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Frequency estimation in streaming data often relies on sketches like Count-Min to provide approximate
answers with sublinear space. However, Count-Min sketches introduce additive errors that disproportionately
impact the unpopular groups, creating fairness concerns. To address these concerns, we introduce Fair-Count-
Min, a frequency estimation sketch that guarantees equal expected approximation factors across various
groups. We propose a column partitioning approach with group-aware semi-uniform hashing to eliminate
collisions between elements from different groups. We provide theoretical guarantees for fairness, analyze its
associated cost, and validate our findings through extensive experiments on real-world datasets in comparison
with representative state-of-the-art baselines. Our experimental results demonstrate that Fair-Count-Min
achieves fairness with generally small additional error while maintaining efficiency comparable to that of the
Count-Min sketch.
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1 Introduction
1.1 Motivation
Estimating element frequencies in data streams is a fundamental problem in computer science,
where, given a universe of elements, the objective is to count the appearance of each within the
stream. However, due to memory limitations and processing time in streaming settings, exact
counting is often impractical. Consequently, approximating the counts using techniques such as
the Count-Min (CM) sketch has become widely adopted [31]. The CM estimates the frequency
of elements by randomly hashing the elements into a smaller set of buckets, while adding up the
frequencies of all elements in each bucket. The frequency count of each bucket is then returned as
an upper bound of the frequency of elements it contains.

The CM sketches offer space-efficient frequency estimations with small error guarantees. Never-
theless, the error guarantees are additive. Such errors may be negligible for popular elements with a
high frequency in the data stream. However, as further elaborated in Example 1, the unpopular
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groups with low frequencies in the stream are disproportionately impacted under such guarantees.
That is because even small additive errors can cause a significant relative increase in the count
estimation of unpopular (low-frequency) elements. This imbalance gives rise to a fairness issue –
an aspect overlooked in the existing work. Let us further illustrate the implications of this issue by
presenting the following example:

Example 1: Urban traffic sensors log vehicle IDs or license plate hashes as cars pass intersections. Buses, taxis,
and delivery trucks show up hundreds of times per day, while private vehicles may only appear a few times.
Suppose on average the public transportation cars pass the intersections 100 times, while this number is 5 for the
private vehicles. In this setting, an additive error of 10 is tolerable for public transportation cars, but it increases
the expected estimation for private vehicles by 200%. This distortion matters: traffic management systems could
mistakenly flag private vehicles as suspicious, or misallocate toll discounts and congestion pricing.1

Cases similar to Example 1 can be found across a wide range of applications, from wild-life
monitoring to recommendation and shingle-frequency estimation.

To address this issue, in this paper, we introduce Fair-Count-Min (FCM), a frequency estimation
sketch with the equal group-level approximation factor guarantee, ensuring that the relative count-
estimation increase is equal for various groups, irrespective of their popularity in the data stream. To
the best of our knowledge, FCM is the first frequency estimation sketch with provablemultiplicative
error guarantees in its estimation.
Our key idea in the design of the FCM is the partitioning of the sketch buckets based on a

group-aware, semi-uniform hashing scheme that prevents collisions between elements of different
groups. Then, we prove that, carefully selecting the number of buckets allocated to each group,
our FCM sketch guarantees an equal expected approximation factor across the groups, i.e., equal
ratios of the true frequency to the estimated one. The FCM sketch applies to binary and non-binary
groups of elements.

Since our approach is restricted to the same memory capacity as CM, FCM does not introduce any
additional memory overhead. Furthermore, FCM and CM have the same time complexities for update
and query operations. In other words, the time taken to look up the frequency estimation of an
element and the time to increase the frequency of an element in the data stream are the same in
CM and FCM.

In a general setting, where multiple hash functions are used in the FCM, identifying the proper
number of buckets allocated to each group requires solving an equation, for which we propose
efficient exact and approximation algorithms.

Furthermore, we theoretically analyze the price of fairness (PoF) of FCM. In general, PoF denotes
the accuracy loss incurred when fairness constraints are imposed. It arises because accuracy-
maximizing outcomes often disproportionately benefit certain groups, and enforcing fairness
necessitates deviations from this optimum. Interestingly, we show that in this case achieving
fairness may even reduce the total additive error for a specific case when the CM sketch uses a
single random hash function, while experimentally demonstrating that the PoF is small for the
general settings.
Beyond the theoretical analysis, we conduct extensive experiments on multiple real-world

datasets, replicating our motivating examples to evaluate the practical performance of the proposed
approach. In summary, our experiments verify (a) while CM is usually not fair, FCM achieves
fairness in all experiments, (b) the PoF is generally small, and (c) FCM has the same memory and
time efficiency as CM.
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1.2 Applications
Example 1 highlights an application, where using traditional CM sketches can cause unfairness
in an urban traffic setting. Such examples are not limited to this setting, and can be found across
a wide range of domains. In this section2, we further highlight additional application examples
across diverse domains where additive error guarantees are not satisfactory, motivating the need
for a (multiplicative) approximation factor and fair count min.

1) Wild Life Monitoring: Automatic monitoring of wildlife in conservation areas is essential
for collecting statistics needed to protect and manage species across conservation categories (e.g.,
endangered, threatened, and least concern). Because manual monitoring is costly and difficult to scale,
conservation efforts increasingly rely on automated data collection using resource-constrained
sensors such as camera traps. These devices often have limited memory, energy, and communication
capacity, making it impractical to store or transmit all detections. To address this, each sensor
can maintain approximate detection counts using a traditional Count-Min sketch, where element
types correspond to animal species and each detection is an event. While the CM Sketch provides
accurate estimates for frequent, least-concern species (e.g., reporting the 1528 detection of crow
as 1607), its additive error guarantees can severely inflate counts for rare endangered species (e.g.,
increasing the 12 detection of Chetahs to 109), leading to misleading results. In contrast, an FCM
offers multiplicative approximation guarantees, enabling accurate frequency estimation across all
species groups, including endangered ones.

2) 𝑘-Shingle Frequency in a Document repository: A common task in large-scale document
repositories is to estimate the frequency of 𝑘-shingles (a sequence of 𝑘 consecutive words) across a
massive collection of text documents. Since the number of possible shingles grows rapidly with
vocabulary size and 𝑘 , and storing exact counts is often infeasible, memory-efficient streaming
summaries such as the Count-Min Sketch are widely used for approximate frequency estimation. In
practice, CM sketches provide reliable estimates for stop words, that are highly frequent. However,
its additive error guarantees can significantly distort the estimated frequencies of technical terms
or domain-specific terminology, making the results less useful for downstream tasks such as topic
discovery, keyword extraction, or technical content analysis. This limitation motivates the use of
Fair Count-Min (FCM), which offers multiplicative approximation guarantees and thus enables
accurate estimation across both frequent and rare shingles.

3) Misleading Recommendations: In targeted advertising, recommendations are often driven
by users’ historical purchase behavior, such as the frequency of purchases within specific item
categories (e.g., sports clothing). However, due to privacy constraints and limited storage, it may be
infeasible to maintain complete transaction histories for all users. This motivates the use of compact
streaming summaries, such as Count-Min Sketches, to approximately track purchase frequencies
over time. While CM sketches can efficiently estimate counts for frequent buyers, their additive
error guarantees may substantially inflate frequency estimates for low-activity users. This can lead
to misleading recommendations and incorrect targeting, resulting in wasted advertising budget
and reduced campaign effectiveness.

1.3 Technical Contributions
• We propose a novel notion of group fairness in the frequency estimation context, defined by
the requirement that the approximation factor (the multiplicative overestimation error) remains
equal across different groups. This contrasts with traditional approaches based on additive error
bounds, which tend to disproportionately impact unpopular groups. Using this notion of fairness,

2Extended application examples are provided in the technical report [87].
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we introduce Fair-Count-Min (FCM), the frequency estimation sketch that guarantees group
fairness.
• We introduce a column-partitioning technique based on semi-uniform hash functions to develop
FCM. This method assigns groups to disjoint sets of hash buckets, thereby eliminating inter-group
collisions and promoting fairness in estimation. Our proposed method, FCM, is agnostic to both
the grouping strategy and the underlying distribution of the data elements. Furthermore, FCM
does not increase the memory and time requirements of CM.
• We theoretically prove that FCM is fair, i.e., it ensures an equal expected approximation factor
across groups. Furthermore, we analyze the price of fairness and show that it is typically small—and
in some cases, can even be negative.
• We design both exact and approximate algorithms to efficiently compute the optimal allocation
of buckets per group.
• We empirically evaluate FCM on several real-world datasets and compare it with representative
state-of-the-art baselines for frequency estimation such as learning-based approach [56] and CM
with conservative update [43]. The results show that FCM is the only approach that successfully
achieves group fairness while incurring only a generally small additional additive error, all while
preserving the time and space efficiency characteristics of CM. Interestingly, CM with conserva-
tive update–though effective in minimizing additive error–exhibits the poorest performance with
respect to multiplicative error. The learned approach is constrained by its capacity on identifying
heavy hitters from the data sample and incurs construction and query times several orders of
magnitude higher than non-learned methods.

Remark: Before concluding this section, we would like to note that our paper explicitly targets
applications where systematic overestimation of minority groups is harmful. Indeed, for applications
without societal impact, and settings where additive overestimation is acceptable, fairness is
irrelevant. Examples of such settings include detecting heavy-hitters in market data, or detecting
traffic-network anomalies. Such applications are out of the scope of study, and using a standard CM
sketch is entirely sufficient. Rather, we address a distinct and well-motivated scenario: in societal
applications, where disproportionate inflation of errors for unpopular groups is harmful, FCM
provide guarantees that avoid systematically disadvantaging them.

2 Preliminary
2.1 Data Model
Let D be a data stream consisting of elements (or events), each belonging to a type from a finite
universeU = {𝑒1, 𝑒2, . . . , 𝑒𝑛} of 𝑛 element types. Each element type 𝑒 be associated with a group
g ∈ G, where G = {g1, g2, . . . , gℓ } , and 𝑛g denotes the number of element types belonging to group
g. Let 𝑁 be the number of elements in the data stream D. We use the function 𝑓 : U → [𝑁 ] to
refer to the frequency of each element type in D. That is, 𝑓 (𝑒) is the number of times an element
of type 𝑒 appears in D. Formally,

𝑓 (𝑒) =
∑︂
𝑥∈D

1(𝑥 = 𝑒),

where 1(𝑥 = 𝑒) is the indicator function that equals 1 if 𝑥 is of type 𝑒 and 0 otherwise.

2.2 Count-Min Sketch
Frequency estimation is a fundamental problem in streaming data processing. Given a data stream
D, the goal is to efficiently estimate the frequency 𝑓 (𝑒) of each element type 𝑒 . It is easy to see that
finding an exact solution to the above problem requires Θ(𝑛) space, as it involves maintaining 𝑛
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counters for each element type. To overcome this limitation, frequency estimation data structures
(a.k.a sketches) have been designed to provide approximate answers to such queries while using
sub-linear space. In addition to being space-efficient, these sketches provide probabilistic error
guarantees through tunable parameters and enable constant-time update and query operations.

CM is among the most widely used sketches for frequency estimation. It represents the frequency
estimates using a two-dimensional array 𝐶𝑀 of 𝑑 rows and 𝑤 columns. The sketch employs 𝑑
independent hash functions h1, h2, . . . , h𝑑 , where each h𝑖 : U −→ [𝑤] maps an element type to a
column index (called bucket or bin in the rest of the paper) in row 𝑖 . These hash functions distribute
element types across different buckets to reduce the impact of hash collisions. When a new element
of type 𝑒 arrives in the stream, the sketch updates its counts as follows:

𝐶𝑀 [𝑖, h𝑖 (𝑒)] ← 𝐶𝑀 [𝑖, h𝑖 (𝑒)] + 1, ∀𝑖 ∈ [𝑑] .

Each row records a count for 𝑒 , though potential overestimations may occur due to hash collisions.
To estimate the frequency of an element type3 𝑒 , the sketch returns:

𝑓 (𝑒) =
𝑑

min
𝑖=1

𝐶𝑀 [𝑖, h𝑖 (𝑒)] .

Taking the minimum across multiple rows mitigates over-counting errors. As previously mentioned,
the estimation error in CM occurs due to hash collisions. For each element type 𝑒 the estimated
frequency 𝑓 (𝑒) is always an upper bound on the true frequency 𝑓 (𝑒):

𝑓 (𝑒) = 𝑓 (𝑒) + 𝜀𝐴 (𝑒), (1)

where the additive error 𝜀𝐴 (𝑒) corresponds to the combined frequency of all other elements that
hash into the same bucket as 𝑒 . In expectation, the additive error 𝜀𝐴 (𝑒) is bounded by 𝑁

𝑤
. Formally:

E[𝑓 (𝑒)] = 𝑓 (𝑒) +
∑︁
∀𝑒′≠𝑒, h(𝑒′ )=h(𝑒 ) 𝑓 (𝑒′)

𝑤
≤ 𝑓 (𝑒) + 𝑁

𝑤
(2)

Several variations of the CM exist, including the CM with conservative updates [43], the Count-
Mean-Min sketch [35], and other related frequency estimation structures such as the Count
sketch [24] and Spectral Bloom Filters [29]. While using CM as the foundation for the devel-
opment of our sketch, and deriving our theoretical analysis, we compare our work against other
baselines in experiments.

2.3 Fairness: Equal Expected Approximation Factor
Existing CM sketches provide an additive upper-bound error 𝜀𝐴 on the frequency estimation of
the elements. However, while 𝜀𝐴 may be a negligible error for the popular groups with frequent
elements, it can be intolerable for the unpopular ones, with elements that appear infrequently in
the sequence. In other words, the significance of the frequency estimation error is relative to the
frequency value. To further clarify this, let us consider Example 2.

3In the rest of the paper, we use “element 𝑒” and “element type 𝑒” interchangeability to refer to elements of type 𝑒 .
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Example 2: Continuing with Example 1, we consider the NYC Bus [91] dataset with a universe of element
types U = {𝑒1, 𝑒2, . . . , 𝑒61,906}, where each element type 𝑒 represents a bus route uniquely identified by the
tuple (PublishedLineName, VehicleRef). The element types {𝑒1, . . . , 𝑒10,462} correspond to routes operated
by the MTA Bus Company (MTABC), while the remaining element types {𝑒10,463, . . . , 𝑒61,906} correspond to
routes operated by New York City Transit (NYCT). Now consider a CM sketch with a hash function ℎ that maps
element types into𝑤 = 10,000 bins. Let 𝑁 = 26,520,716 denote the total number of elements in the stream. The
resulting additive error of the sketch is therefore bounded by 𝜀𝐴 ≤ 2,652. Assume that the expected frequencies
of element types from theMTABC and NYCT groups are 11 and 513, respectively. Consequently, the expected
frequency estimate for an element type from NYCT is bounded by 3,165, which corresponds to a relative error of
approximately 515%. In contrast, the relative error for an element type from the MTABC group can be as large
as 26,570%.

From Example 2, it is clear that the additive error does not provide a strong guarantee independent
of the element frequencies. Specifically, providing large estimation errors relative to small frequency
values, it is unfair for unpopular groups. This motivates us to instead promote approximation factor
as a stronger frequency estimation guarantee.

Definition 1 (Approximation Factor ). Let 𝑓 (𝑒) be the frequency estimation of the element type
𝑒 by a count-min sketch CM. The approximation factor of CM for 𝑒 is 𝛼 (𝑒) = 𝑓 (𝑒 )

𝑓 (𝑒 )
.

Ideally, one would like the sketch to provide an equal approximation factor for all individual
element types i.e. to be individually fair. This, however, may not be practical because providing such
a guarantee would require knowing (at least approximately) the frequencies of all elements apriori
and, in some settings, would require 𝑂 (𝑛) cells, which is not reasonable. Therefore, following the
bulk of the research on algorithmic fairness [17], we turn our objective to the middle-ground of
group fairness.

Using Definition 1, we define the notion of group fairness that equalizes the expected approxima-
tion factor across various groups. Specifically, a CM is called fair if it satisfies Definition 2.

Definition 2 (Group-Fair Count-Min (FCM)). A count-min sketch is group-fair iff:

∀g𝑖 , g𝑗 ∈ G, E𝑒∈g𝑖
[︁
𝛼 (𝑒)

]︁
= E𝑒′∈g𝑗

[︁
𝛼 (𝑒′)

]︁
Following our motivation examples, Definition 2 ensures the sketch performs equally good

across various groups, by guaranteeing an equal multiplicative error across them, which eliminates
disproportionately large overestimation, particularly for the unpopular (low-frequency) groups.
This aligns with the general definition of performance parity fairness [17]. Disproportionate
overestimation for the unpopular group can disparately harm those groups and lead to discrimina-
tion. In our motivation examples, for instance, private vehicles can disproportionately get falsely
flagged as suspicious, or additional monetary cost for small-businesses advertisement. An FCM
sketch ensures such performance disparities and potential disproportionate harms do not happen.

We note that, instead of considering all groups, one could define fairness over a subset of groups
of interests for the users (i.e., the groups the users actually query). In such settings, it is enough to
combine all other groups as one group of “others”, and simply apply Definition 2 on the groups of
interest. Without loss of generality and to ease the explanations, we use the binary groups g1 and
g2 for explaining our sketches and drawing the analyses. Our results readily hold for non-binary
and arbitrary grouping of element types, as we shall further discuss in Section 3.4.
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2.4 Problem Formulation
With the necessary terms and notations defined, we now formally define our problem of interest:

Definition 3. Given a data stream of elements D drawn from a universe of element typesU where
each element type belongs to a group 𝑔 ∈ G, design a group-fair count-min sketch, whose overall
additive error increase compared to CM (price of fairness) is small.

2.5 Solution Overview
A main issue that causes the unbounded multiplicative error in CM is that high-frequency elements
can collide with low-frequency ones, adding a major overestimation to their counts. Similarly, a
sketch in our case might not be group-fair if elements in g1 collide with elements in g2.
One way to reduce the likelihood of such collisions is to substantially increase the number of

bins𝑤 and/or the number of independent hash functions 𝑑 used in the estimation, i.e., the number
of rows in the sketch. However, this approach has a fundamental drawback: to ensure that an
element 𝑒 ∈ g1 is unlikely to collide with any element in g2 across at least one of the 𝑑 rows, the
sketch size must scale linearly with 𝑛, the number of distinct element types—defeating the purpose
of sketching.

Instead, to design group-fair CM, our goal is to make it impossible for elements in different groups
to collide. Specifically, we ensure our goal by designing group-aware “semi-uniform” hash schemes
that isolate elements of g1 and g2 by strategically partitioning and assigning the columns of the
sketch to g1 and g2 (Section 3). Proving that our sketch satisfies Definition 2, we study its price of
fairness (Section 5).
3 Fair-Count-Min using Group-Aware Semi-Uniform Hashing
Our idea for generating group-fair CM (FCM) is to utilize “semi-uniform” hash functions that
separate element types of various groups. Specifically, reserving 𝑤g1 bins for the group g1and
𝑤g2 =𝑤 −𝑤g1 for the group g2, the semi-uniform hash function h(.) assigns each element in g1to
the first𝑤g1 bins and the others to the remaining𝑤g2 bins (Figure 1):

h :

{︄
g1 → [𝑤g1 ]
g2 → 𝑤g1 + [𝑤g2]

The key question we shall answer in the rest of this section is whether there exists a value 𝑤g1
(hence𝑤g2 =𝑤 −𝑤g1 ) for which a CM based on the semi-uniform hash scheme becomes group-fair.

In the following, first, we focus on the case where 𝑑 = 1, i.e., the sketch is based on only one
hash function ℎ. Next, we extend our analysis to the general values of 𝑑 .

3.1 𝑑 = 1
First, let us derive the expected approximation factor for an element 𝑒 in group g1. For the case
of 𝑑 = 1, we employ the stronger guarantee of the average approximation factor instead of the
expected one. For clarity, we use the expectation notation E to also denote the average. Let 𝑛g1 be
the number of element types in g1.

In order to satisfy group fairness (Definition 2), we need to ensure that the expected approximation
factor for the two groups is the same. That is, E

[︁
𝛼g1

]︁
= E

[︁
𝛼g2

]︁
.

Lemma 1. E
[︁
𝛼g1

]︁
=

𝑤g1
𝑛g1

and E
[︁
𝛼g2

]︁
=

𝑤−𝑤g1
𝑛−𝑛g1

.

Proof of Lemma 1. Let 𝐶𝑖 be the total frequency counts in each low-frequency bucket 𝑖 ∈ [𝑤g1 ].
That is, 𝐶𝑖 =

∑︁
𝑒 𝑗 :h(𝑒 𝑗 )=𝑖 𝑓 (𝑒 𝑗 ).

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 179. Publication date: June 2026.



179:8 Nima Shahbazi, Stavros Sintos, and Abolfazl Asudeh

For every element 𝑒 𝑗 ∈ g1, the value of the bucket it hashed to is returned as its frequency
estimation. That is, 𝑓 (𝑒 𝑗 ) = 𝐶h(𝑒 𝑗 ) . Therefore, following the approximation factor definition,
𝑓 (𝑒 𝑗 ) =

𝑓 (𝑒 𝑗 )
𝛼 (𝑒 𝑗 ) =𝐶h(𝑒 𝑗 ) . Hence,

𝛼 (𝑒 𝑗 ) =
𝑓 (𝑒 𝑗 )
𝐶h(𝑒 𝑗 )

(3)

Therefore,

E
[︁
𝛼g1

]︁
=

1
𝑛g1

∑︂
𝑒 𝑗 ∈g1

𝛼 (𝑒 𝑗 ) =
1
𝑛g1

∑︂
𝑒 𝑗 ∈g1

𝑓 (𝑒 𝑗 )
𝐶h(𝑒 𝑗 )

=
1
𝑛g1

𝑤g1∑︂
𝑖=1

∑︂
𝑒 𝑗 :h(𝑒 𝑗 )=𝑖

𝑓 (𝑒 𝑗 )
𝐶𝑖

//breaking the calculation per cell

=
1
𝑛g1

𝑤g1∑︂
𝑖=1

1
𝐶𝑖

∑︂
𝑒 𝑗 :h(𝑒 𝑗 )=𝑖

𝑓 (𝑒 𝑗 ) //factoring out the common term

=
1
𝑛g1

𝑤g1∑︂
𝑖=1

1
𝐶𝑖

𝐶𝑖 //replacing sum of frequencies with 𝐶𝑖

=
1
𝑛g1

𝑤g1∑︂
𝑖=1

1 =
𝑤g1

𝑛g1
(4)

Similarly, the expected approximation factor for the group g2can be computed as

E
[︁
𝛼g2

]︁
=
𝑤g2

𝑛g2
=
𝑤 −𝑤g1

𝑛 − 𝑛g1
□

By Lemma 1, to ensure fairness,𝑤g1 is chosen as follows:

E
[︁
𝛼g1

]︁
= E

[︁
𝛼g2

]︁
⇔

𝑤g1

𝑛g1
=
𝑤 −𝑤g1

𝑛 − 𝑛g1
⇔ 𝑤g1 =

𝑛g1

𝑛
𝑤 (5)

In other words, according to Equation 5, if the number of bins allocated to each group is proportional
to their size, i.e., 𝑛g1

𝑛
, is sufficient to ensure fairness. Formally,

Theorem 1. A CM sketch with a group-aware semi-uniform hash function h(·) is group-fair, if
the number of bins𝑤g allocated to each group is proportional to the ratio of element types from that
group. That is,𝑤g =

𝑛g
𝑛
𝑤,∀g ∈ G.

Before moving to the larger values of 𝑑 , i.e., CM with more number of hash functions, let us
take a closer look at Theorem 1 and what it indicates. A standard CM hashes the 𝑛 element types
uniformly across the [𝑤] bins (irrespective of which group they belong to). As a result, the expected
number of element types in each bucket is 𝑛

𝑤
. According to Theorem 1, 𝑤g =

𝑛g
𝑛
𝑤,∀g ∈ G. As a

result, the number of elements in each bucket for each group g is:
𝑛g

𝑤g
=

𝑛g
𝑛g
𝑛
𝑤

=
𝑛

𝑤
(6)

In other words, to ensure fairness, we need to allocate bins to the group in a way that the expected
number of element types hashed to each bucket remains unchanged, i.e., 𝑛

𝑤
. This helps us extend 𝑑 to

more than one row by equalizing the expected number of element types hashed in each bin across
various groups to ensure fairness.
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1 2 · · · 𝑤g1 𝑤g1 + 1 · · · 𝑤

𝑤g1 𝑤g2 =𝑤 −𝑤g1

Fig. 1. Column-partitioning based group-fair min-
count with one row.

1 2 · · · 𝑤g1 𝑤g1 + 1 · · · 𝑤

𝑤g1 𝑤g2 =𝑤 −𝑤g1

1

2

...

𝑑

Fig. 2. Column-partitioning based group-fair CM
with 𝑑 rows.

3.2 General Value of 𝑑
Having established that a CMwith a single group-aware semi-fairness hash function (𝑑 = 1) ensures
group fairness, we now generalize this result to the case of 𝑑 hash functions (Figure 2).

Similar to 𝑑 = 1, our goal is to partition the𝑤 columns across various groups such that the group
fairness requirement is satisfied, i.e., all groups have the same expected approximation factor.

We recall from Theorem 1 that achieving group fairness requires equalizing the expected number
of element types hashed into the minimum-count bucket across 𝑑 rows for all groups.
When 𝑑 = 1, the estimated frequency of an element is the frequency count of the bucket it is

hashed into. On the other hand, when 𝑑 > 1, a frequency estimation 𝑓 (𝑒) is the minimum of the
frequency counts of the buckets 𝑒 is hashed to at each row.
Let us define the size of a bucket as the number of element types hashed to it. For an element

𝑒 𝑗 ∈ g and a row 𝑖 , let 𝑙 = h𝑖 (𝑒 𝑗 ). Let the random integer variable 𝑋𝑖 be the size of the bucket of
the element 𝑒 at row 𝑖 , i.e., |{𝑒 ∈ g|h𝑖 (𝑒) = 𝑙}|. The elements are hashed uniformly at random and
independently into the bins. As a result, the probability that a random element is hashed into the
bucket 𝑙 is 1

𝑤g
. As a result, 𝑋𝑖 follows the binomial distribution 𝑋𝑖 ∼ 𝐵𝑖𝑛

(︂
𝑛g,

1
𝑤g

)︂
:

Pr(𝑋𝑖 = 𝑥) =
(︃
𝑛g

𝑥

)︃
·
(︃
1
𝑤g

)︃𝑥
·
(︃
𝑤g − 1
𝑤g

)︃𝑛g−𝑥

Let 𝜇g be the expected frequency for group g. Then, the expected frequency count of each bucket
is 𝜇g times the size of the bucket. Following this argument, we simplify our analysis by equalizing
the expected number of element types hashed into the minimum-size bucket across 𝑑 rows for all
groups.
Fix an element 𝑒 𝑗 in the group g. Let 𝑋1, · · · , 𝑋𝑑 be the random variables reflecting the sizes of

the 𝑑 buckets 𝑒 𝑗 is hashed to across various rows, while each 𝑋𝑖 following the Binomial distribution

𝑋1, · · · , 𝑋𝑑 ∼ 𝐵𝑖𝑛

(︃
𝑛g,

1
𝑤g

)︃
Define the random variable 𝑌𝑗 as the minimum of 𝑋1 to 𝑋𝑑 . That is,

𝑌 ∼ min(𝑋1, · · · , 𝑋𝑑 ).
In order to satisfy group fairness (Definition 2), we need to ensure that the expected approximation

factor for every group is the same. Given a group g, in the next lemma we show a formula to
compute g’s expected approximation factor. The proof is shown in our technical report [87].

Lemma 2. E𝑒∈g [𝑌 ] =
∑︁𝑛g

𝑥=1

[︃∑︁𝑛g
𝑖=𝑥

(︁𝑛g
𝑖

)︁ (︂ 1
𝑤g

)︂𝑖 (︂𝑤g−1
𝑤g

)︂𝑛g−𝑖
]︃𝑑
.
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For two groups g1 and g2, we allocate 𝑤g1 columns to g1 and 𝑤g2 = 𝑤 − 𝑤g1 columns to g2
by enforcing that the two groups have the same expected approximation factor. Formally, using
Lemma 2, we solve the following equation (recall that 𝑛g2 = 𝑛 − 𝑛g1 ):

E𝑒∈g1 [𝑌 ] = E𝑒∈g2 [𝑌 ] ⇒
𝑛g1∑︂
𝑥=1

[︄
𝑛g1∑︂
𝑖=𝑥

(︃
𝑛g1
𝑖

)︃ (︃
1

𝑤g1

)︃𝑖 (︃𝑤g1 − 1
𝑤g1

)︃𝑛g1−𝑖
]︄𝑑

(7)

=

𝑛−𝑛g1∑︂
𝑥=1

[︄
𝑛−𝑛g1∑︂
𝑖=𝑥

(︃
𝑛 − 𝑛g1

𝑖

)︃ (︃
1

𝑤 −𝑤g1

)︃𝑖 (︃𝑤 −𝑤g1 − 1
𝑤 −𝑤g1

)︃𝑛−𝑛g1−𝑖
]︄𝑑

Later in Section 4, we shall provide an efficient algorithm for solving Equation 7.

3.3 Negative Result: Row Partitioning Baseline
FCM follows a column partitioning approach, using the group-aware semi-uniform hashing schemes.
Alternatively, rows can be divided by allocating a specific number of exclusive rows to each group,
where the allocation of rows to each group is determined by the number of element types within
that group. Following Lemma 2, the expected size of the minimum-size bucket across the 𝑑 ′ rows,
𝑤 ′ columns, and a group with 𝑛′ elements can be computed as,

E(𝑛′, 𝑑 ′,𝑤 ′) =
𝑛′∑︂
𝑥=1

[︄
𝑛′∑︂
𝑖=𝑥

(︃
𝑛′

𝑖

)︃ (︃
1
𝑤 ′

)︃𝑖 (︃
𝑤 ′ − 1
𝑤 ′

)︃𝑛′−𝑖 ]︄𝑑 ′
(8)

Let 𝑑g1 and 𝑑g2 = 𝑑 − 𝑑g1 be the number of rows allocated to the groups g1 and g2. Then, we can
find the proper values of 𝑑g1 and 𝑑g2 that achieve fairness by solving the following equation:

E(𝑛g1 , 𝑑g1 ,𝑤) = E(𝑛g2 , 𝑑g2 ,𝑤) (9)

However, there is a major issue that makes this approach unlikely to work: unlike𝑤 , which is a
relatively large number, 𝑑 is a small constant (usually on the order of tens). As a result, there are
only a small, constant number of choices for 𝑑g1 ∈ [𝑑]. In practice, this makes it unlikely that 𝑑 is
divisible such that Equation 9 is satisfied. We shall verify this negative result in our experiments.

3.4 Generalization to Multiple Arbitrary Groups
So far, we have explained our techniques for the binary grouping of the elements based on their
frequencies.

Our approach works for any (arbitrary) grouping of the elements since none of our definitions,
results, and analyses are based on any assumption about how elements are grouped. This is also
observed in our experiments in Section 6, where we, for example, use demographic groups to group
the elements.
Extending our results to the non-binary grouping of the element types is straightforward. Let
G = {g1, g2, · · · , gℓ } be the non-binary set of groups. For every group g ∈ G, transform the problem
into the binary grouping by merging all other groups as the super-group “others”. Then, for 𝑑 = 1,
following Theorem 1, 𝑤g =

𝑛g
𝑛
𝑤 . Similarly, for 𝑑 > 1, the value of 𝑤g, ∀g ∈ G, can be computed

by solving Equation 7. We propose an efficient algorithm for finding 𝑤g values when 𝑑 > 1 in
Section 4.
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3.5 Estimating Group Sizes
Our approach does not make any assumptions about the stream length 𝑁 or the frequencies,
including the group frequencies 𝑁g. We only assume a fixed universe model, where the universe of
element typesU is known. We further know which group each element belongs to.

While this is standard in many settings, including our motivation examples, in some streaming
settings, the universe U may not be known a priori. In such cases, sampling can be employed
to estimate the number of elements in each group (𝑛g). Such approaches are standard in learned
frequency-estimation sketches, such as [2, 56, 78, 96, 99], where a classifier is trained on a small
sample to infer these parameters.
To obtain the required estimates, we divide the process into a warm-up phase followed by a

steady-state phase. Let 𝑑 ·𝑤 denote the memory allocated to the CM sketch. During the warm-up
phase, each memory cell is used to store the exact count of a single element type. As long as the
number of distinct element types observed in the stream remains below 𝑑 ·𝑤 , we can maintain
exact counts for all such elements.
Consequently, at the end of the warm-up phase, we observe 𝑑 ·𝑤 distinct samples of element

types. These samples are used to estimate the group sizes, using Lemma 3, and to construct the
FCM accordingly.

Lemma 3. Consider a universeU of 𝑛 element types, where 𝑛g of them belong to a group g. Let𝑚
be the total number of elements observed during the warm-up phase. That is𝑚 =

∑︁𝑑.𝑤
𝑖=1 𝐶𝑖 . Similarly,

𝑥g =𝑚 =
∑︁

𝑒𝑆𝑗 ∈g𝐶 𝑗 be the number of element types of group g observed during the warm-up phase.

Viewing the observed sequence as a random set ofU with replacement, define ˆ︁𝑛g = 𝑥g 𝑛

𝑑 𝑤
. Then, ˆ︁𝑛g is

an unbiased estimator of 𝑛g. Furthermore, for any 𝜖 > 0,4

Pr
(︁
|ˆ︁𝑛g − 𝑛g | ≥ 𝑛𝜖 )︁ ≤ 2 exp(−2𝑚𝜖2).

At the beginning of the steady-state phase, the sketch is initialized using the exact counts
collected during the warm-up phase.

Bounding the tail probability, Lemma 3 shows that, for a large enough value of𝑚, the estimation
of group sizes are close to the actual values. Still, as a consequences of estimating these values, the
FCM sketch may introduce a small amount of unfairness. Nevertheless, while these estimates only
approximate 𝑛g, our experimental evaluations show that the resulting impact on both unfairness
and the price of fairness is generally small, although it remains dependent on the underlying stream
distribution. Lastly, we note that group fairness guarantees are susceptible to compromise under
adversarial conditions. This occurs primarily when the sampling process fails to accurately estimate
the cardinality of element types, as seen in cases of extreme distributional drift. Section 8.3 details
a mitigation strategy for these instances, which requires a larger memory footprint.

4 Computing The ColumnWidths
Our algorithm is straightforward; we should compute the integer value of𝑤g1 such that Equation (7)
holds. We note that Equation (7) may not hold for an integer value of𝑤g1 . In this case the goal is to
compute the integer value of𝑤g1 such that the left side of Equation (7) is as close as possible to the
right side of Equation (7). A naive implementation is to try every value of 𝑤g1 and calculate the
value of the left and right side of Equation (7) by simply evaluate every term in the sum. Such an
implementation would take Ω(𝑛3) time because we should try 𝑂 (𝑛) values of 𝑤g1 , and for each
such value the calculation of each side of Equation (7) takes Ω(𝑛2) time to evaluate the summations.

4Proofs are provided in our technical report [87].
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We first show an exact near-linear time algorithm to compute the value of 𝑤g1 that solves
Equation 7 and then we briefly discuss an approximation algorithm that is used in our experiments
to efficiently evaluate the sums of the binomial function.
Efficient exact computation. We first assume that we have two groups, the unpopular elements

g1and the popular elements g2. Then we extend our method to multiple groups G = {g1, . . . , gℓ }.
Similarly, to the previous section, let E(𝑛g1 , 𝑑,𝑤g1 ) be the function that represents the left side
of Equation 7. Equivalently, the right side of Equation (7) is captured by E(𝑛g2 , 𝑑,𝑤 − 𝑤g1 ). By
definition, the function E computes the expected error of group g1 (resp. g2) elements. The values
𝑛g1 , 𝑛g2 , and 𝑑 are fixed, so the more bins allocated to group g1 (respectively, g2) elements, the
smaller the expected error. Hence, the function E(𝑛g1 , 𝑑,𝑤g1 ) is monotone decreasing with respect
to𝑤g1 , while E(𝑛g2 , 𝑑,𝑤 −𝑤g1 ) is monotone increasing with respect to𝑤g1 . We formally establish
the monotonicity of E in the following proposition. The proof is shown in our technical report [87].

Proposition 1. For fixed 𝑛 and 𝑑 , the function E(𝑛,𝑑,𝑤) is decreasing with respect to𝑤 .

This property leads to the observation that instead of trying all values of 𝑤g1 , we can run a
binary search in the range [1, . . . , 𝑛] and compute the best value of 𝑤g1 . The overall idea of our
algorithm is the following. For every value of𝑤g1 in the binary search, we evaluate E(𝑛g1 , 𝑑,𝑤g1 )
and E(𝑛g2 , 𝑑,𝑤 − 𝑤g1 ). If E(𝑛g1 , 𝑑,𝑤g1 ) < E(𝑛g2 , 𝑑,𝑤 − 𝑤g1 ) then we try larger values of 𝑤g1 in
the binary search. Otherwise, we continue the binary search with smaller values. In the end, we
return the value of𝑤g1 found by the binary search such that |E(𝑛g1 , 𝑑,𝑤g1 ) − E(𝑛g2 , 𝑑,𝑤 −𝑤g1 ) | is
minimized.
Even if someone naively applies binary search, the running time would be Ω(𝑛2) to evaluate

the sums. Given a value of 𝑤g1 we show how to compute E(𝑛g1 , 𝑑,𝑤g1 ) in near-linear time with
respect to 𝑛. The computation of E(𝑛g2 , 𝑑,𝑤 − 𝑤g1 ) is equivalent. First, for 𝑥 = 1 we compute

the sum
∑︁𝑛g1

𝑖=1
(︁𝑛g1
𝑖

)︁ (︂ 1
𝑤g1

)︂𝑖 (︂𝑤g1−1
𝑤g1

)︂𝑛g1−𝑖
as follows. For 𝑖 = 1, we compute 𝑏1 =

(︁𝑛g1
1
)︁
, 𝑡1 = 1

𝑤g1
, and

𝑠1 =
(︂
𝑤g1−1
𝑤g1

)︂𝑛g1−1
. We store𝛼1 = 𝑏1 ·𝑡1 ·𝑠1. Then for 𝑖 ∈ {2, . . . , 𝑛g1 }, we observe that𝑏𝑖 = 𝑏𝑖−1 ·

𝑛g1+1−𝑖
𝑖

,

𝑡𝑖 = 𝑡𝑖−1 · 1
𝑤g1

, 𝑠𝑖 = 𝑠𝑖−1 ·
𝑤g1

𝑤g1−1
, and we set 𝛼𝑖 = 𝑏𝑖 · 𝑡𝑖 · 𝑠𝑖 . Then, we set 𝛽𝑛g1

= 𝛼𝑛g1
and for every

𝑖 = 𝑛g1 − 1, . . . , 1, we compute 𝛽𝑖 = 𝛼𝑖 + 𝛽𝑖+1. The main observation of our algorithm is that
E(𝑛g1 , 𝑑,𝑤g1 ) =

∑︁𝑛g1
𝑥=1 𝛽

𝑑
𝑥 .

In the technical report [87], we show the next lemma.

Lemma 4. The time complexity of our algorithm for column-width computation for 2 groups is
bounded by 𝑂 (𝑛 log2 𝑛).

We can extend our method to multiple groups G = {g1, . . . , gℓ }. For each group g𝑗 ∈ G, the
function E(𝑛 𝑗 , 𝑑,𝑤 𝑗 ) represents the expected error of the elements in group g𝑗 as computed by
lemma 2. The goal is to compute 𝑤 𝑗 for every g𝑗 ∈ G, given that

∑︁
𝑗∈[ℓ ] 𝑤 𝑗 = 𝑤 . We solve this

problem, by recursively execute our algorithm for two groups (g1 and g2) ℓ − 1 times. Intuitively,
if we have ℓ groups, we construct an instance with two colors: one that consists of the elements
in the first group, and one that consists of the elements from all groups excluding the first group.
For a value 𝑗 ∈ {1, . . . , ℓ − 1}, let𝑊𝑗 be the number of bins that should be assigned to groups
g𝑗 , g𝑗+1 . . . , gℓ . Initially, notice that𝑊1 =𝑤 . We set 𝑛′𝑗 =

∑︁ℓ
𝑏=𝑗+1 𝑛𝑏 . We assume that there exist two

groups, one with 𝑛 𝑗 elements and the other one with 𝑛′𝑗 elements, while the total number of bins is
𝑊𝑗 . We solve this instance using our efficient implementation for two groups. Let𝑤 𝑗 be the number
we compute. We set𝑊𝑗+1 ←𝑊𝑗 −𝑤 𝑗 and we continue recursively with 𝑗 ← 𝑗 + 1. The overall time
of our algorithm for groups G = {g1, . . . , gℓ } is 𝑂 (ℓ · 𝑛 · log2 𝑛).

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 179. Publication date: June 2026.



Fair-Count-Min : Frequency Estimation under Equal Group-wise Approximation Factor 179:13

Approximate practical implementation. While in theory our previous algorithm operates in the
real-RAM model of computation, a direct numerical evaluation of the binomial probability mass
function can be problematic in practice. Although the binomial coefficient

(︁
𝑛
𝑖

)︁
can be represented

exactly using arbitrary-precision integers, its magnitude grows exponentially in 𝑛, and converting
it to floating-point arithmetic—as required when multiplying by probability terms—quickly leads
to numerical overflow. In our experiments, this overflow occurs for moderate values of 𝑖 once
𝑛 is on the order of a few hundred, rendering a naive implementation numerically unstable. In
practice, while we run the binary search on𝑤g1 , instead of computing the binomial probability mass

functions exactly, we use Stirling’s approximation, i.e. for every positive integer 𝑘 , 𝑘! ≈
(︂
𝑘
e

)︂𝑘
·
√
2𝜋𝑘 ,

where e is the Euler’s number. It is known that the Gamma function Γ(𝑧) =
∫ ∞
0 𝑡𝑧−1e−𝑡𝑑𝑡 satisfies

Γ(𝑘) = 𝑘!. Taking logarithms converts the products in the definition of the binomial coefficient into
sums of logs which are easier to handle and avoid overflow. Then we approximate each log Γ(·)
term with Stirling’s expansion, log Γ(𝑧) ≈ 𝑧 log 𝑧 − 𝑧 + 1

2 log(2𝜋) +
1
12𝑧 +𝑂 (𝑧

−3). In our practical
implementation, we use the logarithm of Γ function to estimate the values of E(𝑛g1 , 𝑑,𝑤g1 ) and
E(𝑛g2 , 𝑑,𝑤 −𝑤g1 ) for each value𝑤g1 in the binary search.
As a final note, we would like to reiterate that computing the column widths is performed

only once during the preprocessing step and is not part of the update path. That being said, the
preprocessing time complexity, which is quasi-linear, is comparable to that of common operations
such as sorting and is generally acceptable in preprocessing settings. We further evaluate the cost
of solving this optimization problem under various parameter settings in Section 6, showing that
this cost is generally negligible.

5 Price of Fairness Analysis
Improving fairness usually comes at a cost, known as the “price of fairness” (aka cost of fairness) –
the reduction in the overall performance as a result of resolving unfairness [17]. After introducing
FCM and its details, in this section, we study its price of fairness. Following Equation 1, the overall
performance of a CM sketch can be measured in terms of the sum of its expected additive error
across all element typesU = {𝑒1, · · · , 𝑒𝑛}. That is,

L𝐶𝑀 =

𝑛∑︂
𝑖=1

𝜀𝐴 (𝑒𝑖 ) (10)

Subsequently, we define the price of fairness (PoF) of FCM as the increase in its total expected
additive error, compared to CM. That is,

𝑃𝑜𝐹 = L𝐹𝐶𝑀 − L𝐶𝑀 (11)

5.1 𝑑 = 1
In the following, we provide our price of fairness analysis for 𝑑 = 1, proving that fairness even
improves the expected performance, i.e., 𝑃𝑜𝐹 < 0, when 𝑑 = 1.

Lemma 5. When 𝑑 = 1, 𝑃𝑜𝐹 = L𝐹𝐶𝑀 − L𝐶𝑀 < 0.

Proof of Lemma 5. Let us begin by computing L𝐶𝑀 , the total additive error for the standard CM
sketch. By Chapter 3 of [32], the expected additive error of an element type 𝑒 𝑗 ∈ U is

𝜀𝐴 (𝑒 𝑗 ) =
𝑁 − 𝑓 (𝑒 𝑗 )

𝑤
.

Then, the total additive error of the standard CM sketch is computed as
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L𝐶𝑀 =

𝑛∑︂
𝑗=1

𝜀𝐴 (𝑒 𝑗 ) =
𝑛∑︂
𝑗=1

𝑁 − 𝑓 (𝑒 𝑗 )
𝑤

= 𝑛
𝑁

𝑤
− 𝑁

𝑤
= (𝑛 − 1)𝑁

𝑤
(12)

Now, let us compute L𝐹𝐶𝑀 , the total additive error for the FCM sketch.

L𝐹𝐶𝑀 =

𝑛∑︂
𝑗=1

𝜀𝐴 (𝑒 𝑗 ) =
∑︂
𝑒 𝑗 ∈g1

𝜀𝐴 (𝑒 𝑗 ) + · · · +
∑︂
𝑒 𝑗 ∈gℓ

𝜀𝐴 (𝑒 𝑗 )

Following the same calculation as in Equation (12), for every group g ∈ G,∑︂
𝑒 𝑗 ∈g

𝜀𝐴 (𝑒 𝑗 ) = (𝑛g − 1)
𝑁g

𝑤g

Hence,

L𝐹𝐶𝑀 =
∑︂
𝑒 𝑗 ∈g1

𝜀𝐴 (𝑒 𝑗 ) + · · · +
∑︂
𝑒 𝑗 ∈gℓ

𝜀𝐴 (𝑒 𝑗 ) =
∑︂
g∈G
(𝑛g − 1)

𝑁g

𝑤g

From Theorem 1, we know,𝑤g =
𝑛g
𝑛
𝑤,∀g ∈ G, while ∑︁g∈G 𝑁g = 𝑁 . Therefore,

L𝐹𝐶𝑀 =
∑︂
g∈G
(𝑛g − 1)

𝑁g

𝑤g
=
∑︂
g∈G
(𝑛g − 1)

𝑁g
𝑛g
𝑛
𝑤

=
∑︂
g∈G

𝑛

(︃
1 − 1

𝑛g

)︃
𝑁g

𝑤

= 𝑛
∑︂
g∈G

𝑁g

𝑤
−
∑︂
g∈G

𝑛

𝑛g
·
𝑁g

𝑤
= 𝑛

𝑁

𝑤
−
∑︂
g∈G

𝑛

𝑛g
·
𝑁g

𝑤
(13)

Interestingly, combining Equations 11, 12, and 13, we show that 𝑃𝑜𝐹 < 0, for a CM with random
hashing scheme:

𝑃𝑜𝐹 = L𝐹𝐶𝑀 − L𝐶𝑀 = 𝑛
𝑁

𝑤
−
∑︂
g∈G

(︃
𝑛

𝑛g
·
𝑁g

𝑤

)︃
− (𝑛 − 1)𝑁

𝑤

=
𝑁

𝑤
−
∑︂
g∈G

𝑛

𝑛g
·
𝑁g

𝑤

<
𝑁

𝑤
−
∑︂
g∈G

𝑁g

𝑤
//since

𝑛

𝑛g
> 1, ∀g ∈ G

=
𝑁

𝑤
− 𝑁

𝑤
= 0

□
The negative PoF sounds counterintuitive, but as we shall further elaborate in our technical

report [87], it can be explained by the difference between the random distribution of the elements
versus their uniform distribution to the buckets. We further show that the PoF of FCM is zero for
𝑑 = 1 when uniform hashing is used.

5.2 General Value of 𝑑
Next, we consider the price of fairness for multiple rows 𝑑 > 1. The error of an element type 𝑒 𝑗 ∈ U
is

min
𝑝∈[𝑑 ]

∑︂
𝑒≠𝑒 𝑗 :h𝑝 (𝑒 )=h𝑝 (𝑒 𝑗 )

𝑓 (𝑒),

so the expected additive error is
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𝜀𝐴 (𝑒 𝑗 ) = E

⎡⎢⎢⎢⎢⎣min
𝑝∈[𝑑 ]

∑︂
𝑒≠𝑒 𝑗 :h𝑝 (𝑒 )=h𝑝 (𝑒 𝑗 )

𝑓 (𝑒)
⎤⎥⎥⎥⎥⎦ . (14)

For the standard CM sketch the total additive error is computed as L𝐶𝑀 =
∑︁𝑛

𝑗=1 𝜀𝐴 (𝑒 𝑗 ) using
Equation (14) to compute the sum considering 𝑤 buckets. For the FCM sketch the total additive
error is computed as L𝐹𝐶𝑀 =

∑︁
g∈G

∑︁
𝑒 𝑗 ∈g 𝜀𝐴 (𝑒 𝑗 ), where each sum

∑︁
𝑒 𝑗 ∈g 𝜀𝐴 (𝑒 𝑗 ) is computed using

Equation (14) for 𝑤g buckets. Since we do not have a closed form for the 𝑤g values (for 𝑑 > 1)
from Equation (7), we cannot directly compute 𝑃𝑜𝐹 = L𝐶𝑀 − L𝐹𝐶𝑀 . Instead, we compute the PoF
experimentally for real datasets in Section 6.6. Particularly, our experiments, including Figures 11
to 17 confirm the small PoF for 𝑑 > 1.

6 Experiments
In addition to the theoretical analysis, we perform extensive experiments across a range of settings to
validate the fairness as well as the efficiency of our proposed sketch. Consistent with the theoretical
guarantees established in previous sections, the experimental results confirm the effectiveness and
efficiency of our sketch in practical scenarios.

6.1 Evaluation Plan
We evaluate our proposed sketch based on three metrics 1) unfairness, 2) price of fairness and 3)
efficiency. For each metric, we examine the impact of varying four parameters: the width of the
sketch𝑤 , the depth of the sketch 𝑑 , and the number of groups ℓ and the number of element types
in the unpopular group 𝑛g1 . Due to space constraints and the confirmed similarity of results across
different datasets, for certain experiments, we present results for a single dataset per setting, with
the full results available in the technical report [87]. Finally, we repeat each experiment five times
and report the average values for each setting.

6.2 Datasets
For evaluation, we used five real-world datasets. To assess the scalability of our proposed sketch
in large-scale scenarios, we selected five benchmark datasets (NYC Bus [91], DDoS [76], Reddit-
Twitter [60], Census [66], and Google N-Grams [68]) that are sufficiently large to reflect real-world
streaming environments. The dataset details are provided in the technical report [87].

6.3 Baselines
Although our theoretical analysis is based on comparisons with CM, we evaluate our method against
four baseline approaches, including representative state-of-the-art methods from both traditional and
learning-based frequency estimation, to comprehensively demonstrate its effectiveness:

CM [31]: The first baseline is the standard CM sketch described in Section 2.2, which we use across
all of our experiments.

Row-Partitioning: The second baseline is the row-partitioning approach discussed in Section 3.3,
which, as expected, does not consistently achieve equal group-wise approximation factors in
practice. We use this baseline in a subset of our experiments to illustrate the negative result of
row-partitioning.

Learned-CM [56]: The third baseline, learned-CM, enhance traditional CM by integrating ML
to predict element frequencies. This allows more accurate estimates for rare or critical elements
while preserving efficiency for common ones, reducing overall error in high-speed data streams.
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A random sample comprising 30% of the stream is utilized to train a neural network designed to
identify heavy hitters. We use this baseline across all of our experiments.

CM-CU [43]: The fourth baseline is a CM sketch with conservative update. It estimates element
frequencies in a data stream by incrementing only the minimum counter for each element, which
reduces overestimation caused by hash collisions. CM-CU has been shown to be the most accurate
among traditional frequency estimation sketches [49] w.r.t. mean relative error. We use this baseline
across all of our experiments.
We extend existing baseline implementations from the original papers or libraries and adapt

them for our experiments.

6.4 Experiments Settings
6.4.1 Setup. The experiments were conducted on an Apple M2 Pro processor, 16 GB memory,
running macOS. The algorithms were implemented in Python 3.12.5

6.4.2 Parameter Settings. In all experiments, the default sketch depth was fixed at 𝑑 = 5. For
experiments examining the impact of 𝑑 , we vary its value from 2 to 10. The default sketch width𝑤
was selected on a per-dataset basis:𝑤 = 64 for the Census and DDoS datasets,𝑤 = 512 for the NYC
Bus and Reddit–Twitter datasets, and𝑤 = 65,536 for the Google Ngram dataset. For experiments
investigating the impact of𝑤 , we vary its value from 8 to 256 for the NYC Bus dataset, from 8 to
2,048 for the DDoS and Reddit–Twitter datasets, and from 1,024 to 1,048,576 for the Google Ngram
dataset. The default number of groups is set to 2 across all experiments. In experiments examining
the effect of the number of groups, this parameter is varied from 2 to 10. For ones evaluating the
impact of the unpopular group size, the number of element types is increased from 310K to 1.2M.

Summary of results: In summary, FCM is the only approach observed to maintain near-zero
unfairness–measured as the mean approximation-factor difference between groups–regardless of
the sketch parameters or the underlying frequency distribution. This parity is typically achieved
at a price that is generally small, though not universally so. All baseline methods generally
exhibit some degree of bias in favor of the popular group. Moreover, FCM matches or exceeds
state-of-the-art approaches in terms of construction and query times.

6.5 Validation: Unfairness Evaluation
In this experiment, we measure the impact of varying certain parameters on the unfairness of
the sketch. Unfairness is measured as the difference between the expected approximation factor
of the unpopular and popular groups, i.e., E[𝛼g1 ] − E[𝛼g2 ]. In the multi-group setting, unfairness
is measured as the difference between the maximum and minimum mean approximation factors
across all groups, i.e., min∀g𝑖 ∈G (E[𝛼g𝑖 ]) −max∀g𝑗 ∈G (E[𝛼g𝑗 ]). A sketch is considered group-fair if
the unfairness value is zero.

Varying the number of columns𝑤 : We begin with the experiment that examines the impact of
varying the sketch width𝑤 on unfairness. Looking at Figures 3, 4 and 5, we first observe that FCM
achieves the smallest approximation-factor difference between the two groups, maintaining a value
close to zero as𝑤 increases. Because 𝑛g1 is relatively large across all datasets, the approximation
factors for all groups and methods start out close to zero when 𝑤 is small. For the standard CM
baseline, as𝑤 increases, the approximation factor for the popular group gradually approaches 1,
while remaining comparatively low for the unpopular group. Once𝑤 surpasses a certain threshold,
it becomes large enough for the unpopular group’s mean approximation factor to also approach 1.

5Code available at: https://github.com/neemashahbazi/FCM
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Fig. 3. effect of varying𝑤 on un-
fairness, nyc bus, 𝑑 = 5.

Fig. 4. effect of varying𝑤 on un-
fairness, reddit-twitter, 𝑑 = 5.

Fig. 5. effect of varying𝑤 on un-
fairness, google ngram, 𝑑 = 5.

Fig. 6. effect of varying 𝑑 on un-
fairness, nyc bus,𝑤 = 512.

Fig. 7. effect of varying 𝑑 on un-
fairness, census,𝑤 = 64.

Fig. 8. effect of varying ℓ on un-
fairness, census,𝑤 = 64, 𝑑 = 5.

Fig. 9. effect of varying # ℓ on
unfairness, google ngram, 𝑤 =

65536, 𝑑 = 5.

Fig. 10. effect of varying 𝑛g1 on
unfairness, google ngram, 𝑤 =

65536, 𝑑 = 5.

Fig. 11. effect of varying 𝑤 on
price of fairness, nyc bus, 𝑑 = 5.

Fig. 12. effect of varying 𝑤 on
price of fairness, ddos, 𝑑 = 5.

Fig. 13. effect of varying 𝑑 on
price of fairness, nyc bus,𝑤 = 512.

Fig. 14. effect of varying 𝑑 on
price of fairness, census,𝑤 = 64.

Fig. 15. effect of varying # of
groups ℓ on price of fairness, cen-
sus,𝑤 = 64, 𝑑 = 5.

Fig. 16. effect of varying ℓ on
price of fairness, google ngram,
𝑤 = 65536, 𝑑 = 5.

Fig. 17. effect of varying 𝑛g1 on
price of fairness, google ngram,
𝑤 = 65536, 𝑑 = 5.
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All the other baselines exhibit a trend similar to that of CM. Another key observation concerns the
performance of Learned-CM: when the model successfully captures the heavy hitters, it outperforms
the other baselines achieving better approximation factor difference. Interestingly, CM-CU—despite
being shown to achieve the lowest mean relative error among traditional frequency-estimation
methods—performs among the worst in terms of equalizing the approximation factor between the
two groups across all datasets, indicating a bias toward the popular group. For the Row-Partitioning
baseline, increasing𝑤 makes it harder to find suitable integral 𝑑g1 values for allocating rows to the
unpopular group, causing the approximation-factor difference to grow more rapidly than in the
other baselines.

Varying the number of rows 𝑑 : Next, we evaluate the impact of increasing the sketch depth 𝑑 on
unfairness. The results are presented in Figures 6 and 7. For the standard CM baseline, the sketch
initially provides more accurate estimates (approximation factors closer to 1) for the popular group.
As 𝑑 increases, the accuracy improves for both groups, but at a slightly faster rate for the popular
group. As in the previous experiment, Learned-CM achieves the best performance among the
baselines in equalizing the approximation factor across groups, whereas CM-CU performs poorly,
showing a steeper rate of decline as 𝑑 increases. As before, FCM maintains near-zero unfairness
regardless of the sketch depth. For the Row-Partitioning approach, we note some interesting
observations. As shown in Figure 7, depending on the value of 𝑑 and its divisibility, the unfairness
fluctuates between nearly zero and a significant value as 𝑑 increases. In this experiment, 𝑛g1 and
𝑛g2 are very close, so as long as the sketch can assign equal 𝑑g1 and 𝑑g2 values to each group, it
performs well w.r.t keeping unfairness at zero. This occurs only when 𝑑 takes even values.

Varying the number of groups ℓ : In our next experiment on unfairness, we investigate the impact
of increasing the number of groups. The results are shown in Figures 8 and 9. Having demonstrated
that the Row-Partitioning baseline performs inconsistently and is highly sensitive to the value of 𝑑 ,
we henceforth compare our approach only with the other baselines. As expected, FCM maintains
zero unfairness, independent of the number of groups or the grouping strategy used. However, for
the standard CM, an increase in the number of groups generally leads to higher unfairness. This
is particularly noticeable in the case of equi-width frequency-based grouping, where the sketch
is more accurate for smaller groups with high-frequency elements and less accurate for those
larger groups with low-frequency elements (Figure 9). In the case of arbitrary grouping, unfairness
is entirely dependent on the size of each group. As shown in Figure 8, the number of groups is
determined based on a different attribute with specific cardinality at each iteration. While the
general trend is an increase in unfairness as the number of groups grows, in some iterations (e.g.,
5 and 10), the unfairness values are closer, indicating that the groups are more evenly sized. In
contrast, for iteration 9, one group is significantly larger or smaller than the others, resulting in
higher unfairness. Learned-CM and CM-CU baselines follow a trend similar to the standard CM
and are generally consistent with the results observed in previous experiments.

Varying unpopular group size 𝑛g1 : Next, we examine a specific scenario in which groups are
divided into low-frequency (g1) and high-frequency (g2) elements based on the frequency of unique
elements in the stream. Our goal is to evaluate the impact of varying the number of element
types 𝑛g1 in the unpopular group on unfairness. To do so, we vary the cutoff threshold on the
frequency of each element: elements with frequencies below the threshold are assigned to group
g1, while those above it are assigned to group g2. As the threshold increases, 𝑛g1 grows while 𝑛g2
decreases, keeping the total number of elements 𝑛 constant. Let us now focus on Figure 10. As 𝑛g1
increases, the standard CM sketch exhibits greater unfairness because the expected approximation
factor for group g1 decreases as the group grows larger, while group g2 becomes smaller. This is
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due to the standard CM sketch favoring more accurate estimates for the smaller group g2, which
contains high-frequency elements, over the larger group g1, which consists of numerous low-
frequency elements. For the Row-Partitioning baseline, the optimal integral values of 𝑑g1 and 𝑑g2
selected by the algorithm gradually deviate from the optimal fractional values determined by the
equality 9. Specifically, with 𝑑 = 5, the sketch would ideally assign a value 4 < 𝑑g1 < 5 (closer
to 5) to group g1, which is not feasible. As a result, we observe a significant disparity between
the approximation factors of the groups for larger values of 𝑛g1 . On the other hand, the FCM
maintains the approximation factor difference near zero, regardless of the value of 𝑛g1 . For the
other baselines, Learned-CM starts out comparable to CM when 𝑛g1 is small but diverges more
sharply as 𝑛g1 increases. As before, CM-CU delivers the poorest performance among traditional
methods in equalizing the mean approximation factor.

Varying sample size for estimating 𝑛g1 : Finally, we evaluate the effect of increasing the sample
size used to estimate the unpopular group size 𝑛g1 on the resulting unfairness. Our first observation
is that, for the ddos dataset shown in Figure 31, the unfairness remains essentially unchanged as the
sample size grows. This behavior arises because the estimate obtained from the sample extrapolates
accurately to the full data stream. However, this is not universally the case. As illustrated in
Figures 32, increasing the sample size leads to a more accurate estimation of 𝑛g1 , which in turn
reduces the overall unfairness. Although the magnitude of this improvement is dataset dependent,
it is generally modest. These results suggest that, for a reasonable error tolerance, estimates derived
from relatively small samples are typically sufficient for constructing the FCM.

Fig. 18. Theoretical and empirical comparison of CM and FCM for different 𝑛g1 in google ngram for 𝑑 = 1.

6.6 Price of Fairness Evaluation
Thus far, we have established that FCM guarantees group-fairness regardless of the parameters
involved. In the next set of experiments, we evaluate the cost of enforcing this constraint relative
to the standard CM and other baselines. Following the discussion in Section 5 and Equation 11, we
measure the price of fairness in terms of the total additive error required to achieve fairness.
First, let us empirically validate the interesting result that PoF is negative for 𝑑 = 1, proven in

Section 5. To do so, we use a google ngram dataset where we vary the unpopular group size 𝑛𝑙 from
310K to 1.2M. The price of fairness is computed as the difference in total additive error between
FCM and standard CM sketches (PoF = LFCM − LCM). The results, along with the empirical and
theoretical additive errors shown in Figure 18, emphasize the superiority of FCM over standard
CM in terms of additive error when 𝑑 = 1. To further evaluate the price of fairness for 𝑑 > 1 across
various settings, similar to the previous section, we varied (a) number of columns (Figure 12 and 11),
(b) number of rows (Figures 13 and 14), and (c) the number of groups (Figures 15 and 16) and (d)
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group size (Figure 17), and measured the total additive error for CM versus FCM. As expected, FCM
and all other baselines exhibit a decrease in the total additive error as the sketch width or depth
increases. Moreover, depending on the grouping and the number of element types within each
group, FCM may experience an increase in total additive error as the number of groups grows,
since some groups may be relatively small or highly skewed, making it more difficult to enforce
the equality constraints on the mean approximation factor (Figure 15). However, in cases where
the groups are not strongly skewed, the additive error appears to be largely independent of the
number of groups (Figure 16). Next, as the group size 𝑛g1 increases, FCM exhibits a trend of slight
initial increase followed by a decrease in the price of fairness ( 17). Overall, across all settings, the
results were consistent, indicating that FCM achieves group fairness with costs that are generally
small but can vary depending on the setting.
Finally, we examine how the price of fairness varies with the sample size used to estimate 𝑛g1 .

The results are presented in Figures 33 and 34. For the ddos dataset, since the level of unfairness
remains unchanged as the sample size increases, the price of fairness exhibits a similar stable trend.
In contrast, for the nyc bus dataset, increasing the sample size leads to a higher price of fairness.
This occurs because, as the sample size increases, the estimation accuracy of 𝑛g1 for the unpopular
group typically improves, resulting in bucket assignments that are closer to the exact solution.
Consequently, unfairness decreases, but this reduction comes at the expense of an increased price
of fairness. Due to the space limitations, extensive results are moved to the technical report [87].
We confirm that we observed similar results across all settings and all other datasets.
6.7 Efficiency Evaluation
Having established the efficacy of the FCM sketch, we now turn our attention to its efficiency. A
frequency-estimation sketch involves two main stages: (1) construction and (2) query time. In the
following, we evaluate the impact of varying key parameters on the time required for each stage
and provide a comparison with the standard CM sketch:

6.7.1 Construction Time. We define the construction time as the duration required to initialize the
sketch and insert the entire stream into it. In summary, the construction time of FCM is comparable
to that of CM and slightly faster than CM-CU. Learned-CM is considerably slower due to the
additional time required for model training and inference. For all sketches, the construction time is
independent of the sketch width 𝑤 (Figures 19 and 20), the number of groups ℓ (Figure 23), and
the unpopular group size 𝑛g1 (Figure 24); varying these parameters has no impact on construction
time. The construction time for both sketches grows linearly with the sketch depth 𝑑 , as expected,
since it corresponds to the number of times each element is inserted into the sketch. This result is
presented in Figures 21 and 22.

Optimization Time: Finally, as part of the preprocessing analysis, we examine the impact of
varying key parameters on the optimization time, defined as the time required to solve Equation 7
to compute the column widths following the procedure described in Section 4. We first observe that
the optimization times are generally negligible and are dominated by other preprocessing steps,
such as populating the sketch. Second, the optimization time increases with the value of𝑤 , due
to the expansion of the binary search range. The optimization time is largely independent of the
value of 𝑑 . Furthermore, the optimization time remains consistently unchanged as the value of
𝑛g1 is increased. Finally, we observe that the optimization time scales linearly with the number of
groups ℓ . Representative results for each setting are shown in Figures 35, 36, 37, and 38.

6.7.2 Query Time. Query time is defined as the time required for the sketch to perform an estimate
operation for a given element. The query time results exhibit similar patterns to the construction
times, with FCM, CM and CM-CU showing comparable values and trends. Learned-CM can be
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Fig. 19. effect of varying 𝑤 on
construction time, nyc bus, 𝑑 = 5.

Fig. 20. effect of varying 𝑤 on
construction time, ddos, 𝑑 = 5.

Fig. 21. effect of varying𝑑 on con-
struction time, nyc bus,𝑤 = 512.

Fig. 22. effect of varying𝑑 on con-
struction time, ddos,𝑤 = 64.

Fig. 23. effect of varying ℓ on con-
struction time, google ngram,𝑤 =

65536, 𝑑 = 5.

Fig. 24. effect of varying 𝑛g1 on
construction time, google ngram,
𝑤 = 65536, 𝑑 = 5.

Fig. 25. effect of varying 𝑤 on
query time, nyc bus, 𝑑 = 5.

Fig. 26. effect of varying 𝑤 on
query time, ddos, 𝑑 = 5.

Fig. 27. effect of varying 𝑑 on
query time, nyc bus,𝑤 = 512.

Fig. 28. effect of varying 𝑑 on
query time, ddos,𝑤 = 64.

Fig. 29. effect of varying ℓ on
query time, google ngram, 𝑤 =

65536, 𝑑 = 5.

Fig. 30. effect of varying 𝑛g1 on
query time, google ngram, 𝑤 =

65536, 𝑑 = 5.
orders of magnitude slower due to the additional model-inference time required during querying.
The query times are independent of the sketch width𝑤 (Figures 25 and 26), the number of groups ℓ
(Figure 29), and the unpopular group size 𝑛g1 (Figure 30). Similarly, the query time for both sketches
also increases linearly with the depth 𝑑 , as shown in Figures 27 and 28.
6.8 Validating Group Columns Allocation
In our final experiment, we validate our mathematical analysis in Section 3.2, using a Monte Carlo
method for estimating the value of𝑤g1 – the number of columns allocated to the group g1.
We note that instead of the mathematical derivation, one could develop the following Monte

Carlo method based on repeated sampling to estimate the value of𝑤g1 :
Consider𝑛g1 ,𝑛g2 ,𝑤 ,𝑑 , and the parameters of arbitrary distributions fromwhich the frequencies of

groups g1 and g2 are drawn. For each group g ∈ {g1, g2}, we draw𝑛g samples from the corresponding
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Fig. 31. effect of varying sample
size for estimating 𝑛g1 on unfair-
ness, ddos,𝑤 = 64, 𝑑 = 1.

Fig. 32. effect of varying sample
size for estimating 𝑛g1 on unfair-
ness, nyc bus,𝑤 = 512, 𝑑 = 5.

Fig. 33. effect of varying sample size
for estimating 𝑛g1 on price of fairness,
ddos,𝑤 = 64, 𝑑 = 1.

Fig. 34. effect of varying sample size
for estimating 𝑛g1 on price of fairness,
nyc bus,𝑤 = 512, 𝑑 = 5.

Fig. 35. effect of varying𝑤 on op-
timization time, ddos, 𝑑 = 5.

Fig. 36. effect of varying 𝑑 on op-
timization time, census,𝑤 = 64.

Fig. 37. effect of varying 𝑛g1 on
optimization time, google ngram,
𝑤 = 65536, 𝑑 = 5.

Fig. 38. effect of varying ℓ on opti-
mization time, census,𝑤 = 64, 𝑑 =

5.

Fig. 39. Monte Carlo-based esti-
mate of𝑤g1 vs. theory; depends on
𝑛g1 and independent of distribution
of group frequencies.

distribution to serve as the frequencies of the elements. As a result, we obtain a list of 𝑛 tuples of
the form (frequency, group). Next, we perform a binary search over the range of𝑤 to find the
optimal value of𝑤g1 that minimize the empirical difference in approximation factors between the
two groups, where the empirical difference is evaluated by inserting the sampled frequencies into a
FCM sketch with 1 row and measuring the approximation factors for each group. This procedure is
repeated 𝑑 times (once per sketch row), and we compute the average of the resulting𝑤g1 values.
Finally, we repeat the entire process over multiple iterations and report the overall average of𝑤g1 .
We use this Monte Carlo method to estimate𝑤g1 under a range of synthetic distributions. We

note from our analysis that the value of𝑤g1 does not depend on the distribution of data. Hence,
we expect to observe similar results from different runs of the Monte Carlo estimation. We then
compare the number of columns assigned to each group by this method to the theoretical values
derived from the analysis in Section 3.2. The results are shown in Figure 39. The values of𝑤g1 were
identical across different frequency distributions and, as expected, depended solely on the values of
𝑛g1 and 𝑛g2 .
7 Related Work

Count-Min sketch. The CM sketch was first described by Cormode and Muthukrishnan [30, 31]. It
uses hash functions to map events to frequencies, but unlike a hash table uses only sub-linear space,
at the expense of overcounting some events due to collisions. Count–min sketch is an alternative
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to count sketch [24] and AMS sketch [6] and can be considered an implementation of a counting
Bloom filter [44, 51] or multistage-filter [30]. Over the years multiple variations of min-count
sketches have been proposed in the literature [46, 65, 75, 79, 94] improving the estimation or the
performance under different settings. While CM sketches have been thoroughly studied there is
still room for improvement. For example, the random hashing procedure may induce substantial
uncertainty in the estimation, especially for low-frequency tokens. Furthermore, it is often the case
that there exists an a priori knowledge on the data, and therefore it may be desirable to incorporate
such a knowledge into the estimates
Recently, machine learning is used to resolve these issues. More specifically, machine learning

techniques [1, 21, 36, 37, 56, 72, 100] are used to learn either the hash functions or a partition of the
elements into two groups (based on their frequency) to improve the estimations or the performance
compared to the traditional CM sketch. Interestingly, partitioned-learned CM sketches [56, 72] learn
a partition of the elements into low frequency and high frequency elements. While this partition is
the same as the one we used in our analysis, our objective is orthogonal to their problem. They do
not necessarily aim to achieve the same estimation error between low and high frequency elements.
Instead, they process light and heavy elements separately trying to improve the overall estimation
error. To the best of our knowledge, none of these traditional and learned schemes can handle fair
count-min estimations with theoretical guarantees. Finally, learning has been used to obtain other
data structures as well, such as 𝐵-trees [61] or bloom filters [61, 69, 95].

Fairness. Fairness in data-driven systems has been studied by various research communities
but mostly in machine learning (ML) [8, 16, 67, 74, 92]. Most of the existing work is on training
a ML model that satisfies some fairness constraints. Some pioneering fair-ML efforts include [22,
23, 40, 45, 52, 59, 97]. Biases in data has also been studied extensively [11, 12, 42, 70, 73, 80, 84, 85]
to ensure data has been prepared responsibly [71, 81, 82, 88]. Recent studies of fair algorithm
design include fair clustering [4, 18, 20, 26, 27, 55, 64, 83], fairness in resource allocation and
facility location problem [19, 38, 48, 53, 57, 102], min cut [62], max cover [9], set cover [33], game
theoretic approaches [5, 39, 101], hiring [7, 77], ranking [10, 89, 90, 98], recommendation [25, 63, 93],
representation learning [54], generative AI [28, 41, 47, 58], etc.
Fairness in data structures is significantly under-studied, with the existing work being limited

to [3, 13–15, 34, 86]. Aumuller et al. [13–15] study individual fairness in near-neighbor search,
while Shahbazi et al. [86] and Dehghankar et al. [34] study group fairness in hashing and 𝜀-nets,
respectively. In prior works, the objectives are fundamentally different, so these techniques cannot
be applied to our sketch.
8 Discussions
8.1 Detecting Heavy Hitters
CM sketches have a wide range of range of applications including heavy hitters detection to
detecting rare words (infrequent items that are not stop-word) in NLP settings [50], to AQP [31].
Still, identifying heavy hitters is known as one of the traditional applications of CM sketches.

For heavy hitters detection, FCM performs equally to the standard CM. A heavy hitter in the
standard sketch remains a heavy hitter in FCM. This is because CM sketches, including FCM,
always overestimate the frequencies. As a result, FCM never misses a heavy hitter due to its fairness
mechanism. Compared to the standard CM sketches, FCM focuses on stronger multiplicative error
guarantees. In a standard CM sketch, the frequencies of a rare group (e.g., average frequency 10)
could significantly get overestimated (e.g., 10,000) due to the collision with heavy hitters. FCM
strictly equalizes this relative error across different groups. It is important to note that, while
providing a stronger guarantee, FCM does not degrade the total error. Specifically, the total additive
error (sum of all additive errors) and average additive errors remain the same across the standard
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CM and FCM. Moreover, in cases where the groups are not correlated with frequencies, the average
additive errors of groups (including their heavy hitters) do not change.
8.2 Intersectional Fairness
In cases where groups overlap –for example, race and gender– groups are defined at the intersection
level (e.g., Black–female, Black–male). Handling the intersections in this way allows our method
to cover overlapping group structures. While doing so increases the number of groups and therefore
increases the price of fairness, satisfying fairness at the intersection level automatically satisfies
fairness at the higher-level group definitions.
8.3 Dynamic Settings
a) Dynamic frequency patterns: The design of FCM does not depend on the frequency distribu-
tions (within or across groups). As a result, a drift in the frequency distributions will not require
any update in the sketch. That is, FCM can be readily adapted for popular dynamic settings, where
frequency patterns change. This was also confirmed in our experiments (Figure 39), where different
frequency distributions do not affect the sketch configuration. Even if the frequency distributions
drift – either in total or within individual groups – the setting of the sketch does not change.

b) Dynamic universe of element types: As stated in Section 3.5, our approach assumes a fixed
universe model, where the universe of element typesU is known. This is a limitation of our results
that require further study in future work.

Still, in the following, we discuss an extension of our approach for a dynamic universe case, based
on a bookkeeping approach that comes at an extra memory cost and a small amount of unfairness.

Specifically, we note that in real-world scenarios, often small amounts of unfairness is tolerable.
That is, given a threshold 𝜖 > 0, a sketch needs to guarantee its unfairness is at most 𝜖 . Recall from
Section 6.5, that unfairness is measured as the difference between the expected approximation
factor of the groups. Hence, the fairness requirement can be formulated as

min
∀g𝑖 ∈G

(E[𝛼g𝑖 ]) − max
∀g𝑗 ∈G

(E[𝛼g𝑗 ]) ≤ 𝜖.

Following this observation, every time the universe of the element types get updated, we evaluate
its unfairness guarantees, based on Lemmas 1 and 2, while using the updated values of 𝑛 and
𝑛g,∀g ∈ G. In particular, based on Lemma 1, for 𝑑 = 1, so long as the fractions 𝑛g

𝑛
do not change,

the unfairness remains zero, and it increases based on max | 𝑛
𝑜𝑙𝑑
g

𝑛𝑜𝑙𝑑
− 𝑛𝑛𝑒𝑤g

𝑛𝑛𝑒𝑤
|.

Once the unfairness of the sketch surpasses the threshold 𝜖 , we introduce a new FCM sketch
based on the new element type counts. However, we cannot remove the old sketch, since we no
longer have access to the exact element frequencies. Therefore, to address this issue, we need to
keep the previous sketches.

Every time a new element in observed in the stream, we only update its corresponding counts in
the latest sketch. However, the frequency of an element type 𝑒 should be calculated as the sum
of its frequencies across all sketches. Specifically, let {𝐹𝐶𝑀1, · · · , 𝐹𝐶𝑀𝑘 } be the set of populated
sketches so far. The estimated frequency of an element type 𝑒 ∈ U is: 𝑓 (𝑒) =∑︁𝑘

𝑖=1 𝐹𝐶𝑀𝑖 [𝑒] .
9 Conclusion
In this paper we introduced FCM, a new frequency estimation framework that ensures equal
expected approximation factors across different groups, addressing a key fairness limitation of
traditional CM sketches. By proposing a fairness-preserving design—column partitioning with
group-aware hashing, our work offers strong theoretical guarantees and validates its effectiveness
through extensive experiments. Future research directions include extending FCM integrating
learned hash functions for further efficiency gains, and exploring fairness notions beyond group-
wise guarantees, such as individual fairness in streaming data sketches.
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