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Densest subgraph discovery (DSD) is a fundamental research topic in network science and graph databases. As
a typical variant of DSD, the anchored densest subgraph (ADS) problem aims to detect a densest subgraph that
is anchored around user-defined seed vertices. The ADS problem has been shown to be very useful in some
personalized applications, such as community search and recommendation. While the ADS problem is very
useful, existing algorithms suffer from weak theoretical guarantees and perform poorly in practice. To address
these issues, we first propose a novel approximation algorithm with improved time complexity, achieving
the same accuracy as existing methods while requiring significantly fewer iterations. To further enhance
practical performance, we introduce a graph reduction technique that localizes the ADS search to a much
smaller subgraph, while still providing non-trivial theoretical guarantees. Building on this approximation,
we also develop an efficient exact algorithm. We have performed an extensive empirical evaluation of our
approaches on 12 real large datasets. The results show that our proposed algorithms are up to four orders of
magnitude faster than the state-of-the-art.
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1 Introduction

Densest Subgraph Discovery (DSD) is a fundamental problem in graph data management, and has
been studied for decades in the literature [2, 5, 14, 27, 48, 50, 59, 64, 66, 68, 80, 81]. The classical DSD
problem aims to find the subgraph with maximum edge-density, or the number of edges over the
number of vertices within the subgraph. This problem has also been extended to other definitions
of density [49, 80, 81] and to different types of graphs [17, 50, 59]. Nevertheless, all of these DSD
problems seek to find a single subgraph from the entire graph, and are thus referred to as global
DSD problems. Such problems have found applications in many areas, such as community detection
[26, 27, 46, 80], revealing fake followers [50], and identifying echo chambers and groups engaged
in spreading misinformation [42]. While global DSD excels at identifying the single most dense
region in a graph, it often fails to capture user-specific interests or localized structures that are still
crucial in real-world applications. To address this, recent research has shifted toward local DSD (or
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Fig. 1. An example of the anchored densest subgraph, in which A={vs}, R={vs, v7,vs}.

anchored densest subgraph, ADS) discovery, which seeks to find a densest subgraph (DS) anchored
around user-defined seed vertices [20, 26, 44, 46, 51, 74, 76].

In this paper, we study efficient solutions for the ADS discovery [20, 26, 44, 46, 51, 74, 76]. The
ADS problem provides a flexible framework for local DSD by imposing two critical, user-defined
constraints, focused on two vertex sets: an anchor set A and a reference set R (where A C R). The
anchor set A specifies vertices that must be included in the result, ensuring the discovered DS
is centered around key seed vertices. In contrast, the reference set R restricts the search space,
enforcing locality and maintaining contextual relevance of the resulting subgraph. The ADS problem
has demonstrated superior effectiveness in identifying cohesive local communities that are centered
on the anchor set. We refer readers to [21] for more details on different density measures. In light of
this, we focus on the ADS problem with NR-density in this paper, that is, finding the subgraph with
the highest NR-density. Given a graph G = (V, E), where V and E denote the vertex set and edge
set, respectively, for any vertex subset S C V, G[S] denotes the induced subgraph on S, and E(S)
denotes the edge set of G[S]. For a vertex u € S, N(u, G[S]) ={v € S | (u,0) € E} is the neighbor
set of u within G[S]. Given two vertex sets A C R C V and any S C V, the NR-density [21, 74] of
the induced subgraph G[S] is:

2E(S)| = Zues\r|N (w GIS))|

15| '
As shown in Fig. 1, given A={vs}, and R={vs,v7, 03}, the ADS is the subgraph induced by the
vertex set {vg4, vs, U6, 07, U3 }, whose NR-density is 205—_8:2.4, and there is no other subgraphs whose
NR-density is larger than 2.4. The ADS problem remains highly relevant to graph data management
and graph database systems. In particular, ADS has been widely used in fundamental tasks such as
graph visualization, community detection (or search), and near-clique identification [26, 43, 46].
Moreover, modern graph database systems (e.g., Neo4j and Nebula) provide native community-
oriented operators closely related to ADS discovery. Last but not least, the ADS problem has been
found useful in many personalized applications [19, 20, 26, 44, 46, 74], to name a few:

pr(G[S]) = 1)

e Product recommendation [20]. In e-commerce, the ADS problem can be applied to bundle
recommendation. When a customer views a smartphone (the anchor set, A), all compatible
accessories, such as cases, chargers, or earbuds, constitute the reference set, R. In this context,
ADS corresponds to a dense subgraph with respect to the reference set R, representing a
coherent item bundle that can be leveraged to enhance bundle recommendation performance,
as shown in our case study in Section 7.3.

e Community search [44, 74]. In social and collaboration networks, communities can be
naturally modeled as ADSs by using the anchor set (A) and reference set (R) as a guide. For
example, on platforms such as GitHub, a key project maintainer can serve as the anchor set
A, while all project contributors constitute the reference set R. In this setting, ADS denotes
the core development team, a group of members who not only interact with the anchor but
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also collaborate extensively with each other. Our experiments in Section 7.3 show that ADS is
effective for revealing communities in the DBLP network.

e Event organization [20, 26, 46]. For example, when organizing an academic workshop,
confirmed keynote speakers (e.g., “Jim Gray”) can be treated as the anchor set (A), while
researchers who closely collaborate with the anchors constitute the reference set (R). Then,
ADS corresponds to a recommended list of invitees—researchers who maintain strong co-
authorship or collaboration ties with the anchors and with one another. We provide a case
study in Section 7.3 to demonstrate the effectiveness of this formulation.

e Prior works. In such personalized applications, ADS must be repeatedly computed for many
different anchored and reference sets on large-scale graphs. In such scenarios, ADS discovery often
becomes an efficiency bottleneck. In the literature, a few exact and approximation algorithms have
been developed to solve the ADS problem. The exact algorithms are often based on maximum
flow [20, 26] and convex programming [74]. The approximation algorithms are based on peeling
[14, 39, 40, 47, 50], and convex programming [21, 37, 74]. Among these algorithms, the state-of-
the-art (SOTA) approximation algorithm is FDP [74], a convex programming-based method that
relies on optimization solvers to efficiently compute solutions. Building upon it, the SOTA exact
algorithm FDPE [74] first uses FDP to obtain a high-quality approximate solution and then verifies its
optimality via the maximum flow algorithm [56]. While the above methods demonstrate promising
results, based on our careful analysis, we observe that they exhibit two key limitations:

e Limitation 1: Weak theoretical convergence guarantee. The theoretical convergence of

FDP to a (1 + €)-approximation solution has not been formally analyzed [74]. To fill this gap, in this
A(G)-(vol(R) +|AIA(G)?) )
€2

paper, we establish the first such guarantee, showing that FDP requires O (

iterations, where vol(R) is the volume of vertices in R and A(G) is the maximum degree. This
weak bound implies that achieving a near-optimal ADS requires a large number of iterations. For
instance, on the EF dataset (4,039 vertices, 88,234 edges), FDP requires over 10 million iterations
to achieve a 1.1-approximation (Table 2). Consequently, the slow convergence of FDP becomes a
significant performance bottleneck for FDPE.

e Limitation 2: Inefficiently large search space. Current algorithms like FDP and FDPE
operate on the entire graph, an approach that is highly inefficient given the localized nature of the
solution. Our empirical analysis on real-world graphs reveals a stark mismatch: the resulting ADS
is minuscule, consistently comprising no more than 0.002% of the total vertices (Table 3). Because
the density metric inherently filters out low-degree vertices, the search space can be drastically
reduced. This motivates our pre-processing approach to first isolate a much smaller candidate
subgraph that is guaranteed to contain the solution. As a result, existing methods do not scale to
large real-world graphs, which further motivates our work on efficient ADS algorithms.

e Our technical contributions. To address Limitation 1, we propose PASTA, a novel algorithm
with a rigorous (1 + €)-approximation guarantee for 0 < € < 1. Notably, to obtain a (1 + €)-
VIA[-vol(R) 3 -A(G) & -A/(vol (R)+|AA(G))

- iterations rather

approximation solution, PASTA only takes O (

than O (A(G)'(VQI(R)ZHAM(G)Z) ), which is needed by the existing algorithms. As a result, PASTA

€
reduces the total runtime (the product of the iteration count and per-iteration complexity) by

3 5
ol(R)1-A(G) 1
o| 2= —

) over FDP, thereby enabling efficient ADS discovery for any € on large graphs.

Specifically, in PASTA, we propose a new quadratic programming (QP) formulation for the ADS
problem and theoretically prove that its optimal solution corresponds to the ADS. Building on this,
we design a projected gradient descent (PGD) [28]-based approximation algorithm for the ADS
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problem, which iteratively optimizes the QP formulation. In each iteration, PASTA first updates all
edge weights using their gradients and projected gradients, and then, for each vertex, aggregates
the weights of its incident edges to update its own weight. Finally, the vertices with the highest
weights are selected to form the ADS.

To address Limitation 2, we propose an effective graph reduction technique based on a novel
cohesive subgraph structure, the k-rcore, which we formally define in Section 5.1. Extending
the classic k-core (the maximal subgraph where every vertex has a degree of at least k) [8],
we theoretically prove that the ADS is guaranteed to reside within a specific k-rcore. This key
result allows us to safely prune the graph; we can restrict the search space to a k-rcore, which is
significantly smaller than the entire graph, thereby dramatically improving efficiency.

Following the insights above, we develop an exact algorithm, named PASTA-Exact, which first
invokes PASTA to obtain a high-quality approximate solution and then verifies its optimality
through the maximum-flow algorithm [57]. Extensive experimental evaluations on 12 real-world
large graphs show that PASTA achieves both higher efficiency and scalability than the existing ADS
algorithms on all datasets. Particularly, our approximation and exact algorithms are up to four and
one order(s) of magnitude faster than SOTA algorithms, respectively. We have released the source
codes and datasets of our work: https://github.com/YouranSun/AnchoredDS.

In summary, our principal contributions are as follows.

e We develop an efficient ADS algorithm based on the gradient projection to break the theoret-
ical bottleneck of existing ADS algorithms, achieving a better theoretical guarantee of the
convergence rate.

e To localize the ADS into a small subgraph, we propose an effective graph reduction tech-
nique with a non-trivial theoretical guarantee. We further propose some useful optimization
techniques to boost the efficiency and design an exact algorithm.

e We conduct experiments on 12 real-world large graphs to demonstrate the efficiency and
scalability of our algorithm.

Outline. We introduce the ADS problem in Section 2. Section 3 analyzes the limitations of
state-of-the-art algorithms. We introduce our PASTA and PASTA-Exact algorithms in Section 6.
The experimental results are reported in Section 7. We review the related works in Section 8
and conclude in Section 9. For lack of space, all detailed proofs in this paper are included in our
supplementary material [84], and we only show the proof sketches in our manuscript.

2 Preliminaries

In this section, we first present the formal definition of the ADS problem and then introduce its QP
formulations.

2.1 Problem definition

Table 1. Notations and meanings.

Notation ‘ Meaning
G = (V,E) | agraph with vertex set V and edge set E
G[H] the subgraph of G induced by vertices in H
N(v,G) | The set of neighbors of v in G
Pr(S) The NR-density of subgraph induced by vertex set S
dr(v,G) | The R-degree of v in G
PR The NR-density of the anchored densest subgraph of G
PR The lower bound of optimal NR-density pj
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In this paper, we consider an unweighted, and undirected graph G=(V, E), where V and E are the
sets of vertices and edges in the graph, respectively. We denote by n = |V| and m = |E| (m > n) the
numbers of vertices and edges in G, respectively. The subgraph induced by vertices in H, denoted
by G[H]=(V(H), E(H)). For each vertex v € V, we use N (v, G) to denote its set of neighbors in G.
Next, we formally present the definition of NR-density [74] and the problem of Anchored Densest
Subgraph discovery, or ADS problem. We summarize the frequently used notations in Table 1.

Definition 2.1 (NR-density [21, 74]). Given a graph G=(V, E) and a vertex set R C V, the NR-density
of the subgraph induced by the vertex set S C V is:

2[E(S)| = 2Zues\r IN(w, G[S])]

§ @)

pr(G[S]) =

Definition 2.2 (Anchored Densest Subgraph [20, 21, 74]). Given a graph G=(V, E), and two vertex
sets A, R C V, an anchored densest subgraph (ADS) of G is a subgraph of G that contains A, whose
NR-density is the highest among all possible subgraphs of G. We use D to denote the ADS of G,
and pp=pr(D) to denote the NR-density of the ADS.

ExaMPLE 1. In the graph G shown in Fig. 1, let A = {vs}, R = {vs, 07,03}, and S={v4, vs, v6, v7, V3 }.
We have |[E(S)| = 10, |S| = 5, and ¥ ,es\g IN (4, G[S])| = [N (v4, G[S])[+|N (v, G[S])| = 8. Therefore,
pr(G[S]) = % = 2.4. Clearly, G[S] is the ADS since no other subgraph has a higher NR-density.

In this work, we primarily study the (1 + €)-approximation solution, where 0 < € < 1. The
approximation ratio of an algorithm is defined as the density of ADS over that of the returned
subgraph, which is at least 1.0. Furthermore, in this paper, we also design efficient exact algorithms
(i.e., €=0) for the ADS problem.

Next, we define the problem that we mainly study:

PrOBLEM 1 (ADS PROBLEM [20, 21, 26, 46, 74]). Given a graph G=(V,E), and two vertex sets
A,R CV, return an ADS D of G.

Note that a graph may contain multiple ADSs, and our paper focuses on finding one such ADS.

In the literature, localized density measures can be categorized into two groups [21]: 1) strongly
local, and 2) non-strongly local, where the former exhibits strict locality with respect to the reference
set R and can be computed more efficiently than the latter. We choose NR-density, since it belongs
to the class of strongly local densities. In addition, through our initial investigation, we believe
that the key ideas in our proposed algorithm can also be adapted to other strongly local density
measures. In Section 7.3, we demonstrate that ADS under NR-density consistently outperforms
that under R-density across two downstream applications, namely community search and bundle
recommendation.

2.2 The QP formulation of the ADS problem

We first introduce the quadratic programming (QP) formulation of the ADS problem [74], which
serves as the foundation for the SOTA ADS algorithms. Specifically, for a given vertex set A C V:
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QP(G,A) : min )" (r(u) + f(w))*

ueV

st D tue =r(u) Vuev
(u,0)€E
Oy + 0oy = Wy, Y(u,0) € E
B(u) =0, Vu¢A
r(u) + f(u) = max (r(v) + p(v)), Yue A
Qup 2 0, ayy 20, V(u,0) € E

where a,, , indicates the weight assigned to u and v from an edge (u,v), and for an edge (u,v) € E,
wyo = L{u € R] + 1[0 € R]. Clearly, w, , reflects whether the endpoints of an edge belong to R.
The intuition behind this design is that edges incident to nodes in R are typically assigned greater
weights. Here, we define two vectors r € R", and f € R™:

r=[r) - r@)] B=[Bl) - Plon)].

Indeed, the optimal solution of QP(G, A) (denoted by OPT(QP)) exactly corresponds to the optimal
ADS density, i.e., OPT(QP) = p;, which forms the core of the baseline method FDP. Intuitively,
QP(G, A) distributes edge weights to vertices such that the received weights are as balanced as
possible, and any feasible solution corresponds to a subgraph that necessarily contains the anchored
set A [74]. For a vertex v, the quantity r(v) + f(v) represents its overall contribution to the ADS:
larger values indicate a higher likelihood of being included. By Fujishige’s theorem [29], in the
optimal solution all vertices in the ADS share the same value, i.e., for the optimal ADS G[S] and
any v € S, r(v) + f(v) = py, while vertices outside S have strictly smaller values. This property
directly explains why we select vertices with the largest values of r + f§ as the candidate ADS, a
strategy commonly adopted in densest subgraph-related problems. The variables r and f play
complementary roles: r(v) captures the intrinsic contribution of v to the NR-density objective,
whereas f(v) serves as an adjustment variable to enforce the anchoring constraint. In particular,
p*(u) = 0 for any u ¢ A, meaning non-anchored vertices are selected purely based on r(u). We
defer the full details to our supplementary material.

2.3 The first-order optimization problem
First-order methods are widely used for solving convex optimization problems due to their simplicity
and low cost [33, 37, 54, 80]. These methods rely solely on gradient information. A standard form
of constrained convex optimization is: min,ecc f(x), where f is a differentiable convex function,
and C is a closed convex set.

One of the most fundamental first-order algorithms is Projected Gradient Descent (PGD) [53]. At
each iteration, PGD performs a gradient descent step followed by a projection onto the feasible
region:

Xt+1 = PrOXC(xt /P Vf(xt))5

where n; > 0 is the step size, Vf(x;) is the gradient of f(x;) and Prox¢(-) denotes the Euclidean
projection onto C. Given a point z € R", the Euclidean projection onto a convex set C is defined as:

Proxc(z) = argmin ||x — z||2.
xeC
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3 Analysis of SOTA Algorithms

In this section, we review the SOTA approximation and exact algorithms, both of which rely on
convex programming via Frank-Wolfe, and then analyze their limitations to motivate our work.

3.1 Review of the state-of-the-art methods

The state-of-the-art (SOTA) algorithms for the ADS problem are built upon the well-known
Frank-Wolfe algorithm [37], which serves as an efficient first-order solver for the QP(G, A) for-
mulation described in Section 2.2.

Algorithm 1: FDP and FPDE [74]
input :A graph G=(V,E), two sets R, A, an integer T, and €
output: An approximate/exact ADS D
f «False, D « 0;
2 foreach (u,0) € Edo wy, < 1[u € R] + 1[v € R];
3 foreach u € V do r(u) « 0; f(u) < 0;
4 repeat
5 r, f < Frank-Wolfe-ADS(G, A, T);
// Extract the ADS
6 sort all v € V by weight r(v) + f(v);
7 s* « argmaxi<i<n pr(V;), where V; is the top-i vertices in V;
// €=0: FDPE; € >0: FDP
8 if G[Vs+] satisfies (1 + €)-approx. ratio then
9 L D — G[Vs]; f « True;

-

10 until f=True;
11 return D;

12 Function Frank-Wolfe-ADS(G, A, T):
13 foreacht=1,2,---,T do

14 foreach e = (u,v) € E withw,, > 0 do

15 if r(u) < r(v) then r(u) « r(u) + wyy;

16 else if r(u) > r(v) then r(v) < r(v) + wy;
17 else

18 r(u) — r(u) + “%2;

19 r(v) « r(v) + W’Z“”;

20 7« maxyey (r(u) + p(u));

21 | foreachu € Ado f(u) « v —r(u);

22 | returnr, B;

The authors in [74] propose an approximation algorithm, FDP, and an exact algorithm, FDPE, as
shown in Algorithm 1. This algorithm iteratively linearizes the objective function at the current
solution and moves towards its minimizer. Specifically, it takes as input a graph G, two sets R,
A, and the number of iterations T, and outputs the approximate/exact ADS D. The algorithm
begins by initializing w,, , for each edge (u,v) € E as well as the vectors r and f (lines 1-3). It then
enters a do-while loop to find an approximate or exact ADS (lines 4-11). Specifically, it first runs
Frank-Wolfe-ADS for T iterations to update r, and B (lines 12-22). In each iteration, for every edge
(u,v) € E, the algorithm attempts to assign its weight w,, , to the endpoint vertex with the smallest
weight (lines 14-19). Afterwards, it computes the maximum value of r(u) + f(u) over all vertices
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Table 2. # of iterations of FDP and PASTA (e = 0.01).

Dataset FDP PASTA  Reduction
L] >1,048,576 128 8,192X%
SU >33,554,432 256 131,072X%
UK >33,554,432 128 262,144 %
IT >4,194,304 256 16,384 %
SK >65,536 16 4,096

Table 3. The ratio of the number of vertices in the ADS to that of the whole graph.

R| < 100 R| > 100
Datasets # of vertices IR] IR| =

| D] ratio | D] ratio

YT 3,223,585 89 0.002% 58 0.001%
Cp 3,774,768 34 | 0.0009% 32 0.0009%
LJ 4,847,571 40  0.0008% 61 0.001%
SU 58,790,782 50  0.0001% 57 0.0001%
UK 18,520,486 74 0.0003% 40 0.0002%

u € V, denoted as 7 (line 20). Finally, the algorithm updates f(u) for all vertices u € A (line 21).
Intuitively, vertices with higher weights are more likely to be included in the ADS D, since they
are incident to more edges. Thus, the subgraph induced by the highest-weight vertices with the
largest density is considered an approximate ADS of G (lines 6-7). This process, also known as
PAVA, is widely used in existing DSD algorithms [46, 81]. Finally, the algorithm verifies whether
G|[Vs+] satisfies the (1 + €)-approximation criterion. If so, the algorithm terminates and returns
G[Vs+] as the ADS (lines 8-9); otherwise, it repeats the above process until the criterion is met.

3.2 In-depth analysis of the SOTAs

To motivate our work, we first conduct an in-depth analysis of the leading ADS solution, FDP.
While FDP is based on the standard Frank-Wolfe framework (Algorithm 1), a careful review
of the literature reveals a critical gap: its theoretical convergence rate has not been formally
established [74]. This omission makes it difficult to understand the fundamental performance
characteristics and limitations of the algorithm. To address this, we provide the first formal analysis
of FDP’s convergence, summarized in the following theorem.

THEOREM 3.1. Given a graph G = (V,E), and two vertex sets RRA C V. In FDP, when T >
0 (A(G)(Vol(R) + |A|A(G)?)

&2
vol(R) is the sum of degrees in G for all vertices in the set R, and A(G) denotes the maximum degree
of graph G.

The above theorem guarantees that FDP is able to find a (1 + €)-approximation solution after
0 (A(G)~(vol(R)+|A|A(G)2)
2

), the following convergence guarantee holds: ||r + ||« — py < €, where

- ) iterations. Due to the space limitations, we only present the proof sketch

of Theorem 3.1 here, and leave more details in our supplementary material [84].

Proor skeTcH. The update rule of FDP can be expressed as a standard Frank-Wolfe update
with learning rate y, = 1 for minimizing the function f(z) = ||z||* over the feasible set C. Our
proof proceeds in two steps: (1) we first derive a tight bound for the curvature constant & of the
objective function f(z), showing & < 8(A(G) + 1) - (JA] - A(G)? + vol(R)); (2) with this curvature
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bound, we apply the standard convergence result for Frank-Wolfe from [37] to establish the final
guarantee. O

Limitations: As analyzed above and in Section 1, the core limitations of baselines lie in: 1) the
poor convergence rate, as shown in Theorem 3.1, and this theoretical limitation is also reflected in
practice, as shown in Table 2. On the SU and UK datasets, FDP requires more than 300M iterations
to find a 1.01-approximation solution. 2) the huge search space, since the existing algorithms must
discover ADS in the whole graph. An interesting fact is that on most real-world graphs, the ratio
of the number of vertices in the ADS comprises no more than 0.002% of the total vertices in the
original graph, as shown in Table 3. This is mainly because the ADS problem aims to maximize the
anchored NR-density where both R and A capture vertices in a small local region. This motivates
us to design a new algorithm to address the above issues.

Takeaway: We note that the authors in [74] do not provide a theoretical analysis on the
convergence rate of Algorithm 1, and only define QP(G, A) and prove that its optimal solution
corresponds to the ADS. Our work is the first to fill this gap by providing a rigorous theoretical
analysis of the convergence rate of the Frank-Wolfe-based ADS algorithm.

4 PGD-based ADS algorithm

In this section, we first propose a new QP formulation for the ADS problem, and based on this
formulation, we propose a PGD-based ADS algorithm.

4.1 A new QP formulation for the ADS problem

In this subsection, we propose a new QP formulation, QP’ (G, A) of the ADS problem, which keeps
the same optimality of QP(G, A) in Section 2.2.

2
QP’(G,4):  min |A|'(m€aj< r(u)) 1 Z r(u)?

ueV\A
s.t. Z . =r(u), YueV
(u,0)€E
Ay =0, V(u,0) € E
Oy + oy = Wy,p, V(u, U) €E

Compared to QP(G, A), a notable feature of QP’(G, A) is that it has only one variable in the
objective, making it easier to solve. Based on the vector @ € R?™ e define the function f(a) as:

2 2

f@ =1Al [max >0 awo| + >, | D awof.

0eEN (u,G) ueV\A \veN (4,G)

which is simply the objective function of QP’ (G, A) rewritten in terms of @. In other words, the goal
of the ADS problem is to minimize the f(«). In addition, we also introduce an indicator function
h(a):

h(r) {0, if o+ Apy =wypand @y, ayy =0 Ve =(u,0) €E
a) =

+00, otherwise
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167:10 Yingli Zhou, Youran Sun, and Yixiang Fang

Then, the objective function QP’(G, A) can be rewritten as minimizing the following uncon-
strained function:
f(a) + ha) . ®3)
—_—— —_——
Smooth, Lipschitz-continuous Non-smooth
We note that Equation (3) obeys the standard composite convex form: minye¢ f(x) +h(x), where
C is a closed convex set, f(x) is a smooth convex function with a Lipschitz-continuous gradient
and h(x) is a non-smooth convex regularization term [53].
In the following, we demonstrate: (1) the optimal solution of Equation (3) is equivalent to
OPT(QP(G, A)); (2) how to design the PGD-based method to optimize Equation (3).

THEOREM 4.1. Given a graph G = (V,E) and two vertex sets R, A C V, we have OPT(QP(G, A)) =
OPT(QP’(G, A)).

ProoF skeTCH. We prove that OPT(QP(G, A)) = OPT(QP’(G, A)) by showing the inequality in
both directions.

(i) OPT(QP(G, A)) > OPT(QP’(G, A)). Let (r*, B*, &™) be an optimal solution to QP(G, A). This
implies that (r*, a*) is a feasible solution for QP’(G, A).

By the definition of optimality, the optimal value of QP’(G, A) is no greater than the objective
value of any of its feasible solutions. Therefore:

OPT(QP'(G, A)) < Z(r*(v))2

veV

Also, assuming *(v) > 0, it follows that (r*(v) + f*(v))? > (r*(v))%. Thus:

OPT(QP(G, 4)) = ) (r*(0) + f"(0)* 2 ) (" (0))*

veV veV

Combining these, we get OPT(QP(G, A)) = OPT(QP’(G, A)).

(i) OPT(QP(G, A)) < OPT(QP’(G, A)). Let (r*, @*) be an optimal solution to QP’(G, A). Based
on the convexity of the objective function, we can assume that an optimal solution exists where
r*(u) is constant for all u € A, and this value is the maximum over all vertices. We construct a
feasible solution for QP(G, A) based on this specific optimal solution (r*, &*). Let r* = max,ey r*(v),
and define f* = 0 (the zero vector).

We verify the feasibility of (r*, B, a*) for QP(G, A) with parameter 7*:

e For all u € A, we have r*(u) + f*(u) = 7* + 0 = r*. The constraint is satisfied.
e Forallv € V' \ A, we have r*(v) + f*(v) =r*(v) + 0 < r*. This constraint is also satisfied.

Thus, (1%, 0, &™) is a feasible solution for QP(G, A). Its objective function value is:
D) + @) = D (@) +0) = > (r*(2))* = OPT(QP'(G, 4))
veV veV veV

Since we have found a feasible solution for QP(G, A) whose objective value equals OPT(QP’ (G, A)),
the optimal value of QP(G, A) must be less than or equal to this value. That is, we have OPT(QP(G, A)) <
OPT(QP' (G, A)). o

Based on the above theorem, we establish that OPT(QP(G, A)) = OPT(QP’(G, A)) = pj, and the
ADS extracted based on the optimal solution of QP’(G, A) also contains the anchor set A.
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4.2 Our PGD-based algorithm

In this subsection, we present the design of our PGD-based algorithm for solving the ADS problem.
As discussed earlier, the ADS problem can be reduced to optimizing Equation (3). Although numer-
ous PGD solvers have been proposed in the literature for general convex optimization, to the best
of our knowledge, none have been explored in the context of the ADS problem.

We remark that applying the PGD solver for the ADS problem is not trivial; two key challenges
need to be addressed: Challenge 1: How to compute the gradient of function f(«)? and
Challenge 2: How to compute the proximal gradient of h(«)? To address Challenge 1, we
derive the closed-form gradient of the smooth function f(«), which yields a 2m-dimensional
gradient vector Vf(«a). For each edge (u,v) € E, the corresponding entry in the gradient is given
by:

V(@) o) =2 (]l[u ¢ Alr(u) +|A] - (?Mlea&( r(w)) -gu,v),

_ o(maxyey r(w)) _

Qup

where g, , denotes the sub-gradient of the term max,,ey r(w) w.r.t. @0, i.€., guo

1
Guo = e ued,
’ 0, otherwise,

where ¥ = {u | u € VAr(u) = maxyey r(w)}.

Algorithm 2: PGD-ADS
input :Graph G=(V,E), two vertex sets R, A and an integer T
output: An approximate ADS D
(0) Wu,o (0) Wo,u
1 foreach (u,0) € Edo a,, «— —5%; ayy — —5=;
2 foreachu € Vdo r(u) = ¥enwo) al(fv) ;

S S—
== 2‘(‘A|+1)‘VA(G)V01(R)’

4 fort=1,2---,T do

> Learning rate

5 for (u,v) € E do

‘ @ity — ally =0 Vf (@0

7| | el el =y V(@)

8 for (u,v) € E do

9 gap — oyl — o

10 if gap > —wy, and gap < w,, then

n ||| e By g,

12 else if gap > wy, then x4 < Wy o Yoy < 0
13 B else x4 < 0; Ypy «— Wyyo s

14 for (u,v) € E do

15 0{1(4[12 — Xyop t+ % . (xu,v - a1(z,tv_1))§

16 | L e e You+ 55 (You — b )
17| foreachu €V do r® () Y oeNwG) at(,fg;

// Extract the ADS
18 sort all o € V by weight r(T) (v);
19 s* < argmax;<;<n pr(V;), where V; is the top-i vertices in V;
20 return G|V ];
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167:12 Yingli Zhou, Youran Sun, and Yixiang Fang

To address Challenge 2, we explicitly derive the gradient projection operator w.r.t. the function
h, which governs the relationship between a,, , and a,,, as: proxy, (s ®yy) =

(au,ﬂ — Oyu + Wy Ayu — Ay + Wy,
2 ’ 2
(Wy,000) if oy > apu + Wi

) lf |au,u - av,u| < Wu,u

(O: Wu,v) lf au,v < au,u - Wu,v

Now, we are ready to present the PGD-based ADS algorithm, named PGD-ADS, which aims to
optimize the QP’ (G, A) formulation via the PGD solver.
Algorithm 2 outlines the procedure for PGD-ADS. Initially, the algorithm sets the values of

aé?g = Wg’” for all edges (u,v) € E to satisfy the constraints of QP’(G, A) and initializes r(®) (u) for
every vertex u € V accordingly (see lines 1-2). The first two lines aim to initialize all variables in
the QP’(G, A) formulation. It subsequently sets the learning rate 5 (see theorem 4.3), which will
be used throughout the iterative process (line 3). The main body of the algorithm consists of a
for-loop spanning T iterations (lines 3-17), during which vertex weights are iteratively refined.
Within each iteration, the algorithm first establishes the descent direction for the « variables (lines
5-7), providing the basis for the projected gradient step. Specifically, for every edge (u,v) in the
t-th iteration, the algorithm calculates the difference between aﬂ and algfu). Depending on the
result, three distinct cases are analyzed, each corresponding to the proximal gradient of (a4, ot1,)

with respect to the function h. These are then used to update auxiliary variables x,, , and y,, (lines

9-14). Afterward, each a,§f3 is updated for all edges (u, v), utilizing the new auxiliary variables
together with their previous values from iteration ¢ — 1 (lines 15-16). Next, the algorithm refreshes
the values r(*) (u) for every vertex u € V (line 17). Finally, the ADS is extracted following steps
similar to those in Algorithm 1 (lines 18-20).

EXAMPLE 2. Fig. 2 illustrates the vertex weight update process in PASTA with n = < in a single

12
0 _ (0 (0) (0)

iteration. Initially, edge weights are set to o, = oy, = 0.5 fori =1to3, and a,, = a,, =1
fori = 4 to 5. Based on these edge weights, we compute the initial vertex weights. For example,

r®(v) = az(,lo’)oz + az(,?’)z,s + az(,?))m = % In the first iteration, considering edge e1, we compute: (xz(,ll,)z,z = %,

1 1+ 1-
az(,zy)vl = % and gap = é Then we update: xy, o, = gap = % and Yy, o, = gap = % Next, we get:
(1 _ (0 y_ o9 (1 _ 1-1 0y _ 7 ;
Uy 0, = Xojo, + 0- (xzzl,vz - aul,vz) =16 and Ay o, = Xogo, T 152 ° (xzjz,z)l - avz,m) =15 Aﬂer updatzng

all a values, we update the vertex scores. For example, r(l)(v3) = % + % + % = 2. Finally, the PAVA
extracts the subgraph induced by the vertex set S = {v1,v,, 3,04}, which is returned as the ADS.

We note that our PGD-ADS algorithm is formulated in the standard framework of PGD methods,
specifically following the structure of the Fast Iterative Shrinkage-Thresholding Algorithm (FISTA),
which we introduce in detail in our supplementary material. Building on this foundation, we can
establish the convergence rate of PGD-ADS from a theoretical perspective. Let us first review the
theorem from [28], which provides the convergence rate of the FISTA algorithm for unconstrained
optimization problems.

THEOREM 4.2 ([28]). Let x™ be the optimal solution of the following unconstrained optimization
problem: min, f(x), where f(x) is a convex function with Lipschitz continuous gradient, and let Ly
be the Lipschitz constant of V f(x). Supposing the learning raten < i, then after T iterations, the

2:J|x x|

FISTA algorithm guarantees the following convergence rate: f(xT)) — f(x*) < T

To leverage the above theorem for QP (G, A), we proceed as follows: (1) compute the Lipschitz
constant of the gradient of f(a); (2) let @ and «* denote the current and optimal solutions of f ()
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aly| | Xuv| You | al | aba )| 1)
A ={v3},R = {v,,v3,v4} 119797
R e e e e e g | 4
212 |16|16|16 |16 ||"n| 3 =
wo| L] L2222
P2 | 2 |24 28| 24| 24 o 2 19
119|719 7 2 2
R I I ey N -
2 | 2 |16]16 | 16 | 16 5
V. = 2
(Wa,v3)| 1 1 E ﬂ E ﬂ ’ 2
48 | 48 | 48 | 38
2] V3 3 19
41[ 55 [41[55]],
(wsv)| 1 1 == = || 7= 4 2 73
Graph G 48 | 48 | 48 | 18

Fig. 2. An lllustrative example of PASTA.
under the constraints of QP’(G, A); (3) use the bound on f(a) — f(a*) to derive the convergence
rate of QP’(G, A).
THEOREM 4.3. The Lipschitz constant Ly of V f(a), is bounded by 2 - (|A] + 1) - /A(G) - vol(R).

ProOF skETCH. Based on the definition of Lipschitz constant, we have

(a (VS (e)u0) )2 .

Iy, y

L= IVf@IP = )

(u,0)€E (x,y)€E

And because,

3 (Vf(a)uo) _ d(2- (L[u ¢ A] + guo) - r(w)) B {2~(|A|+1), u=x
~ 1o, u+tx

00y, y 0y, y

Therefore,

L2 3 3 @A+ Y Y 4(Al+ ) - d(w)

ueV (u,0)€E (u,y)€E ueV (u,0)€E
<4(JA| + 1)*A(G) Z Z 1< 4(JA] + 1)A(G) - vol(R)
u€V (u,0)€E

Therefore, Ly < 2(]A| + 1)yA(G) - vol(R). O

Now, we present the formal convergence rate of PGD-ADS. Notably, our analysis begins by
introducing a new vector A € R", where for each u € V, the corresponding entry in it is:

Au) = {r(u) ug¢A

max,cy r(v) u€A

That is, the objective function of QP’(G, A) is: min(]|A||2)?, based on which, we present the
following theorem:

THEOREM 4.4. Given a graph G = (V,E), and two vertex sets R, A C V. In PGD-ADS, when T >
O(\/W‘VOI(R)}LA(G)E? (vol(R)+]A[A(G))

€

), the following convergence guarantee holds: ||| — pp < €.

Preview. Note that Algorithm 2 is guaranteed to find a (1 + €)-approximation solution after
g g pp
0 ( VIA|-vol(R) % -A(G)% A/ (vol(R)+]|A|A(G))

- ) iterations. To ensure that, the theorem 4.2 claims that the

learning rate must satisfy < i For simplicity, and following the common practice in first-order
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167:14 Yingli Zhou, Youran Sun, and Yixiang Fang

convex optimization [9], we directly set = i in line 3 of Algorithm 2. In addition, our algorithm
is not highly sensitive to the learning rate 7.

Proor skeTcH. We first provide our proof roadmap: (1) we prove that if f(«) — f(a*) < p, and

@ S
we have ||A]|c — [|IA*]le < v/, and (2) let p := lex;—ﬂxllz = €2. Then, by Theorem 4.2, we establish
the relationship between the target accuracy € and the number of iterations T, thus completing the

proof. O

5 Our graph reduction technique

In this Section, we propose a simple yet effective graph reduction technique, which first reduces
the search space into a much smaller graph.

5.1 A k-rcore-based graph reduction technique

In this subsection, we propose a graph reduction technique to localize the ADS into a relatively
small sub-graph before running an ADS discovery algorithm.

We note that while some existing works have proposed graph reduction techniques for the
global DSD problem [81], such techniques remain surprisingly unexplored for the ADS problem.
Moreover, the reduction methods developed for global DSD are not directly applicable to ADS, as
the latter is defined with respect to two seed vertex sets, A and R, making its problem structure
fundamentally different from that of global DSD. What we seek is a graph reduction technique that
harmonizes the density requirement with the constraints of sets R and A, which can significantly
reduce the search space for ADS discovery algorithms. In the following, we show how to achieve
this by proposing a novel cohesive subgraph model k-rcore.

Definition 5.1 (R-degree). Given a subgraph G(H), and a reference vertex set R C V. The R-degree
of u € H is defined as:

IN(u,GIHNR])| + [N(u,G[H])| ueR

dR(”’G[H])={|N(u,G[HmR])| uéR

Based on the R-degree, we define a novel cohesive subgraph model, called k-rcore, which serves
as the foundation for our graph reduction technique.

Definition 5.2 (k-rcore). Given a graph G = (V, E) and a reference vertex set R, its k-rcore (k > 0),
denoted by M, is the largest subgraph of G such that Yu € V(M), dr(u, M) > k.

EXAMPLE 3. Let us continue with the graph in Fig. 1, where A = {vs} and R = {vs,v7,vs}. We also
consider the subgraph S induced by the vertex set {v4, vs, U6, v7, Vs }. Thus, the R-degrees of all vertices
in S are: dg(v4, S) = dr(ve, S)=3, and dr(vs, S)= dr(v7,S)= dr(vs, S)=6. That is, the subgraph S is a
3-rcore.

THEOREM 5.3. Given a graph G = (V, E), two vertex sets R and A, and the [py]-rcore, M*, the
ADS D = G[S*]| must be contained within G[V (M) U A], where py, is the NR-density of the ADS D.

Proor skeTcH. We prove this by contradiction. Suppose that the ADS D=G[S*] is not fully
contained in G[V(H*) U A]. Then there exists a vertex u € S* A u ¢ A such that:

dr(u,G[S"]) < pg-
Consider removing a vertexu from S*, and let S" = S* \ {u}. Since D is an ADS, it holds that
pr(G[S’]) < pg- On the other hand, we can compute pr(G[S’]) as:
_ 2[E(S)| _ 2[E(ST)| = 2dr(u, G[S"])

Pr(GIS) = = e
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and since dg(u, G[S*]) counts the number of R-neighbors of u in G[S*], we further have:
21E(S")| = pg -+ IS*| = dr(u, G[S"]).

Therefore,
v PRSI = dr(u, G[S™])
G|S)) =
pr(GIS') o
Since pr(G[S’]) < pk, we obtain:
pg - 18"l = dr(u, G[S™])
|*] -1

< pgp = dr(u,G[S™]) = pi.

Thus, the theorem holds.
(]

Thanks to the nested relationship of k-rcore, i.e., for any two non-negative integers i and j with
i > j, the i-rcore is a subgraph of the j-rcore. Thus, based on the above theorem, we derive the
following corollary.

COROLLARY 5.4. Given a graph G = (V,E), and a [pg]-rcore M, the ADS of G, D is contained in
the subgraph G[V (M) U A], wherep_R is the lower bound of the pr(D) (i.e., py)-

ExaAMPLE 4. Fig. 1 demonstrates the effectiveness of our graph reduction technique. Suppose A = {vs}
and R = {vs,v7, 08}, and pr=2.4. That is, the ADS must be contained in the [2.4]-rcore, here, the 3-r core,
denoted as M, is the subgraph induced by the vertex set {04, vs, 06, v7, 05 }. By theorem 5.4, the ADS is
guaranteed to be contained within the subgraph induced by the vertex set {v4, vs, v, V7, 03}, Which is
exactly the ADS of G.

5.2 Efficiently estimating the lower bound of pj,
Recall that given a lower bound pg of py, we can localize the graph within a small subgraph.
Intuitively, the tighter the lower bound pg we find, the smaller the resulting graph, thereby enabling

a more efficient ADS discovery. In this subsection, we show how to estimate a decent lower bound
of the optimal NR-density.

LEMMA 5.5. Given a graph G=(V,E), and a subgraph induced by the vertex set S, we have:
2ives dr(v, G[S]) =2 X (2[E(S)| = Xypes\r d(v. G[S])).

The detailed proof is shown in our supplementary material. Building upon the above lemma, we
present a new result to establish a lower bound for py and the k-rcore.

LEMMA 5.6. Given a graph G = (V, E) and two vertex sets R, A C V, if there exists a k-rcore M in

G, then the NR-density of the ADS in G is at least %.

Proor SskETCH. We construct a subgraph G[V (M) U A], and derive a lower bound on its NR-
density based on the minimum degree property of k-rcore. By analyzing the monotonicity of the
resulting density expression, we obtain the bound Z(%ZIA\)' O

Building on Lemma 5.6, we can derive a lower bound of p, as a function of the parameter k. To
maximize the effectiveness of graph reduction, we aim to identify the largest value of k such that a
k-rcore exists, and use this value to obtain a tight lower bound on pj. We present the details in
Algorithm 3.

Specifically, it first computes the R-degree for each vertex u € V (line 1). Next, it iteratively peels
the vertex with the minimum R-degree and updates its neighbors’ R-degree (lines 3-9). Once a
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Algorithm 3: LowerBound

Input :A graph G = (V,E) and two vertex sets R, A
Output: The lower bound of the NR-density of the graph
1 foreach u € V do compute its R-degree dr (u, G);

2 pr < 0;

3 while V is not empty do

4 u « arg mingey dr(u, G);

// update the k value

5 k «— min{dgr(u,G), |V(G)|};

6 PR < max{p_R, 2<(kIf\A\)} ;// set the lower bound of pj

7 foreach v € N(u,G) do
8 L dR(Us G) — dR(U’ G) - Wy,

9 remove u from G;

10 return pg;

vertex is removed from the graph, we update the lower bound of pj, via line 6. After all vertices are
processed in the same way as described above, we return the maximum lower bound found during
the entire process (line 10).

6 Our PASTA and PASTA-Exact algorithms

In this section, we present our PASTA and PASTA-Exact algorithms, both of which are based on the
PGD-ADS algorithm and the rcore-based graph reduction.

Algorithm 4: PASTA and PASTA-Exact
input :A graph G = (V, E), two vertex sets R, A, a real value ¢, and an integer T
output: An approximate/exact ADS D
// compute the lower bound of pp

1 pRr « LowerBound(G, R, A);

2 f «False, D « 0;

3 repeat

// obtain a small graph

4 M « compute the [pgr]-rcore; G’ < G[V(M) U A];

5 D «—PGD-ADS(G’, R, A) (see Algorithm 2);

// € =0: PASTA-Exact; € > 0: PASTA

6 if D satisfies (1 + €)-approx. ratio then f « True;

7 pr < max{pg, pr(D)}; // update the lower bound of pj,

8 until f=True;
9 return D;

Algorithm 4 gives an overview of PASTA (and PASTA-Exact when €=0). They find the ADS by
iteratively refining the search space and applying a PGD-based QP solver, PGD-ADS. They begin by
estimating a lower bound pr, of the optimal anchored density pj, via LowerBound (line 1). Then, a
while loop is used to find an ADS (lines 3-8). First, based on the pg, it first computes the [pg]-rcore
and based on which to reduce the search space (line 4). On this | pruned graph, the core PGD-ADS
subroutine is applied to generate a candidate ADS (line 5). If this candidate meets the (1 + €)-
approximation criterion, it is returned as the solution. Otherwise, the algorithm updates the lower
bound and repeats the process (lines 3-8).
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We note that our method leverages lower bounds of the optimal density py in two stages: 1) Before
running the algorithm, we estimate an initial lower bound of pj}, and apply the k-rcore reduction
accordingly. 2) During the execution of PASTA, our method adopts a progressive paradigm in which
the current solution density pr continuously improves over time. These updates progressively
reduce the scale of the graph in subsequent iterations. In other words, even on datasets where the
initial lower bound is relatively loose, the progressive updates ensure that graph reduction remains
highly effective in later stages. In latter experiments, we observe that the reduction is substantial
on all datasets. Moreover, the use of PGD-ADS as the primary solver brings notable theoretical
improvements over the Frank-Wolfe-ADS, leading to significant gains in both convergence and
overall performance.

Here, we provide the convergence rate of PASTA and compare it with the SOTA method FDP in
terms of theoretical convergence rates:

THEOREM 6.1. Given a graph G = (V,E), and two vertex sets R,A C V. In PASTA, when T >

o (\/W-A(G)~x/<vol<R>+|A|A(G>))

, the algorithm is guaranteed to return a (1+€)-approximation solution.

The result in Theorem 6.1 is straightforward, since PASTA is built upon PGD-ADS, and thus inherits
its convergence properties. Specifically, the convergence rate of our method is significantly better
than that of FDP, as shown in the following theorem:

THEOREM 6.2. To find a (1 + €)-approximation solution, PASTA reduces the overall time complexity

(vol(R)i AG)
€

by at least O over FDP, where all variables have the same meanings as Theorem 4.4

3 H
Conclusion: Our algorithm PASTA reduces the number of iterations by at least O (M)

compared to FDP, when a (1 + €)-approximate solution is required.

7 Experiments

We now present the experimental results. Section 7.1 discusses the setup. We discuss the results in
Sections 7.2 and 7.3.

Table 4. Datasets used in our experiments.

Dataset ‘ Category ‘ V] ‘ |E|
OpenfFlights (OF) Infrastructure 2,939 15,677
Ego-Facebook (EF) Social 4,039 88,234
Email (EM) Communication 265,009 364,481
Com-Amazon (CA) Comments 334,863 925,872
DBLP (DP) Co-author 317,080 1,049,866
Web-Google (WG) Web 875,713 5,105,039
Youtube (YT) Friendship 3,223,585 9,375,374
Cit-Patents (CP) Citation 3,774,768 16,518,948
LiveJournal (LJ) Social 4,847,571 68,993,773
UK-2002 (UK) Web 18,520,486 298,113,762
1T-2004 (IT) Hyperlink 41,291,594 | 1,027,474,947
SK-2005 (SK) Web 50,636,154 | 1,949,412,601
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7.1 Setup

7.1.1 Datasets. We use 12 real-world datasets from different domains, which are downloaded
from the Stanford Network Analysis Platform [58], Laboratory of Web Algorithmics [55], Network
Repository [60], and Konect [41]. Their detailed descriptions can also be found on these websites.
Table 4 reports the statistics of these graphs.

7.1.2  Competitors. We evaluate the following algorithms for the ADS problem:

« Frank-Wolfe [37]: we adapt the basic Frank-Wolfe algorithm to solve the ADS problem,
which is introduced in our supplementary material.

« FDP [74]: the state-of-the-art approximation algorithm, which is briefly recapped in Section 1.

« FDPE [74]: the state-of-the-art exact algorithm, which is discussed in Section 3.

« PASTA: our proposed approximation algorithm in Section 6.

« PASTA-Exact: our proposed exact algorithm in Section 6.

7.1.3 Settings. We implement all the algorithms in C++ and run experiments on a machine with
an Intel(R) Xeon(R) Gold 6338 CPU @ 2.00GHz and 512GB of memory, with Ubuntu installed.
If an algorithm cannot finish in 72 hours, we mark its running time as INF in the Figure and
“—”in the Table. In our experiments, we follow the existing works [49, 62, 81]: For any ¢, each
(1 + €)-approximation algorithm (including exact algorithms) runs for T iterations. After every T
iterations, we assess whether the estimated error is below €. For exact algorithms, we additionally
check whether the optimality condition is satisfied. If the criterion is met, the algorithm terminates;
otherwise, another T iterations are performed, repeating this process until convergence. In our
comparison, we follow the existing works [49, 74] to set T=100.

7.1.4 Generation of A and R. To create the seed sets A and R, we employ the same strategy
introduced in prior work [20, 74, 76]. This process commences by randomly selecting a vertex u
from the vertex set V. The set A is then constituted by randomly choosing nodes from the immediate
and secondary neighbors of u typically fixing the size of A at 8 (i.e., |A|=8). The set R is constructed
through several random walks from A. The number and length of walks are determined by drawing
random integers within the range of [3, 10]. For small networks (i.e., m < 5 X 10%), we generate 200
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queries, while for large networks, we generate 100 queries to ensure efficiency. Unless otherwise
specified, all reported results are averaged over these queries.

7.2 Efficiency results

In this section, we extensively compare PASTA and PASTA-Exact with the competitor algorithms
from various angles.

¢ 1. Efficiency of approximation algorithms. We evaluate the efficiency of three approxima-
tions on all datasets with €=0.1. As shown in Fig. 3, we can see that: (1) Our algorithm PASTA is
up to four orders of magnitude faster than the baseline methods, since it has a better theoretical
guarantee and can find the ADS over a very small graph. For example, on the OF dataset, PASTA only
takes 0.06s to find the 1.1-approximation solution, while FDP takes more than 2,400s (2) On more
than half of the datasets, neither Frank-Wolfe nor FDP can find solutions that meet the accuracy
requirement within three days, which is consistent with our theoretical analysis.

¢ 2. The number of iterations. In this experiment, we report the number of iterations that each
algorithm needed to find the near-optimal solution (i.e., € = 0.1) in Fig. 4. We make the following
observations: (1) PASTA requires significantly fewer iterations to obtain approximate solutions
compared to its competitors. For example, on the DP dataset, Frank-Wolfe, FDP, and PASTA require
around 129M, 77M, and 41 iterations, respectively. (2) Compared to Frank-Wolfe, FDP requires
fewer iterations. Although both algorithms are based on the standard Frank-Wolfe framework,
FDP achieves faster convergence by enabling more balanced weight assignments. This phenomenon
is also observed in other convex programming-based DSD solutions. [80, 81].

¢ 3. Efficiency of exact algorithms. Fig. 5 presents the running time of all exact algorithms
on the ten datasets. To be specific, PASTA-Exact performs best for all datasets, which is up to
10X faster than the competitors. This is because it significantly reduces the time cost incurred for
computing maximum flow, and it can compute the minimum cut on the smaller flow network.

¢ 4. Time cost of the maximum flow in exact algorithms. Recall that all of the exact ADS
algorithms use maximum flow for optimal verification. Fig. 6 shows the time cost of the maximum
flow step on ten datasets, and the graphs are assumed to be loaded into memory. We observe that
PASTA-Exact achieves lower runtime for maximum flow computations, as it invokes the maximum
flow algorithm less frequently and each invocation is restricted to a significantly smaller subgraph.

7.3 Effectiveness results

We extensively analyze the effectiveness of PASTA and PASTA-Exact from different angles.
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Table 5. Comparison of BGCN and BGCN-ADS.

Dataset | Method | Recall@10 | Recall@20 | Recall@30 | Recall@40

Netease BGCN 0.0369 0.0642 0.0845 0.1013
BGCN-ADS 0.0404 0.0655 0.0865 0.1050
Youshu BGCN 0.1596 0.2410 0.2984 0.3416
BGCN-ADS 0.1811 0.2638 0.3216 0.3633

Dataset | Method | NDCG@10 | NDCG@20 | NDCG@30 | NDCG@40

Netease BGCN 0.0202 0.0274 0.0321 0.0356
BGCN-ADS 0.0221 0.0288 0.0336 0.0374
Youshu BGCN 0.0934 0.1165 0.1303 0.1398
BGCN-ADS 0.1049 0.1281 0.1422 0.1515

e 1. Actual approximation ratio. We compute the actual approximation ratios of the approx-
imation solutions returned by each algorithm on six datasets, where the number of iterations
varies from 4 to 256. The ground-truth ADS densities are computed using our proposed exact
ADS discovery algorithm, PASTA-Exact. We observe that our method PASTA outperforms FDP in
terms of accuracy. For example, on the EF dataset, when T=256, our algorithm PASTA achieves
a solution with a 1.01 approximation ratio, whereas the baseline algorithm FDP only reaches a
1.3-approximation ratio.

¢ 2. Community search. As for community search, we compare ADS under NR-density (NR-
ADS) with the state-of-the-art local community search method [70] (FS), as well as ADS under
R-density (R-ADS). As shown in Fig. 8, NR-ADS consistently achieves higher community quality,
reflected by higher density and stronger internal cohesion, measured by the Jaccard similarity
between pairs of community members.

¢ 3. Bundle recommendation. ADS can be used to enhance the performance of the state-of-
the-art bundle product recommendation method BGCN [13], which aims to recommend a bundle
of products to a single user. Specifically, BGCN [13] trains a Graph Neural Network (GNN)-based
recommendation model using three networks, including the user-bundle interaction network,
user-item interaction network, and bundle-item affiliation network, and then predicts whether a
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Fig. 9. A case study on DBLP co-authorship network.

user will interact with a certain bundle. However, due to exposure bias and item diversity imbalance
[13], the bundle-item affiliation network cannot capture the precise relationships between bundles
and items, which may cause some items to be overlooked and not considered for the bundle, leading
to sparse connections between bundles and items.

To alleviate the sparsity issue above, we propose to detect ADSs from the item co-purchasing
network and then use these ADSs to augment the bundle—item affiliation network, thereby enhanc-
ing the performance of BGCN. Specifically, we first build a co-purchasing network where an edge
between two items indicates that they have been purchased together more than 5 times. Then, we
apply PASTA (e=0.1) to detect ADSs by treating the target items as the anchored set (A), and the
items that frequently co-occur with them in the same bundles as the reference set (R). Afterwards,
in the bundle-item affiliation network, we add links between each bundle and the items that belong
to the same ADSs, enabling BGCN to leverage richer high-quality item associations. Finally, we run
BGCN on the augmented networks, and denote this augmented approach by BGCN-ADS.

We have experimentally compared BGCN and BGCN-ADS on two real-world datasets, i.e., Netease
and Youshu, whose statistics are shown in our supplementary material. We adopt two widely
used metrics, i.e., Recall@K and NDCG@K, to judge the performance of the ranking list, where
Recall@K measures the ratio of test bundles that have been contained by the top-K ranking list,
while NDCG@K complements Recall by assigning higher scores to the hits at higher positions of
the list. As shown in Table 5, BGCN-ADS outperforms BGCN in terms of Recall@K and NDCG@K.
This is because it uses ADSs to augment the bundle-item affiliation network, which alleviates the
sparsity issue by more precisely capturing the relationships between bundles and items.

¢ 4. Compared with other local density definitions. We demonstrate that ADS obtained under
NR-density (NR-ADS) is more effective than that based on R-density [20] (R-ADS) in downstream
applications, such as bundle recommendation and community search. Especially, we observe that
NR-ADS consistently outperforms R-ADS when used to augment the BGCN model, i.e., BGCN-NR-ADS
achieves better performance than BGCN-R-ADS. Similarly, in community search, NR-ADS yields
communities of higher quality than R-ADS. This advantage stems from the strong locality property
of NR-density, which ensures that the discovered ADSs are more tightly centered around the
anchored set. In contrast, R-density may include loosely related vertices, therefore degrading
effectiveness. The detailed results are shown in our supplementary material due to space limitations.

e 5. Case studies. We consider the DBLP co-authorship network and set the anchored set as
A={Jim Gray, Stefano Ceri}. The reference set R is constructed by selecting the top-15 co-authors
of these two researchers according to Google Scholar. We compare three communities: ADS under
R-density (R-ADS), ADS under NR-density (NR-ADS), and the community returned by the SOTA
local community search method (FS). As shown in Fig. 9, FS only returns the two anchored vertices
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Fig. 10. Efficiency results of (1 + €)-approximation algorithms.

in A, failing to expand a meaningful community. In contrast, NR-ADS discovers a significantly
denser and more informative community than R-ADS. Moreover, NR-ADS includes several well-
known database researchers, such as Michael Stonebraker and Samuel Madden, whereas R-ADS does
not. This result indicates that NR-ADS better captures the core structure of the database research
community, while remaining tightly centered around the anchored set. In addition, we also provide
a case study on bundle recommendation, which is presented in the supplementary material.

7.4 Sensitivity analysis

In this subsection, we extensively analyze the sensitivity of our method PASTA.
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Fig. 11. Effect of graph reduction.

¢ 1. Effect of e. Fig. 10 compares the average running time of these three algorithms on 12
datasets by varying € from 0.5 to 0.01. Clearly, PASTA is up to four orders of magnitude faster
than Frank-Wolfe and FDP, since it has a better theoretical guarantee and can find ADSs on much
smaller reduced graphs. Compared with Frank-Wolfe, FDP is up to two orders of magnitude faster
when low accuracy is required (i.e., large ¢). However, for high-accuracy settings, both methods
often fail to complete within three days. In addition, even on very small graphs, PASTA is still more
efficient than competitor methods because it consistently uses fewer iterations to achieve the same
approximation ratio as FDP and Frank-Wolfe.

¢ 2. Effect of graph reduction technique. We evaluate the effect of our graph reduction strategy
on large datasets. We present the efficiency of PASTA (using k-rcore-based graph reduction) and
PASTA-NR (not using k-rcore-based graph reduction). As shown in Fig. 11, we observe that PASTA
is much faster than PASTA-NR, highlighting the effectiveness of our graph reduction technique

in reducing the search space. We also note that even without the graph reduction technique, our
PASTA-NR is still much faster than FDP.
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o 3. Effect of the size R. We investigate the impact of the size of R on the performance of ADS
algorithms, since the time complexity of all algorithms is positively correlated with vol(R). As
shown in Fig. 12, our algorithm remains stable as the size of R varies. Regardless of whether R is
small or large, our algorithm consistently outperforms the baseline methods in terms of efficiency.

7.5 Memory usage and scalability

We compare the memory usage of different methods and analyze the scalability of PASTA.

o 1. Scalability test. We evaluate the scalability of PASTA with ¢ = 0.1 on the six largest datasets.
Specifically, for each graph, we first randomly select 20%, 40%, 60%, 80%, and 100% of its vertices
and then obtain six sub-graphs induced by these vertices, respectively. We then report the average
efficiency of PASTA on these sub-graphs in Fig. 13. The time cost of PASTA scale is almost linear
with the number of edges in the graph, since in each iteration, it takes O(m) time.

¢ 2. Comparing the space usage of FDP and PASTA. We examine the memory usage of FDP
and PASTA on the five largest datasets, reporting their results in Table 6. FDP and PASTA have the
same space complexity O(m), where m denotes the number of edges in the graph. Nevertheless, in
practice, PASTA usually takes less memory than FDP, since it adapts an effective graph reduction
technique. This is an optimization technique at the practice level.

Table 6. Memory usage of FDP and PASTA.

Memory Usage (KB)

Dataset Reduction (%)
FDP PASTA
WG 149,847,310 118,477,724 1.26X
YT 254,392,593 190,538,593 1.34X
CP 393,039,514 305,160,951 1.29%
LJ 1,185,994,782 873,890,514 1.36X
UK 4,865,509,000  2,798,672,000 1.73%

8 Related works

In this section, we review the related works, including the densest subgraph discovery (DSD)
solutions and local community search.
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o Works for DSD problems. The DSD problem aims to find the subgraph with the maximum
average degree [3, 5, 6, 11, 12, 24, 32, 33, 45, 62, 66]. This problem can be addressed by solving a
parametric maximum-flow [32]. While exact algorithms are often prohibitively time-consuming,
especially on large graphs, many efforts have focused on developing approximation algorithms to
improve efficiency [5, 14, 27, 40]. In particular, peeling-based approaches [12, 14, 15] and convex
programming-based approximations [23, 33, 37, 54, 64] have been widely adopted for solving the
DSD problem. Besides, the DSD problems have been extended to other types of graphs, including
directed graphs [39, 50, 51, 62, 81, 83], multilayer graphs [30, 31, 38], bipartite graphs [1, 35, 52],
uncertain graphs [85], hypergraphs graphs [4, 10], and heterogeneous graphs [17]. Many variants of
DSD have also been studied [2, 20, 28, 34, 48, 59, 62, 64, 67, 72, 79, 80]. While these approaches focus
on global graph search, recent work has increasingly emphasized local densest subgraph discovery.
To enhance personalization in search results, the anchored densest subgraph (ADS) problem [20]
aims to find the subgraph with the highest density while ensuring the presence of a user-defined
anchor set. For the ADS problem, maximum-flow-based algorithms were first introduced [20, 76].
The convex programming-based algorithms have also been proposed [21, 74], which are extensively
reviewed in Section 3. As a preview, we remark that their approaches significantly differ from ours.
o Works for local community search. Given a seed set or reference set R, the local community

search problem aims to detect a community that is highly correlated to R [16, 25, 70, 73, 74].
Many works focus on identifying communities that achieve high scores according to specific
quality metrics. Among these, two metrics are particularly prominent: conductance and density.
Conductance-based metrics evaluate a community based on its cut and volume, where the “cut”
denotes the number of outbound edges and the “volume” reflects the total degree of all community
members [56, 70, 74]. In contrast, density-based metrics assess communities by the ratio of the
“sum of weights”—influenced by the seed set R—to the size of the community [20, 21, 71, 74, 76].
The state-of-the-art metric for local community search, NR-density [21, 74], is the primary focus
of our work. Besides, many cohesive subgraph models like k-core [8, 63, 65], k-truss [18, 61, 77],
k-ECC [36, 75], k-clique [22], quasi-clique [68, 69, 78], and k-plex [7, 82] have been used in local
community search [25].

9 Conclusions

In this paper, we investigate the problem of efficient anchored densest subgraph (ADS) discovery.
Existing ADS solutions suffer from weaker theoretical guarantees and huge search spaces. To
address these issues, we introduce a new approximation algorithm that requires fewer iterations to
achieve the same solution accuracy as state-of-the-art (SOTA) methods, with a rigorous theoretical
foundation. Next, we develop a novel graph reduction technique that effectively constrains ADS
search to a smaller subgraph. Building on these advancements, we further propose an efficient exact
algorithm. Experimental results on 12 real-world large directed graphs exhibit that our approach
significantly outperforms existing methods, achieving up to four orders of magnitude speedup
over SOTA algorithms. In future work, we plan to design efficient parallel ADS search algorithms
and further extend our proposed methods to handle ADS discovery under alternative strongly
local density measures. Incorporating ADS discovery into modern graph systems also presents an
interesting future direction.
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