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The Maximum Common Subgraph (MCS) problem plays a key role in many applications, including cheminfor-
matics, bioinformatics, and pattern recognition, where it is used to identify the largest shared substructure
between two graphs. Although symmetry exploitation is a powerful means of reducing search space in
combinatorial optimization, its potential in MCS algorithms has remained largely underexplored due to the
challenges of detecting and integrating symmetries effectively. Existing approaches, such as RRSplit, partially
address symmetry through vertex-equivalence reasoning on the variable graph, but symmetries in the value
graph remain unexploited. In this work, we introduce a complete dual-symmetry breaking framework that
simultaneously handles symmetries in both variable and value graphs. Our method identifies and exploits
modular symmetries based on local neighborhood structures, allowing the algorithm to prune isomorphic
subtrees during search while rigorously preserving optimality. Extensive experiments on standard MCS bench-
marks show that our approach substantially outperforms the state-of-the-art RRSplit algorithm, solving more
instances with significant reductions in both computation time and search space. These results highlight the
practical effectiveness of comprehensive symmetry-aware pruning for accelerating exact MCS computation.

CCS Concepts: «+ Mathematics of computing — Combinatorial optimization; Graph algorithms;
Combinatorial algorithms; « Theory of computation — Branch-and-bound.

Additional Key Words and Phrases: Combinatorial Search, Branch and Bound, Graph Theory

ACM Reference Format:

Buddhi Kothalawala, Henning Koehler, and Muhammad Farhan. 2026. Accelerating Maximum Common
Subgraph Computation by Exploiting Symmetries. Proc. ACM Manag. Data 4, 3 (SIGMOD), Article 128
(June 2026), 26 pages. https://doi.org/10.1145/3802005

1 Introduction

Graphs are a powerful tool for representing structured data and are widely used in diverse ap-
plication domains. For instance, computer networks are modeled with devices as vertices and
communication links as edges; chemical compounds are represented as graphs where atoms and
bonds correspond to vertices and edges [4, 8]; and social networks model individuals and their
interactions in a similar manner [11]. Identifying structural similarities in graphs is critical for tasks
such as detecting anomalies in network traffic, classifying chemical compounds, and analyzing
communities in social networks [23].

A well-established measure of similarity between two graphs is the Maximum Common Induced
Subgraph (MCIS). The MCIS problem asks for the largest induced subgraphs of two input graphs
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Fig. 1. Two example graphs G and H, with symmetric vertex sets {4, 5}, {7, 9}, and {d, e}. The pairs (4,5) and
(7,9) exhibit negative symmetry, while (d, e) exhibit positive symmetry. The maximum common induced
subgraph (MCIS) is shown in bold, with the vertex mapping M = {(0, a), (1, ), (2,d), (3,9), (4,¢), (6, j), (7,i) }.

that are isomorphic, meaning there exists a one-to-one correspondence between their vertices
that preserves adjacency. Figure 1 illustrates two example graphs, G and H, with their maximum
common induced subgraph shown in bold. Since MCIS is NP-hard [1], finding exact solutions is
computationally challenging, particularly for large and dense graphs.

To tackle the MCIS problem, a variety of algorithmic strategies have been explored, including
constraint programming approaches [18, 24], clique-based formulations [2, 9, 12], and backtracking-
based search algorithms [16, 17]. Among the most effective exact methods is the McSplit algorithm, a
branch-and-bound (BnB) approach that systematically explores the space of partial vertex mappings
using a depth-first search strategy [16]. McSplit partitions candidate vertex pairs into bidomains,
each representing subsets of vertices from G and H that remain feasible for matching under the
current mapping. It then applies a bounding rule to estimate the largest possible extension of the
current mapping, allowing early pruning of branches that cannot lead to an optimal solution. Build-
ing on McSplit, the recently proposed RRSplit algorithm [25] improves efficiency by introducing
vertex-equivalence-based pruning and a refined upper bound that better reflects local structural
redundancy. By grouping structurally equivalent vertices into equivalence classes, RRSplit avoids
redundant exploration of symmetric subtrees and achieves notable performance gains. However, its
treatment of symmetry remains limited: the equivalence reasoning applies only within one input
graph and does not account for the symmetries that arise from both input graphs. For example,
in fig. 1, the vertices in graph G that share identical neighborhoods are {4, 5} and {7, 9}, while in
H, the corresponding pair is {d, e}. For instance, in a common subgraph containing at least one
of vertices 4 and 5, swapping them produces a symmetric solution. RRSplit detects and avoids
revisiting such redundant cases. However, swapping vertices {d, e} in H also produces symmetric
solutions, provided at least one of them is contained in the common subgraph. Such redundant cases
caused by equivalent vertices in H are missed by RRSplit, whereas our proposed method accounts
for symmetries in both input graphs, G and H. While this seems straight-forward conceptually,
these symmetries can interact, making correctness and efficient detection/avoidance non-trivial
issues.

In the broader context of constraint programming, the two input graphs in an MCIS instance
are often referred to as the variable graph and the value graph. Vertices in the variable graph are
treated as variables to be assigned, while vertices in the value graph, along with a special symbol
representing unmatched vertices, serve as possible values. The objective of an MCIS algorithm
is to assign values to variables so that the induced subgraphs of the variable and value graphs
are isomorphic and no other mapping includes more vertices. This perspective highlights the
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asymmetric yet interdependent roles of the two graphs and motivates the need for symmetry
breaking strategies that operate coherently across both.

To address these limitations, we propose a novel algorithm called SymSplit, which systematically
eliminates redundant exploration by breaking symmetries arising from similar neighborhoods in
both the variable and value graphs. At the core of our approach lies a dual-symmetry breaking
framework that preserves the exactness of the algorithm while substantially improving efficiency.
SymSplit identifies symmetric structures in the input graphs and prunes equivalent search branches
that correspond to the same subgraph mappings. By avoiding these unnecessary explorations, the
proposed method significantly reduces computation time without compromising completeness or
correctness.

Contributions. The main contributions of this work are summarized as follows:

e We present a principled framework for detecting and eliminating symmetric branches during the
search by identifying structurally equivalent vertices with identical neighborhoods in both input
graphs. The framework unifies two complementary techniques: variable symmetry breaking and
value symmetry breaking that together provide more complete symmetry elimination for the
MCIS problem.

e We design an efficient and lightweight method for detecting relevant graph symmetries that
minimizes computational overhead. Our implementation ensures that the symmetry detection
process scales effectively to large graph instances, making the approach practical for real-world
applications.

e We formally establish the correctness and completeness of the proposed framework, proving that
variable and value symmetry breaking can be applied simultaneously without interference. Our
proofs extend to directed graphs and graphs with self-loops. We also analyze the computational
complexity of symmetry identification and computation.

e We perform extensive experiments on standard MCIS benchmark datasets to assess the effective-
ness of our approach. The results show that SymSplit consistently solves more problem instances
in less time compared to state-of-the-art algorithms, demonstrating the practical benefits of
comprehensive symmetry breaking in exact MCIS computation.

2 State-of-the-art Solutions

Let G = (V(G), E(G)) be a simple and unweighted graph, where V(G) and E(G) denote the vertex
and edge sets, respectively. For any subset V' C V(G), the induced subgraph G[V'] is defined as
the graph with vertex set V’ and edge set {(v;,0;) € E(G) | v;,v; € V'}. Two graphs G and H are
said to be isomorphic, denoted G = H, if there exists a bijection ¢ : V(G) — V(H) such that for all
0,05 € V(G), (v;,0;) € E(G) if and only if (¢(v;), ¢(v;)) € E(H).

DEFINITION 2.1 (MAXIMUM COMMON INDUCED SUBGRAPH). The maximum common induced
subgraph (MCIS) problem for two graphs G and H is to find induced subgraphs G[V'] € G and
H[U’] C H such that G[V'] = H[U’] and |V’| = |U’| is maximized.

The MCIS problem is NP-hard and serves as a fundamental model for identifying structural
similarity between graphs. Most exact approaches employ a branch-and-bound strategy that incre-
mentally builds vertex correspondences while pruning infeasible or suboptimal branches using
upper bounds. Two representative algorithms following this framework are McSplit and its refine-
ment RRSplit, which are discussed next.
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2.1 McSplit Algorithm

The McSplit algorithm [16] applies the branch-and-bound paradigm to the MCIS problem. Given
two graphs G and H, it searches for a mapping of maximum cardinality that represents the largest
common induced subgraph between them.

A mapping between G and H is a set of vertex pairs

M = {(vy,u1), (v3,uz), ... (v, u;) ..., (g, ur) },

where each vertex in v; € V(G) and u; € V(H) appears in at most one pair. Each pair (v;, u;) € M is
called a mapped vertex pair. A mapping of maximum cardinality corresponds directly to a maximum
common induced subgraph of G and H. McSplit performs a depth-first search (DFS) beginning with
the empty mapping and incrementally extends it by adding one compatible vertex pair at a time,
continuing until no further extensions are possible.

At the core of McSplit lies a bidomain partitioning mechanism that organizes unmatched vertices
according to their structural compatibility. This compatibility is determined using an M-labelling
scheme that records the adjacency of each unmatched vertex to the vertices already in the current
mapping. Specifically, given a partial mapping M = {(v1,u1),..., (vk, ux)} with corresponding
vertex sets V' = {vy,...,0r} and U’ = {uy, ..., u}, the labelling function

¢:V(G) UV(H) - {0,1}*

assigns a binary vector to each unmatched vertex w € (V(G) \ V) U (V(H) \ U’), where the ith

bit of £(w) equals 1 if w is adjacent to v; in G or to u; in H, and 0 otherwise. Two vertices receive

identical labels if they have the same adjacency relationships with respect to the current mapping.
Using these labels, McSplit partitions the unmatched vertices into a collection of bidomains

PM = {(VvlsU1>a"'a<Vvt’Ut>}s

such that for every v € V; and u € U;, i = j if and only if £(v) = £(u). Vertices in the same bidomain
pair share similar structural roles, while different bidomains correspond to distinct adjacency
patterns.

The algorithm begins with a single bidomain Py = {{V(G), V(H))} and recursively refines it
through branching. At each step, a bidomain (V;, U;) is selected, and a vertex v € V; is chosen
to be matched against each vertex u € U;. Each resulting mapping (M U {(v,u)}) defines a new
search node. After adding (v, u), McSplit relabels the remaining unmatched vertices based on their
connectivity to v (Ng(v) neighborhood of v) and u (Ny(u) neighborhood of u). This refinement
splits the current bidomain (V;, U;) into two smaller bidomains:

(ViNNg(v), UyNNu(u)) and (Vi \ Ng(0), Up \ Nu(w)),

representing vertices adjacent and non-adjacent to the selected pair, respectively. The process con-
tinues recursively. Once v has been matched with all vertices in Uj, it is removed from consideration
by treating it as paired with a special symbol L. This algorithm follows a tree search, which we can
formally define the search tree as follows.

Search Tree. A search tree T for graphs G and H is a rooted tree where each node represents
a partial mapping M with bidomains Pys. The root represents the empty mapping M, = 0 with
Py, = {{V(G),V(H))}. Each child extends its parent by adding (v;, u;) to map v; € V(G) to
u; € V(H), or (v;, L) to leave v; unmapped. Bidomains are refined based on adjacency and label
constraints, and all mappings induce isomorphic subgraphs. Nodes with no valid extensions are
leaves. A subtree Ty rooted at a node with mapping M consists of all descendant nodes reachable
by extending M. A branch is a path from the root to a leaf, representing a complete sequence of
mapping decisions.
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Throughout the search, McSplit maintains the best mapping found so far, referred to as the
incumbent. To avoid exploring unpromising branches, it applies a bounding rule that estimates the
largest possible mapping size achievable from the current state. The upper bound is computed as

UB(M,Py) = M|+ > min(|Vi], |Ui]). (1)
(Vi,Up)€Ppm
If UB(M, Pyr) < |M*|, where M* is the incumbent, the current branch is pruned; otherwise, the
search proceeds recursively. This bound guarantees correctness while significantly reducing un-
necessary exploration.

ExaMmpLE 2.1. Figure 2 illustrates the McSplit search process partially. The root node begins with all
vertices of G and H in a single bidomain and an empty mapping. Suppose the algorithm first selects the
pair (0, a), where vertex 0 in G is adjacent to {1,4,5,7,9} and vertex a in H is adjacent to {b,c, f, h, i}.
These adjacent vertices form a new bidomain, while the remaining vertices form another, resulting in a
refined partition Py, for the mapping My = {(0, a) }. Next, mapping (3, d) is chosen, and Py, is further
refined based on adjacency to3 in G andd in H. In particular, the bidomain ({1,4,5,7,9}, {b, c, f, h,i})
is split into ({1}, {b, c}) for vertices adjacent to both 3 and d, and ({4,5,7,9}, {f, h,i}) for those not
connected. This refinement proceeds recursively until no further extensions are possible, at which point
the search branch is terminated.

2.2 RRSplit Algorithm

The RRSplit algorithm [25] builds upon McSplit by addressing two key limitations of its search
process: redundant exploration caused by structurally equivalent vertices and an overly loose upper
bound that weakens pruning efficiency. To overcome these issues, RRSplit introduces three interde-
pendent mechanisms that together create a redundancy-reduced branch-and-bound framework.

RRSplit operates on the same principle as McSplit, maintaining a partial mapping M where each
vertex in G and H appears in at most one pair. The key difference lies in how RRSplit exploits
vertex equivalence to avoid redundant exploration and computes tighter upper bounds for pruning.
Two vertices are said to be structurally equivalent if they share the same neighborhood:

U1 ~ Uy iff NG(UI) = NG(Uz),

Such vertices play identical structural roles in any induced subgraph isomorphism. RRSplit par-
titions the vertices of G into equivalence classes, where each class ¥(v) contains all vertices
structurally equivalent to v. During the search, when a vertex v in G is selected for matching, only
one configuration of its equivalence class is explored, while the remaining symmetric configurations
are pruned. For example, if v1, v, € ¥5(v) and uy, uy € V(H), the mappings

M = {(v1,u1), (v2,u2)} and My = {(v1, u2), (vz,u1) },

yield search subtrees with isomorphic subgraphs, and RRSplit explores only one of them. The same
logic applies when a vertex is excluded from the mapping: if one vertex of an equivalence class
is removed, other equivalent vertices need not be considered separately. This vertex-equivalence-
based reduction removes redundant subtrees that McSplit would otherwise explore, particularly in
graphs with repeated local structures or regular patterns.

RRSplit further strengthens the McSplit upper bound (1) by incorporating vertex equivalence
information to ignore matches that would be symmetry pruned. However, the practical gains from
this bound refinement are modest, as discussed in Section 4.3.

ExXAMPLE 2.2. In the RRSplit algorithm, vertices {4,5} C V(G) and {7,9} C V(G) in Figure 1 are
identified as structurally equivalent. Consider the two mappings Mg = {(0,b), (2,¢), (7, ), (9, L)}
and Myo = {(0,b), (2,¢), (7, 1), (9, f)} shown under variable symmetry in Figure 2. When RRSplit
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Py, ={(012345678abcdefghij)}
My = ()
(0,a)
Py, ={(14579bcfhi),(2368deg j)} Py, ={(145ade)(79fg),(368ij)}
M, ={(0,a)} M, ={(0,b),(2,¢)}
(3,d) (3.e) (7.) (7,1)
Py, ={(1b¢), (4579 fhi) (6e), (289 j)} Py, ={(1bc), (4579 fhi), (6d). (289 j)} Py, ={(145ade)(99).(368i )} Py, ={(145ade)(9gf).(368i )}
M; = {(0,a), (3,d)} M, ={(0,a),(3e)} My ={(0,b),(2,¢)(7.f)} M, = {(0,b),(2,¢)(7, 1)}
(6,€) (6.d) (9,1) 0.f)
Pyy ={(1bc), (4579 fhi), (289 j)} Py, ={(1b¢c), (4579 f h i), (289 j)} Py, ={(145d e),(368i )} Pu, ={(145d e)(368ij)}
M; ={(0.a),(3.d), (6,e)} M; ={(0,a),(3,e),(6,d)} My ={(0.b),(2.¢)(7. ), (% L)} Mo ={(0,b),(2.0) (7, 1), (9, )}
Pruning using Value-Symmetry Pruning using Variable-Symmetry

Fig. 2. An illustration of a partial MCIS search tree demonstrating the proposed symmetry breaking rule.
Grey nodes represent subproblems that are isomorphic to their left siblings and are pruned using either
value-symmetry or variable-symmetry. The left box shows pruning based on H-symmetry, while the right box
shows pruning based on variable-symmetry.

detects that vi,v, € ¥Yg(v1) belong to equivalent vertex sets and uy,u; € V(H), it explores only
one representative mapping My = {(v1,u1), (v, uz)} and prunes the symmetric counterpart M, =
{(v1,u2), (va,u1)}. Here,v1 = 7,0, =9, u1 = f, and uy = L. Consequently, RRSplit avoids exploring
the branch corresponding to Mo because it represents a symmetric configuration of M.

2.3 Discussion

Although McSplit and RRSplit show significant progress in solving the MCIS problem, both remain
limited by incomplete handling of structural symmetry. McSplit does not recognize equivalent
structural configurations within or across the input graphs at all, often exploring multiple branches
that lead to equivalent subgraphs.

RRSplit improves upon McSplit by introducing vertex-equivalence-based pruning. However, its
symmetry handling is inherently partial: it focuses only on equivalences within the variable graph
G but ignores equivalences within H.

Our proposed dual-symmetry breaking framework directly addresses this gap by jointly elimi-
nating symmetries in both graphs G and H while ensuring to return the exact MCIS, thus enabling
a more efficient and fully symmetry-aware search process.

It is important to note that symmetries arising from equivalences in H are conceptually similar to
those in G; however, eliminating them presents significant challenges. These difficulties stem from
the asymmetric roles that G and H assume within the branch-and-bound framework, as well as
from the need to address potential conflicts when applying variable and value symmetry-breaking
techniques simultaneously.

3 Dual-Symmetry Breaking Framework

Symmetry breaking has been widely studied in combinatorial search problems related to MCIS,
particularly within the constraint programming framework [5, 26]. There, the two input graphs
play distinct roles: the graph G is treated as the variable graph, whose vertices are successively
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selected for mapping, while H serves as the value graph, whose vertices (and the special symbol 1)
represent possible assignments to these variables. In this setting, symmetry breaking aims to
prevent redundant exploration of equivalent search branches that yield isomorphic or structurally
identical solutions.

An effective symmetry-breaking mechanism must address symmetries arising from both graphs
and ensure that they can be handled concurrently. Specifically, three components are essential: (1)
variable symmetry breaking, which eliminates redundant mappings originating from symmetric
vertices in the variable graph G; (2) value symmetry breaking, which removes equivalent mappings
induced by symmetries in the value graph H; and (3) compatibility, which guarantees that at least
one symmetrical branch is preserved by allowing variable and value symmetry breakings to be
applied together. A framework satisfying all three criteria constitutes a complete symmetry-breaking
solution.

Note that compatibility of variable and value symmetry breaking rules is not automatic. E.g. for
two mappings Mj, M, which are related through both value and variable symmetry, one rule may
eliminate M; and assume that M, is preserved, while the other eliminates M, assuming M is kept.

Building on this principle, we introduce a dual-symmetry breaking framework for the MCIS
problem that simultaneously applies symmetry-breaking constraints to both G and H. The proposed
framework integrates two complementary mechanisms:

e Variable Symmetry Breaking: Exploits structural equivalences within the variable graph G to
avoid exploring isomorphic subtrees caused by symmetric vertex orderings.

e Value Symmetry Breaking: Leverages symmetries in the value graph H to prevent redundant
mappings arising from interchangeable vertices or identical adjacency patterns.

Any proposed MCIS solution must satisfy certain criteria to ensure it solves the MCIS problem
correctly. We define the properties that any MCIS algorithm should adhere to as follows:

DEFINITION 3.1 (PROPERTIES OF MCIS ALGORITHMS). An algorithm for the MCIS problem must
satisfy the following properties:
e Correctness: Only mappings between isomorphic induced subgraphs of G and H are considered
valid.

e Completeness: At least one mapping of maximal cardinality is guaranteed to be found.

The rest of this section is structured as follows. First, we discuss our symmetry detection
technique, which we call modular symmetry. We then individually discuss variable and value
symmetry. Following this, we explain how these symmetries can be applied simultaneously to
the MCIS problem without violating completeness. Next, we present the proposed algorithm and
demonstrate how the method extends to directed graphs and graphs with self-loops. Finally, we
analyze the computational complexity of the proposed symmetry breaking technique.

3.1 Modular Symmetry

To identify structural symmetries in the input graphs G and H, we focus on detecting symmetric
vertices by analyzing the similarity of their neighborhoods. The core idea is that vertices with
identical neighborhoods play analogous structural roles in the graph and exhibit similar behavior
under the McSplit labeling function. By grouping such vertices into symmetric classes, we can
uncover meaningful structural patterns and reduce computational redundancy during the search
process.

First, we define two types of neighborhoods that form the basis of our symmetry.

DEFINITION 3.2 (NEIGHBORHOOD). For any vertexv € V(G), the negative and positive neighbor-
hoods of v can be defined as follows:
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e Negative neighborhood: N~ (v) ={u € V | (u,0) € E}
e Positive neighborhood: N*(v) = N~ (v) U {0}

DEFINITION 3.3 (MODULAR SYMMETRY). For a graph G, two vertices u,v € V(G) are said to be
modular symmetric, denoted u = v, if they share the same negative neighborhood or the same positive
neighborhood. Specifically, u and v are said to be negatively symmetric if N~ (u) = N~ (v), and
positively symmetric if N*(u) = N*(v).

Modular symmetry captures both adjacency-based and self-inclusive equivalences. It generalizes
the notion of structural equivalence used in RRSplit [25]. By incorporating both neighborhood types,
our formulation exposes additional symmetric patterns that would otherwise remain undetected.

An important property of modular symmetry is that positive and negative symmetries are
mutually exclusive.

THEOREM 3.1 (MUTUAL EXCLUSIVENESS). A vertexov cannot participate in both negative and positive
symmetry relationships.

ProOF. Suppose v,u,w € V(G), and assume v and u are positively symmetric, i.e., N*(v) =
N*(u), which implies in particular that (v,u) € E(G). Now suppose v and w are negatively
symmetric, i.e., N~ (v) = N~ (w), and by definition of negative symmetry, (v, w) ¢ E(G). Since v
and w have identical negative neighborhoods, and v is adjacent to u, it follows that w must also be
adjacent to u. However, as (v, w) ¢ E(G), it follows that v is not adjacent to w, but u is adjacent to
w. This contradicts N*(v) = N*(u). O

Modular symmetry thus induces equivalence classes over the vertex set V(G). Each class contains
vertices that are pairwise symmetric under one of the two criteria. A positive symmetry class
always forms a clique, meaning every pair of vertices in the class is connected by an edge, while
each negative symmetry class forms an anti-clique, also known as an independent set (i.e., a vertex
set without any edge between them).

ExampLE 3.1. Consider graphs G and H in fig. 1. In graph G, the vertex pairs {4, 5} are structurally
symmetric as they share the same set of neighbors: {0, 2}. Hence, they belong to the same symmetry
class. Similarly, vertices 7 and 9 in graph G, and vertices d and e in graph H, are symmetric based on
their neighborhood structures. Especially, {d, e} pair is symmetric under positive modular symmetry.

We note that modular symmetry can equivalently be viewed through an automorphism per-
spective: two vertices u,v are modular symmetric if the permutation swapping v and v is an
automorphism of G. Under this interpretation, transitivity follows immediately, although construct-
ing equivalence classes directly is less straightforward.

As a side note for readers familiar with modules and modular decompositions, our notion of
symmetry is indeed related. The non-trivial equivalence classes induced by modular symmetry are
precisely the non-trivial strong modules that are cliques or anti-cliques.

3.2 Variable Symmetry Breaking

We now describe symmetry breaking applied to the variable graph G. We call two mappings
symmetrical iff they can be converted into each other by swapping out modular symmetrical
vertices.

RULE 1 (VARIABLE SYMMETRY BREAKING). Consider a search branch b containing (v, uz), (vg, uz)
where v1,0; € G and uy, u; € HU {L} with v, = v, and v, appearing before v, in b. Ifu; < up w.r.t.
some arbitrary but fixed ordering, we prune b.
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Justification. Since v; and v, have identical neighborhoods, swapping their assignments in any
mapping preserves the isomorphism property while creating a more consistently ordered mapping.

We say that edges (v1, uz), (v2, u1) are in G-conflict on a branch mapping v; prior to v, iff v; = v,
and u; < uy. Observe that G-symmetry prunes exactly the branches containing G-conflicts.

THEOREM 3.2. Variable symmetry breaking does not violate the correctness or completeness of the
MCIS solution.

ProOF. Let the conflicting edges be labeled (v1, uz), (vs, u1) where possibly u; = L, for a branch
b with mapping M. By performing a swap of (v, uz), (v2, u1) to (v1,u1), (v2, u2) We can create a
symmetrical mapping M’ with corresponding hypothetical search branch b’. We call b” hypothetical
since it may have been pruned as well, due to a different G-conflict. However, since search trees
branch on all possible mappings of v at the same node, b’ must have been considered before
b, assuming values are consider in the same arbitrary but fixed order used in Rule 1 (more on
this assumption later). Thus repeated swapping of G-conflicting edges will lead to earlier and
earlier hypothetical branches, eventually resulting in an actual branch. This shows completeness,
correctness is trivial. O

We note that our approach to variable symmetry breaking is similar to the vertex-equivalence-
based reduction used by RRSplit. One of the key differences is that RRSplit does not make the
assumption about a fixed processing order of H-vertices used in the proof of Theorem 3.2, and
instead ensures that b” would have been considered earlier by tracking actual processing order.

However, this assumption is not necessary to show that the sequence of hypothetical branches
eventually terminates. Instead, consider the following (quasi-)order between branches:

DEFINITION 3.4 (VALUE-LEXICOGRAPHICAL ORDER). Let <y be an arbitrary but fixed order on
V(H) U {L}. The value-lexicographical order < compares branches based on the <y -based lexico-
graphical order of their sequences of H-vertices or L values.

The swaps performed in the proof of Theorem 3.2 always result in a branch which is strictly
smaller w.r.t. value-lexicographical order, thus ensuring termination. Apart from being of theoretical
interest, this simplifies implementation by removing the need to either impose a fixed processing
order of H-vertices or tracking it.

EXAMPLE 3.2 (VARIABLE SYMMETRY BREAKING). Consider the right side of the tree shown in Figure 2,
the mappings (7, f) with 9 unmatched, and (9, f) with 7 unmatched, leading to isomorphic nodes M
and M. Here, the we identify that vertex 9 is symmetric to an already visited vertex 7, which has
been mapped earlier. As a result, it avoids exploring the second branch using G-symmetry pruning.

3.3 Value Symmetry Breaking

Similarly, vertices in H may have identical structural properties, leading to redundant choices when
selecting mapping targets. We can address this in a way analogous to variable symmetry.

RULE (VALUE SYMMETRY BREAKING — Basic). Consider a search branch b containing (v, uz), (vs, u1)
where v1,v; € G and uy, u; € H with uy = up and vy appearing before v, in b. If uy < uy w.r.t. some
arbitrary but fixed ordering, we prune b.

We shall refer to such mapping pairs as being H-conflicting. Completeness of this rule can now
be shown just as for variable symmetry breaking. However, we can prune branches even earlier,
and at the same time reduce the overhead for pruning checks, by considering all possible extensions
of a search branch, including implicit mappings (L, u) that leave a vertex u € V(H) unmatched.
We observe that when mapping a branching vertex v to a variable vertex u; for which a modular
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symmetrical vertex u; = u; has not been mapped yet, all possible extensions of this branch will
lead to H-conflicts and could thus be pruned. Here we permit v1,0; € G U { L} and consider L to
appear last in any branch, for the purpose of assessing H-conflicts. In such a case it makes sense
to prune immediately rather than wait until the H-conflicts finally manifest, which leads to the
following improved pruning rule.

RULE 2 (VALUE SYMMETRY BREAKING — ENHANCED). When there exists uy, us, . .., u, € V(H) such
thatuy = up = - -+ = u, with an arbitrary but fixed order u; < u; < - -+ < uy, then we always pick u;
for matching and ignore the rest.

By restricting branching to the smallest representative of each symmetry class, the search avoids
exploring multiple equivalent mappings differing only by the permutation of symmetric vertices in
H. This ensures that redundant permutations are pruned preemptively.

THEOREM 3.3. Value symmetry breaking does not violate the correctness or completeness of the
MCIS solution.

Proor. Let uy,u; € V(H) with u; = up, uy < up, and v1,0; € V(G). Suppose the conflicting
edges are labeled (v, uz) and (vy, ;) for a branch b with mapping M. By swapping (v, uz), (v2, u1)
to (v1, u1), (va, uz), we can construct a symmetrical mapping M’ with corresponding hypothetical
search branch b’. We call b’ hypothetical since it may have been pruned due to a different H-
conflict. However, since search trees branch on all possible mappings of u at the same node, b’
must be smaller than b w.r.t. value-lexicographical order. Thus, repeated swapping of H-conflicting
edges leads to progressively earlier hypothetical branches, eventually reaching an actual unpruned
branch. This establishes completeness for the basic rule. For the enhanced version we permit v, = L,
consider all terminal branches within the pruned subtree, and explicitly append (L, u;) to the
branch if u; is left unmapped. This ensures that all such branches exhibit H-conflicts, and could
thus be pruned by the basic rule. O

ExampLE 3.3 (VALUE SYMMETRY BREAKING). Consider graph H in fig. 1, vertices d and e are
symmetric under positive modular symmetry. Figure 2 illustrates how value symmetry pruning operates
on the left side of the search tree. It is important to note that vertices 3 and 6 in G are not symmetric,
yet the corresponding branch is still pruned through value symmetry. This shows that the pruning does
not require symmetry among variable vertices; it applies whenever symmetric vertices exist in the value
graph, without affecting the completeness of the algorithm. In Figure 2, the branch corresponding to the
mapping Ms = {(0, a), (3,d), (6,e)} is fully explored. The mapping Ms = {(0, a), (3, ¢), (6,d)} is then
obtained by swapping the symmetric vertices d and e in H. Since both mappings produce identical
bidomain partitions, that is Py, = Py, the subtrees rooted at Ms and Ms are result in isomorphic
common subgraphs. Consequently, the subtree under Ms can be safely skipped according to the value
symmetry pruning rule.

3.4 Compatibility

The two symmetry breaking rules can be applied simultaneously during search. This is straight-
forward from an implementation perspective, and completeness of the combined pruning system
can be shown using the same value-lexicographical order employed in the individual proofs. This
assumes that both rules use the same ordering <y on V(H) U {L}.

THEOREM 3.4 (DUAL SYMMETRY BREAKING). Variable and value symmetry breaking rules can be
applied simultaneously without violating the completeness of the algorithm.

Proor. The swap operation (v1,up)(vs, 1) < (v1,u1) (01, u2) where either vy, 0, or uy,u, are
modular symmetric induces an equivalence relation between mappings, which extends to an
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equivalence relation between terminal branches. Among the branches within such an equivalence
class E let b € E be the smallest branch w.r.t. value-lexicographical order. Then neither rule can
prune b (else b would not be minimal, as demonstrated during the individual proofs), showing
completeness of the combined rule system. O

3.5 Algorithm Description

Algorithm 1 outlines our proposed approach. The algorithm begins with the main function
SymSplit, which takes two input graphs G and H, initializes the global variable incumbent to
store the best solution found, and invokes the recursive function Search. The core of the algorithm
lies in Search, which explores the search space in depth-first order. At each call, if the current
mapping M is larger than the incumbent, it is recorded as the new best solution (Lines 3). The
current size of incumbent serves as a lower bound. An upper bound is then estimated based on
the sum of minimum sizes over all current bidomains in the partition Py. If this upper bound does
not exceed the lower bound, the branch is pruned (Lines 6). Otherwise, the algorithm selects a
bidomain (V}, U;) with the smallest maximum size (Line 7), and then picks a vertex v € V; based on
a vertex selection rule (Line 8), such as degree or RL-based method. McSplit and RRSplit iterate over
U; in descending order of degree, to increase the likelihood of finding a large incumbent early. We
extend this to order by symmetry class and then <p in case of ties to simplify the value-symmetry
check in Line 12.

For each candidate w € Uj, the algorithm checks for G- and H-symmetry, and skips to the next
vertex upon detection (Lines 10-13). Otherwise, it computes updated bidomains for the new partial
match (v, w) (Line 14) and recurses on the extended match. Once all candidates in U; have been
explored, the algorithm considers leaving v unmatched by removing it from V;. If this empties the
current bidomain, the pair (V;, Uj) is removed entirely (Lines 17-18) if V} is empty, and the search
proceeds with v left unmatched.

3.6 Variants

In practice, the MCIS problem often involves variants such as graphs with self-loops or directed
edges. We discuss below how the proposed symmetry-aware exact search approach extends to
these cases.

Graphs with Self-Loops. Self-loops can complicate symmetry detection. Consider two adjacent
vertices v and u with the same neighbors where only v has a self-loop. If neighborhoods are treated
as sets, v and u appear structurally identical (i.e., N*(v) = N*(u)), yet they are not symmetric
due to the presence of the self-loop on v. Treating neighborhoods as mutisets instead fails for
the case where v, u are not adjacent, have the same neighbors and both have self-loops. Then,
N~ (v) # N~ (u) and N*(v) # N*(u), so symmetry detection fails. To resolve this issue, we model
self-loops by including a universal neighbor O in N~ and N*, which acts as a binary indicator to
distinguish vertices with self-loops from those without. Accordingly, we extend Definition 3.2 as
follows:

DEFINITION 3.5 (NEIGHBORHOOD WITH SELF-LOOPS). Let G = (V, E) possibly contain self-loops.
For any v € V with a self-loop, we define the negative and positive neighborhoods of v as,
e N"(v) ={ueV\{v} | (wo) e E}U{O},
e N*(v) = N~ (v) U {ov}.
Neighborhoods for vertices without self-loops remain unchanged.

Directed Graphs. In directed graphs, neighborhoods become pairs of sets instead of sets, distin-
guishing between incoming and outgoing neighbors. Here, we record a vertex as both incoming and
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Algorithm 1: Symmetry-Aware BnB Algorithm

1 function Search(M, Py)

2 if |[M| > |incumbent| then

3 L incumbent «— M

4 UB — M| + X v, 01 ey, min(Vil, [Un])

5 if UB < |incumbent| then

6 L return

7 (V, Up) < Smallest max(|V;|, |U;|) over (V;,U;) € Py

8 v « Vertex selection using degree

9 for u € Uj in order of degree/symmetry-class/<y do

10 if 3(v',u’) € M withv’ = v andu <y v’ then

11 L continue /* Variable symmetry */
12 if 3u’ € Uy withu' = u andu’ <y u then

13 | continue /x Value symmetry */
14 Pyp < compute new partition bidomains

15 | Search(M U {(v,u)}, Pmr)

16 | Vi< Vi\{o}

17 if |V;| = 0 then

8 | | Py Pu\{(V,U)}
19 Search(M U {(v, 1)}, Pyr)

20 function SymSplit(G, H)

21 Find modular symmetry classes for G and H
22 global incumbent «— @

23 Search(a, {{V(G),V(H))})

24 return incumbent

outgoing neighbor in its positive neighborhood. This allows symmetry detection for non-adjacent
vertices using N, and for neighbors with edges between them in both directions using N*. Vertices
with only a single directed edge between them are not symmetric and not detected as such.

We therefore extend Definition 3.2 with:

DEFINITION 3.6 (NEIGHBORHOODS IN DIRECTED GRAPHS). Let G = (V, E) be a directed graph. For
anyv € V, we define,
e In(v)={ueV]|(uv) €E},
e Out(v) ={uecV|(v,u) €E}.

The negative and positive neighborhoods of v are then given by

e N~ (v) = (In(v), Out(v) ),
e N*(v) = (In(v) U {0}, Out(v) U {0} ).

For directed graphs that may contain self-loops, these definitions can be combined by appending
the symbol O to In(v), Out(v), or both, depending on whether a loop at v is treated as incoming,
outgoing, or simultaneously both. These extensions preserve all structural properties needed in
our subsequent arguments.
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In addition, mutual exclusiveness (Theorem 3.1) remains valid, as does the characterization of
modular symmetry via graph automorphisms.

LEmMA 1. Two vertices u,v € V are modular symmetric if and only if the permutation that swaps u
and v is an automorphism of G.

3.7 Complexity Analysis

In this section, we discuss the data structures and implementation details used to understand the
SymSplit algorithm efficiently.

Symmetry Identification. Fast symmetry identification is crucial to our algorithm’s performance;
otherwise, the overhead of symmetry detection negates the benefits of symmetry breaking. Our
symmetry detection mechanism addresses two key requirements:

e Determine whether a given vertex has symmetric counterparts
o If symmetries exist, identify all vertices in the same symmetry class

We introduce a novel data structure to track vertex symmetries: an integer array of size n (the
number of vertices). Each entry stores a symmetry class identifier, enabling O(1) symmetry class
lookups. Non-symmetric vertices are assigned unique identifiers, making symmetry detection also
an O(1) operation. The space complexity of this data structure is O(n).

Symmetry Computation. Efficient symmetry computation is essential, as any computational
overhead directly impacts the overall performance gains. We emphasize that in our experiments,
symmetry computation time is included in the total MCIS solving time, making efficiency critical.

LEMMA 2. The time complexity of symmetry detection is O(n?), determined by adjacency matrix
traversal and hash operations.

A naive approach would compare neighborhoods for all vertex pairs, requiring O(n®) time: O(n?)
to compute each vertex’s neighborhood, followed by pairwise comparisons. Instead, we employ
a hash-based approach. For each vertex, we compute a hash value of its neighborhood using an
injective hash function designed to avoid collisions on our datasets. Computing neighborhoods
for all vertices requires O(n?) time. We then store these hash values in a hash map with the
hash as the key and the vertex as the value. Grouping vertices by their hash values to construct
the symmetry class data structure requires only O(n) additional time. Since the neighborhood
computation dominates the overall complexity, the total time complexity for symmetry detection is
O(n?). Injective hash functions are theoretical constructs and difficult to achieve in practice when
small hash values are required. However, we observe that the hash function provided by the Boost
library [20] preserves injectivity across all datasets, due to hash values being sufficiently large.

4 Experiments

For our experiments, we use a Linux 13th Gen Intel(R) Core(TM) 19-13900K server with 32 CPUs
and 128GB main memory. We implement the proposed algorithm in C++ similar to rest of the
baselines. We compile all the algorithms using g++ version 11.4.0 with C++17.

In the experiments, we follow the same setup that has been used in all previous works of McSplit
and its extensions. We give each graph pair in the dataset 1800 seconds to solve the MCIS problem.
Then, we consider all the cases that cannot be solved withing 1800 seconds as hard cases. The cases
that can be solved by all the solvers within 10 seconds are considered as easy cases and the all
the cases that can be solved within 10-1800 seconds are considered moderate. Also, note that the
time taken to compute the symmetries is also included for the analysis. The implementation of our
proposed algorithm can be found at https://github.com/mcsolver/symsplit.
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Datasets. We used the following datasets in our experiments, all of which are publicly available!.

e BI - Biochemical dataset [6] contains 136 bipartite graphs with 9 to 386 vertices, representing
biochemical reaction networks from biomodels.net.

e CV - The Images-CVIU11 dataset [3] includes 43 pattern graphs (22 to 151 vertices) and 146 target
graphs (1,072 to 5,972 vertices), yielding 6,278 graph pairs.

e LV - The LV dataset [16] provides 2,352 graph pairs based on 49 pattern graphs and 48 target
graphs, with vertex counts ranging from 10 to 6,671. The LargerLV dataset contains 3,430 pairs
using the same 49 pattern graphs (10 to 128 vertices) combined with 70 target graphs (138 to
6,671 vertices).

e SI - The SI dataset [21, 27] includes 1,170 graph pairs, with target graphs ranging from 200 to
1,296 vertices and pattern graphs comprising 20% to 60% of the corresponding target graph.

Table 1. Percentage of vertices in modular symmetry classes.

Dataset Symmetry Percentage Standard Deviation

BI 44.40% 21.12%
LV 21.13% 30.95%
Ccv 6.64% 11.36%
SI 2.60% 6.32%

Baseline algorithms. In [25], the authors report that the original McSplit algorithm [16] is
outperformed by its reinforcement learning based extensions McSplit+RL [13], McSplit+LL [28],
and McSplit+DAL [14]. Currently, the RRSplit algorithm outperforms both McSplit+DAL and the
degree sequence bound [10] approaches (further details are provided in the ablation study; see
Section 4.3). Therefore we compare our proposed SymSplit algorithm against the state-of-the-art
RRSplit [25] algorithm.

4.1 Performance Comparison

In this section, we evaluate our proposed method using two key metrics: (1) completion time, the
total time in seconds to complete all enumerations; and (2) branch count, the number of recursive
calls made during the search.

Overall Performance Across Datasets. Here we analyse the overall results of RRSplit and
SymSplit over all the datasets. After removing all the easy instances from the evaluation, we see
that the proposed SymSplit algorithm solves 43.98% more instances than the RRSplit algorithm,
which demonstrates the superiority of the proposed symmetry breaking technique over existing
methods. We must point out that for all the datasets, SymSplit solves more cases—there is no
dataset where RRSplit solves more cases. In terms of completion time, SymSplit achieves an average
speedup of 75.7x over RRSplit, with a maximum speedup of 1.12 x 10%, which showcases the
speedup improvement that we can gain from the proposed algorithm.

Completion Time. Figure 4 compares the number of solved cases by RRSplit and SymSplit with
respect to completion time bounds. The plots clearly show that for the BI dataset and LV datasets,
SymSplit has clear improvements, solving more instances than RRSplit for (almost) any fixed time
bound. For S and CV datasets the improvement is marginal. This difference can be clearly explained
when we analyze table 1, where Bl and LV datasets have higher percentages of modular symmetric
vertices than the SI and CV datasets. Figure 3 depicts the scatter plots of completion time of RRSplit

Thttps://perso.liris.cnrs.fr/christine.solnon/SIP.html
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Fig. 3. Comparing completion times across all datasets for instances solved by at least one method.
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Fig. 4. Cumulative distribution of solved instances across all datasets with respect to completion time.

versus SymSplit. All the points below the black dotted line of y = x indicate cases where SymSplit
takes less time, while points above the line are the ones where RRSplit performs better. We see that
in Bl and LV datasets the majority of points are below the line, and in fact nearly all the points in
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BI are below the line, which demonstrates the superior performance of SymSplit. As expected due
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to less symmetry for the CV and SI datasets, points are scattered along the y = x lines.
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Branch Count. Figure 6 compares the number of solved cases using bounds on the number
of recursive calls, rather than completion time. Following the completion time plots, BI and LV
plots show clear improvements in solving more instances within a fixed number of branches,
demonstrating the superior performance of pruning in the proposed SymSplit algorithm over the
RRSplit algorithm. Following up with the previous time analysis, the SI and CV datasets show
marginal improvements due to their lack of symmetries. A similar observation can be made when
analysing fig. 5. The y-axis represents the number of branches taken by SymSplit while the x-axis
represents the branches taken by RRSplit, both in logarithmic scale to improve visibility. In all the
plots we see that nearly all the points are below the y = x line except a few handful of points, which
demonstrates the improvement of SymSplit over RRSplit. We note that all symmetries identified by
RRSplit are also identified by SymSplit. However, RRSplit also employs a vertex-equivalence-based
upper bound, which can result in additional bound-based pruning.

Locating MCIS. Similar to the completion time, which indicates the time to completely solve the
problem, and the branch count, which is the number of recursive calls to complete the search, we
have investigated similar yet important measures:

e Solution time: the time taken to locate the maximum common subgraph
e Solution branch count: the number of recursive calls to locate the maximum common subgraph

Note that even after locating this common subgraph, we have to complete all enumerations to
make sure there are no larger common subgraphs. Locating this maximum common subgraph
early is crucial because it establishes the lower bound to prune the unexplored branches if they
cannot yield a better solution. Having a better lower bound ensures more pruning and leads to fast
completion of the search. Upon further investigation, we note that the solution time and solution
branch count both follow a similar performance improvement over all the datasets, demonstrating
the superior performance of SymSplit over RRSplit.

Discussion. RRSplit has some performance improvement over a few instances compared to our
SymSplit. There are several factors contributing to that deviation. First, the proposed SymSplit has
to compute symmetries for both graphs G and H, which takes more time as we consider the time
taken to compute the symmetries in the above evaluation. Second, during the search, we check for
symmetry breaking opportunities in each iteration; however, if there are fewer opportunities, the
time consumed for that check diminishes our performance. Third, their proposed method consists
of a novel upper bound that contributes to pruning more branches, which provides them a slight
advantage over us. We further analyse these impacts in our ablation study by applying the proposed
symmetry breaking on top of RRSplit to showcase the improvement gains of each component.

4.2 Further Analysis

Beyond the traditional evaluation metrics such as completion time and branch count used in
previous works, in this section we further analyze the performance of the SymSplit algorithm
across several additional factors: (1) SymSplit performance on hard instances, (2) computational
speedup gains on solved instances, and (3) effectiveness of symmetry pruning compared to upper
bound-based pruning.

Hard Instances. Instances that are not solved by RRSplit or SymSplit within the time limit are
considered hard cases. Even when exact solutions are not found, identifying a larger common
subgraph within the available time can still provide useful approximations and insights for real-
world applications [15]. In these hard instances, there are cases where both RRSplit and SymSplit find
equal-sized common subgraphs, and cases where one algorithm finds a larger common subgraph
than the other.
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Table 2. Larger common subgraph rates for RRSplit and SymSplit with hard case statistics.

Larger Common

Non-Equal h A

Dataset N%aI;I;Srd - ?(7) Subgraph Rate (%)

| 7| SymSplit  RRSplit

BI 950 58.53 100.0 0.0

Cv 4949 1.39 84.06 15.94

LV 4193 12.85 84.79 15.21

SI 731 3.56 92.31 7.69

All 10823 11.0 92.02 7.98
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Fig. 7. Frequency distribution of § values.

Table 2 first shows the number of hard cases in each dataset: BI has 950 graph pairs as hard
instances, CV has 4,949, LV has 4,193, and SI has 731. Among these instances, many return equal-
sized common subgraphs for both RRSplit and SymSplit. The non-equal percentages are shown
in the next column: 58.53% of hard cases in BI return different-sized larger common subgraphs
between RRSplit and SymSplit, as do 1.39% of hard instances in CV, 12.85% in LV, and 3.56% in SI.

Table 2 then compares these non-equal hard instances using the measure called Larger Common
Subgraph Rate, which reflects the percentage of cases where RRSplit or SymSplit finds a larger
common subgraph than the other, excluding equal cases. We see that in more than 84% of these
cases, the SymSplit algorithm finds a better common subgraph than RRSplit across all datasets.
In particular, in the BI dataset, SymSplit always finds a better common subgraph while RRSplit
does not outperform in a single case. For the CV dataset, the larger common subgraph rate of
SymSplit is 84.06%; for LV it is 84.79%; and for SI it is 92.31%. This showcases the applicability of
SymSplit over RRSplit for more difficult problem instances of MCIS and for finding reasonably
good approximations.

We further analyze the gaps in these unequal hard instances by computing § = Ssymsplit — Srrsplits
where Ssymsplit is the common subgraph size returned by SymSplit and Srrspiit is the common
subgraph size returned by RRSplit for a given instance. A positive § indicates that SymSplit returns
a better subgraph, while a negative § indicates otherwise. Our initial expectation was that this delta
value should be close to 1. Even finding a subgraph with just one additional vertex contributes
significantly to pruning more branches, as it acts as the lower bound. Finding subgraphs with more
than one additional matching is extremely difficult in NP-hard combinatorial problems. However,
to our surprise, when we compute the mean of these delta values across all datasets, we obtain
a mean of 2.17 with a standard deviation of 2.75. This shows that the larger subgraphs found by
SymSplit do not contain just one additional vertex pair, but can more values than 2.
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The Figure 7 shows the § frequencies across the all the hard instances in all datasets. As expected
majority of the cases have the difference of 1. There are very few cases in the negative side which
shows the cases where RRSplit has a larger subgraph than SymSplit. However, the majority is
in the positive side showing the effectiveness of SymSplit in finding larger common subgraphs.
Unexpectedly, in the positive side also we have large distribution of values with values ranging
from 1-14 and some outliers with 17 and 27 with only one instance. Overall, this showcases that
SymSplit is able to find larger common subgraphs in many hard instances even with the gap of
more than 1.

Table 3. Comparing average and maximum speedup achieved by SymSplit over RRSplit algorithm.

Dataset | Average Speedup | Maximum Speedup

BI x51.1 x8.06e3
LV X253 X1.12e4
Cv x1.12 x1.72
SI x1.09 x1.37
All X75.7 x1.12e4

Computational Speedup. Table 3 presents the average and maximum speedups achieved by
SymSplit over RRSplit across all datasets. As expected, the CV and SI datasets yielded the lowest
speedups due to limited symmetry availability. Nevertheless, the proposed method achieved modest
improvements, with average speedups of 1.09x (SI) and 1.12x (CV), and maximum speedups reach-
ing 1.37x and 1.72X, respectively. While SymSplit demonstrated the largest and most consistent
performance improvements on the BI dataset in terms of completion time, branching, and solved
instances (as shown in figures 3-6), the LV dataset achieved the highest speedup gains: an average
speedup of 253X and a maximum speedup of 11, 200X. In comparison, the BI dataset yielded an
average speedup of 51.5 and a maximum of 8, 060.

This counterintuitive result can be explained by the symmetry distribution characteristics.
Although the LV dataset has lower average symmetry than BI, it exhibits substantially higher
standard deviation in symmetry. Consequently, LV contains a wider range of graph structures,
including instances with exceptionally high symmetries alongside others with minimal or no
symmetry. The presence of these highly symmetric instances enables the dramatic speedup gains
observed with SymSplit on the LV dataset.

Dataset | Mean | Stdev | High sym pruning cases (%)
BI 26.0 19.31 0.29

LV 149.57 | 1068.74 8.99

SI 0.04 0.33 0

Cv 0.17 0.09 0

All | 49.15 | 544.65 2.43

Table 4. Effectiveness in pruning dataset wise

Effectiveness of Pruning Strategies. Our proposed method integrates two pruning strategies: a
bounding rule inherited from McSplit and a novel symmetry-breaking framework. To assess their
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respective contributions, we analyzed the number of branches pruned by each approach across
all instances. As shown in Table 4, on average, for every 100 branches pruned by the bounding
rule, the symmetry-breaking rule prunes an additional 49.15 branches, with a standard deviation of
o = 544.65. This suggests that symmetry breaking eliminates approximately one branch for every
two pruned by bounding, highlighting its significant impact. Notably, in the LV dataset, symmetry
breaking achieves even greater effectiveness, removing 149.67 branches on average for every 100
pruned by bound-based pruning.

The high standard deviation (o = 544.65) indicates substantial variability in the relative effec-
tiveness of the two strategies. In certain cases, symmetry pruning eliminates far more branches
than bounding-rule pruning. To quantify this, we compare the percentage of instances where
symmetry pruning surpasses bound-based pruning, referred to as high symmetry pruning cases.
We observe that in 8.99% of cases in the LV dataset, symmetry pruning is more effective than
bound-based pruning. In the BI dataset, this figure is only 0.29%. Overall, symmetry breaking
outperforms bounding in 2.43% of all instances. Notably, the LV dataset sees more branches pruned
via symmetry-breaking than via bound-based pruning. The previously discussed high standard
deviation in the LV dataset’s symmetry distribution further explains this observation.
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Fig. 8. Comparison of SymSplit against its indi- Fig. 9. Performance comparison of RRSplit,
vidual components, using only variable symmetry RRSplit+Sym, and SymSplit by number of solved
breaking or only value symmetry breaking. instances over completion time. The SymSplit and
RRSplit+Sym curves overlap due to nearly identical
performance.

4.3 Ablation Study

In this section, we analyze the effectiveness of each component in detail to demonstrate their
individual contributions to the overall algorithm performance.

Variable and Value Symmetry Breaking. Figure 8 shows the effectiveness of the final algorithm
with each symmetry breaking component that we proposed. The y-axis of the plot shows the
number of cases solved and the x-axis shows the completion time in seconds. Here we analyze
three algorithms:

e SymSplit: the proposed algorithm with both variable and value symmetry breaking rules

e SymSplit(-VarSym): the proposed algorithm SymSplit without the variable symmetry breaking
rule

o SymSplit(-ValSym): the proposed SymSplit algorithm without the value symmetry breaking rule

e McSplit: the McSplit algorithm which does not include variable or value symmetries.

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 128. Publication date: June 2026.



Accelerating Maximum Common Subgraph Computation by Exploiting Symmetries 128:21

As expected, the SymSplit algorithm performs better than the other variants. By analyzing fig. 8,
we can see that the drop in the number of cases solved by both SymSplit(-VarSym) and SymSplit(-
ValSym) demonstrates the effectiveness of variable and value symmetry breaking individually.

We also observe that SymSplit(-ValSym) solves fewer cases than SymSplit(-VarSym), which
indicates that value symmetry breaking has more impact than variable symmetry breaking. However,
this difference does not diminish the importance of variable symmetry breaking, as removing it
also significantly reduces the number of cases solved. These results demonstrate the effectiveness
of incorporating both variable and value symmetry breaking rules in the algorithm. Even when
comparing with the McSplit algorithm without both variable and value symmetry breaking we see
how much impact that we can gain from both value and variable symmetry breaking together.

Comparison with RRSplit. The proposed symmetry breaking can also be used as a plug-in
for existing algorithms without violating completeness or correctness. Figure 9 compares three
algorithms:

o RRSplit: the algorithm proposed by [25]

e RRSplit+Sym: the proposed symmetry breaking as a plug-in for the RRSplit algorithm

e SymSplit: the proposed symmetry breaking algorithm

We compare the number of solved cases on the y-axis and time in seconds on the x-axis. The results
clearly show the performance gain obtained by applying the proposed symmetry breaking on top of
the RRSplit algorithm, demonstrating the superiority of the proposed approach. Figure 9 shows that
RRSplit+Sym and SymSplit perform nearly identically. The only difference between RRSplit+Sym
and SymSplit is the vertex equivalence-based bound. When both variable and value symmetry
breaking are active, RRSplit’s specialized upper bound provides minimal additional benefit. This
suggests complete symmetry breaking may reduce the need for complex bounding heuristics. We
therefore implement SymSplit without RRSplit’s upper bound to reduce implementation complexity.
Users requiring maximum performance on specific graph classes may benefit from combining all
techniques.
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Fig. 10. Performance comparison of SymSplit and RRSplit with the McSplit and its RL-based extensions
(McSplit, McSplit+RL, McSplit+LL, and McSplit+DAL).

Comparison with RL and DSB Extensions. In Figure 10, we compare the performance of Sym-
Split and RRSplit against McSplit, its RL extensions (McSplit+RL, McSplit+LL, and McSplit+DAL),
and their respective DSB extensions. We observe that, compared to McSplit, the RL extensions offer
some performance improvement. However, this improvement is extremely small relative to the
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performance gains achieved by the symmetry breaking techniques in RRSplit and SymSplit. This
highlights the scale of the performance advantage provided by symmetry breaking techniques.

5 Related Work

The MCIS problem has inspired a range of different algorithms. Existing work can broadly be clas-
sified into algorithmic and reinforcement learning-based improvements to the McSplit framework.
Table 5 summarizes representative algorithms from the literature and their key capabilities: variable
symmetry exploitation, value symmetry exploitation, custom bound computation, learning-based
vertex selection, and exactness guarantees. To the best of our knowledge, our approach is the first
MCIS-specific exact method to simultaneously exploit symmetries in both input graphs. While
dual-side symmetry breaking has been studied in the constraint programming literature for related
problems, our contribution lies in applying this principle within an exact maximum common
induced subgraph solver.

Table 5. Summary of MCIS algorithms.

Method Var. Val. Custom Learn. Exact
Symmetry Symmetry Bound Based
Exhaustive [1] X X X X v
McSplit [16] X X X X v
RL [13, 14, 28] X X X v Vv
DSB [10] X X v N v
Trummer [22] v v X X X
RRSplit [25] v X v X v
SymSplit v v X X v

Algorithmic Improvements. The foundational work by Akutsu and Tamura [1] provides a
theoretical analysis of the maximum common subgraph problem and several of its variants. The
authors establish NP-hardness results for multiple problem formulations, including the maxi-
mum common connected edge subgraph and maximum common connected induced subgraph
problems, even under certain bounded-degree conditions. While this work establishes important
complexity-theoretic foundations, the proposed algorithm employs a naive enumeration approach:
it exhaustively enumerates all subgraphs in both G and H, then tests each pair for isomorphism. This
enumeration-based strategy is fundamentally inefficient compared to modern branch-and-bound
methods that employ advanced pruning.

The McSplit algorithm [16] introduced an efficient branch-and-bound framework that partitions
unmatched vertices of the two graphs into bidomains based on structural compatibility. Its upper
bound, defined in Equation 1, enables aggressive pruning while preserving completeness. Building
on this foundation, Yu et al. [25] proposed the RRSplit algorithm, which refines McSplit by introduc-
ing vertex-equivalence-based reductions and a tighter upper bound that accounts for structurally
equivalent vertices. These improvements eliminate redundant exploration of isomorphic subtrees
and strengthen pruning. However, RRSplit’s equivalence reasoning is confined to local vertex
redundancy within the variable graph and does not account for symmetries in the value graph H.

Following a similar line of research, Trummer et al. [22] investigated the application of symmetry
breaking in the McSplit framework by exploiting graph automorphisms. While their method
effectively reduced redundant exploration in practice, it introduced approximations that could
compromise the exactness of the final solution. As such, designing sound and complete symmetry-
breaking techniques for the MCIS problem remains an open challenge.
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Reinforcement Learning-Based Improvements. Recent learning-based extensions of McSplit
have focused on improving the branching strategy to enhance search efficiency. Liu et al. [13]
proposed McSplit+RL, which replaces McSplit’s hand-crafted branching rule with a reinforcement
learning (RL) policy that prioritizes vertex pairs based on their expected contribution to reducing
the upper bound defined in Equation 1. Two value functions, S, (v) for vertices in V(G) and S;(u)
for vertices in V(H), are learned to guide the selection of vertex pairs that are likely to yield the
largest bound reduction.

Building on this idea, Zhou et al. [28] observed that the accumulated reward history in McSplit+RL
could introduce bias during learning. They proposed McSplit+LL, which separates short-term
rewards for selecting a vertex v € V(G) from long-term rewards for mapping v to a vertex u € V(H).
This distinction improves learning stability and matching quality. They further introduced a
mechanism for jointly mapping multiple leaf vertices that exhibit equivalent structural patterns,
thereby reducing search redundancy without compromising optimality. Liu et al. [14] extended
this framework by integrating structural information from the bidomain partitioning P]’\‘,I into the
reward function. Unlike earlier methods that focused exclusively on minimizing the upper bound,
their Domain Action Learning (DAL) approach promotes selections that reduce the number of
bidomains |P1’\‘,I|, encouraging broader and more diverse exploration of the search space. To combine
the advantages of both strategies, they proposed a hybrid model that balances bound-focused and
structure-aware learning.

More recently, the Degree Sequence Bound (DSB) framework [10] introduced a stronger upper
bound for McSplit and its RL-based extensions by exploiting degree sequence information. Although
this bound is computationally more demanding, it provides a tighter estimate of the remaining
search potential. To offset the additional cost, the authors employed an RL model that selectively
applies the bound only in promising regions of the search space, achieving a balance between
theoretical precision and computational efficiency.

Fig. 11. Example graphs G and H differentiating partial graph alignment (PGA) from the MCIS problem.

Other Graph-Matching Problems: Instead of MCIS, other similarity metrics are used to compare
two graphs, though the resulting problems can be fundamentally different. One such problem is
the subgraph isomorphism (SI) problem, which attempts to find a pattern graph G inside a target
graph H. SI has two variants: one seeks an induced subgraph of H isomorphic to G, while the other
seeks a subgraph of H (not necessarily induced) isomorphic to G [7]. On the other hand, the graph
alignment problem seeks a vertex-to-vertex correspondence between the vertices of G and H that
maximizes edge overlap. When the sizes of G and H are equal, the problem is called the graph
alignment problem; otherwise, it is called the partial graph alignment (PGA) problem [19].

The MCIS problem differs from these in two major ways. First, the SI problem and the graph
alignment problem both have a predefined pattern graph to be matched against the target graph,
whereas the MCIS problem does not have such predetermined graphs; instead, both subgraphs in
MCIS are determined during the search. Additionally, while the graph alignment problem aims

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 128. Publication date: June 2026.



128:24 Buddhi Kothalawala, Henning Koehler, and Muhammad Farhan

to maximize alignment, the MCIS problem must satisfy isomorphism at each step of the search,
with the goal of maximizing the size of the isomorphic subgraphs. The following example show
the difference between the partial graph alignment and the MCIS problem.

ExaMmpLE 5.1. Consider graphs G and H in Figure 11, where G is a subgraph of H with differences
highlighted in red. Any optimal solution to PGA would leave vertex 7 in H unmatched. However, a
MCIS between G and H' = H \ {7} contains only 4 vertices, while a MCIS between G and H is of size 5.

6 Conclusion

This paper addresses the challenge of efficiently reducing redundant exploration in branch-and-
bound algorithms by exploiting structural symmetries in the Maximum Common Induced Subgraph
(MCIS) problem. While symmetry breaking has been widely used in combinatorial search, it has
received limited attention for the MCIS problem. We propose a polynomial-time symmetry-breaking
framework that identifies and prunes symmetric subtrees during the search process. Unlike previous
methods, our approach simultaneously accounts for both variable and value symmetries, ensuring
a more comprehensive elimination of redundant branches. Experimental results demonstrate that
our approach consistently reduces computation time and the number of recursive calls, achieving
substantial improvements on standard benchmarks.

7 Limitation and Future Work

The proposed symmetry-breaking rules effectively prune redundant search branches by identifying
those that have lexicographically smaller symmetrical counterparts. However, they do not eliminate
all such cases and may still produce multiple mappings belonging to the same symmetry class.

ExampLE 7.1. Consider the following two search branches:

b = (v, u1) (01, up) (03, uz),

b = (Uo, uo)(Ul, uz)(Uz, ul),

where vy = vy, Ug = U, and ug < uy < uy. The two branches are symmetrical yet remain conflict-free
under the current pruning rules.

Detecting such cases can be achieved with a single pass over the sequence of (v;, u;) pairs
in branch order, and is only needed when both newly matched vertices belong to non-trivial
equivalence classes. In practice, these scenarios occur infrequently, so extending the pruning rules
to capture them is unlikely to yield substantial performance gains.

For future work, we plan to more tightly integrate symmetry reasoning into the search process,
potentially combining symmetry detection with reinforcement learning. Such integration could
enable adaptive pruning strategies that further reduce redundant exploration while preserving
exact solutions. Additionally, applying similar symmetry-breaking rules to other combinatorial
search problems is a promising direction.
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