ALFTJ can process at SF=1,000. cuMatch still outperforms ALFTJ

significantly (by 11.8X for Q1-S). We note that ALFTJ’s processing time for Q1-S decreases from

137.5 sec to 86.5 sec due to in-memory processing, while cuMatch’s processing times remain nearly

the same (7.6 sec and 7.3 sec). This highlights the efficiency of cuMatch’s format and scheduling

method.

7.3 Memory usage for LSQB datasets
GPU memory usage and redundant computation: We compare cuMatch with ALFTJ varying

the GPU buffer memory size. Figure 13(a) shows the in-memory query processing times. ALFTJ-UM

refers to the ALFTJ method using unified memory which enables GPUs to access main memory

directly. The execution time of ALFTJ increases significantly (by 9.4X) as the buffer size decreases

from 80GB to 10GB. In contrast, that of cuMatch remains almost unchanged regardless of the

buffer size.

Figure 13(b) shows the utilization of GPU buffer memory while varying the buffer size. The

measure is the ratio of data excluding unnecessary ranges, based on the minimum and maximum

values of the sets involved in the set intersection operations. ALFTJ achieves much lower utilization

compared to cuMatch, in particular, at smaller buffer sizes. This indicates that unnecessary data is

loaded into and so wastes GPU memory, as explained in Section 2.3.
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Fig. 13. Varying GPU buffer memory sizes.

Intermediate data explosion for complex patterns: To assess the amount of intermediate

data generated by complex pattern queries, we measure the main memory size required to process

the queries successfully without encountering O.O.M. errors. Figure 14 shows the results, where we

compare cuMatchwith Kùzu and Umbra for a pair of Q5 (RP) and Q8 (NP for Q5) and a pair of Q4 (RP)

and Q7 (OP for Q4). We conduct experiments using ten different main memory sizes indicated on the

x-axis. RAPIDS, HeavyDB, and ALFTJ are excluded from this experiment, as RAPIDS and HeavyDB

cannot operate at SF=1,000, and ALFTJ does not support complex patterns. For NP, Umbra utilizes

only 280GB for Q5, while it requires 1,000GB for Q8. The output of Q5 (estimated as 720GB) is

retained as intermediate data and used for the subsequent anti-join in processing Q8. For OP, Kùzu

utilizes only 40GB for Q4, while it requires 400GB for Q7. Although both Q4 and Q7 use the same

tries, the separate processing of RP and OP results in the output of Q4 (estimated as 360GB) being

retained as intermediate data for the outer-join in processing Q7. Umbra uses binary joins for Q4,

leading to higher memory usage. In contrast, cuMatch processes all queries with significantly lower

memory usage and without producing intermediate data, thanks to a single LFTJ operation.

(a) Negative edge pattern (SF=1,000) (b) Optional edge pattern (SF=1,000)

Kùzu Umbra cuMatch

Q5

Q8

Main memory size (GB)

Kùzu Umbra cuMatch
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Fig. 14. Intermediate data sizes in complex patterns.

7.4 Comparison using real-world datasets
Table 4 shows query execution times for real-world datasets, including exploration-based methods

such as Peregrine and GraphPi. Since LiveJournal-LB1 is unlabeled and produces very large query

result sizes, we opted to use subgraph isomorphism instead of homomorphism for evaluation. In

LiveJournal-LB1, exploration-based methods show superior performance over join-based methods,

since they focus on identifying only unique patterns in subgraph isomorphism and so generate

far fewer outcomes compared to join-based methods. Furthermore, the inability of LFTJ to filter

using label information reduces the efficiency of set intersections. This is why Umbra outperforms

cuMatch by choosing binary joins over LFTJ for RQ1, RQ2, and RQ4. Although cuMatch is designed

for labeled graphs, it successfully executes more queries (RQ1, RQ2, RQ4, and RQ5) than any other

methods, indicating that cuMatch is the most robust among the methods compared.

Proc. ACM Manag. Data, Vol. 3, No. 3 (SIGMOD), Article 143. Publication date: June 2025.



143:22 Sungwoo Park, Seyeon Oh, and Min-Soo Kim

Table 4. Comparison with real-world datasets (in sec). Bold indicates the best, while underlined represents
the second-best.

Datasets & Queries Peregrine GraphPi Kùzu Umbra RAPIDS HeavyDB ALFTJ cuMatch

LiveJournal-LB1

(unlabeled)

RQ1 147.2 118.6 T.O. 508.0 O.O.M. T.O. R.E. 1722.8

RQ2 19.1 75.4 O.O.M. 1084.1 O.O.M. T.O. N.A. 1106.1

RQ3 T.O. 391.7 O.O.M. T.O. O.O.M. O.O.M. N.A. T.O.

RQ4 N.A. N.A. O.O.M. 108.8 O.O.M. T.O. N.A. 1255.6

RQ5 143.3 N.A. T.O. O.O.M. O.O.M. T.O. N.A. 1959.0

Orkut-LB10

(labeled)

RQ1 8.7 N.A. 23.7 1.4 R.E. 52.9 2.5 2.4

RQ2 1.5 N.A. 35.7 538.0 1.8 T.O. N.A. 0.3
RQ3 19.3 N.A. T.O. 1185.8 R.E. T.O. N.A. 16.9
RQ4 N.A. N.A. 14.8 1.4 1.6 30.5 N.A. 0.2
RQ5 8.8 N.A. 42.0 22.9 R.E. T.O. N.A. 3.1

Friendster-LB10

(labeled)

RQ1 154.5 N.A. 35.4 10.2 O.O.M. 165.9 5.7 8.2

RQ2 23.2 N.A. 40.5 219.8 5.3 T.O. N.A. 0.4
RQ3 282.6 N.A. T.O. 146.9 O.O.M. T.O. N.A. 8.1
RQ4 N.A. N.A. 9.0 8.8 4.5 111.8 N.A. 0.4
RQ5 162.3 N.A. 41.0 250.4 O.O.M. T.O. N.A. 10.0

Twitter-LB15

(labeled)

RQ1 T.O. N.A. T.O. O.O.M. O.O.M. T.O. 619.5 316.0
RQ2 140.6 N.A. T.O. O.O.M. O.O.M. T.O. N.A. 4.4
RQ3 T.O. N.A. T.O. O.O.M. O.O.M. T.O. N.A. 1295.1
RQ4 N.A. N.A. 398.8 O.O.M. O.O.M. T.O. N.A. 1.3
RQ5 T.O. N.A. T.O. T.O. O.O.M. T.O. N.A. 827.9

In the labeled graphs, cuMatch significantly outperforms the other methods. It achieves the best

results for all queries except for RQ1 at Orkut-LB10 and RQ1 at Friendster-LB10, where it achieves

the second-best results. As the graph size increases, the performance gap becomes more significant.

cuMatch improves performance by up to 307X (RQ4 at Twitter-LB15) compared to the second-best

method.

7.5 Ablation study of cuMatch
Figure 15(a) shows the query execution times when using the LGF task scheduling method proposed

in Algorithm 1 and a random scheduling method (denoted as Random). In Random, sub-tasks are

loaded into GPU memory in a random order. Our task scheduling outperforms Random by up to

1.69X. It reduces disk I/O costs by loading slices only once and eliminates redundant computation

among the sub-tasks within each batch. For Q4, which requires a large amount of tries, the benefits

of task scheduling are further amplified.

Figure 15(b) shows the scalability of cuMatch as the number of GPUs increases. The baseline

is the performance with a single GPU. Since cuMatch enforces a threshold (𝜃 ) on the slice sizes,

the skewness among workload (sub-task) is very low. Consequently, query performance improves

almost linearly as the number of GPUs increases. For three GPUs, the loading time of slices into

GPU memory surpasses the kernel processing time on GPU. This leads to longer idle times for

some GPUs, preventing full utilization of all GPUs simultaneously, resulting in a slight reduction

in efficiency.

Besides a single LFTJ operation for complex patterns, cuMatch operates with three key ideas:

(1) task scheduling with LGF (Section 3), (2) task fusion (Section 4.1), and (3) GPU streaming for

multiple batches (Section 4.2). Figure 16 shows the performance breakdown for Q1-S and Q2. Idea 1

has the greatest impact, improving performance by 4.3X for Q1-S and 3.6X for Q2. Once Idea 1 is
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Fig. 16. Results of performance breakdown.

applied, Idea 2 has a slightly greater impact than Idea 3. Combining all ideas yields a performance

gain of 18.1X for Q1-S and 8.9X for Q2.

7.6 Space and time costs using LGF format
Table 5 presents the index build times and sizes of ALFTJ and cuMatch. Both employ a two-step

approach for the index building process, although the specific tasks of each step differ. ALFTJ sorts

each relation representing the edges of the data graph (Step 1), then builds tries using the sorted

relations (Step 2). cuMatch assigns edges to appropriate blocks based on their source and destination

vertex IDs (Step 1), and stores each block as slices in the LGF format (Step 2). Table 5 indicates

that ALFTJ’s index sizes are significantly larger than those of cuMatch. ALFTJ redundantly stores

edges between vertices with multiple label types and uses 8-byte IDs for vertices. For example,

there are numerous vertices labeled with both Message and Post in the LSQB dataset, and ALFTJ

redundantly stores the in/out edges of these vertices in two separate relations. Such redundancy

also significantly increases the index build time. On the contrary, cuMatch stores each edge only

once by maintaining label information in the VertexLabel table. For example, in Figure 5, if vertices

labeled B also have the label F, the name attribute value of the second tuple is simply adjusted to

Table 5. Index build time (in sec) and size (in GB).

SF Systems Build time Index sizeStep 1 Step 2 Total

100

ALFTJ 2,907 1,309 4,216 94 GB

cuMatch 661 88 749 25 GB

1,000

ALFTJ 30,480 14,829 45,309 906 GB

cuMatch 6,858 818 7,676 248 GB
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“B, F”. In addition, the LGF format utilizes 2 or 3-byte local IDs for vertices within a block, which

are interpreted as global IDs when combined with the block ID. As a result, cuMatch reduces the

index size by up to 3.7X and the build time by up to 5.9X compared to ALFTJ at SF=1,000.

8 Related Work
• Exploration-based subgraph query processing: It is rooted in Ullmann’s backtracking search

algorithm and focuses on pruning vertices and edges in the data graph that do not match the

query graph [4, 9, 11, 28, 31, 40, 44, 45, 60, 63–65, 81]. This approach faces challenges in LSQ,

where the query graph is much smaller than the data graph, as it is difficult to significantly reduce

the number of candidate vertices and edges in the query pattern [66]. Many state-of-the-art

methods [28, 31, 64] cannot handle directed and edge-labeled graphs, which restricts the queries

that can be processed.

• GPU-based subgraph query processing: BFS approaches have been explored to maximize

warp utilization [23, 69, 72, 80], but they generate numerous intermediate subgraphs. Recently,

hybrid DFS-BFS techniques [67, 78] and DFS approaches leveraging stacks to store warp-specific

states [76, 79] have been proposed. However, all of these methods rely on exploration-based

strategies, making them unsuitable for handling LSQ.

• Graph partitioning: To handle large-scale graphs in limited-memory environments, 1D parti-

tioning [26, 29, 34, 61] or 2D partitioning [35, 41, 42, 73, 86] are commonly used. More complex

graph partitioning methods including METIS have also been proposed to ensure balance across

partitions [22, 32, 38].

•Worst-case optimal join: NPRR [53], which first introduced this concept, was followed by

the development of LFTJ [71] and Tributary join [13]. General-purpose DBMSs have explored

variants of LFTJ designed to operate effectively in environments where updates occur [17, 18, 46].

• Mix of multi-way and binary joins: While LFTJ is efficient for large outputs [52], binary joins

can be better for small output queries [1]. Hybrid plans have been explored on CPUs [1, 46, 48,

50, 66, 74], but GPU-based research remains unexplored and presents future challenges.

9 Conclusion and Discussion
In this paper, we proposed cuMatch, the GPU-based LFTJ method that can process subgraph

queries even involving negative and optional edges in a single LFTJ operation without producing

intermediate data. Extensive experiments demonstrated that it successfully processed queries on

large-scale graphs of 20 billion edges and outperformed existing state-of-the-art methods by orders

of magnitude. Theoretically, our extensions of LFTJ for handling complex patterns can also be

implemented on CPUs. However, CPU-based implementations are likely to be significantly less

efficient than GPU-based extensions for processing negative edges. This is because our method for

processing negative edges relies heavily on negative set intersections, which GPUs can perform

much more efficiently. Exploring CPU-optimized methods is a challenge we aim to address in future

work.
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