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The rapid development of vector databases and large language models has significantly increased the im-
portance of Approximate Maximum Inner Product Search (AMIPS) problem. Over the past decade, various
approaches have been proposed to efficiently address the AMIPS problems. Compared to other methods, such
as those based on Locality Sensitive Hashing (LSH), proximity graph-based methods have shown superior
query performance on AMIPS. However, the performance of graph-based methods for AMIPS is still not fully
optimized due to the norm bias issue, while graph-based methods have demonstrated strong effectiveness for
ANNS. In this paper, we theoretically analyze the norm bias in MIPS and identify a norm domination phenome-
non: results are consistently dominated by a handful of large-norm vectors, with negligible contributions from
small-norm ones. Building on this observation, we propose the Norm-Adaptive Partitioning (NAP) scheme,
which splits the vectors in a dataset into HEAD, Bopy, and TAI1L based on vector norms. The HEAD contains
few large-norm vectors for exhaustive search; the TAIL includes small-norm ones that can be safely pruned
under accuracy bounds; and the Bopy, characterized by concentrated norms, is well-suited for conventional
proximity graphs. The main challenge of NAP strategy is to balance the query accuracy and extra cost for NAP
by efficiently determining the size of TaiL, HEAD, and Bopy. To address it, we further design a practical NAP
algorithm that minimizes search cost while ensuring bounded accuracy. To demonstrate NAP, we introduce a
hybrid index combining a lightweight structure (e.g., a hash table) for the HEAD and a proximity graph for
the Bopy. Experimental results show that NAP reduces the index size of existing proximity graphs by over
50% and the NAP-based hybrid index enables more than 2x speedup over state-of-the-art graph-based AMIPS
methods at the same recall level.
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1 Introduction

The Maximum Inner Product Search (MIPS) problem seeks to retrieve, from a dataset of high-
dimensional vectors, the vector (i.e., an object representation) that maximizes its inner product
with a given query vector. MIPS serves as a core primitive in many large-scale data management
and retrieval systems, including vector databases such as Milvus [43] and PgVector [21], informa-
tion retrieval systems [14, 20] (e.g., Google’s REALM [7]), as well as industrial recommendation
systems [3, 5, 26]. In recommendation workloads, MIPS underpins collaborative filtering models,
where users and items are embedded into a latent space and recommendation reduces to iden-
tifying the item vector with the largest inner product to a user query [3]. Empirical evidence
from large-scale production systems further highlights the importance of the inner-product-based
retrieval; for example, Microsoft Research reports that inner product is a central operation in their
Xbox recommendation system and outperforms nearest-neighbor-search (NN, i.e., retrieving the
vector with the smallest Euclidean distance to a query) based alternatives in terms of accuracy [6].
Despite its importance, computing exact MIPS is expensive at scale. As both dataset cardinality
and vector dimensionality increase, exhaustive computation becomes impractical due to “curse of
dimensionality” [2, 10, 18, 24]. This challenge has motivated extensive research on the Approxi-
mate Maximum Inner Product Search (AMIPS), which is widely adopted in modern systems
to significantly reduce query latency and resource consumption while delivering high-quality
approximate results.

Existing solutions to AMIPS problem mainly consist of locality-sensitive hashing (LSH)-based
methods [4, 17, 18] and graph-based approaches [16, 22, 29]. LSH-based methods are renowned
for their solid theoretical guarantees and low indexing costs. By projecting high-dimensional
vectors into low-dimensional hash spaces using a set of independent LSH functions, high-quality
candidates for the query g can be identified with high probability by inspecting only the points in the
corresponding hash buckets [4, 18]. However, LSH-based methods suffer from the hash-boundary
issue [17, 40, 46], where points that are close in original space may be mapped into distinct hash
buckets, thereby reducing query accuracy.

In contrast, graph-based methods have gained widespread adoption for AMIPS due to their
superior query efficiency and retrieval accuracy. These methods first construct an approximate
proximity graph (APG) over a vector dataset by connecting pairs of points (i.e., vectors) with
high inner products [11, 30, 37]. To perform a search, the algorithm starts from an entry point and
traverses the graph greedily. At each step, it computes the inner products between the query and
all neighbors of the current node, then moves to the neighbor with the largest inner product. This
process repeats until a stopping criterion is met—typically when no “closer” neighbor (i.e., one with
a higher inner product) can be found. Despite outperforming LSH-based methods in query speed
and accuracy, graph-based methods exhibit notable performance bottlenecks. Our evaluation on
datasets like MNIST (Figure 12 and 13) shows their index size and efficiency remain suboptimal.

This naturally raises a critical question: can we pinpoint and overcome the fundamental reason
for the inadequate performance of graph-based methods in AMIPS? We answer this affirmatively by
uncovering a key insight—the norm domination phenomenon, where search results are overwhelm-
ingly monopolized by a few large-norm vectors, while small-norm vectors contribute negligibly.
This phenomenon fundamentally hinders proximity graphs, which are highly effective for approx-
imate nearest neighbor search (ANNS) [16, 29, 46], from achieving comparable performance on
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AMIPS. To understand this limitation, consider a dataset whose vectors have nearly uniform norms.
In this case, maximizing the inner product is equivalent to minimizing the Euclidean distance, and
graph-based methods such as APG can naturally perform AMIPS as effectively as ANNS. However,
real-world datasets typically exhibit a wide range of norm distributions, leading to strong norm
bias: points with extremely large or small norms distort the neighbor structure, degrading graph
connectivity and search accuracy. Consider nodes x; and xs (i.e., D and () in an APG depicted
in Figure 1(a) where their norms r; = ||x|| and r5 = ||x5]| satisfies r; > r5. For any query q on the
APG, it is apparent that x; is more likely to yield a larger inner product with g than x5, making the
other points (e.g., x5) hard to be found during a greedy search.

To tackle this bottleneck, we propose the Norm-Adaptive Partitioning (NAP) framework, which
manages data points with varied norms and enables efficient and accurate AMIPS search. NAP
strategically partitions the dataset into three norm-based segments— HEAD, Bopy, and Ta1L—in
descending order of norms. The HEAD contains a small number of large-norm vectors that are
highly likely to appear in MIPS results. Since they are few but critical, we search them exhaustively
using lightweight methods such as linear scan or LSH, rather than indexing them in a proximity
graph. The TaI1L consists of small-norm vectors that almost never appear in MIPS results and can be
safely pruned to save computation and space. The Bopy , which forms the majority, has moderately
varied norms and thus serves as the ideal candidate set for proximity graph construction. Building
an APG on the Bopy notably alleviates the adverse effect of norm domination and preserves high
search efficiency. Figure 1(b) depicts the APG for Bopy after applying NAP, where nodes x4—xo
share a similar norm. As a result, queries executed on the APG are free from norm bias. The main
challenge of NAP strategy is to balance the query accuracy and extra cost for NAP by efficiently
determining the size of TaiL, HEAD, and Bopy. To address it, we further design a practical NAP
algorithm that minimizes search cost while ensuring bounded accuracy. The Elbow method is
employed to determine a suitable size for HEAD, owing to its low computational overhead. Finally,
we demonstrate the effectiveness of NAP through a hybrid index that integrates a lightweight hash
table for the HEAD and a proximity graph for the Bopy. Experimental results demonstrate that NAP
reduces the index size of existing proximity graphs by over 50%, and that the NAP-based hybrid
index achieves more than 2x speedup over state-of-the-art graph-based AMIPS methods to reach
the same recall. In summary, this paper makes the following contributions.

o Critical Analysis of Norm Domination. We conduct a critical analysis of the limitations inher-
ent in graph-based methods for Maximum Inner Product Search (MIPS), identifying the norm
domination phenomenon and clarifying its detrimental impact on both the distribution of MIPS
results and the query performance of proximity graphs.

e Novel Partitioning Strategy. We introduce a novel Norm-Adaptive Partitioning (NAP) strategy,
which segments the dataset into three distinct regions—HEAD, Bopy, and TaiL—based on vector
norms, effectively countering the adverse effects of norm bias. Accompanying this strategy, we
develop a practical partitioning algorithm that maximizes the identification of TAIL points while
rigorously bounding accuracy loss within a predefined error threshold.

o Customized Hybrid Index. We design hybrid index structures customized to the characteristics of
the HEAD and Boby partitions, leveraging their respective sizes and norm distributions to enable
efficient and accurate retrieval of the most relevant MIPS candidates.

e Significant Performance Gains. We conduct extensive experiments on real-world datasets to
validate the effectiveness of NAP. The results demonstrate that NAP reduces the query time and
memory overhead of state-of-the-art graph-based methods by more than 50% when the dataset
exhibits a wide norm distribution.
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(a) APG for a whole dataset (b) APG for Bopy following NAP

Fig. 1. The effect of NAP for APGs in inner product spaces.

The rest of the paper is organized as follows. Section 2 reviews related work on MIPS problem.
Section 3 presents the problem definition and background. Section 4 provides an in-depth analysis
of the norm domination phenomenon across datasets. Section 5 details the NAP strategy. Section 6
describes NAP-based index structure and the corresponding AMIPS query processing algorithm.
Section 7 provides complexity analysis. Section 8 reports extensive experimental evaluations, and
Section 9 concludes the paper.

2 Related Work

The AMIPS problem has attracted extensive attention and has been widely studied. Existing AMIPS
methods can be categorized into three main groups: LSH-based methods [6, 23, 25, 34, 35, 45, 47],
graph-based methods [11, 27, 30, 36-38], and other methods such as those based on learning,
sampling, and quantization [13, 15, 33].

2.1 LSH-based methods

The foundation of LSH-based methods lies in LSH functions, which ensure that the collision
probability of two points increases with their similarity in the metric space (i.e., it decreases with
their distance). However, LSH functions are not directly applicable in inner product spaces, as a point
does not necessarily have the highest inner product with itself, despite always exhibiting the highest
collision probability with itself. To address this inherent limitation, transformation-based techniques
have been proposed to convert the AMIPS problem into ANNS problem, enabling it to be tackled via
LSH-based methods [17, 18]. Such transformations typically involve two functions, P(x) and Q(g),
which map data points and query vectors from the original inner product space (R?, ip) into a new
metric space (R™, dist). Under these mappings, maximizing q" x becomes equivalent to minimizing
dist(Q(q), P(x)), allowing the AMIPS problem to be answered by performing ANNS on Q(q) in the
transformed space. Subsequently, we can address the AMIPS problem by utilizing the LSH functions
specifically designed for the metric space [6, 34, 35]. These methods are straightforward to deploy
and incur an extremely low building cost, as they only require the computation of hash values.
Nevertheless, these transformations often neglect norm bias, resulting in distance distortions [23].
That is, points with distinct inner products relative to the query may end up at similar distances
from the query in the new space, rendering the transformed ANNS ineffective. To mitigate this
issue, several works [23, 45, 47] propose partitioning the dataset into blocks based on vector norms,
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ensuring that points within each block share similar norms. Consequently, ANNS queries within
a single block are less affected by distortion. However, this design necessitates searching across
multiple blocks, which increases query costs compared to querying the entire dataset at once,
thereby creating a trade-off between accuracy and efficiency. Although LSH based methods are
easy to implement and have low indexing costs, their query performance for AMIPS is generally
inferior to graph-based methods due to the distance distortion [11] and the inherent hash boundary
issue [40].

2.2 Graph-based methods

Given the proven effectiveness of graph-based methods such as HNSW [29] and DiskANN [36]
in ANNS, applying them to AMIPS is a promising direction. A straightforward strategy involves
constructing APGs directly in the inner product space. This can be achieved by modifying existing
frameworks (e.g., replacing the metric function in HNSW with the inner product, known as ip-NSW
[30]), a practice commonly adopted in industrial systems due to its simplicity. However, since
the inner product is non-metric and the MIPS neighbor of a point x’s MIPS neighbor is not x’s
the MIPS neighbor again, greedy search in APGs for AMIPS suffers from degraded performance,
primarily due to norm bias. To address this, several studies [11, 37, 38, 48] propose improved edge
selection strategies that prioritize large-norm points. While beneficial in some cases, these methods
often fail when the dataset exhibits a wide norm distribution. In such cases, large-norm points
disproportionately attract incoming edges, creating “traps” that hinder search efficiency. Moreover,
compared to LSH-based methods, graph-based methods require much higher indexing costs due to
the complexity of graph construction, where numerous inner product computations are needed to
find neighbors for each point. Therefore, it becomes crucial to design graph-based methods that
can effectively mitigate the norm bias issue while maintaining reasonable indexing costs.

2.3 Other Methods

Other methods, such as learning, sampling, and quantization based methods, have also been
proposed for AMIPS [13, 15, 33]. Shen et al. [33] propose a binary code learning framework that
preserves the inner product among raw data vectors. BanditMIPS [41] estimates the inner product
for each point by subsampling coordinates and adaptively evaluates more coordinates for more
promising points. These methods can effectively reduce the computational cost of inner product
by using less bits or fewer dimensions to represent vectors. However, the incurred estimation
errors lead to lower query accuracy, leading to still a high query complexity to achieve high query
accuracy, limiting their scalability to large-scale datasets.

3 Preliminaries

In this paper, we focus on the AMIPS problem in memory. Let R be a d-dimensional vector space,
x| x; represents the inner product between points x,x, € RY, and (x1,x;) denotes the angle
between x; and x;.

3.1 Problem Definition

Definition 3.1 ((c, k)-Approximate Maximum Inner Product Search). Given a dataset D, a query
point ¢ € R?, an approximation ratio 0 < ¢ < 1, and a positive integer k, a (c, k)-approximate
maximum inner product search (AMIPS) returns k points x,...,xx € D, sorted in descending
order according to their inner products with the query point q. For each i = 1,. .., k, the following
condition holds: ¢"x; > ¢ - ¢"x}, where q" x] represents the i-th maximum inner product in the
dataset.
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The ratio ¢ denotes the approximation property of AMIPS and is not directly utilized in graph-
based methods. Next, we describe some properties of the normal distribution, which are used to
prove the correctness of our framework.

Definition 3.2 (i.i.d. d-dimensional normal random vector). A d-dimensional point g = (g1, - ,qq)
is an i.i.d. d-dimensional normal random vector if each of its entries g; is independently normally
distributed as N(y, 0%), where p and o are the expectation and variance of g;, respectively. We
denote this as g ~ N%(py, o?).

LEMMA 3.3 (INDEPENDENCE [19, 32]). If X and Y are jointly normal and uncorrelated, then they
are independent.

LEmMA 3.4 ([19, 42]). The sum S = Zle a;X; follows a normal distribution N (0, Z?Zl a?), where

X; ~ N(0,1) and a; € R.

3.2 Locality Sensitive Hashing based Methods

Definition 3.5 (Locality-sensitive hashing). Given a distance function dist, a distance threshold
r, an approximation ratio ¢ > 1, and two probability values pq, p;, where p; > p, a family
H=A{h: R U} is called (r, cr, p1, p2)-locality sensitive, if for any x;, x; € RY, it satisfies the
following two conditions:

(1) If dist(x1,x2) < r, then Pr[h(x;) = h(x2)] = p1;

(2) If dist(x1, x3) > cr, then Pr[h(x1) = h(x2)] < pa.

LSH index is widely used for solving the ANNS problem due to its simple structure. Since inner
product is not a valid metric, no standard LSH function can be directly applied to AMIPS [23, 34].
Hence, we consider an LSH function based on cosine similarity, i.e., angular distance, which is
defined as follows [9, 34]:

h(x) = sign(a'x), (1)
where a is a d-dimensional random vector with each entry independently chosen from the standard
normal distribution N (0, 1).

LEMMA 3.6. The collision probability of h(x) and h(q) under the LSH function in Eq. 1 is [47]:
(g, x)
Pr[h(x) = h(g)] =1~ = @

Lemma 3.6 shows that points with high cosine similarity are more likely to have the same hash
value, which helps in identifying the required neighbors from the hash buckets containing g.

Based on Equation 1, we can construct multi-dimensional hash tables to map the data points [31,
34]. This approach enables us to efficiently retrieve approximate ANNS results by only inspecting
the query point’s buckets. As a result, the indexing and query times for LSH-based methods can
be extremely fast, particularly when targeting lower accuracy. However, due to the inherent hash
boundary issues [11, 40, 47], LSH based methods hardly achieve a higher accuracy compared to
graph-based methods.

4 Motivation

Norm bias is a commonly discussed phenomenon in the MIPS problem [23, 45, 47], which indicates
that points with larger norms are more likely to exhibit a larger inner product with a query than
points with smaller norms. Consequently, it is more promising to identify the MIPS results from
points with larger norms. However, few studies quantitatively analyze the probability that MIPS
results originate from points with large norms, which makes it difficult to fully leverage the effect
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of norm bias for MIPS queries. In this section, we first quantify the norm bias and reveal the Norm
Domination phenomenon (Section 4.1). We then analyze the norm and MIPS result distributions in
real datasets to demonstrate the dominance of high-norm points (Section 4.2). Finally, we explore
how this bias adversely affects graph structure (Section 4.3), leading to the inefficiency of MIPS
queries on APGs.

4.1 Norm Domination

To formalize norm bias, we begin by considering a simplified scenario with two points, x; and x,
where r; = ||x{|| and r; = ||x2||, with r; > r,. Based on the norm bias phenomenon, for any query g,
it is reasonable to infer that x; is more likely to yield a larger inner product with g than x,.

LEMMA 4.1. Consider two orthogonal points x1, x, € R? withry = ||x||, 72 = ||x2||, and a random
point ¢ ~ N%(0,1). Ifg"x; > 0 and q" x; > 0, then the probability that x, has a larger inner product

with q than x, is 2 - arctan (r—l) )
T ra

The proof of Lemma 4.1 is presented in the Appendix. Lemma 4.1 quantifies the norm bias

phenomenon by revealing the probability that x; becomes the MIPS result of ¢ when another point
x1 exists. To simplify the model, we assume that the maximum inner product is positive. Based
on this lemma, it is evident that points like x;, with a larger norm, are more likely to be the MIPS
result, and the likelihood increases with the ratio of their norms, r;/r,. Thus, when the norms of
the two points differ significantly, we can compute how small the probability of x; becoming the
MIPS result can be.
Estimation of the domination probability. However, the dataset D typically contains multiple
points, and it is essential to analyze the norm bias in this case. To simplify the analysis, we divide
D into two parts and compute the probability that the MIPS result falls into one of them. Let us
consider two sets of random non-zero points X = {xy,x2,- -+ , x5, } and Y = {y1, y2, - -+ , yn, } With
r1 = minyeyx [|x|| and r, = maxyey [|y||. For an ii.d. d-dimensional normal random query point
g ~ N%(0,1), let x* be the MIPS neighbor of ¢ in the set X U Y, we aim to estimate the probability
that x* € X when y = r;/r, > 1. Based on Lemma 3.4, we have I; = q" x; ~ N(0, ||x;||?). To simply
estimate the cumulative density function (cdf) of I}, = max,cx q'x, we ignore the correlations
between any two variables I; and I}, then for any a number ¢,

Pr[I; < t] =Pr[max; <]
=Pr[; <t,, <t,---,I; <t

n; np ¢
_DPI’[I < t] = l;[@(m)

where ®(t) is the cumulative distribution function (cdf) of the standard normal distribution. So, the
cdf of I is Fr (t) = TT12, @(m). Similarly, for I}, = maxyey q"y, its cdf is Fr; (t) = [T}, ‘I’(Wti”)'
Assume I)*( and I; are independent, we have

¥(X,Y) =Pr[I} > ;]
+00 +00 , , (4)
=/ / Fj. (tp) dty - F. (1) dty.
—00 4 X Y

¥ (X,Y) forms an estimator of the probability that x* € X.

®)

LEMMA 4.2. Denotey = ri/r, where r; = minyex ||x|| and r, = maxyey ||yll, ¥(X,Y) is at least
+00 ¢
F(y,ny, n2) :/ [1 - oM (—)] do™ (t). (5)
0 Y
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Fig. 2. Norm Distribution and MIPS Distribution in Real Datasets

The proof of Lemma 4.2 can be found in the Appendix. Lemma 4.2 provides strong evidence for
the norm bias phenomenon between two sets of points, X and Y, when the norm of points in X
is at least y times larger than that in Y. It computes the lower bound of the probability that the
MIPS result of a random query belongs to X rather than Y as F(y, ny, nz). F(y, ny, nz) converges
rapidly to 1 with increasing n; or y when y > 1. Even if n, is only a few thousand, F(y, ny, ny) can
approach 1 when y = 2.0 and n; = 1 million. We refer to this phenomenon as norm domination.

Definition 4.3 (Norm Domination). Consider two random point sets, X = {x1,x2,- -+, Xy, } and
Y ={y1 Y2 ,Yn,}, where r; = minyex ||x|| and r; = max ey ||y||. When y = ry /r; is sufficiently
large, the MIPS result of any query g in X U Y will almost always appear in X, even if | X| < |Y].
We refer to this phenomenon as norm domination, where Y is dominated by X.

In contrast to norm bias, norm domination offers a more precise characterization: rather than
simply stating that points with larger norms are more likely to appear among MIPS results, it
asserts that once the norm gap exceeds a certain threshold, e.g., y, the probability that the MIPS
result falls within the large-norm subset approaches nearly 100%, even when that subset accounts
for only about 1% of the points. This conclusion is striking, as it implies that with the presence
of large-norm points, MIPS results can be found by searching only thousands of points, rather
than the entire dataset of several million points, with high probability. In the following section, we
present the distributions of MIPS results in real datasets to further illustrate norm domination.

4.2 Norm Domination in Real Datasets

We conduct an empirical analysis on five real datasets — Audio, MNIST, YahooMusic, Gist1M,
and Tiny5M - to investigate whether these datasets exhibit skewed norm distributions and the
relationship between MIPS results and the norm of points. Specifically, we first characterize the
overall norm distributions to identify potential imbalances, and then quantify the proportion of
k-MIPS results contributed by large-norm vectors. As shown in Figure 2, three key observations
emerge: (1) all datasets display non-uniform, right-skewed norm distributions; (2) a small fraction
of large-norm vectors dominate the top-k MIPS results; and (3) the degree of norm imbalance varies
significantly across datasets. Detailed analyses of these findings are presented below.

Norm skewness across all datasets. The top row of Figure 2 shows the empirical histograms of
vector norms for each dataset, with the median indicated by the dashed red line. First, all datasets
exhibit highly non-uniform and asymmetric norm distributions, rather than flat or symmetric
ones, aligning with our assumption on the norm of points. Even in relatively concentrated datasets
such as Audio and MNIST, the ratios between the 99-th and 10-th percentiles (2.06/0.83 ~ 2.5%
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and 3378/1785 ~ 1.9X, respectively) reveal persistent asymmetry. Second, the majority of vectors
cluster around relatively small magnitudes, while a small fraction extend into a long right tail with
substantially larger norms. For example, although the norms in Audio span from 0.3 to 3.1, over 75%
of them fall below 1.45, and only the top 1% reach 2.06; a similar situation is even more pronounced
in the YahooMusic dataset: norms in YahooMusic span from 0.0017-0.34, but 75% of them fall below
0.0178, and only the top 1% reach 0.08, indicating the highly concentrated and long-tail distribution
of norms in real datasets. This disparity in real datasets demonstrates that, while the norm of most
points lies in compact small regions, a small subset of large-norm vectors dominate the upper tail,
creating the structural basis for norm domination in the MIPS problem.

Concentration of MIPS results on large-norm points. To quantify how the observed norm
skewness affects MIPS retrieval, we examine the cumulative contribution of large-norm vectors
to the top-k MIPS results of all query points. As shown in the bottom row of Figure 2, each curve
depicts the fraction of retrieved top-k neighbors that originate from the top-x% of vectors ranked
by their norms. A steeper curve indicates a stronger dominance of large-norm points in retrieval
outcomes, reflecting how severely the query results are biased toward the large-norm region. The
top-1 and top-10 curves rise sharply within the first few percent of the points, indicating that only
a tiny portion of large-norm vectors contribute to retrieval outcomes. For instance, in Tiny5M and
Gist, more than 99% of the top-10 MIPS neighbors are drawn from the top 0.05% of large-norm
points, while even the broader top-100 set is almost entirely covered by the top 0.1%. Audio and
MNIST exhibit a milder but still significant bias, where 70-80% of the top-10 results originate
from the top 10% of large-norm points. YahooMusic lies between these extremes, showing strong
skewness for top-10 retrieval (over 99% within the top 5%) but a smoother distribution for larger k.
Dataset-dependent skewness intensity. Although norm domination is universally observed, its
severity varies markedly across datasets. YahooMusic, Gist, and Tiny5M exhibit highly skewed norm
distributions, where over 90% of top-10 MIPS results arise from the top 1-2% of the largest-norm
points. In contrast, Audio and MNIST display more moderate imbalance—approximately 70-80%
of retrieved results are concentrated within the top 10% of vectors—showing that smaller-norm
regions still contribute meaningfully to retrieval. This dataset-dependent disparity suggests that
the number of dominating vectors varies with the underlying norm distribution, motivating the
need for a norm-adaptive strategy that facilitates the efficient AMIPS query based on the specific
norm distribution in the datasets.

Example 4.4. These experimental findings also validate the theoretical norm-domination model
introduced in Lemma 4.2. Specifically, we verify this correspondence by splitting each dataset
into two subsets according to norms: the top 10% large-norm vectors as X and the bottom 50%
as Y, from which we estimate the norm ratio y. In the highly skewed dataset YahooMusic, where
ny = 62,476 with minimum norm r; = 0.026 and ny = 312,380 with maximum norm r, = 0.013, we
obtain y = ry/r, = 2.0, the theoretical domination probability is F(y, ny,nz) = 0.999. In contrast,
for the relatively balanced dataset Audio (n; = 5,418, r; = 1.63; ny = 27,093, r; = 1.24), y = 1.31
yields F(y, nq, nz) = 0.946. This aligns closely with the empirical observation that more than 99%
of top-10 MIPS neighbors originate from the top 1% of large-norm vectors in the YahooMusic
dataset, while the proportion decreases to 70-80% in the Audio dataset. These results demonstrate
that the observed empirical dominance ratios quantitatively conform to the theoretical prediction,
reinforcing the validity of the proposed norm-domination model in practical MIPS scenarios.

4.3 The Effect of Norm Domination on APG

The theoretical analysis of norm domination, coupled with the empirical evidence of severe retrieval
concentration in real datasets, demonstrates that MIPS results are overwhelmingly concentrated
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Fig. 3. lllustration of how vector norms influence graph structure (max out-degree is set to 2).

on a small subset of large-norm points. This phenomenon of norm domination not only biases
retrieval results but also fundamentally alters the structure of the APG for MIPS. To illustrate this,
we compare the changes in graph structures and query performance in APGs when large-norm or
small-norm points are inserted, as shown in Figure 3.

Syphon effect of large-norm points in APGs. According to Lemma 4.1, large-norm points tend to
produce high inner products with most other points. As a result, these points are frequently selected
as neighbors and accumulate an exceptionally high number of in-edges, ultimately becoming hub
nodes. As illustrated in Figure 3(b), the insertion of large-norm nodes x7, xg traps almost all the
in-edges in the APG. Many modest and small-norm nodes (e.g., x1, x2, X3, X4, X;) replace their original
local edges (such as x3 <> x4 or x1 &> x;) with edges directed toward x; or xg in order to maximize
the inner product. Hub nodes x; and x3 attract a large number of in-edges from x;-xg, resulting in
a sharp spike in in-degrees at the head. In contrast, the in-degrees of x;—x¢ decrease because their
original in-edges are evicted due to the out-degree constraint of their neighbors, thus compromising
the connectivity in the APG. These two phenomena collectively undermine the quality of the APG
for MIPS queries. As a result, the greedy search for AMIPS is quickly “pulled” toward the hub region
{x7, xs} and struggles to escape due to the lack of connectivity, leading to low query accuracy for
certain query points.

Futility of small-norm points in APGs. In contrast, small-norm vectors produce low inner
products with other nodes, and thus receive few in-edges. As depicted in Figure 3(c), when small-
norm points xo, x19 are inserted, most of their out-edges point to higher-norm nodes (e.g., x1, x3, x4,
and x;4), with no edges directed back to them. As a result, xo and xj remain at the periphery of the
graph, forming dead-end branches that are never visited during the search unless they are entry
points. These small-norm nodes contribute little to the overall connectivity or navigability of the
graph but still incur storage and construction overhead without improving retrieval accuracy.

Example 4.5. Figure 3 illustrates the AMIPS query under three scenarios: (a) a balanced APG,
(b) the APG after inserting large-norm points, and (c) the APG after inserting small-norm points.
Each node has an out-degree of 2. In (a), all nodes {xy, ..., x¢} have comparable norms, forming a
well-connected structure. A greedy search beginning from xs follows the path x5 — x4 — x3 — x1,
successfully reaching the correct result. In (b), adding large-norm nodes x7, xs causes all existing
nodes to redistribute their edges toward the hub nodes x7, x5. The hubs, in turn, primarily connect to
each other or to a few nearby nodes (x; — xs, xs — x3). The search path thus becomes x5 — x5 — x7,
unable to reach x;, demonstrating how hub dominance traps the search in the head region. In (c),
the insertion of small-norm nodes xo, x1¢ results in isolated low-degree nodes without altering
connectivity. Due to their small inner products with other points, no other nodes select them as
neighbors, leaving them with zero in-degree. The search path remains unchanged. These nodes
consume storage while contributing little to retrieval accuracy.
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5 The Norm-Adaptive Partitioning Framework

As analyzed in Section 4, the issue of norm domination significantly impacts the MIPS problem.
First, a substantial number of small-norm points are rarely returned as MIPS results for any query.
Therefore, identifying and excluding these points from the index can enhance query efficiency.
Second, large-norm points tend to attract a disproportionately high number of edges, resulting in
an imbalanced edge distribution within the APGs. To address these challenges and improve MIPS
query efficiency, we propose a norm-adaptive partitioning strategy that determines which data
points should be stored in the APGs.

5.1 Norm-Adaptive Partitioning Scheme

Given a dataset D = {x1, X3, - - - , X, } sorted in non-increasing order of norms (||x;|| > ||x;+1]|), the
norm-adaptive partition (NAP) divides D into three segments—HEAD, Bopy, and TaiL—such that:

e The HEAD consists of large-norm points {xy, - - - , x, }. As shown in Figure 2, due to the long-tail
distribution, certain points exhibit significantly larger norms than the rest. These points are
highly likely to appear as MIPS results, making it reasonable to prioritize searching within this
segment. Early identification of candidates from HEAD can either terminate the query promptly
or guide subsequent exploration in other regions.

e The Bobpy includes the medium-norm points from X, +1 to x,—,,. This segment forms the core
of the dataset and typically exhibits a narrower norm range than HEap and Tair (see Figure 2).
Although their norms are smaller than those in HEAD , these points can still become MIPS results
for some queries g, particularly if their cosine similarity with q is high. To capture such cases,
we construct an APG over Bopy. By excluding large- and small-norm points, the resulting APG
suffers less from norm domination, leading to improved search effectiveness.

o The TAIL consists of small-norm points ranging from x,_,,+1 to x,. Its size n; is determined by

the size of HEAD (n;) and the norm ratio y = x|

- ||xn7n2+1 I
that the true MIPS results fall outside TAIL is at least F(y, ny, nz), since these points are likely
dominated by those in HEAD .

Based on Lemma 4.2, the probability

Definition 5.1 (5-NAP). Given a tolerance error §, and a dataset D = {x1,xz,- - - , x,} sorted by
non-increasing norm, the §-NAP seeks the maximal value of n, such that there exists a subset of n;

points satisfying F(y, ny, ny) > 1 — 8, where y = | (B

|xnfnz+1 [

However, computing the optimal n; for §-NAP is computationally intensive, as the search
space for (n;,n,) consists of O(n?) combinations, and evaluating F(y, n, ny) for each is costly. To
overcome this, we next describe practical algorithms that efficiently and effectively perform §-NAP
on real-world datasets.

5.2 Practical NAP Implementation

We consider two NAP algorithms to determine the boundaries of HEAD and TAIL based on the
estimated success probability F(y, ny, ny).

Greedy 6-NAP. Let ¢/(n;) be the minimal n; such that F(y,n;,nz) > 1 — 8. Since F(y, ny, ny)
increases with n; and decreases with n;, for a fixed y, it is reasonable to assume that i/(n,) increases
Iy Il
”xn—n2+1 I
the appropriate /(n,) for each n;. Algorithm 1 outlines the steps of the greedy §-NAP algorithm. It
begins by initializing values for n; and n, (lines 1). Specifically, n; is set to 2048, and n; is initialized
to 100. We then check whether F(y, ny, nz) > 1—4 holds in the initial case (line 4). If not, it indicates
that all points in D have nearly identical norms, rendering the NAP unnecessary. In this case, we

with n,, given that y = changes gradually. We can then adopt a greedy strategy to find
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set n; = n, = 0. Otherwise, we attempt to increase n, until F(y,ny, n;) > 1 — d no longer holds
(lines 6 to 9), thereby finding the maximum n; that satisfies the tolerance condition. Next, n; is
incremented (line 6). If F(y, ny, ny) decreases with increasing n;, the algorithm terminates, as this
suggests that the norm reduction from x,,_; to x,, (line 11) is too large. Otherwise, we decrease
ny until F(y, ny,ny) > 1 — 6 is satisfied (lines 10 to 15). This process continues until every point is
classified as either a HEAD or TAIL point.

Algorithm 1: 5-NAP in D

Input: The sorted dataset D = {x;}}_,, parameters &
Output: The size of HEAD n; and TAIL ny
ny < 2048, ny « 100;
2 oldp « 0;
llxn, |l
[E ng+1 ||
4 if F(y,n1,n2) <1— 6 then
5 L return 0,0;

[

3 )Yy«

s while ni +ny <ndo

7 while F(y,ni,n2) > 1 -5 do
8 ng «<— ny+1;
0 y e (B

L ||xn—n2+1|| ’
10 while F(y,ny,n2) < 1-6do
11 if F(y,n1,n2) < oldp then
12 L Break;
13 oldg « F(y,n1,nz);
14 ny«<—ny+1;
5 y e (e

L ||xn7nz+1|| ’

16 returnny,ny, —1;

Heuristic Two-Step 5-NAP. While the greedy §-NAP algorithm efficiently identifies reasonable
values for n; and ny, it approximates the norm of points in HEAD as ||x,, || and the norm of points in
TAIL as ||x,—p,—1]| when computing the domination probability p. This approach allows for a quick
estimation of p, but it tends to significantly underestimate it, especially when there is substantial
variation in the norms of the points in HEAD .

To improve this estimation, we consider the more accurate domination probability p based on
the Eq. 4, given by:

A ©)

Here, F;, () represents the probability that max,eppap ¢ x < t,and F| T, (t) represents the probability
that max,etan, ¢' x < £, which can be computed as

ny

=] ]e () 0= T1 @) (7)

lnn

The value of p increases monotonically with n; and decreases with ny, regardless of the norm
distribution of . Thus, the optimal n; is found when p > 1-4, but p < 1—4. The computation of p
is significantly more complex than that of F(y, ny, n,). To reduce computational cost, we recursively
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update Fy; (1), Fr;, (t), and precompute the derivative of Fy, (t), expressed as F}. (1) = Fr, (1) - ¢(t),
X
where

_& ()
O @ (k)

After determining n,, we select a proper n; using the elbow method [8, 12], based on the norm
llxn, |
”xnfnzﬂ I
clear indication of where norm domination begins to diminish, helping us choose a balanced value

for n; that maximizes efficiency without selecting an excessive number of points as HEAD points.
This technique enables us to identify the appropriate n; by examining the point where the norm
ratio exhibits a sharp change, signaling the optimal trade-off between query accuracy and the high
cost of intensive queries in the HEAD region.

®)

ratio y = . The elbow method is employed because it is easy to implement and offers a

6 NAP-based AMIPS Query

After partitioning the dataset O using NAP, we construct separate indexes for HEAD and Bobpy.
The suitable indexes for HEAD and Bopy differ due to their distinct norm distributions and point
densities. The BoDy region consists of a large number of points with similar norms after the NAP
partition, making it ideal to utilize APG as the index. This facilitates the AMIPS query and mitigates
norm domination. In contrast, the HEAD region contains fewer points with varied norms. For this
reason, it is recommended to use Linscan [1, 39] or LSH-based indexes [23, 47] rather than APGs, for
the following reasons: Firstly, the dispersed norm distribution in HEAD makes it extremely difficult
to avoid the issue of norm domination. Secondly, the small size of HEAD makes it challenging to find
a sufficient number of effective MIPS when compared to the entire dataset. On the other hand, due
to its data-independent structure and low construction cost, LSH is sufficient to efficiently support
AMIPS queries in HEAD . Therefore, we propose a practical NAP-based hybrid index, HT-NSW,
which integrates LSH [34] and HNSW [30] structures to efficiently support the AMIPS query on
top of NAP. Figure 4 illustrates the overall framework of HT-NSW, which comprises three major
stages: Norm-Adaptive Partition, Index Construction, and Query Processing. We now describe the
construction of HT-NSW and its efficient AMIPS query processing.

6.1 A NAP-based Hybrid Index: HT-NSW

Building Hash Tables for HEAD . We choose the LSH functions defined in Eq. 1 to map the
points in HEAD. An LSH function h(x) alone is insufficient for finding nearest neighbors under
cosine similarity effectively, as Pr[h(x) = h(q)] can still be very high even when (q, x) is large, e.g.,
7/2. Therefore, a common strategy in LSH-based methods is to construct several multi-dimensional
hash tables [18, 40]. In our HT-NSW method, 7y consists of L K-dimensional hash tables. We
randomly choose K independent hash functions as defined in Eq. 1 for each hash table [34, 40].
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Algorithm 2: k-AMIPS Query
Input: The sorted dataset D = {x;}?, the query point g, parameters k, indexes 7y for HEaD and I
for Bopy
Output: k-AMIPS of q
1 R « k-AMIPS neighbors of ¢ found in Zp;
2 R; < k-ANNS angular neighbors of ¢ found in 7p;

5 if [lqll - llxn,+1]l < minkeg g7 x then

4 L return R;

5 EPs « R.’s MIPS neighbors in Bopy ;

6 Search in 7y with EPs as the entry points;
7 Rp < k-AMIPS neighbors of g found in 7x;
8 Update R with Rp;

9 return R;

Algorithm 3: k-AMIPS Query in Iy

Input: The query g, parameters k, 1, indexes Jz7 for HEAD

Output: Two sets of points
1 R—o; > Store the found best k-AMIPS of ¢
2 Re — 9 > Store the found best angular k-ANNS of ¢
3 forl < 0:K do

4 for each hash table T; do

5 if |9i(x),9i(q)|lg = — 1 then

6 Update R with x;

7 Update R; with x;

8 if |lgll - Mj cos 6;(81) < minyerq' x then
9 L return R.R.;

10 return R.R.;

Let g;(x) = (hj1(x), -, hix(x)) be the hash keys of point x in hash table T;. We store the pairs
{gi(x),x} in T,

Building HNSW for Bopy. Given that HNSW [29, 44] achieves superior query performance
on ANNS, we build the HNSW index for Bopy . However, several studies [44, 46] show that the
multi-layer structure of HNSW contributes little to query performance, as it typically generates
only one point from the upper layer as the entry point for the search in the base layer. To refine the
entry point quality and reduce the index size of 7g, we adopt a single-layer HNSW structure for
Bopy. We then select the entry points based on the k-AMIPS results found in HEAD. We construct
the required single-layer HNSW for Bopy as outlined in Algorithm 1 of [29]. Specifically, we first
create an empty APG. Points are then inserted into the APG one by one. For each insertion, we
find the at most M MIPS neighbors of point x and mutually connect x to its neighbor y. When
the out-degree of point y exceeds 2M (indicating that y has been selected as a neighbor for other
points), we select M new neighbors for y from its old neighbor set.

6.2 NAP-based AMIPS Query Algorithm

After indexing HEAD with 7y and Bopy with 7, we perform the AMIPS query for g as shown in
Algorithm 2. We first identify the k-AMIPS neighbors of g in 7y (line 1). Next, we examine whether
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Algorithm 4: k-AMIPS in I

Input: A query point g, the APG Tp, the entry point set EPs, the parameters k and ef
Output: k points in I

1 R« @

2 while |EPs| > 0 do

3 ep «— extract ¢’s best MIPS results from EPs;

4 if |R| > ef andqTep < qTxf then

5 L break;

6 for x € ep’s neighbor set do

7 if x is unvisited then

8 EPs « EPsU {x},R < RU {x};

9 while |R| > ef do

10 L Remove g’s worst MIPS results in R;
1 Xf ¢ argmineegq' X;

12 R < The best k MIPS results to q in R;
13 return R;

better k-AMIPS neighbors exist in Bopy (line 3). Since x,,+; is the point with the largest norm in
Bopy, the product ||q|| - [[xn,+1]| serves as the upper bound for the inner product between g and
any point in Bopy. Thus, if ||g|| - [|x4,+1]] < minyegr g x, we can safely terminate the query without
further searching in 7g. Otherwise, we use the results obtained from 7y to select appropriate entry
points for the search in Jp and then generate the final k-AMIPS results for g from both 7y and 7
(line 7). We now describe the query algorithms in 7y and g, including the entry point selection
for the search in 7p.

AMIPS & ANNS Query in Jy. Unlike traditional LSH-based methods for ANNS, 7y is built over
angular distance rather than inner product. The conventional LSH-based query strategy, which
probes candidates only from ¢’s hash buckets, typically achieves limited query accuracy. To ensure
an accurate and exhaustive query in 7, we adopt the more precise multi-probing strategy [28]
for the search in Jy, and we terminate the query adaptively by estimating the angle between g
and x based on their hash values. Algorithm 3 describes our search strategy in Jp. Specifically, we
conduct at most K+ 1 rounds of search in 7y (lines 3-9). Since g;(x) is a K-dimensional binary vector,
the Hamming distance ||g;(x), g;(q) || lies within the interval [0, K], with a larger ||g;(x), g:(¢) || g
corresponding to a larger angle (g, x), i.e., lower cosine similarity. Thus, at the [-th round of search,
we probe the buckets h;(x) in T; where ||g;(x),9:(q)||lg = I — 1 (line 5). For each found point x
when probing a bucket, we compute the angular distance (g, x) and inner product q" x, updating
the results into R, and R, respectively. R is used for generating high-quality entry points for the
search in J5. Computing (g, x) incurs no additional cost since it can be derived from ¢ x. Finally,
we consider adaptively terminating the query based on the properties of the LSH functions.

LEMMA 6.1. Given a tolerant error 8y, let 0;(81) be the solution to the following equation on 6,

l

-2 (5)- 0= D Gy =a ©)

Jj=0

If the point x satisfies (g, x) < 6;(3L), the probability that it is found during the firstl + 1 rounds of
search is at least 1 — 5p.
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The proof of Lemma 6.1 can be found in the Appendix. Based on this lemma, we terminate the
search in 7 after [ + 1 rounds of search if ||q|| - M; cos 6;(6) is smaller than the best k results found
so far (line 8), where M; represents the largest norm of the unseen points in HEAD . When this
condition is met, the probability of finding a better MIPS result for g from other hash buckets
becomes extremely small.

AMIPS Query in Zg. The k-AMIPS query for q in I follows the greedy search approach shown
in Algorithm 4. In each search epoch, the point ep that has the maximum inner product with q in
EPs is selected as the next entry point (Line 3). For each neighbor x of ep in the APG, we compute
its inner product with g and update the results into the sets EP and R. The result set R stores the
best ef points found so far. The search procedure repeats until no point in EPs has a larger inner
product with g than any of the best e f points in R (Line 4). At that point, the search terminates, and
the top k points in R are returned as the AMIPS results for gq. The parameter ef is set to balance
query efficiency and accuracy. A higher ef makes termination more difficult (Line 4), allowing us
to explore more points to refine the query results, but it increases query cost.

Head-Guided Entry Point Generation. To enhance the query efficiency of the search in 75, we
generate high-quality entry points based on the k-AMIPS results found in HEAD. First, for each
point x in HEAD, we retrieve its AMIPS results in Bopy ahead and store them in the index during
the indexing phase. Then, during the query phase, after the search in 7, we have found ¢’s angular
neighbors in HEAD | i.e., R. (Algorithm 3, line 7). For each point x in R., we add its MIPS neighbors
y in Ip to the entry point set EPs. Although the inner product is not a metric, it is expected that
point y will have a large inner product with g, because the MIPS neighbor of an angular neighbor
is likely to also be an MIPS neighbor [27]. Finally, we illustrate the overall AMIPS query process in
HT-NSW through the example in Figure 4.

Example 6.2. Given a query point g (the red triangle), the right subgraph in Figure 4 illustrates
the complete k-AMIPS query in HT-NSW with k = 1. The query first probes the HEAD index 7y
round by round. The retrieved candidates from 7y are marked with a red face in the figure, i.e.,
point x3 and x4 where x4 is the MIPS result of g in HEAD. Assume the inner product between x4
and q is less than ||q|| - M, where M is the largest norm of points in Bopy, indicating that the points
in Bopy are not dominated by x4 and the query needs to continue in Jg. Then, we generate the
entry point in Bopy based on the nearest neighbors of q in HEAD under cosine similarity, i.e., x4.
Finally, we conduct the search in the APG to find the AMIPS of g in Bopy, with x7 as the entry
point, since it is the MIPS neighbor of x4 in Bopy . The search terminates after accessing x7, as its
inner product with g is larger than its neighbor in the APG, i.e., xe.

7 Complexity Analysis

We analyze the construction cost, space consumption, and query cost of HT-NSW in this subsection.
The construction cost of HT-NSW is determined by the cost of NAP and the costs associated with
constructing Jy and 7. The NAP process can be completed in at most n iterations, with each
iteration having a constant cost of O(1), resulting in an overall NAP cost of O(n). The structure
of Iy consists of L K-dimensional hash tables. Typically, we set L = O(1) and K = O(logny) to
ensure that, on average, each bucket contains exactly one point. Consequently, the time required
to compute the hash values is O(n;LK) = O(n; log n;), and the time to construct the hash tables is
O(n). The complexity of Ip is governed by HNSW, whose empirical query cost is O(log N), where
N represents the number of points in HNSW [29]. The construction of HNSW in Bopy involves
n —ny — ny insertions, with the cost of these insertions dominated by the query cost in the APG.
Let f = “==1="2, the construction cost of 73 is then O(fnlog(pn)) = O(pnlog(n)). Thus, the total
construction cost of HT-NSW is O(n + n; log n; + finlog(n)). Since n; < n, the construction cost
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Table 1. Summary of Datasets

Datasets Card. Dim. Attribute Type
Audio 54,187 192 Audio embedding
MNIST 60,000 784 Raw image

YahooMusic 625,000 300 Rating decomposition
Gist1IM 1,000,000 960 GIST descriptor
Tiny5M 5,000,000 384 Image embedding

of HT-NSW can be simplified to O(fnlog(n)). Similarly, the space consumption of HT-NSW is
determined by the sizes of 7y and Jp, both of which are linear in the number of indexed points.
Therefore, the space consumption of HT-NSW is O(n). The worst-case query cost of HT-NSW
occurs when all points in Jy are accessed, and the search continues within 7. In this scenario,
the query cost is O(log n + n;) = O(log n), provided that n; remains sufficiently small. In summary,
HT-NSW can be constructed within O(fnlog(n)) time and requires O(n) space, where f is the
ratio of the number of points in Bopy. HT-NSW answers AMIPS queries in O(log n) time.

8 Experiments

In this section, we present a series of extensive experiments on real-world datasets to provide
a comprehensive analysis of the NAP framework and HT-NSW. The HT-NSW implementation!
and its competitors are developed in C++. All experiments are conducted on an Ubuntu 24.04 LTS
system equipped with 4 Intel(R) Xeon(R) Gold 6218 CPUs (160 threads) and 1.5 TB of RAM.

8.1 Experimental Settings

Datasets. We employ five real-world datasets that are widely used in Approximate Nearest Neighbor
Search (ANNS) and Approximate Maximum Inner Product Search (AMIPS) [27, 30, 47], the details
of which are summarized in Table 1 in ascending order of their sizes. We present their norm
distribution and MIPS distribution in Figure 2. For each dataset, we randomly select 10K query
points from its query set to evaluate the AMIPS query performance.

Competitors. We compare HT-NSW with several state-of-the-art graph-based methods for AMIPS.

o HNSW? [29] is a well-known vector search method that supports ANNS and AMIPS. Here we
adopt the implement from Faiss and name it as HNSW-F.

e ip-NSW? [30] is a library for HNSW that supports AMIPS.

e NAPG* [37] enhances ip-NSW by introducing an adaptive edge selection strategy.

e PSP’ [11] is a graph based methods that convert the AMIPS to ANNS by scaling the query point.

o FARGO® [47] is the state-of-the-art LSH methods to AMIPS.

Parameter Settings. In our default configuration, we set k = 10 for all algorithms and adopt fixed
parameters for each method. For HT-NSW, we use the heuristic NAP strategy with § = 0.001 to
partition the dataset. Additionally, we set L = 2 and K = 10 for Ji7, and M = 16 and efC = 80 for Zp.
For both HNSW-F, ip-NSW and NAPG, we use the same settings, i.e., M = 16 and e fC = 80. For PSP,
we configure R = 40, « = 60, and S = 50 for all datasets. For FARGO, we set Ny = 4096,¢ = 0.8,L = 5
and K = 12.

Thttps://github.com/SIGMOD2026-NAP/SIGMOD2026-NAP
Zhttps://github.com/facebookresearch/faiss
3https://github.com/stanis-morozov/ip-nsw
4https://github.com/ThrunGroup/BanditMIPS/tree/camera_ready/algorithms/napg
Shttps://github.com/ZJU-DAILY/PSP

Shttps://github.com/Jacyhust/FARGO
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Evaluation Metrics. The query performance of each algorithm is evaluated using QPS (queries per
second) and recall@k with a total of 160 threads. The recall@k is defined as follows [11], Recall =
@ where R denotes the top-k AMIPS results returned by the algorithm, and R* represents the
exact top-k MIPS results for query g. Furthermore, we assess the indexing performance of each

algorithm using index size and indexing time under 160 threads.

8.2 Self Evaluation of NAP

In this subsection, we conduct self evaluation to study the performance of NAP. Firstly, by varying
the tolerance error §, we compare greedy NAP and the heuristic two-step NAP in terms of their
tail size and the accuracy loss incurred during partitioning. Secondly, we analyze the impact of
NAP on the APG structure by examining the edge distribution of HT-NSW, HNSW (for ANNS),
and ip-NSW (for AMIPS).

8.2.1 Evaluation of NAP Strategies. In Figure 5 we compare the greedy and heuristic two-step
variants of NAP under varying tolerance errors § (from 107 to 0.2). Figure 5(a) reports the ratio
of Taitsize, defined as n,/n, which reflects the fraction of data classified as tail points under each
setting. Figure 5(b) reports the proportion of Top-k MIPS results retained within the HEAD and
Bopy after NAP, where higher retention implies lower accuracy loss. Increasing § results in a clear
and monotonic growth in the Tair size for both NAP variants. For example, NAP-H increases
the TaIL ratio from about 10%-15% at § = 107° to over 40% at § = 1073, and exceeds 85% when
& = 0.2. This trend shows that both NAP strategies expand the partition boundary with increasing §.
Compared to the tail size, the Top-k MIPS ratio decreases only slightly as § increases. For example,
at § = 107>, the Top-1 MIPS ratio of NAP-H strategy remains nearly 100%. When & increases to 1073,
the Top-1 ratio still stays above 98% for both NAP variants. This observation aligns with the norm
domination phenomenon discussed in Section 4, where large-norm vectors dominate MIPS results.
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Fig. 7. Effect of parameters (8, L, K, M, efC) on query performance on MNIST.
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Fig. 8. Effect of k on query performance.

By adjusting the tolerance error §, NAP adaptively identifies the dominant points and minimizes
accuracy loss during pruning the unqualified Ta1L points. Compared to NAP-G and NAP-H, NAP-H
identifies a larger tail region than NAP-G, achieving stronger compression at the cost of higher—but
controlled—accuracy loss. For example, at § = 0.001, NAP-H classifies 41.8% of the data as tail
points, compared to 18.0% for NAP-G, while both methods retain perfect 100% Top-1 accuracy.
The performance difference between the two strategies stems from their underlying estimation
mechanisms. The heuristic two-step NAP explicitly re-estimates the domination probability p based
on the precise norm distribution, leading to more aggressive pruning when the tolerance ¢ is small.

8.2.2 Effect of NAP on APG Structure. To further investigate how NAP and norm domination
affect the underlying APG structure, we compare the in-edge distribution across norm regions in
HT-NSW, HNSW (under Euclidean space), and ip-NSW (under inner product space). The results are
shown in Figure 6. HNSW maintains a nearly uniform degree distribution across all norm ranges:
the in-degree concentrated within a narrow range of 12-18 (more than 70% points), with a mean
degree of 14.95 and a standard deviation of 6.04. ip-NSW exhibits a strong positive correlation
between node norm and in-degree. For example, small-norm nodes (norm [919, 2349]) have very low
in-degree (mean 1.34, max 1.67), whereas large-norm nodes (norm [3047,4267]) become extreme
hubs with average in-degree 80.5 and a maximum of 1504. This skewed distribution confirms the
norm domination effect (see Section 4.3), resulting in an imbalanced topology that harms global
navigability and query performance. HT-NSW indexes only the Bopy points (e.g., norm range in
[2349,3047] on MNIST), thereby alleviating the norm domination issue. Although the in-degree
distribution of HT-NSW (mean 2.98 with standard deviation 6.04) is not as uniform as that of HNSW,
it is significantly more balanced compared to ip-NSW (mean 72.02 with standard deviation 372.78).
This suggests that NAP effectively redistributes connections, preventing hub overload and ensuring
efficient navigation.
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Fig. 11. Query Complexity.

8.3 Self Evaluation of HT-NSW on AMIPS

Xi Zhao et al.

In this subsection, we investigate the effects of the parameters 6, L, K, M, and efC in HT-NSW
on both the indexing and query performance for AMIPS. Due to space limitations, we present

experimental results on the MNIST dataset in this section.

8.3.1 The Effect of k. Figure 8 illustrates the impact of varying the number of returned results
k on the query performance of HT-NSW on the MNIST dataset. We vary k € {1,10, 20, ...,100}
while keeping all other parameters at their default settings. As k increases, the QPS of HT-NSW
exhibits a gradual decline, while the recall remains remarkably stable. For instance, the recall
stays approximately at 0.91-0.94 across the entire range from k = 1 to k = 100, whereas the QPS
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decreases from about 210,000 at k = 1 to around 80,000 at k = 100, representing a reduction of
roughly 60%. This trend is expected, as retrieving more results requires additional computation to
terminate the search process.

8.3.2 The Effect of §. We first investigate the effect of the tolerance error 6 on the query per-
formance of HT-NSW using Recall-QPS curves. As shown in Figure 7(a), HT-NSW achieves the
highest query performance at § = 0.001. Both overly small and overly large values of § degrade the
query performance. For example, at a QPS of 64,000, HT-NSW achieves a recall of 0.97 at § = 0.001
but only has a recall of 0.9 at § = 0.1. Therefore, we set § = 0.001 as the default value for NAP. It
indicates the balance between the NAP error and the pruning ratio on TAIL (as shown in Figure 5).

8.3.3 The Effect of L and K. We further evaluate the impact of the parameters L and K in the
HEeAD index Jy on the performance of HT-NSW. Since there are only a small number of points
in the HEAD (512 on MNIST), the index size and indexing time of the HEAD are relatively small
compared to the entire dataset; therefore, we focus only on the query performance here. As shown
in Figures 7(b) and 7(c), the query performance of HT-NSW remains stable as L and K increase
across almost the entire QPS range (e.g., 8,000—-128,000). This indicates that most of the required
points can be found in 7 (recall of 0.97) with a small cost (about 128,000 QPS), and thus there is no
need to enlarge the search region. Moreover, small values of L and K (L = 2, K = 10) are sufficient
to achieve good query performance.

8.3.4 The Effect of M and efC. We analyze the effects of the parameters M and efC in the Bopy
index Jp on both the indexing and query performance of HT-NSW. As shown in Figure 7(d), the
query performance of HT-NSW improves as M increases. When M increases from 8 to 16, the recall
at QPS = 32,000 improves from 0.95 to 0.98. This is because a larger M allows each node to connect
to more neighbors, which in turn improves query performance. Similarly, as shown in Figure 7(e),
increasing efC also leads to better query performance. Furthermore, we evaluate the impact of M
and efC on the indexing performance of HT-NSW. As shown in Figures 9 and 10, both the index
size and indexing time of HT-NSW increase with larger values of M, while increasing e fC leads
only to longer indexing time. This is expected, since a larger M introduces more edges per node,
increasing the overall index size, while a higher efC requires more computations during graph
construction. As most exact top-k MIPS results can be found in the HEAD, the improved quality of
the Bopy index Jp has a limited effect on the overall query performance of HT-NSW. We can thus
choose moderate values for M and efC to balance indexing efficiency and query effectiveness.

8.4 The Complexity of HT-NSW and HNSW

We further investigate the query time complexity of HT-NSW and HNSW by varying the dataset
cardinality N to empirically demonstrate its logarithmic query complexity, as discussed in Section 7.
We conduct experiments on two datasets, Gist1M and Tiny5M, by sampling subsets of different
sizes (20%-100%) from the original datasets, as shown in Figure 11. Moreover, we adopt logarithmic
regression to fit the query time with respect to different values of N, which yields high R? values
(HT-NSW: 0.971 on Gist1M and 0.949 on Tiny5M, HNSW: 0.980 on Gist1M and Tiny5M). These
results indicate that the query time of HT-NSW and HNSW exhibits a clear logarithmic relationship
with N on both datasets. Moreover, the complexity of HT-NSW grows slightly slower than that of
HNSW due to the reduced search space after applying NAP.

8.5 Comparison of HT-NSW with Baselines

8.5.1 Overview of Indexing Performance. The indexing results for all algorithms are presented
in Figure 13, comparing them in terms of index size and indexing time. It is evident that HT-NSW
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Fig. 12. Recall-QPS Curves

Table 2. Sizes of HEAD, Bobpy, and TAIL across all datasets.

Dataset Head (MB) Body (MB) Tail (MB)
Audio 0.38 (0.97%) 7.13 (18.50%) 31.05 (80.53%)
MNIST  1.53 (0.88%)  64.46 (36.99%)  108.26 (62.13%)
Yahoo  2.34(0.33%)  4.95 (0.69%) 707.69 (98.98%)
GistIM  7.50 (0.20%)  481.78 (13.16%)  3172.09 (86.64%)
Tiny5M  3.00 (0.04%) 1004.12 (13.71%)  6316.80 (86.25%)
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Fig. 13. Index Size and Indexing Time

achieves significantly smaller index sizes and shorter indexing times compared to the other methods.
Notably, on the Yahoo dataset (i.e., YahooMusic), the index size of HT-NSW is only about 1% of
that of ip-NSW. Given that HT-NSW adopts the same graph structure as ip-NSW, this performance
improvement can be attributed to NAP. In HT-NSW, the index size and indexing time of 7 are less
than 1% of those of 7, due to the small number of points in the HEAD and the low construction cost
of hash indexes. The indexing time of 7 is even less than 0.01 s, which can be safely ignored. Table 2
provides a detailed breakdown of the sizes of the HEAD , Bopy, and TAIL components of HT-NSW
across all datasets, where the TaIL of YahooMusic accounts for nearly 99% of the entire dataset. This
observation aligns with the norm distribution depicted in Figure 2(c), where a significant portion of
points exhibit small norms. By effectively pruning these TAIL points, HT-NSW substantially reduces
both the index size and indexing time. As for the baselines, all of them exhibit similar index sizes
on the same dataset. This similarity arises because the size of the APG is largely determined by the
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Fig. 14. Effect of thread numbers.

maximum degree, and these methods share comparable degrees. However, despite similar index
sizes, NAPG exhibits significantly longer indexing times than ip-NSW on YahooMusic, Gist1M,
and Tiny5M, but shorter indexing times on Audio and MNIST. The performance of NAPG, which
enhances ip-NSW through a new edge selection strategy, indicates that its improvements are not
universally effective.

8.5.2 Recall-QPS Curves. We assess the query performance of all algorithms using Recall-QPS
curves, as shown in Figure 12. For a given QPS, an algorithm with a higher recall is considered a
better AMIPS method. To obtain different QPS and recall values for these graph-based methods, we
adjust the value of ef in Algorithm 4. From the figures, we observe the following: (1) Among all
algorithms, HT-NSW achieves a much higher recall than the others at the same QPS, indicating
superior query performance. For instance, HT-NSW attains a recall of 0.95 at a QPS of 100,000
on MNIST, while the other methods achieve recalls of less than 0.8. Furthermore, the recall of
HT-NSW remains very high across all datasets. This is because HT-NSW identifies most of the
AMIPS results within the HEAD, allowing it to achieve extremely high recall even when searching
the Bopy at minimal cost. (2) The recall of HNSW and NAPG does not reach the level of HT-NSW,
even when searching a larger number of points. This provides strong evidence of norm domination,
consistent with the findings in Section 8.2.2. The recall of NAPG is particularly low on Gist1M and
Tiny5M, highlighting the limitations of its improvements over HNSW. (3) PSP can mitigate the
norm domination issue on Audio and MNIST, but its recall is lower than that of other algorithms at
the same QPS. To achieve higher recall, PSP incurs a much larger query cost compared to HT-NSW.
This demonstrates that simply increasing the number of queried points is insufficient to effectively
address AMIPS, due to the out-of-distribution issue.

8.5.3 The Effect of Thread Numbers. We further investigate the effect of the number of threads
on the indexing time and QPS of HT-NSW. As shown in Figure 14(a), the indexing time of HT-NSW
improves as the number of threads increases from 1 to 40 (9s — 1s), but remains nearly unchanged
when the number of threads further increases from 40 to 160. This is because lock contention
occurs when too many threads concurrently insert points into the shared Boby index 7. As for
QPS, it improves significantly as the number of threads increases from 1 to 160, since each query
can be processed independently. For the other methods, we observe similar trends regarding the
effect of the number of threads on indexing time and QPS, which demonstrates that these methods
can effectively leverage multi-threading to enhance both indexing and query efficiency.
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9 Conclusion

This paper addresses the critical challenge of norm bias in graph-based Approximate Maximum
Inner Product Search (AMIPS). We identify the norm domination phenomenon as a fundamental
limitation and propose the Norm-Adaptive Partitioning (NAP) framework to mitigate it. NAP
strategically partitions data into HEAD, BoDy, and TAIL segments, applying tailored search strategies
to each: nearly exhaustive search for HEAD, safe pruning for TaiL, and graph-based search for Bopy.
The main challenge of NAP strategy is to balance the query accuracy and extra cost for NAP by
efficiently determining the size of Ta1L, HEAD, and Bopy. To address it, we further design a practical
NAP algorithm that minimizes search cost while ensuring bounded accuracy. The Elbow method is
employed to determine a suitable size for HEAD, owing to its low computational overhead. This
approach led to a hybrid index, HT-NSW, that reduces the memory overhead of existing graph
structures by more than 50% and achieves more than 2x query speedup while maintaining target
recall. Our work demonstrates that NAP effectively unlocks the full potential of proximity graphs
for efficient and scalable AMIPS. In the future, we will improve the structure of HT-NSW based
on the data distribution and consider efficient index maintenance for it, making HT-NSW more
suitable for modern vector databases.
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