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Spectral clustering (SC) is well-known for discovering natural groups present in the data by projecting them
into Eigen-space based on the proximity graph but incurs cubic time in terms of size (N) of the data as
all pair proximity is used. To enhance the efficiency of the SC techniques, the proximity between the data
instances and their representatives (R) is captured through a bipartite similarity graph. However, extrinsic
parameters such as the number of representatives and nearby representatives of data instances, influence
the clustering performance, time, and memory usage. Therefore, in this work, we construct a parameter-free
bipartite graph to further improve the clustering quality and computational cost of SC by introducing a
locality-based sparsification technique. First, the proposed method (SBSC) determines O(VN) numbers of
well-distributed representatives in O(N lg N) time by applying Bi-means and K-means partitioning techniques.
Next, SBSC utilizes the local neighbors of R to search the nearby representatives, which fastens the search time
to O(N). To the best of our knowledge, the proposed bipartite graph is the least (O(N)) sized and therefore,
by exploiting the high sparsity of the graph accelerates the Eigen-decomposition step of SBSC. The proposed
algorithm takes overall O(N(K? +lg N)) time only to detect K clusters, and experimental results on eighteen
large-sized diversified datasets suggest that SBSC discovers complex clusters much faster than the competing
methods with enhanced clustering quality.
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1 Introduction

Clustering a high number of data instances is becoming popular in this digital era due to several
real-life applications. A clustering task aims to identify groups of similar data points in the absence
of any ground truth labels. However, clustering large-scale data (like grouping long texts [17, 35],
clustering images [25, 36], image segmentation [1, 26], sparse data clustering [14], etc.) with limited
resources is a challenging task. In the past few years, several spectral clustering (SC) methods have
shown promising results in this area [2, 11, 13, 42, 46].

The first step of conventional SC constructs a sparse proximity graph by treating the data
points as nodes and edges representing the dis(similarity) between them [30, 39, 41]. For example,
connecting each data point to its k-nearest neighbors is a popular technique to build the proximity
graph [41]. The next step computes the Laplacian matrix (L) by exploiting the locality information
of the nodes using the degree matrix and affinity between nodes. Here, L is a symmetric matrix,
which means the eigenvalues of L are real and therefore, are comparable. Then K-eigenvectors
corresponding to the K-smallest eigenvalues of L are computed to transform the data into a K-
dimensional space (U). Lastly, the K-means [16] is applied on U to get the final clusters. However,
the conventional SC initially considers all-pairs distances between the data points to construct the
sparse graph which takes quadratic time and memory, and further constructing U requires O(N?)
time, where N is the number of data points.

A popular approach to make SC feasible for large-scale problems is considering the proximity
between the data points and p number of representatives, s.t., the p < N [2, 13, 26]. The structural
similarity of the data is captured by a bipartite proximity graph B = {V,E, W}. Here, V is the
the set of nodes defined as V = X UR, s.t., X N R = ¢, where X and R are the set of data points
and representatives, respectively. E is the set of edges that connect each data point to its nearby
representatives, and W € RN*? is the affinity sub-matrix that defines the weight of each edge.
W plays a vital role in a bipartite graph-based spectral clustering (BSC) method to overcome
the computational overhead of the Eigen-decomposition step. The efficient techniques like the
Transfer-cuts [26] solves the Eigen-problem of BSC faster by generating the smaller affinity matrix
(Wr € RP*P) for representative points from W. The graph Laplacian (Lg) of Wg is a symmetric
real-valued matrix. The K-eigenvectors corresponding to the K-smallest eigenvalues of Lr suggests
the approximation of the corresponding eigenvalues and eigenvectors of the Laplacian matrix of
graph B, resulting in the efficient construction of the transformed space U.

A straightforward way to determine the representative points is by randomly selecting the p data
points as representatives [2]. For better clustering quality, another strategy divides the data into p
sub-clusters using the K-means to treat their centers as representatives but takes O(Np) execution
time [2]. Also, like the conventional similarity graphs, the bipartite graph needs sparsification, for
which k nearest representatives for every data point are determined and are connected via edges
[2, 13]. However, the size of the bipartite graph becomes O(Nk) and construction requires O(Np)
time due to searching over p representatives for every data point [2].

Recently, several BSC methods were proposed to further accelerate the construction time of
the bipartite graph by introducing faster sub-clustering strategies and locating the approximate
representatives [13, 23]. Table 1 shows the stage-wise time complexity and size of the bipartite
graph of such existing methods. U-SPEC [13] is a popular technique that uses both the random
selection and K-means to compute p representatives in only O(p?) time. DnC [23] is a recent
method that searches the k-nearest representatives of a data point only within the (k X 10) number
of local representatives, costing O(Nk) time. However, the clustering quality and computational
complexities of such existing BSC methods depend upon the extrinsic parameters like the number
of representative points (p) and nearest representatives (k). Moreover, there is also a randomness
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in their methods of finding R. Due to the tuning of parameters and the randomness, most BSC
methods require executing the algorithms multiple times to get the desired results, which is a
time-consuming process when dealing with large-sized datasets [2, 13, 23].

This work proposes a fast Self-tuned Bipartite proximity graph-based Spectral Clustering (SBSC)
to overcome the discussed bottlenecks of the large-scale SC. Firstly, SBSC determines O(VN) num-
bers of structurally preserved representatives using a fast hierarchical divisive-based partitioning
technique (Bi-means [19]) and the K-means. Then, the next step computes the two-hops neighbors
of the representatives using two rounds of the minimum spanning tree (MST) on R to quickly yet
effectively locate the nearby representatives of data instances for constructing the linear-sized
bipartite graph. After the construction of the graph, SBSC applies the Transfer-cuts algorithm along
with the Lancsoz method [10] to obtain the transformed space U efficiently, and at last, executes
the K-means algorithm on U to discover the final K clusters. Below are the primary contributions
of SBSC.

(1) We propose a bipartite proximity graph that intrinsically captures the topological information
of data objects using the MST-based locality of well-scattered representatives to enhance the
clustering quality of SC.

(2) The proposed technique of determining the sub-linear representatives and the MST-based
proximity computation makes the similarity graph deterministic and independent of any
extrinsic parameters, i.e., it is not required to run the algorithm multiple times to tune the
similarity graph for the given dataset.

(3) The usage of hierarchical divisive-based recursive partitioning determines the quality of
representative points in only linearithmic, i.e., O(N lg N) time, and the local neighborhood
search using the MST of R finds the neighbors of points in only O(N) time which is faster
than the existing methods. Furthermore, we also exploit the high sparsity of the proposed
graph to accelerate the Transfer-cuts method for computing the Eigen-space.

(4) SBSC takes overall O(N(K? +1g N)) time to detect clusters with only O(N) space. To the
best of our knowledge, this is the most efficient BSC method in terms of the space complexity,
and empirical studies over the eighteen large-sized datasets show that SBSC outperforms the
several fast benchmark and state-of-the-art SC techniques in terms of the overall execution
time, clustering quality, graph’s size, and the number of parameters.

Section 2 discusses methods related to large-scale SC, Section 3 explains the step-by-step pro-

cedure of SBSC, Section 4 shows the theoretical analyses of SBSC, Section 5 demonstrates the
experimental results, and Section 6 discusses the conclusion and future direction of SBSC.

Table 1. Stage-wise time complexity and the graph size of the competing bipartite graph-based spectral
clustering methods along with the external parameters required by them.

Represent- Bipartite _. . £
External ative points graph Eigen- Size o
Methods . decomposition | the bipar-
parameters | selection construc- . :
. . . time tite graph
time tion time
LSC-R[2] |[p, kK - O(Np) O(Np? +p?) O(Nk)
LSCK[2] |p kK O(Np) O(Np)  O(Np*+p*) O(Nk)
U-SPEC [13] | p, k, K O(p?) O(Np'?)  O(Nk(k +K) + p*) | O(Nk)
DnC [23] p.k,a, K O(Na) O(Nk) O(Nk(k +K) + p*) | O(Nk)
SBSC K O(NIgN) O(N) O(KN +K*N'?) |O(N)

Symbols N, K, p, and k denote the number of data points, clusters, representative
points, and neighbors respectively. « is a parameter used in DnC to decide K for K-means.
Note: The above analyses ignore the number of features (F).

The post-clustering time for all of the above methods is O(NK?).
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2 Related work

The conventional SC methods identify the complex-shaped clusters by capturing the topological
structure of the data using the sparse proximity graph [39, 41]. Effective construction of the
similarity graph is a key step of SC to achieve satisfactory results [24, 41]. Ng et al. [30] employed
the Gaussian kernel function in their similarity graph to decide the proximity (W;;) between
any two data points (x; and x;). The k-nearest neighbors (kNN) graph is another well-known
proximity graph that connects only k-closest neighbors of each data instance [41]. However, the
conventional SC methods need O(N?) time & space to construct the graph and cubic time for the
Eigen-decomposition step [41].

To speed up SC, parallelism was introduced to SC in several works [3, 15, 38]. Chen et al. [3]
proposed a parallel SC (PSC) that splits data objects over distributed machines, and every machine
performs the Eigen-decomposition task for lesser data objects. Similarly, Huo et al. [15] speed up
SC by efficiently parallelizing the affinity matrix and post-clustering (K-means) process.

The time and space requirement of SC can be reduced by utilizing the representative points (R)
to construct the proximity graph, s.t., the number of representatives (p) << N [2, 45]. One of the
popular methods is approximate spectral clustering (ASC) that builds the proximity graph only on
R as the nodes to reduce the size of the graph [4, 21, 40, 45]. The SC is applied on the reduced graph
to determine the clusters of R, further suggesting the clusters of data instances. ASC reduces the
graph construction time and space to O(p?) and the time complexity of the Eigen-decomposition
process is reduced to O(p?) [45].

However, the drawback of ASC is that its clustering results mainly depend upon the quality of
representative points. If a representative point (y;) is mis-clustered, all the data instances associated
with p; will also belong to the wrong clusters. In the past years, another category of SC has
emerged that is less sensitive to R by considering the proximity between the data instances and
representatives 2, 5, 9, 13]. So, the structural similarity is captured by a bipartite proximity graph
B in which the vertex set is divided into two disjoint subsets, i.e., the set of data instances (X) &
R, and edges connect the data points to their nearby representatives whose weights are defined
by the affinity sub-matrix W of order (N X p). The affinity value W;; € W defines the proximity
between the data point x; € X and the representative y; € R. We term such SC methods utilizing a
bipartite graph as the “Bipartite graph-based Spectral Clustering (BSC)”.

BSC methods accelerate the Eigen-decomposition step by computing the approximate eigenvec-
tors of the graph Laplacian of B using the eigenvectors of the smaller matrix of order (p X p), which
is derived from the sub-matrix W [2, 13]. Fowlkes et al. [9] performed image segmentation using
the pairwise proximity between the pixels and few randomly sampled pixels. They incorporated
Nystrom approximation to efficiently project the data into the Eigen-space. Similarly, Li et al.
[26] introduced the Transfer-cuts method in BSC to perform the image segmentation task more
effectively. Transfer-cuts projects the Eigen-space (U) efficiently by utilizing the K-eigenvectors
corresponding to the K-smallest eigenvalues of the Laplacian matrix (Lg € RP*?) of the reduced
graph having nodes as R.

To perform clustering on large-sized datasets, Cai et al. [2] suggested a novel BSC algorithm
(LSC) that constructs the bipartite graph by connecting each data point to its k-closest land-
marks/representatives and then applies the sparse coding-based approach to find the eigenvectors,
but it requires O(Np? + p*) time. Recently, Hong et al. [12] proposed a modified version of the
LSC method by introducing an additional step of building the low-rank affinity matrix using the
probability density estimators.

Huang et al. [13] proposed a BSC method (U-SPEC) that applies K-means on the sampled points to
determine R faster. Furthermore, U-SPEC tuned the k-closest representatives of the instances using
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an approximate searching technique that considers the sub-clusters of representatives, which brings
down the graph construction time to O(p® + Np'/?). Similarly, Li et al. [23] determined R using the
divide and conquer based sub-grouping approach. Their clustering method (DnC) determined the
nearest representatives locally using the neighborhood of sub-clusters that reduces the bipartite
graph construction time to O(Nk). Both U-SPEC and DnC follow the Transfer-cuts method to
project the Eigen-space because of its high efficiency as well as apt utilization of the neighborhood
properties of the bipartite graph. If each data point is connected with k-representatives then the
Transfer-cuts algorithm takes only O(Nk(k + K) + p®) time to detect K clusters [13].

2.1 Problem formulation

Graph-based clustering techniques [19, 41] aim to divide the given set (X = {x,%s,---xnN} €
RN*F) of F-dimensional data objects into K-clusters (C = {Cy,C,,---,Ck}) by exploiting the
structural similarity of the data using the proximity graph Gs = {Vs, Es, A}, s.t., objects as the set
of vertices (Vs), the set Es consists edges between the adjacent points, and A € RN*N represents
the affinity matrix to measure the proximity (A;;) between each pair of connected objects (x; and
x;). Minimizing graph cut problems like NCut [39, 41] could detect quality clusters, defined as

t(Cy, Cr.
Neur= Y cut(Ce, Ci) (1)
size(Cy)
k=1to K

where, Cr. = Vs \ Cr
Cut(Ck, C_k) = Z Aij

x; €Ck, Xxj eCr

size(Cy) = Z Z Ajj

x;€Cr XjEX

Here, cut(Cy, Cy) is the sum of weights of inter-edges connecting the data points of the cluster
C with the data points of the complement (Cy) of Cy, and size(Cy) is the sum of the degree-sum
of each node/object present in Cy. The degree-sum of a data object (x;) is the sum of edge weights

between x; and its neighbors, i.e, 3 Ajj.
Xj eX
NCut is an NP-hard problem, so SC came into the picture to relax NCut by considering the
generalized eigenvectors (f) associated with the first generalized eigenvalues (y) of the following

equation [41]:
Lf =yDf (2

where D is the degree matrix of Gs and L = D — A is the unnormalized graph Laplacian [29, 41].
However, determining f takes cubic computational time [41], i.e., costly for large-sized datasets.

To overcome the computational bottleneck, several SC methods utilize the bipartite proximity
graph (B), which is constructed on data points and p-representatives (R) as nodes by connecting
each object to its neighboring representatives. Therefore, the affinity between the nodes is now
represented by the sub-matrix W € RN*P which is smaller than A, and methods like Transfer-cuts
[26] can utilize W to solve Eq. (2) efficiently. (Please refer to Subsection 3.3.1 for the detailed steps
of Transfer-cuts).

However, the clustering performance and computational complexities of BSC are dependent
upon some extrinsic factors like the number of representatives (p) and nearby representatives
(k). Table 1 mentions the number of external parameters used along with the time and space
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complexities of some of the existing BSC methods. The table clearly suggests that existing methods
are required to tune some parameters to suitably construct the bipartite graph for the discovery of
the quality clusters, which sometimes becomes a challenging as well as time-consuming process
for large datasets.

In the past, several graph clustering methods suggested that the MST appropriately captures
the internal structure of the data points in fewer edges without tuning any parameters [22, 33, 47].
To the best of our knowledge, the usage of MST-based proximity for constructing the bipartite
proximity graph is still unexplored. So, this work focuses on removing the discussed parameters of
the bipartite neighborhood graph by determining the well-spread out representative points and
collecting the nearby edges via MST. Also, the proposed work aims to further improve the time and
space complexities of BSC by applying a fast linearithmic time partitioning approach to compute
representatives and utilizing the two-hops-based neighborhood of R to locate the neighbors of data
instances.

3 Proposed Approach

The proposed SC technique (SBSC) aims to suitably group similar data instances by constructing
the bipartite similarity graph between the set of data instances (X) and representative points (R)
without considering any extrinsic factors. We achieve this by first computing the sub-linear amount
of quality representative points using a fast partitioning strategy, then efficiently finding the nearby
representatives of the data objects based on the local information of R using MST. The usage of
MST makes the proximity graph independent of the sparsity parameter, and only a linear amount
of time & space are required for constructing the graph.

Given a dataset X € RV*F where N and F are the number of data points and features respectively.
The steps of SBSC to detect the K clusters of X are given below:

(1) Firstly, X is divided into O(¥YN) number of partitions using the Bi-means and K-means
techniques, and their centers are considered as the set of representatives (R).

(2) The next step finds the neighbors and two-hops neighbors of the representative points by
computing two rounds of MST on the complete graph of R.

(3) A sparse bipartite graph B is built between X and R by finding the nearest representatives of
each data point based on the two-hops neighbors of R.

(4) The Transfer-cuts along with the Lancsoz method is applied using the affinity sub-matrix of
the bipartite graph to form the Eigen-space U € RNV*K,

(5) Lastly, K-means is applied on U to get the final clusters.

Fig. 1 visually shows the steps of SBSC. To calculate the distance between any two points (x;
and x;), we use the Euclidean distance, denoted as d(x;, x;). The following subsections describe the
steps of SBSC in more detail.

3.1 Determining representative points

The number of representatives (p) should be sufficient to capture the shape of clusters well, however,
a higher value of p can increase the computational cost. For example, the next phase computes
the pairwise distances among R which requires O(p?) time. Therefore, SBSC selects p = O(VN)
representatives to ensure that a sufficient number of representatives are captured and the running
time of the upcoming phase is also within the limit of O(N). SBSC determines the well-scattered
representatives by generating the O(VN) number of partitions of the data. Firstly, SBSC applies the
Bi-means [19] method to discover the partitions faster. Bi-means follows the top down approach
that recursively splits the data into two partitions based on the two border points that are far apart
from one another. Initially, Bi-means considers the whole dataset (X) as a single partition, then
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(b) Determining (c) Finding neighbors (d) Bipartite graph (e) Eigenvectors (f) Post clus-
Representatives of representatives construction projection tering step

(a) Input dataset

e N\ N\ \ N\ \ N
« O(VYN) « Two rounds of
partitions are MST graph is + Nearest repre- « X is transfor-
«+ Input dataset X . sentatives of « K-means is
¢ iz N and computed in constructed on med into the
of size an i i
i . linearithmic time representatives each data point Eigen-space U applied on U to
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Fig. 1. Phases of the proposed method (SBSC). (a) A sample two-dimensional dataset (X) with four clusters.
(b) The representative points, computed by SBSC. (c) The edges after applying two rounds of MST. (d) The
edges of the proposed bipartite graph. (e) The heatmap of matrix U which shows the variation in the values
along four features of the transformed space. (f) The final clusters discovered by SBSC.

finds the two border points, s.t., the first border point (b;) is the point farthest from the center point
(p) of X, and the second border point (b;) is the most distant point from b, . Fig. 2a visualizes b; and
b, of the sample dataset. The next step splits X into two partitions by assigning each data instance
to its closest border point and perform the same splitting process recursively till the discovery of
the desired number of partitions.

The Bi-means method is efficient and takes only O(N Ig N) time to discover the partitions.
However, there is a possibility that some partitions posses data points of different clusters. So,
to achieve the quality of partitions faster, we perform partitioning in two stages. The first stage
uses the Bi-means method to speed up the partitioning process by recursively splitting the data
till the size of each partition becomes less than (k' x VN), i.e., till we get O(VN/k’) number of
intermediate partitions, where k’ is a small positive integer. We empirically find that K’ = 10 is
sufficient to get the quality partitions by maintaining the low computational time.

Fig. 2b shows the intermediate partitions (P’ = {P],P;,- - ,Pj’y, }) generated after the first stage.
The next stage applies the K-means algorithm to discover more effective partitions. However,
employing the standard K-means brings randomness to the proposed technique, i.e., requires
running the method several times to get the desired results. We overcome this bottleneck by
utilizing the Bi-means algorithm to initialize the cluster centers for K-means.

On each intermediate partition (P;.), the Bi-means method is applied again to get O(k’) sub-
partitions and their centroids (C’). Fig. 2c shows the centroids (C’) computed by the Bi-means
method for a given intermediate partition of the sample dataset. Now, P; is divided into O(k’)
number of sub-partitions using K-means by considering C’ as the initial center. Fig. 2d visualises
the sub-partitions of P] discovered by the K-means in the second stage.

Stage-2 produces total O(VN) partitions. Then the centroid of each partition Pj is considered as
the representative of all points that belong to P;. Fig. 2e & 2f show the final O(VN) partitions and
their representatives, respectively, indicating that the proposed representative points appropriately
preserve the shapes of the original clusters. Algorithm 1 describes the steps of SBSC to find the
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Fig. 2. Determining representatives of the input data (X): (a) Splitting of X based on two border points. (b)
Intermediate partitions produced by the Bi-means at the first stage. (c) Initial cluster centers (C”) for an
intermediate partition (P]) using Bi-means. (d) O(k’) number of sub-partitions of P{ using the K-means
method by considering C’ as the initial centers. () Final partitions of X after applying stage-2 partitioning.
(f) Final representative points (R).

representative points by computing the partitions for the given dataset. It returns two sets, i.e., the
set of partitions P = {P;, Py, - - - P, }, and representative points R = {yiy, iz, - - - jip }.

Algorithm 1: Determining representatives
Data: Dataset X with N number of points.
Result: Set of representative points R and the set of partitions P.
1 Apply Stage-1 partitioning. // O(NlgN) time
Apply the Bi-means method on dataset X to get the O(VN/k’) number of intermediate
partitions, i.e, P’ = {P}, P, - ,P;,}.

2 Apply Stage-2 partitioning. // O(NIgN) time
Initialize, P «— ¢ and R « ¢
foreach intermediate partition P’ € P’ do

Apply the Bi-means method fzor P} to get O(k’) sub-partitions and their center points

).
B§7 cc))nsidering C’ as the initial centers, apply the K-means on P’, to get the final
sub-partitions of P;.
Add the sub-partitions that are computed by the previous step to the set P.
Compute the center points of all the partitions present in P, and treat them as the set of
representative points R.

3 return R and P.

3.2 Constructing the bipartite proximity graph

After computing R, each data instance is connected to its nearby representatives to construct a
sparse proximity graph for the SC algorithm. However, this takes O(Np) computational time by
the brute force technique. SBSC fastens the process by first determining pairs of neighboring
representatives and then performing the local search to detect the nearby representatives of a data
instance (x;) based on the neighbors of its representative point, in order to avoid the searching
over all the representatives to find the neighbors of x;.

3.2.1  Neighboring representatives. We use the MST to locate the neighbors of representative points.
MST spans all the p nodes of the graph using (p — 1) edges of minimum sum of weights, which
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Fig. 3. Locating the nearest representatives of the data instances (a) Two rounds of MST (M) of the complete
graph of R. (b) The neighbors (NNp) of a representative point y1. (c) The two-hops neighbors (Nle) of .
(d) The nearest representatives of a data instance (x1).

allows MST to exploit the topological structure of the data while capturing the neighbors of the
nodes.

SBSC computes the MST (T;) of the complete graph whose nodes are represented by the set
of representative points R, but T; may not be sufficient enough to exploit the local information
of the representatives. So, we also include the edges of the second round of MST (T3), which is
the MST of the complete graph of R without including the edges of T;. The edges of Ty and T; are
merged to get the neighborhood graph (M) of representative points. Fig. 3a illustrates the graph
M, for the given representatives, and we can see that its edges connect the closer representatives.
Next, the immediate (NN;) and two-hops (NN ]2) neighbors of every representative point (y;) are
identified using M,. For a representative y;, its neighbors are the representatives connected to it by
the edges of M,, and its two-hops neighbors include all the neighbors along with the neighbors
of neighbors. Figs. 3b and 3c visualize the neighbors and two-hops neighbors of a representative
point py, respectively.

Definition 3.1 (Neighbors and two-hops neighbors of a representative). If there is a representative
point y; € R, then the set of neighbors (NNj) of y; is all the representatives connected to it through
the edges (E(Mz)) of graph M, where M, is the two rounds MST graph.

NN; = { p | ¥(uj, ) € E(Mg) } ®)

Furthermore, the set of two-hops neighbors (NN ]?) of y1; is the union of all the neighbors (NNj) of
y; and the set of neighbors of its own neighbors, i.e.,

NNf:NNju( U NN,) (4)
pIENNj

3.2.2 Approximate nearest representatives of data points. Every data point (x;) is associated with a
representative point (y;), i.e., the center of the partition (P;) to which x; belongs to. So, we can
utilize the local neighbors of y; to find the nearest representatives of all the data points belong to
the partition P;.

Definition 3.2 (Nearest representatives (NR;) of a data point). Let a data point x; belongs to a
partition P; is represented by the center (y;) of P;, N sz denotes the two-hops neighbors of y;, and
k is the number of neighbors of y;, i.e., k = [NNj|. Then the set of nearest representatives (NR;) of
x; is the k-representatives in N Nj? that are closest to x;.
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Algorithm 2: Bipartite graph construction

Data: Dataset X, representatives R, and partitions P.
Result: A bipartite proximity graph B of X and R.

1 Compute two rounds of MST of R. // O(N) time
Find the MST (T;) of the complete graph (K, = {R, E;, W, }) of R.
Exclude the edges of Ty from K},. i.e., E, < E, \ E(T1), and determine the second MST

(Tg) of KP'
| Combine the edges of Ty and T to form the neighborhood graph M, of R.
2 Find the neighbors of R. // O(NY?) time

For every representative yi; € R, determine the set of neighbors NNj; according to Eq. (3).
Compute the two-hops neighbors N NJ? of each representative y; using Eq. (4).

3 Locate the nearby representatives of objects. // O(N) time
foreach partition P; € P do
foreach object x; € P; do
Find the number of neighbors of yi; as k < [NNj;|. /*x p; is the center of
Pj *x/
Determine the nearby representatives (NR;) of x; by searching the k-closest
representatives of x; among NN ]2 using Definition 3.2.

4 Building the bipartite graph. // O(N) time
Construct the sparse bipartite graph B = {V, E, W} using NR; of each x; € X, s.t.,
V = X UR and every edge (x;, yi7) of E connect a data object (x;) to its one of the
nearby representatives (g € NR;).

| Construct the the affinity sub-matrix W of B using Eq. (5).

5 return B

Suppose, we want to determine the nearby representatives of a data point x;, as illustrated
in Fig. 3b. So first, we find the neighbors of y; because x; belongs to the partition P;. However,
only determining the neighbors of y; is insufficient, like y; should also be one of the nearest
representatives of xj, but it is not a neighbor of p;. Hence, SBSC also computes the two-hops
neighbors of y; as explained in Definition 3.1 and illustrated in Fig. 3c. Fig. 3b clearly suggests
that y; has five neighbors, so 5-closest representatives of x; are determined among the two-hops
neighbors of y. Fig. 3d shows the nearest representatives of x; using the proposed technique.

3.2.3 Affinity sub-matrix computation. The edge set E of the proposed bipartite graph (B) contains
the edges that connect each data point to its nearby representatives based on the Definition 3.2.
We represent the proximity between the data points and their representatives using an affinity
sub-matrix W € RN*?, The Gaussian kernel [41] defines the affinity (W;;) between a data point
(x;) and a representative () as:

®)

il = .
! 0, otherwise

. {exp (~(dCxi i)/ (20%) - if i pu) € E

Proc. ACM Manag. Data, Vol. 3, No. 3 (SIGMOD), Article 213. Publication date: June 2025.



SBSC: A fast Self-tuned Bipartite proximity graph-based Spectral Clustering 213:11

where, d(x;, y17) is the Euclidean distance between x; and y;, and o is the average of distances
between the data points and their nearby representatives, i.e.,

o=| D, >, dGm)|/ Y INR

x;i€X 1ENR; x;€X

Here, NR; represents the set of nearby representatives of a data point x; as given in Definition 3.2.
Algorithm 2 describes the stepwise procedure to build the proposed bipartite proximity graph
between X and R using the partitions P of X.

3.3 Large-scale spectral clustering

In this phase, SBSC applies SC to the computed bipartite similarity graph B. Most of the entries in
the affinity matrix (W) are zero, so we stored W in a sparse matrix form to reduce the memory
space. SBSC employs the Lancsoz method [10] in the Transfer-cuts [26] algorithm to efficiently
transform the original data into the Eigen-space for the clustering task.

3.3.1 Eigenvectors projection using the Transfers-cuts. The standard SC solves the generalized
Eigen-problem of Eq. (2) to compute the K generalized eigenvectors (f) corresponding to the
bottom K-eigenvalues (y). However, solving Eq. (2) for the bipartite proximity graph carrying
(N + p) nodes is computationally expensive because it takes O((N + p)*) time. To improve the
computational time, Li et al. [26] introduced the Transfer-cuts (Tcuts) method that utilizes the
affinity sub-matrix (W) for the Eigen-decomposition step. Since W is a non-square matrix, Tcuts
reduces W to the square matrix Wy as follows:

Wg = WID'w (6)

Here, Wy is assumed as the affinity matrix of the smaller graph whose vertices are representative
points only, and Dy is the diagonal matrix, s.t., the value at a position (i, i) is the sum of i-th row
of W, where1 <i < N.

The next step finds the K-eigenvectors (v) corresponding to the K-smallest eigenvalues (1) of
the reduced generalized Eigen-problem,

LRU = ),DRZ) (7)

where Dy is the degree matrix of Wi and Lg = Dg — Wg. Finding v using the conventional method
will take O(p®) time. The proposed method further improves the running time by considering the
sparseness of Wg.
The generalized Eigen-problem of Eq. (7) can be transformed into a standard Eigen-problem as
follows [39],
D, *1gDy ?z = Az (8)

1/2
R

Wr, Lg, and D;/ZLRDI;I/Z are also likely to posses sparseness. So, we solve Eq. (8) using an efficient
algorithm known as the Lancsoz method to identify the K standard eigenvectors (z) corresponding

s.t., z = D;“v. In our case, the sub-affinity matrix W is highly sparse, depicting that the matrices

to the K-smallest eigenvalues of D;/ ZLRD;/ ?, which subsequently helps to find the K generalized
eigenvectors v = [v1, 0y, - - - Uk ], S.t., v; is the i-th generalized eigenvector corresponding to the i-th
smallest eigenvalue (4;) of the reduced Eigen-problem defined in Eq. (7). Li et al. [26] suggested
that we can compute the i-th smallest generalized eigenvalue (y;) and its eigenvector (f;) of Eq. (2)
using A; and v;, respectively, which are as follows:

YiQ-y) =AM, fi=

U; 1 -1
v:} , U = TDX Wo; %)
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Algorithm 3: Eigen-decomposition using Tcuts [26] and Lancsoz methods [10]

Data: Dataset X and affinity sub-matrix W.
Result: Eigen-space matrix U.

1 Reduce the sub-matrix W. // O(N) time
Compute the diagonal matrix Dy, s.t., its each diagonal element at (i, i) index is
computedas . W
j=ltop
Compute the reduced affinity matrix as Wg «— W' D'W

2 Compute the smallest eigenvectors. // O(KN +K?N'/2) time
Determine the graph Laplacian (Lg) of Wg as Lg «— Dg — Wg, where Dg is the degree

matrix of Wg.

Find K-eigenvectors (z = [z1, 22, - - - , zx]) corresponding to the K-smallest eigenvalues
(A) of DEI/ZLRD;/Z using the Lancsoz method.

Compute the K-smallest generalized eigenvectors (v = [v1, 0z, - - - ,vg]) of Eq. (7) using z,
s.t., v «— D;/zz.

Find the K-generalized eigenvectors (f = [fi, f2,- - -, fx]) of Eq. (2) by considering v, Dy,

| and W using Eq. (9).

3 Build the Eigen-space. // O(KN) time

Stack each generalized eigenvector f; into a matrix as a column to construct the
Eigen-space U € RN*K,

4 return U

Here, D;W represents the transition probability matrix. Now, the first N values of each vector f;
are stacked in to the i-th column of a matrix U € RVN*K, where U represents the new Eigen-space
of the input data X. Algorithm 3 describes each step of computing the Eigen-space U using the
Tcuts and Lancsoz methods.

3.3.2  Post clustering. Fig. 1e visualizes the heat-map of U for the input instances, indicating that
it is more feasible to detect the clusters of X by considering the new space U. So, the final step
applies the K-means algorithm on U to get the clusters. Fig. 1f shows the clusters discovered by
SBSC for the given dataset. Algorithm 4 describes the steps of the proposed clustering technique.

Algorithm 4: Proposed spectral clustering method (SBSC)

Data: Dataset X with K number of clusters.
Result: Clusters of X.
1 Divide X into the set of partitions P using the Algorithm 1, to get the set of representatives R,
s.t., every representative y; € R is the centroid of the partition P; € P. // O(NlgN) time
2 Construct the bipartite graph B = {V, E, W} using Algorithm 2. // O(N) time
3 Apply the Transfer-cuts along with the Lancsoz method on W to construct the Eigen-space
U using Algorithm 3. // O(KN + K?N'/?) time
4 Run the K-means algorithm on U by assuming each row of U as a data instance to get the
final clusters C = {Cy,Cy,---Ckg}. // O(K?Nt) time, where t is the number of
iterations of K-means
5 return C
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4 Performance analysis

This section discusses the computational costs of SBSC in terms of the overall running time and
graph size. The computational time of a SC method primarily depends upon the time taken to
construct the graph and to find the K-eigenvectors. Since the proposed proximity graph represents
the affinity matrix in a sparse form, therefore, the computational time to find the eigenvectors
relies upon the number of edges present in the graph. Following is the analysis of the number of
nodes and edges of the proposed bipartite proximity graph (B).

4.1 Size of the proximity graph

The total number of partitions in stage-1is O(N'/?/k’). Hence, further dividing each partition of
stage-1 into O(k’) number of sub-partitions using the K-means produces p = O(N'/?/k’ x k') =
O(N'/?) number of partitions and subsequently equal number of representatives. So, the total
number of nodes in B is O(N + N'/?) = O(N), and the number of edges in B depends on the edges
of My, i.e., the two rounds MST graph of R. In M,, each representative point has two neighbors on
an average, which means every data point is connected with an average of two representatives,
resulting in the total number of edges in B as O(2 - N). Therefore, the overall size of B is O(N),
which is better than the existing methods mentioned in Table 1. The overall space complexity of
SBSC is also linear, i.e., O(N).

4.2 Computational time

Algorithms 1-4 mention the time complexities of the steps of SBSC. The stage-1 partitioning using
Bi-means takes O(N Ig N) computational time to generate O(N'/?/k’) number of partitions. The
stage-2 partitioning applies K-means to each of the partition in stage-1 by utilizing the Bi-means for

initializing the centers, resulting in a total O( 1\21,/2 (K’N'21g(k’ N'/2) + K’ N'/? x k") computations.
Since, kK’ < N, so finding the representatives using the proposed partitioning strategy takes
O(N1g N) time. The total number of representatives is O(N'/?), so the time to compute neighbors
and two-hops neighbors of the representative points using M, of the complete graph of R is O(N).
If a representative point (y;) has k neighbors, then the maximum possible number of two-hops
neighbors of y; is (k + k?). But k < N because every representative has on an average only two
neighbors. Therefore, the running time to find the nearest representatives of the data instances by
searching over the two-hops neighbors is also O(N).

W is a sparse matrix of linear size, so computing Wy takes O(N) execution time. Applying the
Lancsoz method to get K-smallest eigenvectors of a (p X p) sparse matrix requires O(Kp? + K*p)
running time in the worst case [28]. In our case, p = O(N'/?), so, the total running time to construct
U from W using the Transfer-cuts is O(KN + K2N'/2), and applying K-means for t number of

]

F I T

s

(a) (b) (c) (d)

Fig. 4. Large sized synthetic datasets: (a) Varied-variances. (b) Spirals. (c) Blobs-Rings. (d) Circles-Moons. (e)
Noisy-Blobs-50.

Proc. ACM Manag. Data, Vol. 3, No. 3 (SIGMOD), Article 213. Publication date: June 2025.



213:14 Abdul Atif Khan, Rashmi Maheshwari, Mohammad Maksood Akhter, & Sraban Kumar Mohanty

Table 2. Details of synthetic and real datasets used for the experiment.

Dataset N F K
DS1: Varied-variances 20000 2 4
DS2: Spirals 320000 2 4
DS3: Blobs-Rings 1000000 2 6
DS4: Circles-Moons 10000000 2 4
DS5: Noisy-Blobs-50 10000 2 50
DR1: Occupancy 10808 5 2
DR2: Pendigits 10992 16 10
DR3: Letter 20000 16 26
DR4: Shuttle 43500 9 7
DRS5: Gas-sensor 13910 129 6
DR6: ISOLET 7797 617 26
DR?7: Smartphones 10929 561 12
DR8: Covtype 581012 54 7
DR9: MNIST 70000 784 10
DR10: HELENA 65196 27 100
DR11: Winnipeg 325834 174 7
DR12: Dionis 416188 60 355
DR13: EMNIST 240000 784 10

iterations on U takes O(K2Nt) computational time. Here, t << N, therefore, overall running time
of SBSC is O(N(K? +1g N)), ignoring the number of features.

5 Experimental results and analyses

This section empirically compares the clustering performance of SBSC with a few benchmark
and state-of-the-art SC algorithms. The competing methods are K-means [16, 27], Agglomerative
Clustering using complete linkage (CL [18]), DBSCAN [8], fast search and density peaks (FDP [37]),
a traditional SC algorithm with kNN as a similarity graph (kNN-SC [41]), two ASC methods (KASP
[45] and DCDP-ASC [4]), a recent granular ball-based spectral clustering (GBSC) algorithm [43],
and four BSC methods (LSC-R, LSC-K [2], USPEC [13], and DnC [23]).

kNN-SC requires the number of neighbors k as a sparsity parameter, which is taken as k = log(N),
as suggested in [41], whereas DBSCAN tunes two external parameters (¢ and min — pnts), which
we vary as € = [0.1,0.3,0.5,0.7,0.9,1,3,5,7,9] and min — pnts = [3,5,7,9]. The cut-off factor of
FDP is taken as 2%. The methods LSC-R, LSC-K, USPEC, and DnC have two external parameters,
i.e., the number of representative points (p) and nearest representatives (k) respectively. For a fair
comparison, we set the values of p = 1000 and k = 5 as suggested by DnC. KASP is dependent
upon two parameters - p and 0. We keep the parameter p same as other methods, i.e., 1000. o is
the sparsity parameter that is used in the Gaussian kernel, which we set as the average of all edge
weights of the graph, as suggested in [41]. DCDP-ASC is a recent ASC technique that takes only
a as an input parameter, which decides p. Generally, « is assumed to be zero, but in the case of
larger datasets, it is taken as a non-zero floating point value [4]. GBSC requires tuning a sparsity
parameter o, which is set from 0.2 to 1.0.

All methods are implemented using Python 3.10 and executed on Intel(R) Xeon(R) Gold 2.10
GHz processor with 128GB RAM and Windows 10 (64 bit) OS. We use Scikit-learn [31] library’s
in-built function to execute K-means, CL, and DBSCAN algorithms. The Python code of GBSC is
taken from the link shared in its paper [43]. We have incorporated standard libraries like NumPy,
SciPy, Pandas, Matplotlib, and Scikit-learn into the Python codes of SBSC and other techniques to
make the implementation efficient. Also, we have implemented the code for finding MST in the
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Cython environment, an optimizing compiler that enables writing C extensions for Python. The
code of SBSC is available at [20]. The correctness of clusters is measured based on two conventional
validity indices (VI), viz. clustering accuracy (CA) and rand index (RI) [34, 44]. Both validity indices
vary from 0 to 1, where 1 means perfect clustering. The results of the methods vary on each run for
a given dataset, therefore, the average results of ten runs are considered.

5.1 Datasets

The experiment includes five two-dimensional synthetic and thirteen diversified real datasets
respectively. Fig. 4 visualizes the clusters of synthetic datasets with the ground truth labels. The
Varied variances dataset consists of four touching blobs with noisy instances and different densities.
Performing the clustering on Spirals and Circles-Moons datasets is challenging because of the
presence of non-convex-shaped clusters and clusters inside a cluster. The Noisy-Blobs-50 dataset
have a higher number of clusters, i.e., K = 50, and the Circles-Moons dataset carries the highest
number of instances, i.e., ten million.

Table 2 shows details of all the large-sized synthetic (DS1-DS5) and real-world (DR1-DR13)
datasets, available at [20] and [6, 7], respectively. The real datasets are distinctive in terms of
the number of data instances (N), dimensions (F), and clusters (K), respectively. The datasets
DR5-DR7, DR9, DR11, and DR13 possess high number of attributes, and datasets DR8, & DR11-DR13
have a large number of data instances. Also, for datasets DR3, DR6, DR10, and DR12, the number
of actual clusters is comparatively more. We have also included the datasets (DR4, DR7, DR8, DR10,
and DR11) with unbalanced clusters in terms of clusters’ size.

. ¥ & 8 %

(@) (b) (© (d)

Fig. 5. Visualization of clusters produced by SBSC: (a) Varied-variances. (b) Spirals. (c) Blobs-Rings. (d)
Circles-Moons. (e) Noisy-Blobs-50

5.2 Clustering quality analyses

Table 3 shows the clustering quality of the competing methods for the above-discussed datasets
based on CA and RIL The symbol (+) separates each entry of Table 3 into two values, s.t., the values
at the left and right of ‘+’ indicate the mean and standard deviation of CA / RI values of ten runs
of the given method for a dataset, respectively. The last two rows indicate the average scores of
CA(s) and RI(s) produced by the clustering methods for all the datasets respectively. In the table, a
few entries are filled with ‘N/A’, which indicates that the method could not produce the clusters
for the given dataset because of the out-of-memory error. Also, Fig. 5 visualizes the best results of
SBSC for each synthetic dataset in terms of CA. The results indicate the following observations
regarding the performance of SBSC.

e Fig. 5 suggests that SBSC is capable of detecting complex-shaped clusters like touching
clusters with noises & varying densities, non-convex shaped clusters, and clusters inside a
cluster. It is unable to detect clusters properly for DS5 because of the large number of clusters
present in it but it performs best among all the competing methods based on Table 3.
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Table 3. CA and RI of clusters discovered by the competing clustering techniques for the given synthetic and
real datasets.

Dataset VI | K-means CL DBSCAN FDP  kNN-SC KASP DCDP-ASC GBSC LSC-R LSC-K USPEC DnC SBSC
DS1 CA | 08821016 0.389:000 0.748:000 0.970:000 0.993:000 0.999:0.00 0.629:0.00 0.999:0.00 0.998:000 0.999:000 0.974:007 0.999:0.00 0.999:0.00
RI | 0.941:907 0.540:000 0.873:000 0.971:900 0.990:000 0.999:0.00 0.843:0.00 0.999:+0.00 0.998:000 0.999:000 0.986:0.04  0.999:0.00 0.999:0.00
Ds2 CA | 0.33010.00 N/A N/A N/A N/A 0354100, 02665000 02505000 07172007 0999000 099001 09905002 10005000
RI | 0.635.0.00 N/A N/A N/A N/A  0.60940.01 0.578+0.00 0.250+000 0.7681005 0.999:000 0.995:001 0.991.002 1.000.000
DS3 CA | 0.73240.09 N/A N/A N/A N/A  0.83440.10 0.250.0.00 N/A 09174006 09172004 0.999:000 09921002 1.00040.00
RI | 0.908.0,03 N/A N/A N/A N/A  0.949.0.02 0.742+0.00 N/A 09784000 09782001 1.000:000 0.997.001 1.000.000
DS4 CA | 0.484:000 N/A N/A N/A N/A~ 0.880.9.01 0.11240.00 N/A  1.000:0090 1.000:900 1.000:000 1.000.000 1.000+000
RI | 0.67540.00 N/A N/A N/A N/A  0.909:00  0.114500 N/A 1.000.00 1.000.00 1.000500 1.00000 1.000.000
DS5 CA | 07524004 0.843:000 0.614:000 04412000 0.839:000 0.2170.04 02074000 0.841:000 0.772:001 0.777:2001 0.8104001  0.8381002 0.850.0.01
RI | 0.988:000 0.992:000 0.085:000 0.935:000 0.99240.00  0.8670.01 0.98940.00 09924000 0.960+0.01  0.97410.00 0.99240.00 0.9914000 0.99340.00
DR1 CA | 09431000 0.750:000 0.830:000 0.958:000 0.503:000 0.647.0.09 0.728+0.00 0.815:0.00 0.965:001 0.936:009 0.936:000 0.864+0.11 0.984.0.00
RI | 0.89240.00 0.625:000 08701000 0.945:000 05001900 0.56040.05 0.60440.00  0.699:000 0.932:002 0.898:0.14  0.898.014  0.791.017  0.969.0.00
DR2 CA | 07004005 05531000 0.493:000 03805000 08481003 0.432:0.04 0.801:0.00 0.609:0.03 0.799:005 0.810:003 0.842:003 0.831:003 0.8580.02
RI| 09151001 08771000 0.864s0.00 0.76410.00 0.9524001  0.799:0.03 0.940:0.00  0.89:001  0.935:0.01  0.942:001  0.949:0.01  0.947x001  0.954:0.01
DR3 CA | 0255001 0.2035000 0.247:000 0.072:000 0.2431002  0.109:0.2 0.325:000  0.132:000 0.297:001 03192001  0.341s001 03434001 0.34810.00
RI| 0931000 0.905:000 0.717:000 0.141:000 0.8301003 0.727.0.04 0.907+0.00 0.923:000 0.914:000 0.919:001 0.928:000 0.933:0.00 0.933.0.00
DR4 CA | 06241010 0.784:000 0.906:000 0.784:000 0.4841002 0.462.:0.10 0.779:0.00 0.825:0.00 0.697:004 0.843:008 0.836:006 0.836:0.01 0.908.00;
RI | 0.608:0.05 0.642:0.00 0.86650.00 0.642:000 0.537:000  0.508:0.05 0.784+0.00  0.749:+0.00 0.691s005 0.781:009 0.739:0.00 0.749:0.06 0-893:0.04
DRS CA | 03953000 0.311:000 0.2165000 0.242:000 02161000 0.490:0.02 0.285:0.00 02333001 04261003 03881007  0.33610.05 0.352:008  0.427:0.00
RI | 0.716:001 04214000 0.176:000 0.219:000 0.17610.00 0.75540.01 0.35240.00 0.5124007  0.690:007 0.594u0.17 0.459:014 0.5184017  0.717.0.00
DR6 CA' | 05334002 04175000 0.332:000 0.067:000 0.5861002 0.180:0.02 0.472:000  0.2561000 0.5281002  0.525:002 05732002 0.575:0.01  0.575:0.01
RI | 0.958.000 0.928:000 0.783:000 0.142:000 0.963:000 0.699:0.01 0.953:000 0.926:0.00 0.952:000 0.952:000 0.960:000 0.962:000 0.960:0.00
DR7 CA | 05154003 0.412:000 0.291:000 0.340:000 0.632:001 0.4600.03 0.57640.00 0.358+000 0.6202003 0.651:004 0.629:902 0.640.004 0.655.0.02
RI| 08661001 0.750:0.00 0.786:0.00 0.653:0.00 08861000 0.764:0.01 0.881:000 0.788:001  0.885:001  0.892:001 0.889:001 0.8925001 0.894:0.00
DRS CA | 0.251.40.00 N/A N/A N/A N/A 03554003 0.397 +0.00 N/A  0.2984001 0.305:001 0.2664001 0.2761001  0.26740.01
RI | 0.576.0.00 N/A N/A N/A N/A  0.58140.01 0.465.0.00 N/A 05784000 0.579:000 0.582:000 0.579:000 0.589:0.00
DR CA | 05474004 0.322:000 0.1132000 0.1132000 0.7392000  0.35310.02 0.636:0.00 0.37940.00 0.642:002 0.750x002  0.765:002 0.7834001  0.772:0.00
RI | 08845001 0.761s000 0.611:000 0.101:000 0.934:000 0.681:0.01 0.910:0.00  0-852:000  0.907:000 0.930s0.01  0.932:000 0.938:000  0.935:0.00
DRI CA | 00841000 01072000 0108000 0.06Zc000 0.061cc00 0-110:000 01031000 00675000 0.0861000 0.0870.00 0.086:000 00862000 0.0882001
RI | 0.968:001 0.953:000 09161000 0.026:000 0.0231000  0.750.0.01 09414000 09631000 0.967:0.00 0.967:0.00 0.968.000 0.968.001 0.96840.00
DR11 CA | 0.3580.01 N/A N/A N/A N/A~ 0.386.0.00 0.2524000 0.261:0.01 03531001  0.364:000 0.359:002  0.357:0.01 0.393.0.01
RI | 0.729.01 N/A N/A N/A N/A  0.71240.01 0.250:0.00 0.209:0.01 0.723:001  0.696:000 0.725:000 0.722:0.01 0.729:0.01
DR12 CA | 0.038:0.00 N/A N/A N/A N/A 0.03040.00 0.119:0.00 N/A  0.141:000 0117000 0.146:000 0.079:001 0.147:0.00
RI | 0.88640.02 N/A N/A N/A N/A  0.8544003 0.98240.00 N/A  0.989:000 0.993:000 0.994:000 09931000 0.993:0.00
DRI CA | 0547400 N/A N/A N/A N/A 03205001 0282:000 01005000 0.647:00s 07692005 0761005 07865007 0.835.001
RI | 0.885.0.01 N/A N/A N/A N/A  0.69740.02 0.732:000 0.1004000 0.902:001  0.931:001  0.930:000 0.936:0.01 0.94640.00
Avg. Score CA 0.499 N/A N/A N/A N/A 0.423 0.401 N/A 0.606 0.642 0.647 0.645 0.672
RI 0.830 N/A N/A N/A N/A 0.746 0.720 N/A 0.876 0.890 0.884 0.884 0.915

e For ten real datasets, i.e., DR1-DR5, DR7, DR9Y, and DR11-DR13, SBSC is amongst the best of
two clustering methods based on both CA and RI validity indices. For DR6, SBSC performs
the second best in terms of CA, and in terms of RI, SBSC performs best for DR8 & DR10.

o The experimental results on datasets like DS2-DS4, DR8, and DR11-DR13 suggest that SBSC
discovers better clusters for large-sized data than the competing SC techniques. SBSC also
produces higher quality of clusters than the other techniques for high-dimensional data
(DR5-DR7, DR9Y, DR11, and DR13) and the datasets with unbalanced clusters.

e Overall, SBSC is the most effective among the competing methods based on the average
scores of CA(s) and RI(s) produced for all datasets.

5.2.1 Sensitivity with K. Although SBSC produces better results for datasets (DS5, DR3, DR6, DR10,
and DR12) with a high number of clusters K, this section analyses further to study the impact of K
on the clustering results of competing methods. For this, we choose, the DS5 synthetic dataset that
contains fifty noisy blobs as clusters. This experiment sets checkpoints as K = [10, 20, 30, 40, 50] by
varying the K. Each clustering algorithm is applied for ten iterations for every (K < 40). In every
iteration, we have randomly sampled K clusters from DS5 dataset and then applied the competing
clustering algorithms to the sample data.

Fig. 6 plots the clustering accuracy of SBSC and competing methods with the increase in the value
of K. The figure demonstrates that SBSC produces better clustering quality than its competitors for
each value of K. Though the results of SBSC are close to the CL algorithm for every checkpoint,
but CL is computationally expensive because of its quadratic time complexity.
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Fig. 6. Clustering accuracies produced by competing techniques by varying the number of clusters (K) for
the DS5 dataset.

5.2.2  Significant Testing. We also perform the Wilcoxon rank-sum test [32] in the experiment to
examine the significant difference in the clustering accuracies produced by SBSC and its competing
techniques. Since the results do not vary for DS1-DS4 datasets, we excluded them from this analysis.
Similarly, deterministic methods (CL, DBSCAN, FDP, and DCDP-ASC) producing the same results
in each run for a given dataset are also not included. The Wilcoxon rank-sum is a non-parametric
test whose null hypothesis is that the values of two sets are from a similar distribution. Table 4
shows the p-values between the clustering accuracies produced by SBSC and competing methods
for each dataset, indicating the rejection of the null hypothesis at a 5% significance level for several
cases. In other words, SBSC produces clusters significantly better than its competitors based on CA.
In a few cases, (p > 0.05) shows no significant changes in the results of SBSC and its competitors.

Table 4. p-values between the clustering accuracies of SBSC and competing methods based on the Wilcoxon
rank-sum test.

Dataset SBSCvs SBSCvs SBSCvs SBSCvs SBSCvs SBSCvs SBSCvs SBSCvs

K-means kNN-SC KASP GBSC LSC-R LSC-K  USPEC DnC
DS5 0.000507  0.545350 0.000157 0.069642 0.000157 0.000157 0.289918 0.325751
DR1 0.000157  0.000157  0.000157 0.000157 0.000157 0.000157 0.449692  0.023342
DR2 0.000157  0.010165 0.000157  0.023342  0.000670  0.005159  0.049366  0.034294
DR3 0.000157  0.000157  0.000157  0.000157  0.000157  0.000157 0.004072 0.112411
DR4 0.000157  0.000157  0.000157  0.000157  0.000157  0.049366  0.015564  0.002497
DR5 0.000157  0.000157  0.000157  0.000157  1.000000  0.130570  0.000157  0.023342
DRé6 0.000285  0.000157  0.000157  0.000157  0.000157  0.000183  0.705457  0.939743
DR7 0.000157  0.130570  0.000157  0.000157  0.015564  0.449692 0.011330  0.449692
DR8 0.002497 N/A  0.000157 N/A  0.000157 0.000157  0.545350  0.041250
DR9 0.000157  0.130570 0.000157  0.000157 0.000157 0.002497  0.449692  0.023342
DR10 0.006502  0.000157  0.000157 0.000157  0.049366 0.364346  0.041250  0.049366
DR11 0.000881 N/A  0.002497  0.005159  0.000507  0.000881  0.000670  0.000670
DR12 0.000157 N/A  0.000157 N/A  0.000157 0.000157 0.010165 0.000157
DR13 0.000157 N/A  0.000157 0.000157 0.000157  0.000212  0.000157  0.000285

5.3 Clustering time analyses

Table 5 shows the average of execution time (in seconds) taken by the competing algorithms in
ten runs to discover the final clusters of the given datasets, suggesting that SBSC is the fastest
among all the competing techniques. For better comparison, we also visualize the running time
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Table 5. Execution time of different SC methods in seconds for the given synthetic and real datasets.

Dataset | kNN-SC KASP DCDP-ASC GBSC LSC-R LSC-K USPEC DnC SBSC
DS1 170.4 7.2 272.9 117.8 8.4 10.9 9.2 8.9 5.6
DS2 N/A 66.4 2008.6  4071.2 75.7 137.3 56.1 49.0 22.4
DS3 N/A 202.2 4259.0 N/A 2254 416.7 169.2 133.2 48.6
DS4 N/A  1940.0 14739.1 N/A  2546.6  3865.2 1638.6 12659 315.3
DS5 472.1 5.2 225.3 38.4 6.3 9.2 6.2 7.6 3.2
DR1 601.6 3.4 244 37.3 5.8 7.4 6.3 7.5 1.8
DR2 121.2 5.3 102.0 45.9 8.4 7.8 7.0 7.6 1.1
DR3 317.1 6.1 78.4 94.5 12.2 13.3 11.7 11.9 4.4
DR4 1384.2 22.8 4783.1 879.5 15.3 23.3 12.8 12.7 10.6
DR5 1371.6 10.4 31.1 71.0 10.1 12.7 10.1 7.9 3.2
DR6 174.3 7.5 108.2 13.6 13.2 16.7 114 23.9 3.1
DR7 198.2 9.6 498.3 52.7 16.3 194 15.7 13.7 3.3
DR8 N/A 185.5 8262.7 N/A 187.9 358.0 125.8 76.9 41.2
DR9 8258.3 192.6 5491.5 1253.8 97.0 281.5 38.3 47.1 30.6
DR10 5767.3 134.0 483.6  3426.1 95.1 191.7 53.6 52.6 41.7
DR11 N/A 218.6 8374.5 14155 168.0 373.4 91.8 98.7 45.1
DR12 N/A  1147.2 9170.2 N/A  1062.1 1564.7 1394.2 13314 624.7
DR13 N/A 372.9 1468.1  2526.0 482.7 593.4 144.8 153.2 93.5

by varying the number of points (N) of the Circles-Moons dataset for four SC techniques (SBSC,
LCS-R, USPEC, DnC) that use a bipartite proximity graph. We have not included LSC-K because
it takes longer execution time than LSC-R. There are ten checkpoints with varying N from one
million to ten million as demonstrated in Fig. 7. The heights of the bars indicate the time taken
by the methods in seconds for different values of N, which indicates that SBSC is significantly
faster than other techniques for all checkpoints. Efficiently constructing the graph using the local
neighbors contributes to the fastness of SBSC mainly due to the reduced number of searches over
fewer representatives to collect the neighborhood.

Another reason for the fast computation of SBSC is the high sparsity of the proposed bipartite
graph, as it only contains a linear number of edges. The fewer the edges in the graph, the faster the

Fig. 7. Execution time (in seconds) of the clustering methods with varying N for the Circles-Moons dataset.
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Table 6. Number of edges present in the bipartite proximity graphs of different SC techniques for the given
datasets.

Dataset LSC-R LSC-K USPEC DnC SBSC
DS1 98976 99990 99983 99966 81479
DS2 1599000 1600000 1599983 1600000 1290672
DS3 7498804 7499992 7499763 7499902 6319708
DS4 49999000 50000000 49999995 50000000 40593916
DS5 49000 49988 49990 49909 43352
DR1 52541 53920 53830 53824 44254
DR2 53960 54941 54945 54922 47606
DR3 98743 99998 99977 99999 84469
DR4 215711 216841 216742 216874 181932
DR5 68430 69446 69474 69430 57398
DR6 37985 38985 38985 38938 35060
DR7 53645 54645 54645 54607 52153
DR8 2904060 2905060 2905056 2905060 2340639
DR9 349000 350000 349967 350000 303402
DR10 324980 325980 325979 325978 274405
DR11 1628127 1629168 1629103 1629170 1297762
DR12 2071276 2073230 2072653 2074116 1816915
DR13 1199000 1200000 1199959 1200000 1032475

Eigen-decomposition time and the lesser the memory requirement. Table 6 shows the size of the
bipartite graphs used by different SC methods, which indicates that the proposed graph carries
fewer edges than the other graphs.

5.4 Ablation study

A couple of parameters, e.g., k’ and the number of rounds of MST k influence SBSC’s performance.
k’ is a parameter of the partitioning technique that affects the quality of representatives, and the
number of rounds k decides the degree centrality of the graph. Fig. 8 shows the CA and execution
time of SBSC on four datasets (DS2, DS4, DR6, and, DR10) by varying the value of k’ from 4 to
15. As discussed in Table 2, DS2 carries non-convex-shaped clusters, DS4 is large-sized, DS6 is
high-dimensional, and DS10 possesses many clusters. Fig. 8 indicates that either the highest CA
score is achieved or there is no substantial change in the CA score for k’ > 10 in all the cases. Also,
the execution time significantly increases for k” > 10 in all the four datasets. Therefore, the value
of k’ is set to 10.

Similarly, Fig. 9 plots the CA and execution time of SBSC by varying the value of k from 2 to 5.
As can be observed from Fig. 9, for all four datasets, either the highest CA is achieved or there is
not much substantial change in the CA score for k > 2. However, the execution time substantially
increases with the increase in the rounds of MST k. Therefore, we set the value of k as 2.

6 Conclusion and future work

We proposed a fast spectral clustering method (SBSC) that builds a sparse bipartite proximity
graph using the MST of sub-linear representatives to discover better clusters without tuning any
extrinsic variables. SBSC first identified the effective representative points by incorporating the
border points-based partitioning, then determined the neighbors of each representative point using
the MST to gather the local information of instances efficiently. The proposed proximity graph
is highly sparse, i.e., of linear size, which contributes towards improving the computational time
of projecting the data into the Eigen-space. Experimental analyses on diversified large datasets
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Fig. 8. Clustering accuracy (CA) and execution time of SBSC by varying the value of k” variable: (a) CA. (b)
Execution time in seconds.
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Fig. 9. CA and execution time of SBSC by varying the number of rounds (k) of MST: (a) CA. (b) Execution
time in seconds.

suggested that SBSC detects more suitable clusters than other competing algorithms with the least
execution time.

The future scope is to employ the proposed proximity graph in other suitable unsupervised
algorithms like density-based methods for better clustering results. Another future work is to make
BSC methods more efficient by introducing parallelism to its steps, such as applying the parallel
K-means algorithm [15, 38] to compute representatives and incorporating parallel Eigensolvers
[3, 38] in the Eigen-decomposition step. Moreover, some steps of SBSC can be parallelized, e.g.,
the second stage partitioning of SBSC produces partitions by applying the K-means algorithm
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separately on every partition of the first stage. Additionally, the computation of two-hops neighbors
of representatives could also be parallelized.
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