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The all-pair near-duplicate text alignment problem aims to identify all pairs of similar subsequences (i.e.,
contiguous token spans) between two long texts. This problem is central to many applications, including
large-scale text deduplication, plagiarism detection, and bioinformatics. Given two input texts T and S, each
represented as a sequence of tokens, the naive approach that compares every pair of subsequences between T
and S is computationally infeasible, requiring O(|T|?|S|k) time even when estimating Jaccard similarity via
min-hash with k independent hash functions. To overcome this limitation, we propose an efficient framework
based on Locality-Sensitive Hashing (LSH), which employs m X L independent hash functions organized
into L hash tables of m hash functions each. Our key observation is that many subsequences in a text share
identical LSH values, allowing us to group them by their LSH values. We prove that the expected number of
such groups for a text of length n is O(nmL). We further design a data structure to represent each group in
O(1) space. As a result, we develop an algorithm that reduces the expected time and space complexities of
all-pair near-duplicate text alignment to O((|T| + |S|)mL), excluding the cost of outputting the pairs. This is
significantly lower than the naive approach using the same number k = m X L of hash functions. Experiments
on large real-world datasets show an order of magnitude speedups over state-of-the-art baselines while
maintaining comparable alignment accuracy.
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1 Introduction

In this paper, we study the all-pair near-duplicate text alignment problem, which aims to identify all
pairs of similar subsequences between two long texts. This problem is fundamental to a wide range
of applications, including large-scale text deduplication [9, 28], test set leakage detection in large
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language models (LLMs) [50], machine-generated log management [15], plagiarism detection [44],
copyright protection [37], and biological sequence analysis [1].

As a motivating example, given a source document and a suspicious document, all-pair near-
duplicate text alignment can reveal all potential cases of plagiarism between them [33, 34]. Similarly,
in bioinformatics, given two molecular sequences, all-pair near-duplicate text alignment can identify
all potential local alignments [43] between them. Finally, one can concatenate all test set examples
into a single text and all training examples into another, and then apply all-pair near-duplicate text
alignment to detect test set leakage [50].

A key challenge in all-pair near-duplicate text alignment lies in the combinatorial explosion
of subsequence pairs. In this paper, each text is represented as a sequence of tokens (e.g., words,
q-grams, or byte-pair encoding (BPE) units [20]). A subsequence refers to a consecutive span of
tokens within a text. Given two texts T and S containing |T| and |S| tokens, respectively, there are
O(|T|?|S|?) subsequence pairs. We measure the similarity between two subsequences using the
Jaccard similarity, which can be efficiently estimated via min-hash [7]. The following pseudo-code
shows the “nested loop join” style end-to-end workflow:

for each subsequence T[i,j] in T:
for each subsequence S[p,ql in S:
if estimated_Jaccard(T[i,jl, S[p,ql) > threshold:
include_candidate (T[i,j], S[p,ql)

With appropriate preprocessing [35], the Jaccard similarity between two subsequences can be
estimated in O(k) time using k independent hash functions, where k is a tunable parameter that
trades off estimation accuracy against computational cost. Overall, this naive approach requires
O(|T|?|S|?k) time, which is prohibitively expensive for long texts containing millions of tokens.

LSH Framework. To address this issue, we consider a framework based on Locality-Sensitive
Hashing (LSH) [26]. The following “hash-join” style pseudocode shows the overall workflow:

for each T[i,j] in T:
for x in [1,L]:
add T[i,j] to bucket no. LSH(x, T[i,jl)
for each S[p,q] in S:
for x in [1,L]:
for each T[i,j] in bucket no. LSH(x, S[p,ql):
include_candidate (T[i,j], S[p,ql)

For each subsequence in T, the framework computes L hash values, each generated from a combi-
nation of m hash functions. This requires m X L hash functions in total. The parameters m and L
are tunable with respect to the target similarity threshold, enabling a trade-off between hashing
cost and accuracy. Each subsequence is then inserted into L corresponding hash buckets based on
these values. By design, the hash functions ensure that similar subsequences (with high Jaccard
similarity) are likely to fall into the same bucket, while dissimilar ones (with low Jaccard similarity)
rarely collide.

The framework then performs hash table probing using the same process. Specifically, for each
subsequence in S (referred to as the probing subsequence), it applies the same set of hash functions
to compute L hash values and probes the corresponding L buckets. All subsequences retrieved
from these buckets are considered similar to the probing subsequence. Finally, candidate pairs are
generated by pairing each retrieved subsequence with the probing subsequence.

With appropriate preprocessing [35], each hash value can be computed in O(m) time. Overall,
if excluding the cost of generating candidate pairs, the time complexity of the framework is
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O((|TJ? + |S|*)mL), which is substantially lower than the naive approach when using the same
number of hash functions k = mxL. However, the framework still exhibits quadratic time complexity
with respect to the text length, making it impractical for long texts.

In this paper, we dramatically reduce the expected cost of hash table construction and probing
for a pair of texts T and S to O((|T| + |S|)mL). Specifically, we observe that many subsequences
in a text can share the same hash value under LSH. Thus, we propose to group the subsequences
by their LSH values. For a text of length n, we prove that the number of such groups is O(nmL)
in expectation. Furthermore, we design a data structure (namely “tight intervals”) to represent
each group of subsequences using O(1) space. We then develop an algorithm to produce these
groups in O(nmlL) time in expectation. Consequently, our algorithm achieves O((|T| + |S|)mL)
time and space complexities for hash table construction and probing for two texts T and S, which
substantially improves the quadratic cost in the LSH framework. Extensive experiments on large
real-world datasets demonstrate that our approach outperforms existing baselines by an order of
magnitude. In summary, this paper makes the following contributions:

(1) We propose an efficient LSH-based framework to address the all-pair near-duplicate text
alignment problem.

(2) We show that in expectation a text with n tokens leads to O(nmL) groups of subsequences
sharing the same hash value under LSH.

(3) We develop an algorithm to generate all the groups in a text with n tokens using O(nmL)
time and space in expectation.

(4) We conduct extensive experiments on large real-world datasets. Experiment results show
that our approach outperforms existing baselines by an order of magnitude.

2 Preliminaries
2.1 Problem Definition

We begin by introducing the key notation used throughout the paper. A text T is defined as a
sequence of tokens, where T[i] denotes the i-th token in the sequence. The length of the text, i.e.,
the total number of tokens, is denoted by |T|. Given 1 < i < j < |T|, T[i, j] denotes the subsequence
of T starting at position i and ending at position j, inclusive. A text (or a subsequence) can be
mapped to a set, consisting of its distinct tokens. When the context is clear, we refer to T (or T[i, j])
both as a text (or subsequence) and as a set.

Given two texts T and S, their Jaccard similarity is defined as

_ITns|
T |Tusl
ExampLE 1. Consider two texts T = ABBC and S = BCD where each letter is a token. The union

TUS = {A, B,C, D}. The intersection T N S = {B, C}. Therefore, their Jaccard similarity is J1s = %

Jts

DEFINITION 1 (ALL-PAIR NEAR-DUPLICATE TEXT ALIGNMENT). Given two texts T and S, and a
similarity threshold 0 € [0, 1], the problem of all-pair near-duplicate text alignment aims at returning
all the subsequence pairs (T[a, b],S[c,d]), where1 < a < b < |T| and1 < ¢ < d < |S|, such that
Ilablsied] = 0.

ExampLE 2. Consider two texts T = ABBC and S = BCD, and the threshold 6 = 0.6. All-pair near-
duplicate text alignment returns (T[1,4],S[1,2]), (T[2,2],S[1,1]), (T[2,3],S[1,1]), (T[2,4],S[1, 2]),
(T[2,4],S[1,3]), (T[3,3],S[1,1]), (T[3,4],S[1,2]), (T[3,4],S[1,3]), and (T[4,4],S[2,2]) as the
resullts.

Our goal is to design an efficient approximate algorithm for the all-pair near-duplicate text
alignment problem.
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2.2 Jaccard Similarity Estimation via Min-Hash
The Jaccard similarity of two texts can be estimated by their min-hash sketches.

Hash Family 7. Denote by 7 the universe of tokens. H denotes a universal hash family consisting
of hash functions h : 7~ +— R that map each token to a real value. Consider a universal hash function
h randomly selected from hash family . For a text T, we abuse h(T) to denote the min-hash of T
under hash function h:

h(T) = min{h(t) | t € T}.

A commonly used universal hash function family H is h(x) = (ax + b) mod p mod m where
p is a large prime, m < p, and a, b are two randomly chosen integers modulo p with a # 0 [12]. It
has been shown [7] that the min-hash collision probability of T and S is their Jaccard similarity

Pr[h(T) = h(S)] = Js.

MinHash-Similar. Consider k independent universal hash functions hy, hy, - - - , b from universal
hash family H. For a text T, we call (h1(T),..., i (T)) the min-hash sketch of T under the k
hash functions. Given two texts T and S, their Jaccard similarity can be estimated with .ATT,S =
% 2;11 1{h;(T) = h;(S)}. This is an unbiased estimator of Jaccard similarity with variance Jrs(1 —
J1s)/k and can be computed in O(k) time if the min-hash sketches are provided. T and S are called
MinHash-Similar if their estimated Jaccard similarity is no smaller than a user-provided threshold.
As discussed in Section 1, to reduce the cost of all-pair near-duplicate text alignment, we can use
Locality-Sensitive Hashing (LSH) [26].

2.3 Locality-Sensitive Hashing (LSH) Framework for Jaccard Similarity

Hash Family G. We define a hash family G, where each hash function g € G consists of m inde-
pendent hash functions hy, hy, . . ., by, randomly drawn from the universal hash family H defined in
Section 2.2. For any g € G, the hash value of a text T is defined as g(T) = (h1(T), h2(T), ..., hn(T)).
For two texts T and S, define g(T) = g(S) only if h;(T) = h;(S) foralli=1,2,...,m.

Hash Family Y. We then define the hash family Y where each hash function y € Y consists of L
independent hash functions g;, g, . .., g; randomly drawn from the universal hash family G. For
any y € Y, the hash value of a text T is defined as y(T) = (g;(T),..., g, (T)). For two texts T and
S, define y(T) = y(S) if there exists i € [1, L] such that g;(T) = g,(S).

LSH-Similar. Given a hash function y € Y, we define two texts T and S as LSH-Similar if
Y(T) = y(S).

Under an LSH family with parameters (m, L), for two texts T and S with Jaccard similarity p, the
probability that they are LSH-similar is 1 — (1 — p™)’; the probability that they are not LSH-similar

is (1—p™L.
ExampLE 3. Consider m = 5 and L = 20. When the Jaccard similarity is p = 0.3, the probability

that the pair is not LSH-similar is 0.9525 and that they are LSH-similar is 0.0475; when p = 0.8, the
probability that the pair is not LSH-similar is 0.00035 and that they are LSH-similar is 0.99965.

A higher Jaccard similarity leads to a very small probability of not being LSH-similar, while a
lower Jaccard similarity leads to a very small probability of being LSH-similar.

By choosing appropriate parameters m and L, LSH serves as a probabilistic indicator for whether
the Jaccard similarity is at least a threshold 6. Figure 1 shows the probability curve of being LSH-
similar with parameters m = 8 and L = 16. It provides a sharp probabilistic separation between
dissimilar and similar pairs.
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Fig. 1. The probability y that two texts with true Jaccard similarity x are reported as LSH-Similar under m = 8
and L = 16. The dashed line shows a similarity threshold 8 = 0.7.

As discussed in Section 1, compared to the “nested loop join” style framework which uses min-
hash sketches to estimate Jaccard similarity, reporting LSH-similar text pairs offers a significant
efficiency gain; however, its drawback is that the time complexity is still quadratic in |T| and
|S|, which is not acceptable for long texts. Next, we propose an efficient framework to break the
quadratic barrier.

3 The Framework

This section serves as an overview of our framework and a catalog of our key ideas, definitions,
main algorithms, and analysis.

Given a hash function y = (g, &5, ..., 8,) € Y, to find all the subsequence pairs in two texts
T and S that are LSH-similar, for each hash function g, where x € [1,L], we propose to group
all subsequences T[i, j] of T according to their hash values g, (T[i, j]), and likewise, group all
subsequences S[p, q] of S by g, (S[p, q]). For each pair of groups, one from T and one from S, that
share the same hash value, we report all subsequence pairs, one subsequence from each group in
the pair, as results.

One key observation is that neighboring subsequences of T often share the same hash value under
a hash function g € G and can thus be compactly represented by a construct called a rectangle.

DEFINITION 2 (RECTANGLE). Given a text T of length n and a hash function g € G. A rectangle in
T under a hash function g is a set of subsequences that share the same hash value under g, represented
by the tuple rec(a,b,c,d, g) = {T[i,j] | i € [a,b],j € [c,d]}, wherel1 <a<b<c<d<n

A rectangle is an O(1)-space “compression” of neighboring subsequences sharing the same hash
value under g. A natural follow-up question is that
Can we group the subsequences by their hash values, i.e., can we use rectangles to
canonically partition all the subsequences based on their hash values?
The answer is positive. Note that, duplication or hash collisions may introduce ties. We break
ties and then assume that the universal hash function s € H is collision-free, as described below.

Tie-breaking and Collision-free assumption. Given text T, for each h € H, we assume that
h(T[p]) # h(T[q]) for all distinct positions p, q € [1,n = |T|]. In case duplicate tokens occur, ties
are broken uniformly at random. This can be achieved by assigning each position p an independent
random priority 7 (p). Specifically, for any two distinct positions p and q in a text T such that
T[p] = T[q], we define h(T[p]) < h(T[q]) if n(p) < x(g), and (A(T[p]) > A(T[q]) if otherwise.
For simplicity in discussion and notation, we assume this holds throughout our analysis.
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| Jil2[3lals]e]7[8]olw0]uli2]13]14]15]
hy(T[i]) 82 59 22 57 39 90 94 42 32 64 91 48 99 73 53
hy(T[i]) 93 12 19 46 4 72 47 12 8 33 5 71 26 94 58

Fig. 2. The token hash values of a text T with |T| = 15 under two hash functions h; and hy in H.

This tie-breaking does not modify hash values and therefore has no effect on the behavior of
LSH. Our correctness of algorithm and all theoretical guarantees do not require this assumption,
because our analysis does not depend on which position is chosen when multiple positions share
the same hash value, any tie-breaking rule yields a valid partition.

One hash function. We first consider the rectangles when g consists of only one hash function
h € H. We observe that all subsequences of a text T with the same hash value can be represented
by a single rectangle, which is uniquely determined by a kind of intervals [, r] called tight intervals
(as formally defined below). Intuitively, a tight interval is “tight” because it cannot be extended
without changing its min-hash value.

DEFINITION 3 (TIGHT INTERVAL). Given a hash function h € H and a text T of length n, we call
an interval [1,r]
o left-tight under h if and only if (iff) | = 1 or K(T[I — 1]) < h(T[i]) for everyi € [I,r],
e right-tight under h iff r = n or h(T[r + 1]) < h(T[i]) for everyi € [, r], and
o tight under h iff it is both left-tight and right-tight under h.

ExaMPpLE 4. Consider the text T and hash function hy in Figure 2. The interval [3,4] is tight
under hy. This is because it is left-tight under hy as hy(T[2]) = 12 < min(hy(T[3]), h2(T[4])) and
right-tight under hy as hy(T[5]) = 4 < min(h(T[3]), h2(T[4])). Moreover, rec(3,3,3,4, (hy)) =
{T[3,3],T[3,4]} is a rectangle.

As we will show later, there is a one-to-one mapping between all the tight intervals in a text T and
all groups of subsequences in T sharing the same hash values. Specifically, each tight interval [/, 7]
corresponds to a group of subsequences sharing the same hash value, which can be represented by
a rectangle in the form of (I, *, *,r, g). The two unknown values * are determined by other tight
intervals. Therefore, we wish to generate all the rectangles based on all the tight intervals of T. To
find all the tight intervals efficiently, we propose Algorithm 1, which takes O(|T|) time and space
(Theorem 2). This also proves that the total number of tight intervals is O(|T]).

Multiple hash functions. The tight intervals discussed above apply to the case where g consists
of a single hash function, i.e., g = (h). We now extend the definition of tight intervals to the general
case where g comprises multiple hash functions. Here, we say an interval is tight under g if it is
tight under at least one hash function in g.

DEFINITION 4. Given a hash function g = (hy, hy, ..., hy,) € G and a text T, an interval [I,r] is

o left-tight under g iff there exists i € [1,m] such that [, r] is left-tight under h;,
o right-tight under g iff there exists i € [1, m] such that [I,r] is right-tight under h;,
o tight under g iff it is both left-tight and right-tight under g.

ExampLE 5. Consider text T and hash function g = (hy, hy) in Figure 2. Interval [1, 2] is tight under
g: it is right-tight under g since hi(T[3]) = 22 < min(hy(T[1]), h1(T[2])); and left-tight under g
since | = 1 (which indicates [1, 2] is left-tight under both hy and hy).
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Similarly, there is a one-to-one mapping between all tight intervals in a text T under any hash
function g € G and all groups of subsequences in T sharing the same hash values under g. Our
Theorem 4 shows that the expected total number of tight intervals of g with m hash functions is
bounded by O(m|T|). To find all the tight intervals efficiently, we propose Algorithm 2 which in
expectation takes O(m|T|) time and space to produce all the tight intervals (Theorem 5).

We generate one rectangle for each tight interval — denote the set of all such rectangles by
P — and the hash value of T[/, r] for each tight interval [/, r] by Algorithm 3. Its time and space
complexities are asymptotically the same as Algorithm 2, as proved in Theorem 7.

With the rectangle (a,b,c,d,g) € P and the hash value v for each tight interval [a,d], our
end-to-end framework is outlined below.

for each x in [1,L]:
use tight intervals to produce, for T, S under g,, respectively, rectangles
— with hash values
for each (a,b,c,d,gx) of T with hash value v:
add (a,b,c,d,gx) to bucket no. v
for each (u,w,y,z,gx) of S with hash value v:
for each (a,b,c,d,gx) in bucket no. v:
for each i in [a,b] and j in [c,d]:
for each p in [u,w] and q in [y,z]:
include_candidate (T[i,j], S[p,ql)
The detailed framework is shown in Algorithm 4 in Section 4.
To this end, we can answer the question raised at the beginning of this section: P is a partition
of all the subsequences of T based on their hash values, as proved by Theorem 6 in Section 5. This
ensures the correctness of our framework.

4 Tight Interval Generation

In this section, we discuss how to generate all the tight intervals under a hash function g € G.
For ease of presentation, hereinafter, for any text T of length n, we add two dummy tokens T[0]
and T[n + 1], where h(T[0]) = A(T[n + 1]) = —co. All positions we mention are in the range of
[0,n + 1], while every interval [I,r] satisfies 1 < | < r < n. Thus an interval [I, r] is left-tight
under A if and only if h(T[l — 1]) < h(T[l,r]), whereas it is right-tight under A if and only if
h(T[r+1]) < K(T[Lr]).

4.1 Single Hash Function

This section is a building block of our partition algorithm. Unless specified otherwise, tightness is
defined under the hash function h € H. We observe that for an interval [, r] to be left-tight under
a hash function h € H, the position [ — 1 plays a critical role: its hash value hA(T[I — 1]) must be
smaller than each of A(T[I]), h(T[l + 1]),..., h(T[r]). Next we formalize this idea.

DEFINITION 5 (DOMINANCE). A position p dominates another position q if and only if p > q and
h(T[p]) < h(Tlg]).

Note that by definition, position n + 1 dominates all positions 1,2,...,n, but not position 0.
Actually, no position dominates position 0.

EXAMPLE 6. Figure 3 shows the token hash values of a text T under a hash function hy. Position 10
is dominated by positions 12, 15 and 16.

To characterize the left-tight intervals, we define the skyline.
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o EETE ETEE T e s =

hy(T[i]) —co 82 59 22 57 39 90 94 42 32 64 91 48 99 73 53 —o

Fig. 3. Hash values of a text T under a hash function h;.

DEFINITION 6 (SKYLINE). The skyline S(r) at position r is the set of positions in [0, r] that are not
dominated by any other position in [0,r], i.e, S(r) = {i € [0,r] | #j € [0,7], j dominates i}.

100 100
o ° - ° ® .
80| i 80| *
1
= 60 — F=s = 60 —d .
= 1 e L e ) R -
=T . o | £ 4 . o T
< DR SRV FSpRpSp + < VS .V S +
20/ F==mo - 20 Foon -
1 |
—c0| & —0| &
0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16

(a) skyline at position r = 11 (b) skyline at position r = 12

Fig. 4. Skyline derivation. The points on the skyline are highlighted in red, and the skyline itself is drawn using
red dashed lines. The absence of any point below the staircase indicates that no skyline point is dominated.

ExAMPLE 7. Figure 4 illustrates two example skylines. The x-axis represents token positions, while
the y-axis shows the corresponding token hash values of the text T under the hash function hy, as
defined in Figure 3. For instance, as shown in Figure 4(a), the skyline atr = 11 is S(11) = (0, 3,9, 10, 11),
whereas Figure 4(b) shows that the skyline at r = 12 becomes S(12) = (0,3, 9, 12).

Intuitively, a position p in the skyline at position r means no hash value between p + 1 and r is
smaller than that of p. Thus [p + 1, r] must be left-tight by Definition 3, as formalized below.

LEmMMA 1. Let S be the skyline at positionr. An interval [, r] is left-tight if and only if -1 € S\ {r}.

Proor. We first prove for any left-tight interval [L,r], [ — 1 € S\ {r}. Since [l, 7] is an interval,
I <r.Thusl—-1+# randl -1 ¢ {r}. On the other hand, by the definition of left-tightness,
h(T[I - 1]) < h(T[x]) for every x € [[, r]. Therefore, by the definition of dominance, no position
x € [l,r] dominates [ — 1. Thus, by the definition of skyline, [ — 1 € S. As a result, we have
I-1eS\{r}

Next, we prove for every position p € S\ {r}, the interval [p + 1, r] must be left-tight. First of all,
by the definition of skyline, for every position p € S, p < r. Thus p +1 < r for every p € S\ {r}
and [p + 1, r] must be a non-empty interval. Moreover, by the definition of skyline, no position in
[p + 1,r] dominates p. Thus h(T[p]) < h(T[x]) for every x € [p + 1,r]. Therefore [p + 1, r] must
be left-tight by definition. O

Next we characterize the right-tight intervals. An interval [, r] is right-tight if and only if
h(T[r + 1]) is smaller than the smallest hash value of the positions in [/, r]. Consider the smallest
position p € S such that p > I — 1, where S is the skyline at position r. We observe that the hash
value of p is the smallest among [/, r]. This is because, on the one hand, by the definition of skyline,
h(T[p]) < h(T[x]) for every x € [p+ 1,r]. On the other hand, we observe that h(T[p]) < h(T[x])
for every x € [I, p — 1]. This is because p dominates every x € [I,p — 1] by Lemma 2.
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LEMMA 2. Let S be the skyline at position r, for any positionq € S\ {0}, let p = max{p € S | p < q}.
For any position x such that p < x < q, q dominates x.

Proor. Consider a position x such that p < x < g. Let y be the position in [x + 1, r] with the
smallest hash value, i.e., y = arg MiN, ¢ [y, h(T[z]). Since x ¢ S, by Definition 6 there is some
position in [x + 1, 7] that dominates x, thus A(T[y]) < h(T[x]), i.e., y dominates x. Consider two
cases. Case 1: y > g. Because g € S, no position y > q can dominate g, so h(T[y]) > h(T[q]). Thus,
h(T[x]) > h(T[y]) > h(T[q]), hence ¢ dominates x. Case 2: x < y < q. As y is the position in
[x + 1,7] with the smallest hash value, A(T[y]) < h(T[q]). Thus, q cannot dominate y. Because
all positions in [g + 1, r] have hash values no less than h(T[q]) — otherwise ¢ will not be in the
skyline S, thus no position in the skyline S can dominate y. Thus y € S. Since there is no position
in [p + 1, q — 1] in the skyline, y = q. Thus g dominates x. O

Thus we have the following sufficient and necessary condition for an interval to be right-tight.

LEMMA 3. Given an interval [I,r]. Let S be the skyline at positionr, i.e., all positions in S are no more
than r. The interval is right-tight if and only if L(T[r + 1]) < h(T[p]) wherep =min{p € S | p > I}.

Proor. When [1, r] is right-tight, h(T[r + 1]) < h(T[x]) for every x € [Lr]. Asp € [Lr],
h(T[r +1]) < h(T[p]).

Next we prove that if A(T[r + 1]) < h(T[p]) then [[,r] is right-tight. Since for any position
x € [p+1,r], i(T[x]) > h(T[p]) because otherwise, p would not be in the skyline which contradicts
that p € S. Based on Lemma 2, for any x € [[, p — 1], x is dominated by p, i.e., h(T[x]) > h(T[p]).
Therefore, h(T[r +1]) < h(T[p]) means h(T[r +1]) is smaller than all the hash values of positions
in 1, r] and thus [/, r] is right-tight. O

Given a position r, let S be the skyline at position r, we can visit every position p € S. The
interval [p + 1, r] must be left-tight by Lemma 1. Then we can check if it is right-tight by Lemma 3.
However, it is unnecessary to check all positions in the skyline.

LEMMA 4. Let S be the skyline at position r. If h(T[r + 1]) > h(T[p]) for a position p € S, then
any interval [, r] where | < p must not be right-tight.

Proor. By definition, [, 7] is right-tight only if A(T[r + 1]) < h(T[x]) for every x € [Lr].
However, we have p € [I,r] and h(T[r + 1]) > h(T[p]). Thus [I, r] must not be right-tight. o

ExAMPLE 8. As shown in Figures 3 and 4(a), consider the skyline S(r) = (0,3, 9, 10, 11) at position
r = 11. Note that h(T[r + 1]) = h(T[12]) = 48, and the largest position in S with a hash value smaller
than 48 is 9. Therefore, the interval [10, 11] is right-tight. Moreover, for anyl < 9, the interval [I, 11]
is not right-tight, such as [9, 11].

Given a fixed r, our goal is to identify all tight intervals [/, 7]. Lemma 1 shows that to meet the
left-tightness it suffices to consider only those positions [ such that [ — 1 € S. Lemmas 3-4 further
propose to traverse the positions in the skyline S in descending order. Once we encounter a position
in the skyline that violates the right-tight condition, we can stop. To this end, we define the ordered
skyline as below:.

DEFINITION 7 (ORDERED SKYLINE). A skyline is ordered if its positions are ordered in ascending
order. We write the skyline as the tuple S = (p1, pa, . - ., ps) in ascending order, i.e, p1 < pp < -+ < ps.

LEmMMA 5. Let S = (p1,pa, ..., ps) be the ordered skyline at position r. We have p; = r and
h(T[p1]) < h(T[p2]) <--- < h(T[ps]).
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Proor. Clearly r € S, hence p; = r. For any 1 < i < j < s, by the definition of skyline,

pj does not dominate p;. Thus, by the definition of dominance, h(T[p;]) < h(T[p;]). Therefore
h(T[p1]) <--- < h(T[ps]). o

Finally, instead of generating the ordered skyline at a position from scratch, we propose to derive
it from the ordered skyline at the previous position, as formalized below.

LEMMA 6. Let S(r) = (p1, P2, - - ., Ps) be the ordered skyline at position r and i = min{j € [1,s] |
h(T[p;]) < h(T[r+1])}. The ordered skyline at position r +1 must be S(r +1) = (p1, p2, ..., pi, 7 +1).

Proor. For any position g ¢ S(r), there exists p € [0, r] that dominates g by definition. Moreover,
p € [0,r +1]. Thus g ¢ S(r + 1) by definition.

Consider any position p, € S(r) where x < i. By the definition of i and Lemma 5, h(T[py]) <
h(T[p;]) < h(T[r+1]). Thus r + 1 does not dominate p,. Moreover, no position in [0, ] dominates
px. Therefore p, € S(r +1).

Consider any position py € S(r) where i < x < s (if there is any). By the definition of i and
Lemma 5, A(T[r + 1]) < A(T[px]). Thus r + 1 dominates py. Therefore p, ¢ S(r + 1).

Finally, a position p dominates q only if p > q. Thus r + 1 € S(r + 1). Therefore S(r + 1) =
(p1,p2, ..., pir +1). o

ExAMPLE 9. Figure 4 shows how the skyline evolves asr increases from 11 to 12. Atr = 11, the skyline
is S(11) = (0,3,9, 10, 11). When advancing tor = 12, we compare h(T[12]) with the hash values of
the positions in S(11) from right to left. Since h(T[12]) < h(T[11]) < h(T[10]), we remove 11 and
10 from the skyline, and then append 12. As a result, the updated skyline becomes S(12) = (0, 3,9, 12).

Based on the discussion above, we propose the tight interval generation algorithm. Algorithm 1
shows the pseudo-code. The algorithm maintains the ordered skyline at position r in a stack S
(namely, monotonic stack). To generate all the tight intervals [/, r] ending with r, we visit the
positions in S in reverse order. Each time we visit a position p, by Lemma 1, [p + 1,r] must be
left-tight. Thus, we only need to test if the right-tight condition is violated based on Lemma 3.
If so, by Lemma 4, no right-tight interval can be generated anymore and the process terminates
(Line 3). Otherwise, we remove this position from the stack as it must not be in the skyline of r + 1
by Lemma 6 (Line 4) and produce a tight interval (Line 6). Finally, we append r + 1 to the stack and
the S becomes the skyline of r + 1 (Line 7).

Algorithm 1: Tight Interval Generation for One Hash Function

Input: T: text of length n; h € H: a universal hash function.
Output: I: all tight intervals in T.
// dummy token hash values h(T[0]) = h(T[n+1]) = —o0
S.append(0);
forr < 0tondo
while A(T[S.back()]) > A(T[r +1]) do
S.pop_back();
[ « S.back() +1;
I—IU{[Lr]}s

A G R W N -

7 S.append(r + 1);

8 return I;
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THEOREM 1. All intervals generated by Algorithm 1 are tight intervals in T; all tight intervals in T
are generated by Algorithm 1.

Proor. We first prove by induction that, at the end of each for-loop, S is the ordered skyline of
r + 1. We assume at the beginning of the for-loop, S is the ordered skyline of r. Initially, S = (0),
which is exactly the ordered skyline of r = 0. Thus base case r = 0 is true. The while-loop guarantees
all the positions, and only the positions, whose hash values are greater than h(T[r+1]), are removed
from S. By Lemma 6, S must be the ordered skyline of r + 1 after appending r + 1 at the end of the
for-loop.

Next, we prove every interval [/, r] added to I must be tight interval. By Lemma 1, the interval
[, ] added, where S.back() = — 1, must be left-tight. p, which is the position after S.back() in
the ordered skyline, must be the smallest position in the skyline that is greater than [ = S.back () +1.
By Lemma 3, Line 3 guarantees [I, r] must be right-tight. Thus [/, 7] must be a tight interval.

Finally, we prove that every tight interval [/, r] is output by the algorithm. Fix any tight interval
[I,r], by Lemma 1, at the start of the iteration of r, we have [ — 1 € S(r). Let p = arg minpesp >,
by the definition of skyline, no position in [p + 1,r] dominates p and by Lemma 2, p dominates
every position in [I, p — 1], thus h(T[p]) = min;e[, h(T[i]), thus p is exactly c. Since [I, r] is
right-tight, then h(T[r + 1]) < h(T[p]). By Lemma 4, the algorithm will pop p, thus [[, r] will be
reported. O

LEMMA 7. Let T be a text of length n and h is drawn from H. Let S(r) be the skyline of T at position
r. Then E[|S(r)|] = O(logr).

Proor. For any fixed position p, p € S(r) if and only if p is not dominated by any position
x € [p+1,r],ie, h(T[p]) < h(T[x]) for all x € [p + 1,r]. Since each position in [p, 7] becomes
minimum with the same probability, thus Pr[p € S(r)] = rﬁ; — . Summing over p, we have

E[IS(r)|] = Hy = O(logr). O

THEOREM 2. The time and space complexities of Algorithm 1 are both O(n). The algorithm generates
O(n) tight intervals in total. Excluding the storage for the set of tight intervals I, the space occupied
by the stack is O(log n) in expectation.

Proor. Each position in [0,n + 1] is added to S once and popped out once. Thus the time
complexity is O(n) where n = |T|. For each position popped out from S, a tight interval is produced.
Thus the algorithm generates O(n) tight intervals. According to Lemma 7, the auxiliary space
occupied by the stack is O(log n) in expectation. O

4.2 Multiple Hash Functions

This section discusses how to generate all tight intervals of a text T under a composite hash
function g = (hy, hy, ..., hy) € G. Throughout, the tightness is under g unless specified otherwise.
An interval [, r] is left-tight (resp. right-tight) under g if and only if it is left-tight (resp. right-tight)
under at least one of Ay, ..., hy. As r moves from 0 to n, we maintain the skyline S;(r) for each
hash function h; using Algorithm 1. The left-tightness can be easily checked using these skylines:
the interval [/, r] is left-tight if and only if I — 1 € S; \ {r} for some i € [1, m]. For right-tightness,
the interval is right-tight if and only if [, r] is right-tight under at least one hash function h;, where
i € [1, m]. The test of the right-tightness can be facilitated with Lemma 3. Thus, we consider a
heap-based method.

Heap-based Method. For each position r € [0, n], maintain its ordered skyline by a stack per
hash function as in Algorithm 1. Note that each stack stores the positions in a skyline in increasing
order. We find all the tight intervals by engaging a heap to “merge-sort” all the positions over the
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m skylines in decreasing order. We stop once no hash function remains right-tight. This process
has two drawbacks which lead to a complexity of O(mnlog? m) (see our technical report [51]).
Different skylines may share the same position, i.e., the merge-sort may generate the same position
multiple times. In other words, a heap pop operation may produce no new tight interval. 2) For a
given h; and a skyline position p, even if [p + 1, r] is not right-tight under A;, the interval [p + 1,7]
can still be right-tight under g if some other h; is right-tight. These invalidate the simple O(n)
amortized argument used for Algorithm 1 and incur extra heap and duplication costs.

Global List Method. To reduce the time complexity and address the two drawbacks of the heap-
based method, Algorithm 2 maintains a linked list 1ist, facilitated with an array of size n, to retrieve
the positions that present in at least one skyline. Specifically, each cell in 1ist has a predecessor and
a successor, initially linked such that list[i].pred =i — 1 and list[i].succ = i + 1; moreover, for
each i € [1,n], list maintains the total number of hash functions that include i in their skylines in
list[i].count, which is initially 0 (Line 6). When r varies from 0 to n (Line 7), Lines 8—26 generate
all the tight intervals in the form of [*, r] and maintain the linked list in three steps. (1) Lines 8-13
compute the leftmost position (leftbound) in the stacks such that [1leftbound + 1, r] is right-tight
for at least one hash function. The correctness follows from Lemma 4. (2) Using 1ist, Lines 14-17
visit all the positions that are included by at least one skyline, and generate the tight intervals.
The left-tightness is guaranteed by Lemma 1. (3) Lines 18-29 maintain the stack and the linked
list. Specifically, Lines 19, 26, and 28 are adopted from Algorithm 1, which maintain the stack.
Lines 20-25 maintain the linked list when positions are popped from the stacks, each time a position
is popped from the stacks, its counter in the linked list is decremented, and once the counter reaches
0, the position is bypassed in the linked list by directly connecting its predecessor and successor.
When r + 1 is pushed onto a stack (Line 28), the counter 1ist[r + 1].count is incremented in Line 29.
The above description also establishes the correctness of Algorithm 2, which is formally stated in
Theorem 3.

THEOREM 3. The set I reported by Algorithm 2 contains exactly all the tight intervals of T under
geg.

THEOREM 4. Given a text T with length n, and a hash function g = (hy, ..., hy) € G, the expected
number of tight intervals in T under g is O(nm).

Proor. Let D(n,m) be the total number of tight intervals in a text T of length n under g.
E[D(n,m)] = Y1<i<r<n Pr([l,r] is tight). Observe that when [ = 1, the interval [, r] is always
left-tight; and when r = n, the interval [/, r] is always right-tight. Therefore, we mainly consider
interior intervals where 1 <[ <r < n.

Recall in Definition 4, an interval [/, r] is tight when it is left- and right-tight. For an interval
[, 7], we define two events. Let £ be the event that [, r] is left-tight, and R be the event that [/, r]
is right-tight. Based on union bound, probability Pr[ [/, r] is tight] is

Pr[L AR] =Pr[L] +Pr[R] - Pr[L V R].

Consider any interior interval [, r] of length s = r — I + 1. Under a hash function h;, There are
s + 2 hash values, namely h;(T[l — 1]),..., i (T[r]), hi(T[r + 1]), each of which is equally likely
to be the minimum. Hence the probability that [/, r] is not left-tight under h;, i.e.,, h; (T[] —1]) is
not the minimum among the first s + 1 hash values is 5. The probability that [/, r] is not tight
under h;, i.e., the minimum among the s + 2 hash values is neither A;(T[l — 1]) nor h;(T[r + 1])
is -35. By Definition 4, [[, ] is not left-tight (or right-tight, resp.) under g if and only if [I, 7] is
not left-tight (or right-tight, resp.) under h; for every i € [m], and since the m hash functions are
independent, Pr [ L] =Pr[R] =1 - (i)m . Besides, the probability that [/, r] is neither left-tight

s+1
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Algorithm 2: Tight Interval Generation (Global List Method)
Input: T: text of length n; g: hash function (hy, hy, . . ., Am).
Output: I: all tight intervals in T.

// Use one stack S[i] for one hash function, Vi € [m], dummy tokens
hi(T[0]) = hi(T[n +1]) = —c0.
1 fori«— 1tomdo
L S[i].append(0) ;
3 fori <« 1tondo
4 list[i].pred «—i—1;
5
6

nN

list[i].succ —i+1;
list[i].count « 0;

7 forr <« 0 tondo

8 leftbound «— +oo;

// Get the leftmost position (across all the hash functions) in the skyline such
that [leftbound + 1,r] is right-tight.

9 fori «— 1tomdo

10 pointer « S[i].size — 1;

11 while h; (T[S[i][pointer]]) > h;i(T[r +1]) do
12 L pointer < pointer — 1;

13 leftbound « min(S[i][pointer], leftbound);

// Use the list to access all the positions to the right of leftbound that appear
in at least one skyline. Generate tight intervals.

14 pointer « r;

15 while pointer > leftbound do

16 pointer < list[pointer].pred;
17 L Add [pointer + 1,7] to I;

// Maintain the skylines and the list - once a position that is not included in
any skyline, bypass it in the linked list.

18 fori — 1tomdo

19 while h;(T[S[i].back()]) > hi(T[r +1]) do

20 list[S[i].back()].count « list[S[i].back()].count — 1;
21 if list[S[i].back()].count = 0 then

22 u « list[S[i].back()].pred;

23 v « list[S[i].back()].succ;

24 list[u].succ « v;

25 list[o].pred « u;

26 | S[il.pop_back();

27 if r +1 < n then

28 S[i].append(r + 1);

29 | list[r+1].count < list[r+1].count + 1;

30 return I;

nor right-tight means [/, r] is neither left-tight nor right-tight under h; for every i € [m], and thus
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1-Pr[£LVR] =(Z5)™ . Substitute into Equation 4.2:

s+2

P[LAR]=1-2 ( u )m + ( u )m (using Taylor expansion)

s+1 s+2
m 2m 2m(m—1)
s1—2(1——)+1— +
s+1 s+2 (s +2)2

_ 2m 2m  2m(m-—1) 2m 2m(m —1) < 4m?

Cs+1 s+2 (s+2)2  (s+1)(s+2) (s+2)2 — 2~
For interior intervals with length 1 < s < m, we use the trivial bound Pr[[/, r] is tight] < 1,
and for m+1 < s < n — 2, we use the tail bound }'32,.,; & < .. Therefore, E[D(n,m)] =
Di<i<r<n PrlLr] is tight] < 2n+X7 (n—s—1)+ ?:_,fl+1(r1—s—1)4512z =2n+nm+4nm < 7Tnm =
O(nm). O
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Fig. 5. Empirical distribution of the number of tight intervals over 10,000 random draws (n = 1, 000, m = 8).

Empirical Concentration. By applying Markov’s inequality to our expectation bound (7nm), with
probability at least 0.9, the number of tight intervals is at most 70nm. To investigate the tightness
of this bound in practice, we analyzed the empirical distribution of the number of tight intervals
generated by random hash functions. We conducted 10,000 independent trials using random hash
functions on a text T of length n = 1,000 from the Arxiv dataset (see Section 7 for details of the
dataset), with m = 8. Figure 5 presents the frequency histograms of the number of tight intervals.
The distribution is highly concentrated around its mean 1.02 x 10* ~ 1.25nm with a standard
deviation of o &~ 281.4, far below the theoretical bound of 70nm. This result demonstrates that our
method remains efficient and robust in practice.

THEOREM 5. The expected time complexity of Algorithm 2 is O(mn). The space complexity consists
of three parts: (1) O(mn) expected for the output I, (2) O(n) worst-case for the linked list, and (3)
O(mlogn) expected for the m stacks.

Proor. The linked list is an array of size O(n). By Lemma 7, each of the m skylines has an
expected size of O(logr) at position r, resulting in an expected total space of O(mlogn) for
all stacks. The output set I has expected size O(mn) according to Theorem 4. Regarding time
complexity, Lines 14-17 generate one tight interval in O(1) time per iteration, contributing a total
of O(mn) expected time. The remaining lines (Lines 7-29) maintain m independent instances of
Algorithm 1, each running in O(n) time by Theorem 2, yielding a total of O(mn). Therefore, the
overall expected time complexity of Algorithm 2 is O(mn). O
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5 Partitioning by Tight Intervals

This section shows how to derive rectangles from the generated tight intervals of T, and then
proves that these rectangles constitute a partition of all subsequences of T.

Here we define center of (tight) interval. Intuitively, the center is simply the position with the
minimum hash value under each hash function h;. Any interval that shares the same hash value
under g must include these positions. The center therefore characterizes the shortest interval
attaining that hash value. We formalize this definition below.

DEFINITION 8 (CENTER OF INTERVAL) The center of the interval [I,r] under a hash function
g=(hy,....,hy) € GisC = (c .. where cl = argmin, ;1 hi(T[x]) is called the center
of [, ] under h; — the index in [I, r] ofwhlch the token has the smallest hash value under h;. We define
the leftmost center of [I,r] under g as Ci;;n = minje[m] cﬁ" and rightmost center Cf;fax = mMaXje[m| cﬁ"
We omit the superscript when the context is clear.

ExamPLE 10. Consider the example in Figure 2. The center of the interval [3, 6] is (3,5) under the
hash function g = (hy, hy), since hy (T[3]) = 22 is the minimum among hy (T[3]),..., b (T[6]), and
hy(T[5]) = 4 is the minimum among hy(T[3]),..., ha(T[6]).

Based on tie breaking and collision-free assumption, no two positions of T having tokens share
the same hash value under any h € H, thus, the center of an interval is unique. In other words,
Definition 8 is well-defined: every interval [, r] admits exactly one center.

DEFINITION 9 (RECTANGLE OF AN INTERVAL). The rectangle of an interval [I,r] under g € G is
defined as rec(l, Coin, Cmaxs > &) = {T[i, j] | i € [, Cmin], j € [Cimax, 7]} where Cpin and Cpay are the
leftmost and rightmost centers of [, r], respectively.

ExampLE 11. As shown in Figure 2, for the interval [3, 6], its center is C = (3,5) under g = (hy, hy).
Hence, Cyin = 3, Cmax = 5, and rec(3,3,5,6,8) = {T[i, j] | (i,j) € [3,3] x [5,6]} = {T[3,5], T[3,6]}.

Lemma 8 shows Definition 9 is consistent with Definition 2: all subsequences in rec(l, Cyin, Cmax, 7> &)
share the same hash value.

LemMA 8. Let [Lr] and [I',r'] be two intervals of T, then g(T[l,r]) = g(T [I',r"]) if and only
lfthey share the same center. Furthermore, for any i € [I, chr land j € [Cmax, r], g(T[i, j]) =

(ha(ci)s s Bm(ei).

Proor. Firstly, if g(T[L, r]) = g(T[V',r’]), thenfor each i € [m] we have h;(T[L,r]) = hi(T[I',r']) =
v;. The collision-free property of h; means that there is a unique position ¢; such that h;(T[c;]) = v;,

’ /
so ¢; is the center of both intervals, i.e,, ¢; = cl = cl

Secondly, if both intervals share the same center, i.e., cﬁ’r = cf”r' = ¢; for all i € [m], then by
definition h;(T[L, r]) = hi(T[c;]) = hi(T[l,r']) for all i € [m], so g(T[Lr]) = g(T[V,r']).

For every i € [, Cfnrm] j € [Cmax, r], and k € [m], because c]lc’r € [C]lnrm, Cfnrax] c [ij] (by
J

Lr i

the definition of the leftmost/rightmost center), we have ¢;" = c]lc’ = ¢. Thus, i (T[Lr]) =
hi (T[4, j1) = hi(T[c]) for all k € [m] and thus g(T[l,r]) = g(T[i, j]). )

ExAMPLE 12. As shown in Figure 2, for the interval [3, 6], we have C = (3, 5) under the hash function
g = (1, hp). Thus, Cin = 3 and Cmay = 5. Therefore, T[3,5] and T[3, 6] share the same hash value
(h1(T[3]), h2(T[5])) = (22,4) under g.

We omit the hash function g in the rectangle notation when it is clear from the context.
A set of rectangles P is a partition of all the subsequences in the text T if it satisfies the following
constraints.
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DEFINITION 10 (PARTITION). Let g € G be a hash function and T a text. A set P of rectangles
rec(a, b, c,d, g) is a partition of T under g if it satisfies both the disjointness condition and coverage
condition.

e Disjointness: Any two rectangles rec(a, b, c,d, g) # rec(a’,b’,¢’,d’, g) in P haverec(a,b,c,d, g) N

rec(a’,b’,c’,d’, g) = 0.

o Coverage: Every subsequence T[i, j] of T lies in at least one rectangle rec(a, b, c,d, g) € P such that
i€lab]andje [cd].

Consider a hash function g € G, recall the definition of tight intervals under g in Definition 4.
As we shall show in Theorem 6, the rectangles of tight intervals form a partition of T. To get an
intuition, if [, r] is tight under g, no subsequences “outside” the interval can have the same hash
value as T[[,r].

THEOREM 6. Given a text T of length n and a hash function g € G. Let P be the set of all rectangles
of tight intervals under g in T. We have i) P is a partition of all subsequences in T and ii) No two
different rectangles in P have identical hash values under g.

ProoF. (i) We first prove coverage by showing that every subsequence T[i, j] is in the rectangle
of a tight interval under g = (hy, ..., hp). Consider any subsequence T[i, j], denote its center under
gby C" = (c¢;’,¢;’, ..., c;)). Construct an interval [, r]:

l=max{u <i|u=1or3x € [1,m] st he(T[u—1]) < he(T[c2/]},
r=min{u > j|u=nor3x € [1,m] s.t. he(T[u+1]) < he(T[c])}.

By construction, [I, 7] is both left- and right-tight with center C*" = C*/ under g. Since [ < i <
Cf;ﬂn = Cf;lrin and C,i;f;x = Cf;lrax <j<r T[ij] €rec(l, Ci’j’in, Cf;fax, r, ), i.e., the subsequence T, j] is
in the rectangle of [/, 7] under g. Thus, every subsequence is covered.

We prove no subsequence is in the rectangles of two distinct tight intervals under g by contra-
diction. If a subsequence T[4, j] is in the rectangles of two distinct tight intervals [, r] and [I’, r’]
inP,thenl <i < Cfiqrin < Cf;,rax <j<rand!l <i< Cf;l’irr; < Cf;l;; < j £ r’. By the definition of
rectangles, we have g(T[i, j]) = g(T[l,r]) = g(T[V,r’]), thus by Lemma 8, the centers of [/, r] and
[/, 7"] must be the same, i.e., chr = ¢, By Lemma 8, this forces [, r] = [I’,r'], contradicting that
[L,r] and [I’, 7] are distinct. Thus the rectangles of two different tight intervals are disjoint.

Combining coverage and disjointness, the set of all rectangles of tight intervals P is a partition.

(if) We prove that no two rectangles in P have identical hash values under g by contradiction.
For two different tight intervals [I,r] and [I’,r'], if g(T[L,r]) = g(T[l’,r’]), then by Lemma 8,
cbr = ¢t thus Cf;lrin = Cf;l’i:; = Cpin and C27 = ¢l = ¢ thus the rectangles of [[,r] and [I', 7]
at least overlap on T[Cyyin, Cmax |, contradicting that P is a partition. Thus, the rectangles in P all
have different hash values. O

6 The LSHAIign Algorithm

Consider a hash function g and a text T. Section 4 generates all the tight intervals. In this section,
we extend Algorithm 2 to generate not only tight intervals but also their rectangles and hash values
under g and eventually integrate it into our end-to-end algorithm LSHAlign. We start with an
example.

ExampLE 13. Let g = (hy, hy, ..., hy) be a hash function with each h;, i € [m], having the
target domain of integers. Denote by V. = (v1,...,0y,) the hash value of a subsequence under g,
thus V € Z™. Consider a function f, which we call the composite hash function, onV defined as
F(V) = (01 Xq+0y X g% ++ - +0, Xq™) mod Q, where q is a prime number and Q > q a large prime. f
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maps the hash value V to a scalar value in Z, called the composite hash value. For two subsequences
and their hash values V; and V,, if Vi = V,, then their composite hash value f(Vy) = f(V2). Thus, we
put all subsequences with the same composite hash value f (V) into one bucket.

We want to design an efficient algorithm for generating tight intervals with their rectangles and
the corresponding composite hash values. To do so, the composite hash function needs to have
properties similar to the function f defined in the example, i.e., having three properties below.
1) Computed from m components, each determined only by one value in V, e.g., v; X g, v2 X g2,
-+, Uy X g™, are the m components. 2) The “addition” among these components does not require
them to be computed in a specific ordering. For example, the addition in Zg is commutative. 3)
When V has one value, say v;, changed to v], while other values remain the same, denote the
new hash value as V', one can compute f(V’) from f(V), v; and v}, in O(1) computation. In the
example, f(V') = (f(V) + (-v; X ¢') + v} X ¢') mod Q. We call the three properties, respectively,
component-wise form, abelian group structure, and incremental updatability, and introduce a new
notation & to generalize the “addition” described above. We formalize the composite hash function
fonV = (vy,...,0m,) below

fV) = fi(01) ® fo(v2) @ -+ @ fin(0m),

where fi, f2, - - -, fin are unary functions where each unary function f;(-) and each group operation
& can be evaluated in O(1) time.

For any two hash values V,V’ that differ in exactly one coordinate i, we can compute the
composite hashvalue (V") with f(V) & fi(v}) ® (—fi(v;)) in O(1) time.

Generate composite hash values. To avoid imposing an extra m multiplicative factor to the
complexity for computing the composite hash values, we adapt Algorithm 2 so that, for each tight
interval, both its leftmost center Cy;, and its corresponding composite hash value f(g(C)) are
maintained. Recall in Algorithm 2, r advances from 0 to n. During this process, we propose to
maintain in 1ist[i] the delta of the composite hash value when the left boundary [ of the interval
[1, 7] shifts from i+ 1 to i. Specifically, consider a hash function h; that has i in its skyline. When the
left boundary I moves from i+1 to i, the center under h; will shift from a previous position, denoted
as c¢j, to i. This is because the hash value of i is smaller than that of ¢; (according to Lemma 5). This
causes the composite hash value f(g(C)) to change with a delta of f;(h;(T[i])) — fi(h;(T[c;])).
We record in list[i].A the sum (as defined by @) of these deltas across all m hash functions at
position i. If a hash function h; does not include i in its skyline, it contributes 0 to 1ist[i].A.

Algorithm 3 shows this adaptation. For a fixed right boundary r, we traverse all positions that are
left-tight with respect to r in the leftward direction. During this traversal, comphash maintains the
current composite hash value, which is initialized in Line 1. Each time the pointer pointer moves
left, comphash is updated by incorporating list[pointer].A using the operator & (Line 5). Since
list[pointer].A captures the change in the composite hash value whenever a hash function h; has
its center c; updated (i.e., when pointer belongs to the skyline of h;), comphash always holds the
correct composite hash value corresponding to the interval [pointer + 1, r]. As the skylines evolve,
the associated A values are correspondingly updated in Lines 9, 10, 17, 18, 19, and 22.

Generate Cp,y and C,i, for each tight interval. For each tight interval [pointer + 1, r] generated
in Line 4, denote by C its center. Its leftmost center Cpi, can be obtained directly in our algorithm -
it corresponds to the next position (to the right of 1ist[pointer]) with a non-zero count, which
is stored in list[pointer].succ. To compute Cy,ay, We reverse the text T and execute Algorithm 3
to obtain the Cp, values of all tight intervals in the reversed text. For a tight interval [[, r] in the
original text, its Cpay is then given by n — Cppin + 1, where Cpy;y is the corresponding value computed
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in the reversed text. Finally, to merge the results from both directions, we build a hash table that
stores all tight intervals and their associated leftmost and rightmost centers.

Algorithm 3: Extended Tight Interval Generation

// Replace Lines 14-29 of Algorithm 2 with the following
1 pointer < r; comphash « 0;
2 while pointer > leftbound do
3 pointer «— list[pointer].pred;
// (l,Cmin, Cmax, r, composite hash value)
4 Add (pointer + 1, 1ist[pointer].succ, %, r, comphash) to I;

15

| comphash « comphash @ list[pointer].A;

6 fori — 1tomdo
7 | while h;(T[S[i].back()]) > h:(T[r +1]) do
8 list[S[i].back()].count « list[S[i].back()].count — 1;
9 v fi(hi(T[S[i].back()]));
// Unregister v from the being popped position’s linked list.
10 list[S[i].back()].A « list[S[i].back()].A & (-0);
11 if list[S[i].back()].count = 0 then
12 u « list[S[i].back()].pred;
13 v « list[S[i].back()].succ;
14 list[u].succ <« v;
15 list[v].pred « u;
16 S[i].pop_back();
// Unregister o from the predecessor (in stack) of the being-popped position.
17 list[S[i].back()].A « list[S[i].back()].A & v;

18 | v fi(hi(T[r+1]));
// Register v to the pred (in stack) of the being-appended position
19 list[S[i].back()].A « list[S[i].back()].A & (-v);

20 if r +1 < n then

21 S[i].append(r + 1);

22 list[r+1].A « list[r+1].A®v;

23 list[r + 1].count « list[r + 1].count + 1;

THEOREM 7. The time and space complexity of Algorithm 3 is asymptotically the same as those of
Algorithm 2.

Proor. We maintain the array 1ist without the effort of initialization due to Line 10, Algorithm 3.
The update cost is identical to that of generating the skylines in Algorithm 2. The computation
of Cpin incurs no additional cost, whereas computing Cy,y effectively doubles the total cost of the
algorithm — we execute the same procedure on the reversed text T to obtain the Cpyi, of the reversed
interval and then use hash table to assemble it back to the original interval. Therefore, the overall
complexity of Algorithm 3 is asymptotically the same as that of Algorithm 2. O

LSHAIlign. Algorithm 4 outlines the end-to-end procedure LSHAlign for identifying all pairs
of subsequences of two texts T and S that are LSH-similar (as defined in Section 2.3). The al-

gorithm performs L independent trials (Line 1). In each trial, it first samples a hash function
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Algorithm 4: LSHAlign (T, S, m, L)
Input: T and S: two texts; m and L: two positive integers.
Output: R: all LSH-similar subsequence pairs of T and S.
1 fori < 1toL do
2 randomly draw m hash functions hy, .. ., Ap, from H;
3 gi=(hi, hy ..., hm);
4 Pt < PARTITION(T, g;) returned by Algorithm 3;
5
6
7

Ps < PARTITION(S, g;) returned by Algorithm 3;
foreach (I, p, g, r,comphash) € Pt do
L append (I, p, q,r) to HT[comphash];

8 foreach (I, p, q,r,comphash) € Ps do
9 foreach (I’,p’,q’,r’) € HT[comphash] do
L add (T[a,b],S[c.d]) to R foreverya € [I',p’].b € [¢',r'],c € [L.p].and d € [g,r];

5

11 return R;

Heap-based —eo— GlobalList
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Fig. 6. Evaluating partition generation time. Varying text length n and the # of hash functions m, fixing L = 1.

g; = (M, hy, ..., hy) € G (Line 3) and partitions both T and S into rectangles using Algorithm 3
(Lines 4-5). Each rectangle is represented as a tuple (I, p, g, r, comphash = f(g(C))), where [I, r] is
the corresponding tight interval, C is the center of [, ], p = Ciins ¢ = Cmax, and comphash is the
composite hash value.

Next, we construct a hash table HT indexed by comphash, which stores all rectangles generated
from T (Lines 6- 7). For each rectangle generated from S with hash value comphash, we probe
the bucket HT[comphash] (Lines 8- 9). Finally, we enumerate all LSH-similar subsequence pairs
by combining (a,b) from the rectangle in T (retrieved from the bucket) with every (c,d) from
the corresponding rectangle in S. Each pair (T[a, b], S[c, d]) is then inserted into the result set R
(Line 10).

7 Experiment

Environment. We implemented all methods and baselines in C++ and compiled them using
GCC 11.4.0 with -03 optimization. All experiments were conducted on a single thread of a server
equipped with an AMD EPYC 7352 CPU@2.3GHz and 80GB of RAM.

Datasets. We used three datasets for evaluation. (1) Arxiv!: a corpus of one million uncopyrighted
scientific papers from the Pile-ArXiv dataset on Hugging Face. We extracted the introduction section
from each paper and selected 100 most similar pairs using SPECTER [10] embeddings for evaluation.
(2) PAN11 and (3) PAN252: two benchmarks from the PAN plagiarism detection series [34]. PAN11

Thttps://huggingface.co/datasets/timaeus/pile-arxiv
Zhttps://zenodo.org/records/3250095 and https://zenodo.org/records/14969012
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is a classic benchmark containing manually inserted plagiarism cases created via crowdsourcing,
whereas PAN25 is a recent benchmark featuring plagiarism generated through paraphrasing by
large language models (LLMs). We use the document pairs annotated with plagiarism cases from
both benchmarks for evaluation. All texts were tokenized using NLTK (https://www.nltk.org/).

Parameters and Settings. We vary four parameters in evaluation: n, m, L and 6. Here, n denotes
the token length of each text. LSH employs a total of m X L hash functions, organized into L bands
of m hash functions each (see Section 2.3). 6 is the Jaccard similarity threshold. For a fixed n, texts
longer than n tokens are truncated to the first n tokens, while shorter texts are concatenated until
they reach at least n tokens and then truncated to exactly n. Given two texts, the ground truth
includes all subsequence pairs whose Jaccard similarity exceeds 0; an output pair is considered a
true positive (TP) if it appears in the ground truth. To evaluate a method, for accuracy, we report
precision = TP/(TP + FP), recall = TP/(TP + FN) and F1 score = 2TP/(2TP + FP + FN). For
efficiency, we report query time, peak memory usage and the number of tight intervals. Note that
for evaluating accuracy, 1) computing the ground truth set needs expensive enumeration of O(n*)
subsequence pairs, thus we can only afford small n, so we set n = 100; 2) similar short subsequences
pairs are likely to be not meaningful, so we only consider subsequence pairs with length > 32 as
candidates.

Compared Methods We compare the following four methods.

e Heap-based Method (proposed in Section 4.2, detailed in our technical report [51]: Heap-based
method maintains the skyline for each hash function and identifies all tight intervals in a “merge-
sort” manner using a heap. The expected time for hash table construction and for probing is
O(m(|T| + |S|)L1og? m) for texts T and S.

GloballList: Algorithm 2 generates tight intervals and Algorithm 3 adds rectangles and hash
values to the tight intervals. The overall time complexity is O((|T| + |S|)mL) expected.
ALLALIGN [16]: It uses k independent hash functions. Given a text of length n, for each hash
function, it merges adjacent subsequences of the text with the same min-hash value into a single
group (namely, a compact window), thereby assigning each subsequence to nk compact windows
in O(knlog n) time. Then, compact windows from two texts T and S are matched by identifying
subsets of “collided” compact windows that share at least [0k] min-hashes using segment trees.
The worst-case time complexity of ALLALIGN is O(k?n* log® n).

OPHALIGN [36]: Given a text and a query, the near-duplicate text alignment problem aims to
find all subsequences in the text that are similar to the query. To extend this problem to all-pair
near-duplicate text alignment between two texts T and S, we enumerate all subsequences in T,
treat each subsequence as an individual query, and perform near-duplicate text alignment against
S. OPHALIGN [36] is a state-of-the-art near-duplicate text alignment algorithm. Its per-query
time complexity is O((|S| + k) (log(|S| + k) + klog k)), leading to a total runtime of O(|T|*(|S| +
k)(log(|S| + k) + klog k)) when all subsequences are considered.

7.1 Evaluating Partition Generation Time

We compare the partition generation time of our two methods, GloballList (Section 4) and
Heap-based (technical report [51]), on three datasets, Arxiv, PAN11, and PAN25. For partition
generation, the two methods differ only in the partition generation process, whose time complexi-
ties are O(mn) for GlobalList and O(mnlog® m) for Heap-based, given a text of length n for each
LSH band. Thus we vary both n and m and report the tight interval generation time.

Figures 6(a)—(c) show the results on the three datasets when m = 64 and L = 1, while varying
the text length n from 100 to 25,600. The partition generation time of both methods increased
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Fig. 9. Comparison with baselines at Jaccard threshold 8 = 0.6. n = 100 in all experiments.

linearly with n. We observe that GlobalList consistently outperformed Heap-based, achieving
a nearly constant 3X speedup across all datasets, indicating that the optimization yields stable
improvements regardless of n, which aligns with the theoretical analysis.

Figures 6(d)—(f) show the results when n = 1600 and L = 1 with a varying number m of hash
functions. Both methods exhibited linear growth in partition generation time with respect to m.
Across all datasets, GloballList was faster than Heap-based, and the performance gap widened as
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m increases, consistent with the additional log” m factor in the time complexity of the Heap-based
method. Thus, in the following experiments, we focus on GloballList only.

7.2 Sensitivity Study

This section evaluates how the performance of GloballList varies with the LSH parameters L and
m.

Figure 7 shows the partition time, the number of tight intervals generated, and the peak memory
usage of GloballList when varying L and m. When varying L, we fixed m = 8; when varying
m, we fixed L = 16. We observe that both the partition time and the number of tight intervals
grow nearly linearly with either L or m, which aligns with the expected O(nmL) time and space
complexities. For example, as shown in Figure 7(b), when L increased from 4 to 64, latency increased
from 13ms to 214ms. Similarly, Figure 7(j) shows that, when m increased from 2 to 32, the number
of tight intervals increased from 114K to 2M. As for peak memory, we observe that it grows slightly
super-linearly with increasing L or m, primarily due to a fixed startup overhead. However, as L or
m becomes larger, the growth trend gradually approaches linear behavior.

Figure 8 shows the accuracy of GloballList when varying L (with default value m = 8) and m
(with default value L = 16) under a fixed text length n = 100 and Jaccard threshold 6 = 0.6. As L
increases with m fixed, precision gradually decreases, while recall increases, leading the F1 score
to first rise and then fall. This is because, as L increases, the condition that two subsequences are
matched becomes looser, causing the number of FP to increase and the number of FN to decrease.
Consequently, recall improves while precision declines. When L is fixed and m increases, precision
increases, recall decreases, and again the F1 score first rises and then falls. This is because when m
increases, the condition that two subsequences are matched becomes stricter. Consequently, the
number of FP decreases, while the number of FN increases. As a result, precision improves but
recall declines. Note that one can also choose optimal LSH parameters (m, L) by iterating candidate
values and computing the expected F1 score, following datasketch [52]; we defer the details to
the technical report [51].

7.3 Comparing with the State-of-the-Art

This subsection compares the performance of GloballList with two state-of-the-art baselines:
ArLALIGN and OPHALIGN. We fix the text length at n = 100 and vary the number of hash functions
used, i.e., the parameters m and L for GloballList and k for ALLALIGN and OPHALIGN. For each
method, we perform a grid search over different parameter combinations and report the best
performance obtained. The resulting points are connected to get a smooth curve that approximates
the Pareto frontier of accuracy versus efficiency.

Figure 9(a)-(c) report the query throughput (QPS) versus F1 score at a fixed Jaccard threshold
0 = 0.6 across the three datasets. GloballList consistently outperforms both baselines, achieving
one to two orders of magnitude higher query throughput under the same F1 score. For example in
Figure 9(a), when the F1 score was fixed at 0.8, GlobalList attained 176.0 QPS, while ALLALIGN
and OPHALIGN achieved only 7.01 and 4.32 QPS, respectively.

Figure 9(d)-(f) present the F1 score as a function of the Jaccard threshold 6 under a fixed QPS = 50.
For each threshold, GloballList consistently achieves the highest F1 score among all methods.
Moreover, GloballList exhibits the most stable performance as 0 increases, while both ALLALIGN
and OPHALIGN degrade sharply. For example, in Figure 9(d), when 6 increased from 0.4 to 0.8, the
F1 score of GloballList changed only slightly, from 0.87 to 0.82, whereas those of ALLALIGN and
OPHALIGN dropped significantly—from 0.72 to 0.60 and from 0.73 to 0.61, respectively.

Figures 9(g)-(i) report peak memory usage versus F1 score at a fixed Jaccard threshold of 6 = 0.6.
Across all datasets, GloballList consistently requires the least memory among all methods. For
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example, as shown in Figure 9(g), when the F1 score was fixed at 0.8, GlobalList required 7.60
MB, whereas ALLALIGN and OPHALIGN required 13.35 MB and 70.34 MB, respectively.

Figures 9(j)-(1) present the peak memory usage as a function of the Jaccard threshold 6 under a
fixed query throughput of QPS = 50. Overall, GloballList consumes more memory than ALLALIGN,
but remains comparable to OPHALIGN. As 0 increases, the memory usage of GloballList grows
mildly, whereas that of OPHALIGN decreases noticeably and ALLALIGN remains nearly constant.

These results confirm that Globallist achieves the best trade-off among accuracy, speed, and
memory usage across all datasets. While we limited n = 100 here for accuracy verification, we
further evaluate the QPS and peak memory usage of GloballList against baselines on larger texts
(n = 1,000 and 10, 000) in our technical report [51]. The results show that Globall ist maintains
high throughput while baselines suffer from prohibitive overheads at larger n.

7.4 Scalability

In this subsection, we evaluate the scalability of Globallist with respect to the text length n, which
is the primary scalability bottleneck in our setting. Fixing the parameters at m = 8,L = 8,0 = 0.6,
we report the query latency, the number of tight intervals generated, and the peak memory usage
across all three datasets. The number of similar subsequence pairs grows quadratically with n,
reaching impractically large magnitudes for long texts (e.g., increasing from 1,429 at n = 100 to
over 1.5 X 10% at n = 10° on PAN25). Such a massive volume of pairs would dominate the peak
memory usage and is rarely required in real-world scenarios. Therefore we modified the procedure
to accumulate the count of reported pairs rather than storing them.

We observe that the number of tight intervals grows almost linearly with n, confirming the
expected O(nmL) space complexity of GloballList. For example, as shown in Figure 10(b), when n
increased from 100 to 10°, the number of tight intervals increased from about 14K to 171M. Similarly,
both the query latency and peak memory usage exhibit linear growth with respect to n.
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Fig. 10. Scalability of GloballList across datasets.

8 Related Work

Min-Hash. Min-Hash was first introduced by Brewer as a coordinated sampling technique [5] and
later adopted by Flajolet and Martin for probabilistic counting in database systems [18]. Broder
et al. [8] applied Min-Hash to detect near-duplicate web pages, and Cohen [11] extended it for
estimating set similarities. Given a text of n tokens, constructing a Min-Hash sketch of size k
requires O(nk) time. To improve efficiency, several variants have been proposed, including the
bottom-k sketch [48], one-permutation hashing (OPH) [29], the fast similarity sketch [13], and
C-MinHash [30]. More recent works further densify OPH [39, 41, 42] to fill empty hash bins and
guarantee that each sketch contains exactly k valid hash values, thereby improving estimation
stability. Beyond sketch construction, Min-Hash has also been widely adopted within the LSH
framework for large-scale set similarity search and similarity joins. Representative systems include

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 206. Publication date: June 2026.



206:24 Yuheng Zhang, Zhencan Peng, Miao Qiao, Wei Zhang, Feifei Li, and Dong Deng

LSHEnsemble for set containment search [54], Josie for adaptive similarity joins [53], and LAZO
for high-throughput similarity indexing [17].

Locality-Sensitive Hashing. Locality-Sensitive Hashing (LSH) [2, 26] provides a general frame-
work for similarity search, ensuring that objects close to each other under a given metric have
a high probability of being mapped to the same hash bucket, while objects far away from each
other have a low probability of colliding. Specialized LSH families have been developed for various
distance metrics, including Hamming distance [22], Euclidean distance [14], and angular similar-
ity [3]. Subsequent research has enhanced retrieval efficiency and adaptivity: C2LSH [21] uses
dynamic collision counting; QALSH [25] introduces query-aware bucket boundaries; LSB-tree and
its improved variant [46, 47] integrate LSH with B-tree indexing; Multi-Probe LSH [31] explores
nearby buckets during queries; and SRS [45] achieves competitive accuracy with compact index
structures. Further extensions such as ALSH [40] adapt LSH to maximum inner product search
(MIPS).

Near-Duplicate Text Alignment. Most existing methods for near-duplicate text alignment are
heuristic and follow the classic seed—extend-filter paradigm [4, 6, 8, 23, 24, 27, 32, 38]. Such
methods depend heavily on heuristic thresholds [19] and lack theoretical guarantees. To address
these issues, recently, Min-Hash-based approaches [16, 35, 36, 49] have introduced the concept of
compact windows to efficiently group subsequences sharing the same Min-Hash value, avoiding
explicit subsequence enumeration. Feng et al. [16] first formalized this idea and proved that when
identical tokens share the same hash value, the O(kn?) MinHashes in a text of length n can be
compressed into O(kn) compact windows, each taking O(1) space, in O(knlog n) time, where k is
the sketch size. Wang et al. [49] showed that the O(n?) bottom-k sketches of all subsequences can
be compressed into compact windows using O(n log n + nk) time and O(nk?) space. Subsequent
work [36] improved efficiency to O(n+k) space and O(nlog n+k) time via one-permutation hashing
(OPH) [29]. Peng et al. [35] later extended this framework to study memorization in large language
models, showing that up to 10% of generated texts by LLMs contain near-duplicates in their training
corpus. It also proved that Min-Hash sketches of all subsequences with length at least ¢ can be
grouped into O(}) compact windows on average. However, these methods primarily address the
text-to-subsequence alignment problem, where a single text is compared against all subsequences
of another. A straightforward way to extend them to the all-pairs setting is to enumerate all
subsequences of one text and invoke the original algorithm repeatedly, but this naive approach still
incurs quadratic complexity.

9 Conclusion

In this paper, we study the all-pair near-duplicate text alignment problem, which aims to identify
all similar subsequences between two input texts T and S. We propose an efficient framework based
on Locality-Sensitive Hashing (LSH) that employs m X L independent hash functions, organized
into L hash tables of m hash functions each. We propose to group the subsequences in a text by
their LSH values. We prove that a text of length n yields O(nmL) such groups in expectation. We
further design a constant-space representation for each group and develop an algorithm with
O((|T| + |S|)mL) expected time and space complexity for all-pair near-duplicate text alignment
of two texts T and S (excluding result generation time). Experiments on large real-world datasets
show order-of-magnitude speedups while maintaining comparable alignment accuracy.
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