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In recent years, the problem of computing the frequencies of the induced k-vertex subgraphs of a graph, or
k-graphlets, has become central. One approach for this problem is to sample k-graphlets randomly. Classic
algorithms for k-graphlet sampling require loading the entire graph into main memory, making them im-
practical for massive graphs. To bypass this limitation, Bourreau et al. (NeurIPS 2024) introduced a streaming
algorithm that through nontrivial techniques makes only O(log n) passes using O(nlogn) memory. In this
work we break their O(log n)-pass bound by giving an algorithm that, for any fixed ¢ > 0, makes O(1/c)
passes using O(n!*¢) memory. As a consequence of their lower bound, our algorithm is optimal up to a factor
of O(n®) in the memory usage. We use this sampling algorithm to obtain an efficient method of approximating
k-graphlet distributions. Experiments on real-world and synthetic graphs show that our algorithm is always at
least as good as the one of Bourreau et al., and outperforms it by orders of magnitude on mildly dense graphs.
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1 Introduction

A k-graphlet of a simple graph G is a connected, induced subgraph formed by exactly k vertices. Two
k-vertex subsets are equivalent if their induced subgraphs are isomorphic. The so-called k-graphlet
distribution of G is the frequency vector that provides the relative size of each such equivalence
class. It is known that the k-graphlet distribution captures important structural information [34]
that is relevant in many real-world applications, such as graph classification [43], graph kernels [40],
graph neural networks [37], and federated learning [23]. In this work, we study the problem of
approximating the k-graphlet distribution when the input graph cannot be stored in memory.

A first major distinction must be made between exact and approximate algorithms. A trivial
exact algorithm is the one that enumerates and checks all k-vertex subsets of the input graph.
This algorithm is obviously inefficient, and there is strong evidence that one cannot perform
substantially better (see classic lower bounds from parameterized complexity, such as [18] or [26]).
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Our focus is instead on approximate algorithms, which (roughly speaking) compute the k-graphlet
distribution within some small additive error & > 0. It is clear that this problem can be reduced, in
the obvious way, to sampling k-graphlets randomly from the underlying graph. Many algorithms
for sampling k-graphlets have been proposed, broadly divided in those based on random walks
[1, 7, 19, 24, 38, 44] and those based on color coding [13-16]. Eventually, [9, 12] described Ugs,
an algorithm that preprocesses the graph with n vertices and m edges in time O(nk? log k + m)
and then produces independent uniform k-graphlets in k°*) log n time per sample, yielding an
efficient algorithm to approximate the k-graphlet distribution.

Although Ugs allows one to sample k-graphlets efficiently, it does so only in the standard RAM
model, where the input must fit entirely in memory. Unfortunately, in practice the graph is often
too large for the machine’s memory; this is commonplace for real-world graphs, such as those
representing social networks, the Web, the human brain and many others. In these cases, UGs
simply does not work, and the same holds for the other algorithms listed above.

To bypass these limitations, [8] has recently initiated the study of the k-graphlet sampling problem
in the streaming model. In this model, the input edges can only be accessed sequentially in an
arbitrary order, while using an amount of memory sublinear in the size of the input graph. Streaming
algorithms process the graph over multiple passes, with each pass involving the processing of all
edges in the input graph. Studying the k-graphlet distribution problem in the streaming model
avoids the obstacle of storing the graph in memory, and turns the optimization target to the number
of passes versus the memory usage.

The bottleneck of the algorithm provided by [8] is in the preprocessing phase, called ApPROXDD,
which computes an approximate degree-dominating order of vertices—a vertex ordering where
each vertex has approximately the highest degree in the subgraph induced by its suffix. This
preprocessing phase uses O(nlogn) memory and O(log n) passes or, alternatively, O(n) memory
and O(logn - loglog n) passes. (This regime, where the memory allowed is linear or near-linear
in n, is called the semi-streaming model). Unfortunately, ApProxDD is still inefficient for at least
two reasons. The first reason is that it requires O(log n) passes. It is not clear that this is optimal;
the very lower bounds from [8] only rule out O(1) passes with o(n) memory, but not, say, O(1)
or O(loglogn) passes with O(n) or O(nlogn) memory. The second reason is that, as shown by
our experiments, APPROXDD basically breaks down on mildly dense graphs: it takes thousands of
passes, or even fails to run, even with a memory of (say) 10% the size of the input graph. In this
work we aim at bypassing these limitations, by seeking an algorithm that runs in O(1) passes and
guarantees a good performance regardless of the density of the graph.

1.1 Contributions

We develop a streaming algorithm to approximate the k-graphlet distribution, with the following
guarantees:

THEOREM 1.1. There is a two-phase semi-streaming algorithm with the following guarantees. Given
¢ > 0, a simple graph G, a positive integerk > 3, an error parameter o € (0, 1) and a failure probability
d € (0,1), the algorithm returns a distribution p such that:

o The first phase (“preprocessing”) uses O (1/c) passes and O (n'*°) bits of memory', with proba-
bility at least 1 — %

o The second phase (“sampling”) always uses O (’fﬁ—(;[) In %) passes and M bits of memory.

o The Ly, distance between p and the k-graphlet distribution of G is at most a, with probability at
least 1 — 6.

IThe standard O(-) notation hides poly log(-) factors.
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Our algorithm follows the sTREAM-UGs framework introduced by Bourreau et al. [8]:

Preprocessing Phase
(a) Compute an approximate degree-dominating order (DD order, see Definition 2.1), a special
total order of the vertices that enables fast uniform graphlet sampling [9, 12];
(b) Compute the initial probabilities;

Sampling Phase
(c) Repeatedly sample k-graphlets.
(d) Either (i) execute probabilistic rejection (in [8]), or (ii) obtain the k-graphlet distribution
(in this work).

On the theoretical side, the main contribution behind Theorem 1.1 is a new streaming algorithm
for computing a DD order in Step (a). Unlike the algorithm of [8], which intrinsically requires
O(log n) passes because of its “halving degree” strategy, our algorithm requires only O(1/c) passes?,
at the cost of higher memory usage. This is thanks to a strategy that, speaking broadly, consists in
sampling enough edges from the input graph so as to make, in a single pass, much more progress
than the algorithm of [8]. We remark that, by a lower bound of [8], no algorithm using O(1) passes
and o(n) memory can even decide if the input graph contains some k-graphlet, for a fixed k > 2.
Since computing the graphlet distribution implies solving such a decision problem, the memory
used by our graphlet distribution algorithm is optimal up to a factor of O(n¢).

Our algorithm also differs from the corresponding algorithm in [8] in Step (d): in particular,
our work employs the Horvitz-Thompson-based algorithm [25] to approximate the k-graphlet
distribution within L, distance «, whereas [8] focuses on uniform k-graphlet sampling using
probabilistic rejection.

On the practical side, although our memory usage goes with n'*¢ rather than just n, it turns
out that picking ¢ small enough makes our algorithm very competitive compared to [8]. In our
experiments, by choosing ¢ = 0.1, our algorithm makes around 20 preprocessing passes on most
datasets, and yet its memory usage is always within one and a half times that of [8]. In fact,
on datasets that are only mildly dense, our algorithm drastically outperforms the one of [8]. For
example, on a dataset with n ~ 2x 10° vertices and average degree ~ 500 = 0.0025n, both algorithms
use around 20MB of memory, but ours makes less than 20 passes and the one of [8] more than 3000.
Our algorithm thus performs well both in theory and in practice, and is scalable and predictable
regardless of the structure of the input graph.

1.2 Related Work

Counting and sampling triangles can be considered as a special case of computing the k-graphlet
distribution as k = 3. Most streaming algorithms for this task in the literature, such as [2, 4, 5, 27,
31, 36, 41], do not generalize or give guarantees for k > 3. Streaming algorithms for counting or
sampling k-graphlets for a generic k exist, such as [28] and [42]. Notice that their streaming setting
is different from ours, as they consider only single-pass algorithms, they ask to maintain a good
approximation throughout the entire stream, and they have stricter memory requirements. The
downside is that both works give guarantees only for specific graphlets.

Many algorithms exist for counting and sampling k-graphlets, or estimating the k-graphlet
distribution, in the standard computation model [1, 7, 13-16, 19, 24, 32, 35, 38, 44]. All those

ZNote that the guarantees of [8] are probabilistic for number of passes and deterministic for the memory, while our
guarantees are probabilistic for both.
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algorithms have poor memory consumption, as they need to store the whole graph in memory.
Among those algorithms, one that is still relatively efficient is MoTivo [16], which is based on
the color-coding technique. MoTt1vo has formal approximation guarantees, and in practice it can
approximate well the k-graphlet distribution on large graphs in a matter of minutes or hours
(depending on k) when running on a workstation. In this work we use it to compute the ground-
truth k-graphlet distributions for our experiments.

Topological orders play an important role in subgraph mining problems. For example, the
degeneracy (or core) order, one of the most commonly used orders, enables efficient subgraph-
counting algorithms [6, 11, 20, 33]. There are also streaming algorithms involving computing
topological orders [3, 8, 39]. We remark that computing the core order is technically different
from computing the degree-dominating order that is used in this work. Indeed, while a core order
is obtained by repeatedly removing a vertex of minimum degree, a degree-dominating order is
obtained by removing one of maximum degree, and it is easy to find examples where the two orders
are not obviously related in any way. Therefore, existing streaming algorithms for core orders
[3, 39] cannot be employed here.

We face a technical challenge similar to the one of [22], where the authors approximate the
k-core decomposition in parallel: keeping accurate estimates of vertex degrees while iteratively
removing vertices in a large graph. Maintaining the degrees by scanning the entire edge list after
each removal would require too many passes. Their solution is to work on a sub-sampled graph,
produced by sampling each edge with an appropriate probability p. On the one hand, by standard
concentration results, the degrees in the sub-sampled graph provide a good estimate of the true
degree. On the other hand, only a small fraction of edges is sampled, thus one may fit the memory
requirements of the streaming algorithm.

We use a Horvitz-Thompson estimator [25] to estimate the distribution of a set of objects when
only a non-uniform sampling of the objects can be accessed. This estimator helps us approximate
the k-graphlet distribution without sampling k-graphlets uniformly at random; see also [16].

1.3 Organization

We define notation and key notions in Section 2. The new algorithm for computing the DD order is
presented in Section 3. The algorithm for estimating the k-graphlet distribution is then completed
in Section 4. Finally, the experiments to evaluate our algorithm and compare with existing work
are shown in Section 5.

2 Preliminaries

This section introduces basic notation and the main technical concepts.

2.1 Notation and Computational Model

Let G = (V, E) be a simple graph and let n = |V|. For a subset U C V of vertices, G[U] denotes the
subgraph of G induced by U, and G — U denotes the subgraph G[V \ U]. For a total order < over V,
we let G(v) be the subgraph G[{u : v < u}]. For u € V, we denote by d, the degree of u in G; if H
is a subgraph of G and u € V(H), then we denote by d(u|H) the degree of u in H. This applies in
particular to H = G(v), so we may write d(u|G(v)). We denote by A the maximum degree of G.
The smallest value for which the problem is non-trivial is k > 3. A k-graphlet of G is an
induced, connected, k-vertex subgraph of G. We denote by g1, - - - , gm, , the representatives of the
isomorphism classes of connected graphs on k vertices, in any order. Thus, every k-graphlet of G is
isomorphic to precisely one g;. For each i = 1,..., my let [; be the number of induced subgraphs of
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Fig. 1. A toy graph (left) and its 4-graphlet distribution (right). 4-graphlets with probability 0 are not shown.
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Fig. 2. Computation of a %—DD ordering of a toy graph, by iterative removal of a high-degree vertex. The
resulting %—DD orderingis1 <3 <2<5<6<4.

G isomorphic to g;, and let L = 3" I;. The k-graphlet distribution of G is the vector
e = (o )

where y; = lL—‘ for each i. Our goal is to estimate py. An example of the k-graphlet distribution is
presented in Figure 1.

A notion central to this approach is the degree-dominating ordering (DD-ordering) introduced
in [10], as well as its approximate version from [8].

Definition 2.1 ((Approximate) DD-ordering). Given a simple graph G = (V, E), a total order <
over V is degree-dominating if, for each v € V, the maximum degree in G(v) is achieved by v itself;
in other words, d(v|G(v)) > d(u|G(v)) for all u > v. For & > 0, a 3-DD order < is a total order over
V such that, for all v € V with d(v|G(v)) > 1 and all u > v, it holds that d(v|G(v)) = 9 - d(u|G(v)).

We often use J = 1 - for some € > 0. An example of DD-ordering is shown in Figure 2. A
p0551b1e =-DD order of the graphis 1 < 3 < 2 < 5 < 6 < 4. Note that for the first position
of the order we have d(1|G(1)) = 3 and max,s>; d(u|G(1)) = d(3|G(1)) = 4, which satisfies
d(11G(1)) > 15 - maxy>1 d(u|G(1)).

We con31der the semi-streaming model of [21]. In this model, the memory consists of M = O(n'*)
words of O(log n) bits for some constant ¢ > 0 (for example, ¢ = 0.1). The algorithm can access the
graph by scanning its edges, sequentially, in what is called a pass. The order in which edges appear
in each pass is arbitrary (that is, decided by an adversary), and the algorithm can make any number
of passes. We assume m = Q(M) to avoid trivialities. All computation will be in the standard RAM
model.

2.2 Uniform Graphlet Sampling

Our work builds on sTREAM-UGS, the streaming algorithm of Bourreau et al. [8]. sTREAM-UGS
consists of a preprocessing phase and a sampling phase. The preprocessing phase is run once,
and computes a 9-DD order <, where ¢ = ﬁ for some desired € > 0, together with an initial
distribution p over V. With < and p one can then implement a k-pass sampling routine ensuring
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that any given k-graphlet of G has the same sampling probability except for a multiplicative
factor of ((1+ €)k)®®). Using rejection sampling one can remove that factor and get truly uniform
sampling, with an overhead of ((1+€)k)°¥) expected trials per sample. The crucial part is therefore
computing < and p with as few passes as possible.

Computing the J-DD order. As shown in [8, Theorem 3.1], one can compute < with high

logn

probability in O (106# log T) passes by using memory O(n), or in O (IOg"

€2

) passes by using

nlogn A

1+e’

A is the maximum degree of G. This can be done with high probability with a constant number of
passes. The set S is then appended to < in arbitrary order, and S is removed from G (meaning that
the algorithm keeps track, in some way, of the subgraph obtained by removing S). Therefore, every
O(1) passes the maximum degree of G decreases by a factor ﬁ As a consequence, the algorithm
terminates within log L n passes.

memory O ( ) The idea is to select a subset S of vertices that have degree at least where

Initial Distribution. Given an ﬁ—DD order, let N, be the number of k-graphlets in G(v) containing
v. Computing d(v|G(v)) and deciding whether N, > 0 for all vertices in V can be done in 1 pass
and O(kn) memory by [8, Lemma 3.3]. After that, the normalization parameter

Z= Y d(lG)*!
veV, Ny,>0
as well as the initial distribution p = {p(v)|v € V} such that
d(0]|G(v))*!
p(0) = = , Ny, >0,
0, N,=0

can be computed without any pass. This subroutine is formally described in Algorithm 1. The
initial distribution will be used later to select the starting vertex and compute the relevant sampling
probability in the sampling phase.

Algorithm 1: Initial Distribution [8, Algorithm 2: Sampling A Graphlet [8,
Algorithm 2] Algorithm 3]
1 Function INITDISTRIB (G, <) 1 Function SAMPLEGRAPHLET (G, <, k, p)
2 Compute d(v|G(v)) and decide 2 Sample v from the distribution p
whether N (v) > 0 for eachv € V 3 S «— {v}
3 Z — Yivev, Ny>o d(v|G(0)) ! 4 fori—1tok—1do
M’ N, > 0, 5 Uniformly sample an edge (x,y)
4| plo) < 0 N. =0 in G(v) such that x € S and
> [ g S
— Yy
5 | returnp = {p(v)o € V} . S — SU{y}
7 | return$S

Rejection Sampling. At a high level, we first sample a k-graphlet of G and then accept it with
some probability so that the probability of each k-graphlet being sampled and accepted is the same.
The first sampling step goes as follows. We sample a vertex v according to the initial distribution
p = {p(v)|lo € V} and let S = {v}. Then we “grow” S for k — 1 times, each time by selecting
uniformly at random an edge in G(v) with exactly one endpoint in S, and adding the other endpoint
to S. In this way, we obtain a k-graphlet S with probability p(S) = p(v) - p(S|v), where p(S|o) is the
probability of obtaining S from v. All those probabilities can be computed efficiently. This sampling
algorithm is formally described in Algorithm 2.
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To achieve uniform sampling, let I' be some constant such that 0 < I' < ming p(S), where S
ranges over all k-tuples of vertices such that p(S) > 0. We then accept S with probability 1%,
otherwise reject S and sample again. By [8, Lemma C.1], with high constant probability (say 0.99),
after (k(1+ €))°%) trials of sampling we accept a k-graphlet, and that k-graphlet is drawn from
the uniform distribution.

Parallel sampling. As Algorithm 2 uses memory O(k?), by using memory M one can run © (%)

instances in parallel, and produce with high probability © (W) independent uniformly

random k-graphlets. Moreover, [8, Theorem 3.4] gives a trade-off between running time and number
of passes: the parallel sampling can be achieved either in k passes and O(M|E|) time, or in 2k — 1
passes and O(M2F + k|E| log n) time.

2.3 Concentration Inequalities

Let B(m, p) denote the binomial distribution with parameters m, p. We use the following Chernoftf-
style bounds in our analysis.

FAcT 2.1 (CHERNOFF BOUND VARIANT I). Let X ~ B(m,p) and 0 < € < 1. Then, we have the
following:
e Ifm> N,Pr[X < (1-€)Np] < exp (—3€*Np).
e Ifm < N,Pr[X > (1+€)Np] < exp (—3€’Np).

Fact 2.1 follows from stochastic dominance together with another variant of the Chernoff Bound.

LEMMA 2.2 (STocHASTIC DOMINANCE). Letn < m, let X ~ B(n,p) and Y ~ B(m, p). For anyc,
Pr[X >c] <Pr[Y >c].

ProoF. Let x1, - - -, X, be Bernoulli variables with positive probability p. Let A = Y1, x;, B =
21X, and C = A+ B. Thus A and X have the same distribution, and C and Y have the same
distribution. Now observe that, for any c,

Pr(X>c]=Pr[A>¢c] <Pr[C>c]=Pr[Y >c]. O

Fact 2.2 (CHERNOFF BoUND VARIANT II). Let D be the distribution given by Pr [X = r;] = p; for
i=1---,mwhere )", p; = 1. A variable following D has expectation E = Y7, p;r;. Let Xy, - - - , Xt
be i.i.d. variables following D. For any 0 < € < 1, we have the following inequality:

X €*TE
ri ’

1
- E - -
Smaxlf':’l

Pr > €eE

< 2exp (—

We also use Hoeffding’s inequality.

Fact 2.3 (HOEFFDING’S INEQUALITY). Let D be the distribution given by Pr [X =r;] = p; for
i=1---,mwhere )", p; = 1. A variable following D has expectation E = Y7, p;r;. Let Xy, - - - , Xt
be i.i.d. variables following D. For any 0 < a < 1, we have the following inequality:

1T=1 Xi ZTO[Z

Pr —-E

>a| <2exp|-— 5
(max;’;l ri)
3 Improved Algorithms to Compute the Degree-Dominating Order

As recalled above, the sampling phase of the algorithm of [8] requires just k or 2k — 1 passes,
depending on the implementation. The preprocessing phase is the one that dominates the streaming
complexity, with O(log n) passes or O(log nloglogn) passes depending on the desired memory
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usage. The idea of [8], described in Section 2.2, is to use every pass to detect and remove the subset
of vertices with degree at least 2~ T3=» Where A is the current maximum degree of the graph. This leads
the maximum degree of G to decrease by a multiplicative factor of (1 + €) at each pass, making the
algorithm terminate within O(log,, . n) passes, and at the same time the removal sequence yields
precisely a 1}r—E-DD ordering.

Our key challenge is to break through the O(log n) passes bound. In order to do that we must, at
each pass, make more progress than just removing the vertices with degree at least ﬁ. Note that,
whenever any vertex is removed, the degrees of the remaining vertices can change. Therefore there
is a delicate tradeoff between (a) how many vertices one removes, and (b) how good the current
degree estimates still are. In the approach of [8] described above, this tradeoff still works, because
after each vertex-removal pass the degrees are recomputed exactly using one additional pass. In
our case, however, we can make such a pass only O(1/c) times.

Using similar ideas to [22], we modify the algorithm of [8] by computing, in a single pass, several
approximations of the input graph, each one obtained by sub-sampling edges with a different
probability. We then employ these sub-sampled graphs to provide the degree estimates required by
several subsequent vertex-removal passes of [8]. In this way we are essentially “accelerating” the
algorithm of [8] by performing several passes at once.

For the sake of readability, we start by introducing in Section 3.1 a “warm-up” algorithm which

still uses O ( ) passes and O (62 log 65) memory. Then, in Section 3.2, we show how for any

desired ¢ > 0 we can bring the passes down to O ( ) passes at the price of using O (— log 65)
memory.

3.1 A Simple Approach Using O(log n) Passes

The idea of the algorithm is as follows. We sample a directed graph G by adding each direction of
each edge of G into G with some probability p. By picking an appropriate p, we have that: (1) the
number of edges in G is small with high probability; and (2) the out-going degree of each vertex is
a good estimate of its degree. As we sample the two directions of the original edge independently,
the estimations of vertex degrees are independent, even if vertices are removed sequentially.

We state a warm-up algorithm in Algorithm 3. Let U be the set of vertices of G, € be the parameter
of the DD order, and < be an empty list. Define a probability p and we sample G from G[U] as

described above using one pass such that with high probability, G contains O ( ) edges. The degree
of a vertex v in the subgraph G[H] for any H C U is then estimated by 2 , times the out-degree of v in

G[H]. Then we execute a subroutine SELECT-LARGE to append vertices with large estimated degree
to < and remove them from U, where a vertex is said to have large estimated degree if its estimated
degree is at least 7 +®( 9 for the maximum degree A of the current graph G (or its estimation).
Vertices are scanned in an arbitrary order. When a vertex v is considered, if its estimated degree in
the current remaining graph is at least -5— +®( I then we are supposed to add v to < and remove v
together with its incident edges. In this way, we claim that after an execution of SELECT-LARGE,
only vertices with actual degree larger than A will be appended to < and removed from U and
thus < is always a ;--DD order. Moreover, the remaining Vertlces have actual degree at most

so that the maximum degree of G decreases by a factor

1+®(e) 1+@(€) :

THEOREM 3.1. With probability at least 1 — 8, Algorithm 3 returns a = -DD order using O (lof_")

1+e

passes and O (6—"2 log %) words of memory.
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Algorithm 3: Approximate DD Order via Edge Sampling I
1 Function ApproxDD-WarMUP (G = (V, E),€,6)

2 <« empty list
3 U<V
4| € g
5 Ae—n-1 > Max degree estimate; alternatively, computed with one pass.
6 K« 1+e€ > A removed vertex should have current degree at least %
T «log,en > Estimated number of iterations in while loop
8 while U # 0 do
9 Using one pass on the edge list, construct a directed graph G on U by sampling each
direction of each edge in G[U] independently with probability p:
p= min{%ln %, 1}
10 (U, <) « SELECT-LARGE(U, G, DA, <)
11 A e f%
12 return <

13 Function SELECT-LARGE (U, G, p,A <)
3e

14 o — T

15 H«U

16 foreach v € U in an arbitrary order do

17 d(v) « % X (Out-degree of v in G[H]) > Unbiased degree estimator in G[H]
18 if d(v) > ;2 then

19 Append v to <

20 H « H\ {v} > Remove vertex v
21 | return (H, <)

Proor. Proof structure. The proof separates the probabilistic part from the deterministic part.

In the probabilistic part, we first define a small set of bad events that, if they occur, could violate
either (i) the memory bound, (ii) the pass bound, or (iii) correctness of the returned order. We then
bound the probability of each bad event using Chernoff bounds (Fact 2.1) and take a union bound
over all vertices and all iterations. In the deterministic part, we condition on the event that none of
these bad events occur in the first T iterations, and prove deterministically that the algorithm (a)
makes geometric progress in A and thus terminates in T iterations, (b) outputs a ﬁ-DD order, and
(c) never exceeds the claimed space.
Bad Events in One Iteration. Suppose the maximum degree of G[U] at the beginning of
SELECT-LARGE is at most A. To simplify the notation, for a vertex v € U at the moment it is
considered in SELECT-LARGE, we use d, to denote its true degree in the remaining graph G[H] and
cfv to denote the unbiased estimation of d,, which has the distribution ’% X B(dy, p).

The algorithm makes decisions using only the sampled graph G and the estimates d,,. Thus, there
are two distinct failure modes to control: (1) G can be too large (breaking the memory budget),
and (2) d, can deviate enough to change a peel/keep decision (breaking progress or correctness).
Accordingly, we consider the following bad events.
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dy |
|
| N
bad : d, = (1 - é)dy
A ! -
I L -
1+a | P
tsmall - !
must | -~ }
remain 1, - !
! bad
s |
7 I I
P < ! !
- ? %
A A dy
% €
K 1+ 3
Fig. 3. The relation between the true degree d, and the estimated degree dy. The area of bad events is filled
in gray. The blue triangle area indicates that if v is not removed in SELECT-LARGE, we have d;, < 1?— . The

orange rectangle area indicates that if d, < %, v must remain after SELECT-LARGE.

A
K’

Type I: The sampled directed graph G has more than (1 + €) - nAp = © (e—”z log %) edges. By

Type II: For a vertex v, if d,

Fact 2.1, this happens with probability at most exp (—é2nAp) < 2

Intuition. The number of sampled directed edges is a sum of independent Bernoulli variables.
At the start of the iteration, the total number of directed edges in G[U] is at most nA, and
each is kept with probability p, so the expectation is at most nAp. A multiplicative Chernoff
bound then shows that exceeding (1 + é)nAp has exponentially small probability, which is

why choosing p so that nAp = @(l log %5 | suffices for a union bound over T iterations.

the bad event is d,, < (1-6)-dyifd, < ¢ A the bad event is

> K,
dy> (1+6)- By Fact 2.1, the bad event for each vertex is at most exp (—3 £2 Alf) < %.

Intuition. We spht Type II into two cases because the harmful direction of estimation error
depends on the true degree. If d, is large (d, > A/K), then underestimating it could prevent
peeling a vertex that should be removed, slowing the decrease of A. If d,, is small (d, < A/K),
then overestimating it could wrongly peel v, which would violate the DD property. The
Chernoff bound is applied to the binomial B(d,, p), and we upper bound the failure probability
uniformly by lower bounding the relevant mean by (A/K)p, enabling a union bound over all
vertices and all iterations. Figure 3 helps to illustrate the area of type II bad events.

The union of all bad events within one iteration has probability at most % Therefore, it suffices to
show that if no bad event happens within the first T iterations, then the algorithm must terminate
and return a correct result within the required memory.

The Number of Passes. We consider one execution of SELECT-LARGE. If no type II bad event
happens, we argue that if a vertex v is not removed, it must be the case that at the moment it is

considered, we have d,

later.

v <7 fe , whose degree may drop even further as other vertices are removed
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since v is not

We do not need to worry about the case d, < % < 167 For the case d, > K,

removed, we have d, < ﬁ. Moreover, the type Il bad event at v does not happen, and so we have

d, < % < m = %. This corresponds to the blue triangle area in Figure 3.

Therefore, If no type II bad event happens within the first T iterations, any vertex that survives
the scan already has degree at most ; +A§ at the moment it is considered. This means that A will
2

drop below 1 after T =log;,e n =0 (10%) iterations at which point the algorithm must terminate.
2

Since each iteration uses 1 pass to build G, the total passes are T.
Correctness. Within one iteration of SELECT-LARGE, it suffices to show that only vertices v satisfy-
ingd, > % could possibly be removed, since for any other vertex u remaining before this iteration,
we have d(u|G(v)) < A and hence d(v|G(v)) =d, > K > 1+ed(u|G(U))

Since the type II bad event for a vertex v satlsfylng dy < does not happen, we must have

dy < (1+6)- % = T +a, which means such a vertex v will not be appended to < when being
considered. This corresponds to the orange rectangle area in Figure 3.

Therefore, if no type II bad event happens within the first T iterations, then < is a 1;--DD order.
Memory. The memory usage is dominated by the number of edges in the sampled graph G in each

iteration. Since the type I bad event does not happen within the first T iterations, we conclude that

the number of edges sampled in each iteration is at most O (e—"z log %)
[m]

3.2 From O(logn) to O(1/c) Passes

One idea to decrease the number of passes in Algorithm 3 is to generate and remember several
sampled directed graphs during a single pass, at the cost of using more memory. In Algorithm 4,
instead of having one pass per iteration, a pass is made every q = |log; ‘e n¢| iterations for some
constant ¢ > 0. The sampling probabilities are computed by the estimated maximum degree for each
graph assuming its dropping by a factor of 1 + 5. The same subroutine SELECT-LARGE is executed
on the sampled graphs sequentially. By choosing the appropriate ¢, we ensure that it decreases the
number of passes to O (%), and each pass can lead to a factor n® decrease in the maximum degree A.

THEOREM 3.2. With probability at least 1 — 8, Algorithm 4 returns a —-DD order using O ( )

passes and O (

) words of memory.

Proor. Observe that the difference between Algorithms 3 and 4 is that in Algorithm 4, during
one pass of the edge lists, random directed graphs from several iterations are sampled and saved.
Correctness and the Number of Passes. The key idea is a coupling argument via the directed
edge sampling in each iteration: even though Algorithm 4 samples multiple graphs in one pass,
it can be seen as using exactly the same randomness that Algorithm 3 would have used over the
corresponding iterations.

Therefore, the two algorithms produce exactly the same order <, and the correctness follows

from Theorem 3.1. As before, given that there is no bad event in the first T iterations, the algorithm
must terminate and uses O(%) = O(%) passes.
Memory. Recall that in each pass, we sample and save g directed subgraphs. Assuming that no bad
event has occurred in previous passes, the maximum degree of G[U] is at most A at the beginning
of the current pass. For the i-th graph, the expected number of sampled directed edges is on the
order of nA - p;. Hence, in this pass, the expected number of sampled edges in all the q subgraphs is
at most:
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Algorithm 4: Approximate DD Order via Edge Sampling II
1 Function ApproxDD-ES (G = (V,E),¢,6,¢)

2 < empty list; U « V

3| € o

4 Ae—n-1 > Max degree estimate; alternatively, computed with one pass.
5 Ke—1+e

6 T « log, s n > Estimated number of sampled directed graphs
7 | g Llog, n°]

8 i<—gq

9 while U # 0 do

10 if i = g then

11 for j from 0 to g — 1 do > Using one pass on edge list, sample q directed graphs.

A
12 A] — m
13 m:min{é—fln%,l}
J
14 Construct a directed graph G; on U by sampling each direction of each edge
in G[U] independently with probability p;

15 | i<0

16 (U, <) « SELECT-LARGE(U, é,-, JINAYRS)| > Same subroutine as in Algorithm 3
17 i—i+1

18 if i = g then

Ag—1

19 t A — 1%
20 | return <

q-1 n1+c n
ZnApi < O( = logg).

i=0
To get a high probability statement for memory usage, observe that we are no worse than the
situation in Theorem 3.1. First, the expected number of saved edges is larger in each pass, which
means Chernoff Bound will give a smaller failure probability for each pass. Second, the number of
passes are fewer, which means there are fewer terms in the union bound.
In conclusion, with probability at least 1 — §, all the required properties as stated are satisfied.
[m]

4 Approximating the k-Graphlet Distribution

As stated in Section 2.2, provided a —-DD order < of a graph G, one can compute an initial
distribution p and use it to sample a k-graphlet S of G with probability p(S). In this section, we
complete the task of approximating the k-graphlet distribution pg = (p1, - - , ptm, ) of G based on
this k-graphlet sampling.

4.1 Sampling with Counters

The approximation to the k-graphlet distribution is described in Algorithm 5. Using Algorithm 2, a
graphlet S can be sampled with some probability p(S) computed by the initial distribution p. The
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original algorithm in 8] further achieves uniform sampling by accepting the sampling of S with
probability 1% for a constant I smaller than every p(S). In our algorithm, we do not reject any
sampling, but employ the technique of Horvitz—Thompson estimators. We maintain a collection of
counters ¢y, - - -, Cpy, for isomorphism classes 1, - - - , my respectively. When we sample a graphlet S,
recall that there is precisely one integer r € [1, m] such that g, is isomorphic to S. We then add
ﬁ to ¢,. The graphlet distribution is then obtained by normalizing these counters.

Algorithm 5: Approximate k-Graphlet Distribution via Counters (Abstract Description)

1 Function CounTER (G, <,k, p,T)

2 Cl 5 Cmy < 0
3 for i < 1to T do (sequentially/in parallel)
4 S « SAMPLEGRAPHLET (G, <,k, p) > Sample a k-graphlet S with probability p(S)
5 r « the index such that S is isomorphic to g,
1
6 Cr < Cr + 75
7 Ce—X¢
8 ﬁ,«—%foreachlﬁiﬁmk
9 | return e fimy

Recall that given a ﬁ—DD order <, Z defined in Section 2.2 is the sum of d(v|G(v))¥~! over
those vertices v with N, > 0. We will use the property that both lﬁ and the number L of graphlets
in G are bounded by Z.

Fact 4.1. ([8, Lemma C.1]) For each k-graphlet S, it holds that
1
— < (k-D!(1+e)F 1z,
p(S)

LEMMA 4.1. It holds that 7

> —.
(k — 1)k-1

To prove Lemma 4.1, we need the following lemma from [12].

L

Fact 4.2. ([12, Lemma 24]) For every v € V such that N, > 0, we have
d(vlG k-1
N, 5 d0I6@)
(k — 1)kt
Proor oF LEMMA 4.1. By Fact 4.2, we have

I = Z N, > Z d(v|G(v))*! zZ

_1)k-1 — 1)k-1"
veV, N,>0 veV, Ny,>0 (k 1) (k 1)

We give the analysis of Algorithm 5.
LEMMA 4.2. For any ﬁ-DD order, k and 0 < €y, 8 < 1, let T be a positive integer satisfying

L 3k= DUk =D+ 2

T o
€ )

then Algorithm 5 computes C such that |% - L| < oL with probability at least 1 — §.
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Proor. Let Xi, - - - , X1 be the value of ﬁ of each iteration. Then we have C = ZiTzl X;. In fact,
Xi, - -+, Xt are independent random variables such that X; takes value ﬁ with probability p(S)

for each k-graphlet S in G. Each X; is at most (k — 1)!(1 + €)¥~'Z by Fact 4.1 and has expectation L.
By Fact 2.2 and lemma 4.1 we have

e2LT €T
>el| <2exp|- < 2exp

Tt 3(k—- DI+ 1Z RN

Pr [ ¢
T
THEOREM 4.3. For any ﬁ—DD order, k and 0 < a,6 < 1, let T be a positive integer satisfying
12((k = D)2 (k = 1)%*2(1 4+ €)% 2 amy
> In —,
a?(1 - a)? 1)

then Algorithm 5 computes fiy, - - - , flm, such that with probability at least 1 -8, |fi; — pi;| < a for each
1<i<myg.

O

T

Proor. We want to bound the deviation of each normalized counter fi; = ¢;/ C from the true
proportion p; = I;/L, uniformly over all isomorphism classes i € [m]. The main technical issue
is that fi; is a ratio with random denominator C. To handle this cleanly, we first condition on the
event that C concentrates around its mean (so the denominator is well-controlled), and then apply
a concentration bound to each numerator ¢;. Finally we union bound over the my classes and
combine with the probability that the conditioning event holds.

Assume that the condition |% - L| < $L holds. Then C lies in the interval [(1 — a/2)LT, (1+
a/2)LT]. For each 1 < i < my, recall that p; = lL—‘ where [; is the number of k-graphlets in G which
are isomorphic to g;. We have

L ) 1 1 )
Pr[|ﬁi—yi|2a]:Pr[c—f——lZa]SPr ‘i - X >q|+Pr|= - ‘i >«
¢ L (1-¢4)LT L L (1+9%)LT
(1)
We analyze Pr o ~hsg , and the other side is similar. We rewrite the deviation in
4 (1-¢)Lr L
2

<.
terms of =

PrlL_ﬁ>a
(1-¢)LT L

r[2 -1 2)iza -1

=Pr[%—li2a(l—%)L—%li]

SPr[ﬁ—li > g(1—0{)L],
T 2
where the last inequality is due to [; < L. Similarly to the proof of Lemma 4.2, let Xj, - - - , Xt be the
increment of ¢; after each iteration, i.e., ¢; = ZJT-:l Xj.Infact, X, - - - , Xr are independent random
variables such that X; takes value ﬁ with probability p(S) for each k-graphlet S in G that is
isomorphic to g;, and 0 with the rest probability. Each X; is at most (k — 1)!(1 + €)~1Z by Fact 4.1
and has expectation ;. By Fact 2.3 and lemma 4.1,
Ta?(1 - a)’L?

2((k - 1)1+ e)kIZ)Z)

Ta?(1 - a)? ) - KN
2((k = DN2(1 + e)2k~2(k = 1)2k-2 | = 4my.~

ci a
Pr % -1 > E(l —a)L] <2exp (—

<2exp (—
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One can argue similarly that

l; ci
A N

Pr
L (1+4)LT

)
< —.
4my

Recall that the computation above is conditioned on I% — L| < L. We denote this condition by
C. Applying a union bound to both sides of Equation (1) for each 1 < i < my, we obtain that

Pr| | l-pl>a|C|<

ie[my]

é
>

Also note that

n—
a? 5

which gives Pr [C] < ‘—23 by Lemma 4.2. Therefore, we have the upper bound for overall failure
probability:

1\ _ 1\k-1 k-1
P o 2= DIk= DM et

Cc| <6

Pr U|ﬁi—pi|>a SPr[C’]+Pr U|ﬁ,~—p,~|>a

ie[my] ie[my]

]

Now consider the number of passes of Algorithm 5. Recall that, with a memory of M words, we
can run Algorithm 5 in parallel so that it returns © (%) samples using O(k) passes as described

(k)
in Section 2.2. Therefore, by Theorem 4.3, O (%

estimated k-graphlet distribution with probability at least 1 — § in which each probability in the
distribution differs at most « from the standard one.

In %) passes are sufficient to obtain an

4.2 Counters vs. Rejection: a Variance View

As mentioned before, the algorithm originally described in [8] uses rejection in the sense that
it accepts the sampling of S with probability l% where I' < ming p(S). One can transform
this algorithm into an approximation of the k-graphlet distribution: set a collection of counters
€1, ,Cm,, and whenever a graphlet S is sampled and accepted with probability 1%, add 1 to ¢,

where g, is isomorphic to S. The pseudocode of this algorithm is shown in Algorithm 6.

Algorithm 6: Approximate k-Graphlet Distribution via Rejection (Abstract Description)

1 Function RgjecTION (K, p, T)

2 CL, s Cmy <— 0

3 for i < 1to T do (sequentially/in parallel)

4 Sample a k-graphlet S uniformly

5 r « the index such that S is isomorphic to g,
6 cr —cr+1

7 C e« ke

8 ﬁi&%foreachlﬁiSmk

9 | return e, fimy
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We give an intuitive explanation of why using COUNTER in place of REJECTION can only increase
the concentration of the frequency estimates. To this end, consider a modified version of COUNTER
that, instead of adding ﬁ to the counter of the isomorphism class of S, adds 1%, where T is
the same used by RejEcTION. Note that this modification is immaterial as far as the output is
concerned: since the output estimates are always rescaled in order to sum to 1, multiplying all
counters by a constant I does not make any difference. However, now one can see how ReJECTION
is the randomized version of COUNTER. Indeed, while REJECTION increases the counter of S by
one with probability 1%’ COUNTER increases it deterministically by 1%. Thus, both algorithms
increase the counter by the same amount in expectation, but REJECTION adds the variance of a coin
toss. This implies COUNTER can only yield higher concentration.

4.3 The Complete Algorithm

Algorithm 7 gives the complete pseudocode for approximating the k-graphlet distribution. It first
calls Algorithm 4 to compute a vertex ordering that is a Fle—DD ordering with probability at least
1 — 8. Then it calls Algorithm 1 to obtain the initial distribution (see Section 2.2 for the definition).
Finally, it calls Algorithm 5 to estimate the k-graphlet distribution. By combining Theorems 3.2
and 4.3, one can easily verify that Algorithm 7 satisfies Theorem 1.1.

Algorithm 7: Approximate k-Graphlet Distribution

Input: an undirected graph G, the size of graphlets k, parameters €, ,c, T
Output: the estimated k-graphlet distribution fi, - - -, fm,

1 <« ArrroxDD-ES (G, ¢, 6, ¢)

2 p « INITDISTRIB (G, <)

3 f1, -, fm, < COUNTER (G, <,k, p,T)

4 return iy, - -, fim,

5 Experiments

We conducted experiments to evaluate the practical performance of our algorithm and compare it
to the algorithm of [8]. Our experiments are designed to answer the following questions:

(Q1) How do the preprocessing phase (computing an approximate DD order) of ApProxDD-ES
and ApPROXDD compare in terms of number of passes, peak memory and the quality of DD
order?

(Q2) How is the performance of the overall algorithm (for estimating the k-graphlet distribution
to achieve a target accuracy) in terms of number of passes and overall peak memory, and
how do the “counter” variants compare to the “rejection” variant?

We organize the remainder of this section around these objectives: Section 5.2 addresses (Q1),
and Section 5.3 addresses (Q2).

All algorithms were implemented in C++ (including our re-implementation of the baselines
from [8] for a fair comparison) and experiments were run on a Ubuntu server equipped with an
Intel Xeon Silver 4108 CPU (1.80GHz) and 28GB of main memory. 3

5.1 Datasets

The computation of the graphlet distribution is relevant not only for sparse graphs, which are
common in real-world data, but also for dense graphs such as the similarity graph among facial

30ur implementation is available at: https://github.com/121719p/GD-Streaming.
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images. Our theoretical guarantee in Theorem 1.1 holds regardless of graph density. Therefore, we
ran experiments on both sparse and dense graphs from various sources to show that our algorithm
scales well in both cases. Table 1 reports all dataset statistics.

The datasets were prepared as follows:

e NY Times, Twitter(WWW), Twitter(MPI) and Friendster are from the KONECT website [29]*.
We removed edge directions, weights, self-loops, duplicate edges and any other irrelevant
data, so as to retain only a list of undirected edges.

e Sim-0 through Sim-7 are constructed from the database CelebA®, which consists of 202599
human face images, each one tagged with 40 binary attributes. We represent each image by a
vertex, and add an edge between two vertices if the corresponding images differ in at most
0,...,7 attributes.

e ER-0 through ER-6 are synthetic graphs, on the same number of vertices as Sim-*. Let n; and
m; be the number of vertices and the number of edges of Sim-i respectively. Each ER-i is
generated according to the Erdés-Rényi model by drawing each edge independently with

m
i

probability n(n——ll)/Z so that the expected density of ER-i is consistent with Sim-i.

This section gives plots for a representative subset of datasets; the remaining ones are similar.

Table 1. Dataset statistics. The first 4 graphs are Table 2. Memory used (in MB) by ApproxDD and
real-world large graphs. Sim-* are the graphs ArprOXDD-ES to compute a ﬁ—DD order, with
indicating the similarity among images. ER-* are € = ¢ = 0.1. The memory is expressed both in
synthetic random graphs. megabytes and (bracketed) as a fraction of the
dataset size on disk (which uses 8 bytes per edge).
Dataset [ V] |E|  |E|/|V]
NY Times [29] 401,388 69,654,798 173.53 Dataset [ ApprOXDD AprPrOXDD-ES
Twitter(WWW) [30] | 41,652,230  1,202,513,046 28.87 NY Times | 3496 6357 3% 7277
Tw;tger(gAPI) [17] | 52,579,682  1,614,106,187 30.70 Twitter(WWW) | 2432.10 (26.51%)  3177.75 (34.64%)
rien Steé‘[”] 68,349,466  1,811,849,342 26.51 Twitter(MPI) | 2904.21(23.58%)  3735.16 (30.33%)
S?m-O 202,599 948,690 4.68 Friendster | 3832.49 (27.72%)  5568.79 (40.29%)
S?m’l ) 9,825,190 48.50 Sim-0 | 17.10 (236.26%)  9.87 (136.36%)
;m-z ) 51,840,951 255.88 Sim-1 | 17.37(23.17%)  17.44 (23.27%)
S¥m'3 T 185601680 916.10 Sim-2 | 20.64 (5.22%) 17.71 (4.48%)
S?“‘“‘ T 507,709,457 2505.98 Sim-3 | 1642 (1.16%) 17.77 (1.26%)
S?m-S T L134892538 - 5601.67 Sim-4 | 19.14 (0.49%) 18.10 (0.47%)
im-6 | 2165414225 10688.18 Sim-5 | 15.86 (0.18%) 18.01 (0.21%)
Sim-7 " 3637,218904 1759280 Sim-e N 1784 (0.11%)
ER-0 202,599 949,312 4.69 Sim-7 R 1915 (0'07%)
Eg'l ) 9,821,921 48.48 ER-0 | 9.31(12854%)  7.76 (107.14%)
ER‘Z ) 51,843,003 255.89 ER-1 | 16.98(22.66%)  19.14(25.54%)
. -3 T 185602510 91611 ER2 | 1629 (4.12%) 19.07 (4.82%)
E§_4 307,715,524 2506‘0; ER-3 | 17.43 (1.23%) 20.66 (1.46%)
ER'5 o L134903860 56017 ER-4 | 17.96 (0.46%) 21.03 (0.54%)
-6 2,165,448,192  10688.35 ER5 | 21.16 (0.24%) 20.86 (0.24%)
ER-6 - 21.00 (0.13%)

5.2 Computing the DD Order

Setup. We evaluate APPROXDD-ES (our algorithm) and ApproxDD (the competitor from [8]) for
computing a ﬁ-DD order, fixing € = 0.1. To test the passes-vs-memory tradeoff predicted by
Theorem 1.1, we varied ¢ € [0,0.5] (the performance of ApproxDD does not depend on ¢ and
is therefore constant across the single plot). Each point shown in Figure 4 is the average of 5
executions; executions were terminated after 36 hours if still running.

4http://konect.cc/networks/
Shttps://mmlab.ie.cuhk.edu.hk/projects/CelebA html
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Fig. 4. Number of passes and peak memory usage, as a function of ¢, for ApProXDD and ApproxDD-ES.
Each point shown is the average of 5 executions. Missing points for APPROXDD mean it did not terminate
within 36 hours.
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Fig. 4. (Continued) Number of passes and peak memory usage, as a function of ¢, for ApPrRoXDD and
APPrOXDD-ES. Each point shown is the average of 5 executions. Missing points for ApPPROXDD mean it did
not terminate within 36 hours.

For both algorithms we implemented the heuristic in [8, Appendix E], so as to improve the
running time on large sparse graphs. Roughly speaking, at the beginning of each iteration, the
heuristic sorts the vertices in nonincreasing order of degree and selects the largest prefix whose
induced graph fits in memory. It then compares (i) running the next iteration of the peeling
procedure (i.e., the while-loop in Algorithm 4) on this induced subgraph versus (ii) removing
vertices in the prefix optimally, and keeps the option that leads to the largest drop in the current
maximum degree.

We additionally evaluate the quality of the DD order produced by ApproxDD-ES under different
choices of c¢. Given a graph G = (V, E) and a vertex order <, for each vertex v such that d(v|G(v)) > 0,
define

_ 4([G(0))
°TAG()

By definition, minyev . 4(o|G(0))>0 9o is exactly the largest value ¢ for which < is a 9-DD order.
To compute J, efficiently, write < as uy, ..., u, and index each edge {u;, u;} (i < j) by (i, j). Using
an external sorting, we process edges in reverse-lexicographic order of (i, j) while maintaining
the current local degree of each vertex and the maximum local degree seen so far. Whenever all
edges of G(v) have been processed for some v, we obtain 3, = d(v|G(v))/A(G(v)). For readability
we report €, := 1951 —1,ie,<isa 1+maxueV~dl(v\G(v))>0 o -DD order.

For each graph, we compute the empirical distribution of ¢, and take the average of 5 executions.
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Fig. 5. Number of passes on graphs of increasing densities using ApPRoXDD and ApPrROXDD-ES, when
¢=0.1.

Passes—Memory Tradeoff. Figure 4 shows the passes—memory tradeoff of ApprRoxDD-ES and
compares it to ApprOXDD (which is insensitive to ¢). Two remarks are in order. The first one is
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Fig. 6. Empirical distribution of €, under different ¢, using AppProxDD-ES.

that the results agree with Theorem 3.2: ApPrROXDD-ES exhibits a clear memory-passes tradeoff,
and the number of passes is very stable across different datasets (e.g., at most 25 for ¢ = 0.1) in
agreement with the O(1/c) bound. In contrast, the number of passes used by AppProxDD goes with
log n, and therefore explodes on large datasets.
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The second remark is that ApPROXDD-ES outperforms ApproXDD. On most datasets, for ¢ = 0.1,
ArpPrOXDD-ES uses at least 32% fewer passes than AppPrRoXDD by using at most 45% more memory.
The advantage of ApPrROXDD-ES is amplified on relatively dense graphs. On the Similarity and
ER families (see Figures 4e to 4r and Figure 5), increasing density causes ApPROXDD to require
dramatically more passes (and to fail to terminate within 36 hours on Sim-6 and Sim-7), whereas
ArpPrOXDD-ES remains within a small constant number of passes for ¢ = 0.1. For example, on Sim-3
and Sim-5, APPROXDD-ES for ¢ = 0.1 uses marginally more memory than ApproxDD, and yet it
makes 20X and 110X fewer passes.

Finally, Table 2 reports the memory used for computing a ﬁ-DD order on all datasets when
¢ = 0.1. Across datasets, APPROXDD-ES uses moderately more memory than ApproxDD, matching
the tradeoff suggested by Theorem 1.1.

DD Order Quality. Figure 6 shows the empirical distribution of €,. On large sparse graphs (NY
Times, Twitter(WWW), Friendster), ApPROXDD-ES typically outputs orders that are extremely
close to a perfect DD order: for small and moderate ¢, the mass is concentrated in the smallest
€ bin (near 0). On dense graphs (ER and Sim), the distribution remains tightly concentrated on
small € (e.g., mostly € < 0.4 for ER and mostly € < 4 for Sim). Overall, these results suggest that
ArpPrOXDD-ES produces high-quality DD orders in practice.

5.3 Computing the Graphlet Distribution

We test the performance of our full algorithm for approximating the k-graphlet distribution,
AprpPROXDD-ES +CoUNTER (Algorithm 7), and of its competitor ApPROXDD +COUNTER (the algo-
rithm of [8]). Note that the algorithm originally described in [8] actually uses rejection, rather than
using counters. We also test this “default” competitor, APPROXDD +REJECTION, where REJECTION is
introduced in Algorithm 6. As expected, ApPROXDD +REJECTION is much more inefficient than the
“counter” variants, as it gains information only upon accepting a graphlet, which happens with
probability only k=),

We ran the algorithms for k = 4,5, 6, using as ground truth the average of 5 runs of Motivo [15].
We set the parameters of our algorithms to € = 0.1, ¢ = 0.1, and § = 0.02. For each algorithm and
each dataset, we start by computing a ﬁ-DD order. We then ran 5 batches of parallel sampling.
After each batch, we computed the Lo, distance between (i) the ground truth and (ii) the k-graphlet
distribution estimate obtained so far. This experiment was then repeated 5 times, and we took the
average.

Accuracy versus passes. Figure 7 shows the number of passes versus L, distance achieved by
the algorithms. (Due to space limitations we show the plots only for a representative subset of
datasets). Note that the number of passes is the sum of the passes taken by preprocessing and of
2k — 1 passes for each sampling batch. The first observation is that, on every dataset and for every
value of k, save a few exceptions at k = 4, APPROXDD-ES +CoUNTER and APPROXDD +COUNTER
yield an error smaller than AppPrROXDD +REJECTION. The gap between the two errors increases with
k, with ApproxDD +REJECTION lagging much behind ApproxDD-ES +CoUNTER and ApprRoxDD
+CoUNTER for k = 6. This is explained by the aforementioned k~°*) acceptance probability of
AprprOXDD +REJECTION, and confirms that the “counter” approach is significantly better than the
“rejection” approach. The second observation is that, again, APPROXDD-ES +COUNTER uses fewer
passes than AppProxDD +COUNTER, outperforming it by orders of magnitude on dense graphs.
Note that the sampling phase is identical between the two algorithms (but is ran with different
DD-orders), and seems to have a relatively small impact on the error-vs-passes tradeoft, if compared
with the preprocessing phase. This is coherent with the results of Section 5.2 and with our theoretical

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 133. Publication date: June 2026.



133:22 Marco Bressan, T-H. Hubert Chan, Qipeng Kuang, & Mauro Sozio

Table 3. Overall memory usage of the algorithms (in MB). The percentages in brackets represent the ratio of
memory usage over the disk size of the graph (each edge is represented in 8 bytes).

Dataset AprproxDD-ES ApproxDD Motivo
+COUNTER +(REJECTION or COUNTER) k=4 k=5 k=6

NY Times 38.83 (7.31%) 34.97 (6.58%) 856.60 (161.19%) 913.18 (171.84%) 1115.45 (209.90%)
Twitter (WWW) | 3370.27 (36.74%) 2691.84 (29.34%) 12407.77 (135.24%)  16687.46 (181.89%)  32576.35 (355.08%)
Twitter (MPI) | 4391.69 (35.66%) 3382.18 (27.46%) 17173.68 (139.46%)  24232.61 (196.78%)  48619.79 (394.81%)
Friendster | 5895.11 (42.65%) 4429.02 (32.04%) 20857.70 (150.89%)  26691.57 (193.09%)  45527.43 (329.35%)
Sim-0 16.50 (227.90%) 17.98 (248.37%) 99.21 (1370.71%) 122.89 (1697.89%) 192.33 (2657.24%)

Sim-1 | 17.46 (23.29%) 18.33 (24.45%) 181.23 (241.77%) 260.64 (347.71%) 513.17 (684.59%)

Sim-2 18.25 (4.61%) 19.17 (4.85%) 508.91 (128.67%) 611.73 (154.67%) 932.91 (235.87%)
Sim-3 18.84 (1.33%) 19.81 (1.40%) 1531.61 (108.16%) 1638.01 (115.68%) 1978.04 (139.69%)
Sim-4 19.16 (0.49%) 20.16 (0.52%) 3984.58 (102.87%)  4097.13 (105.77%)  4440.09 (114.63%)
Sim-5 19.39 (0.22%) 20.40 (0.24%) 8692.20 (100.39%) 8766.39 (101.25%) 9158.10 (105.77%)
Sim-6 19.82 (0.12%) - 1717655 (103.97%)  17297.12 (104.70%)  17656.74 (106.88%)
Sim-7 | 20.05 (0.07%) - 28061.98 (101.13%)  28112.06 (101.31%)  28305.63 (102.00%)
ER-0 | 18.22(251.50%) 17.78 (245.55%) 125.80 (1736.88%)  214.46 (2961.11%)  504.20 (6961.54%)

ER-1 | 20.96 (27.97%) 19.99 (26.67%) 194.11 (259.04%) 298.66 (398.56%) 643.80 (859.14%)
ER-2 20.55 (5.20%) 20.40 (5.16%) 511.20 (129.24%) 618.41 (156.35%) 964.53 (243.86%)
ER-3 21.18 (1.50%) 20.31 (1.43%) 1531.78 (108.17%) 163854 (115.71%)  1982.57 (140.01%)
ER-4 21.05 (0.54%) 20.16 (0.52%) 3985.01 (102.88%) 4101.33 (105.88%) 4441.28 (114.66%)

ER-5 21.66 (0.25%) 20.43 (0.24%) 8692.22 (100.39%)  8801.50 (101.65%)  9193.64 (106.18%)
ER-6 21.69 (0.13%) - 16902.60 (102.31%)  16999.68 (102.90%)  17619.79 (106.65%)

bounds. Overall, APPROXDD-ES +COUNTER ensures an Lo, error of at most 0.01 with < 50 passes
for k = 4, of at most 0.02 with < 60 passes for k = 5, and at most 0.05 with < 80 passes for k = 6.

Memory usage. Table 3 shows the memory usage of all algorithms. In fact, in all our experiments,
the total memory usage of ApPROXDD-ES +CoUNTER and APPROXDD +(REJECTION or COUNTER)
was dominated by the memory required for the preprocessing (which is already shown graphically
in Section 5.2). Again, the memory usage of ApPROXDD-ES +COUNTER is slightly worse than
ArproxDD +REgjEcTION and ApprROXDD +COUNTER, but not by large factors. This confirms that
ApPROXDD-ES +COUNTER is competitive.

6 Conclusion

This paper presents a novel streaming algorithm for approximating k-graphlet distributions in large
graphs that cannot fit entirely in memory. By introducing an improved method for computing an
approximate degree-dominating (DD) order—a key preprocessing step—our algorithm reduces the
number of passes from O(log n) (as in prior work) to O(1/c), using O(n'*c) memory. This result is
nearly optimal, as a lower bound rules out O(1)-pass algorithms with sublinear memory.

Empirical evaluations on real-world and synthetic graphs demonstrate that our algorithm signif-
icantly outperforms the state-of-the-art, especially on moderately dense graphs, where it reduces
the number of passes by orders of magnitude while maintaining comparable memory usage. The
integration of a Horvitz—Thompson estimator further enhances efficiency by avoiding the high
rejection rates of earlier sampling methods.

Overall, our work provides a scalable, predictable, and theoretically sound solution for graphlet
analysis in the streaming model, bridging the gap between theoretical guarantees and practical
performance.
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Fig. 7. Lo distance between the ground-truth and the estimated k-graphlet distribution as a function of the
number of passes for sampling. The X-axis shows the number of passes (preprocessing on the left, sampling
on the right). Missing points for APPROXDD mean it did not terminate within 36 hours.
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Fig. 7. (Continued) L distance between the ground-truth and the estimated k-graphlet distribution as a
function of the number of passes for sampling. The X-axis shows the number of passes (preprocessing on the
left, sampling on the right). Missing points for APPrROXDD mean it did not terminate within 36 hours.
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