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With the advancement of geo-positioning technologies, the terrain surface has become more and more popular
and has drawn a lot of attention from academia and industry. In this paper, we propose a fundamental problem,
namely Constrained Shortest Path Finding on Terrain Surfaces (CPTS). Given a source point s, a destination
point ¢, and a set P of point-of-interests on the terrain surface, the goal is to find the shortest s-t path passing
through all points in P on the terrain surface. This problem finds a plethora of applications in map services,
military vehicle path planning, scientific studies, etc.

We prove that CPTS is an NP-hard problem. Due to its hardness, we then develop an approximation
algorithm for the problem. Let N and k denote the number of vertices on the terrain surface and the number of
points in P, respectively. The running time and space overhead of our algorithm are O(k‘l\[61+ﬁgzN) and 0(6%),
where € is a real-valued user-specified parameter in the range of [0, 1] and f is a small constant in the range
of [1.5, 2]. The approximation ratio of our algorithm is 2 - (1 + €). Our theoretical analysis and empirical study
both demonstrate that our algorithm significantly outperforms all baselines in terms of running time and
space overhead, with a nearly identical or better approximation ratio.
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1 Introduction

Digital terrain surfaces have emerged as an important data object and attracted much attention
from both academia and industry [5, 7, 9, 11-13, 20, 27, 30-33, 36, 37] due to the proliferation
of the geo-positioning and computer technologies. They are widely used in applications such as
geographical information system, simulation and 3D games, etc. Terrain surface data consists of
faces, edges and vertices. Figure 1 demonstrates an instance of the terrain surface. As shown therein,
each face (i.e., a triangle) has three adjacent line segments called edges. Each edge is connected
with two vertices. The terrain surface shown in Figure 1 has 22 faces, 35 edges, and 14 vertices.
Given a terrain surface T, the geodesic distance between two given points on T is the length of
the shortest path from one point to the other traveling along the surface. For example, in Figure 1,
s and t are two points on the terrain surface. The shortest path from point s to point ¢, denoted
by II4(s, ), is shown as a sequence of dotted line segments, whose length is called the geodesic
distance from s to t. The Euclidean distance from point s to point ¢ is the length of the straight
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line segment connecting these two points. Due to the undulating nature of terrain surfaces, the
geodesic distance often significantly exceeds the Euclidean distance (their relative difference is
up to 300% on the real terrain datasets by the result of [5]).

In this paper, we propose a fundamental and important problem on terrain surfaces called
Constrained Shortest Path Finding on Terrain Surfaces (CPTS). CPTS aims to find the shortest path,
called s-t path, from a source point s to a destination point ¢ that passes through a given set P of
points-of-interest on the terrain surface. Consider the example in Figure 1. In addition to the two
points s and t, there is a set P = {py, p»} of points-of-interest on the terrain surface. The shortest
path from s to ¢ that passes through all points in P (i.e., p; and p,) is denoted by II,4(s, t|P). CPTS
is a fundamental problem on terrain surfaces and has wide applications in Geographic Information
Systems (GIS), military routing, etc, where the visiting of plenty of points-of-interest has to be
carefully planned.

(1) In Geographical Information Systems (GIS), unmanned vehicles (e.g., Google Map camera cars)
are often deployed in regions with complex topography, including steep slopes, rugged ridges,
and urban overpasses, etc., to collect data. Each vehicle has a starting point s and a destination
point ¢, and data must be collected at predefined locations. In the study of [16, 29], there are
roughly 300-2000 pre-defined locations to be visited. Vehicles need the route planning to find
an optimal path that is drivable (i.e., constrained by the terrain surface) and passes through
all locations with the smallest total length to save energy and time.

(2) In military operations, troops need to navigate through regions with challenging terrain
surfaces, such as steep slopes, exposed sides, narrow mountain passes, etc. For the delivery
or rescue missions, they typically require moving from a base location s to a target location
t, while visiting several locations to deliver supplies or perform tactical tasks [14]. The route
planning in this context must strictly conform to the terrain surface to pass through all the
locations and minimize the traveling cost.

(3) In geography research, scientists normally send an autonomous unmanned vehicle (AUV) [1, 22]
to a set of (around 500-1000) points on terrain surfaces. The terrain surface may include rugged
slopes, ravines, or undulating geological structures, and the points are uniformly sampled or
specified by the scientists on the fly. At each specified point, the AUV collects data or samples
regarding the physical and chemical properties (e.g., geomagnetic strength, temperature,
oxygen concentration, the ingredients of the soil/minerals, etc.) of the ground and soil there.
The data collected will be utilized to obtain the distribution of the properties studied, which are
normally visualized as a heat map or contour lines. The source point of the trip is the current
location of the AUV and the destination point is the place where the data or samples should
be stored. The path from the source point to the destination point passing through all specified
points is the one with the best energy efficiency.

Note that in many mountainous wilderness areas mentioned in the above applications, there
are typically no road networks. As a result, the geodesic distance becomes the best metric for
measuring distances. This naturally leads to the constrained shortest path problem on the terrain
surface, which is significant in these scenarios. However, to the best of our knowledge, our work is
the first one to investigate this problem systematically. In the subsequent sections, we prove that
this problem is NP-hard and highly intractable.

Despite that constrained shortest path problem has been investigated in Euclidean space [17, 19],
CPTS is fundamentally different and encounters unique challenges in the context of terrain surfaces.

Denote by N and k the number of vertices on the terrain surface and the number of points in
P (i.e., k = |P|), respectively. The most fundamental operation distance computation in Euclidean
space only involves two points, and thus, takes constant time (which is cheap). However, for terrain

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 154. Publication date: June 2026.



Constrained Shortest Path Finding on Terrain Surfaces 154:3

Fig. 1. An Example of Constrained Shortest Path on Terrain Surface

surfaces, the shortest path must conform to the surface topology, which may have a complex
irregular structure due to the presence of ridges, cliffs, abrupt elevation, etc. As a result, the shortest
path between two points deviates significantly from a straight line, and it needs O(N log® N) to
compute. This increased complexity makes it infeasible to simply adapt existing Euclidean-based
algorithms to the terrain scenario. Existing algorithms rely heavily on precomputing all pairwise
distances among the points in P U {s, t}, which incurs O(k?) space consumption and a running
time quadratic to k. When it comes to the terrain surface, distance computation is expensive, and
thus, precomputing all pairwise distances becomes prohibitive. In Section 4.2, we will show how
naive adaptations of existing algorithms suffer from poor performance, being either inefficient,
space-consuming or inaccurate.

In light of this, we propose an efficient approximation algorithm for CPTS. We first construct a
connected, lightweight, and sparse graph G called spanning graph for all points in P U {s, ¢}, whose
vertices are comprised of all points in PU{s, ¢} with only O(k) edges. This spanning graph G provides
the e-approximate geodesic distance between any pair of points in P U {s, t} with only O(k) space,
which effectively reduces the space overhead as required by existing algorithms. Then, based upon
this, we propose a strategy for finding a s-t path 7g(s, t|P) on G that passes through all points in P.
Finally, we return the corresponding path of 75 (s, t|P) on the original terrain surface. As can be no-
ticed, our algorithm avoids the pre-computation of all pairwise geodesic distances, which is required
by existing algorithms and leads to a significant cost saving. The theoretical analysis shows that our
algorithm has an O( ’ol\]:fofw) time complexity (i.e., linear to both k and N log? N), an O(E%) space
complexity (i.e., linear to k) and an approximation ratio 2- (1+¢), where € is a user-specified parame-
ter for the trade-off between efficiency and accuracy, and f is a small constant in the range of [1.5, 2].

Contributions. Differing from existing adaptions, we aim to strike a balance among the running
time, space overhead, and approximation ratio, providing both theoretical ground and an empirically
effective solution. Our contributions are summarized as follows.

e We study a novel problem on terrain surfaces, Constrained Shortest Path Finding on Terrain
Surfaces (CPTS), which finds a plethora of applications in GIS, map services, military tactical
analysis, etc. We also prove the NP-hardness of the problem.

e We propose an efficient approximation algorithm for CPTS. We theoretically show that the
time complexity (resp. space complexity) of our algorithm is O(%) (resp. O(E%)), which is
linear to both k and N log® N (resp. linear to k). In particular, the approximation ratio is 2- (1 +¢€).
In theory, it beats all competitors in terms of running time, space overhead, and accuracy.

e We conducted extensive experiments on several real datasets. The results show that our proposed
algorithm significantly beats all competitors by orders of magnitude in terms of running time
and space overhead with the same or better accuracy.
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Notation [ Meaning

T,V,E, F | The terrain surface, Vertices, Edges and Faces.

N The number of vertices on T.
s, t Two arbitrary points on T.

p A point-of-interest (POI) on T (which may or may not be located at a vertex of T).
P A set of points-of-interest on T.

k The number of points contained in P (i.e., k = |P|).

m4(s,t) | ApathfromstotonT.

II,;(s,t) | The shortest path from s to ¢t on T.
I, (s, t|p) | The geodesic shortest path from s to t passing through a point p.
II,(s, t|P) | The geodesic shortest path from s to ¢ passing through each point in P.

dy(s, t) The geodesic distance from s to t.

D(p,r) | Adisk onT centered at the point p with the radius r.

G The spanning graph of P U {s, t} whose vertices are comprised of P U {s, t}.
dg(u,v) | The distance between the vertex u and the vertex v on the spanning graph G.
Table 1. Concepts & Notations

The remainder of the paper is organized as follows. Section 2 formally defines the problem
of constrained shortest path finding on terrain surfaces (CPTS) and discusses its NP-hardness.
Section 3 presents the algorithm as well as its theoretical analysis. Section 4 reviews existing
studies and baselines, and compares them against our algorithm. Section 5 reports the experiments.
Finally, Section 6 summarizes this work.

2 Problem Definition

Consider a terrain surface T. Let V, E, and F denote the sets of all vertices, edges, and faces on T,
respectively. The complexity of the terrain surface T is represented by the total number of vertices,
denoted by N (i.e., N = |V|). Each vertex v € V is a 3D point with coordinates x,, y,, and z,. We also
refer to any arbitrary location on T, simply as point, which may or may not be a vertex. For instance,
in Figure 1, each solid point is a vertex, and each solid line segment is an edge. There are two points
s and t on the terrain surface, but neither is a vertex. Frequently used notations are shown in Table 1.

Consider two points s and t on T. A path, denoted by (s, t), from s to t on T consists of a
sequence S of line segments. Each line segment [ in S lies on a face of the terrain surface, and
each pair of adjacent line segments shares one end point. The length of a given line segment I
is denoted by |I| and the length of the path (s, t) is the sum of the lengths of the line segments
in S (i.e., ;e s |l]). Based on these concepts, we formally define the geodesic shortest path.

Definition 2.1 (Geodesic Shortest Path). The geodesic shortest path between point s and point ¢,
denoted by IIy(s, t), is the path on T with the minimum length from s to ¢.

In Figure 1, the geodesic shortest path between s and ¢ is shown in dotted line segments. The
length of ITy (s, t), denoted by dy(s, t), is called the geodesic distance between s and t. Building upon
the definition of the geodesic shortest path for two given points, we extend it to trips that involve
multiple points-of-interest.

Definition 2.2 (Geodesic Shortest Trip Path). Given a terrain surface T, two points s and t on T,
and a set P of points on T, the geodesic shortest trip path, denoted by Hg(s, t|P), is the geodesic
shortest path from s to ¢ on T that passes through all points in P.

Figure 1 gives an example of IT,(s, t|P), where there are two points s and ¢ and a set P(= {p1, p2})
on the terrain surface. Now we are ready to formally define the problem.
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PROBLEM 1 (CONSTRAINED SHORTEST PATH FINDING ON TERRAIN SURFACES (CPTS)). Given a
terrain surface T, two points s and t on T, and a set P of points-of-interest (POIs) on T, the CPTS
problem is to find the geodesic shortest trip path I1,(s, t|P).

Intractability. Unfortunately, the CPTS problem is NP-hard.
THEOREM 2.3 (HARDNESS). Problem CPTS is NP-hard.

Proor. We prove that CPTS is NP-hard by transforming the renowned Euclidean Travelling
Salesman Problem (ETSP) [24] (which has been proved to be NP-hard [23]) into CPTS.

We first present the decision version of the CPTS problem. Given a terrain surface T, two points
s and t on the surface of T, a set P of points-of-interest on the surface of T, and a non-negative real
number r, the decision version of the CPTS problem is to determine if there is a path I(s, t|P) on
the surface of T such that (1) the path starts from s and ends with t, (2) the path passes through all
points in P, and (3) the length of the path is at most r.

The Euclidean Travelling Salesman Problem (ETSP) is defined as follows. Given a set Q of points
on the 2D plane, it finds a path passing through all points in Q with the minimum length. Note that
in this problem, the distance between any points is their Euclidean distance. Then, we present the
decision version of ETSP problem. Given a set Q of points on the 2D plane and a non-negative real
number r’, the problem is to determine if there is a path on the 2D plane passing through all points
in Q such that the length of the path is at most r’. Given this instance of ETSP problem, we can
construct a CPTS problem instance as follows. We first create a terrain surface T” which is simply
coincides with the 2D plane. Then, we randomly selects a point p’ from Q and we denote Q \ {p’}
by P’. After that, the transformed CPTS problem instance is as follows. Given the terrain surface T”,
two points s’ (= p’) and ¢’ (= p’) on the surface of T’, a set P’ of points-of-interest on the surface of
T’, and a non-negative real number 7', the CPTS problem instance is to determine if there is a path
II(s’, t’|P’") on the surface of T such that (1) the path starts from s’ and ends with #’, (2) the path
passes through all points in P’, and (3) the length of the path is at most r’. It could be verified that
the ETSP problem instance and the transformed CPTS problem instance are equivalent. O

3 Our Proposed Algorithm

In this section, we present our algorithm that beats existing ones in terms of running time, space,
and approximation ratio.
Overview. Taken a terrain surface T, a source point s, a destination point ¢, a set P of points-
of-interest (POIs), and an error parameter € as input, our algorithm returns the shortest path
II,(s, t|P). Here € is a user-specified parameter in the range of [0, 1] for the trade-off between the
efficiency and the accuracy (to be discussed later).

Our algorithm works in the following two steps.

(1) Spanning Graph Construction. The core component of our algorithm is a sparse and light-weight

spanning graph denoted by G, whose vertices are comprised of all points in P U {s, t} with only
O(k) edges, so that G concisely captures the distance relationship between points in P U {s, t}. In
particular, given any two vertices u and v in G, it holds that (a) there must be a path from u to v
on G, (b) the distance dg (u, v) between u and v on the spanning graph G is not smaller than their
geodesic distance (i.e., dg(u,v) > dy(u,0)), and (c) the distance dg (u,v) between u and v is at most
(1 + ¢) times larger than their geodesic distance (i.e., dg(u,v) < (1 + €) - dy(u,v)).

(2) Path Finding. Once we have a spanning graph G containing s, ¢ and all points in P, it will be
very natural to find the visiting order of the points in P U {s, t} through a path finding on G. Note
that if we adopt other algorithms, e.g., well-separated pair decomposition, it will only provide a
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decomposition. It is still an open question how to find the visiting order of the points in P U {s, t}.
Worse still, to generate the well-separated pair decomposition, it is necessary to build a tree-like
structure (e.g., partition tree [31]), which may incur more time and space overhead. In light of this,
in the second step, we order the vertices based on the spanning graph and make sure that s (resp. t)
is at the beginning (resp. end) of the order. Let 7 denote the order of vertices. Then, for each adjacent
vertices p and p’ in 7, we find the geodesic shortest path from p to p’, and finally, we concatenate
all the geodesic shortest paths. We prove that the approximation ratio of our algorithmis 2 - (1 +¢€).

Section 3.1 and Section 3.2 present the details of the two steps, respectively. Section 3.3 gives the
theoretical analysis.

3.1 Spanning Graph Construction
This section presents the first step, i.e., Spanning Graph Construction.

Basic Concepts. Given a terrain surface T, a disk on T, denoted by D(p, r) (where p is a point on T
and r is a positive real number), is defined to be the set of all points on T whose geodesic distance to p
(i.e., the center of the disk) is at most r (i.e., the radius of the disk). Mathematically speaking, D(p, r) is
{p’ | dy(p,p’) < r}.Intuitively, D(p, r) encloses all points on the terrain surface that are “close” to p.

Given two points p and q on the terrain surface, where the geodesic distance d,(p, q) is already
known, we consider another point ¢’ € P U {s, t} on the disk D(q, r). Intuitively, if ¢’ is in D(g, r)
and dy(p, q) is large enough compared with r, the geodesic distance between p and ¢’ will not
deviate too much from the known geodesic distance between p and q (i.e., the center based on
which the disk D(gq, r) is constructed), since ¢’ is very “close” to g. In this case, we can roughly
estimate the geodesic distance between p and ¢’ based on the geodesic distance between p and q.

Algorithm. We develop our algorithm for constructing the spanning graph G in Algorithm 1.In a
high level, instead of computing geodesic distances between all point pairs, based on the intuition
above, it leverages a small number of exact geodesic distances and local disks on the terrain surface
to concisely capture the distance relationships between the points in P U {s, ¢ }.

We first initialize the set of vertices of G to be P U {s, t} (Line 1). Then, we consider each vertex
p by a for-loop (Lines 2-13). The goal is to utilize the aforementioned idea to group points in
P U {s,t} \ {p} based on the disk concept, and establish incident edges from p to each group so
that we can approximately estimate the geodesic distance between p and any points in the group.

To do this, we initialize a set X to be P U {s,t} \ {p} (Line 3) and execute a while-loop until
X is empty (Lines 4-13).

Within the while-loop, we randomly sample a point g from X (Line 5). We compute the geodesic
distance d;(p, q) between p and q through the one-the-fly geodesic distance computation algorithm
(Line 6). The detailed computation will be later shown in Implementation 1. Then, we add into G a
new edge (p, q) with weight dy(p, q) if it does not already exist (Lines 7-9) and set the radius r to be
dy(p, q) /o, where o is 2+2/€ (Line 10). The reason for this setting of r will be discussed in Section 3.3.
After that, a set O is constructed (Lines 11) by including the points in X within disks D(q,r) (see
Implementation 2 for details). Next, for each point ¢’ € O, we remove it from X (Lines 12-13). This is
because ¢’ is in the disk D(gq, r), and thus, the geodesic distance between p and q’ can be estimated
based on the geodesic distance between p and q. The while-loop ensures that each point in PU{s, t}\
{p} is covered by at least one disk. Once X is empty, we proceed to the next iteration of the for-loop.

For each point in P U {s, t}, we establish its incident edges. Finally, we return the graph G
constructed on P U {s, t} (Line 14).

Example 3.1 (Spanning Graph Construction). Consider the example shown in Figure 2. Figure 2
(a) shows a terrain surface with seven points, namely s, t, p1, ps2, ps, ps, and ps. s and ¢t are the
source and destination points, and {py, p2, p3, p4, Ps} is the set P of POIs. Our goal is to find the
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Algorithm 1: Spanning Graph Construction SG(P, s, t, €, T)
Input: A set P of POIs, a source point s, a destination point ¢, a parameter €, and a terrain
surface T
Output: A spanning graph G based on P U {s, t}
1 Initialize the set of vertices of G to be P U {s, t};
2 for each point p in P U {s,t} do

3 Initialize a set X tobe PU {s,t} \ {p};

4 while X # 0 do

5 Randomly sample a point ¢ from X;

6 Find the geodesic distance dy(p, q) online;

7 if there does not exist an edge (p, q) in G then
8 Add a new edge (p, q) into G;

9 L Set the weight of edge (p, q) to be dy(p, q);
10 o — % +2,r « Lf’q);

11 O « the set of points in X within D(q, r);
12 for each point ¢’ in O do

13 L Remove ¢’ from X;

14 return G;

Algorithm 2: CPTS Algorithm
Input: A set P of POIs, a source point s, a destination point ¢, a parameter €, and a terrain
surface T
Output: The geodesic shortest trip path IT;(s, t|P)
1 G« SG(P,s,t,¢6,T);
Find the minimum spanning tree 7~ of G rooted at s;
Sort all vertices in the tree 7~ by the pre-order traversal;
Let 7 be the sorted list of vertices;
Swap t and the last vertex in 7 ;
Initialize the path 7 to be 0;
for each two adjacent verticesu and v in I do
8 Call an existing index-free geodesic shortest path algorithm to find the geodesic shortest
path I, (u, 0);
9 7 « Concatenation of 7 and I1 (4, v);

A G e W N

N

10 return r;

(approximate) geodesic shortest trip path from s to ¢ that passes through all points in P. We assume
in this example that the error parameter € is 0.5, and thus, o follows to be % +2=6.

The vertices of the spanning graph G consist of all the seven points. Initially, there is no
edge on G. Figures 2 (a)-(e) demonstrate the first iteration of the for-loop in Lines 2-13 of
Algorithm 1. In this iteration, the point p; is selected from P U {s,t} and X is initialized to be
PU {s,t} \ {p1} = {p2, p3, ps, P5. 5, t} (Figure 2 (a)). Then, we execute the while-loop in Lines 4-13
of Algorithm 1 as follows.
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Fig. 2. An Example of Spanning Graph Construction

Figure 2 (b) shows the operations in the first iteration, where the point ps is sampled from X.
We compute the geodesic shortest path from p; to ps on the terrain surface and get the geodesic
distance dy(p1, ps). Then, we add to the spanning graph G a new edge (p1, ps) whose weight is

set to dy(p1, ps). After that, the set O of points within the disk D(ps, %:Ps)
{t, ps}). We remove the points in O from X, resulting in X = {pa, ps, ps, s}.
Figure 2 (c) shows the operations in the second iteration, where another point p3 is sampled
from X. We compute the geodesic shortest path from p; to ps; on the terrain surface and find the
geodesic distance dy(p1, p3). Similarly, we add a new edge (p1, p3) to the spanning graph G, whose

weight is set to dy(p1, p3). Next, the set O of points within the disk D(ps, L‘I’PS)
to be {ps3, p4}. We remove the points in {ps, ps} from X, resulting in X = {p,, s}.
Similarly, Figure 2(d) and Figure 2(e) present the operations in the third and fourth iterations
of the while-loop, where point p, and point s are sampled, respectively (details are omitted).
Finally, Figure 2 (f) gives the final spanning graph G obtained by Algorithm 1 after all seven
points are processed. As shown there, the spanning graph is a weighted and connected graph.
For each edge (u,v) in G, the weight of the edge is d,(u,v) on the terrain surface.

) is computed to be

) is computed

Implementation 1: Online Computation of the Geodesic Distance. In Line 6 of Algorithm 1,
we call an existing index-free exact geodesic distance query processing algorithm to find the
geodesic distance dy(p, q) between the two given points p and g online. According to the analysis
of [11, 31, 32], this online computation of the geodesic distance takes O(N log2 N) time.

Implementation 2: Find the Set of Points within A Given Disk. In Lines 10-11 of Algorithm 1,
we perform an existing index-free exact geodesic distance query processing algorithm to find the
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Fig. 3. An Example of Minimum Spanning Tree-Based Path Finding

points in P U {s, t} within a given disk D(c, r). This algorithm starts from a given center ¢ and visits
each face on the terrain surface in the ascending order of their geodesic distances to ¢. According
to the theoretical analysis of [11, 31, 32], this online computation of the points within a given disk
takes O(N log® N) time.

3.2 Constrained Shortest Path Finding on Terrain Surfaces (CPTS) Algorithm

Based on the spanning graph G, the second step takes a source s on G, a destination ¢t on G, a set P
of POIs and the terrain surface T as input and returns the geodesic shortest trip path IT (s, t|P).
Algorithm. As outlined in Algorithm 2, we first obtain the spanning graph G via Algorithm 1
and find the minimum spanning tree 7 of G (i.e., the spanning tree that has the minimum weight
among all possible spanning trees) rooted at source s via the renowned Kruskal’s algorithm [15]
(Line 1-2). Next, we sort all vertices on the minimum spanning tree 7~ by the pre-order traversal
(Line 3). Let 7 denote this sorted list of vertices. We swap destination ¢ with the last vertex in 1
(Lines 4-5) to ensure t is the last to be visited. Then, we enter a for-loop (Lines 6-9), where for any
two adjacent vertices u and v in 7, we call an existing index-free geodesic shortest path finding
algorithm to find the geodesic shortest path II;(u, v) from u to v (which takes O(N log? N) time
according to [11, 31, 32]). Finally, we return as the output the concatenation of all these geodesic
shortest paths found (Line 10).

Example 3.2 (Minimum Spanning Tree-Based Path Finding). Figure 3 gives an example of our
minimum spanning tree-based path finding algorithm. Based on the spanning graph G obtained
by Algorithm 1 in Example 3.1 (Figure 3 (a)), we compute the minimum spanning tree of G, as
shown in Figure 3 (b). The pre-order traversal of all vertices on the minimum spanning tree gives
an order I is (s, p1, P3, P4, P2, L, p5) and we swap t and the last vertex (ps) in 7, resulting in an order
I = (s, p1, 3, Pas P2, P35, ) shown in Figure 3 (c). Finally, for each pair of adjacent points u and v in
7, we find the geodesic shortest path from u to v as shown in Figure 3 (d). The concatenation of all
paths found forms the trip from s to ¢.

3.3 Theoretical Analysis

This section presents our theoretical analysis on the spanning graph (Theorems 3.3-3.8), the running
time, space overhead (Theorem 3.11), and our approximation ratio (Theorem 3.12).

THEOREM 3.3 (DISTANCE ON THE SPANNING GRAPH). The spanning graph G is a connected
graph. That is, for any pair of distinct vertices u and v on G, there exists a path fromu tov on G. In
addition, it holds that dy(u,v) < dg(u,v) < (1+¢€)-dy(u,v), where dg(u, v) is the shortest distance
between u andv on G.

Proor. We first prove the following lemma.
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LEMMA 3.4. For any pair of distinct vertices u and v on G, there is an edge (u,x) in G such that
dy (u x)
dy(x,0) < L——

Proor. We prove it by contradiction. Assume that there is no edge (u, x) in G such that dy(x,v) <

99X That i is, for each edge (u,y) in G, dy(y,v) > M (i.e., v is outside disk D(y, £ d Gy £—==0)).
Con31der the iteration in the for-loop in L1nes 2-12in Algorlthm 1, where the point u is selected (ie.,
p = u in this iteration). By Line 3 and Lines 11-12 of Algorithm 1, X is initialized to be PU{s, t}\ {p}
and we remove a point ¢’ only if the point ¢’ is within a disk considered before. Since the point v is
not in any disk considered (according to our assumption), X must not be empty. But it contradicts
with Line 4 in Algorithm 1 (i.e., when this iteration of the for-loop in Algorithm 1 terminates, X
must be 0). O

By Lemma 3.4, we obtain that for any pair of distinct vertices v and v on G, there is an edge
(u,x) in G such that dy(x,0) < 2=~ dg (u ) Ifxiso (in this case, dg(u,v(= x)) = dy(u,v(= x))), then
this theorem must be true. Then, We discuss about the case where x is not v. Then, since v lies
in the disk D(x, dg (1) )), we consider the following iterative procedure.

Iterative Procedure: Initially, we assign a list L to be < (u,v) >. In iteration i,i € [1, +oo],
we consider each pair of points in L. Let (0, 0") denote the pair of points in L. If (0, 0’) is not an
edge in G, then according to Lemma 3.4, we can find an edge (o, t’) in G such that o’ lies in the

disk D(¢’, dg (0. )) Then, we replace (o, 0”) with (o,t"), (t',0") in L. If each pair of points in L is
an edge in G, then we stop the iterative procedure. Otherwise, we go to the next iteration. Finally,
when this iterative procedure terminates, each pair of points in L is an edge in G and the edges
in L forms a path from u to v on G.

Consider list L after the i-th iteration of our iterative procedure. We call a pair (o, 0”) of points
in L terminal pair if (0,0") is an edge on G. Otherwise, we call (o, 0") non-terminal pair.

Then, we introduce a key concept called maximum weight of L in the i-th iteration as follows.

CoNCEPT 1. In our iterative procedure, the maximum weight w of L in the i-th iteration is the
maximum geodesic distance between each non-terminal pair of points in L created in the i-th iteration.

Lemma 3.5 is for the concept of maximum weight of L.

. . i . dg(u,
LEMMA 3.5. The maximum weight w; of L is at most (ff(fulz))?.
Proor. We prove this lemma by induction. Assume that the maximum weight w7 of the list L is at

dg(u,0
( l)x 1
1. Consider the i-th iteration. Let (0, 0”) denote one pair of points considered in the iteration. If (o, 0”)

is an edge in G, we simply keep it intact and will not create any new edge. If (0, 0”) is not an edge in
G, (0,0”) must be created in the i — 1-th iteration since otherwise, it must be replaced in the i — 1-th

iteration and can not appear in the i-th iteration. By our assumption, we obtain that d, (o, 0) is at

((jf(?;})] Then, according to Lemma 3.4, we can find the edge < o0,t’ > in G such that o’ is in the

disk D(t’, 4y (Ot )) And we replace (o0, 0") with (o, t"), (#’,0”). Thus, (o, t") must be an edge on G and

according to Lemma 3.4, 0" is in the disk D (¢, dy (01! )) That is, dy(t’, 0")) is at most 9( ) . Together
with triangle inequality, we obtain that d 4 (o, 0’) >dy(o,t') - d (0", 1) > 0 -dy(0,t ) —dg(o’,t").

Then, we further obtain that dy(0’,t") < —— - dy(0,0"). Since dy(o0, 0) is at most 1 dy (1.0)

-1
that d, (o', ') < =L - dy(0,0") < ‘(’aﬂ"l??.

most for all positive integer x in the range of [1, i—1]. This is trivially true when i is equal to

most

we obtain

]

dy(u, . Co . ;
LEMMA 3.6. There are at most [log, | — o (10) 1 iterations in our iterative procedure.

,0’ €PU{s,t} dg (0,0")
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Proor. We prove this by contradiction. Assume that in ([log, ; — dy (1.0) 1+ 1)-th

,0’ ePU{s,t} dg (0,0")

. . . . . dg(u,0)

iteration, our algorithm still does not terminate. By Lemma 3.5, at [log,_, ity porer g (007) 1-th
iteration, the maximum weight of L will be smaller than min, o epuys,s} dg(0,0”). That is, for each
non-terminal pair of points (x,y) in L, the geodesic distance between x and y is smaller than

min, o e pu{s,ty dg(0,0"). Contradiction! ]

By Lemma 3.6, we obtain that our iterative procedure finally returns a valid path from u to v
on the spanning graph G. Thus, we obtain that u and v is connected on G.

Consider the shortest path IIg(u,0) = (4,01,02,...,0;,...,0m,0) from u to v on the spanning
graph G. The length of the path Il (u, v) is equal to d;(u, 01) +dy(01,02) + -+ - +dy(04,0441) + -+ - +
dy(0m,v)). Since the geodesic distance is also a metric where triangle inequality holds, we obtain that
the length of the shortest path IIg (4, v) from u to v on the spanning graph G is larger than or equal
to the geodesic distance dj(u, v) between u and v on the terrain surface (that is, dg(u, v) < dg(u,v)).

Finally, we prove dg(u,0) < (1 + €) - dy(u,0). Consider the list L maintained by our
aforementioned iterative procedure.

LeEmMA 3.7. Each terminal pair (0,0") (i.e., an edge on G ) inserted into L in the i-th iteration in
our iterative procedure has the weight smaller than or equal to o - dy(u, ) - (ﬁ)’.

ProoF. We prove this lemma by induction. We first consider the base case. Consider the first
iteration where (u,v) is considered. We find the edge < u,x > in G such that v is in the disk

D(x, dy (u x)
termmal pair of points). Since v is in the disk D(x, £

to triangle inequality, we obtain that dy(u,v) > dg(u, x) —dg(x,0) 2 dg(u,x) - @. Then, we
further obtain that dy(u, x) < 2% - dy(u,0).

Consider the i-th iteration. Assume that each terminal pair (¢,¢") (i.e., an edge on @) inserted
into L in the x-th iteration in our iterative procedure has the weight smaller than or equal to
o - dy(u, 0)(ﬁ)x for all positive integer x in the range of [1,i — 1]. Let (o, 0’) denote one pair of
points considered in the i-th iteration. If (0, 0”) is an edge in G, it must be inserted in the previous
iterations. By our assumption, the lemma is correct. If (0, 0’) is not an edge in G, (0, 0’) must be
created in the i — 1-th iteration since otherwise, it must be replaced in the i — 1-th iteration and can
not appear in the i-th iteration. By Lemma 3.5, we obtain that d, (o, 0") is at most dy(u, v)( )’ L

). Next, we replace (u, v) with (u, x), (x,v). Thus, (4, x) must be an edge ongG (ie,a
dg (u x)

), dg(x,0)) are at most g( ) Accordin
g

Then, by Lemma 3.4, we can find the edge < 0,t’ > in G such that o’ is in the disk D(#/, M).
We replace (0,0") with (o,t’), (¢/,0”). Since 0’ is in the disk D(#’, dy (Ot )) dy(t’,0") are at most
M . By triangle inequality, we obtain that d;(0,0") > dy(o, t’) d (0 ') 2 dg(o,t") - w.
Then we further obtain dy(o,t") < =% - dy(0,0") < dy(u,0) - ey ) O

Thus, the length of the path found by our iterative procedure is Y.<, aéigff)’f) =
Sk, ERD s (GR)) - (Br2) dywo) = 5% TEEE 2+ 2 dywo) <
ﬁ'%-(%+2)~dg(u,0)=(1+e)~dg(u,v). 0

We proceed to introduce a parameter f§ called the largest capacity dimension of the terrain
surface, a concept originally proposed in [31]. Due to limited space, we simply provide a high
level intuition of f§ and refer the interested readers to [31]. The largest capacity dimension 5 of a set
P of points on a terrain surface is defined as the maximum positive real number such that for any
point p in P and any non-negative radius r, the disk D(p, r) intersects with at most 2 - 2%# disjoint
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disks each having radius at least i; in 2D Euclidean space, a disk of radius r can overlap with at
most 12 disjoint disks of radius £, which leads to the conclusion that when the terrain surface is
a perfectly flat 2D plane, § is at most 1.3, while with terrain surfaces exhibiting height fluctuations,
B is typically larger than 1.3 due to the additional geometric complexity introduced by surface
variations. Their experimental results [31] also confirmed that the largest capacity dimension f3
of the terrain surfaces considered in their experiment is between 1.3 and 1.5. In general cases, f
can be a little bit larger, since the terrain surface could be regarded as a 2D surface with some
fluctuations in terms of height. Thus, we round this range up and assume f is a small constant
in [1.5, 2]. Next, we analyze the number of edges on the spanning graph.

THEOREM 3.8 (THE NUMBER OF EDGES ON SPANNING GRAPH). The number of edges on the
spanning graph G is O(eziﬁ .

Proor. Consider a vertex u on G and the iteration of the for-loop in Lines 2-12 in Algorithm 1,
where u is considered (i.e., in this iteration, p = u.). Let N, denote the set of all vertices on G such
that for each vertex v € Ny, there is an edge (u, v) created in this iteration (i.e., N, = {v|(u, v) is cre-
ated in this iteration}) Let l;n;n and Ly denote minyen, dy(u, v) and max,en, dy(u, v), respectively.
Then, we partition all vertices in N, in several groups as follows. The i-th group, denoted by N/,
contains all points in N,, such that their geodesic distance to u is in the range of [Lnin - 271, Lnin - 2],
where i € [1,[log ll':ﬁ'l] (mathematically, N} = {ovlo € Ny, lnin - 27" < dg(u,0) < lppin - 2'}).
Consider the i-th group N}.

LEMMA 3.9. The pairwise geodesic distance between any two vertices v and w in the i-th group
Nli is at least L,,;p, - 2t

Proor. We prove by contradiction. Assume there is two vertices v and w in the i-th group N
such that their geodesic distance dy(v, w) is smaller than I,;, - % Consider the two edges (u, v)
and (u, w). Without loss of generality, we assume the edge (u,0) is created before (u, w). Since
dy(u,0) > Ipin - 271 (by the definition of N)) and dg(v,w) < lpin - % (by our assumption), we
obtain that dy(v, w) < M. Note that by Line 10 of Algorithm 1, O contains all points in the disk
D(u, Lﬁ’v)). Thus, w € O and w is removed from X right after (u,0) is created. But according
to our assumption, (u, w) is created later which implies that w has not been removed from X after
(u,v) is created. Contradiction! O

By the definition of N/, all points in N} must be located within the disk D(«, L, - 2°). By
Lemma 3.9, the pairwise geodesic distance between any two vertices v and w in the i-th group
Nli is at least Ly, - %1 Thus, by Lemma 8 of [31], we obtain that the number of points in N,i is
at most (20)%". Then, we further obtain the following lemma.

LEmMMA 3.10. The number of edges created in each iteration in the for-loop in Lines 2-12 of Algorithm 1
is O(log a - a?P), where a is the aspect ratio of P U {s, t} and it is defined to be DitXuoePu(s) dg (19)

minu,ve}’u{s,t} dg (u,0) *

PRrOOF. Since the the number of points in N/, is at most (20)?#, we obtain that the size of N,

Imax

1 A log tmax
is 3t i NI < 3 i (26128 < 1% (26028 = O(log a0, o

Then, we obtain that the number of edges created in each iteration of the for-loop in G is

. Maxy, yepuis,t) dg (W,0) | .
O(Sucruor) log ac®) = 0(c? - k) = O(E%). Note that log « (i.e., log m) is very
small on terrain surfaces as shown in Lemma 2 and its subsequent discussion of [31]. log a is at
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most 30 according to the experiments of [31]. Even in an extreme case (where min, yepuys,¢y dg(1, v)
is one nanometer (10~? m)) and maxy, yepuys,} dy(u,v) is the length of the Earth Equator (which
is around 4 x 107 m), it is at most 56. O

THEOREM 3.11 (RUNNING TIME AND SPACE OVERHEAD). The running time of our algorithm
2
isO(k - N'le(;gﬁ N) and the space overhead of our algorithm is O(GZL/,) + N).

Proor. Consider Algorithm 1. In Algorithm 1, Line 1 takes O(k) time. There are totally k
iterations in the for-loop in Lines 2-12. Line 3 in the loop takes O(k) time. Then, consider the
while-loop in Lines 4-12. Line 5 takes constant time and the operations in Lines 6-12 create an edge
in the spanning graph G. According to Lemma 3.10, we obtain that the operations in Lines 7-12
are performed O(log a - 6?#) times. Line 6 takes O(N log? N) time by Implementation Detail 1.
Lines 7-9 take constant time. Line 10 take O(N log? N) time for finding the disk by Implementation
Detail 2. Since each point in P U {s, t} is removed from X only once in one iteration of the for-loop
in Lines 2-12, the accumulated running time of the operations in Lines 11-12 within one iteration
of the for-loop shown in Lines 2-12 is O(k?). Thus, we obtain that the running time of Algorithm 1
is O(e% - N'log? N). Since the number of edges in G is O(E%) by Theorem 3.8 and the cardinality

of X is at most k, we obtain that the space consumption of Algorithm 1 is O(eziﬁ + N).

Consider Algorithm 2. We adopt the renowned Kruskal’s Algorithm [15] to find the minimum
spanning tree. According to its results, the running time of Line 1 in Algorithm 2 is O(k logk).
Line 2 takes O(k log k) time for sorting, and Lines 3-5 take constant time. In the for-loop in Lines
6-8, we invoke a geodesic shortest path finding algorithm (which takes O(N log” N) time by the
results of [31, 32]) by k — 1 times. Thus, Lines 6-8 takes O(k - N'log® N) time. Since MST takes
O(k) space, the space overhead of Algorithm 2 is O(k + N). O

{THEOREM 3.12 (THE APPROXIMATION RaATIO). The approximation ratio of our algorithm isJ
2-(1+e).

Proor. Consider the minimum spanning tree T (of the spanning graph G) found by Algorithm 2.
Let H’g (s, t|P) denote the shortest path from s to ¢ passing through all vertices on the spanning
graph G. By the definition of minimum spanning tree, the weight W(T) of T (recall that the weight
of a tree is the sum of the weights of all edges in the tree) must be smaller than or equal to the
length of H'g (s, t|P) (since H’g (s, t|P) is also a spanning tree). By the definition of the pre-order
traversal of a tree, the length of the path, denoted by 7z (s, t|P), found by Algorithm 2 is at most
twice of W(T). Thus, we obtain that the length of the path (s, t|P) found by Algorithm 2 is at
most twice of the length of the path H’g (s, t|P). That is,

|7z(s, t|P)| <2-w(T) <2- IH’g(s, t|P)]. (1)

Recall that IT, (s, t| P) denotes the shortest geodesic path from s to t passing through all points in P on
the terrain surface. Let £ = (01 =5,02,...,0;,...,0k+2 = t) denote the list of all points in P U {s, t}
sorted in the their order in II;(s, t|P). Then, the length |TI,(s, t|P)]| is equal to 21;;11 dy(04,0i41). By
Theorem 3.3, we obtain I, (s, t|P)| = poan dy(0i,0i41) > ket dg(010141) _ -+ Sk dg (04, 0i11)

1+e
where dg(0;,0:4+1) is the shortest distance between o; and 0,11 on G. Together with the definition

ofH'g(s, t|P), we obtain that |1'I'g(s, t|P)| < Z;:'ll dg(04,0i41) < (1+¢€) - [TI4(s, t|P)|. Together with
Inequality (1), we obtain that |z (s, t|P)| < 2 - IH’g(s, tIP)] £ 2- (1 +€) - |Ty(s, t|P)|. That is, the

|z (s:2|P)]

miS&tl’l’lOStZ'(l‘i‘é). O
g(s,

approximation ratio
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[ Algorithm [ Running Time Space Overhead [ Appro. Ratio ]
TPES [19] O(k* + N) O(k> + N) 3y
NNA O(k - N?log N) O(k+N) k
KS-Adapt [11] O(K?Nlog?(N)) O(k> +N) 3
DIO-Adapt [33] O(k?N?%log(N)) O(k> +N) E
FS-Adapt [18] O(k*Nlog(N)) O(kZ+N) e
US-Adapt [2] O(k* - Tlog(¥)log 1) O(k*+N) i
K-Algo-Adapt [12] O(lkz T 1og(§1)) O(k*> +N) =
Nlog = 3, Nlog ¢ 21
o £ 1 £)log” < 1 1
SP-Oracle-Adapt [8] <2 gz o8 (ras)log ¢ O(FZEE log? THE log? L +k?) Iee . 3
+k* (¢ log ¢ +loglog(F=))) g€ ge
O(NlogzN nhlngé 1 nlog% .
- g 62/)’ Ve Ve nhlog € 2 1+e 3
SE-Oracle-Adapt [31] . nhlog L k) 0(7«/2-52/3 + k%) - " 2
e
log(N Nh
O(Nlog(N) + NlogV) | Nh log(N)
EAR-Oracle-Adapt [9] NA g'ezﬂ ¢ O(ﬁ2 + Ng’ﬁ +k?) Tlt—i . %
+§_62ﬂ + k¢ log({) 4 ge
Ours ‘ o(eziﬁNlogzN) ‘ O(fﬁ +N) ‘ 2-(1+e) ‘
Remark: y is the maximum relative difference between geodesic distance and Euclidean distance between any two points s and # on T (i.e.,

dg(s.t . . L . . . .
Y = maXgsseT ;((Sst)) ). & is the relative error of the geodesic distance estimated by FS which contains many terrain-related factors such as the

length of the longest edge and the minimum inner angle of each face on T (see [18] for details). 5 is a small constant in the range of [1.5, 2]
and h is around 10-30 by results of [9, 31, 32]. { is the number of regions in SP-Oracle and EAR-Oracle which is normally set to be 16 or 256.

Table 2. Complexities of Our Algorithm and Adaptations of Existing Algorithms

4 Related Work and Baselines

In this section, we discuss related works and show how we adapt existing algorithms for CPTS,
which are compared experimentally.

4.1 Related Work

Geodesic Shortest Distance and Path Queries. The index-free exact algorithms MMP [21],
CH [4], ICH [35], VS [30], DIO [33], and KS [11] compute the exact geodesic distance and path
on the fly, where no pre-computed data structures are required. Their time complexities are
O(N?log N),O(N?log N), O(N?), 0O(N?log N), O(N?log N), and O(N log? N), respectively. Later
on, the index-free approximation algorithms were proposed to expedite the query processing. All
existing on-the-fly approximation algorithms [2, 12, 18] follow the same framework. Intuitively,
they introduce some auxiliary points, namely Steiner points, and some auxiliary edges, namely
Steiner edges, on the terrain surface, based on which they construct a Steiner graph G. In the query
phase, an edge between the source point s and each Steiner point on the face that s lies on is inserted
into graph G. Similarly for the destination point ¢. After the insertion, they perform Dijkstra’s
algorithm from s to t. These on-the-fly approximation algorithms have the same time complexities
O((N + N’)log(N + N’)), where N’ is the number of Steiner points introduced. They only differ
in the method for introducing the Steiner points and Steiner edges.

Afterward, index-based algorithms [8-10, 31] for the geodesic shortest path computation were
proposed to further accelerate the query processing. The first attempt was a Single-Source All-
Destination algorithm [10], where the source point must be known apriori and kept fixed in the
query phase. SP-Oracle [8] builds an indexing structure for the shortest path query processing
on the Steiner graph. Inspired by [3, 25, 26], SE-Oracle and EAR-Oracle [9, 31] index the geodesic
distances and paths by using the techniques called Well-Separated Pair Decomposition and Highway
Network, respectively. Nevertheless, the index-based algorithms have the overhead of preprocessing
time and the additional storage consumption for the bulky indexing structure.
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(Reverse) Nearest Neighbor Queries on Terrain Surfaces. Also related are (reverse) nearest
neighbor quires [6, 7, 27, 36, 37] on the terrain surface. Specifically, [6, 7] studied the k nearest
neighbor (kNN) query problem and proposed a multi-resolution representation of the terrain
surface for pruning irrelevant regions to boost the efficiency. [27] further studied kNN queries
and proposed a Voronoi Diagram method for kNN queries on a set of static points. [32] developed
a kNN algorithm based on SE-Oracle [31]. [36] studied the problem of dynamic monitoring the
kNN for moving objects. [37] studied reverse k nearest neighbors queries.

Other Related Work. [20] studied the problem of finding the geodesic shortest path satisfying
a slope constraint and [13] provided a method of lower/upper bound estimations for the geodesic
distance between s and ¢t but their bounds are sensitive to the geometric property of the terrain
(i.e., they have no quality guarantees). [39, 40] studied the path queries on the dynamic terrain
or moving objects, but their algorithms are inferior to the aforementioned shortest path query
algorithms in the static setting. Although constrained shortest path has been extensively studied
in Euclidean space [17, 19], in the context of terrain surfaces, this problem becomes highly
challenging. The most fundamental problems (e.g., the shortest distance/path query processing)
take constant time in Euclidean space but take more than O(N log N) time on terrain surfaces.

4.2 Baseline Algorithms

As far as we are concerned, existing studies (as surveyed in Section 4.1) focus on shortest dis-
tance/path queries and (reverse) nearest neighbor queries on terrain surfaces. Constrained shortest
path on terrain surfaces (CPTS) has not been studied before. Although the existing works cannot
directly be applied to CPTS, we propose several categories of adaptations to solve CPTS. Denote by
N, P, and k the total number of vertices on the terrain surface T, the set of points-of-interest (POIs),
and the number of points in P (i.e., k = |P|), respectively. Table 2 summarizes the time complexity,
space overhead, and approximation ratio of each adaptation (detailed analysis in the technical
report [34]). The adaptations are detailed as follows and they are either inefficient, space-consuming
or inaccurate.

Adaptation of Constrained Shortest Path on Euclidean Space (TPES). TPES finds the
shortest path IIg from s to ¢ passing through each point in P on the 2D x-y plane via a constrained
shortest path algorithm in Euclidean space [17, 19]. In particular, it first constructs a complete and
undirected query graph Gg. The vertices of Gg are all points in P U {s, t}, and for each pair of points
u,v € P U {s, t}, there is an edge (u,v) in Gg whose weight is the Euclidean distance between u
and . Next, it applies the state-of-the-art approximation algorithm [17] (which is based on Integer
Linear Programming), whose approximation ratio and running time are % and O(k), respectively.
After that, it finds the path on the terrain surface whose projection on the 2D x-y plane coincides
with IIg. This baseline suffers from a significantly large approximation ratio due to the difference
between geodesic distances and Euclidean distances. Besides, since it requires a complete graph Gg,
it incurs an O(k?) space overhead and processing time, imposing limitations on scaling to large k.

Nearest Neighbor-based Adaptations (NNA). The pseudocode of NNA is shown in Algorithm 3.
It starts from s and iteratively travels to the nearest unvisited POI nn via the geodesic shortest
path from the currently visited point (Lines 5-8). This process is repeated until all POIs are visited
(Line 4) and the destination t is reached (Lines 11-12). Despite its simplicity, NNA suffers from
a large approximation ratio (i.e., k), esp. when the number of POIs is large. This is because it relies
on the nearest neighbor algorithm from [7], which has a running time of O(N?log N)) and as
a result, the overall running time of NNA is O(k - N?log N). The nearest neighbor algorithms
in [27, 32, 36] cannot be applied to NNA since they are designed for finding the nearest neighbor
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Algorithm [ Running Time (< O(k - N logz N)?) [ Space Overhead (O(k + N)?) [ Appro. Ratio (Small constant?) ]
TPES [19] Yes No No
NNA No Yes No
KS-Adapt [11] No No Yes
DIO-Adapt [33] No No Yes
GDBA FS-Adapt [18] No No No
US-Adapt [2] No No Yes
K-Algo-Adapt [12] No No Yes
SP-Oracle-Adapt [8] No No Yes
DOA SE-Oracle-Adapt [31] No No Yes
EAR-Oracle-Adapt [9] No No Yes
[ Ours [ Yes [ Yes [ Yes

Table 3. Comparison of Our Algorithm and Adaptations of Existing Algorithms

Algorithm 3: Nearest Neighbor-based Algorithm
Input: A set P of POIs, a source point s, a destination point ¢, a parameter , and a terrain
surface T
Output: The geodesic shortest trip path IT;(s, t|P)
1 Initialize a set Q of points to be P;

Initialize a point o to be s;

Initialize a path 7 to be 0;

while Q is not 0 do

Find the point nn in Q nearest to o by the algorithm [7];

Find the geodesic shortest path 7’ from o to nn by the fastest geodesic shortest path
finding algorithm [33];

7 Append 7’ to the path x;

A 1 e W N

8 0 < nn;

9 Remove nn from Q;

10 Find the geodesic shortest path 7’ from o to t through the fastest geodesic shortest path
computation algorithm [33];

11 Append 7’ to the path ;

12 return r;

in a fixed set of candidate points. In NNA, however, the set X of candidate points is dynamic (since
we remove points from X in each iteration).

Geodesic Distance-based Adaptations (GDBA). The pseudocode is in Algorithm 4. We compute
the pairwise geodesic path between each pair of points in P U {s, ¢t} (Line 2). Due to storage limit,
only the distances (not the exact paths) are stored. Then, we construct a complete and undirected
query graph Gg (Line 3). The vertices of Gg are the points in P U {s, t}, and for each pair of points
u,0 € P U {s, t}, there is an edge (u,v) in Gp whose weight is the geodesic distance between u
and o. Next, it applies the state-of-the-art approximation algorithm [17] (which is based on Integer
Linear Programming and the running time is O(k)) to find the shortest path from s to ¢ that passes
through all points in P on Gg (Line 4). After obtaining the path, we compute the geodesic shortest
path IT,(u, v) for each pair of adjacent points u and v along the path via an online geodesic shortest
path finding algorithm (Lines 5-6). Finally, the concatenation of all paths found is returned (Line 7).

To compute the geodesic shortest path between u and v, we can use either (a) the index-free
exact algorithms, namely KS and DIO (which have the best empirical performance and the best
theoretical complexity, respectively) or (b) the index-free approximation algorithms, namely
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Algorithm 4: Geodesic Distance-based Algorithm

Input: A set P of POIs, a source point s, a destination point ¢, a parameter , and a terrain
surface T
Output: The geodesic shortest trip path IT;(s, t|P)
1 Initialize the path x to be 0;
2 Call a geodesic shortest distance computation algorithm to find the geodesic distance for
each pair of points in P U {s, t};
3 Construct a complete graph Gg for P U {s, t}, where the weight of each edge (u,v) is dy(u, v);
4 Find the path, denoted by IIg(s, t|P), from s to t passing through all points in P on Gp via
the method in [17];
5 for each pair of adjacent points p and q in Ilg(s, t|P) do
6 Find the geodesic shortest path 7’ from p to g by the fastest geodesic shortest path
finding algorithm [33];

7 7 « Concatenation of 7 and 7’;

8 return r;

FS, US, and K-Algo. These adaptations are called KS-Adapt, DIO-Adapt, FS-Adapt, US-Adapt, and
K-Algo-Adapt, respectively. Unfortunately, adaptations from this category suffer from a long time
for constructing Go (i.e., O(k? - Nlog N)).

Distance Oracle-based Adaptations (DOA). This category only differs from GDBA by computing
the pairwise geodesic distances for constructing of the query graph Gy via the distance oracle.
We build a distance oracle (that is, an indexing structure to answer geodesic distance queries) on
the terrain surface and utilize the distance oracle to find the pairwise geodesic distances. Then,
the remaining algorithm is the same as Lines 3-8 of Algorithm 4. We consider all existing distance
oracles, namely SP-Oracle, SE-Oracle and EAR-Oracle, in this category, and the adaptations are
denoted as SP-Oracle-Adapt, SE-Oracle-Adapt, and EAR-Oracle-Adapt, respectively.

We further enhance the DOA algorithms as follows for our problem. SE-Oracle-Adapt can be
directly improved if the underlying distance oracle SE-Oracle is build upon the points in P U {s, ¢}
only instead of the entire terrain, since SE-Oracle was originally designed for the geodesic distance
queries between a set of pre-defined points (e.g., PU {s, ¢} in our problem). For SP-Oracle-Adapt and
EAR-Oracle-Adapt, their underlying distance oracles SP-Oracle and EAR-Oracle are both partition-
based. That is, their indexing structures uniformly partition the terrain surface into { regions and
connect the regions with a highway network. To compute the geodesic distance between any pair
of points s and ¢, it suffices to keep only the highway network and the regions containing at least
one point in P U {s, t} (and their associated components in the indexing structures). Therefore, we
tailor the two adaptations SP-Oracle-Adapt and EAR-Oracle-Adapt as described above. Let {’ denote
the number of kept regions, where 1 < {* < . Let N’ denote the total number of vertices in the
highway network and the {’ kept regions. Thus, we obtain that N’ = QWTN = O(%)

Although DOA mitigates the bottleneck of GDBA in terms of the running time by expediting
the query graph construction in practice, its time complexity of building the query graph is still
quadratic to k. Besides, it also incurs an additional time cost for building the distance oracle and an
extra large space overhead for the bulky index. Thus, it is not capable of scaling up to large terrains.
It is also worth noting that the query graph in both GDBA and DOA has a space complexity O(k?),
which is not scalable to k.
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Dataset [ No. of Vertices [ Region Covered [ Reference [

HM 793 15 km? [28]

HL 2,470 49 km? [28]

RM 3,696 71 km? [28]
BH (L) 146,547 14km x 10km [12, 31]
EP (L) 164,238 10.7km x 14km | [12,31]
SF (L) 172,186 14km x 11.1km | [12,31]
BH (H) 1,318,844 14km x 10km [12, 31]
EP (H) 1,392,236 10.7km x 14km | [12,31]
SF (H) 1,539,082 14km x 11.1km | [12,31]

Table 4. Dataset Statistics

4.3 Comparison with Our Algorithm

We compare our proposed algorithm with baselines w.r.t. the running time, space overhead, and
approximation ratios in Table 3.

o Running time: The running time of all GDBA algorithms is larger than O(k? - N log N) since they
involve the expensive construction of the query graph. Besides, the running time of all DOA
algorithms (resp. NNA) is quadratic to k (resp. N) and thus, cannot scale well to a large number
of POIs (resp. large terrain). In contrast, the running time of our algorithm is O(k - N log? N)
which is linear to both k and N log® N. The running time of TPES is also small since it find paths
in the 2D Euclidean space.

e Space overhead: TPES, all GDBA algorithms and all DOA algorithms have a space overhead larger
than O(k?) due to the space complexity of the query graph Gg or Gg. This prevents their usage
from the applications with a lot of POIs (e.g.,>1000 POIs as motivated in Section 1). Besides, each
DOA algorithm also needs to maintain a bulky distance oracle on the terrain surface. The space
overhead of NNA, and our algorithm is O (k).

o Approximation Ratio: The approximation ratios of NNA and FS-Adapt are large (e.g., > k). Worse
still, the approximation ratio of TPES is even larger due to the significant difference between
the geodesic distance and Euclidean distance. Thus, their returned trips can be very long and
the users’ experience will be degraded when there are a lot of POIs (e.g.,>1000 POIs). Other
algorithms have a small constant of approximation ratio.

As discussed above, none of the adaptations of existing algorithms can be efficient, space-saving
and accurate simultaneously for CPTS. Our algorithm is the only one capable of striking a balance
among the running time, space overhead, and approximation ratio.

5 Experiment

The experiment was conducted on a Linux machine (3.60 GHz Intel Core CPU and 32 GB RAM).
Algorithms were implemented in C++.

5.1 Experimental Setting

Datasets. We adopted nine real terrain datasets with various sizes, and the statistics of them are
shown in Table 4. All datasets were collected from the United States Geological Survey (USGS)
system [28]. Following the existing study [9], we first considered three small datasets (each of
which has fewer than 4,000 vertices), namely Horst Mountain (in short, HM), HeadLightMountain (in
short, HL), and RobinsonMountain (in short, RM). Then, we considered three large datasets, namely
Bearhead (BH), Eaglepeak (EP), and San Francisco South (SF). Each large dataset has two versions
with different resolutions and correspondingly different numbers of vertices. We call the datasets
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with low resolution BH (L), EP (L), and SF (L), and call the ones with high resolution BH (H), EP (H),
and SF (H). To construct a query in the experiment, we randomly generate two points s and ¢t and a
set P of points on the terrain surface and each point in P U {s, t} is generated by an existing method
in the experiment of [9]. Each result reported in our experiment is averaged over 50 queries.

Algorithms. We tested our proposed algorithm and all adaptations of the existing algorithms
presented in Section 4.2 except SP-Oracle-Adapt (which cannot be built even in the smallest terrain
datasets due to its very large space consumption). Besides, according to the results reported in [9, 31],
SE-Oracle and EAR-Oracle are shown to be superior to SP-Oracle in terms of all measurements.
Since SE-Oracle-Adapt and EAR-Oracle-Adapt are both considered in our experiments, we safely
ignore SP-Oracle-Adapt.

Factors & Measurements. We studied the effects of the following parameters: (1) the number
N of vertices on the terrain surface, (2) the number k of points-of-interest in the query, and (3)
the error parameter €. By default, € is set to be 0.2 and k is set to be 1000, to simulate the needs of
real-world applications [1, 16, 22, 29].

We consider the following measurements for each algorithm in the experiment. (1) The running
time for processing a query, (2) the space consumption in the query processing, and (3) the empirical
approximation ratio, which is computed by CCOSSTT* , where COST (resp. COST”) is the length of the
path returned by the algorithm (resp. the length of the optimal solution). To compute the optimal
solution, we first compute the query graph G and the weight of each edge in Gg is computed by
DIO algorithm [33]. To boost the computation of G, we employ the parallel computation and invoke
multiple threads to compute the weights of multiple edges in parallel. Then, we adopt a standard
technique for Travel Salesman Walk Problem (TSWP) algorithm [17] to find the exact solution on Gg.

5.2 Experimental Results

Results on All Real Datasets. The running time, space consumption, and empirical approximation
ratio of each algorithm are shown in Figure 4. Note that some baselines are not shown in certain
datasets when they either run out of memory or cannot be finished in a reasonable time (for
reasons to be elaborated shortly). We explicitly mark those baselines in the bar chart. As shown
in Figure 4, we observe the following, which conform to our theoretical analysis.
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(1) Our algorithm is the fastest method (except TPES) among those with a small constant of
approximation ratio. Note that although TPES is faster than ours, it has (a) an unsatisfactory
theoretical approximation ratio, (b) an unfavorable theoretical space complexity, and (c) the worst
empirical approximation ratio. The running time of other baselines was significantly larger than that
of ours by up to more than two orders of magnitude. In particular, both NNA and DIO-Adapt could not
scale to the three high resolution datasets due to their quadratic cost w.r.t. the number of vertices on
the terrains. KS-Adapt had to compute the exact geodesic distance for each pair of points in PU{s, t},
without effective early termination, and thus, it could not scale to the three largest datasets either.

(2) Our algorithm had the best space efficiency and could scale up to the largest terrain datasets
with millions of vertices. In contrast, the space consumption of all adaptations was significantly
larger than that of ours. This is because these adaptations need to build a query graph with O(k?)
space cost. Besides, each DOA adaptation (i.e., SE-Oracle-Adapt and EAR-Oracle-Adapt) needed
to maintain a bulky indexing structure. Therefore, their performance was only reported in the
three smallest datasets. Moreover, US-Adapt introduced too many auxiliary points, leading to a
large space overhead. Consequently, it could not scale to the three high resolution datasets.

(3) The empirical approximation ratio of our algorithm was comparable to most of the other
algorithms (which is around 2). In comparison, the empirical approximation ratio of NNA and TPES
was the worst. Although KS-Adapt and DIO-Adapt had the smallest empirical approximation ratio,
they compute the exact pairwise geodesic distance for constructing the query graph Gy at the
expense of high time and space costs, as previously mentioned.

According to the observations above, we simplify the presentation of subsequent experiments
for clarity by omitting the following baselines: (1) DOA (including SE-Oracle-Adapt and
EAR-Oracle-Adapt) and US-Adapt, since their space consumption is too large to fit our limited
memory budget, especially in the three largest datasets; (2) NNA, DIO-Adapt, and KS-Adapt, since
their running time of is large and they cannot be finished in a reasonable time (i.e., a month) in
the three largest datasets; (3) TPES, since it has a forbiddingly large approximation ratio which
prevents its usage in real applications. Below we present the sensitivity test of our algorithm.

Effect of N. To test the scalability of each algorithm, we adopted five large terrain datasets generated
from EP (H). Specifically, we first enlarged the size of EP (H) by an up-sampling method, which
inserted a new vertex at the center of each face of EP (H) and introduced a new edge between the new
vertex and each adjacent vertex of the face. Then, the face was divided into three faces. After that, we
cropped five sub-regions of this enlarged EP (H) datasets, where the five sub-regions contained 0.5M,
1M, 1.5M, 2M, and 2.5M vertices, respectively. The results on the five datasets are shown in Figure 5.

As shown there, our algorithm scaled well to millions of vertices. It was up to two orders of
magnitude faster than the baseline methods, while its space consumption was significantly smaller.
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Its empirical approximation ratio also had a slight improvement. These findings were consistent
with the theoretical analysis.

Effect of k. We studied the effect of the number k of POIs in P on the SF (H) dataset, by setting
the values of k to be 500, 1000, 2000, 3000 and 4000, respectively. Figure 6 shows the results. As
expected, the running time and space overhead of each algorithm monotonically increased with
the increasing k. In contrast, the empirical approximation ratio of each algorithm was not sensitive
to the values of k. The observations above were also consistent with the theoretical analysis. As
the figure shows, our algorithm outperformed the two baselines by 1-2 orders of magnitude in
both running time and space overhead, while keeping a comparable approximation ratio.

Effect of €. We studied the effect of the error parameter € on the BH (H) dataset. The values of €
considered in the experiment were 0.05, 0.1, 0.15, 0.2, 0.25. As shown, the performance of FS-Adapt
was indifferent to the values of € since it was independent of €. In contrast, the running time and
space overhead of K-Algo-Adapt and our algorithm monotonically decreased with the increasing €
since the more stringent accuracy requirement leads to heavier computational effort. Accordingly,
the approximation ratios of K-Algo-Adapt and our algorithm monotonically increased with the in-
creasing €. Consistent with previous results, our algorithm beat the two baselines regarding running
time and space overhead by up to 1-2 orders of magnitude with nearly the same approximation ratio.

5.3 Case Study

In this section, we have undertaken a case study within a specific application context of the Path Ad-
visor application [38]. This app, renowned for its web and mobile functionality, is extensively utilized
by a particular university. It offers location-based services such as navigation and point of interest
(POI) suggestions, utilizing a 3D terrain with 1,789 vertices unique to that university’s campus.
We consider a campus visit which can be formulated as a constrained shortest path query as
follows. The visit starts from the south entrance of the university and the destination is the north
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entrance. The visit tour should pass through one professor’s office (to visit the professor), the balcony
of the atrium for sightseeing, the lab of his friends, and the Starbucks for coffee. Figure 8 illustrates
the user interface of the Path Advisor and displays the specifics of the previously mentioned query.
The image reveals a menu on the left that offers search functionalities and includes legends. To
the right, the figure presents a 3D representation of the campus terrain. The route of interest is
depicted as a green line within Figure 8.

Figure 9 provides the experimental outcomes of our algorithm, along with the results of all the
baseline methods that were evaluated. As shown there, we observe that (1) TPES is the fastest
algorithm but it has an unsatisfactory empirical approximation ratio which prevents its usage
in practice, and (2) our algorithm is superior compared other baselines in terms of both running
time and space overhead with a comparable empirical approximation ratio.

Summary. In the experiment, we compared our algorithm with the adaptations of the existing
algorithms for terrain surfaces. We studied the effect of N, the effect of €, and the effect of k. We ob-
serve that (1) TPES suffers from a large and uncontrollable approximation ratio; (2) DOA (including
SE-Oracle-Adapt and SE-Oracle-Adapt) all have a forbiddingly large space consumption; and (3) NNA,
DIO-Adapt, KS-Adapt, US-Adapt all have a large running time, and each of them is not capable of
scaling up to sizable datasets with millions of vertices. In comparison, our algorithm scales up to the
million-scale datasets, demonstrating the best execution efficiency and the smallest space overhead.
It outperforms all competitors by up to 1-2 orders of magnitude in terms of running time and space
overhead while maintaining, and in some cases improving, the empirical approximation ratio.
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6 Conclusion

In this paper, we study a fundamental and important problem called Constrained Shortest Path
Finding on Terrain Surfaces (CPTS), which finds a plethora of applications in GIS, military tactical
analysis, map services, etc. We prove that CPTS is NP-hard and propose an efficient approximation
algorithm. The running time, space consumption and approximation ratio of our algorithm are
O(G%Nlog2 N), O(E%,) and 2 - (1 + €), respectively, where N is the number of vertices on the
terrain surface, € is a user-specified parameter, and f is a small constant within [1.5,2]. Our
empirical study demonstrates that our algorithm significantly outperforms all baselines regarding
running time and space consumption with comparable accuracy.
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