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The Shapley value provides a theoretically grounded framework for model interpretability by quantifying

feature importance, with critical applications in data analytics and data valuation. However, its exact computa-

tion is often intractable due to an exponential complexity that scales with the number of features. This poses

a significant scalability challenge for high-dimensional datasets common in modern data systems. Prevailing

approximation methods, typically based on Monte Carlo sampling, suffer from severe inefficiencies rooted

in their unstructured and redundant exploration of the coalition space. These limitations lead to unreliable

estimates and hinder practical adoption in data-intensive applications.

This paper presents CoShap, a novel framework that delivers fast and reliable Shapley value approximation

through systematic coalition growth. CoShap consists of a two-phase evaluation: (1) A layer-wise coalition

growth phase that incrementally builds larger feature coalitions from smaller ones. Inspired by Pattern Growth,

this structured approach drastically reduces redundant model evaluations by reusing previously computed

coalition utilities. (2) A subsequent feature-wise evaluation phase that adaptively allocates more computa-

tional budget to high-variance features, specifically those with the most uncertain contributions, to enhance

approximation reliability. To guarantee an (𝜖, 𝛿)-approximation of the true Shapley values, CoShap introduces

a dynamic budget allocation method that balances the evaluation budget across both phases. Experiments on

diverse datasets show that CoShap significantly outperforms state-of-the-art methods, achieving up to 7.15×
speedup in runtime and a 76.84% reduction in approximation error.
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Fig. 1. Illustration of model interpretation via the Shapley value.

1 Introduction
In data-centric machine learning applications, particularly for high-stakes domains such as health-

care [3, 30] and finance [67], model interpretability is often as critical as predictive accuracy to foster

trust and enable informed decision-making [2, 17, 28, 42]. Traditional interpretable models, such as

linear regressions and decision trees [11], often lack the modeling capacity required for complex

high-dimensional data. In contrast, while complex models such as neural networks [65] achieve

superior predictive performance, their black-box nature can hinder practical adoption [63]. Model-

agnostic explanation methods aim to bridge this divide [37, 44], with the Shapley value [7, 33, 61]

emerging as a prominent approach due to its solid theoretical foundations. Beyond prediction ex-

planation, the Shapley value has become a fundamental metric for quantifying data and participant

contributions in core data management tasks, such as data repair [18], data valuation [24], data

assemblage [33] and data sharing [60, 62].

The Shapley value [61], rooted in cooperative game theory, provides a principled means to fairly

attribute the model prediction of a given instance to its input features by averaging their marginal
contributions across all subsets of features [7]. For example, Figure 1 illustrates Shapley values

explaining an individual prediction for a heart disease model. However, the exact Shapley value

computation requires evaluating model predictions over all 2
𝑛
feature subsets or involves 𝑂 (𝑛!)

evaluations for naïve permutation-based methods [25], where 𝑛 is the number of features. This

exponential complexity renders exact computation intractable for models with even a moderate

number of features, which poses a significant scalability challenge [32, 51].

In response to this computation bottleneck, recent studies have increasingly focused on devel-

oping Shapley value approximation (SVA) methods [11, 45, 50]. As shown in Algorithm 1, the

standard Monte Carlo (MC) sampling approach [5] estimates Shapley values by averaging the

marginal contributions from randomly sampled feature permutations, whose diverse feature order-

ings facilitate effective estimation. Fundamental to this process is the formation of feature subsets,

called coalitions, and the evaluation of their model predictions, known as their utilities. While MC

sampling and its variants, such as those employing stratified sampling [35], variance reduction

techniques [4, 27], or antithetic and correlated samples [26, 64], offer feasible polynomial-time

alternatives. They remain constrained by two fundamental limitations: (1) computational inefficiency
stemming from the redundant evaluations of identical coalition utilities, and (2) unreliable estimates
resulting from the neglect of the varying variances in different features’ marginal contributions.

The inefficiency in existing SVA methods primarily stems from redundant computation. Specif-
ically, in naive MC implementations, the utility 𝑢 (𝑆) of a coalition 𝑆 might be re-evaluated mul-

tiple times across different permutations. Moreover, when computing the marginal contribution

𝑢 (𝑆 ∪ {𝑥 𝑗 }) − 𝑢 (𝑆) for a feature 𝑥 𝑗 not in 𝑆 , the utility 𝑢 (𝑆) may be recomputed for each of the

𝑛 − |𝑆 | distinct features that could potentially be added to 𝑆 . Although storing all the previously

evaluated coalition utilities could theoretically eliminate such redundancies, this becomes infeasible

due to the exponential number of possible coalitions. In practice, evaluating coalition utilities is

computationally expensive, making redundant computations a major efficiency constraint. Table 1
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Table 1. Computational redundancy in MC sampling.

Dataset Number of Evaluations Repeated Evaluations
∗

Re-evaluated Coalitions
†

Bank

Marketing

(𝑛 = 17)

100𝑛 343 (20.18%) 100 (7.37%)

500𝑛 2682 (31.55%) 665 (11.43%)

1000𝑛 6398 (37.64%) 1589 (14.99%)

5000𝑛 46349 (54.53%) 10586 (27.39%)

10000𝑛 108092 (63.58%) 23680 (38.25%)

∗ Evaluation Redundancy Rate: The percentage of duplicate subset evaluations, measuring the computa-

tional waste during sampling. Computed as:
Repeated Evaluations

Total Evaluations
× 100%.

† Coalitions Collision Rate: The percentage of unique coalitions that are evaluated more than once.

Computed as:
Re-evaluated Coalitions

Total Unique Coalitions
× 100%.

quantifies the computational redundancy of the representative Monte Carlo (MC) method [5]

on the Bank Marketing dataset. The results reveal an evaluation redundancy rate ranging from

20.18% to 63.58%. This redundancy is inherent to stateless sampling, where coalitions are generated
independently without memory of prior evaluations. Consequently, a substantial portion of the

computational budget is expended on re-computing identical utilities, creating a critical efficiency

bottleneck.

Another critical limitation of current SVA methods is their failure to account for the hetero-

geneity among features, particularly in their marginal contribution variances [54]. Some features

may exhibit low-variance marginal contributions, allowing for accurate Shapley value estimation

with fewer permutation samples, whereas others demonstrate high variance, thus requiring more

evaluations to achieve comparable approximation precision. Ignoring these variance differences

causes a suboptimal allocation of the computation budget, which results in unnecessary evaluations

on low-variance features, and more importantly, yields unreliable approximations for high-variance

features due to insufficient sampling.

To address these limitations, we propose CoShap, a novel framework for fast and reliable Shapley

value approximation based on systematic coalition growth. CoShap entails a two-phase evaluation:

layer-wise evaluation and feature-wise evaluation. The first phase is a layer-wise coalition growth

process that significantly reduces redundant computations by adopting principles from frequent

pattern mining, akin to the FP-Growth method [23], which systematically builds larger feature

coalitions from smaller ones, stratified by cardinality. This structured approach computes feature

marginal contributions progressively, from smaller to larger coalitions, thereby eliminating the need

to re-evaluate identical coalitions common in permutation-based sampling. Efficiency is further

enhanced by reusing the utilities of shared coalitions in subsequent layer evaluations, in a way

analogous to prefix reuse in frequent itemset mining. This allows computations to leverage coalition

utilities evaluated and cached from preceding layers. The second phase is a feature-wise variance-

aware allocation process, where CoShap addresses feature heterogeneity by adaptively allocating

more computational budget to features exhibiting high evaluation variances. Higher variance in

estimated marginal contributions indicates greater uncertainty, and thus, CoShap prioritizes these

features by allocating themmore coalition evaluations to refine their Shapley values. Such a strategy

enhances estimation accuracy and reliability within a given computational budget. Furthermore, to

provide an (𝜖, 𝛿)-approximation of the true Shapley values, CoShap incorporates a variance-driven

evaluation allocation method that dynamically balances the computation budget across both phases.

With the two phases and dynamic budget allocation, CoShap delivers an efficient, accurate, and

reliable SVA algorithm.
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This work is part of NeurDB [39, 66], in which CoShap constitutes the explainable evaluation

and decision-making layer. CoShap is employed to systematically quantify the contributions of

individual features and actions. By providing principled and theoretically grounded attribution

estimates, it enables the system to interpret how different inputs and operational choices influence

downstream analytical outcomes. Consequently, CoShap facilitates interpretable data quality

assessment and provides actionable insights that support informed decision-making within NeurDB.

The key contributions of this work include:

• We identify redundant computation and the neglect of inter-feature variance in existing SVA

methods as primary causes of inefficiency and unreliability in existing SVA methods.

• We introduce a novel layer-wise coalition growth method that significantly reduces compu-

tation redundancy by adapting principles from frequent itemset mining.

• We develop a variance-aware evaluation method and a dynamic budget allocation method to

enhance both efficiency and reliability by prioritizing high-variance features.

• We deliver a fast and reliable Shapley value approximation framework for model-agnostic

interpretation. Experiments confirm the efficiency and accuracy of CoShap, achieving up

to 7.15× speedup in runtime and 76.84% reduction in approximation error compared to

state-of-the-art solutions.

The remainder of the paper is organized as follows. Section 2 introduces the background and

preliminaries. Section 3 details the design of CoShap framework, followed by the theoretical analysis

in Section 4. Section 5 presents the experimental results. Section 6 discusses the related work, and

Section 7 concludes this paper.

2 Preliminaries
In this section, we introduce the preliminaries of Shapley value and its properties. We then define

the problem of Shapley value approximation (SVA) and discuss the limitations of current research.

Table 2 summarizes notations frequently used throughout the paper.

Shapley Value. The Shapley value, originating from cooperative game theory, fairly distributes

collective gains among contributing players based on their individual contributions. In model

interpretation, the Shapley value quantifies the contribution of each feature to a model’s output,

providing local interpretability by attributing the prediction for a specific instance to its constituent

features [44].

Formally, given a set of 𝑛 features 𝑁 = {𝑥1, 𝑥2, ..., 𝑥𝑛}, a subset 𝑆 ⊆ 𝑁 is called a coalition. The
utility function, 𝑢 (𝑆), maps a coalition 𝑆 to a real value, i.e., 𝑢 : 2

𝑛 → R. In model explanation, the

utility 𝑢 (𝑆) typically represents the model’s output when considering only the features in coalition

𝑆 . The Shapley value 𝜙𝑖 of a feature 𝑥𝑖 ∈ 𝑁 is then defined as:

𝜙𝑖 =
1

𝑛

∑︁
𝑆⊆𝑁 \{𝑥𝑖 }

𝑢 (𝑆 ∪ {𝑥𝑖 }) − 𝑢 (𝑆)(
𝑛−1
|𝑆 |

) , (1)

where 𝜙𝑖 denotes the expected marginal contribution of feature 𝑥𝑖 averaged over all possible

coalitions 𝑆 ⊆ 𝑁 \ {𝑥𝑖 }. The weighting factor, equivalent to 1

𝑛
· 1

(𝑛−1|𝑆 | )
=
|𝑆 |!(𝑛−|𝑆 |−1)!

𝑛!
, ensures

that each coalition 𝑆 is considered equally in the computation of Shapley value, where the factor

1

𝑛
accounts for all 𝑛 possible coalition sizes, i.e., cardinalities of coalitions, from 0 to 𝑛-1, and

the binomial coefficient

(
𝑛−1
|𝑆 |

)
represents the number of coalitions with the same cardinality as 𝑆

(without feature 𝑥𝑖 ).

Alternatively, Shapley values are more commonly computed by averaging marginal contributions

over all possible feature permutations [59, 64]. For a feature set 𝑁 and Π(𝑁 ) the set of all 𝑛!
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Table 2. Frequently used notations.

Notation Description

𝑛 the number of model features

𝑚 the number of model evaluations

𝑁 a set of 𝑛 features 𝑁 = {𝑥1, 𝑥2, ..., 𝑥𝑛}
𝑆 a subset of features (called a coalition)

𝑢 (𝑆) the utility of the coalition 𝑆

Π(𝑁 ) the set of all possible permutations of features in 𝑁

𝜋 a permutation in Π(𝑁 )
ˆ𝜙𝑖 the estimated Shapley value of feature 𝑥𝑖
𝜇𝑓 the proportion of budget for feature-wise evaluation

𝜇𝑛 the proportion of features for feature-wise evaluation

permutations of 𝑁 , Shapley value can be computed by:

𝜙𝑖 =
1

|Π(𝑁 ) |
∑︁

𝜋∈Π (𝑁 )
[𝑢 (𝑆𝑖𝜋 ∪ {𝑥𝑖 }) − 𝑢 (𝑆𝑖𝜋 )], (2)

where 𝑆𝑖𝜋 is the set of features preceding 𝑥𝑖 in a specific permutation 𝜋 ∈ Π(𝑁 ). This essentially
averages marginal contributions across all possible permutations for feature 𝑥𝑖 .

Properties of Shapley Value. The Shapley value is widely recognized as the only measure that

satisfies all the four desirable properties: efficiency, symmetry, linearity, and dummy [7].

• Efficiency. The sum of Shapley values for all features equals the total utility of the grand

coalition 𝑁 , i.e.,

∑𝑛
𝑖=1 𝜙𝑖 = 𝑢 (𝑁 ).

• Symmetry. If two features contribute equally to all coalitions, their Shapley values are identical,
i.e., if for all 𝑆 ⊆ 𝑁 \ {𝑥𝑖 , 𝑥 𝑗 }, 𝑢 (𝑆 ∪ {𝑥𝑖 }) = 𝑢 (𝑆 ∪ {𝑥 𝑗 }), then 𝜙𝑖 = 𝜙 𝑗 .

• Additivity. For two games with utility functions 𝑢1 and 𝑢2, the Shapley value of a feature in

the combined game is the sum of its values in each game, i.e., 𝜙
𝑢1+𝑢2

𝑖
= 𝜙

𝑢1

𝑖
+ 𝜙𝑢2

𝑖
.

• Dummy. A feature that has no impact on any coalition’s utility has a Shapley value of zero,

i.e., if for all 𝑆 ⊆ 𝑁 \ {𝑥𝑖 }, 𝑢 (𝑆 ∪ {𝑥𝑖 }) − 𝑢 (𝑆) = 0, then 𝜙𝑖 = 0.

Local Interpretation using Shapley Value. In explainable machine learning, local interpreta-
tion refers to explaining a specific model prediction for an input instance x by quantifying the

contributions of individual features [32]. Specifically, given a model 𝑓 and an instance x with

features 𝑁 = {𝑥1, 𝑥2, . . . , 𝑥𝑛}, the utility of a coalition 𝑆 ⊆ 𝑁 is defined as 𝑢 (𝑆) = 𝑓 (x′), where x′ is
the modified instance using features in 𝑆 , while features not in 𝑆 are replaced by corresponding

reference values, e.g., the mean for numerical features or the mode for categorical features. This

utility function measures the model prediction based on selected features in 𝑆 . The Shapley value

then quantifies the contribution of each feature 𝑥𝑖 ∈ x by averaging its marginal contributions, i.e.,
𝑢 (𝑆 ∪ {𝑥𝑖 }) − 𝑢 (𝑆) = 0, across all coalitions without 𝑥𝑖 .

Shapley Value Approximation (SVA). While Shapley values possess desirable properties for

local interpretation, their exact computation demands an exponential number of model evaluations,

making it computationally prohibitive, particularly for models with many features or complex

architectures. Consequently, Shapley value approximation methods are necessary in practice [4, 44].

Monte Carlo (MC) sampling [5] is a widely adopted approach for SVA. As detailed in Algorithm 1,

MC randomly generates permutations of features and computes their marginal contributions (Lines

2-4). These contributions are then averaged to estimate the Shapley value (Line 8). While MC

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 155. Publication date: June 2026.
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Algorithm 1 The Monte Carlo sampling approach (MC)

Input: A set of features 𝑁 = {𝑥1, 𝑥2, ..., 𝑥𝑛}, the evaluation budget𝑚.

Output: the estimated Shapley value
ˆ𝜙𝑖 of each feature 𝑥𝑖 ∈ 𝑁 .

1: Initialize
ˆ𝜙𝑖 = 0 for 𝑖 = 1, ..., 𝑛

2: for 𝑗 = 1 to𝑚 do
3: Generate a random permutation 𝜋 𝑗 of features

4: for each feature 𝑥𝑖 in 𝜋 𝑗 do
5:

ˆ𝜙𝑖 += 𝑢 (𝑆𝑖𝜋 𝑗
∪ {𝑥𝑖 }) − 𝑢 (𝑆𝑖𝜋 𝑗

)
6: end for
7: end for
8: for 𝑖 = 1 to 𝑛 do
9:

ˆ𝜙𝑖 =
ˆ𝜙𝑖

𝑚
10: end for
11: return ˆ𝜙1, ˆ𝜙2, ..., ˆ𝜙𝑛 .

sampling provides an unbiased estimate, this approach still requires a large number of model

evaluations to achieve high accuracy, and therefore, more efficient approximation methods are

much needed.

3 The CoShap Framework
In this section, we present CoShap in detail. We first provide an overview of CoShap framework

in Section 3.1, followed by the descriptions of the layer-wise coalition growth in Section 3.2 and

the variance-aware allocation in Section 3.3. Finally, we describe the dynamic budget allocation

method and elaborate on the key steps of CoShap in Section 3.4.

3.1 Overview
To achieve efficient and reliable SVA, we propose CoShap, a novel two-phase framework for model-

agnostic interpretation. CoShap overcomes two critical limitations inherent in existing SVAmethods

to enhance efficiency and reliability.

The first phase, layer-wise coalition growth, directly addresses the issue of collisions and redundant
model evaluations. In contrast to existing SVAmethods that frequently re-sample and re-evaluate the

same coalition, ourmethod employs a pattern growth approach to construct coalitions incrementally.

This provides a structural guarantee that each unique coalition 𝑆 is generated and evaluated at most
once. In this way, CoShap systematically eliminates redundant computations by reusing coalition

utilities for a highly efficient approximation process.

The second phase, feature-wise variance-aware allocation, tackles the limitations of treating all

features uniformly during evaluation. Recognizing the heterogeneity in feature contributions, we

introduce a feature-wise variance-aware strategy that prioritizes features based on their evaluation

variance. By allocating a larger proportion of the computational budget to features exhibiting

high variance, this strategy significantly improves both the accuracy and reliability of the final

approximation.

These two phases are integrated through a dynamic budget allocation mechanism. As illustrated

in Figure 3, this strategy intelligently manages the trade-off between computational efficiency and

estimation accuracy, ensuring an efficient and reliable Shapley value approximation.
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Fig. 2. Overview of CoShap for local interpretation.

3.2 Layer-wise Coalition Growth
The inefficiency in existing SVA methods [5, 26, 64] mainly stems from computational redundancy,

specifically the repeated evaluation of identical coalitions. CoShap addresses this issue through a

layer-wise coalition growth process to incrementally construct coalitions stratified by cardinality.

This approach allows for the systematic reuse of coalition utilities through common prefixes.

Given a set 𝑁 of 𝑛 features, the Shapley value computation can be structured into 𝑛 layers, each

corresponding to a specific coalition cardinality 𝑗 ∈ {0, . . . , 𝑛 − 1}:

𝜙𝑖 =
1

𝑛

𝑛−1∑︁
𝑗=0

𝜙𝑖, 𝑗 =
1

𝑛

𝑛−1∑︁
𝑗=0

1(
𝑛−1
𝑗

) ∑︁
𝑆⊆𝑁 \{𝑥𝑖 }, |𝑆 |=𝑗

𝑢 (𝑆 ∪ {𝑥𝑖 }) − 𝑢 (𝑆), (3)

where 𝜙𝑖, 𝑗 represents the Shapley value of feature 𝑥𝑖 ∈ 𝑁 in layer 𝐿 𝑗 (coalitions of size 𝑗 ). In this

phase, CoShap allocates an evaluation budget𝑚 𝑗 to 𝐿 𝑗 and computes an estimated value
ˆ𝜙 ′𝑖, 𝑗 as:

ˆ𝜙 ′𝑖, 𝑗 =
1

𝑚 𝑗

𝑚 𝑗∑︁
𝑡=1

𝑢 (𝑆𝑡 ∪ {𝑥𝑖 }) − 𝑢 (𝑆𝑡 ),where 𝑆𝑡 ⊆ 𝑁 \ {𝑥𝑖 }, |𝑆𝑡 | = 𝑗 . (4)

As illustrated in Figure 4 (left), CoShap computes the marginal contributions of features from

low to high cardinality layers, avoiding redundant evaluation of the same coalitions across different

permutations. To optimize memory utilization, CoShap only needs to maintain the coalition utilities

{𝑢 (𝑆) | 𝑆 ∈ 𝐿 𝑗 } necessary for computing marginal contributions in the subsequent layer 𝐿 𝑗+1.
Upon the completion of 𝐿 𝑗+1 evaluation, the memory allocated for 𝐿 𝑗 is immediately released.

Further, CoShap computes the exact Shapley values for the first and last layers. Given that the two

boundary layers contain only 𝑛 coalitions each, their computation incurs a negligible linear cost.

This eliminates sampling variance entirely for these two strata, thereby providing precise “anchors"

for the estimation and yielding a significant accuracy improvement over purely random sampling.

To further enhance efficiency, as depicted in Figure 4 (right), CoShap reuses coalitions across

layers. The coalition growth process constructs a new coalition 𝑆 ′ by extending an existing one, 𝑆 ,

with a feature 𝑥𝑖 ∈ 𝑁 \ 𝑆 , i.e., 𝑆 ′ = 𝑆 ∪ {𝑥𝑖 }. The marginal contribution of 𝑥𝑖 can then be derived

from the utility difference between 𝑆 and 𝑆 ′: 𝑢 (𝑆 ′) − 𝑢 (𝑆). Consequently, coalitions constructed
within a layer are maintained and directly reused in the subsequent layers’ computations. Crucially,

a single coalition 𝑆 from the current layer is reused up to 𝑛 − |𝑆 | times in the subsequent layer to

compute marginal contributions.

Motivated by pattern growth principles [23], the proposed structured layer-wise traversal represents
a fundamental shift from standard random sampling. By explicitly enabling the extensive reuse of

coalition utilities, CoShap drastically reduces redundant model evaluations, thereby significantly

enhancing computational efficiency.
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Fig. 3. Illustration of dynamic budget allocation in CoShap.

3.3 Feature-wise Variance-Aware Allocation
While the layer-wise coalition growth phase reduces redundant computations, it treats all features

uniformly. This uniform treatment ignores feature heterogeneity, potentially yielding unreliable

estimates for high-variance features whose marginal contributions are insufficiently captured by

uniform sampling.

CoShap overcomes this by introducing a feature-wise variance-aware allocation process that

prioritizes features with high estimation variances. This mechanism strategically allocates evalua-

tion budget where it yields the most significant reduction in overall approximation error, thereby

avoiding the inefficient expenditure of resources on well-estimated features. Based on the results

of the coalition growth evaluation, CoShap identifies the top-𝑘 features with the highest evaluation

variances, where 𝑘 = ⌈𝜇𝑛 · |𝑁 |⌉, and 𝜇𝑛 specifies the proportion of features to be evaluated (sensitiv-

ity study provided in Section 5.4). Features with higher variance indicate greater uncertainty, thus

demanding more evaluations for reliable estimates. Without loss of generality, let these features be

indexed as 𝑥1, . . . , 𝑥𝑘 , and𝑚𝑖, 𝑗 be the number of evaluations for feature 𝑥𝑖 in 𝐿 𝑗 during this phase,

we estimate the Shapley value of 𝑥𝑖 in 𝐿 𝑗 as:

ˆ𝜙𝑖, 𝑗 =

ˆ𝜙 ′𝑖, 𝑗𝑚 𝑗 + ˆ𝜙 ′′𝑖, 𝑗𝑚𝑖, 𝑗

𝑚 𝑗 +𝑚𝑖, 𝑗

, (5)

where
ˆ𝜙 ′′𝑖, 𝑗 =

1

𝑚𝑖,𝑗

∑𝑚𝑖,𝑗

𝑡=1
𝑢 (𝑆𝑡 ∪ {𝑥𝑖 }) − 𝑢 (𝑆𝑡 ) is the estimated Shapley value of 𝑥𝑖 in 𝐿 𝑗 from this

feature-wise evaluation. By directing more evaluations toward features with high variance, CoShap

improves estimation accuracy and enhances computational efficiency through more targeted

resource allocation. The process of determining𝑚 𝑗 and𝑚𝑖, 𝑗 is detailed in the following subsection.

3.4 Dynamic Budget Allocation
Existing evaluation allocation methods typically treat features uniformly, overlooking significant

heterogeneity in contribution variances and thereby compromising both accuracy and reliability. To

address this limitation, CoShap introduces a dynamic and variance-driven method that dynamically

allocates the computational budget. This approach advances beyond conventional static sampling

by strategically optimizing resource allocation to minimize estimation variance and enhance

approximation reliability.

As illustrated in Figure 3, our dynamic budget allocation comprises three stages: (1) Initial
estimation computes an initial set of variance estimates across all layers. (2) Layer-wise allocation
then uses these estimates to guide the budget allocation for the coalition growth phase. (3) Feature-
wise allocation refines estimates for a select group of top-𝑘 high-variance features identified in

the prior stages. This structured allocation strategy is designed to provide an (𝜖, 𝛿)-approximation

guarantee on the final estimation error.
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Algorithm 2 Approximation procedure of CoShap

Input: An instance x with features 𝑁 = {𝑥1, 𝑥2, ..., 𝑥𝑛}, the evaluation budget𝑚, the initial estimation

budget𝑚∗ ≥ 2, 𝜇𝑛, 𝜇𝑓 ∈ (0, 1).
Output: the estimated Shapley value

ˆ𝜙𝑖 of each feature 𝑥𝑖 ∈ 𝑁 .

1:
ˆ𝜙𝑖, 𝑗 ← 0, ∀𝑖 ∈ {1, 2, . . . , 𝑛}, ∀𝑗 ∈ {0, 1, . . . , 𝑛 − 1}

2: for 𝑖 = 1 to 𝑛 do △ Initial estimation

3: for 𝑗 = 0 to 𝑛 − 1 do
4: Sample𝑚∗ coalitions of size 𝑗 that do not inclue feature 𝑖 , compute the average marginal contribu-

tion 𝑢𝑖, 𝑗 and its variance 𝜎̂2
𝑖, 𝑗

5: end for
6: end for
7: 𝑚 =𝑚 −∑𝑛

𝑖=1

∑𝑛−1
𝑗=0 𝑚

∗
//𝑚 is updated to the remaining budget

8: Compute the exact Shapley values for the first and the last layers

9: for 𝑗 = 1 to 𝑛 − 2 do △ Layer-wise evaluation

10: Determine 𝑚 𝑗 as 𝑚 𝑗 = min(
(∑𝑛

𝑖=1 𝜎̂
2

𝑖,𝑗 )1/2 (1−𝜇𝑓 )𝑚∑𝑛−1
𝑗=0 (

∑𝑛
𝑖=1 𝜎̂

2

𝑖,𝑗
)1/2 ,

(𝑛
𝑗

)
), select 𝑚 𝑗 coalitions by sampling from the

existing coalitions pool of cardinality 𝑗

11: for 𝑡 = 1 to𝑚 𝑗 do
12: For feature 𝑥𝑖 ∉ 𝑆𝑡 , compute the marginal contribution as 𝑢 (𝑆𝑡 ∪ {𝑥𝑖 }) − 𝑢 (𝑆𝑡 )
13: end for
14: Compute the average of marginal contributions

ˆ𝜙 ′
𝑖, 𝑗

in this step

15: end for
16: Update the variance 𝜎̂𝑖, 𝑗 and the remaining budget𝑚 =𝑚 −∑𝑛−1

𝑗=0 𝑚 𝑗

17: Select 𝑘 = ⌈𝜇𝑛 · |𝑁 |⌉ features with the highest evaluation variance

18: for each feature 𝑥𝑖 in the top-𝑘 features do △ Feature-wise evaluation

19: Determine𝑚𝑖, 𝑗 as𝑚𝑖, 𝑗 = min(
(𝜎̂2

𝑖,𝑗 )1/2𝜇𝑓𝑚∑𝑘
𝑖=1 (

∑𝑛−1
𝑗=0 𝜎̂2

𝑖,𝑗
)1/2

,
(𝑛−1

𝑗

)
)

20: for 𝑗 = 1 to 𝑛 − 2 do
21: Compute

ˆ𝜙 ′′
𝑖, 𝑗

=
1

𝑚𝑖,𝑗

∑𝑚𝑖,𝑗

𝑡=1
𝑢 (𝑆𝑡 ∪ {𝑥𝑖 }) − 𝑢 (𝑆𝑡 )

22: end for
23: end for
24: for 𝑖 = 1 to 𝑛 do

25:
ˆ𝜙𝑖 =

1

𝑛

∑𝑛−1
𝑗=0

ˆ𝜙𝑖, 𝑗 =
1

𝑛

∑𝑛−1
𝑗=0

ˆ𝜙 ′𝑖,𝑗𝑚 𝑗+ ˆ𝜙 ′′𝑖,𝑗𝑚𝑖,𝑗

𝑚 𝑗+𝑚𝑖,𝑗

26: end for
27: return the estimated Shapley value of each feature

ˆ𝜙1, ˆ𝜙2, ..., ˆ𝜙𝑛

Formally, given the evaluation budget𝑚 (the number of model evaluations), we formulate the

allocation as an optimization problem to minimize the estimation error, defined as
1

𝑛

∑𝑛
𝑖=1 | ˆ𝜙𝑖 − 𝜙𝑖 |,

the discrepancy between
ˆ𝜙𝑖 and 𝜙𝑖 . We aim for an (𝜖, 𝛿)-approximation, which ensures that the

error is bounded by 𝜖 with a probability of at least 1 − 𝛿 , i.e., Pr
(
1

𝑛

∑𝑛
𝑖=1 | ˆ𝜙𝑖 − 𝜙𝑖 | ≤ 𝜖

)
≥ 1 − 𝛿 .

Initial Estimation. To guide the allocation, CoShap first conducts an initial estimate of the

variance. This process is based on the analysis of variance principle (ANOVA) [48]. Specifi-

cally, CoShap performs 𝑚∗ estimations (sensitivity study provided in Section 5.4) of marginal

contributions for each feature within each layer to probe the variance distribution. Let 𝑢𝑖, 𝑗 =
1

𝑚∗
∑𝑚∗

𝑡=1 (𝑢 (𝑆𝑡 ∪ {𝑥𝑖 }) − 𝑢 (𝑆𝑡 )) be the average marginal contribution of feature 𝑥𝑖 in layer 𝐿 𝑗 , where

𝑆𝑡 is the 𝑡-th sampled coalition, 𝑆𝑡 ⊆ 𝑁 \ {𝑥𝑖 }, |𝑆𝑡 | = 𝑗 . The corresponding estimated variance

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 155. Publication date: June 2026.



155:10 Jingxuan He et al.

Selected coalitions for 
next-layer computation

. . . . . .

∅
{x1}

{x1, x2}

{x2} {x3} {xn}

{x1, x2, ..., xn}

{x1, x2, x3} {x1, x3, xn}

{x1, x3} {x1, xn}

{x2, x3, x4}

{x2, x3} {x3, xn} {xn-1, xn}

{x2, x3, xn}

L2

L3

Ln

L1 . . .

. . .

. . . . . .
. . .. .

 .

{x1, x2, x4} S

� � ∪ {��+�
(�) } � S \{��

(�)} 

� S \{��
(�)} 

…

� S \{��
(�)} 

� S \{��
(�)} 

…

� � ∪ {��
(�)} 

� � ∪ {��+�
(�) } 

� � ∪ {��+�
(�) } 

�(�)

�(�)

�(�)

�(�)

−

�(�)−

−

−

�(�)−

�(�)−

�(�)−

−

�={��
(�), ��

(�), . . . , ��
(�)} � \ � ={��+�

(�) , ��+�
(�) , . . . , ��

(�)}

Fig. 4. The layer-wise evaluation and the reused coalitions.

𝜎̂2

𝑖, 𝑗 can then be computed as: 𝜎̂2

𝑖, 𝑗 =
1

𝑚∗−1
∑𝑚∗

𝑡=1

(
(𝑢 (𝑆𝑡 ∪ {𝑥𝑖 }) − 𝑢 (𝑆𝑡 )) − 𝑢𝑖, 𝑗

)
2

, where𝑚∗ − 1 is the
Bessel correction term [20] ensuring that 𝐸 (𝜎̂2

𝑖, 𝑗 ) = 𝜎2

𝑖, 𝑗 .

This initial variance estimation provides the foundation for the subsequent allocation, which

partition the remaining budget𝑚 into𝑚𝐿 = (1 − 𝜇𝑓 )𝑚 for layer-wise evaluation and𝑚𝐹 = 𝜇𝑓𝑚 for

feature-wise evaluation. To guarantee the (𝜖, 𝛿)-approximation, the probability of the estimation

error exceeding 𝜖 must be bounded by 𝛿 . As derived from concentration inequalities (see proof in

Section 4.2), a sufficient condition to achieve this is:

𝑛∑︁
𝑖=1

𝑛−1∑︁
𝑗=0

𝜎̂2

𝑖, 𝑗

(1 − 𝜇𝑓 )𝑚 𝑗𝜖
2
+

𝑘∑︁
𝑖=1

𝑛−1∑︁
𝑗=0

𝜎̂2

𝑖, 𝑗

𝜇𝑓𝑚𝑖, 𝑗𝜖
2
≤ 𝛿, (6)

where the two terms on the left-hand side represent the contributions to the error probability

bound from the layer-wise and feature-wise evaluations, respectively. The optimization for the

subsequent budget allocation is therefore to distribute the budgets𝑚𝐿 and𝑚𝐹 to minimize each

term in Eq. (6). Next, we detail the allocation method for each phase, including the derivation of

the optimal distributions for𝑚 𝑗 and𝑚𝑖, 𝑗 .

Layer-wise Allocation. The objective of layer-wise allocation is to minimize the first term∑𝑛
𝑖=1

∑𝑛−1
𝑗=0

𝜎̂2

𝑖,𝑗

(1−𝜇𝑓 )𝑚 𝑗𝜖
2
in Eq. (6), subject to the budget constraint:

∑𝑛−1
𝑗=0 𝑚 𝑗 =𝑚𝐿 . This constrained

optimization can be solved via the Lagrangian function:

L(𝑚 𝑗 , 𝜆) =
𝑛∑︁
𝑖=1

𝑛−1∑︁
𝑗=0

𝜎2

𝑖

𝑚𝐿𝜖
2
+ 𝜆

(
𝑚𝐿 −

𝑛−1∑︁
𝑗=0

𝑚 𝑗

)
. (7)

Taking the partial derivative with respect to each𝑚 𝑗 and setting it to zero gives:𝑚 𝑗 =
(∑𝑛

𝑖=1 𝜎̂
2

𝑖,𝑗 )1/2√
𝜆

,

which shows that the optimal number of samples𝑚 𝑗 for layer 𝐿 𝑗 is proportional to its standard

deviation. By substituting this result back into the budget constraint, we obtain the solution for 𝜆

and the optimal allocation of the number of evaluations𝑚 𝑗 in layer 𝐿 𝑗 :

𝑚 𝑗 =
(∑𝑛

𝑖=1 𝜎̂
2

𝑖, 𝑗 )1/2∑𝑛−1
𝑙=0
(∑𝑛

𝑖=1 𝜎̂
2

𝑖,𝑙
)1/2
· (1 − 𝜇𝑓 )𝑚, (8)

where 𝜎̂2

𝑖, 𝑗 is the variance from the initial estimation. This process ensures that layers with higher

variance and thus greater uncertainty receive a proportionally larger share of the evaluation budget

for efficient SVA.

Feature-wise Allocation. The objective of feature-wise allocation is to minimize the second

term

∑𝑘
𝑖=1

∑𝑛−1
𝑗=0

𝜎̂2

𝑖,𝑗

𝜇𝑓𝑚𝑖,𝑗𝜖
2
in Eq. (6), subject to the budget constraint:

∑𝑘
𝑖=1

∑𝑛−1
𝑗=0 𝑚𝑖, 𝑗 = 𝑚𝐹 . Before

this allocation, we first dynamically update the variance estimates for the top-𝑘 features using
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information pooled from both the initial (𝑚∗ samples) and layer-wise (𝑚 𝑗 samples) stages via the

combined variance formula:

𝜎̂2

𝑖, 𝑗 =
𝜎̂2

𝑖, 𝑗𝑚
∗ + 𝜎̂ ′2𝑖, 𝑗𝑚 𝑗 +

𝑚∗𝑚 𝑗

𝑚∗+𝑚 𝑗
(𝑢𝑖, 𝑗 − 𝜙 ′𝑖, 𝑗 )2

𝑚∗ +𝑚 𝑗

. (9)

With the updated variances, we then select the top-𝑘 high-variance features to refine their Shapley

value estimates for improved accuracy and reliability. Similarly, the optimal allocation for𝑚𝑖, 𝑗 can

be obtained by solving the constrained optimization via the Lagrangian function:

𝑚𝑖, 𝑗 =
(𝜎̂2

𝑖, 𝑗 )1/2∑𝑘
𝑖=1 (

∑𝑛−1
𝑗=0 𝜎̂

2

𝑖, 𝑗
)1/2
· 𝜇𝑓𝑚, (10)

where the denominator is the sum of standard deviations across all selected top-𝑘 features and

all layers. This ensures that the evaluation budget is precisely targeted at the greatest sources of

uncertainty, thereby improving the reliability of the final estimates.

We outline the key steps of CoShap in Algorithm 2. The procedure begins with an initial

estimation process, where we compute the variance 𝜎̂𝑖, 𝑗 for each layer by randomly selecting𝑚∗

coalitions of features per layer (Lines 2-6). Then, we compute the exact Shapley values for the first

and last layers (Line 8). Second, in the layer-wise coalition growth phase, a budget of𝑚 𝑗 evaluations

is allocated to each layer 𝐿 𝑗 (Line 10). For each selected coalition 𝑆𝑡 , the marginal contributions

of feature 𝑥𝑖 in the current layer is computed by 𝑢 (𝑆𝑡 ∪ {𝑥𝑖 }) − 𝑢 (𝑆𝑡 ) (Lines 11-13). Then CoShap

updates the variance 𝜎̂𝑖, 𝑗 for each feature (Line 16). Third, in the feature-wise variance-aware

allocation phase, CoShap selects top-𝑘 features with the highest variance for further evaluation.

For each selected feature 𝑥𝑖 , CoShap allocates𝑚𝑖, 𝑗 evaluations (Line 19) and computes a refined

estimate
ˆ𝜙 ′′𝑖, 𝑗 by sampling new coalitions in each layer (Lines 20-22). Finally, the final estimated

Shapley value
ˆ𝜙𝑖 for each feature 𝑥𝑖 is calculated by combining the intermediate estimates from the

Layer-wise and Feature-wise phases, ˆ𝜙 ′𝑖, 𝑗 and ˆ𝜙 ′′𝑖, 𝑗 , respectively (Line 25).

4 Theoretical Analysis
This section presents a theoretical analysis of CoShap, focusing on three aspects: unbiasedness,

convergence and complexity.

4.1 Unbiasedness Analysis
The unbiasedness of SVA requires that the expected value of the estimated Shapley value

ˆ𝜙𝑖 equals

the true Shapley value 𝜙𝑖 for every feature 𝑥𝑖 ∈ 𝑁 , i.e. 𝐸 ( ˆ𝜙𝑖 ) = 𝜙𝑖 , ∀𝑥𝑖 ∈ 𝑁 , 1 ≤ 𝑖 ≤ 𝑛.

Theorem 1. Given a set of features 𝑁 = {𝑥1, 𝑥2, ..., 𝑥𝑛}, the CoShap algorithm (Algorithm 2)
provides an unbiased estimate of the Shapley value for each feature, i.e., 𝐸 ( ˆ𝜙𝑖 ) = 𝜙𝑖 .

Proof. The proof first establishes that the layer-wise estimate
ˆ𝜙𝑖, 𝑗 is an unbiased estimator of

the true layer-wise Shapley value 𝜙𝑖, 𝑗 , and then shows that the total estimate
ˆ𝜙𝑖 is unbiased by the

linearity of expectation.

In CoShap, the final estimate
ˆ𝜙𝑖, 𝑗 for feature 𝑥𝑖 in layer 𝐿 𝑗 is a weighted average of two estimators:

ˆ𝜙 ′𝑖, 𝑗 from the layer-wise phase and
ˆ𝜙 ′′𝑖, 𝑗 from the feature-wise phase. Both estimators are derived

from averaging the marginal contributions. The expectation of any such estimator takes the general

form:
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𝐸 [ ˆ𝜙𝑖, 𝑗 ] = 𝐸

[
1

𝑚𝑖, 𝑗

𝑚𝑖,𝑗∑︁
𝑡=1

(𝑢 (𝑆𝑡 ∪ 𝑥𝑖 ) − 𝑢 (𝑆𝑡 ))
]
=

1

𝑚𝑖, 𝑗

𝑚𝑖,𝑗∑︁
𝑡=1

𝐸 [𝑢 (𝑆𝑡 ∪ 𝑥𝑖 ) − 𝑢 (𝑆𝑡 )], (11)

where𝑚𝑖, 𝑗 is the number of samples for feature 𝑥𝑖 in layer 𝐿 𝑗 , and each sampled coalition 𝑆𝑡 ⊆
𝑁 \ {𝑥𝑖 } has cardinality |𝑆𝑡 | = 𝑗 . The corresponding true layer-wise Shapley value 𝜙𝑖, 𝑗 for all 𝑆 is

the average marginal contribution over all possible coalitions of size 𝑗 :

𝜙𝑖, 𝑗 =
1(

𝑛−1
𝑗

) ∑︁
𝑆⊆𝑁 \{𝑥𝑖 }, |𝑆 |=𝑗

(𝑢 (𝑆 ∪ {𝑥𝑖 }) − 𝑢 (𝑆)) . (12)

Crucially, for any given layer 𝐿 𝑗 , the sampling process ensures that each coalition 𝑆𝑡 is drawn

uniformly at random from the set of all valid coalitions. Therefore, the expectation of a single

randomly sampled marginal contribution is the true layer-wise Shapley value: 𝐸 [𝑢 (𝑆𝑡 ∪ {𝑥𝑖 }) −
𝑢 (𝑆𝑡 )] = 𝜙𝑖, 𝑗 . Substituting this back into Eq. (11) confirms that the estimator is unbiased for the

layer-wise Shapley value estimate
ˆ𝜙𝑖, 𝑗 : 𝐸 [ ˆ𝜙𝑖, 𝑗 ] = 1

𝑚𝑖,𝑗

∑𝑚𝑖,𝑗

𝑡=1
𝜙𝑖, 𝑗 = 𝜙𝑖, 𝑗 .

Since both
ˆ𝜙 ′𝑖, 𝑗 and

ˆ𝜙 ′′𝑖, 𝑗 are unbiased estimators of
ˆ𝜙𝑖, 𝑗 , their weighted average in Eq. 5 is also an

unbiased estimator of 𝜙𝑖, 𝑗 :

𝐸 [ ˆ𝜙𝑖, 𝑗 ] = 𝐸

[
ˆ𝜙 ′𝑖, 𝑗𝑚 𝑗 + ˆ𝜙 ′′𝑖, 𝑗𝑚𝑖, 𝑗

𝑚 𝑗 +𝑚𝑖, 𝑗

]
=
𝐸 [ ˆ𝜙 ′𝑖, 𝑗 ]𝑚 𝑗 + 𝐸 [ ˆ𝜙 ′′𝑖, 𝑗 ]𝑚𝑖, 𝑗

𝑚 𝑗 +𝑚𝑖, 𝑗

=
𝜙𝑖, 𝑗𝑚 𝑗 + 𝜙𝑖, 𝑗𝑚𝑖, 𝑗

𝑚 𝑗 +𝑚𝑖, 𝑗

= 𝜙𝑖, 𝑗 . (13)

The total estimated Shapley value
ˆ𝜙𝑖 of 𝑥𝑖 is the average of the layer-wise estimates:

ˆ𝜙𝑖 =
1

𝑛

∑𝑛−1
𝑗=0

ˆ𝜙𝑖, 𝑗 . By the linearity of expectation, we obtain:

𝐸 [ ˆ𝜙𝑖 ] = 𝐸 [ 1
𝑛

𝑛−1∑︁
𝑗=0

ˆ𝜙𝑖, 𝑗 ] =
1

𝑛

𝑛−1∑︁
𝑗=0

𝐸 [ ˆ𝜙𝑖, 𝑗 ] =
1

𝑛

𝑛−1∑︁
𝑗=0

𝜙𝑖, 𝑗 = 𝜙𝑖 . (14)

Therefore,
ˆ𝜙𝑖 is an unbiased estimator of 𝜙𝑖 for all features 𝑥𝑖 . □

4.2 Convergence Analysis
This subsection presents the convergence property of CoShap by deriving bounds on the number

of evaluations and the estimation error. First, we formalize the property using concentration

inequalities with Theorem 2 establishing the foundation for the subsequent theorems on sample

complexity in Theorem 3 and error bound in Theorem 4. Moreover, we analyze the time complexity

of CoShap. We provide detailed proofs and derivations in Appendix A.

Using the variance estimates, CoShap allocates the number of evaluations. Let 𝜇𝑓 ∈ (0, 1) be
the proportion of budget for the feature-wise variance-aware allocation phase, 𝜇𝑛 ∈ (0, 1) be the
proportion of features selected for this phase, and 𝑘 = ⌈𝑢𝑛 · 𝑛⌉ be the number of features for

feature-wise evaluation. Then, the number of evaluations in the layer-wise coalition growth phase

is (1 − 𝜇𝑓 )𝑚 =
∑𝑛−1

𝑗=0 𝑚 𝑗 , and the number of evaluations in the variance-aware allocation phase is

𝜇𝑓𝑚 =
∑𝑛

𝑖=1

∑𝑛−1
𝑗=0 𝑚𝑖, 𝑗 . The theorem 2 below provides the bound of an (𝜖, 𝛿)-approximation,

Theorem 2. Given amaximum estimation error 𝜖 > 0, CoShap has the bound
∑𝑛

𝑖=1

∑𝑛−1
𝑗=0

𝜎̂2

𝑖,𝑗

(1−𝜇𝑓 )𝑚 𝑗𝜖
2
+∑𝑘

𝑖=1

∑𝑛−1
𝑗=0

𝜎̂2

𝑖,𝑗

𝜇𝑓𝑚𝑖,𝑗𝜖
2
≤ 𝛿 under the condition 𝑃𝑟 ( | ˆ𝜙𝑖, 𝑗 − 𝜙𝑖, 𝑗 | ≤ 𝜖) ≥ 1 − 𝛽 , where 𝛿 = 1 − (1 − 𝛽)2.
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Proof. Given the maximum estimation error 𝜖 , under the condition | ˆ𝜙𝑖, 𝑗 − 𝜙𝑖, 𝑗 | ≤ 𝜖 with

probability at least 1 − 𝛽 , we have:

𝑃𝑟 ( 1
𝑛

𝑛∑︁
𝑖=1

| ˆ𝜙𝑖 − 𝜙𝑖 | ≤ 𝜖) ≥
𝑛∏
𝑖=1

𝑛−1∏
𝑗=0

𝑃𝑟 ( | ˆ𝜙𝑖, 𝑗 − 𝜙𝑖, 𝑗 | ≤ 𝜖) ≥ 1 − 𝛿, (15)

where 𝜙𝑖 and ˆ𝜙𝑖 are the exact and the estimated Shapley value of feature 𝑥𝑖 , respectively. With

𝛿 = 1−(1−𝛽)2, to satisfy∏𝑛
𝑖=𝑘+1

∏𝑛−1
𝑗=0 (1−

𝜎̂2

𝑖,𝑗

(1−𝜇𝑓 )𝑚 𝑗𝜖
2
) ·∏𝑘

𝑖=1

∏𝑛−1
𝑗=0 [(1−

𝜎̂2

𝑖,𝑗

𝜇𝑓𝑚𝑖,𝑗𝜖
2
) · (1− 𝜎̂2

𝑖,𝑗

(1−𝜇𝑓 )𝑚 𝑗𝜖
2
)] ≥

1 − 𝛿, we use the logarithms property and Taylor series expansion, yielding:
𝑛∑︁

𝑖=𝑘+1

𝑛−1∑︁
𝑗=0

𝜎̂2

𝑖, 𝑗

(1 − 𝜇𝑓 )𝑚 𝑗𝜖
2
+

𝑘∑︁
𝑖=1

𝑛−1∑︁
𝑗=0

(
𝜎̂2

𝑖, 𝑗

𝜇𝑓𝑚𝑖, 𝑗𝜖
2
+

𝜎̂2

𝑖, 𝑗

(1 − 𝜇𝑓 )𝑚 𝑗𝜖
2
)

=

𝑛∑︁
𝑖=1

𝑛−1∑︁
𝑗=0

𝜎̂2

𝑖, 𝑗

(1 − 𝜇𝑓 )𝑚 𝑗𝜖
2
+

𝑘∑︁
𝑖=1

𝑛−1∑︁
𝑗=0

𝜎̂2

𝑖, 𝑗

𝜇𝑓𝑚𝑖, 𝑗𝜖
2
≤ 𝛿. (16)

□

4.2.1 Evaluation number bound. To determine the lower bound of evaluations𝑚, we apply Cheby-

shev’s inequality.

Theorem 3. Given a maximum estimation error 𝜖 > 0 and a confidence level (1 − 𝛿), 𝜇𝑓 is the
proportion of the budget for variance-aware allocation phase, the evaluation budget 𝑚 in CoShap
satisfies the following bound:

𝑚 ≥
𝑛𝜎̂2 (𝜇2

𝑓
+ 𝑘 (1 − 𝜇𝑓 )2)

𝛿 (𝜖𝜇𝑓 (1 − 𝜇𝑓 ))2
. (17)

4.2.2 Error bound. Given an estimation error 𝜖 and a confidence level 𝛿 , we present the Theorem 4

regarding the precision of the estimates by a pair of parameters via the parameter pair (𝜖, 𝛿).

Theorem 4. For a feature 𝑥𝑖 ∈ 𝑁 , the estimation error of 𝜙𝑖 can be bounded by
√︃

𝑛𝜎̂2

𝑖

𝛿𝑚
, where 𝜎̂𝑖 is

the estimation variance of 𝜙𝑖 .

4.3 Complexity Analysis
In CoShap, the time complexity is primarily dominated by the cost of model evaluations for

evaluating coalition utilities. Let 𝑇𝑒 denote the time required for a single utility evaluation, which

can be treated as a constant factor. The total number of such evaluations 𝑚 is determined by

the desired (𝜖, 𝛿)-approximation guarantee, which requires 𝑂 ( 𝑛𝜎̂2

𝛿𝜖2
) number of model evaluations

to satisfy the error bound in Theorem 3. Hence, the overall time complexity is dominated by

𝑂 (𝑚𝑇𝑒 ). Besides model evaluations, the computational overhead includes: (1) The initial variance

estimation has a complexity of 𝑂 (𝑛2𝑚∗). (2) The subsequent allocation and aggregation involve

loops over features and layers, with a complexity of 𝑂 (𝑛2 + 𝑘𝑛). In practice, the total number of

model evaluations𝑚 is significantly larger than 𝑛 and𝑚∗. Therefore, the runtime of CoShap is

determined by the evaluation budget𝑚, which can be configured in our algorithm to meet practical

research constraints.

We compare the theoretical error bounds of CoShap with state-of-the-art approximation meth-

ods [59, 64]. Given the number of features 𝑛, an evaluation budget 𝑚, and a confidence level

(1 − 𝛿), methods based on stratified sampling provide an error bound of

√︃
𝑛𝜎2

𝑚
ln( 𝑛

𝛿
), where 𝜎2

is

the variance of the true Shapley values. In contrast, CoShap establishes a tighter bound of

√︃
𝑛𝜎2

𝛿𝑚
by
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dynamically optimizing the budget allocation, which effectively eliminates the logarithmic factor

inherent in standard uniform bounds.

5 Experiments
In this section, we evaluate the performance of CoShap in terms of accuracy and efficiency in

Section 5.2, convergence, scalability and interpretability in Section 5.3, with comparison to state-of-

the-art SVA baselines. Moreover, we conduct the sensitivity study in Section 5.4, a case study in

Section 5.5 and the ablation study in Section 5.6, respectively.

5.1 Experimental Setup
For a fair comparison, we follow experimental settings similar to prior works [4, 26, 64]. All

experiments are conducted on a server with 48 Intel Xeon Silver 4214R CPUs @ 2.4GHz and 128GB

of memory, with results reported as the average of 20 trials. The code of CoShap is available at

https://anonymous.4open.science/r/CoShap.

5.1.1 Datasets. We employ two widely used benchmark datasets from cooperative game theory [4],

one table discovery dataset, and two real-world datasets from high-stakes domains, namely finance

and healthcare. These datasets are chosen to cover a broad spectrum of application scenarios.

Multilayer perceptron models are employed as the utility functions.

Airport Game [29]. In the airport game, an airstrip that accommodates a given plane can also

accommodate smaller planes at no extra cost. The Shapley value in this game represents a fair

distribution of costs among different planes requiring various airstrip lengths. There are 100 planes,

and each plane 𝑖 has an associated cost 𝑐𝑖 . The utility function in this game is given by:

𝑢 (𝑆) = max

𝑖∈𝑆
𝑐𝑖

where {𝑐1, . . . , 𝑐100} = {1, . . . , 1︸  ︷︷  ︸
8

, 2, . . . , 2︸  ︷︷  ︸
12

, 3, . . . , 3︸  ︷︷  ︸
6

, 4, . . . , 4︸  ︷︷  ︸
14

, 5, . . . , 5︸  ︷︷  ︸
8

, 6, . . . , 6︸  ︷︷  ︸
9

, 7, . . . , 7︸  ︷︷  ︸
9

, 8, . . . , 8︸  ︷︷  ︸
13

, 9, . . . , 9︸  ︷︷  ︸
10

,

10, . . . , 10︸     ︷︷     ︸
10

}.

Voting Game [40]. This dataset models a non-symmetric voting game with 51 players under

majority rule, quantifying voting power through Shapley values. The utility function is given as

follows:

𝑢 (𝑆) =
{
1, 𝑖 𝑓

∑
𝑖∈𝑆 𝑤𝑖 >

1

2

∑
𝑗∈𝑁 𝑤𝑖

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

where𝑤𝑖 is the vote weight for the player 𝑥𝑖 , and the weights are {𝑤1, . . .𝑤51} = {45, 41, 27, 26, 26,

25, 21, 17, 17, 14, 13, 13, 12, 12, 12, 11, 10, 10, 10, 10, 9, 9, 9, 9, 8, 8, 7, 7, 7, 7, 6, 6, 6, 6, 5, 4, 4, 4, 4, 4, 4,

4, 4, 4, 3, 3, 3, 3, 3, 3, 3}.

Bank Marketing [38]. This dataset originates from marketing campaigns of a Portuguese bank-

ing institution, containing 4521 samples and 17 features. The campaigns aimed to predict client

subscriptions to term deposits, with binary outcomes labelled as ‘yes’ or ‘no’.

Heart Disease [43]. The heart disease dataset contains 40 features and 246,022 instances, recording
factors impacting heart diseases. It was collected from a U.S. cross-sectional telephone survey

conducted by the Centers for Disease Control and Prevention as a major part of the Behavioral

Risk Factor Surveillance System [6].

Table Discovery [14]. This dataset introduces a novel task named natural language–conditional

table discovery, where a query table is paired with natural language descriptions to retrieve relevant

candidate tables. Specifically, a table join dataset with a maximum of 33 table columns and 4,821
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Table 3. Effectiveness evaluation of CoShap.

MC KernelSHAP CC CCN S-SVARM Diff CoShap

Dataset
#𝐸𝑣𝑎𝑙𝑠.

𝑛

∗
𝑒𝑟𝑟𝑎𝑣𝑔 𝑒𝑟𝑟𝑚𝑎𝑥 𝑒𝑟𝑟𝑎𝑣𝑔 𝑒𝑟𝑟𝑚𝑎𝑥 𝑒𝑟𝑟𝑎𝑣𝑔 𝑒𝑟𝑟𝑚𝑎𝑥 𝑒𝑟𝑟𝑎𝑣𝑔 𝑒𝑟𝑟𝑚𝑎𝑥 𝑒𝑟𝑟𝑎𝑣𝑔 𝑒𝑟𝑟𝑚𝑎𝑥 𝑒𝑟𝑟𝑎𝑣𝑔 𝑒𝑟𝑟𝑚𝑎𝑥 𝑒𝑟𝑟

†
𝑎𝑣𝑔 𝑒𝑟𝑟

†
𝑚𝑎𝑥

Airport

Game

100 0.727 3.323 0.709 0.965 1.040 12.027 0.225 2.036 0.289 2.701 0.551 6.554 0.099 (↓56.05%) 0.683 (↓66.44%)
500 0.484 1.658 0.409 0.950 0.232 3.074 0.101 0.961 0.116 1.127 0.263 3.090 0.035 (↓65.62%) 0.375 (↓60.98%)
1000 0.415 1.261 0.339 0.938 0.160 1.606 0.077 0.889 0.076 0.857 0.189 1.759 0.032 (↓57.65%) 0.315 (↓63.17%)
5000 0.146 0.620 0.105 0.533 0.065 0.666 0.034 0.334 0.036 0.349 0.063 0.788 0.019 (↓45.67%) 0.191 (↓42.69%)
10000 0.133 0.516 0.088 0.391 0.048 0.556 0.025 0.274 0.024 0.232 0.049 0.561 0.012 (↓47.35%) 0.147 (↓36.45%)

Voting

Game

100 0.996 5.889 0.940 2.613 0.713 4.755 0.292 1.304 0.645 2.962 0.809 4.290 0.282 (↓3.21%) 1.094 (↓16.14%)
500 0.610 3.228 0.591 2.562 0.226 1.084 0.202 0.892 0.251 1.135 0.437 1.075 0.184 (↓9.01%) 0.714 (↓20.02%)
1000 0.445 3.058 0.394 2.199 0.157 0.860 0.189 0.724 0.180 0.785 0.227 0.943 0.128 (↓18.58%) 0.449 (↓38.08%)
5000 0.120 0.474 0.085 1.184 0.069 0.360 0.063 0.304 0.079 0.357 0.068 0.526 0.055 (↓12.69%) 0.239 (↓21.38%)
10000 0.097 0.342 0.071 0.855 0.049 0.241 0.042 0.168 0.055 0.269 0.047 0.281 0.038 (↓9.52%) 0.147 (↓12.50%)

Bank

Marketing

100 1.839 16.874 1.611 12.470 1.497 10.122 1.784 13.168 2.528 17.560 1.387 9.730 1.132 (↓18.39%) 8.982 (↓7.69%)
500 1.280 9.154 1.093 10.145 0.832 5.305 0.821 4.976 2.009 13.067 0.704 4.678 0.535 (↓24.01%) 4.225 (↓9.68%)
1000 1.273 10.589 0.978 9.198 0.757 5.219 0.628 3.743 1.115 10.573 0.584 3.451 0.426 (↓27.06%) 3.186 (↓7.68%)
5000 0.429 3.396 0.417 2.769 0.412 2.666 0.372 1.941 0.423 3.244 0.354 1.681 0.315 (↓11.02%) 1.867 (↑11.06%)
10000 0.411 3.288 0.376 2.483 0.367 2.125 0.329 1.884 0.404 3.225 0.303 1.290 0.290 (↓4.29%) 1.850 (↑43.41%)

Heart

Disease

100 1.350 11.171 1.221 10.985 1.336 13.269 1.004 9.748 1.258 16.001 1.742 20.663 0.740 (↓26.29%) 8.353(↓14.31%)
500 0.764 6.969 0.759 6.574 0.521 5.365 0.405 4.399 0.554 7.099 0.861 10.651 0.284 (↓29.88%) 2.984 (↓32.17%)
1000 0.435 2.908 0.419 3.861 0.306 3.169 0.436 5.677 0.438 6.480 0.562 6.209 0.204 (↓33.33%) 2.028 (↓36.01%)
5000 0.238 3.301 0.208 2.311 0.201 2.270 0.192 2.048 0.189 2.011 0.248 2.465 0.084 (↓55.56%) 0.855 (↓57.48%)
10000 0.240 3.321 0.154 1.832 0.139 1.445 0.144 1.903 0.152 1.798 0.163 1.448 0.070 (↓49.64%) 0.724 (↓49.90%)

Table

Discovery

100 0.764 1.674 0.516 2.413 0.417 1.871 0.480 2.313 0.510 2.391 0.551 2.695 0.464 (↑11.27%) 1.662 (↓0.72%)
500 0.649 1.423 0.289 1.451 0.195 0.919 0.242 1.196 0.216 1.052 0.265 1.271 0.194 (↓0.51%) 0.832 (↓9.47%)
1000 0.493 1.628 0.169 0.932 0.124 0.566 0.148 0.744 0.158 0.849 0.185 1.038 0.115 (↓7.26%) 0.559 (↓1.24%)
5000 0.136 0.420 0.076 0.375 0.073 0.350 0.070 0.322 0.075 0.389 0.089 0.450 0.057 (↓18.57%) 0.184 (↓42.86%)
10000 0.128 0.357 0.055 0.257 0.056 0.284 0.052 0.221 0.054 0.270 0.065 0.314 0.049 (↓5.77%) 0.207 (↓6.33%)

Data

Repair

100 0.248 0.999 0.130 0.682 0.333 2.750 0.299 2.416 0.310 2.312 0.341 2.888 0.087 (↓33.08%) 0.325 (↓52.35%)
500 0.214 0.682 0.108 0.408 0.145 1.140 0.120 0.830 0.224 1.619 0.168 1.441 0.033 (↓69.44%) 0.139 (↓65.93%)
1000 0.169 0.526 0.098 0.291 0.117 1.017 0.095 0.740 0.190 1.251 0.109 0.876 0.022 (↓76.84%) 0.107 (↓63.23%)
5000 0.064 0.364 0.092 0.212 0.046 0.325 0.051 0.473 0.186 1.290 0.034 0.153 0.010 (↓70.59%) 0.053 (↓65.36%)
10000 0.032 0.158 0.089 0.212 0.024 0.144 0.026 0.166 0.121 0.984 0.028 0.148 0.007 (↓70.83%) 0.041 (↓71.53%)

∗ The table reports the normalized number of evaluations per feature, i.e., the total number of evaluations

divided by the number of features 𝑛.

† Error reduction of CoShap over the best-performing baselines for 𝑒𝑟𝑟𝑎𝑣𝑔 (bold) and 𝑒𝑟𝑟𝑚𝑎𝑥 (underlined).

samples is utilized to identify candidate tables semantically or structurally related to the given

query table.

Data Repair [46]. We utilize the Hospital dataset from HoloClean, collected from the U.S. Depart-

ment of Health & Human Services and consists of 1,000 tuples with 19 attributes. The dataset is

annotated with 9 real-world denial constraints, resulting in 6,604 constraint violations. Given an

input tuple, our task is to predict whether it participates in any violations and to further analyze

the influence of candidate repair actions on the violation outcomes.

5.1.2 Baselines. We compare CoShap with six baselines, categorized into permutation-based and

coalition-based approaches. For permutation-based methods, we include the representative and

classical Monte Carlo (MC) method, alongside the state-of-the-art CC and CCN algorithms. For

coalition-based methods, we select the widely adopted KernelSHAP, as well as the recent advanced

methods S-SVARM and Diff. All chosen baselines are model-agnostic, providing a direct and fair

comparison to our proposed method.

MC [5] randomly samples permutations of features, and computes the marginal contribution of

each feature. In the experiments, the Monte Carlo method serves as a benchmark for approximating

the Shapley value by sampling a substantial number of permutations.

KernelSHAP [32] approximates Shapley values by constructing a weighted local surrogate model.

It works by sampling feature coalitions and fitting a weighted least squares regression model, where

the Shapley kernel defines the coalition weights. The regression coefficients from this fit are then

interpreted as the estimated feature attributions for the given prediction.
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(b) Voting Game

Fig. 5. Trade-offs between efficiency and accuracy.

CC [64] reformulates Shapley value estimation by introducing the complementary contributions.

Instead of calculating the marginal contribution of each feature individually, CC estimates it by

using the utilities of coalitions and their complements.

CCN [64] optimizes the sampling process of the CC method using the Neyman allocation. It divides

complementary contributions into groups based on the cardinalities of coalitions, and then allocates

samples to each group according to its variance.

S-SVARM [26] approximates the Shapley value by solving a regression problem constructed

from randomly sampled coalitions and their corresponding model outputs, avoiding the direct

computation of marginal contributions.

Diff [41] estimates the Shapley value by leveraging a differential matrix. It reduces the estima-

tion variance by estimating the differences between Shapley values and employs a least squares

optimization approach to estimate Shapley values from the matrix.

5.1.3 Evaluation Metrics. Our experiment utilizes three metrics to measure the performance

of CoShap, the average error ratio (𝑒𝑟𝑟𝑎𝑣𝑔), the maximum error ratio (𝑒𝑟𝑟𝑚𝑎𝑥 ) and the average

coefficient of variation (ACV). The lower 𝑒𝑟𝑟𝑎𝑣𝑔, 𝑒𝑟𝑟𝑚𝑎𝑥 and ACV indicate the better quality of the

estimated Shapley value.

The average error ratio reflects the ratio of the total accumulated absolute errors against the total

Shapley value of features. Given the benchmark Shapley value 𝜙𝑖 and the approximate Shapley

value
ˆ𝜙𝑖 , the 𝑒𝑟𝑟𝑎𝑣𝑔 is calculated as:

𝑒𝑟𝑟𝑎𝑣𝑔 =
1

𝑛

𝑛∑︁
𝑖=1

|
ˆ𝜙𝑖 − 𝜙𝑖
𝜙𝑖
|, (1 ≤ 𝑖 ≤ 𝑛). (18)

The maximum error ratio provides insights into the worst-case scenario, ensuring the output

interpretation is reliable. It is calculated as follows:

𝑒𝑟𝑟𝑚𝑎𝑥 = max

𝑖
|
ˆ𝜙𝑖 − 𝜙𝑖
𝜙𝑖
|, (1 ≤ 𝑖 ≤ 𝑛). (19)

The Average coefficient of variation quantifies the relative dispersion of repeated Shapley

value estimates. For feature 𝑥𝑖 , let { ˆ𝜙1

𝑖 , ...,
ˆ𝜙𝑡
𝑖 } be 𝑡 independent estimates obtained under identical
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Fig. 6. Scalability evaluation.

experimental setting, the ACV across all features is calculated as:

𝐴𝐶𝑉 =
1

𝑛

𝑛∑︁
𝑖=1

√︃
1

𝑡

∑𝑡
𝑖=1 ( ˆ𝜙𝑡

𝑖
− 1

𝑡

∑𝑡
𝑖=1

ˆ𝜙𝑡
𝑖
)2

| 1
𝑡

∑𝑡
𝑖=1

ˆ𝜙𝑡
𝑖
|

, (1 ≤ 𝑖 ≤ 𝑛). (20)

5.1.4 Benchmark. Computing the exact Shapley value 𝜙𝑖 is impractical due to its exponential

complexity in the number of features. Therefore, we use the true Shapley value reported in [4]

as the benchmark for game theory datasets, and use the estimated Shapley value computed by

the Monte Carlo method with 50000𝑛 permutations as the benchmark Shapley value for other

experiments.

5.1.5 Parameters. The parameters for the evaluations are set as:𝑚∗=max(2, ⌊ 𝑚
2𝑛2
⌋), 𝜇𝑓 =0.1, and

𝜇𝑛=0.5. This configuration is determined through a one-time grid search performed on a repre-

sentative Airport Game dataset and consistently held fixed across all subsequent experiments.

The computational overhead of this one-time search is negligible (under one minute and easily

parallelized) and is therefore excluded from the runtime measurements reported in the experiments.

5.2 Accuracy and Efficiency
In this section, we evaluate the accuracy of CoShap in terms of 𝑒𝑟𝑟𝑎𝑣𝑔 and 𝑒𝑟𝑟𝑚𝑎𝑥 by varying the

number of evaluations𝑚 on five datasets. For efficiency, we evaluate the runtime to achieve target

𝑒𝑟𝑟𝑎𝑣𝑔 of CoShap and baselines on the five datasets.

Accuracy. As depicted in Table 3, CoShap outperforms all baselines. As𝑚 increases, the 𝑒𝑟𝑟𝑎𝑣𝑔
decreases, indicating that the approximated Shapley value becomes closer to the accurate Shapley

value. Notably, in the data repair task, CoShap achieves significantly lower error ratios, showing its

effectiveness in data management tasks. We observe that features with smaller Shapley values

usually have larger error ratios. This is because even when the absolute error value is small, it can

result in a large 𝑒𝑟𝑟𝑎𝑣𝑔 on a small Shapley value. CoShap achieves a small 𝑒𝑟𝑟𝑎𝑣𝑔 by strategically

allocating more evaluations to high-variance features, thereby reducing estimation uncertainty. A

similar trend is observed for 𝑒𝑟𝑟𝑚𝑎𝑥 , which decreases for all methods as𝑚 increases, with CoShap

consistently achieving the lowest error. This advantage is particularly pronounced when compared

to kernelSHAP. While kernelSHAP remains competitive in terms of 𝑒𝑟𝑟𝑚𝑎𝑥 on Data Repair under

small evaluation budgets, it suffer from slow convergence on datasets with a larger feature space,

e.g., Airport Game. In such high-dimensional settings, CoShap achieves substantially lower 𝑒𝑟𝑟𝑎𝑣𝑔
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Table 4. Efficiency evaluation of CoShap.

Dataset 𝑒𝑟𝑟𝑎𝑣𝑔 MC KernelSHAP CC CCN S-SVARM Diff CoShap
†

Airport

Game

≤0.01 –
∗

– 39.22s 20.87s 9.40s 47.41s 3.13s (↑3.00×)
≤0.05 – – 10.44s 8.62s 6.41s 10.68s 1.31s (↑4.89×)
≤0.1 19.11s 13.11s 5.20s 2.18s 3.93s 5.04s 1.01s (↑2.16×)

Voting

Game

≤0.01 – – 30.72s 19.76s 39.76s 27.31s 3.14s (↑6.29×)
≤0.05 922.15s 701.89s 15.71s 5.69s 22.70s 16.46s 2.53s (↑2.25×)
≤0.1 3.44s 3.36s 3.25s 2.40s 3.71s 4.13s 1.14s (↑2.11×)

Bank

Marketing

≤0.1 – – 9882.81s – – 5154.91s 4242.18s (↑1.22×)
≤0.3 – 2891.75s 2109.88s 3999.41s 1691.08s 1293.89s 526.67s (↑2.46×)
≤0.5 716.72s 487.39s 367.23s 411.26s 299.76s 243.74s 131.39s (↑1.86×)

Heart

Disease

≤0.1 – – 6874.36s 5953.66s – – 1649.61s (↑3.61×)
≤0.3 850.62s 835.19s 637.15s 760.59s 811.73s 1138.37s 306.03s (↑2.08×)
≤0.5 432.12s 425.89s 239.84s 253.58s 365.05s 515.09s 133.96s (↑1.79×)

Table

Discovery

≤0.1 – 691.42s 569.89s 607.36s 681.11s 705.09s 196.10s (↑2.91×)
≤0.3 310.66s 134.26s 97.81s 105.90s 111.03s 125.30s 62.71s (↑1.56×)
≤0.5 121.77s 70.59s 51.33s 59.98s 67.18s 78.34s 29.61s (↑1.73×)

Data

Repair

≤0.05 2618.34s – 712.67s 789.47s – 506.73s 98.43s (↑5.15×)
≤0.1 241.29s 70.36s 138.96s 125.46s 1042.38s 130.26s 9.84s (↑7.15×)
≤0.3 25.89s 9.76s 16.56s 13.94s 14.26s 17.82s 5.84s (↑1.67×)

∗ Results marked with “−” denote that the runtime exceeded 10
4
seconds.

† Speedup of CoShap over the best-performing baselines for achieving a target 𝑒𝑟𝑟𝑎𝑣𝑔 (bold).

and 𝑒𝑟𝑟𝑚𝑎𝑥 . This superior performance stems from CoShap’s dynamical budget allocation, which

actively directs computational resources toward high-variance features to refine their estimates

more efficiently.

Efficiency. In Table 4, we investigate the runtime for the methods to achieve an average error

ratio of ≤ 0.01, ≤ 0.05 and ≤ 0.1. The time cost by the baselines increases sharply as the number

of features, while the proposed CoShap requires significantly less runtime to achieve the same

approximation error ratio, which verifies the efficiency of our CoShap framework. Compared to

these baselines, CoShap achieves a speedup over the best-performing baseline of 4.89×, 3.11×,
3.57×, 3.61×, 2.91× and 7.15× on Airport Game, Voting Game, Bank Marketing, Heart Disease, Table

Discovery, and Data Repair datasets, respectively. There are three main reasons for such superior

performance. First, CoShap reduces the time overheads by reusing the coalitions and their utility

in the layer-wise coalition growth phase, therefore reducing the runtime of coalition calculations.

Second, the feature-wise variance-aware allocation is adopted to achieve more efficient evaluation

of feature contributions. Last, CoShap enhances efficiency by dynamically allocating evaluations

based on estimated variance at each iteration, thus converging to the same estimated error level

more effectively.

5.3 Convergence, Scalability & Interpretability
In this study, we assess the performance of CoShap in terms of convergence, scalability and

interpretability, respectively.

Convergence. We evaluate convergence through error-runtime trade-off curves of methods across

different datasets. These curves plot 𝑒𝑟𝑟𝑎𝑣𝑔 (horizontal axis) against runtime (vertical axis). In

Figure 5(a), CoShap achieves the most rapid convergence rate, reducing errors 1.65× faster than
baselines on Airport Game. It stabilizes at the error bound (0.005), outperforming baselines in

precision. This indicates that CoShap achieves both rapid convergence and precise estimation. In

Figure 5(b), CoShap maintains the fastest convergence rate and tighter error bound against all

baselines. These results confirm that CoShap achieves an exponentially decreasing estimation error,

aligning with the theoretical analysis in Section 4.
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Fig. 7. Effects of different parameter settings.

Scalability. We evaluate the scalability in terms of runtime and the average coefficient of variation
(ACV) by simulating the Airport Game with 100, 200, 300, 400 and 500 features. Given a set of

estimated Shapley values { ˆ𝜙1

𝑖 , . . . ,
ˆ𝜙𝑡
𝑖 } computed 𝑡 times under identical settings (where

ˆ𝜙𝑡
𝑖 denotes

the 𝑡-th estimate for feature 𝑥𝑖 ), we evaluate ACV of CoShap and all baselines. As depicted in

Figure 6(a), as the number of features increases from 100 to 500, the runtime of CoShap grows nearly

linearly. In contrast, MC, KernelSHAP, S-SVARM, CC and Diff exhibit a quadratic or exponential

increase in runtime, and CCN exhibits a slower runtime increase. Moreover, the ACV of CoShap

remains stable as the number of features increases, indicating its scalability in handling high-

dimensional data. The results reveal that CoShap achieves near-linear scaling behavior, which

distinguishes CoShap from baselines.

Interpretability. We evaluate interpretability at both individual and cohort levels. At the individual

level, we analyze feature contributions for heart disease prediction of a patient using Shapley values.

As depicted in Figure 8(a), Stroke is identified as a primary factor, followed by Smoker, Alcohol,
BMI (Obesity), Activity, and HadDiabetes, which is consistent with previous population-attributable

risk findings reported by [49]. Cohort-level [19] interpretation offers a broader and more stable

perspective across groups of patients. Three distinct patient cohorts are derived based on age: under
50, 50 to 60, and over 60. In Figure 8(b), Smoker consistently emerges as a primary risk factor for heart

disease across all cohorts, while Diabetes contributes most substantially in cohort 3. SleepHours
is more influential in cohort 1, whereas Activity is more significant in cohort 2. Furthermore,

Depression has the minimal influence in cohort 3. These findings align with the results presented

in [57].

5.4 Sensitivity Study
The Sensitivity Study experiment includes two aspects. Initially, we evaluate the proportion of

budget 𝜇𝑓 and the proportion of features 𝜇𝑛 for feature-wise evaluation. Subsequently, we also

evaluate the impact of the number of evaluations.

First, we focus on the two critical hyperparameters: 𝜇𝑓 and 𝜇𝑛 . These hyperparameters control

the convergence of estimate error and the frequency of variance updates. As an illustration, the

experimental results on Airport Game dataset in Figure 7 suggest that the optimal settings for 𝜇𝑓
lie between 0.1 and 0.2, and for 𝜇𝑛 between 0.4 and 0.5. In the absence of prior knowledge about a

dataset, we recommend these default parameters as initial values, followed by a grid search to find

better hyperparameters. Further, we evaluate the impact of the number of evaluations𝑚∗ in the

initial estimation. The results in Figure 10 show that an excessively large𝑚∗ causes more accurate

variance estimations, which can somewhat ensure a certain level of performance but at the expense

of efficiency. Conversely, an overly small𝑚∗ reduces the time of initial estimation, but results in an
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(a) Individual Interpretability

(b) Cohort Interpretability

Fig. 8. Interpretability analysis of CoShap.

ineffective sample distribution, leading to a decline in evaluation performance. We recommend

𝑚∗ = max(2, ⌊ 𝑚
2𝑛2
⌋) to balance computational efficiency and estimation accuracy.

5.5 Case Study
To highlight the practical impact of CoShap in real-world applications, we conduct a case study

on the data repair task, with results demonstrated in Figure 9. By formulating data repair as a

cooperative game under integrity constraints, CoShap decomposes repair effectiveness through

Shapley values and attributes the global repair outcome to individual features, repair actions, and

heterogeneous feature groups.

Contribution of Important Features. CoShap is applied to calculate the Shapley value of

individual features to identify those that drive the model’s decisions. Figure 9 (a) reveals that

attributes such as City and MeasureCode exhibit positive contributions, indicating that repairs

in these features are more effective for violation correction. In contrast, HospitalType and State

show negative contributions, suggesting that modifying these attributes alone is insufficient to

resolve the underlying violations and may even increase the model’s suspicion. This phenomenon

is consistent with their limited involvement in the constraints, as each participates in only a single

constraint, limiting their ability to provide corroborating evidence for violation correction.

Contribution of Specific Repairs. Following common data repair practices in the data cleaning

literature [12, 15], we investigate seven representative repair strategies that capture a diverse

spectrum of data repair actions and CoShap is employed to quantify their effectiveness. Block
Mode (BlkMode) enforces consistency by replacing conflicting values within an equivalence block

with the majority value.Consensus-confidentMode (ConfMd) applies a similar strategy but only

when the majority value exceeds a confidence threshold.Minimal Fix (MinFix) repairs target only
minority tuples within a block, preserving dominant values while minimizing intervention. String
Canonicalization (StrCan) normalizes textual attributes by removing superficial variations such

as case, punctuation, and spacing.Anchor-strong IDMode (IDMode) performs consistency repair

within sub-blocks defined by strong identifiers. Code Format (CodeFmt) corrects structured
attributes with predefined formats, such as phone numbers and zip codes. Finally, Top-3 Frequent
Substitution (TopFrq) heuristically replaces a value with one of the most frequent candidates in

the block. Figure 9 (b) shows that consistency-enforcing repairs, such as BlkMode and ConfMd,

contribute disproportionately to violation repairing, despite generating fewer candidate actions,
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Fig. 9. Shapley-based analysis of data repair tasks.

whereas frequency-based heuristics produce a large repair space with limited effectiveness. This

observation aligns with the construction of the HoloClean hospital dataset, which introduces

violations by corrupting a limited number of cells under predefined integrity constraints. Within

each equivalence block, the underlying ground truth values are largely fixed and well-defined.

Consequently, consistency-based repair actions constitute reasonable and semantically grounded

repair candidates.

Influence of Heterogeneous Features. CoShap is leveraged to analyze the influence of different

feature groups. We categorize features into four mutually exclusive groups based on their semantic

roles [46]: identity features (e.g., HospitalName, HospitalOwner), textual features describing enti-

ties, code features with structured formats (e.g., PhoneNumber, ZipCode), and numeric features

(e.g., Score, Sample). Figure 9 (c) demonstrates a clear hierarchy among heterogeneous features.

Repairs on identity features are most effective in resolving violations. Textual and code features

contribute positively but primarily play refinement-oriented roles. In contrast, numeric features

exhibit negative contributions, suggesting that quantitative repairs are often ineffective. This effect

arises because numeric values within an equivalence block naturally vary with the state-level

aggregate statistic (Stateavg), making local numeric corrections insufficient to resolve underlying

inconsistencies.

In summary, CoShap prioritizes high-impact features and repair actions while identifying low-

utility or even detrimental repair directions, thereby effectively reducing the search space of

candidate repairs. These findings position CoShap as a practical decision-support tool for data

repair systems, enabling principled repair design, pruning of low-yield candidates, and more

effective allocation of repair budgets in data management tasks.

5.6 Ablation Study
We conduct the ablation study to assess the effects of key components in CoShap, including the

layer-wise coalition growth (layer-wise evaluation) and the feature-wise variance-aware allocation

(feature-wise evaluation), on the Airport game dataset.

Layer-wise Evaluation. To explore the effects of layer-wise evaluation, we evaluate three different
methods for calculating marginal contributions: 1) Permutation-based calculation using random

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 155. Publication date: June 2026.



155:22 Jingxuan He et al.

10 30 50 70 90
# samples for random initialization

0.056

0.058

0.060

0.062

0.064

0.066

Av
er

ag
e 

er
ro

r r
at

io

CoShap_err_avg CoShap_err_max

10 30 50 70 90
# samples for random initialization

0.056

0.058

0.060

0.062

0.064

0.066

Av
er

ag
e 

er
ro

r r
at

io

(a) Voting Game

10 30 50 70 90
# samples for random initialization

0.20

0.21

0.22

Av
er

ag
e 

er
ro

r r
at

io

(b) Bank Marketing

Fig. 10. Effects of the𝑚∗ parameter on CoShap.
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Fig. 11. Effects of the layer-wise evaluation.

sampling (Permutation-random), 2) Coalition-based calculation using random sampling (Coalition-
random), and 3) Layer-wise evaluation based on coalition growth (Layer-wise). In Figure 11, we

observe that Layer-wise achieves the best performance in terms of 𝑒𝑟𝑟𝑎𝑟𝑔 and runtime. CoShap

significantly reduces computational complexity by leveraging the structural properties of marginal

contributions while maintaining accuracy comparable to both permutation-based and random

sampling methods. Specifically, Layer-wise demonstrates superior computational efficiency over

the permutation-based method, which becomes computationally intensive and time-consuming

when processing large-scale datasets. Furthermore, compared to the random sampling method,

Layer-wise achieves stability and reliability in performance by reusing results from upper-layer

calculations. These findings highlight the substantial potential of CoShap for practical applications.

Feature-wise Evaluation. Weassess the effects of feature-wise evaluation by comparingw/ Feature-
wise (CoShap with the feature-wise variance-aware allocation) and w/o Feature-wise (CoShap with-

out the feature-wise variance-aware allocation). Figure 12 (a) presents 𝑒𝑟𝑟𝑎𝑣𝑒 by varying𝑚. The

absence of feature-wise evaluation leads to a higher error for two main reasons. For one thing,

the feature-wise evaluation focuses on top-𝑘 features with the highest variance, leading to more

accurate estimates and reduced estimated error. For another, CoShap enables dynamic updates

to evaluation allocation based on variance, optimizing budget distribution and improving the

accuracy in the process. Figure 12 (b) presents the runtime of different numbers of features with

𝑒𝑟𝑟𝑎𝑣𝑒 ≤ 0.1. By allocating samples based on the variance of marginal contributions, the optimized

allocation method allows CoShap to converge to a specified error faster, saving evaluation budget

and reducing runtime. This efficiency arises from focusing computational budgets on the top-𝑘

features with the highest variance, reducing the runtime required to achieve the desired accuracy.

These results highlight the improvement of feature-wise evaluation in both faster convergence and

lower computational costs.
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6 Related Work
Shapley value approximation. The Shapley value computation is known to be an NP-hard

problem since it involves evaluating the importance of features with all possible permutations [34,

47]. To address the challenge, several methods have been developed to approximate the Shapley

value by evaluating a subset of randomly selected feature permutations, rather than the full factorial

set. MC [5] proposes an unbiased, stochastic estimator by sampling permutations of features with

probability (1/𝑛!) to compute the marginal contribution of each feature to the coalition’s value.

L-Shapley and C-Shapley [10] are two related approaches designed for structured data, such as

images. Both approaches are biased Shapley value estimators as they restrict the game to consider

only coalitions of features within the neighborhood of the feature being explained. IME [52]

approximates the Shapley value with a fixed number of random permutations. A variant of IME,

called adaptive sampling, improves convergence by allocating more samples to features with higher

variance in their marginal contributions [53].

Explainable machine learning. In machine learning, the Shapley value is employed to quantify

the contributions of input features to the output of a machine learning model at the instance level [8,

9]. Given a specific instance, the objective is to decompose the model’s prediction and compute

Shapley values for each feature of the instance. Shapley value methods for explainable machine

learning could be broadly classified into two categories: domain-independent methods, which are

applicable to any model, and domain-dependent methods, which are tailored to specific model types.

Among domain-independent methods, the pioneering Shapley value-based universal explanation

method SHAP [32] approximates the Shapley value with linear time. However, it operates under

implicit assumptions about the features. To address the limitation, newer Shapley value-based

explanation techniques [13, 16, 21, 22] have been proposed, with some methods generalizing SHAP

beyond feature values to give attributions to first-order feature interactions [55, 56]. Domain-

dependent methods, while less flexible than domain-independent approaches, offer significantly

faster computation by leveraging the specific structures and internal properties of the model to

enhance efficiency. These methods have been developed for various model types, including linear

models, tree models, and deep learning models. First, LinearSHAP-based methods [32, 53] estimate

Shapley value for linear models under the assumption that the data follows a multivariate Gaussian

distribution. When this assumption does not hold, these methods may introduce bias. Second,

TreeShap [31] is developed to interpret tree-based models such as decision trees, random forests,

gradient-boosted trees, and their ensembles [36]. These models are capable of representing non-

linear relationships and interaction effects, which makes them more complex than linear models.

Finally, several earlymethods have been proposed to explain deep neural networksmodels, including
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DeepLIFT [50], DASP [1] and ShapNets [58]. However, they may introduce bias in estimating

Shapley values due to their reliance on backpropagation rules and local approximations [7].

7 Conclusions
In this paper, we identify the efficiency and reliability bottlenecks of existing Shapley value ap-

proximation methods. To address these issues, we introduce CoShap, a two-phase algorithm for

model-agnostic interpretation. For efficiency, we leverage the pattern growth method to generate

coalitions through layer-wise evaluation, effectively reducing redundant computations by merging

identical marginal contributions and reusing coalition utilities. Recognizing the unreliable approx-

imation of certain features, we propose a feature-wise evaluation that prioritizes top-𝑘 features

with the highest variances, leading to more accurate and reliable estimations. We further present

the variance-driven allocation method by dynamically distributing evaluation budgets, ensuring

that CoShap maintains a balance between efficiency and accuracy. Our experiments demonstrate

that CoShap delivers a 7.15× speedup in runtime and a 76.84% reduction in the average error ratio.
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