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Existing works for solving the problem are of either theoretical or practical interest, but not both. Specifically,
the algorithms with a theoretical guarantee on the running time are known to be not practically efficient;
algorithms following the recently proposed backtracking framework called McSplit, run fast in practice
but do not have any theoretical guarantees. In this paper, we propose a new backtracking algorithm called
RRSplit, which at once achieves better practical efficiency and provides a non-trivial theoretical guarantee
on the worst-case running time. To achieve the former, we develop a series of reductions and upper bounds
for reducing redundant computations, i.e., the time for exploring some unpromising branches of exploration
that hold no maximum common subgraph. To achieve the latter, we formally prove that RRSplit incurs a
worst-case time complexity which matches the best-known complexity for the problem. Finally, we conduct
extensive experiments on several benchmark graph collections, and the results demonstrate that our algorithm
outperforms the practical state-of-the-art by several orders of magnitude.
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1 Introduction

Graphs have been increasingly adopted to capture the relationships among entities in various
domains, including social media, biological networks, communication networks, collaboration
networks etc. As a result, graph data analysis has gained great attention in the recent years. One of
the most fundamental problems in graph analysis is maximum common subgraph search, which is
widely used to measure the similarity of two graphs [4, 13, 30-34, 39, 49, 50, 54, 55]. More precisely,
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a common subgraph between two graphs Q and G refers to a subgraph that appears in both Q and
G. Conceptually, it is defined by a pair of subgraphs, g = (Vy, Eg) of Q and g = (V, Ey) of G, and
a bijection mapping ¢ : V; — V; such that g and g are isomorphic under ¢, which we denote by
(g, 9, ¢). Given two graphs Q and G, the problem asks for the common subgraph (g, g, ¢) with the
maximum number of vertices in g (equiv. g).

The maximum common subgraph search problem has many applications across various disci-
plines, and has been widely studied [1, 4, 13, 26, 28, 30-34, 39, 47, 49, 50, 54, 55]. To be specific, it
offers an operator for evaluating the similarity between graphs in graph database systems [51] and
thus has found a wide range of real applications, including cheminformatics [2, 40], communication
networks [36], software analysis [37, 46], biochemistry [8, 15, 27], and image segmentation [19].
For example, the similarity between two molecules is calculated based on the maximum common
subgraph between them [15]. Therefore, in drug discovery and analysis, it is used to quickly identify
a small group of compounds with similar substructures (which tend to preserve similar properties)
for further analysis, so as to reduce the manual labor and shorten the cycle of discovery [15].
Besides, the maximum common subgraph search problem generalizes the well-studied subgraph
matching problem [3, 6, 7, 14, 17, 18, 21, 24, 41, 43-45, 48]. More specifically, given a data graph
G and a query graph Q, subgraph matching seeks to find if there is an embedding' from Q to G,
where an embedding means a 1-1 function from the nodes of Q to those of G which preserves edges,
i.e.,, the embedding is a witness that Q is isomorphic to a subgraph of G. Embedding or subgraph
matching is a strong requirement. In real applications data quality is a real concern [5, 12] and
thus an embedding from Q to G may fail to exist, with subgraph matching yielding no results. In
such circumstances, finding a maximum common subgraph is a graceful relaxation of the problem
which may still yield useful results. If the largest common subgraph is very similar to Q, it can
serve as an approximation to the embedding of Q. Given this, in this paper, we focus on finding the
maximum common subgraph between two given graphs.

Challenges and existing methods. Detecting the maximum common subgraph is quite challeng-
ing as noted in the literature. Specifically, it is NP-hard [29] and is shown to be at least as hard
to approximate as the maximum clique problem: it does not admit any r-approximate algorithm
that runs in polynomial time (unless P = NP), for any r > 1 [22]. Existing works for solving
the problem are of either theoretical or practical interest. On the one hand, some algorithms are
designed to improve theoretical time complexity [1, 26, 28, 47]. Assume that Q has the number
of vertices no larger than G, i.e., [Vp| < |Vi|. They have gradually improved the worst-case time
complexity from O*(1.19/VellVel) [28] to O*(|VQ|(|VG|+1)) [26], and to O ((|Vp|+ 1)!Vely [47], which
is the best-known worst-case time complexity for the problem. Here, O* suppresses polynomials.
However, these algorithms are of theoretical interest only and not efficient in practice. This is
mainly because their theoretical results rely on some sophisticated data structures while main-
taining them introduces a huge amount of time and/or memory overhead in practice, e.g., the
intermediate graph structure built from Q and G has |Vp| X |V;| vertices and could be very large if
G is large (e.g., with million nodes). On the other hand, quite a few algorithms have been developed
towards improving the practical performance [28, 30-34, 49, 55]. They are all backtracking (also
known as branch-and-bound) algorithms, among which the recent works [30, 31, 55] are based on
a newly proposed backtracking framework called McSplit [33]. McSplit recursively partitions the
search space (i.e., the set of possible common subgraphs) to multiple sub-spaces via a process of
branching. Each sub-space corresponds to a branch. Furthermore, McSplit uses the upper bound
on the size of common subgraphs that could be found within a branch for reducing redundant
computations associated with exploring those branches that do not lead to finding the maximum
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common subgraph. Specifically, it prunes those branches that have upper bounds no larger than the
size of the largest common subgraph seen so far. However, these algorithms provide no non-trivial
theoretical guarantee on the worst-case time complexity.

We note that maximum common subgraph is closely related to a well-known graph similarity
measure, namely graph edit distance (GED) [9]. The GED between two graphs Q and G is the
cost of the least-cost edit path, i.e., a sequence of edit operations that transform Q to G. Under a
special cost function which does not charge for edge insertion/deletion and charges an infinite cost
for node/edge substitution, the GED computation has been shown to be equivalent to finding the
maximum common subgraph [9]. However, recent state-of-the-art approaches [10, 11, 16, 25, 38]
for computing GED assume different cost functions where the above equivalence does not hold.
Specifically, these cost functions do not ignore edge deletion/insertion costs and usually assign the
same positive finite costs to various edit operators. Consequently, state of the art algorithms for
GED cannot lead to efficient solutions for computing the maximum common subgraph.

Our method. In this paper, we develop an efficient backtracking algorithm called RRSplit, which
leverages newly-designed reductions and new upper bounds for decreasing the redundant compu-
tations. With |V | < |Vi|, RRSplit achieves a worst-case time complexity of O*((|Vi| + 1)Vely,
matching the best-known worst-case time complexity for the problem [47]. We note that this theo-
retical result is remarkable since (1) the algorithm with the best-known time complexity in [47] is of
theoretical interest only and is not practically efficient and (2) the algorithms with the best-known
practical performance, i.e., McSplit [33] and its variants, do not have any theoretical guarantee
on the worst-case time complexity. Specifically, RRSplit combines the following two kinds of
reductions: (i) vertex-equivalence-based and (ii) maximality-based, and a vertex-equivalence-based
upper bound that we establish.

Vertex-equivalence-based reductions reduce the redundant computations induced by common
subgraph isomorphism (cs-isomorphism). Given two common subgraphs (g, g, ¢) and {(q’, ¢’, ¢) of
graphs G and Q, they are said to be common subgraph isomorphic (cs-isomorphic for short) if and
only if g is isomorphic to ¢’ (or equivalently, g is isomorphic to g’). All cs-isomorphic common
subgraphs evidently share the same structural information, and exploring all of them is clearly
redundant. To reduce this redundancy, we take two sufficient conditions into consideration when
deciding whether we can prune a branch. Specifically, for any common subgraph (g, g, ¢) to be
found in a branch, if there exists another that is cs-isomorphic to (g, g, ) (Condition 1) and has
been found before (Condition 2), we can safely prune the branch. To facilitate the reduction, we will
leverage the vertex equivalence property [35] and an auxiliary data structure for verifying Condition
1 and Condition 2, respectively (details in Section 4.1).

Maximality-based reductions capture the redundant computations induced by maximality. Specif-
ically, a common subgraph (g, g, #) is maximal if and only if there does not exist any other common
subgraph (q’, ¢’, ¢’) such that q and g are subgraphs of ¢’ and ¢’, respectively. Therefore, the
maximum common subgraph is a maximal common subgraph, and those branches that hold only
non-maximal ones would incur redundant computations. To reduce them, we observe one necessary
condition for a branch to hold the largest common subgraphs (details in Section 4.2). As a result,
we can safely prune those branches that violate the condition.

Furthermore, we leverage the vertex equivalence property to derive a new vertex-equivalence-
based upper bound, which is tighter than the existing one [33] and thus can help to prune more
branches (details in Section 4.3).

Contributions. We make the following contributions.

e We introduce vertex-equivalence-based reductions for reducing the redundant computation
induced by cs-isomorphism (Section 4.1). We further propose maximality-based reductions for
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pruning those branches that hold non-maximal common subgraphs only (Section 4.2). Finally, we
develop a new vertex-equivalence-based upper bound for pruning more branches (Section 4.3).

e We propose a new backtracking algorithm called RRSplit, which is based on the newly-designed
reductions. It has a worst-case time complexity that matches the best-known time complexity (of
the algorithms that are of theoretical interest only) (Section 4.4).

e We conduct an extensive empirical evaluation on several benchmark graph collections. Our
experiments reveal that our algorithm RRSplit runs several orders of magnitude faster than the
state-of-the-art McSplitDAL on the majority of the tested input instances (Section 5).

Section 2 provides a formal statement of the problem studied. Section 3 reviews the existing
framework McSplit and its state-of-the-art variant McSplitDAL. In Section 6 we discuss related
work and conclude the paper in Section 7. Due to space limits, we omit some proofs and sketch
others, and all proofs can be found in the technical report [53].

2 Preliminaries

In this paper, we focus on undirected and unweighted simple graphs without self-loops and parallel
edges. For ease of presentation, we focus on graphs without vertex labels, but our methods can
be easily adapted to vertex-labeled graphs. Consider two graphs Q = (Vp, Eg) and G = (V;, Eg).
For simplicity, we let u and v (and their primed or index variants) denote a vertex in Q and G
respectively. Given a vertex set X C Vp, we use Q[X] to denote the subgraph of Q induced by X,
ie, O[X] = (X, {(u,u’') € Eg | u,u’ € X}). All subgraphs in this paper are induced subgraphs. We
let g = (Vg, E4) denote an arbitrary induced subgraph of Q. Given u € Vp, we denote by N(u, Vp)
(resp. N (u, Vo)) the set of neighbours (resp. non-neighbours) of u in Q[Vp]. We use a similar
notation for neighbours and non-neighbours of vertices in G.
We review the definition of graph isomorphism for simple graphs without labels.

Definition 1 (Graph isomorphism [34]). Q is said to be isomorphic to G if and only if there exists
a bijection ¢ : Vo — V5 such that

Vuu' € Vo : (uu') € Eg &= (¢(u),$(u')) € Eg. (1)

Note that two isomorphic graphs are structurally equivalent, and thus we have |Vp| = |V| and
|Eo| = |Eg|. We next review induced subgraph isomorphism for graphs.

Definition 2 (Induced subgraph isomorphism [34]). Q is said to be (induced) subgraph isomorphic
to G if and only if there exists an injection ¢ : Vo — Vg such that

VYu,u' € Vo : (u,u’) € Eg & ($(u),p(u')) € Eg. (2)

Notice that induced subgraph isomorphism is a special case of graph isomorphism. The injection
mapping ¢ : Vo — V; is also known as embedding of Q into G, and thus we have |Vp| < |V5| and
|Eo| < |Eg|. The subgraph matching problem aims to find all embeddings of a small query graph Q
in a large data graph G. The common induced subgraph is defined as follows.

Definition 3 (Common induced subgraph [34]). A common subgraph of Q and G, denoted by
(g, 9, P), is defined as a triple consisting of an induced subgraph ¢ of Q, an induced subgraph g of
G, and a bijection ¢ : V; — V, such that g is isomorphic to g under ¢.

By the size of a common subgraph (g, g, ¢) we mean the number of vertices in g or g. Clearly,
the size of a common subgraph is at most min{|Vp|, |Vg|}. Sometimes, for ease of presentation, we
represent a common subgraph (g, g, ¢) by a set of vertex pairs {(u, ¢(u)) | u € Vg }.
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Uy Uz Uy

(a) Input graph Q (b) Input graph G

Fig. 1. Input graphs used throughout the paper

ExampiE 1. Consider the input graphs in Figure 1. The graphs q := Q[u, ug, u3, g, u7]| and g :=
Glvs,v4, 05,06, 07] form a common subgraph with size 5 under the bijection ¢ = {u; — vs,uy —
Vg, U3 — Uy, Uy —> V3, U7 —> V7 }.

We are ready to formulate the problem studied in this paper.

PrOBLEM 1 (MAXIMUM COMMON SUBGRAPH [29]). Given two graphs Q and G, the Maximum
Common Subgraph (MCS) problem aims to find the maximum common subgraph of Q and G, i.e., a
common subgraph with the largest number of vertices.

Note that the MCS problem is a generalization of subgraph matching: there is a MCS between
Q and G whose size is |Q| iff Q is isomorphic to a subgraph of G. It is well known that MCS is
NP-hard [29] and is hard to approximate, i.e., there is no r-approximate PTIME algorithm for the
problem for any r > 1 [22], unless P=NP.

3 The Basic Framework: McSplit

Overview. McSplit, a backtracking (aka branch-and-bound) algorithm, has been widely adopted for
the MCS problem in recent years and has achieved the state-of-the-art performance in practice [4,
30, 31, 55]. The key idea of McSplit is to recursively expand a partial solution S (which is the
largest common subgraph seen so far) via a process of branching. Specifically, the branching process
partitions the current problem instance of finding the maximum common subgraph into several
subproblem instances. Each problem instance corresponds to a branch and is denoted by (S, C).
Here, S is a partial solution (i.e., set of vertex pairs) and C is the candidate set consisting of candidate
pairs (i.e., (u,v)) used to expand the partial solution S. Solving the instance or branch (S, C) means
finding the largest common subgraph S* in the branch; a common subgraph is said to be in a
branch (S, C) if and only if it contains S and is within the set S U C, i.e, S C S* C S U C. Given
two vertex subsets V; C Vp and V; C V5, we consider all pairs of vertices from V; and V,, i.e.,
Vg x Vg = {{u,0) | u € V4, v € V;}. Note that solving the initial branch (0, Vo X Vi) finds the largest
common subgraph of Q and G.

To solve a branch (S, C), the branching process selects a vertex u appearing in C as a branching
vertex, and then creates two groups of new sub-branches by either including u into the solution
or discarding u from the candidate set and thus also from the solution. Specifically, in the first
group, each formed branch includes into S one candidate pair containing u and excludes from C
all pairs containing u (note that a common subgraph has each vertex appearing in at most one
pair); consequently, for each candidate pair that contains u, i.e., (&, v), we form a new branch
corresponding to (S U {(u,v)}, C\u\v), where C\u\v denotes the set obtained by removing from C
all candidate pairs containing u or v, formally,

C\u\o = C\(({u} x V) U (Vg x {0})). ®)
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1

1

1Sy {(ug, v1)} Set {{u1,v6)} S7:{{ug, v7)} Sg: 0 1

: Cy: Co\ug\vy Ce: Co\u1\vs C7: Co\ug\v7 Cg:Co\uy |

D1: 0 De: {us} X {v1, .., s} Dyi{us} X {vy, ---'Vsl \ Dg: 0 /l
First group Second group

« %

Fig. 2. lllustrating the backtracking process (“+” means to move vertex pairs from C to S and “-” means to

remove vertex pairs from C)

In the second group, we form only one branch by excluding from C all candidate pairs containing
u, i.e., (S,C\u). Clearly, the solution to (S,C) is the largest one among those found from the
branches above. We illustrate this next.

ExaMPLE 2. Consider the given pair of input graphs in Figure 1. The splitting process is par-
tially depicted in Figure 2 (ignore the “D” terms in the figure for now)). For the initial branch
By = (0, {uy, uy, ..., u7} X {v1,02, ...,07}), McSplit selects the branching vertex u;, and then creates
the first group of branches B; = ({{u1,v;)}, {ug, ..., u7} X ({01, 02, ...,07}\{0v;})) for1 <i < 7, each of
which includes one candidate pair (uy,v;) into the solution, and the second group of a single branch,
namely Bg = (0, {uy, ..., u7} X {v1, 02, ...,v7}), which excludes u, from the solution.

To improve the efficiency, McSplit further applies a reduction rule and an upper-bound-based
pruning rule for a newly formed branch (S, C). Specifically, the reduction rule removes from
the candidate set C those candidate pairs (u,v) that cannot form a common subgraph with S,
ie., S U {(u,v)} cannot be a common subgraph, thus narrowing the search space: note that any
supergraph of a non-common subgraph cannot be a common subgraph and thus we can remove
them safely. The upper-bound-based pruning rule computes an upper bound on the size of the
largest common subgraph in the branch and prunes the branch if the upper bound is no larger
than the size of the largest common subgraph found so far (details will be discussed in Section 4.3).
Below, we formally state the reduction rule.

Reduction rule. Consider a branch (S, C). A candidate pair (u,v) in C cannot form any common
subgraph with S if there exists a vertex pair (u’,v’) in S such that u and v are not simultaneously
adjacent or non-adjacent tou’ andv’, respectively.

The soundness of this rule immediately follows from Definition 3. We note that the above
reduction rule can be applied in a recursive way and the refined candidate set C can be split as
several subsets, i.e,C=X; X Y1 U...UX, XY, where c is a positive integer and X; and X (resp. Y;
and Y;) are disjoint. We show this as follows. More precisely, starting from the basis case of the
initial branch By with Sy = 0 and Cy = Vj X Vi, none of the candidate pairs in Cy can be pruned by
the reduction rule since Sy is empty. Then, consider the recursive case of a branch B = (S, C) with
C=X; xYU..UX.UY. where c is a positive integer and X; and X (resp. ¥; and Y;) are disjoint
for 1 < i < c. For one sub-branch (S U {(u,v)}, C\u\v) formed in the first group by including (u, v)
to S, the candidate set C\u\v can be refined as

c
| N X0) x N(o, ¥)) UN @, X\ {u}) x N(v, ¥:\{0}). ()

i=1
since those vertex pairs in N (u, X;) X N (o, Y;\{0}) U N (u, X;\{u}) X N (v, ¥;) can be pruned by the
above reduction. Clearly, N (u, X;) and N (u, X;\{u}) (resp. N(v, Y;) and N (v, Y;\{v}) are disjoint
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Algorithm 1: An existing framework: McSplit [33]
Input: Two graphs Q = (Vp, Eg) and G = (Vg, Eg)
Output: The maximum common subgraph

1 8" « 0;// Global variable

2 McSplit-Rec(0, Vg X Vi); Return S*;

3 Procedure McSplit-Rec(S,C)

4 if |S| > |S*| then S* « S;

/* Termination */
5 if C = 0 or the upper bound is no larger than |S*| then return;

/* Branching */
6 Select a branching vertex u and a branching subset X x Y from #(C) based on a policy;
7 Ytemp <Y

/* First group: branches formed by including u */
8 fori=12,..|Y| do
9 Select and move a vertex v from Y;emp based on a policy;
10 Create a candidate set C; based on (u, v) and Equation (4);
11 McSplit-Rec(S U {{(u,v)}, C;);

/* Second group: one branch formed by excluding u */

12 McSplit-Rec(S, C\u);

for 1 < i < c. For one sub-branch (S, C\u) formed in the second group, none of the candidate pairs
in C\u can be pruned by the reduction rule since S remains unchanged. Suppose u € Xj, then the
refined candidate set C\u can be represented by X; X Y; U ... U (X;\{u}) X Y; U ... U X, X Y, where
any two subsets are disjoint as well.

We remark that all candidate sets C mentioned in the following sections refer to the ones refined
by the reduction rule and thus can be represented by C = X; X Y; U ... U X, X Y, for some c. Given
this, we define

PC)={X;xYi|1<i<c) )

ExampLE 3. Consider branch Bg in the first group in Figure 2. We have X; = N(uy, Vo) = {uz, us},
X, = N(uy, VoMui}) = {us, us, us, u7}, Y1 = {04, 05} and Yo = {v1,02,03,07}. Therefore, the candidate
set becomes {uz, us} X {v4, 05} U {ug, us, ug, u7} X {v1,02,03,07}. Then, consider a sub-branch of By
formed by further including (u;,v;). We can deduce the candidate set by splitting X; X Y1 to {us} X
{va} U {uz} X {vs} and splitting X, X Y5 to {us} X {v1} U {ua, s} X {v3,03}.

Algorithm Outline. We summarize the details of McSplit in Algorithm 1. It maintains the cur-
rently found largest common subgraph S* (Line 4) and terminates the branch by upper-bound-based
pruning (Line 5). Besides, it branches by selecting (from #(C)) a vertex u and the corresponding
subset X X Y, called branching subset, that u belongs to (Line 6, note that all candidate pairs contain-
ing u are within X X Y), and creates two groups of branches as discussed before (Lines 8-12). For the
first group, the ordering of formed branches depends on that of the candidate pairs to be included
into S, which is specified by a policy (Line 9). We note that McSplit adopts heuristic policies for
selecting X X Y, u, and v.

Existing algorithms that are based on McSplit differ in the strategies of optimizing the policies
of selecting vertices in line 6 and line 9 (e.g., via some learning-based techniques) to find the largest
common subgraph as soon as possible during the recursion [30, 31, 55]. However, these algorithms
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(1) provide no theoretical guarantee on the worst-case time complexity and (2) still suffer from
efficiency issues in practice due to significant redundant computations.

4 Redundancy-Reduced Splitting: RRSplit

In this part, we present our backtracking algorithm called RRSplit. First, we propose a vertex-
equivalence-based reduction for pruning those redundant branches that hold all common subgraphs
cs-isomorphic to one that has been already found (Section 4.1). Second, we introduce a newly-
designed maximality-based reduction for pruning those redundant branches that hold only non-
maximal common subgraphs (Section 4.2). Third, we develop a new vertex-equivalence-based upper
bound on the size of common subgraphs that can be found in a branch for further pruning those
branches that hold only small common subgraphs (Section 4.3). Finally, we summarize the RRSplit
algorithm, which is based on the above reductions, and analyze its worst-case time complexity
(Section 4.4). In particular, we show RRSplit has a worst-case time complexity of O*((|Vs|+1) Voly,
matching the best-known worst-case time complexity of the state of the art. We will later show
(Section 5) that unlike the state of the art, RRSplit is very efficient in practice.

4.1 Vertex-Equivalence-based Reduction

We first introduce the concept of common subgraph isomorphism (cs-isomorphism).

Definition 4 (Common subgraph isomorphism). Consider two common subgraphs (g, g, #) and
(q’.g’,¢") of graphs G and Q. They are said to be common subgraph isomorphic (cs-isomorphic)
if and only if ¢ is isomorphic to ¢’ (or equiv., g is isomorphic to ¢’).

All cs-isomorphic common subgraphs evidently share the same structural information, and
exploring all of them is clearly redundant. We reduce this redundancy as follows. For a common
subgraph (g, g, #) to be found in a branch, we can safely ignore the common subgraph (g, g, ¢), if
there exists another one (q’, ¢’, ¢’) that satisfies the following two conditions:

e Condition 1: (¢’, ¢, ¢’) is cs-isomorphic to (g, g, ¢);
e Condition 2: (¢, ¢, ¢") has been found before.

To facilitate the reduction, we make use of Condition 1 and Condition 2, for which we will

leverage the vertex equivalence property and an auxiliary data structure respectively.

Vertex equivalence. The structural equivalence property has been widely used to speed up subgraph
matching tasks [23, 35, 52]. Conceptually, two vertices are structurally equivalent if and only if they
have the same set of neighbours. Formally,

Definition 5 (Structural equivalence [35]). Two vertices u and v in Q are structurally equivalent,
denoted u ~ v, if and only if

Vu' € Vo, (u,u’) € Eg & (v,u’) € Ep. (6)

Clearly, structural equivalence is an equivalence relation. Therefore, we can partition the vertices
of graph Q into equivalence classes, with the equivalence class of vertex u € Vp defined as

Y(u):={u" Vo |u ~u}, (7)

where u € Vp is a representative of class ¥(u). We remark that this process can be done in
O(|Vp|dpdp) time where dp and dg are the degeneracy and the maximum degree of the graph Q,
respectively [23, 35, 52].

Based on vertex equivalence, we can identify several common subgraphs that are cs-isomorphic
to a given one (g, g, ¢) by swapping one vertex in V, with its structurally equivalent counterpart,
which falls into two cases. In specific, consider a vertex u in V; and one of its structurally equivalent
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Subgraph g Subgraph q, Subgraph g,
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Us ! | Ug
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U, U Uy :‘ Uzl g Uy
s v3/ v,
|>174\ V1
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Fig. 3. lllustrating cs-isomorphism and vertex equivalence (vertices, denoted by colored bullet circles, induce
subgraphs g, q1, g2 and g; vertices in {u1, u2} and {us, ue, u7 } are structurally equivalent, respectively; (g, g, ¢)
is cs-isomorphic to (g1, g, ¢1) (Case 1, say, exchange the mapped vertices of u; and uz) and (q2, g, ¢2) (Case 2,
say, replace ugq with uy) where vertices with the same color indicate the bijection)

counterparts teq, in ¥(u). We can obtain a cs-isomorphic common subgraph in two cases. If uq,
is also in V, we can exchange the mapped vertices of u.q, and u, i.e., we replace (u, ¢(u)) and
(tequs P (Uequ)) With (u, ¢(uequ)) and (Uequ, ¢ (u)); Otherwise, we replace u with ugy, i.e., replacing
(u, §(u)) with (uequ, ¢(u)). Formally, we have the following lemma, which can be easily verified
(see the examples in Figure 3 for a visual illustration of the lemma).

LEMMA 1. Let S = (q, g, ¢) be a common subgraph of given graphs Q and G, u be a vertex in V;
and u’ be a vertex in ¥ (u). Then one of the following cases holds.

Case 1:u’ € Vg. 8 = S\{(u, ¢(u)), (u', p(u"))} U {(u, ¢(u')), (W',
#(u))} is a common subgraph cs-isomorphic to S.
Case2:u' ¢ Vg. S = S\{(u, p(u))} U {{u’, ¢(u))} is a common subgraph cs-isomorphic to S.

Auxiliary data structure. To facilitate the verification of Condition 2, i.e., whether a common
subgraph that is cs-isomorphic to a current one has been found before, we introduce a new data
structure, namely exclusion set (denoted by D). D is recursively maintained for each branch, and
thus each branch is denoted by (S, C, D). Specifically, D is a set of vertex pairs that have been
considered for expanding the partial solution and must not be included in any common subgraphs
within the branch. Formally, the exclusion set is maintained as follows (illustrated in Figure 2 — see
the “D” terms now!).

e Initialization. The exclusion set is initialized to be empty at the initial branch, i.e., (0, Vp X Vg, 0).

e Recursive update. Consider the branching at a branch (S, C, D). For the first group where the
it" sub-branch (S, Ci, D;) is formed by including (u, v;) into S, we update the exclusion set to
D; = DU {{u,v1), (u,02), - - - , {u, v;_1) }. For the second group where one sub-branch (S’,C’, D")
is formed, we set D’ = D.

Consider a branch (S, C, D) and a vertex pair (u’,v’) in the exclusion set D, as shown in Figure 4.
There exists an ancestor of (S,C, D), denoted by (Sanc, Cancs Danc), Where u’ is selected as the
branching vertex. Clearly, (u’,v") is not in Dy, and will be added to D,y after By, is formed,
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(S,anc» C'anC' D,anc) °

(5,¢,D)

Fig. 4. Illustrating the exclusion set D ({(u’,v’) is a vertex pair in D; Bgpc is an ancestor of B, where v is
selected as the branching vertex)

i.e., more precisely D/,. = Danc U {(¥',0")}. Therefore, all common subgraphs within the sub-
branch B}, which must contain (u’,v’), have been found before (S, C, D). This will help us verify
Condition 2.

Based on vertex equivalence and exclusion set, we are now ready to develop the reductions.
Consider the branching process at a branch (S = (g, g, ¢), C, D) where X X Y in £ (C) and vertex u

in X are selected as the branching subset and branching vertex, respectively.

Reduction at the first group. Consider a sub-branch formed at the first group by including
one vertex pair (u,v) where v € Y. We note that each common subgraph S5, to be found in this
sub-branch must include (u,v). We observe that if there exists a vertex pair (ueqy, v) in D such that
Ueqy is structurally equivalent to u, i.e., Ueqy € ¥(u), Conditions 1 & 2 hold for Sy, and thus the
branch can be pruned. Below, we elaborate on the details.

We first show that Condition 1 holds: Clearly, S contains a vertex pair (Uequ, P (Uequ)) since
otherwise D will not include (uequ, v) according to the maintenance of D. Therefore, we can
construct the following common subgraph S;s,, which is cs-isomorphic to Sy, based on Case 1 of
Lemma 1 (essentially, we exchange the mapped vertices of u.q, and u).

Siso=Ssub \{{u, v), <uequa ¢(uequ)>}u {<uequ’ o), (u, ¢(uequ)>} (®)

Clearly, S;s, is cs-isomorphic to S, given that u and ueg, are structurally equivalent.

We next show that S;5, has been found before and thus Condition 2 holds: In specific, consider
an ancestor of (S, C, D), denoted by (Sanc, Canc, Danc), Where ueq, is selected as the branching
vertex, as visually illustrated in Figure 4. Since S5, contains (uequ, v), We check whether it has
been found in the sub-branch of (Suuc, Cancs Danc), Which is formed by including (uequ, v). The
answer is interestingly positive. The rationale behind is that (1) S;so\{{u, #(uequ))} is a subset of
Sanc U Cane (this can be easily verified by the facts that Ss,;,  Sanc U Cane and (uequ, v) € Canc) and
(2) {u, ¢(tequ)) constructed by ours is in Cgyy (this holds due to the vertex equivalence between u
and u,q, ). Therefore, S;5, is a common subgraph in (Sanc, Canc> Danc)» i-€.; Sanc € Siso € Sanc Y Canes
and has been found before (S, C, D) since it contains (u,qy, v).

In summary, we have the following lemma and reduction rule.

LEmMMA 2. Let (S, C, D) be a branch. Common subgraph Sis, defined in Equation (8) has been found
before the formation of (S, C, D).

Proor. We note that the recursive branching process forms a recursion tree where each tree node
corresponds to a branch. Consider the path from the initial branch (0, Vo X Vi, 0) to (S, C, D), there
exists an ascendant branch of (S, C, D), denoted by Basc = (Sasc, Case> Dasc), Where tieq,, is selected
as the branching vertex, since (uequ, ¢ (Uequ)) is in S. We can see that there exists one sub-branch
Bise = (Siser Cases Dase) of Buge formed by including (uequ, ), and all common subgraphs within

asc asc’
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B, have been found before the formation of (S, C, D), since (uqy, v) is in D. We then show that
common subgraph S;s, can be found within B, i.e., Si;, € Siso € Sjsc U Cq.- First, we have
Spse € Siso since (1) Spo. = Sase U {{tlequs )}, (2) Ssup is a common subgraph in By, and thus
Sasc S Ssubs (3) Sasc does not include (uequ, ¢(tlequ)) or (u,v) since they are in Cys and will be
included to the partial solution at Bl,, and (S U {{u,v)}, C\u\v), and thus (4) by combining all

the above, we have Sj,. = Sgsc U {<uequs o)} C Ssup U {<uequa0>}\{<uequ’ ¢(uequ)>a (u,0)} C Siso-
Second, we have S;5, € S, U C,,. based on the following two facts.
e Fact 1. Sgyb\{(”equ, (ﬁ(uequ))’ (u, U>} c Sésc U C;sc'
o Fact 2. (Uequ,0) € ;. and (u, P (uequ)) € Coge-
The correctness of the above facts can be verified accordingly, for which we put the details in
the technical report [53]. o

Vertex-Equivalence-based reduction at the first group. Let B = (S, C, D) be a branch. For a
sub-branch of B formed by including a candidate pair (u, v) in the first group, it can be pruned if
there exists a vertex pair (u’,v) in D such that u’ € ¥(u).

ExampLE 4. Consider again the branching process at branch Bs = (Se, Cs, D) in Figure 2. Suppose u,
is selected as the branching vertex. Then, we can see thatuy is in'¥ (uy) and Dg = {u1 }x{v1, v, 03,04, U5}
Recall that Cs = {uy, us} X {v4, 05} U {ug, us, ug, u7} X {01,09,03,07}. Thus, Bg has two sub-branches
which are formed by including (u,, v4) or (us,vs), and they can be pruned based on the above reduction.

Reduction at the second group. Recall that vertex u is selected as the branching vertex. Consider
the sub-branch formed by excluding u in the second group. We note that each common subgraph
Ssub = {Qsubs> Jsub> Psup) to be found in this sub-branch must exclude vertex u. We observe that if
Ssub contains a vertex gy, which is in C\u and is structurally equivalent to u, Condition 1&2 holds
for Ssub-

In specific, Condition 1 holds since we can construct the following common subgraph which is
cs-isomorphic to Sy, based on Case 2 of Lemma 1 (essentially, we replace u,q,, with u).

Siso = Ssub\{<uequ’ ¢sub(uequ)>} U {(w, ¢sub(uequ)>} ©)

Besides, we note that S;;, contains (u, ¢sup(Uequ)) and common subgraphs found in the first
group must include u. We thus check whether S;5, has been found in one sub-branch formed in the
first group. The answer is also positive. The rationale behind is that (1) {(u, sup (tequ)) constructed
by ours exists in C (this holds due to the vertex equivalence between u and u.q, ) and (2) thus
there exists a sub-branch formed by including (u, ¢,y (ttequ)) in the first group, where S;;, has
been found since it includes (u, ¢sup (tegu))-

In summary, we have the following lemma and reduction rule.

LEmMA 3. Let (S,C, D) be a branch where u is selected as the branching vertex. Common subgraph
Siso defined in Equation (9) has been found before the formation of (S, C\u, D) at the second group.

Proor. First, we note that (uequ, Piso (Uequ)) is in C\u and also in C since otherwise Sy, cannot
include (uequ, Piso (Uequ)). This is because (1) S € Sg,p € S U C\u since Sgyp is a common subgraph
in the sub-branch (S, C\u, D) and (2) S does not include (tequ, Piso (Uequ)) since ueq, appears in C\u.
Second, we note that ¢;so(Ueqy) is in Y. Recall that X X Y is the branching set at (S, C, D). This is
because (1) ueqy is in the same subset X as u since uq, and u are structurally equivalent and thus have
the same set of neighbours and non-neighbours in g, and (2) (uequ, Piso (tiequ)) is in C as discussed
before. Third, we can derive that there exists a sub-branch (SU{{u, $iso (ttequ)) }, C\t\Piso (tiequ), D),
which is formed at branch (S, C, D) by including (u, ¢iso (t4equ)) before the formation of (S, C\u, D),
since @iso(tieqn) € Y. Forth, we show that Sis, is in (S U {{u, ¢iso (ttequ)) }, C\u\@iso (ttequ), D),
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formauy, Su {<ua ¢iso(uequ)>} < Siso csSu {(ua d)iso(uequ))} U (C\u\d)iso(uequ))' We have S C
Ssub © S U (C\u) since Sy is a common subgraph in (S, C\u, D). Let " = S U {{u, ¢iso (tequ)) }, it
can be proved as below.

S C Seup SSU(C\u) (10)
=S5C Ssub\{(“equs ¢iso(uequ)>} csu (C\u\¢iso(uequ)) (11)
=5 c Sisa - s'u (C\u\¢isa(uequ)) (12)

Note that Equation (11) holds since (uequ, Piso (tdequ)) is in S; Equation (12) is derived by including
the vertex pair (u, ¢iso (Uequ))- m]

Vertex-Equivalence-based reduction at the second group. Let B = (S, C, D) be a branch and
(S, C\u, D) be the sub-branch formed in the second group by excluding all candidate pairs that
consist of u. For a vertex u’ appearing in C\u, if v’ is structurally equivalent to u, i.e., u’ € ¥(u),
all candidate pairs that consist of #’ can be pruned from C\u.

ExampLE 5. Consider the branching process at By where u; is the branching vertex in Figure 2. For
sub-branch Bg (which is the sub-branch at the second group), we can see that ¥ (u;) = {u1, u2} and thus
the candidate set of Bg can be reduced to (Vo\{u1, uz}) X Vg, i.e., to {us, ug, us, ug, u7} X {01, 02, -+ , 07}.

4.2 Maximality-based Reduction

We introduce the redundancies induced by non-maximality. Clearly, a maximum common subgraph
must be a maximal common subgraph. Therefore, exploring those branches that hold non-maximal
common subgraphs only will incur redundant computations. Consider a current branch B =
(S,C, D). Note that there might exist multiple common subgraphs with the largest number of
vertices in the branch. We observe that there exists one largest common subgraph in B that must
contain one specific candidate vertex pair (u,v). Given this, we can remove this candidate vertex pair
(u,v) from C to S, thereby producing one immediate sub-branch i.e., (S U {(u,v)}, C\u\v). Clearly,
solving the resulting sub-branch is enough to find the largest common subgraph (since it holds
all those common subgraphs that contain (u,v) in B). As a result, we can safely prune all other
sub-branches for which the partial set and the candidate set do not include the candidate pair (u, v).
Below, we elaborate on the details.

To be specific, we observe that there exists one largest common subgraph, denoted by S, in B
such that S,,; must contain a candidate vertex pair (u, v) if for any subset X x Y in £(C), u and v
are simultaneously adjacent or non-adjacent to all other vertices in X and Y, respectively, i.e.,

VX XY € P(C): (N(u,X) =X\{u} and N(v,Y) = Y\{o}) or
(N(u,X) = 0 and N(o,Y) = 0), (13)
Formally, we have the following lemma.

LEMMA 4. Let B = (S,C, D) be a branch and (u,v) be a candidate vertex pair that satisfies the
condition in Equation (13). There exists one largest common subgraph S,,; in the branch B such that
Sopt contains {u,v).

ProoF. This can be proved by construction. Let $* = (q*, g%, #*) be one largest common subgraph
to be found in B. Note that if S* contains the candidate vertex pair (u, v), we can finish the proof by
constructing S,,; as S*. Otherwise, if (u, v) is not in S*, we prove the correctness by constructing
one largest common subgraph S,,; to be found in B that contains candidate vertex pair (u,v), i.e.,
S C Sopt S SUC, |Sope| = |S*| and (u,v) € Spp:. In general, there are four different cases, and the
details can be found in the technical report [53]. )
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Consider a branch B = (S, C, D) where X*XY* in P (C) and u* in X* are selected as the branching
subset and the branching vertex, respectively. Assume that there exists a vertex v in Y* such that
(u*,v) satisfies the condition in Equation (13). Based on the above lemma, there exists one largest
common subgraph in the branch B that contains candidate vertex pair (u*, v). Therefore, we only
need to form one sub-branch (S U {{u*,v)}, C\u*\v, D U {u*} X (Y*\{v})) since other formed sub-
branches will exclude the candidate vertex (u*, v) from the found common subgraphs. We note that
the exclusion set of the formed sub-branch can be updated by D U {u*} X (Y*\{0v}) to enhance the
pruning power of the proposed reduction at the first group. In summary, we obtain the following
reduction.

Maximality-based reduction. Let B = (S, C, D) be a branch where X X Y in £(C) and u in
X are selected as the branching subset and the branching vertex. If there exists a candidate
vertex pair (u, v) in the candidate set such that (u, v) satisfies Equation (13), only one sub-branch
(SU{{u,0)},C\u\v, D U {u} x (Y\{0})) needs to be formed at B.

ExamPpLE 6. Consider the branching at branch Bs = (S, Cs, Dg) in Figure 2 where suppose u;
is selected as the branching vertex. Recall that C¢ = X1 X Y1 U Xy X Y2 = {ug,us} X {vg, 05} U
{ug, us, ug, u7} X {v1,0vs,03,07}. We note that (us,vs) satisfies Equation (13) since (1) N(uz, X1) =
Xi\{uz} and N (vs, Y1) = Y1\{vs} and (2) N(uz, X2) = 0 and N (vs, Y2) = 0. Therefore, we only need
to explore one sub-branch (Sg U {{uz, vs)}, C¢\u2\vs, Dg U {{u2,v4)}), and other two sub-branches
formed at B¢ can be pruned.

4.3 Vertex-Equivalence-based Upper Bound

Consider a current branch (S, C, D) and the largest common subgraph S* seen so far. Clearly, we
can terminate the branch (S, C, D), if the upper bound on the size of common subgraphs to be
found in the branch (S, C, D) (or simply, the upper bound of (S, C, D)) is no larger than the size of
S*. The tighter the upper bound, the more branches we can prune.

Existing upper bound. Consider a common subgraph Sg,,;, to be found in the branch (S, C, D).
For a subset X X Y in P (C), we can derive

[Seusl N X X Y < ubx.y = min{|X], Y]} (14)

since otherwise a common subgraph will contain two distinct vertex pairs (u, v) and (u’,0") such
that u = u’ or v = 0’ (which violates the definition of the bijection). Here, ubx y is the upper bound
of the number of candidate pairs that are within X X Y and are in a common subgraph to be found
in the branch (S, C, D). Furthermore, since all subsets in P (C) are disjoint, the following existing
upper bound of branch (S, C, D), denoted by ubs ¢ [33], can be derived.

sl < ubsc =S|+ > ubxy (15)
XxYeP(C)

Motivation. We observe that the existing upper bound ubx y is not tight since some candidate
vertex pairs in X X Y can be pruned from the candidate set C based on the proposed vertex-
equivalence-based reductions. In specific, for a candidate vertex pair (u, v), if there exists a vertex
pair (¢’,v) in D such that 4’ € ¥(u), any common subgraph to be found within (S, C, D) cannot
include (u, v) and thus (u,v) can be pruned from the candidate set C. Note that this can be easily
verified based on the proposed reduction at the first group. Below, we introduce our upper bound
derived with the aid of the structural equivalence on vertices.
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New upper bound. Consider a subset X XY in P (C). Let u be an arbitrary vertex in X. We partition
X and Y as follows.

XL =XnN ‘I‘(u),XR = X\XL (16)
Y, ={v]| W,v) € D,u’ € ¥(u)},Yg = Y\Y, (17)

where X consists of those vertices in X that are structurally equivalent to u and Y;, consists of
those vertices v in Y which appear in a vertex pair (u’,v) in D where v’ € ¥(u). We then can
partition X X Y as Xj X Yz, Xp X Yg, Xg X Y, and Xg X Yg. Clearly, all vertex pairs in X} X Y1,
can be pruned as discussed before. We note that (1) S, contains at most min{|Xg|, |Y|} vertex
pairs from Xr X Y, and Xg X Yg since otherwise there exists one vertex in Xg U Y that appears
in at least two distinct vertex pairs in Ssyp, and thus Sg,; cannot be a common subgraph; and
similarly (2) S, contains at most min{|Xy|, |Yr|, max{|Y| — |Xg|, 0}} vertex pairs from X} X Y
(note that the additional term max{|Y| — |Xg|, 0} is used to ensure that the sum of min{|Xy|, |Y|}
and min{|Xy |, | Yr|, max{|Y| — |Xg[, 0}} is no larger than the existing upper bound ubs ). Therefore,
Ssub contains at most uby y p vertex pairs from X X Y, where

ubx y p = min{|Xg|, | Y|} + min{| Xz |, | Y|, max{|Y| — |Xg]|, 0} }. (18)
Then, we can derive our upper bound of a branch (S, C, D), denoted by ubscp, i.e.,
|Sounl < ubscp =8I+ > ubxyp. (19)
XxYeP(C)

In summary, we obtain our new upper bound ubs ¢ p as above. It is not difficult to verify that our
upper bound is tighter than the existing one, i.e., ubscp < ubsc: see Example 7 for an example
where ubscp < ubsc.

LEmMA 5 (UPPER BOUND). Let (S, C, D) be a branch. All common subgraphs to be found in (S, C, D)
have the size at most ubsc p.

ExampLE 7. Consider again the branching process at branch Bg = (S¢, Cg, D) in Figure 2. Recall
that C6 =X1XY1UXy XY, = {UQ,U3} X {2)4, 1)5} U {u4, Us, Ug, u7} X {01,2)2, 03, 07} and D6 = {ul} X
{v1, 03, ...,05}. For X; X Yi, based on uy, we have Xi; = {us}, Xig = {us}, Y1 = {v4,05} and Yig = 0.
Thus, we have ubx, y,p, = min{1,4} + min{1,0,max{1,0}} = 1. For X, X Y, based on u,, we
have Xo1 = {us}, Xor = {us, ue, u7}, Yor = 0 and Yo = {v1,02,v3,07}. Thus, we have ubx,y, p, =
min{3, 4} + min{1, 4, max{1,0}} = 4. Therefore, we have ubs, c, p, = 1+ 1+ 4 = 6, which is smaller
than the existing bound ubsc = 7.

Remark. Our new upper bound ubs ¢ p varies with different choices of u due to the partition of
X and Y. We can potentially obtain a tighter upper bound by exploring all possible choices of u.
However, it would introduce a large amount of time costs, thus degrading the performance of
RRSplit. Therefore, as a trade-off, we randomly select u when computing the upper bound.

4.4 Summary and Analysis

Summary. We summarize our algorithm, namely RRSplit, in Algorithm 2, which incorporates
the newly proposed vertex-equivalence-based reductions, the maximality-based reduction and the
vertex-equivalence-based upper bound. Specifically, RRSplit differs with McSplit in the following
aspects. (1) It maintains one additional auxiliary data structure, namely exclusion set D, for each
formed branch, which is initialized as the empty set and recursively updated as discussed. (2) It
prunes a branch (S, C, D) if the newly proposed vertex-equivalence-based upper bound ubscp
is no larger than the largest common subgraph size seen so far, i.e., |S*| (Line 7). We remark that
ubs c p is tighter than the existing one ubsc, i.e., ubscp < ubsc and thus more branches can be
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pruned. (3) It creates only one sub-branch and prunes all others if the maximality-based reduction
is triggered (Lines 9-11). (4) Based on the vertex-equivalence-based reduction, it prunes those
sub-branches at the first group that hold all common subgraphs inside cs-isomorphic to the one
found before (Lines 15-16), and refines the formed sub-branch at the second group by removing
from the candidate set all those candidate vertex pairs consisting of a vertex in ¥ (u) (Line 19). We
remark that our implementation of RRSplit in the experiments adopts the same heuristic policies
for selecting branching subset X X Y, branching vertex u (Line 8) and vertex v (Line 14) as McSplit
does. Besides, we can easily prove that RRSplit finds the maximum common subgraph based on
our discussion above. Finally, we analyze the space complexity and time complexity of RRSplit as
below.

Algorithm 2: Our proposed algorithm: RRSplit
Input: Two graphs Q = (Vg,Eg) and G = (Vg, Eg)
Output: The maximum common subgraph

1 S* «— 0;// Global variable

2 RRSplit-Rec(0, Vg X Vg, 0);
3 Return S*;
4 Procedure RRSplit-Rec(S,C, D)

5 if |S| > |S*| then S* « S;

/* Termination (Lemma 5) */
6 if C = () then return;
7 if ubscp <|S*| then return;

/* Branching */
8 Select a branching vertex u and a branching subset X X Y from #(C) based on a policy;

/* Maximality-based reduction */
9 if there exists a vertex v in Y such that (u,v) satisfies Equation (13) then
10 RRSplit-Rec(S U {{u,v)}, C\u\v, D U {u} x (Y\{0}));
11 L return;

/* Branching at the first group */
12 Yiemp < Y5
13 fori=1,2,..|Y| do
14 Select and remove a vertex v from Y;emp based on a policy;
15 if there exists a vertex pair (u’,v) in D such that v’ € ¥(u) then
16 L continue;
17 Refine candidate set C\u\v as C; based on Equation (4);
18 RRSplit-Rec(S U {{u,v)},Ci, D U {u} X (Y\Yzemp));

/* Branching at the second group */
19 | RRSplit-Rec(S,C\¥(u), D);

Space complexity. We note that RRSplit recursively maintains three global data structures,
namely S, C and D, for each branch, which dominate the space complexity of RRSplit. Let S* be
the largest common subgraph between graphs Q and G. First, partial solution S is a set of vertex
pairs and its size is bounded by O(|S*|). Second, candidate set C is also a set of vertex pairs and
can be partitioned as several subsets, i.e., C = X; X Y] UX; X Y, U - - U X, X Y, where c is a positive
integer, based on Equation (4). We note that subsets in X3, X, ..., X, (resp. Y, s, ..., Y;) are mutually
disjoint and X; UX, U...UX, = X (resp. YUY, U....UY, = Y), as discussed in the proof of Lemma 2.
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Therefore, C can be stored as ¢ subsets, each of which (Xj, Y;) (1 < i < ¢) consists of two sets X; and
Y;. Thus, the size of C is bounded by O(|Vp| + |Vg|). Third, D is a set of vertex pairs and consists of
at most |S*| - |Vi| different vertex pairs since for a vertex pair (u,v) in D, (1) u must appear in S
based on our maintenance of D and thus has at most |S*| different values and (2) v has at most |V;|
different values clearly. In summary, the space complexity of RRSplit is O(|Vp| + [S*| X |V5]).

Time complexity of the proposed reductions. First, the reduction at the first group takes
O(|Vp| + |Vi]) time (Lines 15-16). In specific, D is organized as several disjoint subsets, i.e., D =
{ur} x Ay U{uz} x Ay U --- U {uy} X Ay where d is a positive integer. Thus, it can be conducted in
two steps: (1) for each vertex u; appearing in D, it takes O(1) to check whether u; € ¥(u) and (2) if
u; € ¥(u), it takes O(|A;|) to check whether (u;,v) € {u;} X A;. We note that for any two distinct
vertices u; and u; appearing in D such that u; € ¥(u;), it is no hard to verify that A, N A; = 0
due to the reduction at the first group (for which we put the details of the proof in the technical
report [53]). As a result, we have ., cy () (|Ai]) < |VG|. Second, the reduction at the second group
runs in O(]X]) for updating C\¥(u) at Line 19, which is bounded by O(|Vp|). In specific, it can
be done by removing from X all vertices in ¥(u) (note that, given all structurally equivalent
classes, determining whether a vertex belongs to ¥(u) can be done in O(1)). Third, the maximality
reduction runs in O(X x' yryec [X'[ +[Y’| - [Y]), which is bounded by O(|Vp| + [V5|?). In specific,
for each vertex in |Y]|, it needs to check the condition in Equation (13). Fourth, the new upper bound
can be obtained in O(|Vp| + |V |?). In specific, the time cost is dominated by the computation of
ubx y' p for each subset (X', Y’) in C. ubx y’ p can be obtained in O(|X'| + X, cy(w) |1Ail +Y']),
where u’ is a random vertex selected from X’ and {u;} X A; is a subset in D, which is bounded
by O(|X’| + |Vi|). Therefore, the new upper bound can be obtained in O(Xx <y ec(1X’| + |V5!)),
which is bounded by O(|Vg| + |V5|?).

Worst-case time complexity of RRSplit. We note that the worst-case time complexity of RRSplit
is dominated by the number of recursive calls of RRSplit-Rec (i.e., the number of formed branches)
since RRSplit-Rec runs in polynomials of |V | and |V;|. Formally, we have the following theorem.

THEOREM 6. Assume that |Vp| < |Vg|. The worst-case time complexity of our proposed RRSplit is
O*((|Vs| + 1)!Vel), where O*(+) suppresses the polynomials.

Proor. It is easy to verify that the worst-case time complexity of RRSplit is bounded by the
number of branches. Consider a branch B = (S, C, D). For all sub-branches formed at B by selecting
a branching vertex u*, we observe that only the sub-branch in the second group has the same partial
solution S with B. Based on this, we can easily deduce that there are at most |Vp| branches which
share the same partial solution. Besides, we observe that each vertex in V}, UV, only appears in one
pair of S, i.e., for any two distinct pairs (u,v) and (u’,v’) in S, we have u # v’ and v # v’. Based
on this, let |S| = k where 0 < k < |Vp|, and we can deduce that there are at most k!(lvl?l) (lvlf‘)
different partial solutions with the size of k by applying the multiplication principle (note that V,,

has (I‘;QI) different choices, V; has (‘V,fl) different choices, and the bijection ¢ between V}, and V;
has k! different choices). Therefore, the number of branches is at most

Vol
T = Vol Z k!("%')(”f'). (20)

k=0
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Table 1. Datasets used in the experiments (“# of solved instances” refers to the number of instances solved by
algorithms within 1,800 seconds and “Achieved speedups” refers to the percentage of the solved instances
that RRSplit runs at least 5x/10x/100x faster than McSp1litDAL)

Dataset Domain #of graphs | # of instances | # of vertices RF? S(’;g si(zlvedMlcnssSrilile)ZL Sichleveﬁ) ;peedligzx
Bl Biochemical 136 9,180 9~ 386 7,730 4,696 91.3% | 84.4% | 69.7%
Ccv Segmented images 190 6,424 22~ 5,972 1,351 1,291 76.5% | 48.6% 0.2%
PR Segmented images 25 24 4~ 4,838 24 24 91.7% | 91.7% | 58.3%
LV Synthetic 112 6,216 10~ 6,671 1,059 883 68.0% | 54.7% | 38.3%

We then show that T is bounded by O*((|Vs| + 1)!V2l) as below.

S Vol)( Vel
= rSio-o
k=0
S Vet (Ivel .
= Vel ) - o e ) @
Vol V|
< Vol Z(WGD'VQ'—"( hy ) = [Vol(IVal + /"' (23)

where (|Vg|)!/(IVg| = [Vo| + k)! is much smaller than (IVs)!Vel=* clearly and (|Vg| + 1)Vl in the
last equation is derived by the binomial theorem. O

Remark. Note that the assumption that [Vp| < |V| is not a restrictive assumption: it is realistic in
practice. We remark that to our best knowledge, the achieved worst-case time complexity O* ((|Vg |+
1)I"el) of RRSplit matches the best-known worst-case time complexity for the problem [47].
However, the algorithm proposed in [47] is of theoretical interest only and is not practically
efficient. Besides, we note that McSplit and its variants [30, 31, 33, 55] do not have any theoretical
guarantees on the worst-case time complexity.

5 Experiments

Datasets. Following existing studies [20, 30, 31, 33, 42, 55], we use four benchmark graph collections,
namely biochemicalReactions (Bl), images-CVIU11 (CV), images-PR15 (PR) and LV (LV), in the
experiments. All datasets are collected from http://liris.cnrs.fr/csolnon/SIP.html and come from
real-world applications in various domains, as shown in Table 1. Specifically, Bl contains 136
unlabeled bipartite graphs, each of which corresponds to a biochemical reaction network. CV
contains 44 pattern graphs and 146 target graphs, which are generated from segmented images. PR
contains 24 pattern graphs and 1 target graph, which are also from segmented images. LV contains
112 graphs generated from biological networks. All graphs have up to thousands of vertices. We
note that (1) solving our problem on two graphs with beyond 10K vertices is challenging based
on the worst-case time complexity of O*((|Vg| + 1)!V2l), (2) the largest graph used in previous
studies [30, 31, 33, 55] has 6,771 vertices, which is also covered (in LV) by our experiments, and (3)
finding the largest common subgraph between two graphs with thousands of vertices has found
many real applications [15]. Following existing studies [20, 30, 31, 33, 42, 55], for Bl and LV, we
generate and test the problem instances (i.e., Q and G) by pairing any two distinct graphs; and for
CV and PR which consist of two types of graphs, namely pattern graphs and target graphs, we
test all those problem instances with one graph Q from pattern graphs and the other G from target
graphs.
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Table 2. Comparison of running time on all datasets (statistics of achieved speedups in Figure 5)

Kaigiang Yu, Kaixin Wang, Cheng Long, Laks Lakshmanan, and Reynold Cheng

Dataset RRSplit runs faster McSplitDAL runs faster
% of instances | Avg. speedup | Max. speedup | % of instances | Avg. speedup | Max. speedup
BI 99.43% 3.3x107 10° 0.5% 24.81 872.37
CvV 92.15% 10.92 161 7.84% 4.96 38.97
PR 95.83% 139.39 234 4.17% 1.23 1.23
LV 93.48% 1.2x10* 10° 6.51% 24.23 652.13

Algorithms. We compare the newly proposed algorithm RRSplit with McSplitDAL [31]. To be
specific, McSplitDAL is one variant of McSplit as introduced in Section 3, which follows the
framework of McSplit (i.e., Algorithm 1) and introduces some learning-based techniques for
optimizing the policies of selecting vertices at line 6, line 8 and line 10 of Algorithm 1. To our best
knowledge, McSp1itDAL is the state-of-the-art algorithm and runs significantly faster than previous
solutions, including McSplitLL [55] and McSplitRL [31]. Besides these, in order to study the
effectiveness of different reductions employed in our algorithm RRSplit, we evaluate three variants
of RRSplit — RRSplit-VE, RRSplit-MB, and RRSplit-UB, respectively obtained by turning off
vertex-equivalence based reductions, maximality based reductions, and vertex-equivalence based
upper bound.

Implementation and metrics. All algorithms are implemented in C++ and compiled with -O3
optimization. All experiments run on a Linux machine with a 2.10GHz Intel CPU and 128GB
memory. Note that, for the implementation of McSplitDAL, we directly use the source code from
the authors of [31]. We record and compare the total running times of the algorithms on different
problem instances (note that the measured running time excludes the I/O time of reading graphs
from the disk). We set the running time limit (INF) as 1,800 seconds by default. Our data and code
are available at https://github.com/KaiqiangYu/SIGMOD25-MCSS.

5.1

All datasets (running time). We compare our algorithm RRSplit with the baseline McSplitDAL
on all graph collections. Following some existing works [32], we report the running times of the
algorithms on various problem instances in Figure 5. Specifically, each dot in the scatter figures
represents a problem instance, with the x-axis (resp. y-axis) corresponding to the running time
of RRSplit (resp. McSplitDAL) on the instance. Hence, for those problem instances with small
values on x-axis and large values on y-axis (which thus locate on the top left region of the figures),
RRSplit performs better than McSplitDAL. We mark the running time as INF if the problem
instance cannot be solved within the default time limit. Besides, we also provide some statistics in
Table 1 and Table 2. We observe that (1) RRSplit outperforms McSplitDAL by achieving around
one to four orders of magnitude speedup (in average) on the majority (above 92%) of the tested
problem instances and (2) McSplitDAL cannot handle all problem instances within the time limit.
We do note that McSplitDAL runs slightly faster on a few (below 8%) problem instances in CV and
LV. Some possible reasons are as follows. First, our RRSplit introduces some extra time costs for
conducting the proposed reductions as well as computing the upper bound. Second, the heuristic
polices adopted in RRSplit and McSplitDAL for branching may have different behaviors. In specific,
on these problem instances, the heuristic policies may help McSplitDAL to find a large common
subgraph quickly so as to prune more unpromising branches via the upper-bound based reduction
(note that they are based on reinforcement learning and the behaviors of the learned policy is based
on the explored branches during the running time).

Comparison among algorithms

All datasets (number of formed branches). We report the number of branches formed by the
algorithms on different problem instances in Figure 6. Similarly, each dot in the scatter figures
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with McSplitDAL.
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Fig. 6. Number of formed branches on all datasets

represents a problem instance, with the x-axis (resp. y-axis) corresponding to the number of branches
formed by RRSplit (resp. McSplitDAL) on the instance. We have the following observations. First,
the number of branches formed by RRSplit is significantly smaller than that formed by McSp1itDAL,
e.g., the former is around 10% - 0.01% of the latter on the most of problem instances. This shows
the effectiveness of our proposed maximality-based reductions and vertex-equivalence-based
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Fig. 8. Comparison by varying the limit of number of formed branches

reductions. Second, the distribution of the number of formed branches in Figure 6 is consistent
with that of the running time in Figure 5. This indicates the achieved speedups on the running time
can be traced to our newly-designed reductions.

Varying time limits. We report the number of solved problem instances in Figure 7 as the time
limit is varied. Clearly, all algorithms solve more problem instances as the time limit increases.
We observe that RRSplit solves more problem instances than McSplitDAL within the same time
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Fig. 9. Comparison by varying similarities

limit. In particular, RRSplit with a time limit of 1 second even solves more problem instances
than McSplitDAL with a time limit of 10 seconds in all graph collections except for CV; and on PR,
RRSplit solves all problem instances within the time limit of 10 seconds. This further demonstrates
the superiority of our algorithm RRSplit over the baseline McSplitDAL.

Varying the limits of number of formed branches. We report the number of solved problem
instances in Figure 8 as the limit on number of formed branches is varied. We note that the more
branches are allowed to be formed, the more instances will be solved. We observe that (1) RRSplit
solves more problem instances than McSplitDAL within the same limit of the number of formed
branches and (2) the results in Figure 8 show similar tendencies as those in Figure 7 in general.
This further explains the practical superiority of the newly proposed reductions.

Varying the similarities of input graphs. We define the similarity of input graphs Q and G,
Sim(Q, G), as follows.
|7

min{|Vp|, [Vs[}’
where S* is the maximum common subgraph between Q and G. Clearly, Sim(Q, G) varies from
0 to 1, and the larger the value of Sim(Q, G), the higher the similarity between Q and G. We test
different problem instances as the similarity varies from 0.5 to 1 on Bl and LV, and report the average
running time in Figures 9(a)-(b) and the average number of formed branches in Figures 9(c)-(d).
The results on CV and PR show similar trends, complete details of which appear in the technical
report [53]. We can see that RRSplit consistently outperforms McSplitDAL in various settings,
e.g., RRSplit runs several orders of magnitude faster and forms fewer branches than McSplitDAL.
This demonstrates that our designed reductions are effective for pruning the redundant branches on
problem instances with various similarities. Besides, we observe that both RRSplit and McSplitDAL
have the running time and the number of formed branches first increase and then decrease as the
similarity grows. The possible reasons are as follows. (1) The maximum common subgraphs become
larger as the similarity increases according to Equation (24) and typically more common subgraphs
will be explored for finding a large maximum common subgraph. Therefore, the running time

Sim(Q,G) = (24)
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Fig. 10. Comparison among various reductions

firstly increases; (2) the upper-bound based reduction performs better as the similarity grows. For
example, in the setting of Sim(Q, G) = 1, the algorithm can be terminated directly once a common
subgraph with min{|Vp|, [Vi|} vertices is found. Therefore, the running time then decreases.

Scalability test. We test the scalability of our RRSplit on two large datasets, i.e., Twitter and DBLP,
which are collected from different domains (http://konect.cc/). Here, Twitter is a social network
with 465,017 vertices and 833,540 edges, and DBLP is a collaboration network with 317,080 vertices
and 1,049,866 edges. Following existing studies [3, 21, 45], we generate the problem instances (i.e.,
Q and G) as follows. Let Twitter or DBLP be the graph G. We first extract a set of graphs Q from
G. Specifically, we conduct a random walk on G and extract a subgraph induced by the visited
vertices. By varying the size of the extracted graph Q (among {20, 30, 40, 50, 60}), we extract 5 sets
and each of them contains 100 different graphs Q. Then, we generate different problems by pairing
the graph G (i.e., Twitter or DBLP) with different graphs Q in the set. In summary, for each dataset,
we have 500 different problem instances.

We compare our RRSplit with McSplitDAL by varying the size of Q, and report the average
running time in Figure 11. We observe that our RRSplit outperforms McSplitDAL significantly.
Besides, McSplitDAL cannot handle almost all the problem instances within the time and/or space
limit (INF/OOM). This is because the implementation of McSplitDAL highly relies on the adjacent
matrix of Q and G, which introduces huge space and time costs when G is very large. Finally, we
observe that RRSplit has the running time increase as the size of Q grows. This is also consistent
with the theoretical analysis.

5.2 Ablation studies

We study the effects of various reductions on reducing the redundant computations. In specific,
we compare RRSplit with three variants, namely RRSplit-VE: the full version without vertex-
equivalence based reductions, RRSplit-MB: the full version without maximality based reductions
and RRSplit-UB: the full version without the vertex-equivalence based upper bound, on Bl and
LV. We report the number of solved problem instances in Figure 10(a,b) for varying the time
limit and in Figure 10(c,d) for varying the limit of number of formed branches. The results on CV
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Fig. 11. Scalability test on large datasets

and PR show similar clues, which we put in the technical report [53]. First, we can see that all
four algorithms perform better than the baseline McSplitDAL, among which RRSplit performs
the best. This demonstrates the effectiveness of vertex-equivalence-based reductions, maximality-
based reductions and vertex-equivalence-based upper bound. Second, RRSplit-VE and RRSplit-MB
achieve comparable performance and both contribute to the improvements. Specifically, we note that
RRSplit-VE runs slightly faster than RRSplit-MB on Bl while RRSplit-MB runs slightly faster than
RRSplit-VE on LV. This is possibly because graphs in Bl are relatively small biochemical networks
where two vertices are more likely to be structural equivalent and thus the vertex-equivalence
based reductions outperform other reductions, while graphs in LV are synthetic networks.

6 Related Work

Maximum common subgraph search. In the literature, there are quite a few studies on finding
the maximum common subgraph, which solve the problem either exactly [1, 26, 28, 30-34, 47, 49, 55]
or approximately [4, 13, 39, 50, 54]. First, among all those exact algorithms, they mainly focus on
improving the practical performance and most of them are backtracking (also known as branch-
and-bound) algorithms [28, 34]. Specifically, authors in [28, 34] propose the first backtracking
framework. The idea is to transform the problem of finding the maximum common subgraph
between two given graphs to the problem of finding the maximum clique in the association graph.
Then, authors in [32, 49] follow the previous framework and further improve it by employing the
constraint programming techniques. However, these algorithms are all based on a large and dense
association graph built from two given graphs, which thus suffer from the efficiency issue. To solve
the issue, McCreesh et al. [33] propose a new backtracking framework, namely McSplit, which is
not based on the maximum clique search problem. Recent works [30, 31, 55] follow McSplit and
improve the practical performance by optimizing the policies of branching via learning techniques.
Among them, McSplitDAL [31] runs faster than others. We note that some exact algorithms are
designed to achieve improvements of theoretical time complexity [1, 26, 28, 47]. They have gradually
improved the worst-case time complexity from 0*(1.19/VellVal) [28] to O*(|VQ|(|VG|+1)) [26], and
to O*((|Vpl +1) IVal) [47], which is our best-known worst-case time complexity for the problem.
However, these algorithms are of theoretical interests only and not efficient in practice. We remark
that (1) our RRSplit not only runs faster than all previous algorithms in practice but also achieves
the state-of-the-art worst case time complexity (i.e., O*((|Vp|+1) IVs1)) in theory and (2) the heuristic
polices proposed in [30, 31, 55] are orthogonal to RRSplit. Second, since the problem of finding the
largest common subgraph is NP-hard, some researchers turn to solve it approximately in polynomial
time. Some approximation algorithms include meta-heuristics [13, 39], spectra methods [50], and
learning-based methods [4, 54]. We remark that these techniques cannot be applied to our exact
algorithm directly.
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Subgraph matching. Given a target graph and a query graph, subgraph matching aims to find
from a target graph all those subgraphs isomorphic to a query graph. We note that maximum
common subgraph search is a generalization of subgraph matching. Specifically, given two graphs
Q and G, maximum common subgraph search would reduce to subgraph matching if we require
that the found common subgraph has the size at least |V (Q)| or |V(G)|. In recent decades, subgraph
matching has been widely studied [3, 6, 7, 14, 17, 18, 21, 24, 41, 43-45, 48]. The majority of proposed
solutions perform a backtracking search. Among these algorithms, the candidate filtering technique,
which is designed for removing unnecessary vertices from the target graph, has been shown to
be important for improving the practical efficiency [6, 7, 17, 18, 24]. The technique relies on an
auxiliary data structure (e.g., a tree or a directed acyclic graph), which is obtained from the query
graph (based on the implicit constraint that each vertex in the query graph must be mapped to
a vertex in the found subgraph). We note that it is hard to apply candidate filtering to find the
maximum common subgraph (since the mentioned constraint may not hold). We remark that
finding subgraphs exactly isomorphic to a query graph is too restrictive in some real applications
due to the data quality issues and/or potential requirements of the fuzzy search (e.g., no result
would be returned if there does not exist any subgraph isomorphic to a query graph). Motivated by
this, we focus on finding the maximum common subgraph between two graphs in this paper.

7 Conclusion

In this paper, we propose a new backtracking algorithm RRSplit for finding the largest common
subgraph. RRSplit is based on our newly-designed reduction rules for reducing the redundant
computations and achieves the state-of-the-art worst-case time complexity. Extensive experiments
are conducted on the widely-used graph collections, and the results demonstrate the superiority of
our method. In the future, we will adapt our proposed algorithm to solve the maximum common
subgraph search problem on other types of graphs, including vertex-labeled and edge-labeled
graphs.
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