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Continuous distance-based outlier detection in streaming data poses significant challenges and has a wide range 
of practical applications. Traditional threshold-based methods perform well under stable streaming conditions, 
where fixed parameters remain effective. However, they often struggle with dynamic data distributions and 
high stream speeds, leading to suboptimal performance, limited control over the number of returned outliers, 
and failure to meet real-time detection requirements. To address these issues, this paper introduces a novel 
Recall and Proportion-Aware Outlier Detection (RPA-OD) query. In RPA-OD, 𝜌 defines a distance relaxation 
that enables real-time outlier detection. Specifically, objects with fewer than 𝑘  neighbors within the distance 
threshold 𝑟 ′ ∈ (𝑟, (1 + 𝜌) · 𝑟 ] might be classified as 𝜌-inliers. This relaxation introduces a trade-off between 
recall and efficiency, allowing the system to adapt under varying streaming conditions. We propose efficient 
algorithms to support RPA-OD in data streams, leveraging several novel data structures developed as part of 
this study. Extensive experiments on five real-world datasets show that RPA-OD significantly improves data 
throughput, provides precise control over the number of outliers detected, and consistently ensures real-time 
processing performance.
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1 Introduction

Continuous distance-based outlier detection (CDOD) [1–7] over sliding windows is a fundamental 
challenge in streaming data management and has been studied extensively for nearly two decades [8–
19]. It plays an essential role in real-time analytics across a wide range of applications, including 
financial fraud detection, traffic monitoring, network intrusion detection, and system anomaly
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Fig. 1. Different types of outlier detection queries comparison (𝑛 = 3, 𝑘  = 2, 𝑐  = 2, 𝜌  = 0.25, and 𝛿  = 0.2).

diagnosis. In these settings, data arrive continuously at high speed, distributions evolve over time, 
and outlier detection must be performed online under strict latency constraints.
A CDOD query continuously monitors incoming objects within a sliding window𝑊 (𝑛) (here-

after referred to as the “window”). The window𝑊 (𝑛) can be defined either by count or by time, 
maintaining, respectively, the most recent 𝑛 objects or all objects that arrived within the last 𝑛 
time units. As the window slides, the query detects outliers, i.e., objects that deviate significantly 
from the prevailing data distribution based on distance relationship among objects in the current 
window. In this paper, we focus on time-based windows, though our techniques readily extend to 
count-based windows.
Limitations of Existing CDOD Queries. Existing CDOD queries generally fall into two main 
categories: threshold-based and ranking-based (i.e., 𝑘𝑚𝑎𝑥 or 𝑘𝑎𝑣𝑔 queries) [20]. Threshold-based 
queries label an object as an outlier if it has fewer than 𝑘 neighbors within a fixed distance threshold 
𝑟 . This approach performs well when the data distribution is stable and an appropriate threshold 𝑟 
can be predefined. However, in streaming environments where data density and scale evolve over 
time, a fixed threshold often leads to highly unstable results: small distributional shifts can cause 
the number of detected outliers to vary drastically across consecutive windows.

Ranking-based queries address this instability by always returning a fixed number 𝑐  of the most 
anomalous objects, ranked by their 𝑘-nearest neighbor (𝑘NN) distances, either the largest 𝑘-th 
distance (𝑘𝑚𝑎𝑥 ) or highest average distance (𝑘𝑎𝑣𝑔). While this approach provides predictable output 
sizes and adapts naturally to distribution changes, it incurs significantly higher computational 
costs, as it requires maintaining and updating 𝑘NNs for all objects in the window. This overhead 
makes ranking-based methods difficult to scale to high-speed data streams, especially in online 
settings that require continuous, low-latency processing.
Example. Consider a threshold-based query 𝑞𝑡 (𝑛 = 3, 𝑘 = 2, 𝑟 = 1) and a 𝑘𝑚𝑎𝑥 -based query 
𝑞𝑘 (𝑛 = 3, 𝑘 = 2, 𝑐 = 2) in Figure 1. In the initial window𝑊0, both return the same outliers {𝑜2, 𝑜4}. 
As the window slides to 𝑊1 and 𝑊2, 𝑞𝑡 returns four outliers in each window due to distribution 
changes, while 𝑞𝑘 consistently returns exactly two outliers. Although 𝑞𝑘 offers predictable output, 
monitoring every object’s 𝑘NNs is computationally expensive and may violate real-time processing 
constraints.

Prior research has focused primarily on optimizing threshold-based queries using spatial or 
metric indexes (e.g., M-Tree [21] and Quad-Tree [22]) and incremental neighbor maintenance 
strategies. However, such algorithms rely on frequent and costly range queries and neighbor-list 
maintenance, with a worst-case complexity of O(|𝑂𝑊 |) per object, where |𝑂𝑊 | is the number of 
objects in the current window𝑊 . Moreover, dynamically adjusting parameters such as 𝑟 or 𝑘 to 
cope with evolving data distributions further increases computational complexity, potentially up to
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O(|𝑂𝑊 |2) per window slide. As a result, existing approaches face a fundamental trade-off: either

achieve computational efficiency with unstable output, or ensure output stability at the expense of

scalability.

Our Approach: RPA-OD. In this paper, we propose RPA-OD (Recall and Proportion-Aware Outlier

Detection), a novel CDOD query model that explicitly balances output stability, detection quality,

and computational efficiency. Instead of relying on fixed distance threshold 𝑟 or fixed outlier

count 𝑐 , RPA-OD retrieves outliers based on a self-turned distance threshold 𝑟 . This threshold 𝑟 is

driven by a target outlier ratio 𝛿0, representing the expected fraction of outliers within each sliding

window. In real implementation, the query continuously monitors the actual outlier ratio in real

time based on this self-turned 𝑟 , and adaptively adjusts 𝑟 to keep the reported outlier proportion

within a user-defined acceptable range. Here, the acceptable range directly defines the lower and

upper bounds on the reported outlier proportion. This proportion-aware design ensures stable and

interpretable outputs even under significant distribution shifts.

RPA-OD also incorporates recall-awareness through a controlled distance relaxation parameter

𝜌 . When exact detection cannot be sustained due to computational constraints, the query adap-

tively relaxes distance conditions to ensure timely processing while preserving strong detection

guarantees. In particular, all reported outliers are true outliers (100% precision), and we ensure any

missed outliers have at least 𝑘 neighbors within the relaxed distance threshold. This provides a

clear, distance-based bound on recall loss.

Why RPA-OD is Necessary. The necessity of RPA-OD arises from a fundamental mismatch between

existing CDOD query semantics and the operational requirements of real-world streaming systems.

In many practical applications, the cost of outlier detection is dominated not only by accuracy,

but by the volume of reported outliers, which directly determines downstream workloads such

as alert handling, human inspection, and automated response. Consequently, systems require the

number of reported outliers to evolve in a controlled and predictable manner over time. When

outlier counts fluctuate sharply or disproportionately across consecutive windows, systems become

either overloaded or ineffective, regardless of detection accuracy.

This challenge is evident in intelligent transportation systems, where vehicle density and move-

ment patterns vary dramatically during peak hours, incidents, or adverse weather conditions.

Threshold -based detectors in such environments often generate a surge of outliers during high-

load periods and very few during sparse periods, overwhelming operators when attention is most

constrained and under-utilizing resources otherwise. Similar issues arise in financial markets, where

transaction volume and volatility change sharply across market regimes. A detector whose output

size scales unpredictably with data density can flood analysts with alerts during high-activity period

while suppressing meaningful anomalies during quieter regimes. These operational challenges

expose a critical limitation of existing CDOD query model. Threshold-based approaches are highly

sensitive to data distribution shifts, leading to unstable and unbounded variations in output size.

Ranking-based methods address this instability by enforcing fixed output sizes, but do so at the

cost of maintaining global neighbor rankings, which incurs substantial computational overhead

and limits scalability in high-speed streaming environments. As a result, existing CDOD query

models force an undesirable trade-off between output stability and real-time efficiency, with no

mechanism to explicitly control outlier volume under dynamic conditions.

RPA-OD addresses this gap by introducing a proportion-aware query model that treats output

controllability as a first-class objective. Rather than relying on fixed thresholds or rigid output

counts, RPA-OD maintains the reported outlier volume within a user-defined range by targeting a

stable outlier proportion relative to the current window. At the same time, RPA-OD incorporates

recall-aware distance relaxation to gracefully handle computational constraints, enabling timely

processing while providing explicit, distance-based bounds on approximation error. This integration
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makes RPA-OD a practical and scalable alternative to existing CDOD queries, and a compelling

foundation for real-time outlier detection in large-scale, dynamic data streams.

Technical Details.Our solution is based on a key observation: an object 𝑜 is an inlier if the distance
to its 𝑘-th nearest neighbor 𝑜𝑘 , denoted D(𝑜, 𝑜𝑘 ), does not exceed the distance threshold 𝑟 ; otherwise,

𝑜 is an outlier. We extend this idea and propose a set of novel data structures and algorithms to

support RPA-OD in high-speed streaming data.

We organize the streaming data using a quad-tree-like spatial index 𝑇 . Each node 𝑒 ∈ 𝑇 uses

a hypercube as its spatial boundary and maintains a lower-bound estimate 𝑒 (𝑙𝑘 ), defined as the

smallest radius such that at least 𝑘 + 1 objects have their minimum distances to node 𝑒 no greater

than 𝑒 (𝑙𝑘 ). Intuitively, 𝑒 (𝑙𝑘 ) serves as a lower bound of D(𝑜, 𝑜𝑘 ) for each object 𝑜 within node 𝑒 .

We prove that if the diagonal length of node 𝑒’s boundary, denoted |𝑒 |, satisfies |𝑒 | ≤ 𝑟 ·𝜌
2
, then:

If 𝑒 (𝑙𝑘 ) > 𝑟 , all objects in 𝑒 can be safely classified as outliers. Otherwise, they are inliers under

the relaxed distance bound. This design avoids maintaining exact neighbor lists for multitudes of

individual objects, relying instead on node-level distance summaries.

To efficiently evaluate 𝑒 (𝑙𝑘 ) in streaming settings, we identify a subset of critical nodes, termed

𝑘-nodes. Each 𝑘-node, denoted as 𝜖 , maintains a small set of nearby leaf nodes whose minimum

distances to 𝜖 are bounded by 2|𝜖 |. As the window slides, these nearby leaf nodes enable the

derivation of a tight upper bound on 𝑒 (𝑙𝑘 ), denoted 𝑒 (𝑙+𝑘 ), for each descendant node 𝑒 of a 𝑘-node 𝜖 .

These bounds support efficient outlier detection and dynamic adjustment of parameters 𝑟 and 𝜌 ,

reducing costly recomputation.

Key Contributions. Our main contributions are as follows:

• We propose RPA-OD query model, which integrates the strengths of threshold-based and

ranking-based CDOD queries. By introducing a distance-relaxation parameter 𝜌 and a target outlier

proportion 𝛿0, RPA-OD enables adaptive control of both the distance threshold 𝑟 and the distance

relaxation 𝜌 in response to dynamic streams.

• We design a quad-tree-like spatial index with a novel 𝑘-node structure. This framework

efficiently estimates the numbers of neighbors an object has via node-level distance bounds 𝑒 (𝑙𝑘 )
and 𝑒 (𝑙+

𝑘
), significantly reducing neighbor-search costs and enabling scalable outlier detection

under high-speed streaming conditions.

•We develop a self-adaptive framework that dynamically adjusts 𝜌 and 𝑟 according to real-time

streaming conditions and computational constraints. The system automatically tunes 𝜌 to balance 
recall and efficiency, and updates 𝑟 to maintain a stable outlier proportion. The incremental cost 
is bounded by O(𝑘 + log |𝑂𝑊 |) per object at moderate-to-high stream speeds, significantly lower 
than the O(|𝑂𝑊 |2) cost per slide under naive approaches.
2 Preliminary

In this section, we first review the related work and then present the problem statement.

2.1 Related Work

Outlier detection [23–35] in data streams has been extensively researched due to its critical im-

portance. In the following, we first discuss both exact and approximate algorithms used for this 
purpose. Next, we briefly explain efforts on node-based pruning.

2.1.1 Outlier Detection Algorithms in Data Streams. Many exact outlier detection algorithms have 
been developed for data streams. Their core mechanism monitors neighbors of each object 𝑜 and 
classifies them as succeeding (arriving after object 𝑜 ) or preceding (arriving before 𝑜 ). Let 𝑜 (𝑠𝑛) and 
𝑜 (𝑝𝑛) denote the numbers of succeeding and preceding neighbors of object 𝑜 , respectively. The 
outlier status of 𝑜 is then determined as follows: (i) if 𝑜 (𝑠𝑛) ≥ 𝑘 , 𝑜 is a safe inlier ; (ii) if 𝑜 (𝑠𝑛) < 𝑘 and 
𝑜 (𝑠𝑛) + 𝑜 (𝑝𝑛) ≥ 𝑘 , 𝑜 is an unsafe inlier; and (iii) if 𝑜 (𝑠𝑛) + 𝑜 (𝑝𝑛) < 𝑘 , 𝑜 is an outlier. To determine
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outlier status, these algorithms maintain 𝑘 − 𝑜 (𝑠𝑛) preceding neighbors for each unsafe inlier 𝑜 ,

and all preceding neighbors for each outlier.

To reduce the neighbor maintenance cost, the Abstract-C algorithm [36] lowers neighbor-list

maintenance cost by observing that objects arriving in the same slide share identical timestamps.

The Thresh-LEAP algorithm [20] employs a multi-index structure, where each index corresponds to

a slide. To find an object’s neighbors, indexes are scanned in reverse order, issuing range queries

until 𝑘 neighbors are accumulated. However, this approach incurs high time and space overhead

when the number of slides is large.

The MCOD algorithm [37] leverages the property that objects within a circle of radius 𝑟/2 are
mutual neighbors. It identifies dense regions where neighbor counts exceed a threshold, avoiding

explicit neighbor-list maintenance.MMCOD extends this by inserting each object into all leaf nodes

containing it, thereby discovering more dense regions. Similarly, NETS [38] employs a grid with

cell diagonal 𝑟 ; objects within the same cell are neighbors, simplifying maintenance for cells with

≥ 𝑘 + 1 objects. However, in higher dimensions, dense cells become scarce, forcing many unsafe

objects to retain neighbor lists. The CPOD algorithm [39] supports outlier detection by designating

certain objects as “core objects”, spaced at least 𝑟 apart. Each core object 𝑜 is associated with several

sets of objects located at different distances, facilitating efficient neighbor searches. However, CPOD

is sensitive to parameters 𝑟 and data distribution, impacting its effectiveness in various scenarios.

The Approx-storm algorithm [40] uses probabilities to determine outlier status. The GAAOD

framework [41] uses a 𝑘NN-based method to evaluate whether an object 𝑜 is an outlier. The KAGO

algorithm [42] employs a kernel density estimation approach for approximate outlier detection.

Mahsa et al [30] proposed a memory efficient incremental local outlier (MiLOF) detection algorithm

to support outlier detection within a fixed memory bound. Compared with our approach, existing

algorithms incur high computational cost when retrieving outliers. Moreover, they cannot adaptively

relax distance thresholds to balance detection quality with computational constraints.

2.1.2 Node-based Pruning Methods. Many efforts apply node-based pruning to speed up the query

processing. Brin [43] employed the GNAT metric tree and exploited inter-node distance-interval

bounds to prune node–node combinations during near-neighbor search. Gao et al. [44] developed

pruning rules such as mindist, maxdist, and emindist between pairs of internal metric-tree nodes to

eliminate unnecessary subtree combinations in 𝑘-closest-pair queries. Corral et al. [45] leveraged

𝑅∗-tree indices and refined node–node geometric reasoning by introducing MINMINDIST and

MINMAXDIST over pairs of MBRs, enabling strong pruning for closest-pair search. Chen et al. [46]

introduced the SPB-tree, which prunes node–node pairs via MBB overlap tests and lower-bound

distances (e.g., MIND) to accelerate range and 𝑘NN queries. Compared with these efforts, our

approach introduces a novel density-aware node-level distance lower bound 𝑒 (𝑙𝑘 ), which is not only

a geometric property between nodes, but also captures the data distribution. This allows us to

perform efficient outlier detection, as well as guide us adjust parameters 𝜌 and 𝑟 , offering a more

fundamental reduction in computational cost for continuous outlier detection over streams.

2.2 Problem Statement

To clearly explain our proposed RPA-OD, we begin with a simplified variant R-OD (Recall-Aware

Outlier Detection). Let 𝑞𝜌 (𝑛, 𝑘, 𝑟, 𝜌) represent an R-OD query that continuously monitors objects

within a time-based sliding window covering the most recent 𝑛 time units. At each slide, it identifies

objects as outliers if they have fewer than 𝑘 𝜌-neighbors (i.e., approximate neighbors) defined based

on a relaxed distance condition, as formally defined below.

Definition 1. 𝜌-neighbor. Given an object 𝑜 located in a cube 𝑐 and another object 𝑜 ′ located in
cube 𝑐′, 𝑜 ′ is considered a 𝜌-neighbor of 𝑜 if: (1) their pairwise distance satisfies D(𝑜 ′, 𝑜) ≤ 𝑟 ; or (2) the
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minimum and maximum distances between 𝑐 and 𝑐′ (or between 𝑜 and 𝑐′) are within 𝑟 and the range 
(1 + 𝜌) · 𝑟 respectively.

Consider an R-OD 𝑞𝜌 (𝑛 = 3, 𝑘 = 2, 𝑟 = 1, 𝜌 = 0.25) over window𝑊0 (Fig. 1). Let cubes 𝑐1 and 𝑐2 
have diagonal length 0.25 (|𝑐1 | = |𝑐2 | = 0.25). Their minimum distance D𝑚𝑖𝑛(𝑐1, 𝑐2) is 0.7 (≤ 𝑟 ), and 
their maximum distance D𝑚𝑎𝑥 (𝑐1, 𝑐2) ≤ D𝑚𝑖𝑛(𝑐1, 𝑐2) + |𝑐1 | + |𝑐2 | = 0.7 + 0.25 + 0.25 ≤ (1 + 𝜌) · 𝑟 , 
making objects in 𝑐1 and 𝑐2 mutual 𝜌-neighbors. Similarly, D𝑚𝑖𝑛 (𝑐1, 𝑜3) ≤ 𝑟 implies D𝑚𝑎𝑥 (𝑐1, 𝑜3) ≤ 
1.25 ≤ (1 + 𝜌) · 𝑟 , so all objects in 𝑐1 are 𝜌-neighbors of 𝑜3.

By checking neighbor relationships at the cube level - considering only cubes whose minimum 
distance to a target object is within 𝑟 , R-OD drastically reduces the computational cost of neighbor 
search while preserving meaningful accuracy. Introducing a distance relaxation parameter 𝜌 may 
cause R-OD to miss some borderline outliers, classifying them as 𝜌-inliers. However, any missed 
outliers are guaranteed to have at least 𝑘 neighbors within the relaxed distance threshold. In 
addition, all identified outliers are true outliers, ensuring 100% precision.
Intuitively, smaller 𝜌 values improve recall by detecting more true outliers (𝜌 = 0 corresponds 

to exact search with 100% recall), while larger 𝜌 values improve efficiency. In practice, selecting a 
fixed 𝜌  is difficult because stream speed, data distribution, and computation budgets vary over time. 
Moreover, R-OD cannot control the number of detected outliers, which may fluctuate significantly 
depending on the threshold 𝑟 and the underlying data distribution.
To overcome these limitations, we introduce RPA-OD, an adaptive query model formalized as 

𝑞𝛿 (𝑛, 𝑘, 𝑟, 𝛿0), where 𝛿0 specifies the target outlier proportion. The initial threshold 𝑟  i s set to 
identify approximately 𝛿0 · |𝑂𝑊 | outliers. At each window slide, RPA-OD outputs a pair (𝑂𝑅, 𝜌), 
where 𝑂𝑅 is the set of detected outliers, and 𝜌 represents the minimal distance relaxation required 
to meet real-time constraints. A value of 𝜌 = 0 indicates that exact detection with 100% recall is 
feasible. RPA-OD continuously monitors the actual outlier proportion 𝛿 = |𝑂𝑅 |/|𝑂𝑊 |. If 𝛿 remains 
within a user-defined range (e.g., [0.5𝛿0, 2𝛿0]), 𝑟  remains unchanged. Otherwise, 𝑟  is adjusted to 
restore the desired proportion. In addition, 𝜌 is no longer a fixed input. It is adaptively tuned 
during query execution to ensure responsiveness under current computational constraints. This 
design makes RPA-OD both proportion-aware (by tracking and adapting to outlier proportions) and 
resource-efficient (by adjusting 𝜌 to match available processing capacity).
Figure 1 illustrates an RPA-OD query 𝑞𝛿 (3, 2, 𝑟, 0.2) (targeting 20% outliers) across windows 

𝑊0–𝑊2, with 𝜌 = 0.25 fixed for simplicity and initial 𝑟  = 1. In 𝑊0, 2 of 10 objects are detected as 
outlier (ratio 0.2), within the range [0.1, 0.4], so 𝑟 remains unchanged. In 𝑊1, 4 of 8 objects (ratio 
0.5) exceed the range, prompting 𝑟 to increase to 1.5. In 𝑊2, with 𝑟 = 1.5, 2 of 9 objects (ratio ≈ 0.22) 
fall back within range. Using the original 𝑟 = 1 would have reported 4 outliers in 𝑊2, highlighting 
the advantage of dynamic threshold adjustment.

3 The KNode-based Framework

In this section, we introduce a novel 𝑘-node-based framework built on a quad-tree-like index 𝑇 
to support RPA-OD over streaming data. We begin by presenting a key insight derived from the 
𝑘NN based algorithm. Next, we define the concept of 𝑘 -nodes and explain their roles in supporting 
outlier retrieval.

3.1 Inspiration from the 𝑘NN based Algorithms

Our approach builds on a fundamental observation from 𝑘NN search: for a threshold query 𝑞𝑡 (𝑛, 𝑘, 𝑟 ), 
if D(𝑜, 𝑜𝑘 ) from an object 𝑜 to its 𝑘-th nearest neighbor 𝑜𝑘 exceeds the distance threshold 𝑟 , fewer 
than 𝑘 objects exist within a radius 𝑟 from 𝑜 , implying that 𝑜 is an outlier. Conversely, if D(𝑜, 𝑜𝑘 )
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Fig. 2. The 𝑘-node-based algorithms (𝜌 = 0.632, 𝑟 = 5, 𝑘 = 6).

≤ 𝑟 , then at least 𝑘 objects are within distances 𝑟 to 𝑜 , making 𝑜 an inlier. By comparing 𝑟 and

D(𝑜, 𝑜𝑘 ) for each object 𝑜 , we can effectively identify outliers.

Building on this foundation, we introduce a node-level optimization: the node distance lower

bound, denoted as 𝑒 (𝑙𝑘 ), which estimates the minimum possible D(𝑜 , 𝑜𝑘 ) for any object 𝑜 within a

node 𝑒 , as formally presented in Definition 2.

Definition 2. Node Distance Lower Bound 𝑒 (𝑙𝑘 ). For a node 𝑒 in the index𝑇 , its node distance

lower bound 𝑒 (𝑙𝑘 ) is the minimal distance such that at least (𝑘 + 1) objects (including those in 𝑒) have
their minimum distance to 𝑒 bounded by this value.

This bound is computed using node-to-node distances and geometric properties of the enclosing

hypercube, making it significantly cheaper than computing object-based pairwise distances. Given

an object 𝑜 and a node 𝑒 , if there exists a node 𝑒′ such that |𝑒′ | = |𝑒 | and 𝑒′ contains 𝑜 , then the

minimum distance between 𝑜 and 𝑒 is computed as D𝑚𝑖𝑛 (𝑒, 𝑒′). If 𝑜 is contained in a leaf node whose

size is larger than |𝑒 |, we instead compute D𝑚𝑖𝑛 (𝑒, 𝑜). In Figure 2, we calculate 𝑒12 (𝑙𝑘 ) based on 𝑒12
itself, nearby nodes 𝑒10 and 𝑒11, and object 𝑜8 in 𝑒7. That is: D𝑚𝑖𝑛 (𝑒12, 𝑒12) = 0, D𝑚𝑖𝑛 (𝑒12, 𝑒11) = 0,

D𝑚𝑖𝑛 (𝑒12, 𝑒10) =
√
2 and D𝑚𝑖𝑛 (𝑒12, 𝑜8) = 2.1. Thus, 𝑒12 (𝑙𝑘 ) = 2.1.

Efficient Outlier Identification. Our framework uses 𝑒 (𝑙𝑘 ) to support efficient outlier detection

in the RPA-OD setting, leveraging the following results.

Theorem 1. Given an RPA-OD query 𝑞𝛿 (𝑛, 𝑘, 𝑟, 𝛿0) and a node 𝑒 in the index tree 𝑇 , if |𝑒 | ≤ 𝑟 ·𝜌
2
,

then: if 𝑒 (𝑙𝑘 ) > 𝑟 , all objects in 𝑒 are outliers; if 𝑒 (𝑙𝑘 ) ≤ 𝑟 , all objects in 𝑒 are 𝜌-inliers.

Proof. Let 𝑂𝑒 be the set of objects whose minimum distance to 𝑒 is at most 𝑒 (𝑙𝑘 ). By definition

of 𝑒 (𝑙𝑘 ), the set 𝑂𝑒 contains at least 𝑘 + 1 objects. We want to prove that, if 𝑒 (𝑙𝑘 ) ≤ 𝑟 and |𝑒 | ≤ 𝑟 ·𝜌
2
,

every object 𝑜 in 𝑂𝑒 is a 𝜌-neighbor of all objects in 𝑒 . We consider two cases based on whether 𝑜

is contained in a node 𝑒′ ∈ 𝑇 of the same size as 𝑒 . Case (1): There exists a node 𝑒′ ∈ 𝑇 such that

|𝑒′ | = |𝑒 |∧𝑜 ∈ 𝑒′. Then,D𝑚𝑎𝑥 (𝑜 , 𝑒) can be approximated byD𝑚𝑖𝑛 (𝑒, 𝑒′)+|𝑒′ |+|𝑒 | ≤ 𝑟+2|𝑒 | ≤ (1+𝜌) ·𝑟 ,
as |𝑒 | ≤ 𝑟 ·𝜌

2
. Case (2): There is no such node 𝑒′ ∈ 𝑇 with |𝑒′ | = |𝑒 | ∧ 𝑜 ∈ 𝑒′. Then, 𝑜 must reside in

a leaf node larger than 𝑒 and D𝑚𝑎𝑥 (𝑜, 𝑒) = D𝑚𝑖𝑛 (𝑜, 𝑒) + |𝑒 | ≤ 𝑟 + |𝑒 | < (1 + 𝜌) · 𝑟 . In both cases, 𝑜

is a 𝜌-neighbor of all objects in 𝑒 . Since |𝑂𝑒 | ≥ 𝑘 + 1, every object in 𝑒 has at least |𝑂𝑒 | − 1 = 𝑘

𝜌-neighbors. Hence, they are 𝜌-inliers. If 𝑒 (𝑙𝑘 ) > 𝑟 , each object 𝑜 ∈ 𝑒 has D(𝑜 , 𝑜𝑘 ) > 𝑟 , making all of

them outliers. □

Theorem 1 provides a density-aware approach to efficiently support RPA-OD. The running

cost of determining outlier status varies significantly depending on the density of the regions

where objects reside. In dense regions, where nodes satisfy |𝑒 | ≤ 𝑟 ·𝜌
2
, we can efficiently determine

the outlier status of enclosed objects by computing 𝑒 (𝑙𝑘 ) and comparing it with 𝑟 , significantly

reducing computational cost. In sparse regions, objects may reside in larger leaf nodes 𝑒𝐿 . When
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|𝑒𝐿 | + 2𝑒𝐿 (𝑙𝑘 ) > (1 + 𝜌) · 𝑟 but 𝑒𝐿 (𝑙𝑘 ) ≤ 𝑟 , the outlier status of those objects cannot be determined

based on the bounds alone. In such cases, we perform object-level comparisons to derive D(𝑜, 𝑜𝑘 ),
which are more computationally expensive. However, since such sparse regions typically contain

significantly fewer objects, the overall cost remains manageable.

In Figure 2, since |𝑒12 | =
√
2 ≤ 𝑟 ·𝜌

2
≈ 1.58, and 𝑒12 (𝑙𝑘 ) = 2.1 < 𝑟 = 5, Theorem 1 ensures that all

objects in 𝑒12 are 𝜌-inliers. Similarly, objects within nodes {𝑒9, 𝑒10, 𝑒11, 𝑒13, 𝑒14, 𝑒15} are also 𝜌-inliers.
Self-Adaptive Parameter Adjustment. Our framework allows adaptive tuning of 𝜌 and 𝑟 by

analyzing the relationships among the current 𝑟 , the distribution of node sizes, their associated

𝑒 (𝑙𝑘 ) values, and the available computational resources. Theorem 1 implies that a smaller 𝜌 imposes

stricter inlier conditions but also increases the number of nodes (and objects) that require costly

evaluation. Thus, 𝜌 serves as a trade-off parameter between recall and computational efficiency. In

addition, since the distribution of 𝑒 (𝑙𝑘 ) values approximates the distribution of their distances to

their 𝑘-NNs, we can refine 𝑟 via 𝑒 (𝑙𝑘 ) value distribution across nodes, without computing D(𝑜 , 𝑜𝑘 )

for individual objects. This approach yields significant savings compared to exhaustive object-level

analysis.

3.2 The Concept of 𝑘-Node

𝑒 (𝑙𝑘 ) values are crucial to RPA-OD. A natural question arises: how can we efficiently compute 𝑒 (𝑙𝑘 )
values for nodes? To address it, we introduce a novel concept called 𝑘-node, defined in Definition 3.

Definition 3. 𝑘-node. A node 𝜖 in the index 𝑇 is a 𝑘-node if it contains up to 𝑘 objects, and its

immediate parent node in 𝑇 contains at least (𝑘 + 1) objects.

Selecting 𝑘-nodes as pivotal nodes offers two key advantages. First, for any 𝑘-node 𝜖 , we have

𝜖 (𝑙𝑘 ) = 0, as formalized in Lemma 1. This eliminates the need to compute 𝜖 (𝑙𝑘 ) for both the 𝑘-nodes

and their ancestor nodes, significantly reducing the cost of re-evaluating 𝑒 (𝑙𝑘 ) per window slide.

Second, when 𝜌 and 𝑟 satisfy |𝜖 | ≤ (1+𝜌 ) ·𝑟
2

, all objects in 𝜖 are guaranteed to be 𝜌-inliers, as stated

in Lemma 2. This enables immediate inlier detection without further verification. In Figure 2, 𝑒6
contains 4 objects (< 𝑘 = 6), while its parent node 𝑒1 contains 7 objects (≥ 𝑘 + 1 = 7), making 𝑒6

a 𝑘-node. As |𝑒6 | = 2

√
2 <

(1+𝜌 ) ·𝑟
2

=
(1+0.632) ·5

2
= 4.08, all objects in 𝑒6 are 𝜌-inliers according to

Lemma 2.

Lemma 1. For any 𝑘-node 𝜖 in 𝑇 , 𝜖 (𝑙𝑘 ) = 0.

Proof. By definition, the parent node of 𝜖 contains at least 𝑘 + 1 objects, distributed among 𝜖

and its sibling nodes. Since the minimal distance of 𝜖 to any siblings is 0, 𝜖 (𝑙𝑘 ) = 0. □

Lemma 2. Given a 𝑘-node 𝜖 within the index 𝑇 , if |𝜖 | ≤ (1+𝜌 ) ·𝑟
2

, objects within 𝜖 are all 𝜌-inliers.

Proof. As 𝜖 and its sibling nodes collectively contain at least 𝑘 + 1 objects, and the maximum

distance between any object in 𝜖 and objects in its sibling nodes is bounded by 2|𝜖 |, if |𝜖 | ≤ (1+𝜌 ) ·𝑟
2

,

any object 𝑜 ∈ 𝜖 has at least 𝑘 objects within their distances to 𝑜 bounded by 2|𝜖 | ≤ (1 + 𝜌) · 𝑟 .
Together with 𝜖 (𝑙𝑘 ) = 0 < 𝑟 , objects within 𝜖 are all 𝜌-inliers. □

𝑘-nodes enable efficient computation of 𝑒 (𝑙𝑘 ) not only for themselves and their ancestors but 
also their descendant nodes. Specifically, for any descendant node 𝑒  of a 𝑘-node 𝜖 , we can compute 
𝑒 (𝑙𝑘 ) efficiently using a set associated with 𝜖 , denoted as 𝜖 (𝑁 𝑁 ).
𝜖 (𝑁 𝑁 ) contains a limited number of nodes and objects, defined as follows: (i) all nodes in 𝑇 

with size |𝜖 | (including 𝜖 itself), whose minimal distances to 𝜖 are no larger than 2|𝜖 |; and (ii) all 
objects residing in leaf nodes of size larger than |𝜖 |, with minimal distances to 𝜖 no larger than
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2|𝜖 |. In Figure 2, 𝑒6 is a 𝑘-node and its corresponding 𝑒6 (𝑁𝑁 ) contains 4 nodes and 2 objects

{𝑒5, 𝑒6, 𝑒7, 𝑒8, 𝑜5, 𝑜6}.
As stated in Lemma 3, elements within 𝜖 (𝑁𝑁 ) suffice to compute 𝑒 (𝑙𝑘 ) for any descendant node 𝑒

of 𝜖 , without the need to search the full index, helps us reduce the computational overhead, thereby

enhancing the effectiveness of our 𝑘-node-based framework.

Lemma 3. Let 𝑒 be a descendant node of a 𝑘-node 𝜖 within 𝑇 , and let 𝜖 (𝑁𝑁 ) denote the set of
neighbor nodes of 𝜖 . For any object 𝑜 ∈ 𝑒 , all its 𝑘NNs are contained in 𝜖 (𝑁𝑁 ).

Proof. Let 𝑆𝑜 be the set of objects enclosed by 𝜖 and its sibling nodes. As the maximum distance

between an object 𝑜 ∈ 𝑒 and objects in 𝑆𝑜 is bounded by 2|𝜖 | and |𝑆𝑜 − {𝑜}| ≥ 𝑘 (as guaranteed by

the definition of 𝑘-node), it is confirmed that D(𝑜, 𝑜𝑘 ) ≤ 2|𝜖 |. Consequently, all 𝑘NNs of 𝑜 ∈ 𝑒 must

be contained in 𝜖 (𝑁𝑁 ). □

Above all, we propose maintaining 𝜖 (𝑁𝑁 ) for all non-leaf 𝑘-nodes in 𝑇 to support RPA-OD, as

formalized in Theorem 2. For clarity, we divide the 𝑘-node set into two subsets: K> and K≤ , for
a given RPA-OD query 𝑞𝛿 (𝑛, 𝑘, 𝑟, 𝛿0) according to node size. K> includes all 𝑘-nodes with sizes

exceeding
(1+𝜌 ) ·𝑟

2
and K≤ includes the remaining 𝑘-nodes. For 𝑘-nodes in K> , we identify outliers

by evaluating their maximum descendant nodes with sizes no larger than
𝑟 ·𝜌
2
, and leaf nodes with

sizes larger than
𝑟 ·𝜌
2
. 𝑘-nodes in K≤ can be safely excluded from outlier retrieval because, as stated

in Lemma 2, they do not contain any outliers.

Theorem 2. Given a quad-tree based index 𝑇 , a distance relaxation parameter 𝜌 and distance

threshold 𝑟 , we can detect outliers by maintaining 𝜖 (𝑁𝑁 ) for all non-leaf 𝑘-nodes 𝜖 in 𝑇 .

Proof. Let K denote the set of 𝑘-nodes in 𝑇 . We answer RPA-OD by evaluating each 𝑘-node.

Because the evaluation depends on node sizes, we partition 𝑘-nodes into two subsets based on

node sizes, i.e., K> = {𝜖 ∈ K||𝜖 | > (1+𝜌 ) ·𝑟
2
} and K≤ = {𝜖 ∈ K||𝜖 | ≤ (1+𝜌 ) ·𝑟

2
}.

Case (i): For 𝑘-nodes in K≤ , their enclosed objects are all 𝜌-inliers, as stated in Lemma 2.

Case (ii): For 𝑘-nodes 𝜖 in K>, we locate their largest descendant nodes 𝑒 with sizes bounded by

𝑟 ·𝜌
2
. We derive 𝑒 (𝑙𝑘 ) according to the nodes/objects in 𝜖 (𝑁𝑁 ), as stated in Lemma 3. We thereafter

compare 𝑒 (𝑙𝑘 ) with 𝑟 based on Theorem 1 to determine whether objects in 𝑒 are outliers.

Case (iii): For 𝑘-nodes 𝜖′ inK> having descendant leaf nodes 𝑒𝐿 with size larger than
𝑟 ·𝜌
2
, we derive

𝑒𝐿 (𝑙𝑘 ) based on nodes/objects in 𝜖′ (𝑁𝑁 ). If 𝑒𝐿 (𝑙𝑘 ) > 𝑟 , objects within 𝑒𝐿 are outliers. If 𝑒𝐿 (𝑙𝑘 ) ≤ 𝑟
and 𝑒𝐿 (𝑙𝑘 )+2|𝑒𝐿 | ≤ (1+𝜌) ·𝑟 , objects within 𝑒𝐿 are 𝜌-inliers. Otherwise (𝑒𝐿 (𝑙𝑘 ) ≤ 𝑟 ∧𝑒𝐿 (𝑙𝑘 )+2|𝑒𝐿 | >
(1 + 𝜌) · 𝑟 ), objects within 𝑒𝐿 may be outliers which require further evaluation. For each object

𝑜 ∈ 𝑒𝐿 , we search 𝜖′ (𝑁𝑁 ) for its 𝜌-neighbors.
Edge Case: For 𝑘-nodes 𝜖𝑙 in K> that are leaf nodes themselves, we search for 𝜌-neighbors for

objects in 𝜖𝑙 . □

In Figure 2, 𝑘-nodes 𝑒5, 𝑒6, 𝑒7, and 𝑒8 fall into the set K≤ (Case (i)), and their enclosed objects are

𝜌-inliers by Lemma 2. Leaf-nodes 𝑒2 and 𝑒3 are 𝑘-nodes within K> (Edge Case), and their enclosed

objects require further evaluations.

Challenges. Our approach is efficient, but several challenges remain. First, in high-density regions,

𝜖 (𝑁𝑁 ) set tends to be large. Specifically, there can be up to (3
𝑑 − 1) |𝜖 |-sized nodes with zero

minimal distances to 𝜖 , resulting in expensive searches when deriving 𝑒 (𝑙𝑘 ) for descendant nodes 𝑒 .
Second, under streaming conditions, repeatedly calculating 𝑒 (𝑙𝑘 ) for the descendants 𝑒 of 𝑘-nodes
incurs high processing costs. Third, we need to find ways to better leverage the properties of

𝑘-nodes and 𝑒 (𝑙𝑘 ) values of their descendants to guide the selection of reasonable 𝑟 and 𝜌 values.

We will address these challenges in the following section.
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Fig. 3. Recall and proportion-aware outlier retrieval.

4 Support RPA-OD Under Data Streams

When the window slides, new objects are inserted into the index 𝑇 , while expired objects are 
removed. After updating 𝑇 , 𝑘-nodes are updated accordingly (see Section 4.1). Next, outliers are 
retrieved. We describe how to retrieve outliers from a single node and the overall retrieval process 
in Sections 4.2 and 4.3. Finally, we explain how to adjust 𝑟 , if needed, in Section 4.4, and present 
cost analysis in Section 4.5.

4.1 Maintenance of 𝜖 (𝑁 𝑁𝑙 )
In this paper, we propose maintaining a structure denoted as 𝜖 (𝑁 𝑁𝑙 ), a refined version of 𝜖 (𝑁 𝑁 ), 
for each non-leaf 𝑘-node 𝜖 , to address the first challenge. 𝜖 (𝑁 𝑁𝑙 )  retains up to 2𝑘 leaf nodes, 
selected from those enclosed by the nodes in 𝜖 (𝑁 𝑁 ). This design enables 𝜖 (𝑁 𝑁𝑙 ) to dynamically 
adjust to local object density. In high-density areas, fewer leaf nodes are needed to maintain a tight 
upper bound for the 𝑒 (𝑙𝑘 ) of descendant nodes. In low-density areas, more leaf nodes are included 
in 𝜖 (𝑁 𝑁𝑙 ). As shown in Figure 3, 𝑒6 (𝑁 𝑁𝑙 ) contains 4 leaf nodes {𝑒9, 𝑒10, 𝑒11, 𝑒12}, covering 7 objects. 
In contrast, the set 𝑒6 (𝑁 𝑁 ) contains 4 nodes and 2 objects {𝑒5, 𝑒6, 𝑒7, 𝑒8, 𝑜5, 𝑜6}, covering a total of 16 
objects. This shows that 𝑒6 (𝑁 𝑁𝑙 ) spans a smaller search space and incurs a lower storage overhead.

Upon receiving a RPA-OD, we visit the index 𝑇 to form 𝜖 (𝑁 𝑁𝑙 ) for each non-leaf 𝑘-node 𝜖 . This 
set is initialized to include a few leaf nodes that have the smallest minimum distances to 𝜖 , such 
that the total number of enclosed objects is at least 𝑘 + 1. As the window moves, we outline the 
detailed maintenance of 𝜖 (𝑁 𝑁𝑙 ) under two different scenarios.
Scenario i): 𝜖 becomes an ancestor of new 𝑘-nodes. When the object count in 𝜖 increases to 
exceed 𝑘 , 𝜖 no longer satisfies the criteria of being a valid 𝑘-node according to Definition 3. Despite 
this, we employ a lazy update strategy that continues to treat 𝜖 as a 𝑘-node. This lazy update 
strategy remains valid, as 𝜖 covers larger spaces and encloses more objects than its descendant 
nodes, ensuring that 𝜖 (𝑙𝑘 ) ≤ 𝑒𝑑 (𝑙𝑘 ), where 𝑒𝑑 is any descendant of 𝜖 . Furthermore, it effectively 
handles cases where the number of objects in 𝜖 fluctuates. Once the object count in 𝜖  exceeds 2𝑘 , 
we search 𝑘-nodes among 𝜖’s descendants. For each newly identified 𝑘-node 𝜖𝑑 , we form 𝜖𝑑 (𝑁 𝑁𝑙 ) 
by including all elements from 𝜖 (𝑁 𝑁𝑙 ) whose minimum distance to 𝜖𝑑 is bounded by 2|𝜖𝑑 |. At that 
point, 𝜖 is no longer treated as a 𝑘-node, and we stop maintaining 𝜖 (𝑁 𝑁𝑙 ).
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Scenario ii): 𝜖 becomes a descendant of another 𝑘-node 𝜖𝑎 .When the number of objects within

𝜖’s parent node 𝜖𝑎 decreases, 𝜖 becomes a descendant of a newly promoted 𝑘-node 𝜖𝑎 . Given the fact

that |𝜖𝑎 | ≥ 2|𝜖 |, all leaf nodes in 𝜖 (𝑁𝑁𝑙 ) have their minimum distances to 𝜖𝑎 bounded by 2|𝜖𝑎 | too.
Therefore, when initializing 𝜖𝑎 (𝑁𝑁𝑙 ), we randomly select an existing 𝑘-node 𝜖′ from 𝜖𝑎’s children

and set 𝜖𝑎 (𝑁𝑁𝑙 ) = 𝜖′ (𝑁𝑁𝑙 ). This method uses the spatial properties inherited from the previous

𝑘-node structure. 𝜖 now becomes a descendant of 𝑘-node.

In Figure 3, 𝑒7 and 𝑒8 are 𝑘-nodes in𝑊0. Under𝑊1, 5 blue objects expire from the window, while

4 black objects arrive. Node 𝑒4 (parent of 𝑒7 and 𝑒8) becomes a 𝑘-node. We then initialize 𝑒4 (𝑁𝑁𝑙 )
based on either 𝑒7 (𝑁𝑁𝑙 ) or 𝑒8 (𝑁𝑁𝑙 ). In contrast, 𝑘-node 𝑒6 includes 7 objects in𝑊1, exceeding the

threshold 𝑘 (= 6) but not 2𝑘 . Therefore, 𝑒6 is still treated as a 𝑘-node under the lazy update.

4.2 𝑒 (𝑙+
𝑘
, 𝑡, 𝑓 , 𝑆) Guided Outlier Evaluation

We support RPA-OD based on Theorem 2. In the following, we explain how to perform the detailed

evaluations, including node-based evaluation and object-based evaluation, for 𝑘-nodes 𝜖 belonging

to Case (ii), Case (iii), and Edge Case of Theorem 2.

4.2.1 Node-based evaluation. We propose using 𝑒 (𝑙+
𝑘
) to replace 𝑒 (𝑙𝑘 ) to address the second chal-

lenge. We introduce a tuple (𝑙+
𝑘
, 𝑡, 𝑓 , 𝑆) for each descendant node 𝑒 of a 𝑘-node 𝜖 . Here, 𝑒 (𝑙+

𝑘
) is an

upper bound for 𝑒 (𝑙𝑘 ), derived mainly from nodes in 𝜖 (𝑁𝑁𝑙 ). 𝑒 (𝑡) denotes the expiration time of

this bound. 𝑒 (𝑓 ) is a flag indicating whether the bound is exact. If 𝑒 (𝑓 ) = 𝑡𝑟𝑢𝑒 , then 𝑒 (𝑙+
𝑘
) = 𝑒 (𝑙𝑘 ).

Otherwise, 𝑒 (𝑙+
𝑘
) is only an upper bound of 𝑒 (𝑙𝑘 ). The key insight behind using 𝑒 (𝑙+𝑘 ) is that, in dense

regions, 𝑒 (𝑙+
𝑘
) is often sufficient to determine the outlier status of enclosed objects. This allows us

to avoid computing the exact 𝑒 (𝑙𝑘 ) whenever possible, which is computationally expensive. Lastly,

𝑒 (𝑆) is a cached set that temporarily stores the nodes accessed during the calculation of 𝑒 (𝑙𝑘 ). It
helps avoid redundant searches when computing 𝑒𝑑 (𝑙𝑘 ) for 𝑒’s descendant nodes 𝑒𝑑 . Consider 𝑒6 in
Figure 3. As 𝑒6 (𝑁𝑁𝑙 ) = {𝑒9, 𝑒10, 𝑒11, 𝑒12}, D𝑚𝑖𝑛 (𝑒12, 𝑒12) = 0, D𝑚𝑖𝑛 (𝑒12, 𝑒11) = 0, D𝑚𝑖𝑛 (𝑒12, 𝑒10) =

√
2,

and D𝑚𝑖𝑛 (𝑒12, 𝑒9) = 2

√
2. We have 𝑒12 (𝑙+𝑘 ) = 2

√
2, while 𝑒12(𝑙𝑘 ) = 2.1.

To capitalize on this, we employ a lazy evaluation strategy. When a new descendant 𝑒 of a

𝑘-node is created as the window slides, we initialize 𝑒 (𝑙+
𝑘
, 𝑡, 𝑓 , 𝑆) to 𝑒 (+∞,−1, 𝑓 𝑎𝑙𝑠𝑒, ∅). This tuple is

only updated when 𝑒 is evaluated during outlier retrieval. This deferred computation significantly

reduces the overhead of maintaining 𝑒 (𝑙𝑘 ), improving overall efficiency.

Let 𝑒 be a node that requires evaluation, under a specific 𝜌 setting. We begin with Case (ii)

of Theorem 2 where 𝑒 is the largest descendant node with size bounded by
𝑟 ·𝜌
2

and its ancestor

𝑘-node 𝜖 belongs to K> (Algorithm 1 Line 2). If a valid value of 𝑒 (𝑙+
𝑘
) is already available, we skip

the following computation step. Otherwise, if node 𝑒 is being evaluated for the first time, or its

previously stored 𝑒 (𝑙+
𝑘
) value has expired (i.e., expiration time 𝑒 (𝑡) has been reached, Algorithm 1

Line 3), we need to initiate or update 𝑒 (𝑙+
𝑘
) value. We first compute 𝑒 (𝑙+

𝑘
) using only the nodes in

𝜖 (𝑁𝑁𝑙 ), where 𝜖 is 𝑒’s ancestor 𝑘-node. Next, we update 𝑒 (𝑙+𝑘 ) and 𝑒 (𝑡), and set the flag 𝑒 (𝑓 ) = 𝑓 𝑎𝑙𝑠𝑒

(Algorithm 1 Lines 4–5).

We then compare 𝑒 (𝑙+
𝑘
) with 𝑟 , leading to three possible outcomes. First, if 𝑒 (𝑙+

𝑘
) + 2|𝑒 | ≤ 𝑟 ,

all objects within 𝑒 have at least 𝑘 neighbors within radius 𝑟 , and are guaranteed to be inliers,

regardless of the value of 𝜌 . Evaluation for node 𝑒 can be safely terminated. Second, if 𝑟 − 2|𝑒 | <
𝑒 (𝑙+

𝑘
) ≤ 𝑟 , objects in 𝑒 are 𝜌-inliers, as guaranteed by Theorem 1. These objects may become outliers

as 𝜌 decreases in later iterations (Algorithm 1 Lines 6–9).

Third, if 𝑒 (𝑙+
𝑘
) > 𝑟 , it triggers the calculation of 𝑒 (𝑙𝑘 ) as this upper bound is too loose. We then

compute the exact 𝑒 (𝑙𝑘 ) by extending the search to index 𝑇 . To calculate 𝑒 (𝑙𝑘 ), we first check

whether there are at least 𝑘 + 1 objects whose lower-bound distances to 𝑒 are no larger than 𝑟 . This

involves identifying nodes whose minimum distance to the center of 𝑒 does not exceed (𝑟 + |𝑒 |
2
).
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Algorithm 1: Node-Based Evaluation

Input: Node 𝑒 , distance threshold 𝑟 , distance tolerance threshold 𝜌

Output: The tuple 𝑒 (𝑙+
𝑘
, 𝑡, 𝑓 , 𝑆 )

1 𝜖 ← FindKNode(𝑒);

2 if |𝑒 | ≤ 𝑟 ·𝜌
2
∧ 𝜖 ∈ K> then // Case (ii)

3 if 𝑒 (𝑡 ) <𝑊 (𝑡 ) then
4 Compute 𝑒 (𝑙+

𝑘
) and 𝑒 (𝑡 ) by 𝜖 (𝑁𝑁𝑙 ) ;

5 𝑒 (𝑓 ) ← 𝑓 𝑎𝑙𝑠𝑒 ;

6 if 𝑒 (𝑙+
𝑘
) ≤ 𝑟 − 2 |𝑒 | then

7 All objects in 𝑒 are inliers, goto Line 22;

8 else if 𝑒 (𝑙+
𝑘
) ≤ 𝑟 then

9 All objects in 𝑒 are 𝜌-inliers, goto Line 22;

10 𝐸𝑅=RangeQuery(𝑒, 𝑟 + |𝑒 |
2
,𝑇 );

11 if |𝐸𝑅 | < 𝑘 + 1 then
12 All objects in 𝑒 are outliers, goto Line 22;

13 else
14 Compute 𝑒 (𝑙𝑘 ) and 𝑒 (𝑡 ) via 𝐸𝑅 ;
15 𝑒 (𝑙+

𝑘
) ← 𝑒 (𝑙𝑘 ) , 𝑒 (𝑓 ) ← 𝑡𝑟𝑢𝑒 ;

16 update 𝜖 (𝑁𝑁𝑙 ) and 𝑒 (𝑆 ) ;
17 Back to line 6;

18 else if 𝑒 is a leaf ∧ |𝑒 | > 𝑟 ·𝜌
2
∧ 𝜖 ∈ K> then // Case (iii)

19 Leaf-Evaluation(𝑒, 𝜖, 𝑟, 𝜌);

20 else if 𝑒 is a leaf ∧ 𝑒 = 𝜖 ∧ 𝜖 ∈ K> then // Edge Case
21 Object-Based-Evaluation(𝑒, 𝑟, 𝜌);

22 return 𝑒 (𝑙+
𝑘
, 𝑡, 𝑓 , 𝑆 ) ;

If fewer than 𝑘 + 1 such objects are found, all objects in 𝑒 are outliers, and the evaluation on 𝑒 is

safely terminated (Algorithm 1 Lines 10–12). Otherwise, we perform a 𝑘NN search on the identified

objects to compute 𝑒 (𝑙𝑘 ); details are omitted due to space constraints. Let 𝑚 be the number of

objects whose distance lower bounds to 𝑒 are within 𝑒 (𝑙𝑘 ). Since𝑚 > 𝑘 is common, we reduce the

computational cost by randomly selecting 𝑘 ′ = min(2𝑘,𝑚) objects. Then, we update 𝑒 (𝑡) to the

(𝑘 + 1)-th largest arrival order among these 𝑘 ′ objects, and set 𝑒 (𝑓 ) to true. We apply the earlier

logic: if 𝑒 (𝑙+
𝑘
) + 2|𝑒 | ≤ 𝑟 , all objects in 𝑒 are inliers; if 𝑟 − 2|𝑒 | < 𝑒 (𝑙+

𝑘
) ≤ 𝑟 , objects in 𝑒 are 𝜌-inliers.

(Algorithm 1 Lines 13–17).

We now consider Case (iii), where a leaf node 𝑒𝐿 satisfies |𝑒𝐿 | > 𝑟 ·𝜌
2

and its ancestor 𝑘-node

belongs toK> . We execute the function Leaf-Evaluation (Algorithm 1 Lines 18–19). This function

follows logic similar to Case (ii), with two key differences. First, objects in 𝑒𝐿 are regarded as 𝜌-inliers

if the following two conditions are satisfied: (i) 𝑒 (𝑙+
𝑘
) ≤ 𝑟 , and (ii) 𝑟−2|𝑒𝐿 | < 𝑒𝐿 (𝑙+𝑘 ) ≤ (1+𝜌) ·𝑟−2|𝑒𝐿 |.

Second, once 𝑒 (𝑙𝑘 ) is computed, 𝑒𝐿 (𝑓 ) is set to true. Under this case, if (1+𝜌) ·𝑟 −2|𝑒𝐿 | < 𝑒𝐿 (𝑙+𝑘 ) ≤ 𝑟 ,
the outlier status of objects in 𝑒𝐿 cannot be determined at the node level. Therefore, we perform

object-based outlier evaluation, i.e., we invoke the function Object-Based-Evaluation. Lastly, we

consider the Edge Case, where 𝑒𝐿 itself is a 𝑘-node. In this situation, we also perform object-based

outlier evaluation for objects within 𝑒𝐿 (Algorithm 1 Lines 20–21).

Take the 𝑘-node 𝑒6 in Figure 3 as an example. Assume that in window𝑊0 with 𝜌 = 0.079, we need

to perform node-based outlier evaluation on descendants of 𝑘-node 𝑒6, where 𝑒6 ∈ K> . As 𝑒6 only

has descendant leaf nodes with size greater than
𝑟 ·𝜌
2
(≈ 0.198) (Case (iii)), we need to evaluate 𝑒11

and 𝑒12. First, we calculate 𝑒11 (𝑙+𝑘 ) based on 𝑒6 (𝑁𝑁𝑙 ). As 𝑒11 (𝑙+𝑘 ) + 2|𝑒11 | = 3

√
2 ≤ 𝑟 (= 5), all objects
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in 𝑒11 are inliers, and 𝑒11 (𝑙+𝑘 , 𝑡, 𝑓 , 𝑆) is updated to (
√
2, 𝑡1, false, ∅). Second, we derive 𝑒12 (𝑙+𝑘 ) = 2

√
2,

again based on 𝑒6 (𝑁𝑁𝑙 ). Given 𝑒12 (𝑙+𝑘 ) < 𝑟 and 𝑒12 (𝑙+𝑘 ) + 2|𝑒12 | > (1 + 𝜌) · 𝑟 , its current bound is

too loose and we derive 𝑒12 (𝑙𝑘 ) = 2.1 by conducting 𝑘NN search on its neighbors identified among

those enclosed in 𝑒6 (𝑁𝑁𝑙 ). Since 𝑒12 (𝑙𝑘 ) + 2|𝑒12 | = 2.1 + 2
√
2 < 5, its objects are also inliers, and

𝑒12 (𝑙+𝑘 , 𝑡, 𝑓 , 𝑆) is updated to (2.1, 𝑡1, true, ∅).
We want to highlight two points. First, once 𝑒 (𝑙+

𝑘
) is set to the actual bound 𝑒 (𝑙𝑘 ) (i.e., when 𝑒 (𝑓 )

is set to 𝑡𝑟𝑢𝑒), we update 𝜖 (𝑁𝑁𝑙 ) for 𝑒’s ancestor 𝑘-node 𝜖 by inserting all leaf nodes used to derive

𝑒 (𝑙𝑘 ) to 𝜖 (𝑁𝑁𝑙 ). This expansion improves the accuracy of future 𝑒′ (𝑙+
𝑘
) values of 𝜖’s descendant

nodes 𝑒′. To control its size, we limit 𝜖 (𝑁𝑁𝑙 ) to at most 2𝑘 leaf nodes. If the set exceeds this size

constraint, we retain only the most recent 2𝑘 nodes entering 𝜖 (𝑁𝑁𝑙 ), storing them in a FIFO queue.

Furthermore, 𝜖 (𝑁𝑁𝑙 ) is updated at most once per window to limit its update frequency.

Second, as will be discussed in Section 4.3, the value of 𝜌 decreases gradually during outlier

retrieval, requiring the evaluation of descendant nodes 𝑒𝑑 of 𝑒 . To avoid frequently searching on the

whole index, once the exact 𝑒 (𝑙𝑘 ) is computed, we update 𝑒 (𝑆) to include the following elements: (i)

nodes of size |𝑒 | whose minimal distances to the center of 𝑒 are within 𝑟 + |𝑒 |
2
, and (ii) objects from

larger leaf nodes that also lie within this bound. This cached set supports efficient computation

of 𝑒𝑑 (𝑙𝑘 ) values for descendant nodes 𝑒𝑑 of 𝑒 . Specifically, if multiple ancestor nodes of 𝑒𝑑 have

computed their 𝑙𝑘 values, we select the ancestor 𝑒 with the smallest size (i.e., the one nearest to 𝑒𝑑
in the index tree 𝑇 ). We then reuse the cached set 𝑒 (𝑆) to compute 𝑒𝑑 (𝑙𝑘 ) efficiently. The set 𝑒 (𝑆) is
deleted upon completion of outlier retrieval for the current window to optimize space usage. Note,

we do not update 𝑒11(𝑆) and 𝑒12 (𝑆) in our above example, because evaluations on 𝑒11 and 𝑒12 are

completed after all their enclosed objects are identified as inliers.

4.2.2 Object-based evaluation. A leaf node 𝑒𝐿 with 𝑒𝐿 (𝑙𝑘 ) ≤ 𝑟 but 𝑒𝐿 (𝑙𝑘 ) + 2|𝑒𝐿 | > (1 + 𝜌) · 𝑟
(Case (iii)), as well as any leaf 𝑘-node with size greater than

(1+𝜌 ) ·𝑟
2

(Edge Case), requires further

evaluation. As discussed in Section 4.3, the same objects in 𝑒𝐿 may be evaluated multiple times

across different iterations under different 𝜌 values. To avoid repeated calculations, we maintain

a tuple 𝑜 (𝑙𝑘 , 𝑢𝑘 , 𝑡, 𝑆 (𝜌0)) for each object 𝑜 ∈ 𝑒𝐿 . Here, 𝑜 (𝑙𝑘 ) and 𝑜 (𝑢𝑘 ) store the lower and upper

bounds of D(𝑜, 𝑜𝑘 ), respectively. 𝑜 (𝑡) indicates the expiration time of these bounds. 𝑜 (𝑆 (𝜌0)) is a
cached supporting set, used to avoid redundant searches during reevaluations of 𝑜 under different

𝜌 values. It maintains (i) nodes with sizes |𝑒 | ≤ 𝑟 · 𝜌0 whose minimum distances to 𝑜 are within 𝑟 ,

and (ii) objects from leaf nodes 𝑒′
𝐿
with |𝑒′

𝐿
| > 𝑟 · 𝜌0 that are within distance 𝑟 from 𝑜 . 𝜌0 refers to

the 𝜌 value used when the last time 𝑆 (𝜌0) is formed or updated under the current window. Similar

to the logic discussed before, the tuple 𝑜 (𝑙𝑘 , 𝑢𝑘 , 𝑡) is discarded once 𝑜 (𝑡) is reached and rebuilt if 𝑜

is re-evaluated. 𝑜 (𝑆 (𝜌0)) is deleted upon completion of outlier retrieval to save space cost.

For each object 𝑜 ∈ 𝑒𝐿 , we calculate (or update) 𝑜 (𝑙𝑘 ) under a few cases. Because of space

constraints, we only explain the procedure when the tuple 𝑜 (𝑙𝑘 , 𝑢𝑘 , 𝑡, 𝑆 (𝜌0)) is unavailable, where
we could use the similar logic to process 𝑜 under other cases. Specifically, we perform a radius-𝑟

range query around 𝑜 using the cached set 𝑒𝐿 (𝑆). The lower bound 𝑜 (𝑙𝑘 ) is derived using the similar

logic of 𝑒 (𝑙𝑘 ) calculation presented in Section 4.2.1. Let𝑚 be the number of objects whose distance

lower bounds to 𝑜 are within 𝑜 (𝑙𝑘 ). We randomly select 𝑘 ′ =min(2𝑘,𝑚) objects. From these, we

identify 𝑜’s 𝑘NNs, set 𝑜 (𝑢𝑘 ) to 𝑜’s distance to its 𝑘-th neighbor, and set 𝑜 (𝑡) accordingly. Each
object 𝑜 ∈ 𝑒𝐿 is classified as an inlier if 𝑜 (𝑢𝑘 ) ≤ 𝑟 , a 𝜌-inlier if 𝑜 (𝑙𝑘 ) ≤ 𝑟 and 𝑜 (𝑢𝑘 ) ≤ (1 + 𝜌) · 𝑟 , or
an outlier otherwise. To support re-evaluation under decreasing 𝜌 values in subsequent iterations,

if 𝑜 is a 𝜌-inlier, we temporarily retain the support set 𝑜 (𝑆 (𝜌0)), following the logic discussed in

Section 4.2.1.

Discussion. RPA-OD ensures correctness via the following logic: 1) If 𝑒 (𝑡) is valid and 𝑒 (𝑙+
𝑘
) yields

a conclusive decision (e.g., 𝑒 (𝑙+
𝑘
) > 𝑟 or 𝑒 (𝑙+

𝑘
) ≤ 𝑟 with |𝑒 | ≤ 𝑟 ·𝜌

2
), we immediately determine the
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status of all objects in 𝑒; 2) If 𝑒 (𝑙+
𝑘
) is expired or too loose, we recompute or tighten it using the

compact neighbor set 𝜖 (𝑁𝑁𝑙 ) of 𝑒’s ancestor 𝑘-node 𝜖 and then re-evaluate; 3) If the decision

remains unclear, we compute the exact 𝑒 (𝑙𝑘 ) via index-based search; correctness then follows

directly from Theorem 2; 4) If the status of objects in a leaf node 𝑒𝐿 cannot be determined from

𝑒𝐿 (𝑙+𝑘 ) and |𝑒𝐿 |, we perform object-based evaluation.

4.3 Outlier Retrieval

After updating 𝑇 , we initialize 𝜌 so that all 𝑘-nodes have their sizes bounded by
(1+𝜌 ) ·𝑟

2
and thus

belong toK≤ initially, i.e.,K≤ =K (Algorithm 2 Line 2). As shown in Figure 3, 𝑟 is set to 5. Since the

largest 𝑘-node 𝑒2 has a size of 4
√
2, we initialize 𝜌 to

2· |𝑒2 |
𝑟
− 1 ≈ 1.263. Accordingly, the threshold

(1+𝜌 ) ·𝑟
2

= 5.6575, and all 𝑘-nodes have sizes bounded by this threshold.

Lines 3–18 of Algorithm 2 describe the core outlier retrieval procedure. Leveraging properties of

𝑘-nodes and Theorem 2, the algorithm jointly retrieves outliers and adapts 𝜌 through four phases:

𝑘-node-guided 𝜌 tuning, candidate set update, candidate set evaluation, and running cost evaluation.

𝑘-node-Guided 𝜌 Tuning. Assume 𝑘-nodes 𝜖𝑖 in setK are sorted in descending order of their size,

i.e., |𝜖1 | ≥ |𝜖2 | ≥ |𝜖3 | · · · . By Theorem 2, only the 𝑘-nodes inK> (those with size larger than
(1+𝜌 ) ·𝑟

2
)

may contain outliers. We therefore initialize 𝜌 to (
2 |𝜖1 |
𝑟
− 1), so that the size bound

(1+𝜌 ) ·𝑟
2

= |𝜖1 |,
ensuring all 𝑘-nodes inK meet this bound, i.e.,K> = ∅ andK≤ =K (Algorithm 2 Line 2). We then

form a candidate node 𝐶𝐸 , which contains nodes that have potential outliers and is initially empty.

No outliers are retrieved at this stage, and the retrieval process incurs negligible running cost. We

then iteratively halve 𝜌 . Each decrease in 𝜌 value updates the candidate set𝐶𝐸 (Algorithm 2 Line 4).

Take the 𝑘-nodes in𝑊0 of Figure 3 as an example. The initial value of 𝜌 is
2 |𝑒2 |
𝑟
− 1 ≈ 1.263. In

the first iteration, 𝜌 is halved (i.e., ≈ 0.632), so that
(1+𝜌 ) ·𝑟

2
= 4.08. As a result, 𝑒2 and 𝑒3 move out

of K≤ . This operation triggers an update to 𝐶𝐸 , followed by an evaluation of its nodes to identify

outliers. Both node-based and object-based evaluations are performed, as detailed in Section 4.2.

The process continues iteratively until one of the following two termination conditions is met.

First, 𝐶𝐸 becomes empty and all 𝑘-nodes in K≤ have their sizes bounded by
𝑟
2
. Note that 𝑘-nodes

with size bounded by
𝑟
2
only contain inliers, regardless of 𝜌 setting. This condition indicates that

all outliers have been retrieved, implying exact outlier retrieval with 𝜌 = 0 (Algorithm 2 Lines 5–6).

Second, the current time limit is reached and the window is about to slide, i.e., evaluation-cost

function returns 𝑓 𝑎𝑙𝑠𝑒 (Algorithm 2 Lines 7–8). We roll back 𝜌 to its previous value and terminate

the retrieval.

Candidate Set Update. Each time 𝜌 is reduced, all 𝑘-nodes in K≤ that exceed the new threshold

(1+𝜌 ) ·𝑟
2

are moved out of K≤ and added to K>. This triggers an update to the candidate set 𝐶𝐸 .

Specifically, 𝑘-nodes newly added to K> are inserted into 𝐶𝐸 . Next, we evaluate all non-leaf nodes

in 𝐶𝐸 whose sizes are not bounded by the new threshold
𝑟 ·𝜌
2
, and replace them with their largest

descendant nodes that are within this bound, along with any descendant leaf nodes that exceed

this threshold, if any
1
.

Candidate Set Evaluation.We scan 𝐶𝐸 to identify outliers, following the evaluation presented

in Section 4.2. We first conduct node-based evaluation for each node 𝑒 ∈ 𝐶𝐸 . For nodes 𝑒 whose

evaluations are terminated (i.e., 𝑒 contains inliers or outliers but not 𝜌-inliers), 𝑒 is removed from

𝐶𝐸 (Algorithm 2 Lines 11–14). Only nodes 𝑒 that include 𝜌-inliers remain at 𝐶𝐸 . We then conduct

object-based evaluation for leaf node 𝑒𝐿 ∈ 𝐶𝐸 with 𝑒𝐿 (𝑙+𝑘 ) ≤ 𝑟 ∧ 𝑒𝐿 (𝑙+𝑘 ) + 2|𝑒𝐿 | > (1 + 𝜌) · 𝑟
(Algorithm 2 Lines 15–16). We remove 𝑒 from 𝐶𝐸 if all the enclosed objects are inliers or outliers.

1
Our implementation accelerates candidate set maintenance by introducing auxiliary structures that limit processing to

𝑘-nodes that have not been part of K> within the last 𝑛 time units. It only visits nodes with either an invalid 𝑒 (𝑙+
𝑘
, 𝑡, 𝑓 , 𝑆 )

or 𝑒 (𝑙+
𝑘
) > 𝑟 .
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Algorithm 2: Outlier Retrieval
Input: Newly arrived object set 𝑠𝑖𝑛 , expired object set 𝑠𝑜𝑢𝑡

Output: Outlier Set𝑂𝑅 , distance tolerance threshold 𝜌

1 𝑂𝑅 ← ∅,𝐶𝐸 ← ∅;
2 K ←Update-KNodes(𝑇 ); 𝜌 ← 2·max𝜖∈K |𝜖 |

𝑟
− 1, K≤ ← K ;

3 while the termination conditions are not met do
4 𝜌 ← 𝜌/2.0,𝐶𝐸 ← Update-CandidateSet(𝜌, 𝑟,K>,𝑇 ) ;
5 if max𝜖∈K≤ |𝜖 | ≤ 𝑟

2
∧𝐶𝐸 = ∅ then

6 𝜌 ← 0, break; ⊲ exact search, 100% recall

7 if Evaluation-Cost(𝐶𝐸 , 𝜌) = false then
8 𝜌 ← 𝜌 × 2.0, break; ⊲ window is about to slide

9 for each element 𝑒 ∈ 𝐶𝐸 do
10 Node-Evaluation(𝑒, 𝑟, 𝜌); ⊲ Sec. 4.2.1

11 if 𝑒 (𝑙+
𝑘
) + 2 |𝑒 | ≤ 𝑟 then

12 𝐶𝐸 ← 𝐶𝐸 − {𝑒 }; ⊲ inliers

13 else if 𝑒 (𝑙+
𝑘
) > 𝑟 then

14 𝑂𝑅 ← 𝑂𝑅 ∪ 𝑒 (𝑂 ) ,𝐶𝐸 ← 𝐶𝐸 − {𝑒 }; ⊲ outliers

15 if (𝑒 is a leaf node) ∧ 𝑟 ≥ 𝑒 (𝑙+
𝑘
) > (1 + 𝜌 ) · 𝑟 − 2 |𝑒 | then

16 OBJ-Evaluation(𝑒, 𝑟,𝑂𝑅, 𝜌); ⊲ Sec. 4.2.2

17 if all objects in 𝑒 are identified as inliers or outliers then
18 𝐶𝐸 ← 𝐶𝐸 − {𝑒 };

19 return (𝑂𝑅, 𝜌 ) ;

Returning to the example in Figure 3. Under𝑊0, when 𝜌 = 0.632, 𝐶𝐸 is updated to {𝑒2, 𝑒3}. As
both are leaf 𝑘-nodes and 𝑒2 (𝑆) = 𝑒3 (𝑆) = ∅, we perform radius-𝑟 range searches around 𝑜5 and

𝑜6 in 𝑇 . As both range searches return < 𝑘 objects, 𝑜5 and 𝑜6 are identified as outliers, and nodes

𝑒2 and 𝑒3 are removed from 𝐶𝐸 . As shown in the table in Figure 3, 𝜌 continues to halve its value,

while 𝐶𝐸 remains empty. Only when 𝜌 reduces to 0.079, 𝑘-nodes {𝑒5, 𝑒6, 𝑒7, 𝑒8} are moved out of

K≤ . For non-leaf 𝑘-nodes {𝑒5, 𝑒6, 𝑒8}, we locate their largest descendant nodes with sizes bounded

by
𝑟 ·𝜌
2
≈ 0.198 (i.e., 𝑒9 ∼ 𝑒15) and insert them into 𝐶𝐸 , together with the leaf 𝑘-node 𝑒7. We then

perform node-based evaluation (e.g., for nodes {𝑒9, 𝑒10, · · · }) and object-based evaluation (e.g., for

objects 𝑜1 and 𝑜8 in 𝑒7). After processing these nodes, both 𝐶𝐸 and K≤ become empty, indicating

that all outliers have been found. (𝑂𝑅, 𝜌 = 0) is returned to complete the retrieval process.

Running Cost Evaluation.We retrieve outliers through an iterative process. Outliers that are

enclosed by larger nodes tend to be detected earlier, and their D(𝑜 , 𝑜𝑘 )s are generally larger. The

decision to proceed to the next iteration is governed by whether the system has the ability to

evaluate candidate nodes in 𝐶𝐸 before the window slides (Algorithm 2 Line 7). In the following, we

explain how to estimate the running cost required for the upcoming iteration. The candidate set𝐶𝐸

includes two types of nodes, those newly added, denoted as 𝐶′
𝐸
, and those expanded from nodes

already in 𝐶𝐸 , denoted as 𝐶′′
𝐸
.

Nodes 𝑒 in𝐶′
𝐸
need to update their 𝑙+

𝑘
. In the worst case, this involves a construction of the cached

set 𝑒 (𝑆), which includes nodes of size |𝑒 | whose minimal distances to the center of 𝑒 are within

𝑟 + |𝑒 |/2, and objects from larger leaf nodes that also lie within this bound. Recall that |𝑒 | is bounded
by 𝑟 · 𝜌/2, so 𝑟 + |𝑒 |/2 is bounded by 𝑟 + 𝑟 · 𝜌/4 = (1 + 𝜌/4) · 𝑟 . In general, the number of nodes

with size bounded by 𝑟 · 𝜌/2 that intersect the boundary of a hyper-sphere of radius (1 + 𝜌/4) · 𝑟 is
bounded by ( (1+𝜌/4) ·𝑟

𝑟 ·𝜌/2
√
𝑑
)𝑑 = O

(
( 2
√
𝑑

𝜌
)𝑑
)
. Accordingly, the total number of nodes in 𝑇 intersecting the

boundary of a hyper-sphere with radius (1 + 𝜌/4) · 𝑟 is bounded by: O(( 2
√
𝑑

𝜌
)𝑑 (1 + 1

2
𝑑 + 1

4
𝑑 + · · · ))
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= O(( 2
√
𝑑

𝜌
)𝑑 ). The cost of resetting 𝑒 (𝑡) is O(𝑘). Each time we update 𝑒 (𝑙+

𝑘
), we insert at most

O(𝑘) leaf nodes into 𝜖 (𝑁𝑁𝑙 ) with O(1) per node. The overall cost of constructing or updating

𝑒 (𝑙+
𝑘
) is O(𝑘 + ( 2

√
𝑑

𝜌
)𝑑 ), expressed as Cost-Node(𝜌). The computational cost incurred by 𝐶′

𝐸
is

|𝐶′
𝐸
| · Cost-Node(𝜌).
For each node 𝑒 ∈ 𝐶′′

𝐸
, its running cost can be approximated by the cardinality of 𝑒𝑎 (𝑆), denoted

as |𝑒𝑎 (𝑆) |, where 𝑒𝑎 is 𝑒’s closest ancestor with 𝑒𝑎 (𝑆) available. Since elements in 𝑒𝑎 (𝑆) have at most

( |𝑒𝑎 |/|𝑒 |)𝑑 · |𝑒𝑎 (𝑆) | descendant nodes, the running cost is bounded by 𝑂 ( |𝑒𝑎 |/|𝑒 |)𝑑 · |𝑒𝑎 (𝑆) |). The
total running cost for 𝐶′′

𝐸
is therefore bounded by 𝑂 (∑𝑒∈𝐶 ′′

𝐸
( |𝑒𝑎 |/|𝑒 |)𝑑 · |𝑒𝑎 (𝑆) |). Thus, the running

cost to evaluate nodes within 𝐶𝐸 can be approximated by Equation (1).

𝐶𝑜𝑠𝑡𝐸 (𝜌 ) = |𝐶 ′𝐸 | · Cost-Node(𝜌 ) +
∑︁

𝑒∈𝐶′′
𝐸

( |𝑒𝑎 |/|𝑒 | )𝑑 · |𝑒𝑎 (𝑆 ) | (1)

We also perform object-based evaluation. Let 𝐶𝑂 be the set of objects that require object-based

evaluation. We further partition 𝐶𝑂 into 𝐶′
𝑂
that includes objects whose (𝑙𝑘 , 𝑢𝑘 , 𝑡, 𝑆 (𝜌0)) is unavail-

able under the current window, and𝐶′′
𝑂
=𝐶𝑂 \𝐶′𝑂 that include objects whose (𝑙𝑘 , 𝑢𝑘 , 𝑡, 𝑆 (𝜌0)) were

previously computed in earlier iterations. Following the logic of node-based evaluation, this part of

running cost is evaluated via Equation (2).

𝐶𝑜𝑠𝑡𝑂 (𝜌 ) =
∑︁

𝑜∈𝐶′
𝑂

|𝑒𝐿 (𝑆 ) | +
∑︁

𝑜′∈𝐶′′
𝑂

(𝜌0/𝜌 )𝑑 · |𝑜 ′ (𝑆 (𝜌0 ) ) | (2)

Last, the algorithm dynamically adjusts 𝜌 based on the available processing time 𝑡𝑎 before the

window slides. In the real implementation, we first profile the system to obtain two throughput

constants:𝛼 (index nodes accessible perms) and 𝛽 (data objects accessible perms).When considering

a reduction of 𝜌 to improve recall, the cost model estimates the additional nodes Δ𝑁 and objects

Δ𝑂 required. The expected processing time is then computed as Δ𝑡est = Δ𝑁 /𝛼 +Δ𝑂/𝛽 . If 𝑡𝑎 ≥ Δ𝑡est,
the system proceeds with the refined 𝜌 and evaluates the candidate sets (function Evaluation-

Cost returns true); otherwise, outlier detection terminates and 𝜌 rolls back to its previous value

(Algorithm 2 Lines 7–8).

Discussion. Our proposed method is efficient. First, we compute node-level 𝑙+
𝑘
values instead of

performing costly 𝑘NN searches for individual objects. Second, we update or calculate 𝑙+
𝑘
values

only for a selective subset of nodes. Finally, although the current work mainly focuses on a single-
threaded implementation, our method naturally supports parallel execution. In particular, the 
Node-Based Evaluation module processes nodes independently, making it well suited for multi-

threaded execution. To validate this property, we implement a multi-threaded version of the 
Node-Based Evaluation module and compare it with the single-threaded implementation. The 
detailed experimental evaluation and performance comparison are presented in the experimental 
section. In addition, the 𝑟 value adjustment can also be extended to run concurrently with the main 
detection process with minor modifications.

4.4 Adjusting Distance Threshold 𝑟
Let 𝛿 represent the percentage of identified outliers in the current query window, and 𝛿 0 the

expected percentage of outliers. If 𝛿 falls within the range [ 𝛿
2

0 , 2𝛿0] (or another application-specific 
range), we do not update 𝑟 . Otherwise, we adjusts 𝑟 to restore the desired outlier ratio. When

excessive outliers are detected (𝛿 > 2𝛿0), as increasing 𝑟 is expected to bring the number of outliers 
back to the specified range in future windows, we relax the radius 𝑟  by setting it to the (𝛿0 · |𝑂𝑊 |)-th 
smallest 𝑜 (𝑙𝑘 ) value among outliers in set 𝑂𝑅 .

When an insufficient number of outliers is detected (𝛿  < 𝛿
2

0 
), we tighten 𝑟 to ensure that at least 

𝛿0 · |𝑂𝑊 | objects satisfy D(𝑜, 𝑜𝑘 ) > 𝑟 . The tightening procedure is as follows. First, we locate all leaf
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nodes that contain the current outliers. If these leaf nodes collectively contain fewer than 𝛿0 · |𝑂𝑊 |
objects, we traverse the index upward from these leaf nodes, visiting their parent nodes one by

one in descending order of their sizes, until accumulated set of nodes contains at least 𝛿0 · |𝑂𝑊 |
objects. Next, we construct the node set 𝐸 by iteratively adding the largest node (in terms of size

|𝑒 |) from the visited nodes until the total number of objects in 𝐸 reaches or exceeds 𝛿0 · |𝑂𝑊 |. Then,
we compute 𝑜 (𝑙𝑘 ) for each object 𝑜 within these nodes, and set 𝑟 to the 𝑘-th largest 𝑜 (𝑙𝑘 ) value.

4.5 Cost Analysis

This section explains the running cost incurred in 𝜖 (𝑁𝑁𝑙 ) construction, outlier retrieval, and 𝑟

adjustment.

𝜖 (𝑁𝑁𝑙 ) Construction and Maintenance. We construct 𝜖(𝑁𝑁𝑙 ) from scratch during initialization

for all 𝑘-nodes 𝜖 . This requires traversing the index 𝑇 to locate 𝜖’s 𝑘 nearest leaf nodes, with a

cost of O(( 𝑟

|𝜖 |/
√
𝑑
)𝑑 + 𝑘), which simplifies to O(𝑘) per 𝑘-node. After initialization, as objects expire

and new objects arrive, updates to 𝑘-nodes are triggered. For new 𝑘-nodes 𝜖 , their corresponding

𝜖(𝑁𝑁𝑙 ) is constructed using (𝑁𝑁𝑙 ) from either their ancestor 𝑘-node 𝜖𝑎 or descendant 𝑘-node 𝜖𝑑 .

Since both 𝜖𝑎 (𝑁𝑁𝑙 ) and 𝜖𝑑 (𝑁𝑁𝑙 ) contain up to 2𝑘 leaf nodes, the construction cost remains O(𝑘).
Outlier Retrieval. Let 𝜌 indicate the final distance relaxation returned, and 𝑢 be the total number

of nodes whose 𝑙+
𝑘
values are evaluated during node-based evaluation. The running cost for outlier

retrieval is bounded by O(𝑢 · (𝑘 + log |𝑂𝑊 |)).
𝑟 Adjustment. As stated in Section 4.4, adjusting 𝑟 requires computing 𝑜 (𝑙𝑘 ) for affected objects.

This cost is dominated by a range query on the index 𝑇 , which is O((
√
𝑑
𝑟
)𝑑 + 𝑘) = O(𝑘). Therefore,

the total running cost is O(𝛿0 · |𝑂𝑊 | · 𝑘).
Overall Incremental Cost per Update. In this paper, we use a quad-tree structure as the indexing

structure when presenting our framework and techniques to support RPA-OD. Our implementation

uses QC-Tree [47], a quad-tree extension designed to maintain balanced partitions for streaming and

dynamic datasets. QC-Tree preserves the core properties of quad-trees, so all structural assumptions

and pruning strategies in the paper still apply. Its height remains O(log |𝑂𝑊 |) in the worst case,

ensuing efficient neighborhood search and pruning for RPA-OD. Let 𝑠𝑜𝑢𝑡 and 𝑠𝑖𝑛 denote the sets of

expired and newly arrived objects during window sliding, respectively. The overall insertion and

deletion cost is bounded by O((|𝑠𝑜𝑢𝑡 | + |𝑠𝑖𝑛 |) · log |𝑂𝑊 |). In addition, each insertion/deletion only

affects a constant number of𝑘-nodes, so the𝑘-nodemaintenance cost is bounded byO((|𝑠𝑜𝑢𝑡 |+|𝑠𝑖𝑛 |)·
𝑘). Via further considering outlier retrieval and 𝑟 adjustment cost, the total computational complexity

per window slide is bounded by O(𝑢 · (log |𝑂𝑊 | +𝑘) +𝛿0 · |𝑂𝑊 | ·𝑘 + (|𝑠𝑜𝑢𝑡 | + |𝑠𝑖𝑛 |) · (log |𝑂𝑊 | +𝑘)).
Note that 𝑢 depends on the number of object insertions and deletions, the number of nodes that

contain outliers, and the number of outliers within the window. Given 𝑟 and 𝜌 , only a constant

number of nodes of size 𝑟 · 𝜌 (including leaf nodes larger than 𝑟 · 𝜌) have their minimal distances to

an object bounded by 𝑟 . Thus, each insertion or deletion affects a constant number of nodes and

objects. Thus, O(𝑢) is bounded by O(|𝑠𝑜𝑢𝑡 | + |𝑠𝑖𝑛 |). Assuming that 𝛿 · |𝑂𝑊 | ≪ |𝑠𝑜𝑢𝑡 | + |𝑠𝑖𝑛 |, which
holds under moderate-to-high stream speeds, the amortized cost per update is O(log |𝑂𝑊 | + 𝑘).

5 Performance Evaluation

This section presents the results of our extensive experiments that are designed to evaluate the

performance of our algorithms.

5.1 Experimental Settings

Data Sets. We conduct our experiments using five real datasets, as listed in Table 1. (i) Stock

consists of 1 billion stock transactions for 2,300 stocks from the Shanghai/Shenzhen Stock Exchange
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Table 1. Datasets and Default Parameter Values.

Dataset 𝑑 Data Scale 𝑛 𝑠 𝑟 𝛿0 𝜌 𝑘 𝑠𝑡𝑑 (𝑠 )
Stock 2 1.0B 20 5K 3.72 1% 0.05 50 2.50K

Tao 3 0.6M 20 0.5K 1.90 1% 0.05 50 0.25K

Hpc 7 1.0M 20 5K 6.50 1% 0.05 50 2.50K

Gas 10 1.0M 20 5K 2.75 1% 0.05 50 2.50K

Em 16 1.0M 20 5K 115.00 1% 0.05 50 2.50K

over 24 months. The dataset focuses on volume and price, sorted by transaction time. (ii) Tao [48]

contains 575, 468 records of sea surface temperature, relative humidity, and precipitation. (iii)

Hpc [49] contains 1 million records of electric power consumption, with 7 attributes per record.

(iv) Gas [49] contains 1 million records of household gas sensor data, with 10 attributes per record.

(v) Em [49] contains chemical sensor data, with 16 attributes per record.

Query Parameters. We evaluate the algorithm performance using the parameters 𝑛, 𝑠 , 𝑟 , 𝑘 , 𝜌

and 𝑠𝑡𝑑 (𝑠). Following [38, 39], the default parameter settings are listed in Table 1. Specifically, 𝑛

denotes the number of slides within the window, and 𝑠 represents the stream speed, defined as the

number of objects entering or expiring from the window at each window slide. When the stream

speed is constant, 𝑛 × 𝑠 = |𝑂𝑊 | indicates the number of objects in the window. 𝛿0 is the expected

outlier ratio. 𝜌 is the distance relaxation bound. 𝑠𝑡𝑑 (𝑠) is the standard deviation of 𝑠 when the data

stream moves at varying speeds. These parameters are chosen based on domain requirements. The

choice of 𝑘 is grounded in statistical theory. As recommended in Robust Statistics [50], a relatively

large sample (e.g., 𝑘 ≥ 50) provides reliable distance estimates for skewed distributions, which

explains its adoption (i.e., 𝑘=50) in prior work [38, 39]. The parameter 𝑟 is set via standard practice:

after computing D(𝑜 , 𝑜𝑘 ) for all objects in an initial window, 𝑟 is set to the (𝛿0 · |𝑂𝑊 |)-th largest

D(𝑜 , 𝑜𝑘 ) value. Note, our approach goes beyond this static initialization by automatically tuning 𝑟 ,

whenever the observed outlier ratio 𝛿 is outside the acceptable range, we adjust 𝑟 to restore the

desired proportion.

Performance Metrics. We use the following four metrics. (i) Data Throughput measures the

operational efficiency of different algorithms per window slide. (ii) Recall Ratio records the average

proportion of outliers retrieved by different algorithms. (iii) Incremental Running Time measures

processing time spent on each window. (iv) Memory records the average and peak memory used by

different algorithms.

Competitors. This study presents the first attempt to support RPA-OD over data streams, denoted

as Knode. In addition, we extend several SOTA algorithms designed for threshold-based queries

as competitors, which are: (i) Cpod [39] supports RPA-OD by re-forming the core point set and

re-organizing objects when 𝑟 is updated. Specifically, if 𝑟 is reduced, we re-search for neighbors

of affected objects. (ii) Nets [38] uses a grid-based index for streaming data. To support RPA-OD,

we update the grid-based index whenever 𝑟 is changed. If 𝑟 is reduced, we re-search neighbors

for objects not located in cells whose diagonal length equals 𝑟 . If 𝑟 is enlarged, we only search

neighbors for outliers to reduce cost. (iii) Leap [20] uses a set of indexes to manage objects across

different slides, where each slide corresponds to an index. To support RPA-OD, if 𝑟 is reduced, we

re-scan indexes in reverse order for each object and re-identify its 𝑘 neighbors. If 𝑟 is enlarged,

we only search neighbors for outliers to reduce cost. (iv) MMcod [51] uses M-Tree-based indexes

for streaming data. If 𝑟 is reduced, we re-search neighbors for objects out of dense regions. If 𝑟 is

enlarged, we only search neighbors for outliers to reduce cost. For all these algorithms, we follow

the logic discussed in Section 4.4 to adjust 𝑟 when needed. All algorithms are implemented in C++

and run in memory. The experiments are conducted on a 622R CPU with 256GB of memory, on

Win 10.
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Fig. 4. The data throughput (unit: objects per second) performance of different algorithms vs. 𝑛 and 𝑟 .

Table 2. The Effect of 𝜌 on Knode (time:ms) / (recall ratio:%).

𝜌 Stock Tao Hpc Gas Em

0.5 0.4 / 64.9 0.1 / 74.3 1.3 / 94.2 10.4 / 90.8 19.3 / 51.5
0.3 1.0 / 84.3 0.3 / 91.7 5.9 / 98.9 13.8 / 95.4 24.7 / 93.6
0.2 1.7 / 94.1 0.5 / 95.6 11.4 / 99.3 18.9 / 97.6 32.8 / 95.2
0.1 2.9 / 97.2 0.6 / 97.7 15.6 / 99.9 24.3 / 98.9 37.4 / 98.5
0.05 3.6 / 98.4 0.7 / 98.1 18.9 / 99.9 29.7 / 99.6 40.1 / 99.3
0.01 5.3 / 98.5 0.8 / 98.3 32.7 / 99.9 34.1 / 99.9 44.5 / 99.9
0 6.4 / 100.0 0.8 / 100.0 36.3 / 100.0 39.4 / 100.0 47.2 / 100.0

5.2 Comparisons Under Fixed Parameters

In our first set of experiments, we compare Knode and its competitors under fixed parameters. In

this setup, the streaming data moves at a constant speed 𝑠 , and the number of objects within the

window and query parameters 𝑘 and 𝑟 are fixed. We evaluate Knode’s performance under two

different values of 𝜌 (𝜌 = 0 and 𝜌 = 0.05), where 𝜌 = 0 corresponds to the exact algorithm. We

assume that all updates can be processed within the available time.

Overall Performance Comparison. Figures 4(a1)–(a5) report the average data throughput under
varying window sizes 𝑛. Among all exact baselines, Knode (𝜌 = 0) consistently achieves the highest

throughput. On average, it outperforms Cpod, MMcod, Nets, and Leap by factors of 2.55×, 8.58×,
9.35×, and 18.49×, respectively. The efficiency gain stems from Knode’s ability to avoid per-object

neighbor searches. Instead, it maintains only 𝜖 (𝑁𝑁𝑙 ) for 𝑘-nodes and 𝑒 (𝑙+
𝑘
, 𝑡, 𝑓 , 𝑆) for a subset

of nodes—quantities that are cheaper to update and far fewer in number than the objects in the

window. In contrast, competitors incur higher costs: Cpod runs a range query for every new object;

Leap also searches neighbors per object; and while MMcod and Nets skip searches in dense regions,

their overhead grows when dimensionality rises or data becomes sparse, as dense regions shrink.

Relaxing the distance threshold via 𝜌 further improves performance. Compared to exact search

(𝜌 = 0), Knode with 𝜌 = 0.05 achieves an average speedup of 1.47×. The improvement arises

because a positive 𝜌 relaxes the neighbor-distance bound, allowing coarser node-level decisions

that reduce fine-grained, point-wise classifications—albeit with a slight reduction in detection

recall.

We report the data throughput of different algorithms across various values of 𝑟 in Figures 4(b1)-

(b5). The percentages on the 𝑥-axis (i.e., 10%, 50%, 100%, 500%, and 1000%) represent the ratio of

tested 𝑟 values to the default 𝑟 settings listed in Table 1. Our results show that most algorithms’ data

throughput increases as 𝑟 increases. This is because a larger 𝑟 allows more objects to be classified

as safe inliers, thereby reducing the maintenance costs. Again, Knode (𝜌 = 0) outperforms all

competitors across all datasets, and Knode (𝜌 = 0.05) further improves the throughput by sacrificing

its recall.

We also observe that the advantage of our Knode approach over Cpod becomes smaller on the EM

dataset. This is because EM has a relatively high dimensionality (16). Knode is built on quad-tree-like
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Fig. 5. Data throughput vs. window size and slide speed on count-based window (Gas dataset).

Table 3. Running Time Comparison of Knode (unit: ms).

Data Structures Used Stock Tao Hpc Gas Em

𝜖 (𝑁𝑁 ) + 𝑒 (𝑙𝑘 ) 16.7 2.8 127.8 133.4 148.1

𝜖 (𝑁𝑁𝑙 ) + 𝑒 (𝑙𝑘 ) 11.2 1.6 71.2 74.3 92.7

𝜖 (𝑁𝑁𝑙 ) + 𝑒 (𝑙+𝑘 , 𝑡, 𝑓 , 𝑆 ) 6.4 0.8 36.3 39.4 47.2

Table 4. Node-Based Evaluation: Single-thread vs. Multi-thread Execution Time (unit: ms).

Dataset Stock Tao Hpc Gas Em

Single-thread 42.9 25.8 42.9 41.4 101.6

Multi-thread 23.8 14.7 10.5 11.0 20.3

structure, which is more effective in low-dimensional spaces, while Cpod uses an M-tree, which

is specifically designed to handle higher-dimensional data more efficiently. Nevertheless, even in

higher-dimensional spaces like EM, Knode still outperforms Cpod, demonstrating its robustness

and adaptability. In addition, Leap consistently exhibits lower data throughput compared to the

other algorithms, primarily due to its need to search through all neighbors for each newly arrived

object. Consequently, we exclude Leap from the subsequent experiments for enhanced clarity.

The Impact of 𝜌 .We further analyze 𝜌’s impact on KNode’s performance shown in Table 2. We

find that when 𝜌 is not excessively large (e.g., < 0.2), KNode can effectively retrieve 97% or more

outliers. Moreover, while a smaller 𝜌 helps detect more outliers, it also increases the computational

cost. Conversely, a larger 𝜌 reduces the running time but leads to more missed outliers. Therefore,

the choice of 𝜌 affects both performance and the recall, consistent with our expectations.

The Effect of 𝜖 (𝑁𝑁𝑙 ) and 𝑒 (𝑙+
𝑘
, 𝑡, 𝑓 , 𝑆). To demonstrate the effectiveness of 𝜖 (𝑁𝑁𝑙 ), we report

the running time required to support RPA-OD using different data structures in Table 3, with all

parameters set to their defaults. The results show that using 𝜖 (𝑁𝑁𝑙 ) and 𝑒 (𝑙+𝑘 , 𝑡, 𝑓 , 𝑆) significantly
reduces the running time across all datasets. The main reason is that 𝑒 (𝑙+

𝑘
) is sufficient to determine

the outlier status of enclosed objects for many nodes and hence avoid the expensive computation 
of 𝑒 (𝑙𝑘 ).
Comparisons under Count-based Window. Although this paper primarily focuses on time-based 
window, our techniques also support count-based windows. We evaluate the impact of window 
size and slide speed (i.e., slide ratio) on algorithm performance under a count-based window, using 
the Gas dataset for comparison. Experiments are conducted under two values of 𝜌 (𝜌 = 0.05 and 
𝜌 = 0). To evaluate the impact of window size 𝑛 on data throughput, we vary 𝑛 from 50K to 500K 
while fixing all other parameters at their default. To evaluate the impact of the slide speed 𝑠 , we 
vary 𝑠 from 500 to 10K, again keeping all other parameters at default. As shown in Figure 5, Knode 
consistently achieves the best performance across all settings, under both 𝜌 = 0.05 and 𝜌 = 0. As 
discussed earlier, Knode avoids performing neighbor searches for each newly arrived object and
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Fig. 6. The performance of different algorithms under dynamic parameters.

can identify inliers through node-level distance estimates. Consequently, it achieves both high

efficiency and stable throughput across a wide range of window sizes and slide ratios.

Parallel execution of Node-Based Evaluation. To evaluate the parallelization capability of our

framework, we implement a multi-threaded version of the Node-Based Evaluation module and

compare it with the single-threaded implementation across five datasets. Table 4 reports the execu-

tion time of the two implementations. The results show that the multi-threaded implementation

consistently reduces the processing time across different datasets, demonstrating that our method

can effectively benefit from parallel computation.

5.3 Comparisons Under Dynamic Parameters

In our second set of experiments, we assess the performance of algorithms with dynamic parameters.

In this setup, the streaming data moves at varying speeds, with 𝑠 and 𝑠𝑡𝑑 (𝑠) in Table 1 representing

the average speed and standard deviation of speed per slide respectively. We monitor the proportion

of outliers within the window and adjust 𝑟 when the proportion falls outside the range [ 𝛿0
2
, 2𝛿0],

where 𝛿0 = 1%. Since none of the competitors supports dynamic adjustment of 𝑟 , we apply the

algorithm presented in Section 4.4 to all the competitors to reset 𝑟 when needed. Again, we assume

that all updates can be processed within the available time (i.e., Knode performs exact search with

𝜌 = 0), unless stated otherwise.

Data Throughput Comparison under Dynamic Parameters. We first examine the impact

of 𝑛 on algorithm performance. As shown in Figures 6(a1)-(a5), Knode significantly outperforms

all other algorithms with substantial advantages. Compared to the results in Figure 4, the data

throughput gap between Knode and its competitors widens. This is because frequent adjustments to

the parameter 𝑟 are necessary to keep the proportion of outliers stable. When 𝑟 is reduced, Knode’s

competitors often need to re-search neighbors for many or even all objects, leading to significantly

higher running costs. In addition, algorithms such as Cpod and Net have to re-form the index.

Next, we analyze the impact of 𝑠 on algorithm performance, shown in Figures 6(b1)-(b5). Note, 𝑠

indicates the average speed of streaming datasets in this setup, while the actual speed fluctuates

dynamically. Once again, Knode demonstrates superior performance and it is more stable. At higher
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Table 5. The average count and costs of adjusting 𝑟 per 20 slides.

Dataset Stock Tao Hpc Gas Em

Adjustment Count 0.25 1.00 0.10 2.00 1.50

Running Time Portion (%) 3.00 8.00 2.00 18.00 12.00

Table 6. Outlier ratios comparison in Gas (others/Knode, 𝛿0 = 1.0%).

Window 𝑊0 𝑊10 𝑊20 𝑊30 𝑊40 𝑊50 𝑊60 𝑊70

𝑟 value 2.7/2.7 2.7/1.1 2.7/1.1 2.7/0.8 2.7/0.8 2.7/0.4 2.7/0.4 2.7/0.5
Outlier(%) 1.00/1.00 0.35/1.03 0.11/0.86 0.07/1.00 0.03/1.13 0.05/1.04 0.00/0.92 0.05/1.01
Window 𝑊80 𝑊90 𝑊100 𝑊110 𝑊120 𝑊130 𝑊140 𝑊150

𝑟 value 2.7/1.7 2.7/2.8 2.7/0.8 2.7/0.8 2.7/1.7 2.7/2.6 2.7/1.3 2.7/0.1
Outlier(%) 0.43/1.04 2.05/1.55 0.46/1.05 0.41/0.95 0.11/1.08 0.98/1.00 0.16/0.89 0.08/1.02

speeds, when more objects are within the window, Knode can compute a tighter 𝑒 (𝑙+
𝑘
) using 𝜖 (𝑁𝑁𝑙 )

of the corresponding 𝑘-nodes, demonstrating that Knode is suitable for supporting RPA-OD under

high speed stream.

We then evaluate the impact of 𝑘 on algorithm performance in Figures 6(c1)-(c5). Knode consis-

tently demonstrates its superior results. For KNode, a larger 𝑘 results in higher running costs to

maintain 𝑒 (𝑙+
𝑘
, 𝑡, 𝑓 , 𝑆); thus, as 𝑘 increases, the data throughput decreases. However, KNodemitigates

this by avoiding the need to search for 𝜌-neighbors for many objects, making it less sensitive to

changes in 𝑘 . In contrast, for Nets and MMcod, a larger 𝑘 leads to fewer dense regions, requiring

more neighbor searches and maintenance. For Cpod, an increase in 𝑘 necessitates searching through

more objects to identify inliers/outliers.

Memory Cost Comparison. Figures 6(d1)-(d5) report the average and peak memory usages of

different algorithms under varying window sizes. We observe that Knode consistently consumes

less memory, both in terms of average and peak usages, because it avoids maintaining per-object

𝜌-neighbor lists. Although Knode uses auxiliary structures, such as 𝜖 (𝑁𝑁𝑙 ) for 𝑘-nodes, 𝑒 (𝑙+𝑘 , 𝑡, 𝑓 , 𝑆)
for selected descendant nodes, and 𝑜 (𝑙𝑘 , 𝑢𝑘 , 𝑡, 𝑆 (𝜌0)) for a subset of objects, the number of these 
entries remains small, keeping overall space overhead low.

In contrast, all other methods must maintain neighbor lists for partial unsafe inliers and all outliers, 
which leads to significantly higher memory costs. In addition, Knode avoids re-constructing the 
index when updating 𝑟 , further limiting its peak memory usage compared to competing approaches. 
Recall ratio under various slide durations. By default, we assume that all updates can be 
processed within the available time, meaning that the duration of each slide is sufficient to handle 
all updates (i.e., 𝜌 = 0 for RPA-OD and all algorithms achieve 100% recall). Under this setting, all 
algorithms have enough processing time to complete the entire workload within each window slide, 
which corresponds to a scenario similar to strong-scaling evaluation where sufficient computational 
resources are available for a fixed workload. However, as data streaming speed increases, this 
assumption may no longer hold. To investigate this, we evaluate the recall ratios of different 
algorithms under various slide durations, with results shown in Figures 6(e1)-(e5). The maximal 
slide duration is set such that all algorithms can process all updates within a single window slide. 
We then test slide duration at 100%, 75%, 50%, 25%, and 10% of this maximal duration. Decreasing 
the slide duration effectively increases the processing pressure on the algorithms, since the same 
workload must be handled within a shorter time interval. This setting emulates scenarios where the 
effective workload grows relative to the available computational resources, which can be interpreted 
as a weak-scaling–like condition in streaming environments.

Knode consistently achieves a near-perfect recall ratio, close to 100%, across different slide 
duration (except at 10%), outperforming all competitors. This is attributed to Knode’s efficient 
outlier detection framework and its robust performance under reasonable values of 𝜌 . For example,
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Table 7. Impact of Latency Bounds on Gas dataset.

Window slide interval (unit:ms) 10 40 70 100 130 160 200

Average 𝜌 value 4.5 0.6 0.05 0.01 0 0 0

Recall ratio (%) 65 87 98 99 100 100 100

Average range query executed 69 276 483 690 829 829 829

Knode only incurs relatively high running cost for objects located at sparse regions. Therefore,

Knode remains efficient and maintains a high recall ratio even when the slide durations are short,

demonstrating its strong ability to sustain performance as the effective workload increases.

In contrast, when streaming data moves at very high speeds, competing algorithms experience a

significant reduction in recall ratios. Although these algorithms are designed to deliver exact answers

for threshold-based outlier detection, they struggle to provide real-time outlier monitoring in high-

speed streaming environments. This result indicates that our approach scales more gracefully under

increasing workload pressure and is better suited for real-time outlier detection in fast-moving

streaming data.

The adjustment of 𝑟 . When the velocity or distribution of streaming data changes, adjusting the

𝑟 value helps maintain a stable proportion of outliers. In our experiment, we set 𝛿0 to 1%. Table 5

reports the adjustment count and running time portion for every 20 slides across different datasets.

The adjustment count records the average number of slides (out of 20) that trigger an adjustment

of 𝑟 , while the running time portion records the percentage of the running costs incurred by these

adjustments. To visualize the impact of 𝑟 adjustment, Table 6 reports the outlier ratios produced

by the existing algorithms and by Knode on the Gas dataset, where “others” denotes the average

outlier ratio of the competing algorithms using a fixed 𝑟 , and𝑊𝑖 represents the query window after

𝑖 slides. We draw two main conclusions. First, the proposed 𝑟 adjustment mechanism is efficient. As

shown in Table 5, the runtime overhead for adjusting 𝑟 does not exceed 10% of the total runtime for

most datasets. Second, existing algorithms cannot consistently maintain the desired outlier ratio as

data distribution evolves over time, as shown in Table 6. These results indicate that dynamically

adjusting 𝑟 is necessary when the distribution of streaming data changes significantly.

Impact of Window Slide Duration.We also evaluate the impact of window slide duration (i.e.,

latency bounds) on the average 𝜌 value, the recall, and the total number of range queries performed

by Knode. Due to space limitations, we report results only for the Gas dataset; similar trends are

observed on other datasets. The stream speed is fixed at 5, 000 objects per window slide. We vary

the window slide interval from 10 ms + Δ to 200 ms + Δ, where Δ (≈ 4ms) accounts for objects

insertions and deletions. As shown in Table 7, 𝜌 dynamically adjusts to the window slide interval:

it decreases as the interval grows, improving recall, and increases under tighter time constraints.

When the interval reaches 130 ms, 𝜌 = 0, allowing an exact search on Gas dataset with a 100%

recall ratio. In addition, the number of range queries remains significantly smaller than the number

of new objects (i.e., 5000). This efficiency stems from our 𝑘-node-based framework, which leverages

the bound 𝑒 (𝑙+
𝑘
) to avoid unnecessary searches.

Proc. ACM Manag. Data 4, No. 3 (SIGMOD), Article 130. Publication date: June 2026.



130:24 Rui Zhu et al.

Impact of Dimensionality 𝑑 . We assess the impact of dimensionality on algorithm performance,

measured by data throughput and average memory usage. To this end, we introduce a new Syn-

thetic dataset with up to 20 dimensions, containing 1 million objects, where each dimension

follows a normal distribution (𝜇 = 0 and 𝜎 = 1). All parameters are set according to the default

values discussed in Section 5.1. Figure 7 reports the performance of different algorithms across

varying dimensionalities on Synthetic dataset. As dimensionality grows, throughput decreases

and memory consumption rises for all methods. Nevertheless, Knode consistently achieves the best

performance. This advantage stems from its ability to identify inliers using node-level distance

reasoning.

6 Conclusion

This paper proposes a novel query named RPA-OD, representing the first attempt to integrate

the advantages of both threshold-based and 𝑘𝑚𝑎𝑥 or 𝑘𝑎𝑣𝑔-based CDOD queries, while allowing

for dynamic tuning of parameters 𝑟 and 𝜌 . We develop a set of algorithms that adaptively adjust

the query parameters in response to real-time changes in streaming data, balancing efficiency

and performance across varying data scales, speeds, dimensions, and distributions. Extensive

experiments were conducted to demonstrate the superior performance of our proposed algorithms.

In the near future, we will explore how the 𝑘-node based method can be extended to support

RPA-OD in metric spaces.
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