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The Shapley-like values, rooted in cooperative game theory, have gained significant recognition in data
valuation and query answering. Due to the exponential complexity of their exact computation, many sampling-
based approaches have been developed for Shapley-like value estimation. One widely used approach is
stratified sampling, where samples are stratified into n strata and n is the number of players. However, while
stratified sampling offers variance reduction, its unbiasedness is contingent upon full stratum coverage,
necessitating an onerous Q(n? log n) samples. This dependency renders static n-stratified sampling vulnerable
under limited budgets, resulting in biased or unstable estimates. To tackle the problem, we introduce novel
adaptive stratification strategies for Shapley-like values to retain unbiasedness for stratified sampling with
fewer samples. Based on the intuition “the fewer samples, the fewer strata”, we develop ASSS (Adaptive
Stratified Sampling for Shapley-like values). Two types of approaches ASSS-A (stratify After sample) and
ASSS-B (stratify Before sample) are proposed to offer flexible trade-offs between sample efficiency and memory
usage. Experimental results on real and synthetic datasets exhibit the effectiveness and efficiency of ASSS-A
and ASSS-B.
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1 Introduction

The Shapley value [55], originated from cooperative game theory, offers a moral framework for
fairly attributing the collective payoff of a coalition to individual players based on their contribu-
tions. In essence, the Shapley value of a player is the average marginal contribution they make
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across all permutations. Their capacity to fairly allocate value or contribution among partici-
pants in cooperative scenarios makes them indispensable in numerous domains. In data manage-
ment [15, 54, 60, 62, 67], the Shapley value has gained prominence for its ability to evaluate the
importance of individual data points of a machine learning model or query answering. Particularly
in data valuation [4, 10, 18, 19, 21, 22, 41, 42, 45-47, 53, 62], researchers leverage the fairness and
interpretability of the Shapley value, making it a valuable tool for addressing challenges in modern
data-driven environments.

In recent years, various derivatives of the Shapley value, such as the Banzhaf value [59] and
the Beta Shapley value [32], have been introduced for improved data valuation. These values
assess player contributions in cooperative game scenarios based on their marginal contributions in
different ways of Shapley values and have found applications in data valuation due to their unique
properties. We collectively refer to these values as “Shapley-like values."

Calculating the exact Shapley-like values involves evaluating the marginal contribution of each
player across all possible coalitions, which grows exponentially with the number of players. Despite
the well-acknowledged properties of Shapley-like values, this significant complexity limits their
applications on large-scale datasets. To address the challenge, many approximation methods for the
Shapley value and its derivatives have been developed, among which Monte Carlo sampling-based
approaches have been extensively studied [9, 30, 36, 50, 64]. To reduce sample variance, stratified
sampling techniques are introduced in [64]. Specifically, stratified sampling divides the coalitions
into n strata based on the coalition size. Samples are drawn from these strata individually and the
estimator is computed as the weighted average of the means in each stratum. Stratified sampling
leads to more reliable results than simple random sampling owing to the lower stratum variance.

However, conventional stratified sampling is fundamentally limited by the onerous sample
requirement for unbiasedness. Specifically, theoretical unbiasedness requires full stratum coverage,
necessitating Q(n? log n) utility samples. Under limited budgets, the inevitable presence of empty
strata compromises the unbiasedness guarantee. Moreover, static stratification fails to adapt to
highly non-uniform weight distributions (e.g., the Banzhaf value), where variance-optimal sample
allocation needs equally onerous pilot sampling for stratum-variance calculation.

Can we design a stratification strategy for Shapley-like value estimation that provides unbiased yet
effective estimators with insufficient samples? The key challenge in existing methods is that the
excessive number of strata calls for a large sample size to fill. A compelling idea is to reduce the
number of strata, enabling faster filling and thus requiring fewer samples for unbiased estimation.
Furthermore, significant variance reduction in stratified sampling can be achieved without relying
on many strata. We illustrate the case with an example as follows.

Example 1.1. For exposition, assume X is uniform on [0, 2] (i.e., X ~ U[0, 2]). In unstratified

sampling, we estimate the expectation E[X] by sampling m independent values X1, X, . .., X, and
computing the sample mean fiynstrat = # 22, Xi. The variance of X ~ U[0, 2] Var(X) = (ZI;))Z = %

Thus, the variance of the sample mean Var(fiynstrat) = #Var(X )= #
In stratified sampling, we divide the interval [0, 2] into two subintervals [0, 1] and [1, 2]. We

sample m/2 values from each subinterval as shown in Figure 1. Let Xl(l),Xz(l), .. .,Xr(nl/)2 be the

samples from U[0, 1], and sz),XZ(Z), .. .,Xr(nz/)2 be the samples from U[1, 2]. The stratified estimator
for the expectation is the average of the sample means from each subinterval fisqyat = % (1 + f12),

where /i; = 2 Z?%/lz Xl.(l) and i, = 2 ZZ/IZ Xi(z). The variance of X in each subinterval Var(X (1)) =
Var(X(?)) = % = % Thus, the variance of the sample mean from each subinterval Var(j;) =

Var(ji) = 6lm. Since the subintervals are independent, the variance of the stratified estimator
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Var(fisrat) = § (75 + ) = 2- With only two strata, the variance is reduced by a factor of four.
In addition, only two samples are required to ensure unbiased estimation in this stratification.

Stratified Sampling over U|[0, 2]
Subinterval [0, 1] Subinterval [1, 2]

—e—eo—9o—0o—0¢——o—0o—0—0—0—

0 m/2 samples 1 m/2 samples 2

Fig. 1. Stratified sampling with two strata in [0, 2].

Table 1. Comparison of sampling methods. Required samples refers to the minimum number of samples
required to cover all strata. Lower variance indicates whether the method can reduce variance compared to
unstratified sampling. The unbiasedness of ASSS-B holds with high probability, as detailed in Theorem 5.10.

unstratified sampling | stratified sampling | ASSS (type A) | ASSS (type B)
number of strata 1 n < n (adaptive) | L (adaptive)
required samples Q(1) Q(n?logn) Q(1) Q(L%logL)

space cost O(n) 0(n?) 0O(n?) O(Ln)
lower variance X v v v
unbiased guarantee v X 4 v

We can see that a relatively small number of strata can still effectively reduce the estimator
variance while requiring much fewer samples to provide unbiased estimators. Based on the simple
yet effective intuition, we propose ASSS (Adaptive Stratified Sampling for Shapley-like values), an
innovative sampling approach that flexibly adjusts the stratification structure and properly sets
probability distribution for sampling according to the number of samples and sampling results.
We introduce two kinds of approaches ASSS-A (stratify After sample) and ASSS-B (stratify Before
sample). The advantages of our methods are shown in Table 1. Our approaches maintain the
variance reduction benefits of stratified sampling while providing unbiased estimators with fewer
samples and lower space costs. The superiority of our approaches is confirmed through both
mathematical analysis in Section 5 and experimental validation in Section 6. Our main contributions
are summarized as follows.

e We propose ASSS (Adaptive Stratified Sampling for Shapley-like values), a novel frame-
work that fundamentally addresses the limitation of conventional static stratified sampling. By
adaptively decoupling the stratification structure from the number of players n, ASSS enables
stratified sampling that retains unbiasedness and achieves superior efficiency compared to exist-
ing methods in limited budget scenarios. We introduced two variations, ASSS-A and ASSS-B,
to address different computational constraints, offering flexibility in trade-offs between sample
efficiency and memory usage.

e We conduct mathematical analysis to establish the theoretical superiority of the proposed
methods. We identify the “empty stratum" bottleneck in existing methods, and prove that ASSS
secures unbiasedness and establishes strictly lower variance bounds compared to unstratified
sampling, effectively bridging the gap between estimation stability and budget limitations.

e We design efficient algorithms for both ASSS-A and ASSS-B to offer a flexible trade-off between
sample efficiency and memory usage.
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Table 2. A summary of frequently used notations.

Notation Definition
N the set of players
n the number of players
i the i-th player
m the number of samples
o(-) utility function
S a coalition of players
o the Shapley-like value of player i
Wk the weight of the k-th stratum
L a stratification
L the k-th stratum of £
Wk the weight of the stratum L

e Extensive experimental validation is performed on both real-world and synthetic datasets,
verifying the effectiveness, efficiency, scalability, and robustness of the proposed methods. Addi-
tionally, we provide practical guidelines to assist practitioners in selecting the appropriate ASSS
variant based on specific application constraints.

The remainder of this paper is organized as follows. Section 2 provides a brief review of existing
research on the Shapley-like values. Section 3 introduces the concept of Shapley-like values and
a state-of-the-art method for Shapley-like value estimation. Section 4 presents the application of
existing stratified sampling techniques to the introduced state-of-the-art method and discusses
its limitations. In Section 5, we propose an adaptive stratified sampling technique, introducing
two stratification strategies along with their corresponding algorithms. Section 6 presents experi-
mental results and key findings. Finally, Section 7 concludes the paper by summarizing the main
contributions and insights. Frequently used notations are summarized in Table 2, and all proofs are
provided in the appendix to maintain brevity in the main body of the paper.

2 Related Work

In this section, we introduce the applications and computation of Shapley-like values, respectively.

Applications. Shapley value [55], rooted in cooperative game theory, has been widely adopted
for its fairness properties in evaluating the contribution of each data point. It has been applied
to numerous downstream tasks, such as explanations in database queries [13, 28, 29, 43, 54],
data pricing [2, 4, 10, 19, 41, 42, 45-47], data/feature selection [18, 21, 37, 38, 53, 60, 62], database
tuning [22, 34, 66], contribution evaluation in federated learning [3, 6, 7, 11, 16, 17, 48, 56-58, 63, 67],
influence maximization in social networks [68], and model interpretation [23, 35, 44, 51, 53]. The
Banzhaf value [5], a variation of the Shapley value with robustness to varying coalition structures,
has also gained traction in data valuation [59] and query answering [1, 31]. Further extending these
ideas, the Beta Shapley value [32] introduces adjustable weighting to balance different coalition sizes,
enabling tailored data valuation for specific tasks and enhancing flexibility in data valuation [27, 33].
Reference [29] explored Shapley-like values in probabilistic settings, extending their applicability
to probabilistic databases.
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Computation. Although Shapley-like values have widespread applications, their computation
requires evaluating the marginal contributions of exponentially many coalitions, which is #P-
hard [14]. Numerous approximation techniques have been developed to address this challenge [8,
12, 21, 24, 26, 30, 36, 44, 49, 50, 64, 65]. Reference [49] pioneered the use of Monte Carlo sampling
for Shapley value estimation, followed by methods using permutation sampling to estimate Shapley
values as expectations of marginal contributions [9, 50]. These approaches have been further
enhanced by Quasi-Monte Carlo techniques [9] and stratified sampling algorithms [24], as refined
in [8]. Reference [44] proposed computing the Shapley value through a weighted optimization based
on sampled utilities, later improved in [12] using paired sampling. Reference [64] significantly
improved the sampling efficiency of Shapley value estimation by introducing complementary
contributions instead of marginal contributions, which enhanced the reusability of samples.

Reference [26] designed algorithms with polynomial complexity specifically for KNN classifiers
given the computational difficulty of calculating Shapley-like values in general cases. Reference [21]
improved efficiency by omitting marginal contributions below a certain threshold or approximating
utilities via gradients within permutation sampling, albeit at the cost of unbiasedness. Reference
[65] investigated efficient approximation methods for updating Shapley values in dynamic datasets,
addressing challenges posed by data changes over time.

The most relevant works to our study are [36] and [64]. Reference [36] introduced an unstratified
utility-sampling approach to estimate Shapley-like values, while [64] showed that static stratification
can reduce variance when strata are sufficiently covered. However, a key challenge for existing
stratified estimators arises when the sample budget is limited——the “empty stratum” problem.
Static stratification schemes often fail to cover all strata, which breaks the unbiasedness guarantee
and leads to biased or undefined estimates. This challenge is further amplified for Shapley-like
values whose coalition-size weights p(k) can be highly non-uniform, making a static stratification
design poorly matched across different targets. Moreover, variance-optimal allocation rules typically
rely on pilot sampling to estimate within-stratum variances, which is also onerous under limited
budget scenarios. To address these limitations, this paper proposes an adaptive stratified sampling
approach (ASSS) that adaptively decouples the stratification structure from the number of players
n.

3 Preliminaries

In this section, we introduce the definitions of Shapley-like values in Section 3.1 and the sampling
algorithms for approximating Shapley-like values in Section 3.2.

3.1 Shapley-like Values

The Shapley-like value is a class of values that evaluates the contribution of a player by calculating
the expected marginal contribution of the player to all possible coalitions. To further understand
the concept, we first explore the fundamental idea of the Shapley value.

3.1.1 Shapley Value. The Shapley value [55] is a concept in cooperative game theory, named in
honor of Nobel laureate Lloyd Shapley, who introduced it in 1953. It provides a fair division of
payoffs among cooperative players based on their contributions to various coalitions.

Consider a set of players N = {1,2,...,n} in a cooperative game. A coalition is a subset S within
N. N itself is called the grand coalition. The utility function v : 2V — R assigns a value to
evaluate the utility of each coalition § € N. The Shapley value ¢;(v) for player i is defined as
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@ == > [o(STULH —o(ST] 1)
" well(N)
=2 N S Ui - o(S) @
" s (isi)
pShap
= E[o(S U {i}) ~o(8) | S € N\ {i}. Pr(S) = o], )

()
where ST represents the coalition containing all the players before player i in permutation 7,
k=|S|+1,and pihap = %(1 <k <n). (87 U{i}) —o(ST) represents the marginal contribution
of player i in permutation 7, and 0(S U {i}) — v(S) represents the marginal contribution of player i
to coalition S. Equation 1 expresses the Shapley value as the average marginal contribution of each
player across all permutations; Equation 2 expresses the Shapley value as the weighted average
marginal contributions of each player to all possible coalitions; Equation 3 expresses the Shapley
value as the expectation of the marginal contributions of each player to all possible coalitions,
where coalition S is drawn from N \ {i} with probability pf;?i ,- The probability pls'l;ﬁl corresponds
to the weight of the marginal contribution of each player to a coalition with the same size of S in
the calculation of its Shapley value.
The Shapley value is the unique measure that satisfies four significant properties of fairness.

¢ Efficiency: The sum of the Shapley values equals the utility of the grand coalition, i.e.,
iz1 $i(0) =0(N) —0(2).
e Symmetry: If the marginal contributions of two players are equal to all coalitions, they
should receive the same Shapley value.
e Dummy Player: If a player does not contribute to any coalition (i.e., zero marginal contribu-
tion), its Shapley value should be zero.
e Additivity: For two utility functions v and w, ¢; (v + w) = ¢;(v) + ¢;(w).

The fairness properties and the flexibility of the utility function in the applications of the Shapley
value have led to its widespread implementation in data valuation [21] and the interpretability of
query answering [15]. Below we employ an example to show the Shapley value computation based
on Equation 1.

Example 3.1. Consider a game with three players N = {1, 2, 3} and the utility function v defined
as follows.

v(@)=0, o({1h=1 o({2}) =2 o({3}) =3,
o({1,2)) =4, o({L3}) =5 o({23}) =6, 0({L23}) =1L

The Shapley value computation of each player is presented in Table 3. Equation (1,2,3) : 1 -0 =1
represents that the marginal contribution of player 1 in permutation (1,2, 3) is 0({1}) — v(@) =
1 — 0 = 1. For player 1, the marginal contributions across all permutations are 1, 1, 2, 2, 5, and 5,
respectively. Shapley value ¢, is calculated as é(l +1+24+2+5+5)= %.

3.1.2  Shapley-derived Values. Capitalizing on the proven benefits of the Shapley value, various
Shapley-derived values such as the Banzhaf value [59] and the Beta Shapley value [32] have been
employed to improve data valuation for their advanced robustness and flexibility.

Banzhaf value. The Banzhaf value [5] is also a concept in cooperative game theory, named in
honor of John F. Banzhaf III, who introduced it in 1964. The Banzhaf value treats coalitions of
different sizes equally and measures the average marginal contribution of each player to all possible
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Player Marginal Contribution ¢i(v)
(1,23):1-0=1 (1,3,2):1-0=1
(2,1,3):4-2=2 (3,1,2):5-3=2
(2,3,1):11-6=5 (3,2,1):11-6=5]| 3

average:s(1+1+2+2+5+5) =32
(2,1,3):2-0=2 (2,3,1):2-0=2
(1,2,3):4-1=3 (3,2,1):6-3=3

-
—_

2 (312 :11-526 (13.2):11-5=6| *
average:é(2+2+3+3+6+6)=13—1
(3,2,1):3-0=3 (3,1,2):3-0=3

3 (1,3,2):5-1=4 (2,3,1):6-2=4 14

(2,1,3):11-4=7 (1,2,3):11-4=7| 3
average:1(3+3+4+4+6+6) =4

sum E+d+¥=11 11

Table 3. The computation of the Shapley value.

coalitions. Consider a set of players N = {1,2,...,n} and a utility function o : 2N 5 R. The
Banzhaf value ¢, (v) for player i is defined as

@ = s D S U -a(S)

ScN\{i}

Banz

P
n-1

(k1)

where k = |S| + 1 and pganz = 2,+,1(1 < k < n). The Banzhaf value computes the expectation of the

marginal contribution of each player with each possible coalition the same probability to be drawn,
unlike the Shapley value.

=E[o(SU{i}) -o(S) [ S S N\ {i},Pr(S) = I,

Beta Shapley value. The Beta Shapley value [32] is a generalization of the Shapley value designed
to enhance data valuation in machine learning. Unlike the original Shapley value, which gives
uniform weights to marginal contributions across different coalition sizes, the Beta Shapley value
introduces a weighting function to adjust the importance of contributions from different coalition
sizes.

Consider a set of players N = {1,2,...,n} and a utility function v : 2N 5 R. The Beta(a, b)-
Shapley value ¢;(v) for player i is defined as

Beta(b + |S|,n—|S|-1+a)
Beta(a, b) (T;ll)

Yi(v) =

ScN\{i}

((SU{i}) —0(S)),

Beta(a,b)
=EI(SU () ~o(8) | SN\ {i)Pr(S) = iy
k-1

I,

where k = |S| +1and pBeta(a,b) - Beta(b+k—1,n—k+a)

; —X*a) (1 < k < n).
Beta(a,b) (k—l)
The Banzhaf value and the Beta Shapley value share the common properties with the Shapley

value including symmetry, the dummy player, and additivity, but do not satisfy the efficiency
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property since they are no longer the average marginal contribution of each player across all
permutations. The Banzhaf value is used in data valuation owing to its robustness, while the Beta
Shapley value can flexibly adjust weights for different tasks in data valuation.

We collectively refer to the Shapley value, Banzhaf value, and Beta Shapley value as Shapley-like
values, and represent them uniformly as

. . k
$i(0,p) =E [0(SU{i}) —o(S) | S c N\ {i}, Pr(S) = f_l
iy
where k = |S| + 1 and p € R” can be ph®, pBanz pBeta(ab) or any other vectors satisfying that
ZZ=1 pk = 1. For brevity, we denote Shapley-like values with fixed parameters as ¢;.

3.2 The Monte Carlo Method

The exact computation of Shapley-like values requires evaluating the utilities of 2" coalitions. The
exponential computational complexity makes their use impractical in large-scale scenarios. As
a result, researchers turn to the study of Shapley-like value estimation. Efficient sampling-based
methods for estimating Shapley-like values have been extensively studied [9, 36, 64].

Reference [36] proposed GELS to enhance the approximation efficiency by adding a constant
to the Shapley-like value of each player, enabling the reuse of each utility sample in Shapley-like
value estimation of all players. The reformulated Shapley-like value is given by

¢i(v,p) =c(n,p)E [v(S) |ie S NU{0},Pr(S) :p|5|]
—c(npE[o(S) [0 €S ¢ N U{0}Pr(S) = pisi]. @)

where player 0 is an additional dummy player and ¢(n,p) = Xj_; =7 Pk- Given that the second
term in Equation 4 remains constant across each player, it suffices only to estimate the first term in
Equation 4. Denoted by ¢; =E[0(S) |i € S ¢ NU{0},Pr(S) = p|s1] (0 < i < n). The Shapley-like
values can then be derived by adjusting these estimates based on the value of the dummy player,
ie, ¢; = c(n,p)(¢; — ¢3). Using the Monte Carlo method, we randomly sample some coalitions
and compute the average utility of the coalitions containing player i as the estimator g{;l* of ¢7.
The detailed algorithm is presented in Algorithm 1. We first sample coalition S from N U {0} and
calculate utility o(S N N) (Lines 3-6). o(S N N) is then reused in the estimation of ¢; for all player
i € S, which improves efficiency (Lines 7-9). After m samples, we average sampled utilities and
derive the estimated Shapley-like values (Lines 10-11).

4 STATIC STRATIFIED SAMPLING

Building on the Monte Carlo method for Shapley-like value estimation, this section investigates the
potential of stratified sampling to enhance estimation accuracy. Stratified sampling is particularly
appealing due to its ability to reduce variance by dividing the sample space into distinct strata.
However, this section also critically evaluates the limitations of the stratification strategy, especially
when the number of strata is large or samples are insufficient to fill all strata effectively.

Stratified sampling is a widely used technique for variance reduction. Following existing work
on static stratified sampling for estimating Shapley values [9, 30, 36, 50, 64], we first consider a
straightforward extension of Algorithm 1 to the Shapley-like value setting. Specifically, we partition
all coalitions in N U {0} into n strata, where the k-th stratum contains all coalitions of size k.

Let ¢7, = E[0(S) | i€ S € NU{0},|S| = k] denote the expected utility of coalitions in the
k-th stratum (1 < k < n). The expectation of utilities among all coalitions can then be expressed as
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Algorithm 1: Monte Carlo method for Shapley-like value estimation.

input :N ={1,...,n},0: 2N—>Rp€R"andm>0
output:the estlmated Shapley-like values (;51, R ng

1 ¢j,mi<—0(0$i$n);
2 fort=1tomdo

3 Select k with probability o k?(Z;rl;c)pk (1<k<n);
4 Let n' be a random permutation of {0, 1,...,n};
5 S — {#'(1),..., 7' (k)};
6 u—o(SNN);
7 fori=1tok do
3 ¢?* _ Myt (j) qg* + 1 u:
wt(i) — Mty +1 77t (i) myr+177
9 Myt (n+ =15

10 fori=1tondo
n| e (S e (6 - i)

12 return qgl, . ..,gi;n.

a weighted average of the expectations of utilities across different strata:
n
$(0.p) = ) Wi 5)
k=1

where wy = - pi/c(n, p).

To estimate ¢, we employ post-stratification [25] based on the above equation. Using the Monte
Carlo method, we randomly draw samples from each stratum to form coalitions. For ¢, we first
compute the average utility of coalitions in each stratum containing player i, yielding the estimator

g[3;‘k for ¢7, (1 < k < n). Subsequently, a weighted average of these estimates across all strata is

computed to obtain the estimator gﬁf .

The detailed algorithm is outlined in Algorithm 2. Initially, coalitions S are sampled from N U{0},
and their utilities v(S N N) are calculated (Lines 3-6). These utilities are then reused to estimate
¢:, for all players i € S in the k-th stratum (Lines 7-9). After m samples are drawn, we compute
the average utility in each stratum and derive the estimated Shapley-like values (Lines 10-11).

The following example illustrates the difference between stratified and unstratified sampling.

Example 4.1. We adopt the same setting as in Example 3.1. Table 4 and Figure 2 show the process
of unstratified sampling (Algorithm 1) and stratified sampling (Algorithm 2) for Shapley value
estimation. Coalitions {0}, {1}, {0, 1}, {1, 2}, {1, 3}, {0, 1, 3}, and {0, 2, 3} are sampled. In unstratified
sampling as shown in the left side, gi;(’)‘ is calculated as the average of the utilities of four coalitions
containing player 0 (v{0} =0, v{0,1} =1, 0{0,3} =3, and v{0, 2,3} = 6). In stratified sampling as
shown in the right side, we first calculate the average utilities of the coalitions with same size k as
the estimator ¢0k ofgbok(l <k <3),ie, 97501 =0, (/502 =1, and ¢03 2(5 +6) = 11 (j)o is calculated

as the weighted average of the average utilities in three stratum, i.e., gbo = ﬁqﬁo 1 ﬁgbo ) ﬁqSo 5

Limitations. The utilities of coalitions of the same size tend to be more homogeneous than those
of different sizes. By dividing the coalitions into n strata based on coalition sizes, stratified sampling
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Algorithm 2: Stratified Monte Carlo method for Shapley-like value estimation.
input :N ={1,...,n},0: 2N—>Rp€R"andm>0
output:the estlmated Shapley-like values (;51, R ng

1 ¢1k,mlk<—0(0<l<nl<k<n)

2 fort=1tomdo

3 Select k with probablhty (1<k<n);

4 Let 7' be a random permutation of {0, 1,...,n};
5 S — {n'(1),..., 7" (k)};

6 u<—o(SNN);

7 fori=1tokdo

s L Dok = %ﬁf(i),k * gt
Myt (i) k+ = 1;

10 fori=1tondo

u L ¢l — X k+1pk¢zk Zhet 7o k+1pk¢ok’

12 return ¢1,...,¢n.
Unstratified Sampling Stratified Sampling
{o} {0} 0
[{o, 1}] {0, 2} {0,3} [{o, 1}] {0, 2} {0,3} 1
(0.1,2) [013][0.23] [{012}[053][(023]| 2
gr=1(0+1+5+6)=3 [f=2-0+2.1+5& U=
{1} {1} 1
{0, (L. 23] {1, 3] O3y | ¥
{0,1,2) [{0,1,3)]{1,23} | {0, 1,2}[{0,1,3}]]{1.23} | 5
¢}‘—l(1+1+4+5+5)—% pr=L%-1+2 04 L.5=21
$1 =5 (b —¢p) = h1 =161(¢1 ¢g) =2
{2} {2} -
{0,2} [{1,2}]{2,3} {0.2} [{1, 2}]{2,3} 4
{0,1,2) [{0,2,3}]{1,2,3} | {0,1,2}[{0,2,3}]{1,2,3} | 6
¢;=3(4+6)=5 pr=% -0+ -4+5.6=2
$o=1(4; - y) =& ¢, = L(; - $i) =2
{3} {3} -
{0,3}[{1,3}|{2,3} {0,3} {1, 3}]{2,3} 5
15025 (.23 [13lezs]0.23 ] %
é;=§(5+5+6)=& gr=L.0+3 .5+ L. 118
¢s =5 (d5 - dy) =1 ¢ = 161(453 —¢p) =2

Table 4. Unstratified Sampling and Stratified Sampling for Shapley Value Estimation.

generally achieves lower estimation variance than unstratified sampling. However, despite its
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Unstratified Sampling Stratified Sampling

R 1
¢ =50+1+5+6)=3

br = 2. 3. 6 11 _ 36
¢0_11 0+11 1+ -

Fig. 2. Unstratified sampling and stratified sampling .

potential for variance reduction, static stratified sampling (e.g., Algorithm 2) is not a one-size-fits-
all solution. As implied by Theorem 4.2, static stratified sampling cannot guarantee unbiasedness
without sufficient samples to ensure full coverage of all n strata. For example, in Table 4, the stratum
corresponding to coalition size 1 is empty due to the lack of samples. Consequently, the term ¢;;
is forced to a default value of 0, and the estimator becomes gi;; = % -0+ %d;;z + 1—61gz§;"3. This
resulting estimate is strictly biased, as visualized in Figure 3. Therefore, while static stratification
is theoretically superior in variance, it becomes structurally flawed and biased when the sample
budget falls below the threshold required for full coverage.

For stratified sampling to yield an unbiased estimator, a fundamental prerequisite is that every
stratum must be non-empty (i.e., full coverage). We propose the following theorem to quantify the

expected number of samples required to fill all strata for Shapley-like value estimation.

THEOREM 4.2. Let m,, denote the number of utility samples required to fill n strata in stratified
sampling. The expected sample size is lower bounded by

Elma] 2 n(n=1) )" = =~ n2(In(n) +) = O(* logn),
k=1

where y refers to the Euler-Mascheroni constant with an approximate value of 0.57721.

Theorem 4.2 illustrates that static stratified sampling is impractical when the number of players is
large, as it requires Q(n? log n) samples to ensure full coverage of all strata—the necessary condition
for unbiasedness. In scenarios with insufficient samples (i.e., limited budgets), the “empty stratum”
problem is likely to occur, thereby breaking the unbiasedness guarantee. In contrast, according to
[36], GELS only requires O(; log %) unstratified utility samples to achieve an (¢, §)-approximation.
Consequently, static stratified sampling is often unsuitable for many practical scenarios, particularly
when scaling to large datasets or operating under strict budgetary limits.

5 Adaptive Stratified Sampling

Considering the limitations of stratified sampling, one may wonder: can we retain the benefits
of stratified sampling while mitigating its drawbacks? The answer is affirmative. The primary
reason stratified sampling fails to provide unbiased estimators with insufficient samples is the large
number of strata, making them difficult to fill efficiently. To tackle the problem, a practical solution
is to reduce the number of strata.
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Unstratified Sampling Stratified Sampling

2@e6 4 BIASED!
4(®)10
l

hr = 2. 3. 6 .= 148
¢72_11 0+11 4+11 6_11

¢;=3(4+6) =5

[=)}

Fig. 3. Limitation of static stratified sampling

In this section, we propose ASSS (Adaptive Stratified Sampling for Shapley-like estimation) based
on this intuition, which adaptively stratifies according to the number of samples. We propose two
strategies, ASSS-A (stratify After sampling) and ASSS-B (stratify Before sampling). Overall, ASSS-A
eliminates unsampled strata after sampling to ensure unbiased estimation; ASSS-B determines a
smaller number of strata based on the sample size to ensure that all strata are filled.

5.1 Proper Sample Allocation for Stratification

We first introduce how to allocate samples effectively across various strata. Existing methods [30, 64]
distribute equal sample sizes across all strata, assuming no prior knowledge. However, stratified
sampling guarantees variance reduction compared to non-stratified sampling only when the proba-
bility of sampling coalitions of each length aligns with that of non-stratified sampling. Otherwise,
stratified sampling may fail to reduce variance.

Let O'z . represent the utility variance of coalitions containing player i with size k. For player i,

given m;, samples in the k-th stratum, the variance of the stratified estimator qgf strat of ¢ is

[xstrat N 2 Uiz,k
Var(¢;1"") = ; L ©)
For player i, given m; total samples, the variance of the unstratified estimator g{;:‘ unstrat jq
Psunstrat 1\ 2 1\ * 2
Var(§) = — 3 wialy + — 3wy~ )" )

b k=1 b k=1
Equations 6 and 7 define the conditions under which stratified sampling reduces the variance of
Shapley-like value estimates.

THEOREM 5.1. When m; = wym; for all1 < k < n, we have Var(qglf”'s"“t) < Var(gzglf‘”"s"“t).

CoROLLARY 5.2. The following corollary generalizes Theorem 5.1 under specific sampling conditions.
When my. o« %Pk forall1 < k < n, we have Var(¢;*!"*) < Var(¢:""*"%!) given the same
amount of samples.

According to Theorem 5.1 and Corollary 5.2, when stratified sampling ratios match the unstrat-
ified proportions, stratified sampling is guaranteed to reduce variance. However, the variance
of stratified sampling may exceed that of direct sampling for other sample allocations. In other
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words, when performing stratified sampling, without prior knowledge, we should set the sampling
probabilities to match those used in the unstratified sampling algorithm, Algorithm 1. These results
offer a theoretical basis for optimizing stratified sampling in practical scenarios, especially when
prior knowledge about coalition utility distributions is limited.

5.2 Stratification after Sampling (ASSS-A)

Based on Section 5.1, setting the same sampling probabilities as in unstratified sampling ensures
variance reduction. However, when the number of samples is insufficient, some strata may remain
empty. This raises a natural question: what if we simply ignore the unsampled strata? By doing
so, we can retain the structure of the sampled strata while discarding the unsampled ones. This
approach still yields unbiased estimates and, by preserving the structure of sampled strata, continues
to reduce variance.

The main idea of ASSS-A is to perform stratification after drawing samples. First, we collect
samples using the original stratified sampling method. During the computation of results, we
discard strata that have not been sampled and compute the weighted average of the remaining

strata. As shown on the left side of Table 5, we compute the weighted average of ¢2 , and ¢2 4 1€,
qﬁl = 3¢2’2 3¢2!3. We refer to this type of stratified sampling as ASSS-A (stratify After sampling).

To ensure unbiased estimation, the probability of selecting a coalition of size k must remain
consistent with unstratified sampling, i.e., « %pk. By setting such sampling ratios, we
can maintain unbiased estimators while reducing variance. The detailed algorithm is presented in
Algorithm 3. First, we sample coalitions S from N U {0} based on the proper probability distribution
and calculate the utility o(S N N) (Lines 3-6). The computed utility o(S N N) is then reused to
estimate ¢, for all players i € S in the k -th stratum (Lines 7-9). After collecting m samples, we
average the utilities in each stratum, remove unsampled strata, and derive the estimated Shapley-like
values (Lines 10-17).

We now demonstrate that the resulting estimators under this method are unbiased. This property
allows the method to effectively leverage the variance reduction benefits of stratified sampling,
resulting in higher estimation accuracy.

THEOREM 5.3. Algorithm 3 gives unbiased estimators.

5.3 Stratification before Sampling (ASSS-B)

Beyond deciding which strata to retain after sampling, we propose a more resource-efficient method.
Specifically, we determine the number of strata based on the sample size, ensuring that each stratum
receives a sufficient number of samples. To achieve this, we generalize the concept of stratification
beyond the traditional approach of dividing coalitions into n strata based solely on their sizes.

Definition 5.4 (Stratification for Shapley-like values). A stratification L for the Shapley-like
value with parameters n,v(-), p is a partition of {1,...,n} into {Ly, ..., £y} such that Uizl Ly =
{1,...,n}and Ly N Ly = @ (1 < k1 < k2 < L). The expectation of utilities in the k-th stratum
¢7 (L) is defined as

$; (Lr) =E[0(S) |i € S ¢ NU{0},[S] € L, Pr(S) e p|sj+1]-
With this generalized stratification £ = {L,..., L1}, we redefine ¢; as follows:

THEOREM 5.5. L
= o (Lo,
k=1
where Wy = Yje p, Wi

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 139. Publication date: June 2026.



139:14 Junyuan Pang, Jiayao Zhang, Jiazheng Song, Jinfei Liu, & Kui Ren

Algorithm 3: Stratification after sampling (ASSS-A).
input :N ={1,...,n},0: 2N—>Rp€R"andm>0
output:the estlmated Shapley-like values (;51, R ng

[

¢1k,mlk<—0(0<1<nl<k<n)

2 fort =1tomdo

3 | Select k with probability o k?rfﬁl;c)f’k (1<k<n);
4 Let 7' be a random permutation of {0, 1,...,n};
5 S — {n'(1),..., 7" (k)};
6 u<—o(SNN);
7 fori=1tok do
A mor A
8 L Ortink = Tontcp et Pt (kT a1
9 Myt (i) k+ = 1;

10 ¢ — Xy nkaiPk

11 fori=0tondo

12 Li—a;

13 fork =1tondo

14 if m; # 0 then
L | Li=Liu{k)

16 | € Xker; noisibPk
17 | $i — Dkess o atiaiPRPix — Zke Ly o nokrPRPoss

18 return g{;l, R qgn.

We can proceed with generalized stratified sampling using Definition 5.4 and Theorem 5.5. For
a stratum £ and ¢;, we first estimate the expected value in each stratum gzgf(.ﬁk) using Monte
Carlo sampling. Then, we compute gzg;“ as the weighted average of gzgl* (Lr) (1 <k <L) based on
Theorem 5.5.

As shown on the right side of Table 5, for Example 4.1, regarding ¢;, we first divide all the
coalitions into two strata. The first stratum includes coalitions of size 1 and 2, and the second
stratum includes coalitions of size 3, i.e., £; = {1,2} and £, = {3}. We first calculate the mean
utility within each stratum, ¢;;(£1) =4 and (;%‘(Lz) = 6, and compute w; = % + % = %
wy = 1—61. Then, we calculate gi;; = wlég (L) + wgqgg (L).

Similar to Section 5.1, we can calculate the variance of the estimator </§l* strat( L) of ¢F with the
stratification £ = {Ly,..., L.} as

and

L
Var(qs*strat(lz) — Z 2 0; (-Ek)

k=1 Mik

®)

where 2( L) is the variance of the utility of the coalitions containing player i in the stratum Ly
and m; i is the number of samples in the k-th stratum Ly for player i.

Given that we now have a generalized definition of stratification, we can extend Theorem 5.1
and Corollary 5.2 to the generalized case. We first compute the variance using the generalized
concept of stratification. The variance of the unstratified estimator qgl* unstrat can be computed as
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L n
Var (gm0 = = 3 g0 (L) + == 3 op (6 (Lx) - 7). ©)
b k=1 b k=1

Similarly, based on Equations 8 and 9, we can also calculate the sampling probabilities under which
stratified sampling can guarantee variance reduction with a stratification L.

THEOREM 5.6. When m; = wpm; for all 1 < k < L, we have Var(éi*s”“t(.ﬁ)) < Var(g’;j“”s”“’).
Specifically, we have

R . 1 &
Var(¢:<unstrat) _ Var(¢;kstrat(_£)) — ; Z CL)k(Q{);k (-Ek) — ¢l*)2
=
COROLLARY 5.7. When my o< ¥ c r, %[)z foralll < k <L foralll < k < L, we have
Var(¢:579) < Var($rnstrat) given the same amount of samples.

According to Theorem 5.6 and Corollary 5.7, a generalized non-stratified sampling method
that adopts the same sampling proportions as unstratified sampling can also reduce variance.
We consider the conditions that should be satisfied when performing stratification to minimize
variance.

THEOREM 5.8. The optimal stratification £ = Li,...,L; for the objective function
min Var(§:57* (L)) satisfies that Vky < ko, V1 € Ly, I, € Ly,, we have (/’J;‘ll < ¢F

il

Theorem 5.8 tells that the optimal stratification for ¢} should divide the strata consecutively
according to the ordering of gbzk(l <k < n).Suppose ¢;, (1 <k < n) is monotonically increasing
with k, which holds in general cases. We can conclude that the optimal £ should divide the
strata consecutively according to the order 1,2,...,n. Leveraging this structural property, we
can formulate the search for the theoretically optimal stratification boundaries as a dynamic
programming problem.

PrROPOSITION 5.9 (OPTIMAL K-LAYER STRATIFICATION — DP FORMULATION). For a given player
i € N and an integer K < n, consider a K-layer stratification L := (L1,..., Lx) induced by cut
indices0 =19 <11 < --- <1 =n, where L, := {r,_1+1,...,5,.} forr = 1,...,K. The optimal
K-layer stratification solves
K T )
. * *
B e 20 2 Wik 1L

r=1 k=r,_1+1

V1 < p, q < n, define the mean operator on the interval {p, ..., q} by

1 q
Myg(@)) = ——— >4,
pa(® q_pﬂésb,k

and define the within-layer squared error

q q
: * * * 2
(p.q) s=min > (61— 1) = 3 (81 — Mpg(9))"
k=p k=p
Letdp[g][q] be the minimum objective value for partitioning {1, ..., q} into g contiguous layers. Then
the optimum value is given by

dp[11lq] =c(1,q), dplgllgl = min_(dplg—11[p - 1] +c(p.q))
g—-1<p=<q
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forg=2,...,Kandq=1,...,n

As presented in Proposition 5.9, the optimal stratification strategy requires solving a dynamic
programming problem to minimize variance. However, implementing this theoretical optimality
relies on the variance of utility distributions. Estimating the variances would consume significant
pilot sampling budgets, and solving the DP entails a non-trivial time complexity of O(Ln*). Conse-
quently, given these constraints, we simply adopt a naive equal-weight strategy to construct the
strata. To balance the need for stratum coverage and the available sample size, we define L = %
(bounded by n). As we will demonstrate in Theorem 5.10, this specific choice is sufficient to ensure
full stratum coverage with high probability.

The detailed algorithm is presented in Algorithm 4. First, we determine the number of strata L
based on the number of samples (Line 1). Then we properly divide all the coalitions into L strata
(Lines 4-9). We sample coalitions S with proper probability distribution from N U {0} in each
stratum and calculate utility o(S N N) (Lines 12-15). 0(S N N) is then reused in the estimation
of ¢i*,k for all players i € S (Lines 16-18). After m samples, we average coalition utilities in each

stratum and derive the estimated Shapley-like values (Lines 19-20).

Algorithm 4: Stratification before sampling (ASSS-B).
input :N ={1,...,n},0: ZNHRpeR”andm>O
output:the estlmated Shapley-like values ¢1, . ¢

1 L« max([mj n);

2 ¢1k,mlk<—0(0<l<nl<k<L)
s «— 1;

fork=1toLdo

Ly — 2;

while 3., p1 < 1 ands < ndo
L Lie = L U {s};

s+ =1;

-]

| Mk —mXcp, pis
10 for k=1toL do

11 fort =1 tomy do
12 Select [ with probability o l?rffﬂ}) pr (1€ Ly);
13 Let 7' be a random permutation of {0, 1,...,n};
14 S — {x'(1),..., 7" ()};
15 u—o(SNN);
16 fori=1toldo
A mor A
v L Ortink = Tont et 9t 1k T a1
18 Myt (i)t =1,

19 fori=1tondo
20 L ¢l — Zk 1Zl€.£k n— l+1pl(¢zk ¢0k)

21 return ¢1, . ..,¢)n.
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We now demonstrate that the resulting estimators achieve unbiasedness with a probability that
asymptotically approaches 1 as the number of players n increases.

THEOREM 5.10. Algorithm 4 needs Q(L? log L) samples to fill L strata, and gives unbiased estimators
with probability greater than 1 — %

ASSS (Type A) ASSS (Type B)

{2} - {2}
[fo.2}]{L2}]{23} | 4 | [o.2}J[{L.2}]{23}
{0,1,2}[{0,2,3}]{1,2,3} | 6 | {0,1,2}[{0,2,3}]{1,2,3} | 6

=3 d+i-e=% | f=fPa+fs=i
{3} - {3} 5
[{0,3}]{1,3} {2,3} 5 [{0,3}]{1,3} {2,3}
{0,1,3} {0.2,3} {123} | & | {0,1,3}{0,2,3} {1, 2.3}] | &
G=fs+i-D-% | ji-Bsyg B2

Table 5. Adaptive stratified sampling.

ASSS (Type A) ASSS (Type B)

o144 2.6216 o3 4,6 56
¢2_3 4+3 6_3 ¢2_11 4-'-ll 6_11

Fig. 4. Adaptive stratified sampling.

5.4 Theoretical Analysis

In this section, we present a comprehensive theoretical analysis of our proposed approaches, includ-
ing a comparison with the state-of-the-art method GELS [36] and an evaluation of computational
complexity.

5.4.1 Comparison. A theoretical comparison was conducted between our proposed methods (ASSS-
A and ASSS-B) and GELS in terms of estimation variance. Specifically, we consider the stratification
of ASSS-B the setting in Algorithm 4.

THEOREM 5.11. Denote by d;;‘A, qglf‘B, and gi;l*G the estimators of ¢} provided by ASSS-A, ASSS-B, and
GELS with same samples, we have Var(d);‘A) < Var(gb;“G) and Var(gb;‘B) < Var(gb;‘G) for any arbitrary
i
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Method Sample Complexity Stratification Variance Reductions

GELS O(51Iny) X X

. E; _
ASSS-A O(&1ny) Adaptive Eigl v +0(m™?%)
ASSS-B O(&1ny) Adaptive E, +l v +0(m™?%)

Table 6. Comparison of GELS, ASSS-A, and ASSS-B.

Theorem 5.11 establishes that our stratified approaches theoretically achieve lower variance
than the unstratified GELS. Furthermore, we derive explicit bounds on the reduction in variance
for ASSS-A and ASSS-B based on the distribution of utilities.

THEOREM 5.12. Assume that v(S) < 2¢f|5| foralli € S, then the estimator ratio satisfies
it Ei - . ; )

) +' i +0(m™?%), where E; = E[(qﬁi,k)z],Vi = Var(¢;,), 1 < k < n,and Pr($;,) = wi.

THEOREM 5.13. Given a stratification L = {Ly, Ly, ..., L1}, assume that v(S) < 2¢f|8| for all

oo E,
$° T E; +V;
Var(¢; (Lx)),1 < k < L, and Pr(¢; (L)) = w.

Note that the inequalities for ASSS-B holds with full stratum coverage. In practical regimes, our

design satisfies the condition with high probability, validating the variance reduction.

i € S. Then, the estimator ratio satisfies + O(m™2), where E; = E[¢}(Lr)?*]. Vi =

54.2  Computational Complexity. We determined the computational complexity by calculating the
expected sample size. To provide a theoretical benchmark, we first derived the expected sample
size required to achieve a specified level of estimation precision.

THEOREM 5.14. Assuming the expected error of ASSS-A and ASSS-B with m utility samples is ¢, we
have ¢ = O(\/%), ie,m=0(%3).

Theorem 5.14 highlights the scalability of our methods, as the sample complexity scales favorably
with the number of players n and the desired precision ¢. This result demonstrates the efficiency of
our approaches in practical scenarios, particularly when computational resources are limited.

In addition to theoretical expectations, the sample size can also be determined by imposing
confidence interval constraints under different distributional assumptions. Specifically, we estimate
the minimum number of samples required to ensure that the confidence interval remains below a
specified error threshold.

Case 1: Normal Distribution. Under the normality assumption, the required sample size can be
determined with a tight bound.

2
THEOREM 5.15. If¢; ~ N (i, O'iz) and o; < o, then with at least (221;# samples, ASSS-A and
ASSS-B can achieve an (¢, §)-approximation, where z,_s;, denotes the standard normal quantile.
Specifically, for a 95% confidence level, zj 975 = 1.96.

Case 2: Chebyshev Bound. For arbitrary distributions with finite variance, the Chebyshev in-
equality yields a bound when the variance is bounded.

THEOREM 5.16. If Var(¢¥) < o, then with at least % samples, ASSS-A and ASSS-B can achieve
an (¢, 8)-approximation.
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Fig. 5. Shapley value effectiveness (RMSE).
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Fig. 6. Banzhaf value effectiveness (RMSE).

In Cases 1 and 2, the variance can be estimated from samples using Bessel’s correction; however,
it prevents a direct estimate of the required sample size. In the following, we introduce an approach
that only requires knowledge of the utility bound.

Case 3: Hoeffding Bound. Hoeffding’s bound requires only the known range of the variable,
making it the most practical and widely used approach for bounded variables.

2
THEOREM 5.17. IfU(S) € [0,uy], then with at least 2";40 In 42 samples, ASSS-A and ASSS-B can
£ o

achieve an (&, )-approximation.

Theorems 5.15-5.17 establish the expected sample sizes under different conditions and indi-
cate that the proposed methods achieve competitive sample complexity while guaranteeing the
prescribed precision and confidence levels. Table 6 summarizes the comparison between GELS
and our two adaptive stratified estimators. ASSS-A and ASSS-B match GELS in the leading-order
Hoeffding bound sample complexity, while reducing variance through adaptive stratification by
a factor Ei"Vi + O(m™?). This highlights that our gain primarily comes from variance reduction
rather than altering the asymptotic sample complexity.

6 Experiments

This section presents experiments evaluating the efficiency and effectiveness of our proposed
algorithms.

6.1 Experiment Setup

6.1.1 Methods Compared. Our main baseline is the state-of-the-art method GELS for Shapley-like
values [36].

e GELS [36]: a utility-based Monte Carlo simulation algorithm (Algorithm 1).
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e S-GELS: an extension of GELS using a straightforward stratification strategy (Algorithm 2).
For Shapley values, we compare additional baselines as follows.

e MC [9]: a Monte Carlo simulation algorithm based on marginal contributions.

e CC [64]: a Monte Carlo simulation algorithm using complementary contributions.

e KernelSHAP [44]: a kernel-based optimization method for utility sampling.

o PairedSHAP [12]: an enhanced version of KernelSHAP leveraging pairwise utility sampling.

We also evaluate the two versions of our proposed methods.

o ASSS-A: adaptive stratified sampling with stratification applied after sampling (Algorithm 3).
o ASSS-B: adaptive stratified sampling with stratification applied before sampling (Algorithm 4).

6.1.2  Evaluation Tasks. To evaluate the performance of our algorithms, we estimate Shapley-like
values across four application scenarios: two cooperative games and two data valuation tasks. These
tasks represent diverse settings, ranging from structured game-theoretic problems to machine
learning-based data valuation.

A voting game [52]. In a non-symmetric voting game simulating a U.S. presidential election, the
Shapley value measures the voting impact of individual players. The set of playersis N' = {1,...,51}.
For any coalition S € N, the utility function is defined as

o) = {1, if Ties i 2 § Zjen vy

0, otherwise,
where the weights {vy, ..., vs;} represent the voting power of each player.

An airport game [40]. In this game, the Shapley value allocates airstrip costs among planes of
varying sizes. The set of players is N' = {1,...,1000}. For any coalition S C N, the utility function
is

o(S) = rirézg({i}.

Data valuation tasks on Iris and Breast Cancer datasets. In these tasks, players are data points
used to train a predictive model. We employ two benchmark datasets from the UCI Machine
Learning Repository [20, 61]—Iris and Breast Cancer. The Iris dataset consists of 150 instances
with 4 numerical features and 3 classes. We randomly select n = 100 instances as players for the
training set, and the remaining 50 are used for validation. The Breast Cancer dataset contains 699
instances characterized by 9 features and 2 classes. We selected n = 600 instances as players, and
the remaining 99 are used for validation. For both tasks, the utility function v(S) is defined as the
classification accuracy of a Support Vector Machine (SVM) trained on the subset S and evaluated
on the fixed validation set.

6.1.3  Evaluation Metric. We use RMSE as the evaluation metric to quantify the accuracy of esti-
mated Shapley-like values.

Root Mean Square Error (RMSE). Given benchmark Shapley values ¢; and estimated Shapley
values ¢; (i =1,...,n), RMSE is defined as:

w1 S of

Calculating the exact Shapley value ¢; is computationally prohibitive due to the exponential
growth in complexity with the number of players. Therefore, we use the estimated Shapley-like
values computed using GELS [36], with 10000k samples as benchmark Shapley-like values for data

1/2
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valuation tasks. For cooperative games, we employ the Shapley values reported in [9] for the voting
game and those computed in [39] for the airport game as the benchmark Shapley and Banzhaf
values. For other cooperative Shapley-like values that can not be computed in polynomial time, we
similarly use the method in [36] with 500k samples as the benchmark Shapley values.

6.2 Effectiveness

We experimentally analyze the performance of ASSS-A and ASSS-B with an equal number of
samples across four tasks: Voting, Airport, Iris, and Breast Cancer for Shapley-like value estimation.
We set different amounts of samples based on the number of players and examine the performance
of each method under conditions where the sample size is relatively insufficient. The empirical
results, presented in Figures 5-7, consistently demonstrate the superiority of our approaches over
the baselines on the computation of Shapley values, Banzhaf values, and Beta Shapley values.
ASSS-A and ASSS-B perform similarly overall, with ASSS-B slightly underperforming ASSS-A
on some tasks. However, ASSS-B requires less space and has more potential for optimization in
sample allocation. In Shapley value estimation, it can be observed that as the number of samples
increases and that all strata in the CC and S-GELS gradually become filled, the advantage of
ASSS-A and ASSS-B gradually diminishes. However, ASSS-A and ASSS-B demonstrate significant
improvements over both CC and S-GELS as the number of players increases (Airport and Breast
Cancer), where CC and S-GELS suffer due to unfilled strata with relatively insufficient samples.
In the estimation of Banzhaf values, S-GELS is less effective due to inappropriate stratification
ratios, resulting in its performance lagging behind GELS. Meanwhile, ASSS-A and ASSS-B exhibit
consistent performance advantages in all cases. ASSS-A and ASSS-B show little advantage over
GELS in the estimation of Banzhaf values, mainly because the Banzhaf value assigns equal weight
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Method Shapley Banzhaf Beta(2,2)-Shapley

GELS (6.19 +£1.41) x 10™*  (3.09 +0.14) x 107> (4.48 + 0.39) x 10™*

S-GELS (2.29+0.25) x 1073 (8.08 £0.73) X 107> (4.34 + 0.85) x 10~*

ASSS-A  (2.08 £0.03) X 107%  (3.02+0.20) X 107> (3.97 £ 0.47) x 10~*

ASSS-B (2.24+£0.02) x 10™*  (3.06 £0.17) X 107> (4.16 + 0.38) x 10~*
Table 7. 95% confidence intervals of RMSE.
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Fig. 9. Beta-Shapley value stratification weights (n = 100).

to the marginal contribution of coalitions. This gives coalitions of size around n/2 a significant
proportion in the calculation. However, since these coalitions are similar in size, their utilities are
close to each other, and according to Theorem 5.6, stratified sampling becomes less effective at
reducing variance. In contrast, for the voting task, we observe a more noticeable reduction in error
with our method, as even when coalition sizes are similar, the utility differences can still be large
(between 0 and 1).

Confidence intervals. Table 7 presents the RMSE with 95% confidence intervals (calculated
over 20 independent runs) for the Breast Cancer dataset at a fixed sample budget of m = 600k.
The results confirm that both ASSS-A and ASSS-B significantly outperform GELS and S-GELS,
achieving consistently lower errors and narrower confidence intervals. Comparing the two adaptive
methods reveals a nuanced trade-off. While ASSS-A achieves a marginally lower mean RMSE (better
accuracy), ASSS-B exhibits slightly tighter confidence intervals (better stability). This difference
stems from stratification granularity: ASSS-A’s fine-grained structure effectively minimizes bias but
is more sensitive to stochastic sampling fluctuations across its numerous strata. In contrast, ASSS-B’s
coarser aggregation mitigates this variability, resulting in statistically more robust estimates.

6.3 Efficiency

We perform an empirical analysis across four tasks on Shapley value, Banzhaf value, and Beta Shap-
ley value estimation, each with varying target RMSE values. Figure 8 illustrates the required time
of each algorithm to reach the same target RMSE. For clarity, we omit some of the underperform-
ing baselines in each figure. The experimental results demonstrate that our methods consistently
achieve comparable RMSE with less time across all tasks. Notably, although ASSS-B does not always
achieve more accurate results than ASSS-A with the time in some tasks, it is more efficient in
practice due to its lower resource consumption. In the voting task, ASSS-A slightly underperforms
compared to the traditional baseline algorithm MC for Shapley value estimation. This is because
utility computation in voting requires minimal time, making simple baseline algorithms like MC
highly efficient. However, our algorithms demonstrate a significant advantage in more complex
tasks such as data valuation, where utility computation is resource-intensive.
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Fig. 10. Shapley value memory usage.

6.4 Scalability

In addition to sample efficacy, we analyze the memory usage of each method across varying problem
scales to assess their practical applicability. Figure 10 shows the peak memory usage during Shapley
value computation for each method at corresponding sample budgets. The memory usage of most
methods is largely insensitive to the sample size, whereas the memory usage of ASSS-B increases
slightly as the sample size grows. A distinct pattern emerges when varying the number of players
n. When n is small, as shown in Figure 10(a) and 10(c), the memory usage across all methods is
comparable. For larger n, as shown in Figure 10(b) and 10(d), a significant gap emerges. CC, ASSS-A,
and S-GELS consume more memory than others because they maintain an O(n?) utility matrix. In
contrast, ASSS-B uses less memory due to its more compact O(Ln) structure. Although ASSS-A
incurs a higher memory cost, it provides finer-grained stratification and thus lower estimation
error. ASSS-B, on the other hand, significantly reduces space complexity, making it the preferable
choice for large-scale tasks where memory is the primary bottleneck, especially with n extremely
large.

6.5 Robustness

We evaluate ASSS within the Beta-Shapley framework under four extreme parameter settings (a, b):
(4,1),(1,4),(1/4,1), and (1, 1/4) to assess the robustness of our proposed algorithms. Their weight
distributions are illustrated in Figure 9. Figure 11 presents the experimental results for the Breast
Cancer dataset. We observe that the RMSE of GELS and S-GELS is significantly affected by the
variation in parameter settings, exhibiting large fluctuations. In contrast, the RMSE of both ASSS-A
and ASSS-B remains consistently small, indicating notable robustness. The relative superiority is
context-dependent. Specifically, ASSS-A demonstrates a slight advantage in Beta(1, 1/4)-Shapley
value computation, whereas ASSS-B slightly outperforms ASSS-A in Beta(1, 4)-Shapley value
computation.

6.6 Summary and Guidelines

In summary, both ASSS-A and ASSS-B consistently deliver superior performance compared to
existing methods. Leveraging adaptive stratification, both methods effectively harness the variance-
reduction properties of stratified sampling while successfully circumventing the instability caused
by empty strata. Specifically, ASSS-A generally exhibits a slight edge in overall estimation accuracy,
benefiting from its fine-grained stratification. ASSS-B distinguishes itself through superior stability
and offers an advantage in memory efficiency. Based on the comprehensive analysis of effectiveness,
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efficiency, scalability, and robustness, we propose the following practical guidelines for choosing
between the two adaptive strategies:

ASSS-A (Prioritize Accuracy). For small to medium-scale problems where memory resources
are sufficient, ASSS-A is recommended. Its fine-grained stratification maximizes sample efficiency,
thereby achieving lower estimation error with fewer samples. However, practitioners should account
for its memory scaling; for instance, in our experimental configuration, ASSS-A incurs an additional
memory overhead of approximately 2n? x 10* bytes (e.g., 8 X 107 bytes when n = 2, 000).

ASSS-B (Prioritize Scalability). For large-scale tasks (large n) where memory footprint is a critical
constraint, ASSS-B is the optimal choice. It effectively avoids the memory overflow risks associated
with the aforementioned quadratic growth, reducing space complexity while still maintaining
competitive accuracy and theoretical guarantees.

These guidelines provide a clear path for practitioners to deploy the appropriate ASSS variant
based on specific constraints regarding dataset scale and available hardware resources.

7 Conclusions

In this paper, we adapt and refine stratified sampling for Shapley-like value estimation to tackle the
“empty stratum” problem and achieve variance reduction. We propose a novel adaptive stratification
strategy to address the fundamental limitations of static stratified sampling when sample sizes are
insufficient. By setting appropriate sampling probability distributions and reducing the number
of strata, we avoid the potential bias issues that may arise in stratified sampling while preserving
the advantage of variance reduction. Additionally, we introduce a more generalized concept of
stratification, which not only enhances the current methodology but also lays the groundwork
for future research on stratified sampling techniques in Shapley-like value estimation. This paper
opens new avenues for exploring innovative approaches in this area. The superiority of our method
is validated through both mathematical analysis and empirical experiments. For future work, it
would be interesting and valuable to design a sampling approach that optimally combines the
number of strata and the sample size within each stratum to achieve maximum variance reduction,
particularly when prior information about utility distributions is available.
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