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Graph pattern counting serves as a cornerstone of network analysis with extensive real-world applications.

Its integration with local differential privacy (LDP) has gained growing attention for protecting sensitive

graph information in decentralized settings. However, existing LDP frameworks are largely ad hoc, offering

solutions only for specific patterns such as triangles and stars. A general mechanism for counting arbitrary

graph patterns, even for the subclass of acyclic patterns, has remained an open problem. To fill this gap, we

present the first general solution for counting arbitrary acyclic patterns under LDP. We identify and tackle

two fundamental challenges: generalizing pattern construction from distributed data and eliminating node

duplication during the construction. To address the first challenge, we propose an LDP-tailored recursive

subpattern counting framework that incrementally builds patterns across multiple communication rounds.

For the second challenge, we apply a random marking technique that restricts each node to a unique position

in the pattern during computation. Our mechanism achieves strong utility guarantees: for any acyclic graph

pattern with 𝑘 edges, we achieve an additive error of 𝑂̃ (
√
𝑁𝑑 (𝐺)𝑘 ), where 𝑁 is the number of nodes and

𝑑 (𝐺) is the maximum degree of the input graph 𝐺 . Experiments on real-world graph datasets across multiple

types of acyclic patterns demonstrate that our mechanisms achieve up to 46-2600× improvement in utility

and 300-650× reduction in communication cost compared to the baseline methods.
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1 Introduction
Graph pattern counting is fundamental for extracting meaningful insights from graph data, with

applications in community detection [46], fraud detection [2], and network characterization [42].

However, directly releasing such analytical results can pose significant privacy risks, as adversaries

may infer sensitive information about nodes or edges in the graph [43, 50, 55]. To address this

privacy concern, differential privacy (DP) [18] has emerged as a gold-standard framework for

privacy-preserving graph data analysis. By injecting carefully calibrated noise into the computation,

DP prevents the reliable inference of any single node or edge’s presence, thereby providing node-

or edge-level privacy guarantees.
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Our Results SOTA

Task Query Result Error Comm. Time Error Comm. Time

𝑘-line walk counting ≤ 𝑁𝑑 (𝐺)𝑘 𝑂̃ (
√
𝑁𝑑 (𝐺)𝑘−1) 𝑂 (𝑀 + 𝑁 ) 𝑂 (𝑁𝑑 (𝐺)) - 𝑂 (𝑁 2) 𝑂 (𝑁𝑑 (𝐺))

𝑘-line path counting ≤ 𝑁𝑑 (𝐺)𝑘 𝑂̃ (
√
𝑁𝑑 (𝐺)𝑘 ) 𝑂 (𝑀 + 𝑁 ) 𝑂 (𝑁𝑑 (𝐺)) 𝑂 (𝑁𝑘 ) 𝑂 (𝑁 2) 𝑂 (𝑁𝑘+1)

𝑘-edge acyclic pattern counting ≤ 𝑁𝑑 (𝐺)𝑘 𝑂̃ (
√
𝑁𝑑 (𝐺)𝑘 ) 𝑂 (𝑀 + 𝑁 ) 𝑂 (𝑁𝑑 (𝐺)) 𝑂 (𝑁𝑘 ) 𝑂 (𝑁 2) 𝑂 (𝑁𝑘+1)

Table 1. Summary of results for three pattern counting queries under edge-LDP.12Here, 𝑁 is the number of
nodes,𝑀 is the number of edges, 𝑑 (𝐺) is the maximum degree of graph 𝐺 , and 𝑘 is the number of edges in
the pattern. SOTA denotes the state-of-the-art method: [4] for 𝑘-line walk counting, and [48] for both 𝑘-line
path counting and 𝑘-edge acyclic pattern counting. The error bound in [4] depends on ad hoc parameters
and is therefore not included.

Most existing studies on DP in graphs adopt the central differential privacy (central-DP) model [15,

36, 45, 54], where a trusted curator accesses the entire dataset and applies the DPmechanism globally.

While effective in utility (i.e., low error), this model assumes full trust in the curator, making it

vulnerable to data breaches and privacy attacks. To mitigate this risk, the local differential privacy
(LDP) [10, 37] model has gained traction, wherein each data holder privatizes their data locally

before sharing it with any external party, including the analyzer and other data holders. In the

graph setting, each node functions as a data holder, with access only to its incident edges. Following

prior work on LDP-based graph pattern counting [19, 27, 30, 31, 47, 52, 53], we adopt the same

edge-level privacy setting, referred to as edge-LDP. Consequently, any released information is well

protected, offering robust privacy guarantees even under adversarial conditions.

However, realizing graph pattern counting under LDP is fundamentally challenging due to the

decentralized nature of data collection. More specifically, constructing a graph pattern typically

requires aggregating information distributed across multiple nodes, which is inherently complex

under the LDP privacy requirement. As a result, existing works have primarily focused on simple,

localized structures such as stars [30] and triangles [19, 27, 30, 31, 52, 53], where the required

information can be gathered with minimal coordination between nodes. Despite this progress, no

universal solution exists, even for the subclass of acyclic pattern counting queries, which serve as

fundamental primitives in network analysis [33, 39, 41, 42] and relational database queries [24, 51]

in the non-private setting. Furthermore, realizing acyclic pattern counting under LDP is natural and

practically important when the graph is inherently distributed across multiple parties (e.g., across

social platforms). In this work, we identify the following two unresolved challenges in enabling

acyclic graph pattern counting under LDP.

Challenge 1. Generalizing acyclic pattern construction. Existing LDP pattern counting

solutions typically exploit structure-specific properties to guide computation, making them hard to

extend to more complex or varied patterns. For example, in star counting, each node independently

counts the number of stars centered at itself and sends a perturbed count to the analyzer for

aggregation. In triangle counting, a common approach is for each node to locally enumerate pairs

of its neighbors and complete the triangle using the noisy information of the last edge. In contrast,

general acyclic pattern counting should support arbitrary sizes and structures without relying on

any pattern-specific assumptions.

1
We use Ω ( ·) to denote asymptotic lower bounds,𝑂 ( ·) for asymptotic upper bounds, and 𝑂̃ ( ·) to suppress logarithmic

factors. The number of pattern edges 𝑘 , privacy budget 𝜀 , and error probability 𝛽 are treated as constants and omitted from

the asymptotic notation.

2
All results in the introduction hold with constant probability.
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Challenge 2. Eliminating node duplication. Acyclic patterns require that all nodes within a

pattern instance be distinct, since repeated nodes would form cycles. While this constraint also

applies to stars and triangles, duplication is easy to prevent there because all involved nodes lie

within a local neighborhood, which allows a single node to ensure that no repeated nodes appear

in the pattern. In contrast, general acyclic patterns may span distant nodes, making it difficult for

any single node to detect and eliminate duplication.

A straightforward approach to addressing both challenges is to process data centrally on the

analyzer using the standard LDP technique of Warner’s Randomized Response (RR) [49], as recently
adopted by [48]. Specifically, each node privatizes its incident edge list using RR and sends it to the

analyzer, which then reconstructs a global noisy graph and performs analytics on it. However, this

method yields poor utility with an error bound of𝑂 (𝑁𝑘 ), where 𝑁 is the number of nodes and 𝑘 is

the number of edges in the target pattern. In contrast, the true pattern count is at most 𝑁𝑑 (𝐺)𝑘 ,
where 𝑑 (𝐺) is the maximum degree. For many real-world networks with relatively uniform degree

distributions, the count typically scales as 𝑂 (𝑁𝑑 (𝐺)𝑘 ). This gap highlights the inefficiency of the

RR-based method. In the central-DP literature, algorithms often achieve error bounds of the form

𝑂̃ (poly(𝑑 (𝐺))) [34]. Since LDP typically incurs an additional 𝑂 (
√
𝑁 ) overhead [6] compared to

central-DP, this raises the central question of our work:

Is there a general solution for counting arbitrary acyclic graph patterns under edge-LDP with an
error of 𝑂̃ (

√
𝑁 poly(𝑑 (𝐺)))?

This paper answers the question affirmatively. To address Challenge 1, we recursively reduce

acyclic pattern counting to subpattern counting, where each subpattern is also acyclic, and solve

it step by step. Consider path counting as an example, where the goal is to count the number of

paths with 𝑘 edges, namely 𝑘-line paths. In each round, a node collects from its neighbors the

counts of paths of a certain length ending at those neighbors, starting from the base case of 0-line

paths, each initialized with a count of 1. The node then aggregates these counts to compute the

number of paths that are one edge longer and end at itself. After 𝑘 rounds, each node holds the

count of 𝑘-line paths ending at itself, and the global count is obtained by summing over all nodes.

To address Challenge 2, we develop a random marking technique inspired by color-coding [3],

which was originally proposed to reduce the runtime of non-private path and cycle detection. With

random marking, each node is restricted to appear only at a designated position in the pattern

during computation. This technique can be seamlessly combined with our first solution by allowing

each node to participate in only one specific round. By integrating both strategies, we develop the

first general solution for acyclic pattern counting under edge-LDP. Our main contributions are as

follows:

(1) As our first result, we address 𝑘-line walk counting under edge-LDP, which serves as the

foundation of our mechanisms for acyclic patterns. Our mechanism runs in 𝑘 − 1 rounds
and produces an unbiased estimate of the true number of 𝑘-line walks, with an error of

𝑂̃ (
√
𝑁𝑑 (𝐺)𝑘−1). Summing over all rounds, the mechanism incurs an overall communication

cost of 𝑂 (𝑀 + 𝑁 ), a computation cost of 𝑂 (𝑁 ) on the analyzer, and 𝑂 (𝑑 (𝐺)) on each node.

(2) We next address𝑘-line path counting by applying randommarking to our𝑘-line walk counting

solution. The resulting𝑘-roundmechanism also produces an unbiased estimate, with a slightly

increased error of 𝑂̃ (
√
𝑁𝑑 (𝐺)𝑘 ). Moreover, it maintains the same overall communication

cost of𝑂 (𝑀 +𝑁 ) and computation costs of𝑂 (𝑁 ) on the analyzer and𝑂 (𝑑 (𝐺)) on each node.

(3) We further generalize our 𝑘-line path counting solution to handle arbitrary acyclic patterns

with 𝑘 edges. The resulting mechanism runs in at most 𝑘 rounds and produces an unbiased

estimate, with asymptotically the same error of 𝑂̃ (
√
𝑁𝑑 (𝐺)𝑘 ). The communication and
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computation costs remain unchanged, with a total communication cost of 𝑂 (𝑀 + 𝑁 ), a
computation cost of 𝑂 (𝑁 ) on the analyzer, and 𝑂 (𝑑 (𝐺)) on each node.

Experimental results show that our mechanism achieves a relative error below 8% on 𝑘-line

walk counting queries. For acyclic pattern counting tasks, including 𝑘-line path counting and

𝑘-edge acyclic pattern counting, our mechanisms yield up to 46–2600× improvement in utility and

300–650× reduction in communication cost over the RR-based approach.

2 Related Work
In the literature of graph pattern counting, acyclic patterns play a central role due to their wide

applicability and favorable computational properties. They are commonly used in motif analy-

sis [33, 42], where counting subtrees helps characterize branching or hierarchical structures in

networks. Moreover, counts of short paths serve as important features in diffusion modeling and

link prediction [39, 41]. From a complexity standpoint, there is a natural gap between cyclic and

acyclic pattern counting queries in the relational database setting [1, 44]. As a result, many works

focus specifically on acyclic queries, where specialized algorithms offer stronger theoretical runtime

guarantees [24, 51]. Our work follows this line of reasoning by focusing exclusively on acyclic

patterns.

Moving towards the privacy-preserving setting, graph pattern counting has been extensively

explored under various DP models, with the central-DP model receiving the most attention. Under

edge-DP, Nissim et al. [45] and Karwa et al. [36] leveraged sensitivity-based mechanisms; the
former focuses on triangle counting, while the latter extends the approach to 𝑘-star and 𝑘-triangle

counting. Zhang et al. [54] proposed the ladder function, which supports triangle counting, 𝑘-

star counting, 𝑘-triangle counting, and 𝑘-clique counting. Johnson et al. [34] introduced elastic
sensitivity, enabling, for the first time, the counting of arbitrary graph patterns under edge-DP.

Dong and Yi [16] later proposed residual sensitivity, which also handles arbitrary graph pattern

counting and achieves provably near-optimal error [17]. Additionally, Fichtenberger et al. [21]

and Dong et al. [12] addressed edge-DP graph pattern counting in dynamic graph settings. In the

context of node-DP, Kasiviswanathan et al. [38] and Blocki et al. [5] addressed arbitrary pattern

counting but under assumptions on node degrees. Chen and Zhou [9] introduced the recursive
mechanism, which significantly improves utility but suffers from high computational cost. More

recently, Dong et al. [13, 14] achieved advances in both utility and efficiency for general pattern

counting queries. Fang et al. [20] proposed a user-DP framework for monotonic functions that

subsumes the node-DP pattern counting problem. Hu et al. [28] extended arbitrary edge-DP pattern

counting mechanisms to node-DP with a multiplicative 𝑂̃ (𝑑 (𝐺)) error overhead.
In contrast to work under the central-DP model, which studies both edge-DP and node-DP,

research under the LDP model has primarily focused on edge-LDP. Sun et al. [47] studied multi-

round counting of triangles, 3-line paths, and 𝑘-cliques under an extended local view of nodes. Ye

et al. [52, 53] addressed triangle counting performed in a single round. Imola et al. [30] proposed an

order-optimal method for 𝑘-star counting and a higher-utility solution for triangle counting with

single- and two-round variants. Building on this, Imola et al. [31] further reduced the communication

cost for triangle counting in the two-round setting. Eden et al. [19] established lower bounds for

triangle counting in both single- and multi-round settings. Recently, He et al. [26] presented the first

multi-round LDP solution for butterfly counting on bipartite graphs, and He et al. [27] improved

the utility and efficiency of triangle counting using a multi-round scheme.

Beyond the above works, Betzer et al. [4] proposed the first multi-round solution for walk

counting, a fundamental problem also addressed in our work as a step toward general acyclic

pattern counting. While their approach shares our strategy of walk-based decomposition, it relies
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on a clipping threshold, which results in a biased estimator. They also briefly mention an idea

similar to our non-clipping approach, but without providing any theoretical utility guarantees.

Suppakitpaisarn et al. [48] proposed a one-round RR-based solution for general pattern counting

queries, but both the error and runtime scale exponentially with respect to 𝑁 , making the approach

impractical for large real-world graphs.

Another DP model in the decentralized setting is the shuffle model, where only a few works

have investigated graph pattern counting. Imola et al. [32] proposed the first one-round edge-DP

solutions under the shuffle model for triangle and 4-cycle counting.

3 Preliminaries
3.1 Notations
We denote an unweighted, undirected graph as𝐺 = (𝑉 , 𝐸), where 𝑉 = {𝑣1, 𝑣2, . . . , 𝑣𝑁 } is the set of
nodes, and 𝐸 ⊆ 𝑉 ×𝑉 is the set of edges. Self-loops, i.e., edges of the form (𝑢,𝑢), are not allowed. Let
𝑁 = |𝑉 | and𝑀 = |𝐸 | denote the number of nodes and edges in 𝐺 , respectively. For a node 𝑣𝑖 ∈ 𝑉 ,
let E(𝑖) be the set of incident edges of node 𝑣𝑖 , and let N(𝑖) denote the indices of its neighbors,
where N(𝑖) = { 𝑗 | (𝑣𝑖 , 𝑣 𝑗 ) ∈ E(𝑖)}. The degree of 𝑣𝑖 is defined as 𝑑 (𝑣𝑖 ) = |N (𝑖) |, and 𝑑 (𝐺) denotes
the maximum degree in 𝐺 . If two graphs 𝐺 = (𝑉 , 𝐸) and 𝐺 ′ = (𝑉 ′, 𝐸′) differ by exactly one edge

𝑒 = (𝑣𝑖 , 𝑣 𝑗 ), we write 𝐺 ∼𝑒 𝐺 ′, or simply 𝐺 ∼ 𝐺 ′.

3.2 Graph Pattern Counting
Given any acyclic graph pattern, we use 𝑘 to denote the number of edges in the pattern. Let

𝑄 : G → Z≥0 be the pattern counting query that returns the number of subgraphs in an input

graph𝐺 . A common type of acyclic pattern is a path, which is a sequence of distinct nodes connected

by edges. In contrast, walks may include repeated nodes, making them computationally easier

to count in the non-private setting: walk counting is solvable in polynomial time, whereas path

counting is provably #W[1]-complete [22]. We refer to a path with 𝑘 edges as a 𝑘-line path, and

a walk with 𝑘 edges as a 𝑘-line walk. Note that walk counting is not considered part of acyclic

pattern counting, as walks can contain cycles, e.g., a 3-line walk can form a triangle.

3.3 Differential Privacy on Graphs
Most works on DP in graph analytics operate under the central-DP setting, where a trusted data

curator has access to the entire graph dataset. Upon receiving a query, the curator performs analytics

and ensures that the output satisfies DP. This guarantees that one cannot distinguish between

two neighboring graphs based on the output, thereby preserving privacy. Formally, a randomized

mechanism is said to satisfy DP if the following holds:

Definition 3.1 (Differential Privacy). A randomized mechanismM : G → K satisfies 𝜀-DP if, for

any pair of neighboring graphs 𝐺,𝐺 ′ and any measurable subset S ⊆ K , it holds that
Pr[M(𝐺) ∈ S] ≤ 𝑒𝜀 Pr[M(𝐺 ′) ∈ S] .

Two graphs𝐺 and𝐺 ′ are said to be node-neighboring if they differ by exactly one node and all of

its incident edges. Similarly, they are edge-neighboring if they differ by exactly one edge. Applying

these notions to the DP definition yields the concepts of node-differential privacy (node-DP) and

edge-differential privacy (edge-DP) [25], respectively.

DP satisfies several desirable properties, as outlined below.

Lemma 3.2 (Post-Processing). LetM : G → K be a randomized mechanism that satisfies 𝜀-DP.
Then for any (possibly randomized) function F : K → Z, the mechanism F ◦M : G → Z also
satisfies 𝜀-DP.
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Lemma 3.3 (Basic Composition). LetM1,M2, . . . ,M𝑛 be a series of randomized mechanisms,
where for each 𝑖 ∈ {1, 2, . . . , 𝑛},M𝑖 : G → K𝑖 satisfies 𝜀-DP. The composition mechanismM(𝐺) =
(M1 (𝐺), . . . ,M𝑛 (𝐺)) satisfies 𝑛𝜀-DP.
Lemma 3.4 (Parallel Composition). LetM1,M2, . . . ,M𝑛 be mechanisms, each satisfying 𝜀-DP.

If for any pair of neighboring graphs 𝐺 and 𝐺 ′, there exists at most one mechanismM𝑖 such that
M𝑖 (𝐺) ≠M𝑖 (𝐺 ′), then the composition mechanismM(𝐺) = (M1 (𝐺), . . . ,M𝑛 (𝐺)) satisfies 𝜀-DP.
A common DP mechanism is the Laplace mechanism. Here, for any arbitrary graph query

𝑄 : G → R, its global sensitivity is defined as

GS𝑄 :=max

𝐺,𝐺 ′
∥𝑄 (𝐺) −𝑄 (𝐺 ′)∥1,

where 𝐺 and 𝐺 ′ are any pair of neighboring graphs. Then, the Laplace mechanism is defined as

follows:

Definition 3.5 (Laplace Mechanism [18]). Given a graph query 𝑄 : G → R, the mechanism

M(𝐺) =𝑄 (𝐺) + Lap
(
1

𝜀
GS𝑄

)
satisfies 𝜀-DP, where Lap(GS𝑄/𝜀) denotes a Laplace random variable with mean 0 and scale GS𝑄/𝜀.
Specifically, computing global sensitivity under node-neighboring or edge-neighboring graphs

leads to node-DP or edge-DP guarantees, respectively.

3.4 Local Differential Privacy
In contrast to the central-DP setting, where data analytics is performed centrally by a trusted curator,

LDP studies a distributed setting, in which each party corresponds to a node with access only to its

own information. When performing data analytics tasks, each node first privatizes its data locally,

then sends the noisy output to an analyzer for post-processing. To guarantee LDP, we must ensure

that the collection of messages received by the analyzer satisfies DP, as defined in Definition 3.1.

More precisely, each node 𝑣𝑖 has access to a subgraph 𝐺𝑖 =
(
{𝑣𝑖 } ∪ {𝑣 𝑗 | 𝑗 ∈ N (𝑖)}, E(𝑖)

)
. To

perform graph analytics, each 𝑣𝑖 invokes a local randomizer R on 𝐺𝑖 , which produces a privatized

output X𝑖 = R(𝐺𝑖 ). The analyzer A then aggregates the local outputs (X1,X2, . . . ,X𝑁 ) to produce

the final result. A mechanism is said to satisfy 𝜀-LDP if the joint output (X1,X2, . . . ,X𝑁 ) satisfies 𝜀-
DP. Similar to the central-DP setting, applying node- or edge-neighboring definitions yields notions

of node-LDP and edge-LDP, respectively. To date, all existing LDP graph analytics literature [19, 27,

30, 31, 47, 52, 53] has focused on the edge-LDP setting, which is also the focus of our work.

A commonly used mechanism under LDP is RR, in which each node 𝑣𝑖 ∈ 𝑉 outputs a randomized

neighbor list. The analyzer A can then construct a noisy graph based on the received neighboring

lists and perform graph analytics on it. Since each edge is shared between two incident nodes, to

avoid duplication, the information of edge (𝑣𝑖 , 𝑣 𝑗 ) is reported only by node 𝑣𝑖 when 𝑖 < 𝑗 . Specifically,

for each node 𝑣𝑖 , RR takes as input a binary neighbor list a𝑖 = (𝑎𝑖,1, . . . , 𝑎𝑖,𝑖−1) ∈ {0, 1}𝑖−1, where
𝑎𝑖, 𝑗 is 1 if 𝑗 ∈ N (𝑖) and 0 otherwise. For each entry 𝑎𝑖, 𝑗 , RR keeps the true bit with probability

𝑝 = 𝑒𝜀/(𝑒𝜀 + 1) and flips it with probability 𝑞 = 1/(𝑒𝜀 + 1). This mechanism satisfies 𝜀-edge-LDP.

Multi-round LDP mechanism. The above basic LDP model is sufficient for simple queries such

as edge counting and star counting [30], where the final result can be obtained in a single round.

However, more complex graph analytics tasks like triangle counting [27, 30, 31] often require

collaboration between nodes and the analyzer across multiple rounds of interaction. Here, we

consider a 𝑘-round LDP mechanism. In round ℓ ∈ {1, . . . , 𝑘}, each node 𝑣𝑖 invokes a round-specific

randomizer R (ℓ ) on its local subgraph 𝐺𝑖 , possibly incorporating messages released by the other
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parties in the previous ℓ − 1 rounds. Let X (ℓ )
𝑖

denote the privatized output of node 𝑣𝑖 in round ℓ ,

and let the collection of all node messages in round ℓ be X (ℓ ) = (X (ℓ )
1

, . . . ,X (ℓ )
𝑁
). The mechanism

satisfies 𝜀-LDP if the joint messages from all rounds, i.e., (X (1) , . . . ,X (𝑘 ) ), satisfy 𝜀-DP. To ensure

this, we can allocate the privacy budget across rounds such that each X (ℓ ) satisfies 𝜀/𝑘-DP. By
applying basic composition (Lemma 3.3), the entire 𝑘-round process satisfies 𝜀-DP as required. To

quantify the communication cost incurred across rounds, we sum the sizes (in bits) of all messages

transmitted. For computational cost, we report the total cost incurred across all rounds by the

analyzer and by a single node.

3.5 Useful Concentration Bounds
The following three lemmas provide high-probability concentration bounds that will be used in the

subsequent analysis.

Lemma 3.6 (Concentration Bound of Laplace Distributions [7]). Let 𝜂1, 𝜂2, . . . , 𝜂𝑘 be inde-
pendent random variables with 𝜂𝑖 ∼ Lap(𝑏𝑖 ). Then, for any 𝛽 > 0,

Pr

[����∑︁
𝑖

𝜂𝑖

���� ≥ √︄
8

∑︁
𝑖

𝑏2
𝑖
· log 2

𝛽

]
≤ 𝛽.

Lemma 3.7 (Multiplicative Chernoff Bound [11]). Let 𝑋1, . . . , 𝑋𝑛 be independent random
variables taking values in [0, 1]. Let 𝑋 =

∑𝑛
𝑖=1𝑋𝑖 . For any 0 < 𝛿 ≤ 1,

Pr[𝑋 ≥ (1 + 𝛿) E[𝑋 ]] ≤ exp(−1
3

𝛿2 E[𝑋 ]).

Lemma 3.8 (Chebyshev’s ineqality [8]). Let 𝑋 be a random variable with E[𝑋 ] = 𝜇 and
Var(𝑋 ) = 𝜎2. For any 𝑘 > 0,

Pr[|𝑋 − 𝜇 | ≥ 𝑘𝜎] ≤ 1

𝑘2
.

4 LDPWalk Counting
We begin with a special case of acyclic pattern counting: 𝑘-line path counting. As a preliminary

step, we develop a mechanism for the related task of 𝑘-line walk counting. As noted in Section 3.2,

walk counting can be viewed as a simpler variant of path counting. Although walk counting does

not fall under acyclic graph pattern counting, it forms the foundation for our mechanisms for both

path counting and general acyclic graph pattern counting. In this section, we first provide a brief

overview of the existing one-round RR-based solution for walk counting, which incurs an error

of 𝑂 (𝑁𝑘 ). We then introduce our multi-round LDP approach, which achieves an error bound of

𝑂̃ (𝑁𝑑 (𝐺)𝑘−1) with constant probability, while improving communication and computation costs

by an order of magnitude.

4.1 Overview of the RR-Based Method
Similar to many pattern counting tasks under LDP, such as triangle counting, the key challenge in

answering 𝑘-line walk queries lies in capturing correlations across multiple edges. [48] adopts a

straightforward one-round approach that first constructs a noisy graph 𝐺̃ using RR, as described

in Section 3.4. Given 𝐺̃ , for each node pair (𝑣𝑖 , 𝑣 𝑗 ), the analyzer A then computes an unbiased

estimator 𝑎𝑖, 𝑗 for the binary existence of edge (𝑣𝑖 , 𝑣 𝑗 ) in the original graph𝐺 . Since the existence of

any walk can be unbiasedly estimated by the product of the estimators of its constituent edges, A
enumerates all (𝑘 + 1)-node sequences and sums the corresponding walk estimators to compute

the total count. This method guarantees an unbiased estimate with an additive error of 𝑂 (𝑁𝑘 ) for
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𝑘-line walk counting, and it extends naturally to general 𝑘-edge acyclic pattern counting with the

same asymptotic utility guarantee.

Redundant count removal. The above solution treats walk orientations distinctly; that is, the

sequences (𝑣1, . . . , 𝑣𝑘+1) and (𝑣𝑘+1, . . . , 𝑣1) are considered different walks. To eliminate redundant

counts due to orientation, [48] divides the total count by the number of automorphisms [23] of

the queried pattern. Due to space constraints, we defer detailed discussions on redundant count

handling across pattern counting queries to Appendix A.1 of the full version [29].

Communication and computation analysis. The total communication cost is 𝑂 (𝑁 2), as each node

𝑣𝑖 sends a message of size 𝑂 (𝑁 ) to construct the noisy graph. For computation, the analyzer A
requires 𝑂 (𝑁𝑘+1) time to enumerate all possible sequences, while each node incurs 𝑂 (𝑁 ) time to

perturb its neighbor list.

4.2 Our Approach: Multi-Round Aggregation
The problem with the strawman solution is that we publish “too much” information of nodes in

an overly “fine-grained” manner. Fundamentally, the more information is released with the same

privacy level, the more difficult it is to achieve higher utility based on the released data. Therefore,

we would like to collect the data in a more “local” and more “aggregated” manner. Given edge

counting (i.e., 1-line walk counting) as an example, instead of letting each node publish its perturbed

neighbor list, we release only the degree information. The analyzer then aggregates the perturbed

degrees to produce the query result. With this approach, the error can be reduced from typically

Ω(𝑁 ) to 𝑂 (
√
𝑁 ), by simply adding Laplace noises of scale 2/𝜀 to each node’s degree count.

Algorithm 1: Local randomizer R (ℓ ) ofMk-wk

/* Initialization */

1 foreach 𝑖 ∈ {1, . . . , 𝑁 } do
2 X (0)

𝑖
← 1

3 Function R (ℓ )(𝐺𝑖 , 𝜀):
4 Received X (ℓ−1)

𝑖
for each 𝑖 ∈ {1, . . . , 𝑁 }

5 ∥X (ℓ−1) ∥∞ :=max𝑖 |X (ℓ−1)𝑖
|

6 X (ℓ )
𝑖
← ∑

𝑗∈N(𝑖 ) X
(ℓ−1)
𝑗

+ Lap( 2𝑘
𝜀
∥X (ℓ−1) ∥∞)

7 Publish X (ℓ )
𝑖

This idea, also explored in [4], can be extended to support arbitrary 𝑘-line walk counting queries

with multiple rounds of communication: At the beginning, we initialize X (0)
𝑖

= 1 for any 𝑣𝑖 ∈ 𝑉 ,
representing that the number of 0-line walk ending at each node is 1. Then, in round ℓ ∈ {1, . . . , 𝑘},
each node collects the number of (ℓ − 1)-line walks ending at its neighbors. By aggregating these

values, each node can compute the number of ℓ-line walks that end at itself. To ensure the reported

counts satisfy edge-LDP, each node must add noise to obscure the presence or absence of edges

between its neighbors. Specifically, unlike [4] that limits the global sensitivity using a clipping

mechanism, our approach adds Laplace noise with a scale proportional to the maximum count

from the previous round. Notably, for each node, the noise scale is determined by the maximum

count across all nodes rather than just its own neighborhood, thereby preventing leakage of local

structural information. Besides, since each edge contributes to the computation in every round,

the total privacy budget is divided across the 𝑘 rounds, allocating 𝜀/𝑘 to each. Finally, the counts
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produced in round 𝑘 are sent to the analyzer A, which aggregates all node reports and returns

Mk-wk (𝐺, 𝜀) =
𝑁∑︁
𝑖=1

X (𝑘 )
𝑖

as the output. The detailed local randomizer R (ℓ ) applied at round ℓ of this 𝑘-round local-DP

mechanismMk-wk is described in Algorithm 1.

Figure 1 illustrates the execution of the 2-round mechanismM2-wk on graph 𝐺 with a total

privacy budget of 𝜀 = 4. Each node is assigned a per-round privacy budget of 𝜀/2𝑘 = 1. In both

rounds 1 and 2, each node first aggregates the outputs from its neighbors in the previous round

(shown in blue), and then adds Laplace noise to privatize the result (shown in red). The final output

of the mechanism, 5.7, is computed by summing the privatized values of all nodes in round 2.

Fig. 1. Illustration of the 2-line walk counting mechanismM2-wk applied to graph 𝐺 with privacy budget
𝜀 = 4. For simplicity,

∑
denotes

∑
𝑗∈N(𝑖 ) .

For privacy and utility, we establish the following guarantees:

Theorem 4.1. For any graph 𝐺 , walk length 𝑘 , and privacy budget 𝜀,Mk-wk satisfies 𝜀-edge-LDP.

Theorem 4.2. For any graph 𝐺 , walk length 𝑘 , and parameters 𝜀 and 𝛽 , the 𝑘-round mechanism
Mk-wk satisfies E[Mk-wk (𝐺, 𝜀)] =𝑊𝑘 , and with probability at least 1 − 𝛽 ,

|Mk-wk (𝐺, 𝜀) −𝑊𝑘 | ≤ 𝑘𝛾
√
𝑁 (𝑑 (𝐺) + 𝛾)𝑘−1 = 𝑂̃ (

√
𝑁𝑑 (𝐺)𝑘−1),

where 𝛾 = 2𝑘
√︁
8 log(2𝑘𝑁 /𝛽)/𝜀 = 𝑂̃ (1).

Proofs of all lemmas and theorems in this paper are provided in Appendix A.3 of the full

version [29]. By Theorem 4.2, Mk-wk successfully reduces the error from typically 𝑂 (𝑁𝑘 ) to
𝑂̃ (
√
𝑁𝑑 (𝐺)𝑘−1) for general 𝑘-line walk counting queries.

Communication and computation analysis. The total communication cost of the 𝑘-round mecha-

nismMk-wk is 𝑂 (𝑁 2). Specifically, in the first 𝑘 − 1 rounds, each node 𝑣𝑖 broadcasts its count of

𝑂 (1) size to all other nodes, incurring a total cost of 𝑂 (𝑁 2), considering that 𝑘 is a constant. In

the final round, each node sends its count to the analyzer, contributing an additional 𝑂 (𝑁 ) cost.
For the computational cost, the analyzer A runs in 𝑂 (𝑁 ) time to aggregate the values received

from all 𝑁 nodes in round 𝑘 . Each node performs 𝑂 (𝑁 ) computation across all 𝑘 rounds: in each

round, it spends 𝑂 (𝑁 ) time computing a maximum and another 𝑂 (𝑁 ) time aggregating values

from neighbors.

4.3 Optimization in Efficiency
So far,Mk-wk has achieved improved computational complexity with state-of-the-art utility. Next,

we further optimize both communication and computation.
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Round reduction: The number of rounds in Mk-wk can be reduced from 𝑘 to 𝑘 − 1. The key

observation is that, for each 𝑘-line walk, the final edge is shared between the second-to-last node

and the last node. Therefore, once the second-to-last node obtains the noisy count of (𝑘 − 1)-line
walks ending at itself, it can compute the number of 𝑘-line walks where it serves as the second-to-

last node, eliminating the need for round 𝑘 . More precisely, in round 𝑘 − 1, each node 𝑣𝑖 computes

X (𝑘−1)
𝑖

as in Algorithm 1 and multiplies it by 𝑑 (𝑣𝑖 ) + Lap(2𝑘/𝜀). The analyzer A then aggregates

these values to produce the final output. We will show that this modification preserves both the

privacy and utility guarantees stated in Theorem 4.1 and Theorem 4.2.

Computational cost reduction: Another observation is that, in each round, each node scans

through all 𝑁 results from the previous round to compute a maximum, which incurs significant

computational redundancy. To address this, we can shift the maximum computation to the analyzer.

More precisely, at the end of each round ℓ ∈ {1, . . . , 𝑘 − 2}, each node 𝑣𝑖 additionally sends its value

X (ℓ )
𝑖

to the analyzer A, which computes the global round maximum and broadcasts it to all nodes.

This reduces the computation cost at each node from 𝑂 (𝑁 ) to 𝑂 (𝑑 (𝐺)).

Communication cost reduction: The communication cost between nodes can be reduced from

𝑂 (𝑁 2) to𝑂 (𝑀) under the assumption that nodes connected by an edge have direct communication

channels. In this setting, at the end of each of the first 𝑘 − 2 rounds, each node sends its result only

to its neighbors, while the global maximum is computed by the analyzer as discussed above. This

change does not affect the node-level computation, as each node only requires the results from

its neighbors and the global maximum. Consequently, in each of the first 𝑘 − 2 rounds, each edge

facilitates bidirectional communication between its endpoints, leading to a total communication

cost of 𝑂 (𝑀) between nodes.

Algorithm 2: Local randomizer R (ℓ ) of optimizedMk-wk

1 foreach 𝑖 ∈ {1, . . . , 𝑁 } do
2 X (0)

𝑖
← 1

3 Function R (ℓ )(𝐺𝑖 , 𝜀):
4 Received ∥X (ℓ−1) ∥∞ from A
5 Received X (ℓ−1)

𝑗
for each 𝑗 ∈ N (𝑖)

6 X (ℓ )
𝑖
← ∑

𝑗∈N(𝑖 ) X
(ℓ−1)
𝑗

+ Lap( 2𝑘
𝜀
∥X (ℓ−1) ∥∞)

7 if ℓ = 𝑘 − 1 then
8 X (ℓ )

𝑖
← X (ℓ )

𝑖
· (𝑑 (𝑣𝑖 ) + Lap( 2𝑘𝜀 ))

9 Send out X (ℓ )
𝑖

to N(𝑖) and A

The revised local randomizer is shown in Algorithm 2. These refinements collectively reduce

the total number of rounds from 𝑘 to 𝑘 − 1, lower the overall communication cost from 𝑂 (𝑁 2) to
𝑂 (𝑀 + 𝑁 ), and achieve an improvement from 𝑂 (𝑁 ) to 𝑂 (𝑑 (𝐺)) in the per-node computational

cost. Below, we show that these refinements will not affect the privacy and utility guarantee:

Theorem 4.3. For any graph 𝐺 , walk length 𝑘 , and privacy budget 𝜀, the optimized mechanism
Mk-wk satisfies 𝜀-edge-LDP.

Theorem 4.4. For any graph𝐺 , walk length 𝑘 , and parameters 𝜀 and 𝛽 , the optimized (𝑘 −1)-round
mechanismMk-wk satisfies E[Mk-wk (𝐺, 𝜀)] =𝑊𝑘 , and with probability at least 1 − 𝛽 ,

|Mk-wk (𝐺, 𝜀) −𝑊𝑘 | ≤ 𝑘𝛾
√
𝑁 (𝑑 (𝐺) + 𝛾)𝑘−1 = 𝑂̃ (

√
𝑁𝑑 (𝐺)𝑘−1),
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where 𝛾 = 2𝑘
√︁
8 log(2𝑘𝑁 /𝛽)/𝜀 = 𝑂̃ (1).

5 LDP Path Counting
Now, we extend our LDP solution for walk counting to support path counting. As discussed in

Section 3.2, path counting imposes an additional constraint compared with walk counting: each

node must appear at most once along the path. Even in the non-private, centralized setting, this

constraint introduces significant challenges. As shown in the prior work [35], in theory, walk

counting can be solved asymptotically more efficiently than path counting. Moving towards the

LDP setting, the problem becomes evenmore challenging, as enforcing the uniqueness constraint for

a path would inherently require information sharing across multiple nodes, which is fundamentally

difficult to achieve under the LDP model.

To address this issue, in this section, we introduce a protocol named random marking, which

can be seamlessly integrated into our walk counting mechanisms to enable private 𝑘-line path

counts estimation under LDP. The resulting mechanism achieves a utility bound of 𝑂̃ (
√
𝑁𝑑 (𝐺)𝑘 ),

representing only a multiplicative overhead of 𝑂̃ (𝑑 (𝐺)) compared to the corresponding 𝑘-line walk

counting utility of 𝑂̃ (
√
𝑁𝑑 (𝐺)𝑘−1).

5.1 Random Marking: Transforming Path Counting into Walk Counting
As highlighted above, detecting node repetition in a path under the LDP setting is inherently

difficult due to limited global visibility. To address this challenge, we draw inspiration from color-

coding [3], which colors nodes and searches for patterns with distinct node colors, and adopt a

different strategy: rather than detecting repetitions retrospectively, we proactively prevent them

by imposing a stricter constraint from the outset. Specifically, for each node, we require that it not

only appear at most once in a walk, but also occupy a predefined position within it. Interestingly,

this idea was originally introduced to improve runtime for non-private path and cycle detection,

whereas we leverage it here to address the challenges in the LDP setting, where only local views

are available.

To illustrate the high-level idea, we first consider the non-private setting and defer the DP-

relevant operations to the next subsection. We begin with an extra marking round, in which each

node 𝑣𝑖 samples a random mark 𝑟𝑖 uniformly from {0, 1, . . . , 𝑘} and sends it to its neighbors. This

mark enforces that the node may appear only as the (𝑟𝑖 + 1)-th node in any 𝑘-line path being

counted. For example, if a node 𝑣 𝑗 draws 𝑟 𝑗 = 0, it can only serve as the starting node of a valid

𝑘-line path. We then apply the (𝑘 − 1)-round walk counting mechanismMk-wk, with an added

constraint: each node 𝑣𝑖 participates only in the 𝑟𝑖-th round of computation. At all other rounds

ℓ ≠ 𝑟𝑖 , the node simply outputs 0. More precisely, in each round ℓ ∈ {1, . . . , 𝑘 − 1}, nodes 𝑣𝑖 ∈ 𝑉
with 𝑟𝑖 = ℓ compute the number of ℓ-line walks ending at themselves with node marks (0, 1, . . . , 𝑟𝑖 ).
This is achieved by aggregating counts from active neighbors that participated in the previous

round. Additionally, nodes with mark 𝑘 − 1 complete the last line by multiplying their count by

the number of their neighbors marked with 𝑘 . Notably, sinceMk-wk runs for only 𝑘 − 1 rounds,
nodes marked with 0 or 𝑘 do not participate in subsequent computation. To distinguish this from

the DP mechanism, we denote the resulting non-private algorithm as M̂k-pt, where each local

client executes the function R̂ (ℓ )
𝑖

at round ℓ . The detailed algorithm is provided in Algorithm 3.

Here, we use X̂ (ℓ )
𝑖

to denote the non-private output of node 𝑣𝑖 in round ℓ , in distinction from the

DP-compliant result X (ℓ )
𝑖

.

With this design, it is straightforward to ensure that each node 𝑣𝑖 ∈ 𝑉 appears at most once in

a walk, since its contribution is limited to being the (𝑟𝑖 + 1)-th node in any walk. This enforces

the requirement that nodes do not repeat in a path. However, it also introduces the problem of
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Algorithm 3: Local client function R̂ (ℓ ) of M̂k-pt

1 foreach 𝑖 ∈ {1, . . . , 𝑁 } do
2 X̂ (0)

𝑖
← 1

3 Function R̂ (ℓ )(𝐺𝑖):
4 if ℓ =mark then

/* Randomly sample a mark */

5 𝑟𝑖 ← Unif(0, 𝑘)
6 Send out 𝑟𝑖 to N(𝑖)
7 if ℓ = 𝑟𝑖 then
8 Received X̂ (ℓ−1)

𝑗
for each 𝑗 ∈ N (𝑖)

9 X̂ (ℓ )
𝑖
← ∑

𝑗∈N(𝑖 ) X̂
(ℓ−1)
𝑗

1{𝑟 𝑗 = ℓ − 1}
10 if ℓ = 𝑘 − 1 then
11 X̂ (ℓ )

𝑖
← X̂ (ℓ )

𝑖
·∑𝑗∈N(𝑖 ) 1{𝑟 𝑗 = 𝑘}

12 else
13 X̂ (ℓ )

𝑖
← 0

14 Send out X̂ (ℓ )
𝑖

to N(𝑖) and A

underestimation. Specifically, a 𝑘-line path in the graph is counted only if all nodes along the path

receive marks exactly from 0 to 𝑘 . Since node marks are sampled independently, the probability

that a 𝑘-line path is sampled is (𝑘 + 1)−(𝑘+1) . Consequently, at the analyzerA, the result is rescaled

by (𝑘 + 1) (𝑘+1) :

M̂k-pt (𝐺) = (𝑘 + 1)𝑘+1
𝑁∑︁
𝑖=1

X̂ (𝑘−1)
𝑖

.

Random marking introduces variance in M̂k-pt (𝐺) relative to the true 𝑘-line path count 𝑃𝑘 . For

utility analysis, we capture this effect as an additive sampling error, which we bound tightly

below. Importantly, this sampling error is accounted for in the overall error of our LDP mechanism

introduced in Section 5.2.

Lemma 5.1. For any graph 𝐺 , path length 𝑘 , and parameter 𝛽 , the 𝑘-round non-private algorithm
M̂k-pt satisfies E[M̂k-pt (𝐺)] = 𝑃𝑘 , and with probability at least 1 − 𝛽 ,

|M̂k-pt (𝐺) − 𝑃𝑘 | ≤ (𝑘 + 1)
√︁
𝑁𝛽−1 (𝑑 (𝐺) + 𝑘 + 1)𝑘 =𝑂 (

√
𝑁𝑑 (𝐺)𝑘 ).

5.2 Integrating DP and Efficiency Optimization
With Algorithm 3, we successfully reduce the problem of 𝑘-line path counting to that of 𝑘-line

walk counting. We can then utilize the idea of the edge-LDP mechanismMk-wk to privatize node

outputs from Algorithm 3. To begin with, publishing node marks incurs no privacy loss, as the

marks are independent of any sensitive data. Before each round ℓ , the analyzer collects the outputs

from active nodes, computes the global maximum ∥X (ℓ−1) ∥∞, and broadcasts it to all nodes. Then

in round ℓ , after aggregating the result from its neighbors in round ℓ − 1, each active node adds

Laplace noise scaled to ∥X (ℓ−1) ∥∞. A key distinction from walk counting is that, under random

marking, each edge affects at most one node’s computation in a single round. Hence, by parallel

composition (Lemma 3.2), the privacy budget 𝜀 does not need to be divided across nodes or rounds.
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Fig. 2. Illustration of the 3-line path counting mechanismM3-pt applied to graph 𝐺 with privacy budget
𝜀 = 1. For simplicity,

∑
denotes

∑
𝑗∈N(𝑖 ) . The initialization step occurs before random marking, but is shown

afterward for clarity.

With the above idea, we establish the 𝑘-round edge-LDP mechanism Mk-pt for 𝑘-line path

counting. Compared with the non-private local client R̂ (ℓ ) in Algorithm 3, here the local random-

izer R (ℓ ) adds noise Lap(∥X (ℓ−1) ∥∞/𝜀) in Line 9 and noise Lap(1/𝜀) to the multiplicative factor∑
𝑗∈N(𝑖 ) 1{𝑟 𝑗 = 𝑘} in Line 11. When evaluating the privacy ofMk-pt, astute readers may consider

privacy amplification, whereby privacy guarantees can be strengthened when the DP result is

derived from an unknown subsample of the input dataset. However, privacy amplification does

not apply here. InMk-pt, node markings are publicly revealed, making it deterministically known

whether an edge will be sampled and thus violating the sampling uncertainty required for privacy

amplification. Moreover, privatizing node markings to enable privacy amplification introduces new

challenges, as each mark must be revealed to neighboring nodes during communication. As a result,

we establish the following privacy guarantee:

Theorem 5.2. For any graph𝐺 , path length 𝑘 , and privacy budget 𝜀, the mechanismMk-pt satisfies
𝜀-edge-LDP.

For utility analysis, the total error |Mk-pt (𝐺, 𝜀)−𝑃𝑘 | consists of two parts. The first is the sampling

error incurred by random marking, as shown in Lemma 5.1. For the second part, the DP noise

introduced by the Laplace mechanism, we show that it slightly differs from that of 𝑘-line walk

counting but admits the same asymptotic upper bound.

Lemma 5.3. For any graph 𝐺 , path length 𝑘 , parameters 𝜀 and 𝛽 ,Mk-pt satisfies E[Mk-pt (𝐺, 𝜀)] =
M̂k-pt (𝐺) under the same node marking (𝑟1, . . . , 𝑟𝑁 ), and with probability at least 1 − 𝛽 ,

|Mk-pt (𝐺, 𝜀) − M̂k-pt (𝐺) | ≤ 𝑘 (𝑘 + 1) 𝛾
√
𝑁 ( ˆ𝑑 (𝐺) + 𝛾

√︃
ˆ𝑑 (𝐺) + 𝛾)𝑘−1

= 𝑂̃ (
√
𝑁𝑑 (𝐺)𝑘−1),

where 𝛾 = (𝑘 + 1)
√︁
8 log(6𝑁 /𝛽)/𝜀 = 𝑂̃ (1) and ˆ𝑑 (𝐺) =max(𝑑 (𝐺), ⌈𝛾2⌉).

Combining both parts of the error, we establish the utility bound:

Theorem 5.4. For any graph 𝐺 , path length 𝑘 , parameters 𝜀 and 𝛽 , the 𝑘-round mechanismMk-pt
satisfies E[Mk-pt (𝐺, 𝜀)] = 𝑃𝑘 , and with probability at least 1 − 𝛽 ,

|Mk-pt (𝐺, 𝜀) − 𝑃𝑘 | ≤ (𝑘 + 1)
√︁
2𝑁𝛽−1 (𝑑 (𝐺) + 𝑘 + 1)𝑘+

𝑘 (𝑘 + 1) 𝛾
√
𝑁 ( ˆ𝑑 (𝐺) + 𝛾

√︃
ˆ𝑑 (𝐺) + 𝛾)𝑘−1 = 𝑂̃ (

√
𝑁𝑑 (𝐺)𝑘 ),

where 𝛾 = (𝑘 + 1)
√︁
8 log(12𝑁 /𝛽)/𝜀 = 𝑂̃ (1) and ˆ𝑑 (𝐺) =max(𝑑 (𝐺), ⌈𝛾2⌉).
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In summary,Mk-pt still produces an unbiased estimator of the number of 𝑘-line paths 𝑃𝑘 , while

incurring a 𝑂̃ (𝑑 (𝐺)) amplification in error upper bound compared to the 𝑘-line walk counting

solution. Specifically, the overall error is asymptotically dominated by the sampling error, while

the DP noise matches that of walk counting.

Remark. Notably, unbiased estimators are common in LDP settings, especially for RR-based

mechanisms, where the final result can be regarded as a sum of independent random variables, and

unbiasedness follows directly. However, our mechanism induces correlations among different noise

sources, which significantly complicates proving unbiasedness.

Besides, in our mechanism, the sampling error also arises from the privacy aspect, even though

it is independent of the privacy budget 𝜀. This is because random marking is not specific to path

counting; instead, it addresses an LDP-specific challenge, i.e., eliminating duplicate nodes when

each node observes only limited local information. While our theoretical analysis suggests that the

sampling error asymptotically dominates the DP noise by a factor of 𝑂̃ (𝑑 (𝐺)), our experiments

show that, in practice, the gap is much smaller. This observation indicates that applying random

marking offers a near “free lunch” in our mechanism. Moreover, we can optimize the overall error

by mitigating this gap. Since both mechanisms M̂k-pt andMk-pt produce unbiased estimators, we

run the LDP mechanism 𝑛rep times with per run privacy budget 𝜀/𝑛rep and average the outputs.

This reduces the sampling error, and while allocating a smaller per-run privacy budget increases

the DP noise, averaging across runs mitigates its impact. We demonstrate the effectiveness of this

optimization strategy in Section 7.3.

Optimization in efficiency. Earlier in this section, we required that nodes in rounds inconsistent

with their marks report 0. In fact, this step can be omitted, since the computation results depend

only on non-zero values. As a result, we instead require that nodes remain silent in such rounds.

Moreover, since only nodes with mark ℓ are active in round ℓ , communication can be optimized by

having the analyzerA send ∥X (ℓ−1) ∥∞ exclusively to those nodes; their outputs are then forwarded

only to neighbors whose mark is ℓ + 1. This requires the analyzer to know each node’s mark, which

can be achieved by modifying Line 6 of Algorithm 3 so that nodes also send their marks to A.

Figure 2 shows an example of executing the optimized 3-round mechanismM3-pt on graph 𝐺

with 𝜀 = 1, showing only the active nodes at each step. The mechanism first initializes the number

of 0-line paths ending at each node to 1. After that, each node samples its mark and becomes active

only in the corresponding round. Since initialization corresponds to round 0, only outputs of nodes

with mark 0 are used; outputs from all other nodes are unused and shown in gray. In the final

round, the analyzer aggregates the outputs of all active nodes and rescales the sum to produce the

final result 19.2.

Communication and computation analysis. The total communication cost ofMk-pt is 𝑂 (𝑀 + 𝑁 ).
Communication between nodes contributes 𝑂 (𝑀), as each node sends its mark and noisy result

once to all its neighbors. The communication between nodes and the analyzer adds an additional

𝑂 (𝑁 ), as each node sends its mark and participates in at most one round of receiving and sending

values with the analyzer. In terms of computational cost, the analyzer runs in 𝑂 (𝑁 ) time across

𝑘 − 2 rounds of computing the round maximum and one round of aggregating the final result.

On the node side, the runtime is 𝑂 (𝑑 (𝐺)), as each node participates in one round of aggregating

𝑂 (𝑑 (𝐺)) values from its neighbors.

6 LDP Acyclic Pattern Counting
We now move from path counting to the general problem of counting arbitrary acyclic patterns

under LDP. To avoid ambiguity, from now on, we refer to the nodes in the graph pattern as vertices,
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while continuing to use nodes to refer to those in𝐺 . As discussed earlier, a path inherently imposes

an ordering on vertices, progressing naturally from the source to the destination. Our path counting

mechanisms leverage this property by enumerating paths in a sequential, node-by-node manner. In

contrast, acyclic patterns lack such directional structure and thus do not admit a natural vertex order,

making it difficult to extend our previously proposed mechanism to this more general problem.

To overcome this challenge, we first introduce a method to impose a vertex ordering on arbitrary

acyclic patterns. Based on this ordering, we then extend the count aggregation in our LDP path

counting mechanism with the idea of recursive subtree counting [51] to support general acyclic

patterns. Our results show that, for any acyclic pattern with 𝑘 edges, the mechanism still produces

an unbiased estimation.

6.1 Ordering Vertices in Acyclic Patterns
Although general acyclic patterns lack a fixed natural orientation, they can be formulated as trees,

which admit a conceptual bottom-up orientation, progressing from the leaves to the root. Based on

this idea, given an acyclic pattern, we first formulate it as a tree by specifying a root, identifying

the leaves, and defining parent-child relationships among vertices. Notably, the same pattern may

admit multiple valid tree formulations. For example, a 𝑘-line path can be represented as (i) a linear

tree with one endpoint as the root and the other as the sole leaf, or (ii) a tree folded at a midpoint

with an internal root and two branches terminating at the endpoints.

After transforming the acyclic pattern into a tree T , we define an ordering over the vertices in T .
To distinguish them from nodes in the graph, we use 𝑢 to denote vertices in the tree. The ordering

can be determined by a standard depth-first search algorithm, in which each parent vertex is visited

after all of its children, and children are visited in lexicographic order. We denote the ordered

vertices in the tree as (𝑢0, 𝑢1, . . . , 𝑢𝑘 ), where the subscript indicates the order of each vertex, starting
from 0. Furthermore, we use L to denote the set of subscripts of leaf vertices of T . For a vertex 𝑢ℓ ,
let T (𝑢ℓ ) denote the subtree of T rooted at 𝑢ℓ . Since there is a correspondence between the tree

and the pattern, any subtree T (𝑢ℓ ) is itself an acyclic pattern. Besides, to define the parent-child

relationships, let P(ℓ) denote the subscript of 𝑢ℓ ’s parent and let C(ℓ) denote the set of subscripts
of immediate children of 𝑢ℓ . Notably, T is not necessarily a binary tree; therefore, a vertex may

have more than 2 children.

Fig. 3. An example of pre-processing a 4-edge pattern.

Our mechanism can operate on any valid tree formulation and vertex ordering, as the asymptotic

error bounds, communication cost, and computational cost depend only on 𝑘 and are independent

of the specific tree structure. Furthermore, since the tree construction depends only on the pattern

and not on the graph 𝐺 , it can be performed entirely as a pre-processing step by the analyzer A,

which then publishes the relevant structural information to all nodes before any local computation.

Figure 3 illustrates an example of this pre-processing step and the resulting structural information.

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 129. Publication date: June 2026.



129:16 Yihua Hu, Kuncan Wang, and Wei Dong

6.2 Non-Private Acyclic Pattern Counting
With the vertex ordering of the pattern established, we are now ready to introduce our LDP protocol

for acyclic pattern counting. Similar to the case of path counting, we begin by studying the non-

private solution. As mentioned earlier, the acyclic pattern is now represented as a tree, and our goal

becomes counting the number of occurrences of this tree within the given graph. To achieve this,

we adopt a recursive strategy [51]: the count for the entire tree is computed by first counting its

subtrees. To align with our LDP setting, we need to adapt this idea to distributed settings, optimize

information aggregation, calibrate noise for privacy, and analyze error correlations to derive the

target bound. Specifically, we traverse the vertices of the tree in the previously defined bottom-up

order, and at each vertex, we aggregate the counting information from the subtrees rooted at its

children that are already computed in earlier steps. In the distributed setting, each node in 𝐺 is

responsible for counting the number of subtrees rooted at itself. To do so, it should collect counting

information of smaller subtrees rooted at its neighbors. Building on these steps, we further employ

the random marking technique to ensure that no node appears more than once in any single pattern

instance.

We now present the details of the non-private algorithm. Let X̂ (ℓ )
𝑖

denote the output count of

node 𝑣𝑖 ∈ 𝑉 at round ℓ . Initially, for all ℓ ∈ L, the count for leaf vertex 𝑢ℓ is set to 1 at every node

𝑣𝑖 , and each node samples a random mark 𝑟𝑖 ∈ {0, 1, . . . , 𝑘}. In each round ℓ ∈ {0, 1, . . . , 𝑘}, we
focus on counting the subtree T (𝑢ℓ ) at nodes with mark ℓ . At this point, the operations performed

depend on whether 𝑢ℓ is a leaf vertex in T :

(1) If 𝑢ℓ is a leaf vertex, no operation is needed, as each node’s count is already initialized to 1.

(2) If 𝑢ℓ is an internal vertex with children, node 𝑣𝑖 first collects the subtree counts for each child

of 𝑢ℓ from its neighbors. More precisely, for each 𝑐 ∈ C(ℓ), node 𝑣𝑖 computes the number of

the subtree T (𝑐) by summing the counts X̂ (𝑐 )
𝑗

from its neighbors 𝑣 𝑗 with mark 𝑐 . We denote

this sum as Ŷ (𝑐 )
𝑖

. After collecting all subtree counts, 𝑣𝑖 computes their product to obtain

X̂ (ℓ )
𝑖

=
∏

𝑐∈C(ℓ ) Ŷ
(𝑐 )
𝑖

, representing the count of T (𝑢ℓ ) rooted at 𝑣𝑖 .

At the end of each round ℓ ∉ L, nodes with mark ℓ send their counts only to neighbors with mark

P(ℓ). In the final round 𝑘 , active nodes send their counts to the analyzer. The resulting mechanism

runs in 𝑘 + 2 − |L| rounds. The detailed algorithm for the local client at each node is provided in

Algorithm 4.

With the above design, we proactively ensure that each counted acyclic pattern contains no

repeated nodes. However, similar to the case of path counting, directly summing the node counts

at the final round 𝑘 leads to an underestimation of the true number of pattern instances 𝑄T .
Specifically, a subgraph 𝐻 ⊆ 𝐺 that matches the pattern T is counted only if each of its 𝑘 + 1

nodes receives a mark corresponding to the order of its mapped vertex in T . Thus, the probability
that a graph pattern instance is sampled is (𝑘 + 1)−(𝑘+1) . Therefore, the analyzer A rescales the

aggregated counts by a factor of (𝑘 + 1)𝑘+1 and outputs:

M̂T (𝐺) = (𝑘 + 1) (𝑘+1)
𝑁∑︁
𝑖=1

X̂ (𝑘 )
𝑖

1{𝑟𝑖 = 𝑘}.

Lemma 6.1. For any graph𝐺 ,𝑘-edge patternT , and parameter 𝛽 , the (𝑘+2−|L|)-round non-private
algorithm M̂T satisfies E[M̂T (𝐺)] =𝑄T , and with probability at least 1 − 𝛽 ,

|M̂T (𝐺) −𝑄T | ≤ (𝑘 + 1)
√︁
𝑁𝛽−1 (𝑑 (𝐺) + 𝑘 + 1)𝑘 =𝑂 (

√
𝑁𝑑 (𝐺)𝑘 ).

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 129. Publication date: June 2026.



Acyclic Graph Pattern Counting under Local Differential Privacy 129:17

Algorithm 4: Local client R̂ (ℓ ) of M̂T
1 foreach 𝑖 ∈ {1, . . . , 𝑁 } do
2 foreach ℓ ∈ L do
3 X̂ (ℓ )

𝑖
← 1

4 Function R̂ (ℓ )(𝐺𝑖 , T):
5 if ℓ = init then
6 𝑟𝑖 ← Unif(0, 𝑘)
7 Send out 𝑟𝑖 to N(𝑖) and A
8 if ℓ ∈ L or ℓ ≠ 𝑟𝑖 then
9 Skip

10 if ℓ = 𝑟𝑖 then
11 Received X̂ (𝑐 )

𝑗
for each 𝑗 ∈ N (𝑖) and 𝑐 ∈ C(ℓ)

12 foreach 𝑐 ∈ C(ℓ) do
13 Ŷ (𝑐 )

𝑖
← ∑

𝑗∈N(𝑖 ) X̂
(𝑐 )
𝑗

1{𝑟 𝑗 = 𝑐}

14 X̂ (ℓ )
𝑖
←∏

𝑐∈C(ℓ ) Ŷ
(𝑐 )
𝑖

15 Send out X̂ (ℓ )
𝑖

to N(𝑖) with mark P(ℓ) and A

6.3 Integrating DP and Efficiency Optimization

We now discuss how to privatize M̂T (𝐺) by applying the Laplace mechanism to each node’s

computation. As previously mentioned, each node sends its result to its neighbors in at most one

round, and a neighbor uses the received count only if it operates in a later round. Hence, the

presence of any edge can affect the computation of at most one node. By parallel composition

(Lemma 3.4), the privacy budget 𝜀 can be assigned to each node 𝑣𝑖 at its active round without

division. The problem then reduces to ensuring each node’s output satisfies 𝜀-edge-DP. Since nodes

with marks in L have a fixed output of 1, we focus only on nodes with marks outside L. As shown
in Algorithm 4, an active node 𝑣𝑖 at round ℓ aggregates outputs from neighbors in each child

round 𝑐 to compute the sum Ŷ (𝑐 )
𝑖

. Similar to path counting, any edge from a node with mark 𝑐 can

influence this sum by at most ∥X (𝑐 ) ∥∞, a public value computed by the analyzerA. Since each edge

contributes to at most one such sum across all child rounds 𝑐 ∈ C(ℓ), the privacy budget 𝜀 need not

be divided across them. Accordingly, we modify Line 13 of Algorithm 4 by adding Laplace noise

of scale ∥X (𝑐 ) ∥∞/𝜀, resulting in the private local randomizer R (ℓ ) . As in the path counting case,

sampling amplification does not apply here either. The resulting edge-LDP mechanism, denoted as

MT , satisfies the following privacy and utility guarantees:

Theorem 6.2. For any graph 𝐺 , 𝑘-edge pattern T , and privacy budget 𝜀, the mechanismMT
satisfies 𝜀-edge-LDP.

For utility, the total error consists of the sampling error shown in Lemma 6.1, and the DP noise

established below.

Lemma 6.3. For any graph𝐺 , 𝑘-edge pattern T , parameters 𝜀 and 𝛽 ,MT satisfies E[MT (𝐺, 𝜀)] =
M̂T (𝐺) under the same node marking (𝑟1, . . . , 𝑟𝑁 ), and with probability at least 1 − 𝛽 ,

|MT (𝐺, 𝜀) − M̂T (𝐺) | ≤ 𝑘 (𝑘 + 1) 𝛾
√
𝑁 ( ˆ𝑑 (𝐺) + 𝛾

√︃
ˆ𝑑 (𝐺) + 𝛾)𝑘−1

= 𝑂̃ (
√
𝑁𝑑 (𝐺)𝑘−1),
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where 𝛾 = (𝑘 + 1)
√︁
8 log(6𝑘𝑁 /𝛽)/𝜀 = 𝑂̃ (1) and ˆ𝑑 (𝐺) =max(𝑑 (𝐺), ⌈𝛾2⌉).

By combining Lemma 6.1 and Lemma 6.3, we obtain the overall utility guarantee:

Theorem 6.4. For any graph 𝐺 , 𝑘-edge pattern T , parameters 𝜀 and 𝛽 , the (𝑘 + 2 − |L|)-round
mechanismMT satisfies E[MT (𝐺, 𝜀)] =𝑄T , and with probability at least 1 − 𝛽 ,

|MT (𝐺, 𝜀) −𝑄T | ≤ (𝑘 + 1)
√︁
2𝑁𝛽−1 (𝑑 (𝐺) + 𝑘 + 1)𝑘+

𝑘 (𝑘 + 1) 𝛾
√
𝑁 ( ˆ𝑑 (𝐺) + 𝛾

√︃
ˆ𝑑 (𝐺) + 𝛾)𝑘−1 = 𝑂̃ (

√
𝑁𝑑 (𝐺)𝑘 ),

where 𝛾 = (𝑘+1)
√︁
8 log(12𝑘𝑁 /𝛽)/𝜀 = 𝑂̃ (1) and ˆ𝑑 (𝐺) =max(𝑑 (𝐺), ⌈𝛾2⌉).

To conclude,MT achieves the same asymptotic utility guarantee asMk-pt while preserving

unbiasedness of the output. Consequently, the same LDP error optimization strategy, i.e., averaging

the LDP results acrossmultiple runs, also applies to our general acyclic pattern countingmechanism.

Communication and computation analysis. The total communication cost ofMT is 𝑂 (𝑀 + 𝑁 ),
where 𝑂 (𝑀) arises from inter-node communication and 𝑂 (𝑁 ) from communication between the

analyzer and nodes. The analyzer requires 𝑂 (𝑁 ) computation time, where pattern pre-processing

takes constant time. Moreover, each node performs 𝑂 (𝑑 (𝐺)) local computation.

Special design for 𝑘-star counting. In 𝑘-star counting, node duplication can be handled locally

by each star center, allowing us to skip the random marking process. For improved performance,

we propose a one-round mechanism M𝑘★ tailored to this case. Specifically, each node 𝑣𝑖 first

privatizes its degree by adding Laplace noise with scale 2/𝜀, yielding ˜𝑑 (𝑣𝑖 ) = 𝑑 (𝑣𝑖 ) + Lap(2/𝜀). It
then computes the product

˜𝑑 (𝑣𝑖 ) ( ˜𝑑 (𝑣𝑖 ) −1) · · · ( ˜𝑑 (𝑣𝑖 ) −𝑘 +1) and sends the result to the analyzerA,

which aggregates all received values and outputs their sum. To conclude,M𝑘★ satisfies 𝜀-LDP while

achieving the SOTA utility of 𝑂̃ (
√
𝑁𝑑 (𝐺)𝑘−1) [30], with the utility proof deferred to Appendix A.3

of the full version [29].

7 Experiment
We conduct experiments on four tasks under edge-LDP: 𝑘-line walk counting, 𝑘-line path counting,

𝑘-edge acyclic pattern counting, and 𝑘-star counting. For the first three tasks, we compare with

the RR-based method from [48], denoted as 𝑅𝑅enum. In particular, for 𝑘-line walk counting, we

additionally compare against the method introduced in [4], denoted as WalkClip𝑘 . For 𝑘-star

counting, we compare against LocalLap𝑘★ [30].

7.1 Setup

Dataset Nodes Edges Max Degree Ave. Degree

AstroPh 18,772 198,110 504 21.1

Enron 36,692 138,831 1,383 7.6

Epinions1 75,879 405,740 3,044 10.7

Slashdot 77,360 546,487 2,541 14.1

Twitter 81,306 1,342,310 3,383 33.0

Epinions2 131,828 711,783 3,558 10.8

Table 2. Summary of datasets used in the experiments.
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Datasets. We evaluate our mechanisms on six real-world graph datasets from SNAP [40], sum-

marized in Table 2. AstroPh is a co-authorship network in astrophysics, Enron is an email

communication network, Twitter and Slashdot are social networks derived from their respective

platforms, and Epinions1 and Epinions2 represent a trust network and a social network from

Epinions. All graphs were preprocessed to be undirected and free of self-loops.

Queries. For 𝑘-line walk and path counting tasks, we evaluate cases with 𝑘 ∈ {4, 5, 6}. The
corresponding walk counting queries are denoted as𝑄4-wk,𝑄5-wk, and𝑄6-wk, and the path counting

queries as 𝑄4-pt, 𝑄5-pt, and 𝑄6-pt. For 𝑘-edge acyclic pattern counting, we consider three representa-

tive patterns, denoted 𝜋1, 𝜋2, and 𝜋3, with edge counts 𝑘 = 4, 𝑘 = 5, and 𝑘 = 6, respectively. The

associated queries are denoted by 𝑄𝜋1
, 𝑄𝜋2

, and 𝑄𝜋3
. For the first two patterns, we explore two

distinct tree structures as pre-processing results: T1 and T ′1 for 𝜋1, and T2 and T ′2 for 𝜋2. For the

third pattern, we consider a single tree structure T3. The structural details of the patterns and their

corresponding trees are illustrated in Figure 4. Furthermore, we evaluated three cases of 𝑘-star

counting with 𝑘 ∈ {3, 4, 5}, denoted as queries𝑄3★,𝑄4★, and𝑄5★. All queries are evaluated without

redundant counts in the results.

Fig. 4. Selected input patterns and their tree formulations with vertex orderings.

Experimental parameters. All experiments are conducted on a Linux serverwith dual 64-core AMD

EPYC 9555 CPUs and 2 TB RAM. Each experiment is repeated 10 times. To evaluate utility, we discard

the highest and lowest 2 results and report the average of the remaining 6 runs. Communication

cost is reported as the average over all 10 runs. We set the default privacy budget to 𝜀 = 1. All

evaluated methods, including our parameter-free mechanisms, take only the privacy budget 𝜀

and the query pattern as inputs, with no additional hyperparameters or tuning. For each query,

all methods are run under identical settings to ensure fair comparison. As 𝑑 (𝐺) is assumed to

be unknown in the experiments, both WalkClip𝑘 and LocalLap𝑘★ require an additional round to

estimate the noisy maximum degree
˜𝑑 (𝐺). For these two methods, we allocate a privacy budget of

𝜀/10 to the estimation step, and the remaining 9𝜀/10 to the main counting algorithm. Following [4],

we set the clipping factor
3
in WalkClip𝑘 as

√︃
˜𝑑 (𝐺).

7.2 Experiment Results
Utility and communication cost. The experimental results, including relative errors and commu-

nication costs for all four tasks, are summarized in Table 3 and Table 4. Across all 72 query-dataset

combinations, our mechanism consistently outperforms the baseline methods in both utility and

communication cost.

3
The clipping threshold at round ℓ is defined as this factor raised to the power of ℓ .
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Query Method Metric AstroPh Enron Epinions1 Slashdot Twitter Epinions2

𝑄4-wk

M4-wk

Rel. err (%) 1.48 1.82 1.18 1.75 1.22 0.91

Comm. 6.76 MB 7.01 MB 15.28 MB 17.27 MB 44.07 MB 26.72 MB

WalkClip
4

Rel. err (%) 98.97 98.68 98.70 97.17 97.92 99.34

Comm. 10.50 GB 40.13 GB 171.60 GB 178.36 GB 197.02 GB 515.98 GB

𝑅𝑅enum
Rel. err (%) 572.86 929.78 733.06 1719.88 308.38 687.89

Comm.
†

168.00 MB 641.95 MB 2745.41 MB 2853.63 MB 3152.17 MB 8255.56 MB

𝑄5-wk

M5-wk

Rel. err (%) 2.27 2.30 1.72 2.80 1.49 0.88

Comm. 10.07 MB 10.37 MB 22.63 MB 25.61 MB 65.79 MB 39.58 MB

WalkClip
5

Rel. err (%) 99.76 99.59 99.61 98.88 99.35 99.84

Comm. 13.13 GB 50.16 GB 214.49 GB 222.95 GB 246.27 GB 644.98 GB

𝑅𝑅enum Rel. err (%) 1854.25 3269.04 2346.32 8122.89 1027.45 2208.09

𝑄6-wk

M6-wk

Rel. err (%) 5.12 7.15 2.22 5.37 2.54 1.63

Comm. 13.38 MB 13.74 MB 29.97 MB 33.95 MB 87.51 MB 52.44 MB

WalkClip
6

Rel. err (%) 99.95 99.88 99.89 99.58 99.81 99.96

Comm. 15.75 GB 60.19 GB 257.39 GB 267.54 GB 295.53 GB 773.98 GB

𝑅𝑅enum Rel. err (%) 6870.55 13021.01 8660.78 42530.83 3771.45 8179.33

𝑄4-pt

M4-pt

Rel. err (%) 5.67 11.47 5.95 14.02 8.91 8.79

Comm. 3.55 MB 3.59 MB 7.84 MB 8.92 MB 23.35 MB 13.76 MB

𝑅𝑅enum Rel. err (%) 477.46 791.34 600.68 1448.47 254.75 558.30

𝑄5-pt

M5-pt

Rel. err (%) 11.77 5.95 11.55 10.23 4.13 9.55

Comm. 3.58 MB 3.64 MB 7.96 MB 9.02 MB 23.54 MB 13.92 MB

𝑅𝑅enum Rel. err (%) 1350.34 2400.53 1655.97 5877.49 733.03 1538.58

𝑄6-pt

M6-pt

Rel. err (%) 6.81 19.29 15.62 9.44 6.70 6.84

Comm. 3.60 MB 3.68 MB 8.02 MB 9.09 MB 23.59 MB 14.03 MB

𝑅𝑅enum Rel. err (%) 4115.66 7936.65 4977.07 25456.53 2209.38 4634.36

𝑄𝜋1

MT1
Rel. err (%) 12.10 21.90 11.71 27.54 15.16 17.38

Comm. 3.37 MB 3.37 MB 7.36 MB 8.39 MB 22.29 MB 12.89 MB

𝑅𝑅enum Rel. err (%) 256.42 198.42 178.08 368.72 65.25 166.18

𝑄𝜋2

MT2
Rel. err (%) 11.53 23.27 37.30 48.14 18.64 17.24

Comm. 3.32 MB 3.30 MB 7.23 MB 8.25 MB 21.96 MB 12.67 MB

𝑅𝑅enum Rel. err (%) 448.55 200.03 209.82 619.40 70.76 178.98

𝑄𝜋3

MT3
Rel. err (%) 18.74 48.23 23.81 77.08 28.20 43.45

Comm. 3.39 MB 3.40 MB 7.44 MB 8.46 MB 22.39 MB 13.00 MB

𝑅𝑅enum Rel. err (%) 877.11 273.41 205.49 547.55 54.35 232.20

Table 3. Relative error (%) and communication cost (MB/GB) for 𝑘-line walk, 𝑘-line path, and 𝑘-edge acyclic
pattern counting queries across six datasets. †Communication cost of 𝑅𝑅enum remains constant across queries.

For 𝑘-line walk counting queries, our mechanism achieves a relative error of less than 8% on all

datasets, with generally better performance for smaller 𝑘 . In comparison, the WalkClip𝑘 method

consistently yields high relative errors due to significant clipping bias, as the clipping factor leads

to the truncation of the majority of walks in large graphs. Regarding communication, results

confirm that our optimization delivers substantial savings over the baselines. In summary, across

all tested walk counting queries, our mechanisms achieve up to a 110× reduction in error and a

300× reduction in communication cost compared with the baseline methods.

For 𝑘-line path counting queries, the utility of our mechanism shows a slight drop compared

to the 𝑘-line walk queries of the same 𝑘 , due to the involvement of sampling error. Nonetheless,
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Query Method Metric AstroPh Enron Epinions1 Slashdot Twitter Epinions2

𝑄3★

M3★
Rel. err (%) 0.17 0.09 0.05 0.06 0.04 0.04

Comm.
†

0.14 MB 0.28 MB 0.58 MB 0.59 MB 0.62 MB 1.00 MB

LocalLap
3★

Rel. err (%) 6.79 8.16 19.52 16.47 5.64 10.62

Comm.
†

0.43 MB 0.84 MB 1.74 MB 1.77 MB 1.86 MB 3.01 MB

𝑄4★
M4★ Rel. err (%) 0.49 0.19 0.15 0.06 0.09 0.09

LocalLap
4★ Rel. err (%) 33.88 16.69 43.04 42.78 16.55 35.67

𝑄5★
M5★ Rel. err (%) 0.50 0.22 0.18 0.14 0.11 0.09

LocalLap
5★ Rel. err (%) 38.58 24.81 82.03 53.66 26.92 37.21

Table 4. Relative error (%) and communication cost (MB) for 𝑘-star queries on six datasets. †Communication
cost of both methods remains constant across star counting queries.

it offers lower communication cost and maintains a significant advantage over the baseline: we

achieve up to a 2600× error reduction and a 600× communication cost improvement across all

queries.

For 𝑘-edge acyclic pattern counting queries, our mechanism outperforms the baseline method

by up to 46× in error and 650× in communication cost. In general, our mechanism achieves higher

utility for smaller acyclic patterns. Notably, the communication cost remains stable across different

values of 𝑘 , demonstrating the effectiveness of our optimization strategy.

For 𝑘-star counting queries, our mechanism achieves a 3× reduction in communication cost, as it

does not depend on information about the maximum degree. This enables each node to complete its

interaction with the analyzer in a single round of communication. In addition to its communication

efficiency, our mechanism yields up to a 710× error reduction, while consistently maintaining a

relative error below 0.5% across all datasets. This demonstrates the robustness and utility of our

method.

Privacy budget 𝜀. To evaluate the impact of the privacy budget 𝜀 on performance, we assess queries

𝑄5-wk, 𝑄5-pt, 𝑄𝜋1
, and 𝑄4★ on the AstroPh dataset, varying 𝜀 uniformly from 0.2 to 4.0 in steps

of 0.2. Relative errors are shown in Figure 5. Notably, communication cost remains independent

of 𝜀. As illustrated, all methods generally improve in utility as 𝜀 increases, with our mechanism

consistently achieving order-of-magnitude lower error across the full range. WalkClip5, however,

maintains a stable error, as its performance is bottlenecked by the clipping bias rather than the DP

noise. For 𝑄5-pt and 𝑄𝜋1
, the error of our mechanism stabilizes when 𝜀 ≥ 1.0, as the sampling error,

which is independent of 𝜀, becomes dominant over the diminishing DP error.

Tree structure T . In Section 6, we establish that the pre-processing tree structure of the input

pattern does not affect the asymptotic error bounds or communication cost for 𝑘-edge acyclic

pattern counting queries. To empirically validate this, we evaluate alternative tree structures T ′
1

and T ′
2
for patterns 𝜋1 and 𝜋2 (Figure 4), with resulting mechanismsMT′

1

andMT′
2

that execute in

3 and 4 rounds. Evaluation results on the Enron, Epinions1, and Twitter datasets are presented
in Table 5.

Comparing the two tree structures for each pattern counting query, while utility differences

exist, the variations remain bounded within a constant factor. This aligns with our theoretical

conclusion that the asymptotic error bound is independent of the tree structure. Furthermore,

the communication cost remains stable, even for 𝜋2, whereMT′
2

requires an additional round

compared toMT2 . This is because the dominant communication overhead stems from publishing
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Fig. 5. Relative error (%) for 𝑄5-wk, 𝑄5-pt, 𝑄𝜋1 , and 𝑄4★ on the AstroPh dataset under varying 𝜀 values.

Query Method Metric Enron Epinions1 Twitter

𝑄𝜋1

MT1
Rel. err (%) 21.90 11.71 15.16

Comm. 3.37 MB 7.36 MB 22.29 MB

MT′
1

Rel. err (%) 30.66 21.40 14.69

Comm. 3.36 MB 7.36 MB 22.30 MB

𝑄𝜋2

MT2
Rel. err (%) 23.27 37.30 18.64

Comm. 3.32 MB 7.23 MB 21.96 MB

MT′
2

Rel. err (%) 23.42 28.70 18.37

Comm. 3.47 MB 7.60 MB 22.71 MB

Table 5. Relative error (%) and communication cost (MB) for acyclic pattern queries 𝑄𝜋1 and 𝑄𝜋2 using
different tree structures on three datasets.

the randomized marking results, where all nodes participate, while later-round computations

involve only subsets of nodes and contribute comparatively less to the total cost.

7.3 Sampling Error vs. DP Noise
In Sections 5 and 6, our theoretical analysis demonstrates that, for both 𝑘-line path and 𝑘-edge

acyclic pattern counting tasks, the sampling error asymptotically dominates the overall error. This

conclusion is empirically supported by the error decomposition results on all six datasets, presented

in Table 6 in Appendix A.2 of the full version [29]. Notably, although our theoretical results imply

an asymptotic gap of 𝑂̃ (𝑑 (𝐺)) between the sampling error and the DP noise, this gap is much

smaller than 𝑑 (𝐺) in practice.

Additionally, we empirically evaluate the LDP error optimization strategy in Section 5.2 on

the Epinions2 dataset using queries 𝑄4-pt, 𝑄5-pt, 𝑄𝜋1
, and 𝑄𝜋2

, varying 𝑛rep from 1 to 10. Figure 6

shows the relative sampling error, DP error, and total error for 𝑄𝜋1
. Results for all four queries are
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provided in Figure 7 in Appendix A.2 of the full version [29]. As illustrated in Figure 6, sampling

error decreases while DP error increases with larger 𝑛rep, with total error minimized when the two

are roughly balanced. This strategy yields 2.8×, 1.8×, 4.6×, and 2.0× improvements in total error at

the optimal 𝑛rep values for queries 𝑄4-pt, 𝑄5-pt, 𝑄𝜋1
, and 𝑄𝜋2

, respectively, on this dataset.

Fig. 6. Relative error decomposition for 𝑄𝜋1 on the Epinions2 dataset under varying numbers of repetitions
(𝑛rep).

8 Future Work
A natural direction for future work is to extend our approach to cyclic patterns, which present

additional challenges. Unlike acyclic patterns, cyclic patterns do not allow recursive decomposition,

so their counts cannot always be derived by aggregating subpattern counts, making our multi-round

aggregation strategy inapplicable. A possible workaround is to break cycles and reduce the problem

to acyclic patterns with additional node constraints. For example, triangle counting can be reduced

to counting 2-line paths whose endpoints are connected, but this introduces significant utility

challenges, as it requires tracking both endpoints of each counted path while preserving privacy.

Another promising extension is to support node-LDP, which offers stronger privacy guarantees

than edge-LDP by protecting the presence of each individual node along with all its incident edges.
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