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Biconnected components (BCCs) are fundamental structures in graph analysis, with applications spanning
various domains. To support these applications over continuously evolving data, we study the problem of
maintaining BCCs in streaming graphs under the widely used sliding-window model. Existing methods
suffer from a severe bottleneck in edge deletion, which dominates their practical running time. To overcome
this limitation, we design an index that eliminates the need to maintain BCCs under edge deletions. This
index compresses all BCCs across sub-windows ending at the current timestamp and achieves optimal space
complexity. When an edge expires and is deleted, the portion of the index corresponding to the sub-window
containing this edge can be directly discarded in constant time. For edge insertions, we develop a two-step
maintenance framework that progressively transforms the outdated index into the updated version through a
sequence of tree-edge rotations. Extensive experiments on real-world datasets demonstrate that our approach
considerably outperforms state-of-the-art methods.
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1 Introduction

Computing biconnected components (BCCs) is a fundamental problem in graph analysis [12, 18,
28, 66, 69]. An undirected graph is biconnected if it remains connected after the removal of any
vertex. For example, the graph in Figure 1 is biconnected, since removing any vertex would not
disconnect it. A biconnected component is a maximal biconnected subgraph. Biconnected components
have found applications across a wide range of domains, such as robustness analysis [45, 47],
centrality computation [35, 48], graph visualization [9], urban infrastructure design [42], and
glacier simulations [2].

In this paper, we study the maintenance of biconnected components (BCCs) in streaming graphs
under the sliding-window model. We assume that edges arrive in non-decreasing timestamp
order, following prior work on streaming graphs [5, 70, 71]. The sliding-window model is widely
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Fig. 1. A Streaming Graph. Each edge is labeled with its arrival timestamp and identifier. The thick edges
form a graph within the sliding window [3, 13], while the thin edges have expired.

adopted in streaming data analysis, as only a small portion of the most recent data is of interest
in many scenarios [21, 46]. This fixed-size window is a standard model used in streaming graph
problems [5, 10, 17, 70, 71]. When an edge arrives and the window reaches its capacity, the oldest
edge expires, changing the graph and triggering BCC maintenance.

Applications. We present three scenarios where maintaining BCCs in streaming graphs under the
sliding-window model is beneficial.

- Power Grid Resilience. Modern power grids continuously stream signals from substations and
transmission lines, enabling online analysis through central control systems [49]. Maintaining
BCCs within a predefined window provides a safeguard against islanding—a hazardous condition
in which part of the grid becomes isolated from the main network. Rather than detecting such
events after they occur using existing techniques [6, 40], an islanding alert can be issued to the
control center when a critical region becomes non-biconnected.

Critical Connection Monitoring. Mission-critical infrastructure networks, such as telecommunica-
tion backbones and financial transaction systems, naturally form streaming graphs where links
appear and disappear as messages, packets, or heartbeats are exchanged. In these networks, at
least one redundant communication path is required by specification [36]. Maintaining BCCs
over the most recent interactions enables continuous validation of redundancy requirements, as
any two vertices within a BCC are connected by two vertex-disjoint paths.

Real-Time Network Analysis. Various network analysis tasks use BCCs as a fundamental building
block, including centrality computation [35] and planarity testing [33]. For example, the dynamic
betweenness centrality algorithm in [53] relies on vertices that belong to multiple BCCs, and
our techniques can facilitate the extension of this algorithm to streaming graphs.

Existing Studies. Among all methods that support dynamic BCC maintenance in a sliding win-
dow [13, 26, 29, 50, 51, 58], the line of HDT algorithms [28, 29, 58] represents the state of the art [23].
The HDT algorithm amortizes the cost of edge deletion maintenance to improve overall efficiency.
Edge deletion is the primary bottleneck in BCC maintenance, as the algorithm must scan the graph
to determine whether the BCCs remain biconnected. The HDT algorithm organizes the graph into
[log n] hierarchical layers to avoid re-scanning. When a level-i edge is deleted, the algorithm scans
the graph and promotes the BCCs that remain biconnected to layer i + 1 if they contain at most
[n/21*1] vertices. These promoted BCCs would remain biconnected after any edge deletion at layer
i. Thus, the HDT algorithm avoids rescanning higher-layer BCCs in future deletions. The HDT
algorithm also addresses the intransitivity of biconnectivity across vertices, historically a main
challenge noted in [25, 28]. The HDT algorithm maintains partitions of biconnected neighbors
for each vertex at every level. When an edge arrives, the affected partitions are merged. When an
edge is removed, the affected partitions must be split and then restored via a two-pass scanning
process (see Section 3.2 for details), which forms the main bottleneck. All subsequent theoretical
follow-ups [29, 58] build directly upon this framework [28], inheriting the same bottleneck. There
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also exist works that maintain BCCs in different settings or compute BCCs in static graphs; see
Section 3.3 for details.

Our Framework. Although the cost of the HDT algorithms is amortized over deletions, deleting
an edge may still require scanning the whole graph in the worst case. Our approach eliminates
this bottleneck by building an index that represents BCCs across all sub-windows ending at the
current latest timestamp. In this way, when an edge has expired, there exists only one sub-window
containing the expired edge, and we can directly discard this sub-window instead of maintaining
the BCCs within it. Given that expanding a sub-window never increases the number of BCCs, we
compress the BCCs of such sub-windows at all start times using a tree-structured index. Then, the
index supports BCC queries in linear time and edge deletion in constant time. Our index can be
extended to query the BCCs containing specific query vertices.

The main challenge of index maintenance lies in edge insertion, which may affect multiple
sub-windows. To address this, we first precisely analyze the update of BCCs. Based on the analysis,
we add a new tree node and connect some relevant leaf nodes to a carefully-picked existing node
in the tree. This step transforms the tree into a graph (which could contain cycles after inserting
the node) that is equivalent to the expected tree index for the updated window. We then formulate
two structural transformation operators that reduce cycle lengths in the graph while guaranteeing
this equivalence property. By continuously applying these operators, we adjust the graph structure,
eliminate the cycles, remove the unnecessary nodes, and derive the up-to-date tree structure.

Contributions. This paper makes the following key contributions:

- A space-optimal index. We design a novel index structure whose size and query time are both
bounded by the total number of vertices across all BCCs within the window.

- Efficient maintenance algorithms. We develop an O(1) time edge deletion algorithm and an
O(h - hy) time edge insertion algorithm for index maintenance when the window slides, where h
is the height of our tree index and h; is the height of the maximum spanning tree. They are both
loosely bounded by the number of vertices, but are practically small.

- Extensive experimental evaluation. We evaluate our approach on 17 graphs, demonstrating signif-
icant improvements in update speed, query efficiency, and memory usage over the baselines.

2 Preliminary

An edge stream is an infinite sequence of undirected edges, denoted by & = (ey, ez, ... ), where
edges continuously arrive in non-decreasing timestamp order. Without loss of generality, we assume
that one edge arrives at each timestamp ¢ € N. If an edge e arrives at time ¢, we denote its arrival
time as r(e) = t. Let tyay denote the current timestamp.

A sliding window consists of the edges that arrived within the most recent 8 timestamps, denoted
by W = {e € E;s | tmax — 0 < 7(€) < tmax}- We use G(V, E) to denote the graph in the current
window, where E = “W. We use n = |V| and m = |E| to denote the number of vertices and edges
in G, respectively. A graph H(V’, E’) is a subgraph of G(V,E) if V' € V and E’ C E, denoted by
H C G. Wesay HCc Gif H C G and H # G. Given a subgraph H, we denote its vertex set and edge
set by V(H) and E(H), respectively.

A graph G is connected if there exists a path between every pair of vertices in G. A connected
component is a maximal connected subgraph of G, and a connected component query returns the
vertex sets of all components [63]. An edge e is a bridge if removing it disconnects G (i.e., increases
the number of connected components). Similarly, a vertex v is an articulation point if its removal
disconnects G. A graph G is biconnected if it contains no articulation points [28], i.e., removing any
single vertex would not disconnect G.
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Fig. 3. lllustration of baseline methods.

DEFINITION 2.1 (BICONNECTED COMPONENT). A subgraph H C G is a biconnected component if
H is a maximal biconnected subgraph, i.e., there exists no biconnected subgraph H' C G such that
HCH.

ExAMPLE 2.1. Figure 1 shows a streaming graph with continuously arriving edges and its corre-
sponding graph within the sliding window [3, 13]. When the next edge (vq,v4) arrives, the window
slides to [4, 14] and the graph G in the updated window is shown in Figure 2. The graph in Figure 1
consists of a single BCC, whereas the updated G contains two BCCs: one induced by {v1,...,vs} and
another by {vs, ..., vg}.

Problem Statement. We study the problem of maintaining the biconnected components (BCCs)
within a sliding window of size 6. We aim to design a compact index that represents these BCCs,
supports BCC queries, and can be maintained efficiently as the window slides.

3 Baseline Solutions
3.1 Online Computation

We can employ the classic Hopcrofi-Tarjan algorithm (HT algorithm) [32] to compute and update
the BCCs as the window slides.

The HT algorithm performs a depth-first search (DFS) and maintains first(v) and low(v) values
for each vertex v. The value first(v) is the discovery time of v in the preorder traversal of the DFS
tree. An edge (u,v) is called a back edge if first(u) > first(v). The value low(v) represents the
smallest discovery time reachable from v by traversing some non-back edges and following at most
one back edge. If a vertex u is the root of the DFS tree, it is an articulation point if it has more than
one child. Otherwise, u is an articulation point if there exists a child v of u in the DFS tree such
that first(u) < low(v). We can obtain the BCCs by partitioning the graph at articulation points.
The algorithm runs in O(m + n) time and space.

ExAMPLE 3.1. Figure 3 illustrates the execution of the HT algorithm on the graph in Figure 2. In
Figure 3, solid arrows indicate tree edges labeled by traversal order, and dashed arrows show back
edges. The DFS starts at vs. The table on the right lists the first value and low value for every vertex.
Vertex vg has low(vg) = 2 since it can reach vs via two tree edges and a back edge, and first(vs) = 2.
Since first(vs) < low(vg) and vg is a child of vs, vertex vs is an articulation point that partitions the
graph into two BCCs.
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3.2 The HDT Algorithm

The HDT algorithm [28, 29, 58] is the state-of-the-art for maintaining biconnectivity under edge
insertions and deletions [23], which amortizes the cost of update operations.

The HDT algorithm maintains its spanning forest F as the framework. To identify BCCs, it is
necessary to traverse non-tree edges. To avoid repeated traversal of non-tree edges, it assigns a
level value (with maximum value [log, n]) to each non-tree edge. When an edge e of level i is
deleted, we only traverse the non-tree edges of the same level. Let e’ be a non-tree edge of level i
encountered during the maintenance. At level-i, a BCC B containing e’ is promoted to level i + 1,
if B contains no more than [ 377 ] vertices. To promote B, every non-tree edge in B updates its
level value to i + 1. The future deletion maintenance of a non-tree edge at level i does not require
re-examining non-tree edges in higher levels. Thus, the deletion maintenance cost is amortized
across deletions.

Besides maintaining a spanning forest, the HDT algorithm also maintains neighbor partitions to
address vertex intransitivity; that is, given three vertices v, u, and w such that u is biconnected to
both v and w, v and w are not necessarily biconnected. To handle this, the HDT algorithm partitions
the neighbors of each vertex u, grouping its biconnected neighbors into the same partition. Since
the HDT maintains BCCs across multiple levels, these partitions are also maintained for every
vertex at each level.

Edge insertion falls into two cases. Let (v, w) be the edge being inserted. If v and w are not
connected, (v, w) would become a bridge, and the algorithm adds it to F. Otherwise, the algorithm
covers the path p,,, connecting v and w in F: for each edge pair (us, u) and (uz, u3) on the cycle
formed by p,., and (v, w), it merges the neighbor partitions of u, containing u; and u3 on level 0.

ExAMPLE 3.2. After inserting all edges in Figure 2, let the solid-line tree (without edge direction)
in Figure 3 represent the spanning forest maintained by the HDT algorithm. All non-tree edges are
initially at level 0, and the level-0 biconnected neighbor partitions of vs are {vs,v4} and {v7,vs}, as
shown by the shaded rectangles. Let (v1,vs) be the edge being inserted. This edge becomes a level-0
non-tree edge, and the two neighbor partitions of vs are merged into the same partition.

Edge deletion falls into three cases. If the deleted edge is a bridge, it can be directly removed. To
delete a non-bridge tree edge, the algorithm first swaps it with a non-tree edge and then deletes it
as a non-tree edge. To delete a non-tree edge (v, w), the algorithm undoes the merges of neighbor
partitions covered by (v, w). It first splits the neighbor partitions of each vertex u on the path p,,,
connecting v and w in F at levels 0 through i. Since these split partitions may still be covered by
other non-tree edges, the algorithm performs two scans along p,., to recover them. The first scan
starts from u = v and moves toward w. It searches for a non-tree edge e that belongs to a level-i
BCC B containing the edge (u, u’), where v’ is a neighbor of u on the path p,,,. If |[V(B)| < [n/2/*1],
e is inserted into level i + 1 using the insertion procedure; otherwise, e is reinserted into level i, and
the forward pass terminates. The second scan traverses p,,, from w back to v, restoring neighbor
partitions in the same manner. With top-tree structures [1, 31], the HDT algorithm achieves an
amortized update complexity of O(log® n) while using O(m + nlog® n) space [28].

ExamrLE 3.3. Continuing Example 3.2. Suppose the edge (v1,vs) is deleted. The HDT algorithm
first undoes the merges previously performed by (v1,vs). This operation splits the neighbor partitions
of vs at level 0 into four parts: {vs}, {v4}, {v7}, and {vs}. It then uses non-tree edges (vy,v3), (vs, v7)
and (vs,v3) to recover the neighbor partitions along the path py,,,. Only (vs,v7) is promoted to level 1,
as the BCC containing the other non-tree edges exceeds the size limit. Next, if (vs, vs) is deleted, the
non-tree edge (vs,v7) is skipped during recovery because it resides at a higher level.
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3.3 Other Related Work

BCC Computation in Static Graphs. The classical DFS-based algorithms compute all BCCs in
linear time and space [32, 56]. Since DFS is inherently sequential [52], recent research focuses on
parallel approaches that replace DFS with either a breadth-first search (BFS) tree or an arbitrary
spanning tree (AST). Cheriyan and Thurimella [8] proved that a BFS tree can serve as a sparse
certificate for biconnectivity, inspiring a series of parallel algorithms based on this idea [4, 11, 19,
54, 60]. Tsin and Chin [59] and Tarjan and Vishkin [57] proposed two early AST-based parallel
algorithms that extended the DFS-based method via auxiliary graphs. GBBS [11] implemented [57].
More recently, Dong et al. [12] presented the FAST-BCC algorithm, which eliminates the need
for auxiliary graphs by directly identifying the fence edges that separate BCCs on an AST. Both
GBBS [11] and FAST-BCC [12] have O(m) total work.

BCC Maintenance in Dynamic Graphs. Henzinger [25, 50] developed the first sublinear dynamic
biconnectivity algorithm that supports edge insertions, deletions, and biconnectivity queries by
augmenting Frederickson’s data structure [20]. Holm et al. [27, 28] improved upon this line of
work by partitioning non-tree edges into [log, n] layers and maintaining a neighborhood partition
for each vertex at each layer based on biconnectivity, extending [26] into the first deterministic
polylogarithmic dynamic biconnectivity algorithm. Building on the HDT framework, Thorup
claimed an improved amortized update bound of O((logn)*loglogn) [58]".

For insertion-only scenarios, Westbrook and Tarjan [62] designed a union-find-like structure
that supports nearly constant amortized-time insertions. The deletion-only case is more challeng-
ing: Holm and Rotenberg recently proposed a decremental algorithm [30], while La Poutré and
Westbrook [41] studied deletion maintenance performed in the reverse order of insertions. Since the
theoretical follow-ups [29, 58] of the original HDT algorithm inherit the same deletion bottleneck in
practice, we regard the HDT algorithm as our state-of-the-art baseline. Notably, the HDT algorithm
is also the only BCC maintenance algorithm mentioned in the recent survey [23].

Maintenance of Other Structures in Streaming Graphs. Zhang et al. [70] proposed an SOTA
approach for maintaining connected components (CCs) in sliding windows using a bidirectional
disjoint-set structure. The maintenance of CCs in streaming graphs under more general settings has
been studied in recent work [55, 64] and implemented in graph data systems [7, 17]. Efficient mainte-
nance algorithms for edge-connected components [10, 43], strongly connected components [14, 37],
depth-first search trees [15, 67], density-based reachability [38, 39], triangle counts [22, 44], mini-
mum spanning trees [65], and structure diversity [5] have also been studied in streaming graph
settings. Some recent work supports user-defined query windows in streaming graphs, maintaining
connected components [55, 63] and k-cores [61, 68]. However, these approaches maintain graph
structures with the vertex-transitive property. Thus, they cannot be directly extended to maintain
biconnected components, since biconnectivity is not vertex-transitive.

4 Our Approaches

The main bottleneck of BCC maintenance lies in edge deletion. As shown in Example 3.3, it may
require scanning the entire graph to reconstruct the neighbor partitions.

Our main idea is to maintain a data structure that eliminates the need to maintain BCCs under
edge deletions. This structure captures all BCCs of every sub-window that ends at the current
timestamp tp,x. The BCCs of the sub-window [#, fiax] for each tpax — 0 < t < tax can be retrieved
directly from this structure, where 0 is the window size. In this way, when the window slides
and tp.x increases by 1, we discard the part in our data structure that represents the BCCs in the

The O((log n)?loglogn) complexity in [58] has been corrected in [28].
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Fig. 4. lllustration of the native approach in Example 4.1.

expired window [tmax — 0, tmax — 1], and maintain the BCCs in each remaining sub-window under
the insertion of the edge that arrives at #y,x. No BCC maintenance under edge deletions is needed.

A naive approach is to store the BCCs of each sub-window [#, timax| With tmax—6 < t < fyay, Where
tmax 1S the current timestamp. When a new edge arrives and the window slides, we update this
straightforward index as follows. We first discard the BCCs of the sub-window [fyax — 6, fmax — 1]
that contains the expired edge, and then update the BCCs in the remaining sub-windows [#, tpax—1]
With tyax —0 < t < tmax under the edge insertion. Any path connecting the endpoints of the inserted
edge must pass through all articulation points. We can merge the BCCs that contain at least one
articulation point and one edge on this path. Finally, we initialize the new window [#may, tmax] by
directly adding the new edge.

ExaMPLE 4.1. Figure 4 shows our naive approach. Suppose the current window is [3, 13] in Figure 1.
We store the BCCs in each sub-window ending at tp,y, ie., [3,13],[4,13],...,[13,13]. Suppose a
new edge (v,,vg) arrives at time 14. We discard the BCCs in [3,13], insert the edge into the empty
sub-window [14, 14| and the sub-windows [4,13], ..., [13, 13], and update their BCCs under the edge
insertion. For example, [4, 13] contains two BCCs induced by {v1, ...,vs} and {vs, ..., vs}, whereas
the updated sub-window [4, 14] contains only one BCC formed by merging the previous two.

4.1 Index Foundations

This naive approach treats each sub-window ending at the current timestamp #y,,x independently,
leading to redundant storage and update computations. Given the overlap between BCCs of different
sub-windows, we explore the relationships between BCCs across sub-windows ending at f;,,x and
design a compact representation.

Monotonicity of BCCs. BCCs exhibit monotonicity across sub-windows ending at .. Specifically,
when adding edges in decreasing order of arrival times, BCCs are never split and may only merge
into larger ones. The following lemma formalizes this property.

LEMMA 4.1. Let By and B, be two BCCs in sub-windows [t1, tmax| and [ta, tmax], respectively, with
t1 > t,. Either By is a subgraph of B,, or they share no edges; that is, B C By or E(By) N E(By) = 0.

ExaMpLE 4.2. In Figure 1, there exist three BCCs By induced by {uvs, . . .,vs}, Bs induced by {vy, . . .,vs},
and By induced by {v1,vs3,v5} in the sub-windows [4, 13], [6, 13], and [10, 13], respectively. Since
E(Byy) intersects E(Bg), we have Byg C Bg. Since Big € By, E(Byo) does not intersect E(By).

We define the coverage relation among BCCs across all sub-windows ending at .« to capture
the monotonicity of BCCs. Based on this relation, we then discuss the lossless compression of
BCCs.

DEFINITION 4.1 (BCC COVERAGE). Let By and B, be two BCCs in sub-windows [t1, tmax] and
[t2, tmax] With t; > t,, respectively, we say that B, covers By, denoted By C By, if By C B, and there
exists no Bs C By such that Bs is a BCC that exists in a sub-window [t3, tmax] With t; > t3 > t; and
B; C B3 C Bs.
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ExampLE 4.3. Continuing Example 4.2, all edges in the current window [3, 13] form a BCC Bs, with
Bio C B T Bs. Let Bg be the BCC in sub-window [8, 13] induced by {v1,v,}. Then Bg [ Bs since there
exists a BCC Bg in [6,13] such that Bs C Bg C Bs.

We can compress BCCs across sub-windows ending at ¢ according to their coverage relation.
Let B; C B; denote two BCCs in two sub-windows [t1, tmax] and [#2, tmax], respectively. To represent
B,, it suffices to store the difference between B; and B, rather than the entire B, in the sub-window
[t2, tmax |- Thus, we only need to store these incremental differences.

Edge-centric representation. Next, we discuss the structure to represent BCCs for one sub-
window and extend the structure for multiple sub-windows based on the monotonicity. We adopt
an edge-centric method to compress BCCs. By edge-centric, we mean that we view each BCC as
a set of edges. Compared with the vertex-centric method used in previous approaches, our edge-
centric framework simplifies the index design and has a well-bounded index size. Specifically, the
vertex-centric methods [26, 27, 50, 51, 62] require auxiliary structures on vertices, such as neighbor
partitions [26, 27], to maintain intransitive biconnectivity among adjacent vertices. By contrast,
biconnectivity is transitive on edges: if e; and e, are biconnected, and e; and e3 are biconnected,
e; and es are also biconnected. Thus, such auxiliary structures are not necessary for edge-centric
methods. Straightforwardly, BCCs can be stored as disjoint edge sets in O(m) space, since each edge
belongs to exactly one BCC. Lemma 4.2 shows that it suffices to use only the edges of a spanning
tree? rather than all graph edges.

LEmMMA 4.2. Let T be an arbitrary spanning tree of G, and let B be a BCC in G. There exists an edge
setS C E(T), such that V(S) = V(B).

Proor. Let S = E(T) N E(B). Then, V(S) C V(B). Assume for contradiction that V(B) ¢ V(S).
Let w be a vertex in V(B) \ V(S). For any v € V(S), let p = p,\ \ E(B), where p,,, is the path
connecting v and win T. If [p| = 0, w € V(S).If |p| > 0, E(B) U p forms a biconnected graph larger
than B, since p starts and ends at two vertices of B. O

ExAMPLE 4.4. The DFS tree in Figure 3 contains two sets of tree edges, each corresponding to one of
the two BCCs in Figure 2, which are separated by an articulation point.

We now describe how to compress the BCCs across all sub-windows ending at fy,ax in an edge-
centric manner. Since the BCCs of each sub-window can be represented by its spanning tree edges,
it suffices to compress the spanning trees of all such sub-windows. Instead of maintaining a separate
spanning tree for each sub-window, we utilize the maximum spanning tree (MST) to compactly
represent these spanning trees, based on the following lemma.

LEMMA 4.3. Let T be the maximum spanning tree of the graph G in the current window, weighted
by edge timestamps. For any sub-window [t, tmax| With tmax — 0 < t < tmax, there exists an edge set
S C E(T) such that S forms a spanning tree in [f, tmax].

Proor. This follows directly from Lemma 4.12 in [55]. m}

Lemma 4.3 implies that the spanning tree T’ of any sub-window [#, fimax| With tmax —0 < f < ax
can be derived from the MST T of G. Specifically, the edges in T with timestamps no smaller than ¢
constitute T’, i.e., E(T") = {e € E(T) | z(e) > t }. Therefore, it suffices to use T alone to compress
the BCCs across all sub-windows ending at fp,x.

ExaMPpLE 4.5. Continuing Example 4.3, the MST T is shown in Figure 5. The edge sets E(B1o) N E(T)
and E(Bg) N E(T) cover the vertices of By and Bg, respectively.

2We use the terms tree and forest interchangeably when the context is clear.
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(g 2 13 8 9 5 7 11

Fig. 5. The MST (thick lines) of the graph in [3,13] (left) and the BBF index (right). The shaded vertices
{vs,..., vg} induce a BCC in [4, 13], which is represented by the shaded subtree rooted at x4 in the BBF index.

4.2 Our Index Structure

We now build a hierarchy of BCC coverage relations (Definition 4.1) using only the edges of the
MST of G, defined as follows:

DEFINITION 4.2 (BACKWARD BCC ForesT (BBF)). Given a graph G in the current window and the

MSTT of G weighted by edge timestamps, the Backward BCC Forest is a forest T = (V, &):

- For each node x, we associate it with a timestamp, denoted by x.t, such that x represents a BCC By,
that exists in the sub-window [x.7T, tmax| but not in [x.7 + 1, tmax].

- If x is a leaf node, we associate it with an edge in T, denoted by x.y. The leaf nodes represent all
edges in T, that is, for every e € E(T), there exists a leaf node x with x.y =e.

- Alink (x,y) € & exists if and only if By C B, where B, and By, are the BCCs represented by node
x and y, respectively.

ExAMPLE 4.6. Figure 5 illustrates a Backward BCC Forest (BBF) constructed on the MST on the
left, where each internal node x; has timestamp i. A leaf j with j.z =9 corresponds to the MST edge
J» which is a bridge in [9, 13]. The internal node x, represents By, the BCC induced by {vs, ..., vs},
which exists in [4,13] but not in [5, 13]. The leaves of the subtree rooted at x4 are {f, h,1}, whose
corresponding MST edges cover V(By). Similarly, the internal node xs represents Bg, which exists in
[6,13] but not in [7,13]. A link (x10, xs) € & exists because B1g = Bg, where By is represented by x1.

LEmMMA 4.4. The Backward BCC Forest (BBF) requires O(n) space, where n is the number of vertices
in the current sliding window.

We now formalize the equivalence between the connected components in the BBF and the BCCs
in the graph G. Observe that in Figure 5, the shaded connected component on the right corresponds
exactly to the shaded BCC over [4, 13] on the left.

DEFINITION 4.3 (BCC EQUIVALENCE). A vertex-weighted graph G” is BCC-equivalent to an edge-
weighted graph G if, for any weight threshold t, the connected components of the subgraph of G’
induced by vertices with weights > t correspond bijectively to the biconnected components of the
subgraph of G induced by edges with weights > t.

In the BBF, each connected component induced by nodes with timestamps > t is a subtree rooted
at a node x with x.7 > t, whose parent either does not exist or has a timestamp smaller than .
Hence, this connected component represents a BCC induced by edges with timestamps > t. For
any BCC B in [t, tyax], there also exists a corresponding subtree in the BBF.

LEMMA 4.5. The BBFE, viewed as a graph weighted by node timestamps, is BCC-equivalent to the
graph within the current window, viewed as a graph weighted by edge arrival timestamps.

Algorithm 1 presents the index-based BCC query algorithm that retrieves all BCCs within the
current window. It first selects an unvisited node x (line 2) and traverses the BBF to obtain its
connected component CCy (line 3), marking all visited nodes (line 4). The vertex set of each BCC,
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Algorithm 1: QueryBCCs

Input :The BBF 7 and the MST T
Output: All BCCs in the current window

1 8B« 0

2 while there exists an unvisited x € V do

3 CCy <« the connected component of x in 7;

4 Mark every node in CCy as visited;
5 By —{u|Jy e CCx ANy.y = (u,0)};
6 B — BU{B:};

7 return B ;

Algorithm 2: DeleteEdge
Input :The BBF 7 and MST T for [fpax — 0, tmax — 1]
Output:The BBF and MST for [fpax — 6 + 1, tax — 1]

1 e « the edge in the MST T with smallest timestamp;

2 if 7(e) < tpax — 0 then

3 Remove e from T;

4 x < the node x € V with smallest timestamp;

5 if x.7 < tax — 0 then

6 Remove x from V;

denoted by By, is obtained by collecting all vertices covered by MST edges contained in CCy (line 5)
and added to the result set 8 (lines 6-7). Compared with O(m) BCC recomputation methods [12, 32],
our index-based query algorithm runs in O(n) time, where n is the number of vertices and m is the
number of edges in the current window.

THEOREM 4.1. The time complexity of Algorithm 1 is O(n), where n is the number of vertices in the
current sliding window.

5 Index Maintenance

As the window slides, we preserve the BCC-equivalent property of our BBF index, which encodes
all BCCs across sub-windows ending at the current f,,,x. We perform two update operations: (i)
edge deletion, which removes the edge with timestamp smaller than the new tp,x — 6 + 1, and (ii)
edge insertion, which adds the edge arriving at tpay.

5.1 Edge Deletion

After edge deletion, we discard the BCCs captured in the expired window [t’, tnax — 1], where
t' = tmax — 0 and tyay is the updated timestamp. We ensure that (1) no connected component in the
updated BBF contains a node with timestamp < #’, and (2) all other connected components induced
by nodes with timestamps > ¢’ remain unchanged. We achieve this by removing the node x with
x.t = t". If such a node x exists, it must be a root in the BBF. Hence, the removal of x guarantees
both (1) and (2). We also need to update the MST on which the BBF was built. We can directly
remove the edge with timestamp < t’, since the MST induced by the edges of timestamp > ¢’ is an
MST in [t' + 1, typax| (Lemma 4.3).

Algorithm 2 presents the edge deletion update procedure. With our index structure, it is unnec-
essary to store the edges within the current window. Hence, Algorithm 2 first examines the oldest
tree edge e from the MST T (line 1). If e has expired, it removes e from the MST T (lines 2-3). Next,
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it retrieves the minimum-timestamp node x from the BBF (line 4). If x has expired, it removes x
from the node set V (lines 5-6). For the links incident to x, we adopt lazy deletion. These links
are not explicitly removed in Algorithm 2, as they can be ignored during queries and are finally
eliminated when the children of the expired node x expire.

ExampLE 5.1. Figure 5 illustrates the BBF of the graph in Figure 1 within the window [3, 13], which
is constructed upon the MST T shown on the left. The minimum timestamp in T is 5, indicating that no
MST update is required. We then delete the node x5 with xs.7 = 3 from the BBF, splitting the structure
in Figure 5 into two trees.

THEOREM 5.1. Algorithm 2 runs in O(1) time.

5.2 Edge Insertion

We preserve the BCC equivalence (Definition 4.3) of the BBF index after inserting a new edge
into the graph. A straightforward approach is to check whether the BCCs change in each sub-
window [, tmax] and adjust the BBF accordingly. This approach is inefficient, as it repeatedly checks
biconnectivity and updates the structure.

We now present an example that motivates our algorithm framework. Let (vq,04) arrive at
timestamp 14 in Figure 5. A new BCC B formed by {0y, v3, v4, v5} emerges in [8, 14]. Thus, to encode
B, we need to update the BCC equivalence. We form a subtree by linking some leaf nodes to a new
internal node. This structure contains cycles, and we need to transform it into a BBF.

We design a two-step insertion framework. First, we update the BBF into a structure that is
BCC-equivalent to the graph in the updated window. Specifically, we add a new tree node and
connect it to certain leaf nodes to capture a critical cycle introduced by the new edge. Then, we
iteratively refine this structure until it becomes a BBF. In this step, we remove the cycles added in
the first step and eliminate nodes that are replaced by the newly created node.

Equivalence Update. Starting from the BBF for [t — 0 + 1, tax — 1] (after edge deletion update),
we incorporate the edge e’ arriving at #,,,x to obtain a structure that is BCC-equivalent to the
graph in the current window ([tmax — 6 + 1, tmax|). We first show that inserting e’ introduces at
most one new internal node x in the index (Lemma 5.1), then identify the BCC B represented by x
(Lemma 5.2), and finally describe how to add the necessary links to x based on B (Lemma 5.4).

LEMMA 5.1. Let e’ be the edge arriving at tyay, T be the BBF for the window [tmax — 0 + 1, tmax — 1],
and T~ be the updated BBF for the current window [tmax — 0 + 1, tmax|. The updated BBF 7' contains
at most one internal node whose timestamp differs from the timestamps of the internal nodes in T .

Proor. After inserting e’, assume for contradiction that there exist two non-bridge BCCs B and
B’, where B exists in [, tnax] but notin [t +1, tmax ], and B’ exists in [#’, tyax] but notin [# + 1, tmax],
with tpax >t > t > tmax — 0, and no internal node x in 7 such that x.7 =t or x.7 = t’. Let epin
and e . be the edges with timestamps ¢ and t’, respectively, and let T be the MST of the graph
in the current window. Since ep;y is a non-tree edge in T, it forms a cycle C together with the
path in T connecting its endpoints, and C must contain e’. Similarly, there exists another cycle
C’ that also contains both ¢’ and e/ . . Hence, without e’, ey, and e/ .- remain biconnected in the
sub-window [f, tmax] but not in [# + 1, fiax |, implying the contradiction that an internal node with
timestamp ¢ exists in 7. Thus, there exists at most one non-bridge BCC that exists in [f, tmax] but
not in [t + 1, fmax|, such that no internal node in 7~ has timestamp ¢. By definition, there would be
at most one new internal node. m]

We identify the timestamp of this new internal node by Lemma 5.2. We then show in Lemma 5.3
that every updated BCC must intersect a critical cycle. This result establishes the basis for Lemma 5.4,
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where we identify the neighbors of the new internal node. Given a cycle C, we use 7(C) to denote
the minimum timestamp among the edges in C, i.e., 7(C) = min{r(e) | e € C}.

LEMMA 5.2. Let e’ be the edge arriving at tyax, T be the MST of the graph in [tmax — 0 + 1, tmax — 1],
and C be the cycle formed by ¢’ and the path in T that connects the endpoints of ¢’. A new internal
node x exists with x.t = v(C) in the updated BBF.

Proor. Lett = 7(C). There is no internal node in the BBF for [#,0x—0+1, tnax — 1] with timestamp
t, since t is the timestamp of a leaf node. Because the cycle C does not exist in [f + 1, fyax], an
internal node x with x.7 = t in the updated BBF must exist. O

LEMMA 5.3. Let e’ be the edge arriving at ty,ax, and C be the cycle formed by ¢’ and the path in the
MSTT in [tmax — 0 + 1, tmax — 1]. ABCC B in [t, tmax — 1] with t < 7(C) becomes larger in [t, tmax],
i.e., the corresponding BCC B’ in [t, tmax| satisfies [V(B)’| > |V (B)|, only if B intersects C at some
edge other than ¢’, i.e., E(B) N (C\ {e’}) # 0.

Proor. Assume for contradiction that E(B) N (C \ {e’}) = 0. Let e; and e; be an edge in B
and an edge in the expanded part of B’ (i.e., e; € E(B’) \ E(B)), respectively. In T, there exists a
path p connecting e; and e;. Some articulation points must exist on this path p in [#, tp.x — 1];
otherwise, e; and e, would already be biconnected. In B’, there exists another path p’ connecting
e; and e; such that p and p’ are vertex-disjoint and e’ € p’ in [#, tmax]. Then, the cycle C must
contain an articulation point in p; otherwise, a cycle C"”” C {ej,e2} Up U p” \ {€’} would exist and
make e; € E(B). However, if C intersects p at one of these articulation points, B is not maximal in
[t, tmax — 1], since there exists a larger biconnected component in CU p U p’ U B. ]

LEMMA 5.4. Let e’ be the edge arriving at tyax. Let T and T be the MST and BBF for [tymax — 0 +
1, tmax — 1], respectively. Let C be the cycle formed by e’ and the path connecting its endpoints in T,
and let x be the node with timestamp ©(C) in T . The following operations result in a BCC-equivalent
graph G for [tmax — 0 + 1, tmax]:
- add a new leaf node with T =ty andy =e’;
- remove the link (x, p) if x has a parent p;
- add a link (y, x) for every node y such thaty # x andy.y € C.

Proor. Let z be a node in 7~ and CC be the connected component induced by z and all nodes
with timestamps no less than z.7 in G. If z.7 > 7(C) or the BCC B, represented by z in [z.7, fax — 1]
satisfies B, N C = 0, then inserting e’ does not affect B,, by Lemma 5.3. And CC remains unchanged
and still represents B,. Hence, we only consider z with z.7 < 7(C) and B, N C # 0. Let B, denote
the updated BCC of z in (2.7, tmax]- Clearly, B, C B.. Let e € E(B,) \ E(B;). Then, e belongs to a
BCC B ¢ B; in [z.7, tmax — 1]. By Lemma 5.3, E(B) N C # 0. Let y be the leaf node representing an
edge in E(B) N C. By linking (y, x), CC now covers all vertices in B. O

Based on Lemma 5.4, Algorithm 3 updates the BBF to restore BCC-equivalence. It first creates a
new leaf node x for the edge (v, w) arriving at timestamp tyax (line 1). If v and w are in different
connected components of the MST T for [tymax — 0 + 1, tmax — 1], (v, w) would be a bridge, and we
complete the BCC-equivalence update. Otherwise, it converts the leaf node z that represents the
edge e’ with the minimum timestamp in the cycle C (lines 3-6) into an internal node (lines 7-12),
where C is formed by the path p,,, connecting v and w in T together with (v, w). It then links the
leaves representing the edges in C except e’ to z (lines 10-12).

EXAMPLE 5.2. Suppose an edge e’ (v1,v4) arrives at timestamp 14 in Figure 5 and we maintain the
BBF for [3,13]. By Lemma 5.1, a new internal node x appears. As shown in Figure 5, the cycle C
introduced by e’ in the MST is {e’, m,i}. By Lemma 5.2, x.t = ©(C) = 8. Figure 6 illustrates the update
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Algorithm 3: UpdateEquivalence
Input :A new edge e’ (v, w) arriving at tyax, and the BBF 7~ and MST T for
[tmax -0+ 1, thax — 1]
Output: A BCC-equivalent graph for [tmax — € + 1, fmax]
1 Add a new tree node x with x.y = e’ and x.7 = tay;
2 if v and w are connected in T then

3 Pow < the path connecting v and w in T;

4 Ce—powU{e};

5 e’ « the edge with minimum timestamp in C;

6 z « the leaf node with z.y = e’’;

7 p < the parent of z;

8 Cut(z, p);

9 zy«—0; // z becomes an internal node
10 foreache € C\ {¢”} do

11 y « the leaf node with y.y =e;

12 Link(y, 2);

0, k
lll

81 5f

@<140 b, s,

Fig. 6. The updated graph G in [3, 14] (left) and its BCC-equivalent graph G (right). Links in G are directed
from the node with a larger timestamp to the smaller one.

11

process of Algorithm 3, which turns the leaf node i (with timestamp 8) in Figure 5 into the internal
node xs, and connects the leaves representing m and o to xs, whereo = e’.

We now introduce edge directions to G to distinguish the neighbors of a node. In Figure 6, instead
of verbosely saying that x4 is a neighbor of x;9 with a smaller timestamp, we say that x¢ is an
out-neighbor of x19. The out-neighbors of a node x, denoted by N~ (x), are the set of its neighbors
with smaller timestamps, and the in-neighbors N*(x) are its neighbors with larger timestamps.

Equivalent Transformation. We now proceed to the second step, which transforms the equivalent
graph G into a valid BBF, where G is the output of Algorithm 3. We first establish the goal of this
transformation—a sufficient condition for G to qualify as a BBF (Lemma 5.6).

Compared with the equivalent graph in Figure 6, the transformed BBF in Figure 7 is clearly an
in-tree [24], where any node can traverse to the root by following the edge directions. To transform
an equivalent graph into an in-tree, we introduce Lemma 5.5.

LEMMA 5.5. A directed graph is an in-tree if and only if exactly one node has out-degree zero and
all others have out-degree one [24].

After the BCC equivalence update, a node may have more than one out-neighbor. Thus, we
first refine the graph into an in-forest by reducing the out-degrees of some nodes, and then refine
the in-forest into a compact BBF by removing unnecessary nodes. To achieve this, Lemma 5.6
summarizes the structural properties of a BBF.
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t swing swipe

Fig. 7. The Swing and Swipe operators (left) transform the BCC-equivalent graph G into a BBF index (right).

LEMMA 5.6. A BCC-equivalent graph G is a BBF if every node x satisfies: (1) x has at most one
out-neighbor and (2) has either no in-neighbor or more than one in-neighbor.

Proor. By Lemma 5.5 and condition (1), the G forms an in-forest. By BCC equivalence, every
node x represents a BCC in [x.7, Inax | by the subtree rooted at it. It remains to prove that every link
(x,y) represents that B, C B, (Definition 4.1), where x is an in-neighbor of y and B, and B, are
the BCCs represented by x and y, respectively. We have B, # B, and B, C By, as y has at least two
in-neighbors. Assume for contradiction that B, # By. Then, there exists a BCC B in [t, tyax] with
t > x.7 such that B, € B C B,. Thus x would have another out-neighbor, contradicting (1). O

We now present two operators that refine the equivalent graph to satisfy these conditions while
preserving the BCC equivalence property. The Swing operator reduces the out-degree of a node
with more than one out-neighbor to satisfy condition (1). The Swipe operator removes a node with
only one in-neighbor to satisfy condition (2).

DEFINITION 5.1 (SWING OPERATOR). Given a BCC-equivalent graph G, a node x, and two of its
out-neighbors y and z such that z.t > y.t, the Swing operator replaces the link (x,y) with (z,y).

ExampLE 5.3. Figure 7 illustrates a subgraph of a BCC-equivalent graph on the left, where x.7 >
z.T > y.r. Since x has two out-neighbors, the Swing operator removes (x,y) and adds (z,y). The
connected components induced by x and the nodes with timestamps > x.t remain unchanged. Similarly,
the connected components containing y and z, respectively, remain unchanged.

LEMMA 5.7. After applying a Swing operator to a node x in a BCC-equivalent graph, the resulting
graph remains BCC-equivalent.

The Swing operator decreases the out-degree of a node x. However, it can increase the out-degree
of an out-neighbor of x. Thus, it may need to be applied recursively to the out-neighbor with
increased out-degree. The Swing operator also removes an (undirected) cycle if there already exists
an edge between the two out-neighbors of x. When this happens, the in-degree of the out-neighbor
with the smaller timestamp decreases, which may trigger the Swipe operator.

DEFINITION 5.2 (SWIPE OPERATOR). Given a BCC-equivalent graph G and a node x with exactly
one out-neighbor y and one in-neighbor z, the Swipe operator removes the node x and adds a link
(2,y). As a special case, if x has no out-neighbor, this operator only removes x.

ExaMpLE 5.4. In Figure 7, suppose that y has only one in-neighbor z after applying the Swing
operator. The Swipe operator removes y and links z to p, where p is the only out-neighbor of y.

LeEMMA 5.8. After applying a Swipe operator to a node x in a BCC-equivalent graph, the resulting
graph remains BCC-equivalent.

The Swipe operation requires that the node x has at most one out-neighbor. Lemma 5.9 shows
that during the structure refinement, any internal node with one in-neighbor has at most one
out-neighbor. Thus, the Swipe operator can be applied to every internal node x with in-degree
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Algorithm 4: InsertEdge
Input :A new edge e’ (v, w) arriving at tyax, and the BBF 7~ and MST T for
[tmax -0+ 1, thax — 1]
Output: The BBF and the MST for [tpax — 0 + 1, tax]
1 if exists an edge e € E(T) such that e = ¢’ then

2 x « the leaf node with x.y =¢;

3 X.T ¢ lmax;

4 return;

5 UpdateEquivalence(e’,7,T) ; // Algorithm 3
6 Pow < path connecting v and w in T;

N

X —{y € Vly.y € pow};
s while X # 0 do

9 x « an element in X;

10 if IN"(x)| <1 then

11 X «— X\ {x};

12 continue;

13 Y,z « two nodes in N~ (x) with y.7 < z.7;

14 Swing(x);

15 if IN*(y)| < 1 then Swipe(y);

16 if IN"(z)| > 1then X « X U {z};

17 Insert e’ into T;

18 if p,,, exists then

19 e’ « the edge with minimum timestamp in py.,;
20 Delete ¢’ from T ;

1. By repeatedly applying these two equivalence-preserving operators, the equivalent graph is
eventually transformed into a BBF structure that satisfies Lemma 5.6.

LEMMA 5.9. Given a BCC-equivalent graph after a series of Swing operators, every internal node y
with at most one in-neighbor has at most one out-neighbor.

Proor. Assume that an internal node y has more than one out-neighbor and it has only one
in-neighbor x. Then y must have appeared as the larger-timestamp out-neighbor in some Swing
operator. Suppose this Swing operator is applied to a node x” # x. Then x’ remains an in-neighbor
of y, which contradicts the assumption. If x’ = x and this Swing operator is the only operator
where y appears as a larger-timestamp out-neighbor, y would have only one in-neighbor in the
BBF of the last window (i.e., [fmax — 0, tmax — 1]), contradicting the definition of BBF. ]

The Algorithm. We now present the edge insertion update procedure given in Algorithm 4. If
the new edge e’ already exists in T, it just updates the timestamp of the leaf node representing e’
and terminates (lines 1-4). Otherwise, it updates the BCC equivalence using Algorithm 3 (line 5). It
then iteratively applies the Swing and Swipe operators (lines 14-15) to refine the equivalent graph
into a BBF (lines 7-16). The set X contains the nodes with more than one out-neighbor (line 7).
Whenever a node in X no longer violates the condition, it is removed from X (lines 10-12). If an
out-neighbor z of a node in X increases its out-degree beyond one, z is inserted into X (line 16).
Each Swing operation decreases the number of out-neighbors of a given node and shrinks existing
cycles. Hence, X will eventually become empty, and Algorithm 4 successfully updates the BBF.
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Finally, it updates the MST by swapping the edge ¢’ with the smallest timestamp in the cycle
introduced by e’ with the new edge e’ (lines 17-20).

ExaMPpLE 5.5. Continuing Example 5.2. Figure 7 shows the process of Algorithm 4. After constructing
the equivalent graph in Figure 6, we have X = {0, m}. We then apply the Swing operator on m: remove
(m, xg) and add (x19, x3). Since x19 now has two out-neighbors, we apply Swipe on x1: remove (x19, Xs)
and add (xg, xs).

Equivalence update (Algorithm 3) takes O(|py,|) time where p,,, is the path connecting the
endpoints of the new edge in the MST T. Each Swing operator triggers an additional Swing unless
the node z receiving an out-neighbor y had no out-neighbor or the link (z,y) already exists.
Therefore, each node in X triggers at most O(h) Swing and Swipe operations, where h is the height
of the BBF and |X| = O(|pyo|)-

THEOREM 5.2. Algorithm 4 runs in O(h - h;) time, where h is the height of the BBF index and h; is
the height of its MST.

The Optimization. We now develop two techniques to improve the efficiency of the operators. Let
y and z be the two out-neighbors of x with y.7 < z.7. First, instead of using y and z as the operands
of the Swing operator on x, we use y and p, where p is the highest ancestor of z (following the
edge directions) whose timestamp is still larger than y.z. This is equivalent to applying the Swing
operator to y and all nodes from z to p. Second, if two nodes y and z have already been processed
as the operands of a previous Swing operator (with y.r < z.7), then y is already an ancestor of z,
and we can remove the link (x, y).

Algorithm 5 presents the advanced Swing-and-Swipe (SS) process. We update z with y.7 < z.7 <
x.7 to its highest ancestor p with a timestamp larger than y (lines 3-11), and then we process x, y
and z as in a normal SS operation (lines 12-15). If an ancestor of z and y has already been the two
out-neighbors in a previous SS operation, we cut (x, y), remove y if necessary, and finish (lines 4-8);
otherwise, we mark this ancestor and y as processed (lines 9-11), and continue the iteration to find
the highest ancestor. To detect previously processed pairs and maintain the compactness of the
BBF index, we only add two attributes to each node p: the last timestamp when p participated in a
Swing operation, and the other out-neighbor operand y involved in that operation. If the recorded
timestamp equals the current timestamp and the recorded operand equals the current operand, we
identify the pair as previously processed. After the Swing operation, if z violates the out-degree
constraint (lines 16-17), we return z (to Algorithm 4) for further refinement. That is, the returned z
should be added to the set of nodes with out-degree greater than 1 for further processing (line 16
in Algorithm 4). Otherwise, we return 0, indicating that the SS operation on x terminates and no
further refinement is required (lines 8 and 18).

ExAMPLE 5.6. Continuing Example 5.5, let (v4,v;7) be the next edge arriving at timestamp 15.
Figure 8 shows the process of optimized refinement. In the MST of the graph over (3, 14], the path
Do, is {0, m, f, h,1}. The updated equivalent graph is shown in the middle of Figure 8. We first apply
the advanced SS operation at l: link x5 to x4 and cut (1, x4). Next, we process h. Since x5 and x4 have
already been processed, we directly remove (h, x4). Node x4 now has only one in-neighbor xs, so we
delete x4 and attach xs to x3. Next, we move to m. We identify x¢ as the highest ancestor of x5 whose
timestamp is greater than the timestamp of xs. We then link x to x5, remove (m, x5), and mark all
nodes from x19 to x¢ as processed with xs. For the next node o, we directly cut (o, xs), since the pair
(x8, x5) has already been processed at t,y. Finally, we apply SS to xg, and xs3 is then swiped.

As shown in Example 5.6, the advanced SS operation accelerates the process by initiating the
Swing operation at the highest ancestor and skipping already processed out-neighbor pairs. This
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Algorithm 5: Apv-SS

Input :A node x with [N ™ (x)| > 1

Output: The ancestor z of x with increased [N~ (z)| or 0
1 Y,z < two nodes in N~ (x) with y.7 < z.t;

2 pe—z

3 while p # 0 and p.7 > y.7 do

4 if (p,y) already processed then
5 Cut(x, y);

6 if IN*(y)| < 1 then

7 Swipe(y);

8 return Q;

9 Mark (p, y) as processed;

10 zZ «— p;

1 p « the node in N~ (p); /7 IN“(p) <1
12 Link(z, y);

13 Cut(x, y);

14 if [N*(y)| < 1 then
15 Swipe(y);

16 if N7 (z)| > 1 then
17 return z;

18 return ()

X5

310, 17@74,@ 0 X8 X
13, n, 2m ) 5l 15 p 111 o O O OF
@ 14, O ¥ @ \ o o @ o
9,j 2 7, h P
' 9 7

13 12 14 9 15 7 11 13 12 14

Fig. 8. The updated graph in [3,15] (left), the BCC-equivalent graph (middle), and the refined BBF index
(right). With processing order [, h, m, 0, (h, x4) and (o, x5) are removed directly, avoiding redundant traversals.

optimization avoids repeated rewiring and significantly shortens the transformation process in
practice, as shown in our experimental results.

6 Performance Studies

We evaluate our approaches against four baseline algorithms. All algorithms are implemented in
C++ and compiled with g++ using the same optimization flag -03. All experiments are conducted
on a Linux server with an Intel Xeon 2.80 GHz CPU and 512 GB RAM.

Datasets. We use fifteen real-world temporal graph datasets, where each edge is associated with a
timestamp, from the KONECT?® and SNAP* collections, as listed in Table 1. Among them, DW and SO
are the largest unipartite temporal graph datasets, while the remaining datasets are selected from
diverse domains. For each dataset, the edges are sorted by timestamp in non-decreasing order to
form an input stream for our algorithm. Self-loops are omitted.

Shttp://konect.cc/networks/
“https://snap.stanford.edu/data/
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Dataset V| |E| |E*| D
DN, DNC-temporaF’ 2,029 39,264 4,384 8
EL, Elec? 7,118 103,675 100,693 7
SD, Slashdot? 51,083 140,778 116,573 17
MO, Mathoverflow? 24,818 506,550 187,986 9
EM, Email-Euall* 265,214 420,045 364,481 14
EP, Epinions® 131,828 841,372 711,210 16
LK, Lkml—reply3 63,399 1,096,440 159,996 63
SU, Superuser3 194,085 1,443,339 714,570 12
ER, Enron® 87,273 1,148,072 297,456 14
SW, Dynamit’:—simplewiki3 100,312 1,627,472 824,968 12
YT, Youtube—grow’[h3 3,223,589 9,375,374 9,375,374 31
™, Higgs-’fwitter3 456,626 14,855,842 12,508,413 12
BD, Baidu-Zhishi? 2,141,300 17,794,839 17,014,946 20
SO, Stackoverflow® 2,601,977 63,497,050 28,183,518 11
DW, Dynamic-dewiki3 2,166,669 86,337,879 39,705,981 10
LD, Ladder (synthetic) 80,000 120,040 120,040 2,001
DS, Dense Graph (synthetic) 2,001 1,000,500 1,000,500 2

Table 1. Dataset statistics. |V| and |E| denote the number of vertices and edges, respectively. |[E*| denotes the
number of edges with distinct endpoints, and D is the diameter.

We use two synthetic datasets. We stress-test the BBF updates using an adversarial pattern
that targets the factors in our insertion complexity O(h - h;). We generate a ladder graph (LD) by
sequentially stacking [ 4-edge cycles with one shared edge boundary, such that both k and h; grow
linearly with I°. We generate 40 such ladder graphs with [ = 1,000 to initialize the first window.
Then, we generate a random edge stream in which consecutive edges form cycles of random length
at most 100. We evaluate query performance on a dense graph DS with edge density 0.5, where
edges are randomly shuffled in the initial window. We generate a random edge stream for DS
following the same pattern as LD.

Competitors. We evaluate the following algorithms.

- HT. A classic DFS-based online BCC computation method [32] with SOTA performance for
sequential BCC computation [12].

- GBBS and FBCC. Two recent BCC computation methods [11, 12]. We use their public implementa-
tions and run them in single-thread mode for a fair comparison.

- HDT. The fully dynamic BCC algorithm [28], which deletes the expired edge first and then inserts
the new edge. We use the top tree in [31] for HDT. As discussed in § 3.3, we select HDT as the
baseline, since later fully dynamic methods extend HDT mainly at the theoretical level, without
experimental evaluation.

- BBF-Basic. Our basic BCC maintenance algorithm, where we apply Algorithm 2 to remove the
expired edge, and then Algorithm 4 to insert the newly arrived edge.

- BBF. Our final BCC maintenance algorithm, an improvement over BBF-Basic®. It replaces the
Swing and Swipe operators in Algorithm 4 (lines 14-15) with Algorithm 5.

SFor any i such that i mod 4 =0, edges (i,i+1), (i,i +2), (i +1,i+3),and (i + 2,i +3) arrive at timestamps i, i + 1, i +2,
and i + 3, respectively.
®The implementation is available at https://github.com/azHUwFrAbj/mbcisg
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Fig. 11. Average update time under varying window sizes.

6.1 Update Efficiency

We compare the average runtime of sliding-window update operations by performing 10,000
updates. For each update, t,x increases by one; the edge with timestamp #,,.x — 6 is deleted, and
the edge with timestamp #y,,« is inserted. These updates are conducted after loading the first 0
edges into the window.

Average Case. We report the average update time under our default window size setting, where
0 = 0.2 x |E| for real-world datasets and 6 = |E| for synthetic datasets. For some datasets, HDT is
omitted because it failed to complete the experiment within 48 hours.

In Figure 9, our algorithm BBF consistently outperform the baselines. In particular, in the real-
world dataset, BBF achieves up to 600X speedup over the fastest baseline on the EL dataset, and
reduces update time by two orders of magnitude on many datasets. The adversarial synthetic input
LD degrades the performance of BBF-Basic, making it slower than the static baselines. In contrast,
BBF maintains its advantage over the best baseline under the adversarial input, demonstrating the
effectiveness of the pruning strategy of BBF, which prevents BBF from degenerating into its worst-
case behavior. The performance of HDT is worse than that of the online computation baseline. This
observation is consistent with prior findings [3, 6, 34, 65], which show that HDT-based algorithms
often fail to achieve their expected amortized bounds in practice. The HDT-based BCC maintenance
is asymptotically the most expensive among the variants in [28]. Moreover, the constant factor of
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Fig. 13. Average time for searching the BCC(s) containing a given vertex.

HDT-based BCC maintenance is larger than that of other variants, since it relies on more complex
data structures.

Figure 10 further shows that our method improves the overall efficiency by effectively eliminating
the deletion bottleneck. Deletion dominates the runtime of HDT (labeled as HDT-Del), often exceeding
insertion costs by several orders of magnitude. In contrast, deletion operations (BBF-Del) in our
BBF algorithm are faster than insertions (BBF-Ins) and therefore no longer a bottleneck.

Varying Window Size. We evaluate the update performance under different window sizes (1%,
5%, 10%, 20%, 30%, and 40% of |E|) in Figure 11. We select FBCC as the representative static method,
since its overall performance is the best among static baselines in Figure 9. As the window size
increases, the update time of all algorithms generally increases. Nevertheless, BBF consistently
achieves the lowest update time across all window sizes, as it eliminates the need to rescan the
entire graph.

6.2 Query Processing

We now compare the runtime of querying all BCCs in a sliding window. The BCC query returns all
biconnected components in the current window. After loading the first 6 edges, we perform one
query after each sliding-window update, and report the average time over 1,000 such queries. Note
that the HDT paper [28] does not describe a BCC query algorithm. We implement an HDT-based
query procedure that traverses a spanning tree via unvisited biconnected edges and collects the
vertices of each BCC, where biconnectivity is determined by a native HDT procedure.

Average Case. Figure 12 reports the average BCC query time under our default window size,
where 0 = 0.2 X |E| for real-world datasets and 6§ = |E| for synthetic datasets. Our index-based
method (BBF) achieves the best performance across all datasets, as it only needs to traverse the
O(n)-space forest structure to enumerate all BCCs. Our index-based method runs faster than HDT
in practice, as our index directly encodes the existing BCCs instead of determining biconnectivity
using auxiliary data structures. The static baselines must revisit non-tree edges for each query,
resulting in O(m) cost. Note that our O(n) query algorithm is optimal in terms of answer size. As a
result, the performance improvement over static baselines can be explained by the ratio m/n. The
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Fig. 15. Index size under different window-size settings.

real-world datasets with relatively larger m/n ratios exhibit larger performance gains, such as EL
and TW. On the synthetic dense graph DS, the advantage of our method becomes more pronounced.

Extension. Our index can support the vertex-based BCC search that retrieves the BCC(s) containing
a given vertex [16]. With BBF, we first obtain the roots, which represent the result BCCs, of the leaf
nodes corresponding to MST edges adjacent to the query vertex, and then retrieve the corresponding
BCCs. We also extend HT and HDT into localized variants by traversing only from the query vertex.
Figure 13 reports the average query time of 1,000 random vertex-based queries under the default
window size. In this setting, the performance gap between our index-based search algorithm and
the global recomputation widens, since our BBF is linear in the size of the retrieved BCC(s), whereas
the static baselines may still need to scan all edges. For the dense graph DS, the query performance
shows a mild decrease, since DS typically form a single large BCC, and the vertex-based search
additionally traverses from the leaf to the root.

Varying Window Size. Figure 14 shows the average query time under four representative datasets.
We select FBCC to present the static methods. As the window size increases, the cost for all algorithms
increases, as more edges (and vertices) are retained within the window. Our BBF consistently
outperforms the baselines.

6.3 Index Size

Following [6], we measure the memory footprint by summing the byte size of data structure
elements, i.e., the index size. The static baselines are omitted since they need no index.

Figure 15a reports the index size after performing 10,000 updates on a fully loaded window of
size 6 = 0.2 X |E| on the real-world datasets and 6 = |E| on the synthetic datasets. Datasets that
failed to complete all updates are omitted. Overall, our BBF index consistently consumes less space.
This is because BBF requires only linear space in the number of vertices, whereas HDT has a higher
space cost of O(m + nlog® n).
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Figure 15b reports the index size under increasing window sizes. We report two representative
datasets (EL and SW), as similar trends are observed across other datasets. Across all window settings,
BBF remains more space-efficient than HDT.

7 Conclusion

In this paper, we propose an index-based approach for the maintenance of biconnected compo-
nents in streaming graphs under the sliding-window model. Our space-optimal index reformulates
the maintenance process as an insertion-only procedure and supports constant-time deletion
maintenance. For edge insertions, we develop a two-step update algorithm that first constructs
an intermediate non-tree structure and then transforms it into an updated index through BCC-
equivalence-preserving structural adjustments. Experiments demonstrate that our approach im-
proves update efficiency, query efficiency, and memory footprint compared with the baselines.
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