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Temporal graphs are widely used to model dynamic interactions across diverse domains, including social
networks, biology, and e-commerce. Querying historical cohesive subgraphs, defined as extracting cohesive
subgraphs from the graph snapshot induced by a given time interval, is a fundamental task in temporal graph
analytics. Yet, current index-based methods are typically designed for a single model. This specialization
yields high performance for a specific target but cannot be reused for others, which limits extensibility. In
this paper, we propose a unified index-based framework to address this limitation. We focus on a generalized
class of Historical CSMs (His-CSMs), which is characterized by two structural properties: non-overlapping
(resultant subgraphs are vertex-disjoint) and monotonic (validity in a time interval implies validity in any
super interval). This class includes prominent models such as historical connected components (His-CC) and
historical k-cores (His-Core). To address the His-CSM query problem, we reduce queries for different CSMs
to a single canonical query, the spanning connected component query, and design an index-based solution
to answer this query efficiently. Building on this framework, we provide concrete instantiations for both
His-CC and His-Core queries. Extensive experiments on real-world temporal graphs show that our method
outperforms state-of-the-art baselines, achieving up to 60x speedups for His-CC and up to 100X speedups for
His-Core.
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1 Introduction

Temporal graphs capture evolving interactions between entities, where each edge is annotated
with a timestamp indicating when the interaction occurs [5, 34, 36, 51]. Such graphs arise in
social networks, financial transactions, biological systems, and many other domains. Querying
historical cohesive subgraphs, which extracts cohesive subgraphs from the graph snapshot induced
by a given time interval, is a core problem in temporal graph analytics and has been widely

“Corresponding authors.

Authors’ Contact Information: Yinyu Liu, Harbin Institute of Technology, Shenzhen, China, 23s151053@stu.hit.edu.cn;
Kaiqiang Yu, State Key Laboratory of Novel Software Technology, Nanjing University, China, kaiqiang002@e.ntu.edu.sg;
Shengxin Liu, Harbin Institute of Technology, Shenzhen, China, sxliu@hit.edu.cn; Cheng Long, Nanyang Technological
University, Singapore, c.long@ntu.edu.sg; Xun Zhou, Harbin Institute of Technology, Shenzhen, China, zhouxun2023@hit.
edu.cn.

This work is licensed under a Creative Commons Attribution 4.0 International License.
© 2026 Copyright held by the owner/author(s).

ACM 2836-6573/2026/6-ART226

https://doi.org/10.1145/3802103

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 226. Publication date: June 2026.


https://doi.org/10.1145/3802103
https://doi.org/10.1145/3802103
https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0
https://doi.org/10.1145/3802103

226:2 Yinyu Liu, Kaigiang Yu, Shengxin Liu, Cheng Long, and Xun Zhou

studied [10, 25, 27, 33, 41-43, 52]. Cohesive subgraphs capture dense regions of a graph and often
provide an important abstraction for characterizing interaction patterns in real applications [12, 14].
In response to such needs, numerous cohesive subgraph models (CSMs) have been proposed in recent
years [8, 17, 23, 62], including models tailored specifically to temporal graphs [22, 29, 39, 57, 63].
Consequently, querying historical CSMs across various graph snapshots enables tracking the
evolution of dense regions and uncovering long-term behaviors and anomalies that are of practical
significance.

Building on this practical significance, the task of querying historical CSMs finds broad applica-
tions across multiple disciplines, including financial anomaly detection [4, 12, 37, 61], temporal-
aware recommendation systems [38], and infectious disease surveillance [14]. In financial anomaly
detection, abrupt changes in tightly interconnected trading groups often correspond to fraudulent
activities, market manipulation, or other forms of misconduct; thus, tracking cohesive subgraphs
over time can reveal such unusual patterns [4, 37]. In infectious disease surveillance, temporal
graphs can model transmission via contact networks between individuals [14]; cohesive subgraphs
within specific time windows may correspond to clusters with elevated transmission risk, thereby
providing practical insights for outbreak control. Furthermore, prior work [57, 63, 64] has con-
ducted case studies by querying historical CSMs, such as historical k-cores and historical connected
components, to analyze the evolution of research groups in coauthorship networks derived from
DBLP.

Existing methods and limitations. A straightforward online approach to historical CSMs queries
is to collect all edges whose timestamps fall in the query interval and then run a corresponding
mining algorithm on the resulting graph. This approach is often inefficient for large graphs or
long intervals because it requires scanning and processing all relevant edges. As a result, most
prior work targets a single cohesive subgraph model at a time and designs a specialized index that
exploits properties of that cohesive subgraph model, including historical connected component
(His-CC) [57] and historical k-core (His-Core) queries [48, 50, 63]. These indexes are model specific
and do not transfer across models. This lack of generality leads to duplicated engineering effort
and complicates system support. Each new historical CSM requires designing a new index from
scratch, and graph systems must maintain multiple index schemes to support diverse historical
CSM queries.

Our unified framework. To address the aforementioned limitations, it is necessary to answer the
following research question:

Can we design a unified index-based framework to support historical CSM queries for various CSMs?

In this paper, we answer this question in the affirmative for a broad class of CSMs that are non-

overlapping and monotonic, which includes connected component, k-core, and k-edge-connected

component. We formalize the resulting general problem as the His-CSM query. Formally, given a

temporal graph G, a cohesive subgraph model #, and a query time interval [, t.], the His-CSM

query seeks to identify all subgraphs within the graph snapshot induced by [, t.] that satisfy $.

This formulation generalizes prior studies [48, 50, 57, 63, 64] and provides a common interface for

querying historical cohesive subgraph models.

To address this problem, we develop a unified approach that converts various historical cohesive-
subgraph queries into a single canonical form and answers it efficiently via tailored index structures.
Specifically, our framework contains two components:

o Transformer. We first reduce His-CSM queries for different CSMs into a single canonical query,
the spanning connected component (Spanning-CC) query, defined over an affiliated (spanning)
graph. Solving the Spanning-CC query is equivalent to answering the original His-CSM query,
which provides a unifying abstraction.
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o Indexing based on affiliated forests. We introduce affiliated forests (AF) and leverage them to design
two unified index structures, AF-3DT and AF-BTAS for efficient Spanning-CC queries.

This design delivers both generality and efficiency across multiple CSMs. Among our AF-based
methods, AF-BTAS attains the strongest theoretical and empirical performance.

Concretely, when instantiated for historical connected component (His-CC), AF-BTAS-CC builds
its index in O(mlog m) time and answers each query in O(n +log?® m) time, significantly improving
over the state-of-the-art TSF [57] (which requires O(mty,ax) construction and O(n +t5) query time),
while maintaining the same linear space complexity O(m). Here, m and n denote the numbers of
temporal edges and vertices; tmay is the maximum timestamp with t,c < m; and ¢, is the start time
of the query interval [ts, t.] (bounded by tnay). Furthermore, when instantiated for historical k-core
(His-Core), AF-BTAS-Core also shows improved performance over the state-of-the-art methods
PHC and MCTS [50, 63, 64] with comparable index sizes, as summarized in Table 1 and validated
by our experiments in Section 4.

Our contributions. Our main contributions are as follows:

e We formulate the problem of querying historical cohesive subgraph models that are non-
overlapping and monotonic. (Section 2)

e We propose two unified index-based solutions called AF-3DT and AF-BTAS for answering His-CSM
queries, and we further instantiate AF-BTAS for His-CC and His-Core queries. (Section 3)

e We conduct extensive experiments on real-world temporal graphs and show that our methods
outperform state-of-the-art baselines for His-CC and His-Core queries. (Section 4)

2 Preliminaries

We focus on an undirected temporal graph G = (V, ), where V denotes the set of n vertices and &
denotes the set of m temporal edges. Here, each temporal edge is represented by a triple (u,0,t),
where u € V,v € V, and t € N indicates the timestamp at which u interacts with v. Following
existing studies [22, 29, 39, 57, 63], we assume that all timestamps are consecutive integers ranging
from 1 to fmayx, which implies tp.y < |E].

Given a time window [#s, t.], the projected graph of G over [, t.], denoted by Gy, ;1,1 = (V, E[£,+.]),
is an undirected graph that includes the set of vertices V and the set of edges E|, ;,] = {(4,0) |
(u,v,t) € &t € [t t.]}. We remark that projected graphs discard the timestamps and retain only
the edges whose timestamps lie in the window. Given a graph G = (V, E) and a vertex set Vg, C V,
we use G[Vg,p] to denote the subgraph induced by Vg3, i.e., G[ Vs3] includes the set of vertices
Vsup and the set of edges {(u,v) € E | u,v € V5 }. All subgraphs considered in this paper are by
default vertex-induced subgraphs.

A cohesive subgraph is typically considered as a subgraph whose vertices are more densely
connected to each other than to the rest of the graph. Let  be a cohesive (vertex-induced) subgraph
model (CSM) defined on an undirected graph, e.g., connected component, k-core, clique, k-plex, etc.
Given an undirected graph G = (V, E), we write P (G) for the set of (vertex-induced) subgraphs of
G that satisfies . For a subgraph g of G, if g € P(G) (resp. g ¢ P(G)), we say that g satisfies (resp.
violates) CSM P (G). In this paper, we focus on CSMs that are both non-overlapping and monotonic.

Definition 2.1 (Non-overlapping). A CSM P is said to be non-overlapping if and only if for any
graph G = (V, E) and any two subgraphs G[V;] € P(G),G[V;] € P(G), the vertex sets V] and V,
are disjoint, i.e., Vi NV, = (.

Clearly, for a non-overlapping CSM P, P (G) consists of at most |V| different subgraphs.
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Definition 2.2 (monotonic). A CSM P is said to be monotonic if and only if for any graph G = (V, E),
any subgraph G[ V] € P(G) (with Vy,, C V), and any supergraph G’ = (V', E’) of G (withV C V’
and E C E’), there exists a subgraph G'[V] ] in P(G’) such that Vs, C V! .

Intuitively, for a monotonic CSM P, all vertices in a subgraph satisfying (G) remain in the
same subgraph satisfying (G) after adding additional vertices and/or edges to G. Besides, we
note that many CSMs satisfy the non-overlapping and monotonic properties, including connected
component and k-core.

LEmMMA 2.3. The connected component, k-core, and connected k-core are non-overlapping and
monotonic.

Proor. k-core. We show that the k-core is a non-overlapping and monotonic CSM. The k-core
of a graph G is defined as a maximal subgraph where every vertex has degree at least k within
the subgraph. To show that the k-core is non-overlapping, we prove that the k-core is unique in a
given graph G. Assume to the contrary that g; and g, are two distinct k-cores in a graph G. By the
definition of k-core, the union of g; and g, i.e., G[V(g1) U V(g2)], where V(g) denotes the vertex
set of subgraph g, is clearly k-core, which implies that there exists a larger k-core, contradicting the
maximality of the k-core. Thus, k-core is a non-overlapping CSM. We next prove the monotonic
property. For any supergraph G’ of G, we observe that for any vertex u, the degree of u in G’ is at
least the degree in G. Then, any vertex that satisfies the k-core condition continues to satisfy the
condition in G’. Thus, k-core is monotonic.

Connected component. We then consider the connected component. Recall that a connected

component of a graph G is a connected subgraph that is not part of any larger connected subgraph.
Assume to the contrary that there are two connected components g; and g, that are overlapped, i.e.,
there exists a vertex v € V(g1) N V(g2). This implies that v € V(g;) and v € V(g,). Since v € V(¢g;),
by the definition of connected components, v is connected to every other vertex in V(g;) via a path.
Similarly, since v € V(g;), v is connected to every other vertex in V(g,) via a path. This implies that
G[V(g1) UV(gz)] forms a single connected component, contradicting the maximality of g; and g,.
Therefore, the connected component is non-overlapping. We next consider the monotonic property.
For any supergraph G’ of G, a connected component C in G, C is still a connected subgraph in
G’, which indicates that C belongs to a larger connected component in G’. Thus, the connected
component is a monotonic CSM.

Connected k-core. The connected k-core is a maximal connected subgraph where every vertex
has a degree of at least k [64]. The case for the connected k-core can be derived in a manner similar
to the proof above, and the detail is shown in Appendix [1].

]

For brevity, when we refer to CSMs in this paper we mean CSMs that satisfy both the non-
overlapping and monotonic properties. We note that the mentioned CSMs are originally defined on
undirected and unweighted graphs. To extend them to temporal graphs, there are several studies in
the literature, leading to various temporal versions of the same non-temporal CSMs. Following
prior studies [57, 63], we focus on one such extension called historical-CSMs (His-CSMs). Intuitively,
a His-CSM is defined based on a CSM P and a specified time window [, t.|. Formally, we have
the following.

Definition 2.4 (Historical CSMs). Given a temporal graph G, a time window [#;, ¢.], and a CSM P,
a subgraph G[V;,p] of G satisfies the -based His-CSM over [ts, t.] if and only if the projected
graph of G[Viu] over [ts, t.] satisfies P.

Now, we are ready to formulate the problem studied in this paper.
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G F A,

(a) A temporal graph G (b) The projected graph Gy 2}
Fig. 1. lllustration the basic concepts of temporal graph and projected graph

PROBLEM DEFINITION (HISTORICAL NON-OVERLAPPING AND MONOTONIC CSM INDEXING). Given
a temporal graph G and a non-overlapping and monotonic CSM P, the goal is to construct an index
structure that, for any query time window [t;, t.], returns all vertex sets S C V with |S| > 2 such that
the induced subgraph Gy, ;,|[S] satisfies the model P in the projected graph Gy, |-

To illustrate, we take the historical connected 2-core as an example of non-overlapping and
monotonic CSMs in Figure 1. Given the temporal graph in Figure 1(a), its historical connected
2-cores across different time intervals are shown in Figure 2. Specifically, each grid corresponds to
a time interval and each historical connected 2-core is colored with the same color, e.g., there are
two connected 2-cores in the projected graph Gy |, i.e., G[{1,2,3}] and G[{4, 5, 6}], marked red
and blue respectively.

We remark that the Historical-CSM queries have been widely studied recently. However, all
focus on one specific type of CSM, i.e., Historical-Connected-Component (or, His-CC) [57] and
Historical-k-Core (or, His-Core) [63]. Thus, previously proposed methods cannot be generalized
to query other CSMs. In the following, we will propose a unified and efficient framework for the
Historical-CSM query and instantiate it for His-Core and His-CC queries.

3 Our Unified Index-based Framework

We introduce our unified index-based framework, which constructs novel indexes to support the
His-CSM query. In general, it consists of two key components. The first is a transformer, which
transforms the His-CSM query w.r.t. various CSMs in the temporal graph to a unified query
formulation, namely spanning connected component (Spanning-CC) query in the affiliated (spanning)
graph (Sections 3.1). Solving the latter query is equivalent to solving the former problem. This
guarantees the generality of our framework to answer different His-CSM queries. The second
corresponds to two index-based solutions, namely AF-3DT and AF-BTAS, which are based on a novel
concept of affiliated forests (AF) and are designed to answer the newly formulated Spanning-CC
query (Section 3.2 and Section 3.3). Finally, we instantiate the framework for two models, His-CC
and His-Core, and summarize our findings in Section 3.4.

3.1 A Unified Query Formulation

In this section, we show how different His-CSM queries, each defined with respect to a specific
CSM, can be transformed into a single and unified query formulation, namely, the spanning-CC
query. The key idea is to identify the smallest time intervals during which a pair of vertices belong
to the same CSM subgraph, leading to the notion of a minimal u-v-TW. In other words, due to the
monotonic property, any query interval that fully contains a u-v-TW guarantees that u and v remain
in the same CSM subgraph. Based on this concept, we introduce an affiliated graph, in which a
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Fig. 2. lllustrating historical connected 2-cores

spanning-CC query corresponds exactly to a His-CSM query in the original temporal graph. We
elaborate on the details below.

Minimal u-0-TW. We start with the following definition.

Definition 3.1 (u-v-TW). Given a temporal graph G = (V, &) and a CSM P. Let u and v be two
vertices in V, and [#;, t;] be a time window. [#1, t;] is a u-v time window (or simply, u-0-TW) w.r.t.
# iff u and v belong to the same subgraph in P (Gy, 1,])-

Besides, a u-0-TW [ty, t;] is said to be minimal iff for any sub-interval [t],t;] C [t1,t2], u and v
belong to the different subgraphs in (G ;). Clearly, there could be multiple minimal u-0-TW
between [0, tax]. To illustrate, consider an example in Figure 2 based on a temporal graph in
Figure 1(a). The time interval [1, 2] qualifies as a minimal 5-6-TW according to the definition, as
these two vertices belong to the same connected 2-core in [1, 2] but not within any of its sub-
intervals. Similarly, the minimal 3-4-TWs are [2,3] and [3, 4]. Then, we observe the following
lemma.

LEmMMA 3.2. Let [ty,1;] be a (minimal) u-0-TW w.r.t. P. Any time window [t], ;] with [t;,t,] C
[t t;] isau-0-TWwrt. P.

Proor. This can be verified by the monotonic property of £ (Definition 2.2). Assume that u and
v belong to a subgraph g in (G, 1,1). We note that there exists a subgraph g” of #(Gys/ 1) such
that g is contained in g’ (i.e., V(g9) € V(g') and E(g) € E(g')) since Gy 1] is a supergraph of Gy, 4,
and ¥ satisfies the monotonic property. Therefore, u and v belong to subgraph ¢’ in (G ;1) and
[t],t;] is a u-0-TW. O

Affiliated spanning graph. We note that due to the monotonicity property, any query interval
that fully contains a u-v-TW guarantees that u and v remain in the same CSM subgraph. Based on
the minimal u-0-TWs, we subsequently define the affiliated spanning graph of G, denoted by G, as
below.

Definition 3.3 (Affiliated spanning graph). Given a temporal graph G = (V, &) and a CSM P, the
affiliated spanning graph (or affiliated graph) of G w.rt. P is a “weighted” graph G = (V, E), which
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Fig. 3. lllustrating the affiliated graph

includes the set of vertices V and the set of spanning edges each of which corresponds to a minimal
u-0-TW, formally,

E={(wou,t1,tz) | uov €V, [t, ] is a minimal u-0-TW}, (1)

and satisfies the following constraint.

Constraint: For any time window [¢;, t.], two vertices u and v belong to the same subgraph in
P(Gys,t.1) if and only if u is reachable to v in Gy, 1.

Here, 5[ tot] = (V, E[ t.,t.]) is the projected graph of G over [ts, t.], which includes the set of vertices
V and the set of edges, i.e.,

Eftor) = {w0) | (wo,t1,15) € &, [11,1] € [t L]} @)

We note that an affiliated spanning graph G of G can be built easily by adding a spanning
edge for each minimal u-v-TW in G. We can verify this in two directions. First, if u and v belong
to the same subgraph in P (G, +,1), [ts, te] is a u-0-TW by definition and thus there exists at
least one minimal u-0-TW [t1, ;] such that [t, t;] C [&s, te]. In this case, G has a spanning edge
(u,0, 14, 13), and thus u and v are adjacent in El,s,te]. Second, u and v are reachable in Elts,tej via
a path (up = u, uq, uy, ..., uy = v) with t > 1. For a pair of vertices u; and u;y; with 0 < i <t -1,
we note that G has a spanning edge (u;, Uir1, t1, t2) such that [#1, 2] C [t te], which indicates a
minimal u-0-TW [#, t;]. By Lemma 3.2, [t, t.] is a u-v-TW, and thus u; and u;,1 belong to the same
subgraph in P (G, ., 1) by definition, i.e., the monotonic property. Finally, vertices in {uo, uy, ..., us }
(including u and v) belong to the same subgraph in P (Gy,, ;,1) due to the non-overlapping property.

However, the resulting affiliated graph could be very dense. As a result, queries over a dense
affiliated graph may suffer from efficiency issues. To address this, an affiliated graph G can be
efficiently refined by removing some redundant spanning edges. (u, v, t1, t;). We will discuss more
details about the construction and refinement of affiliated graphs in the following sections.

To illustrate, see an affiliated graph in Figure 3, which is constructed based on a temporal graph
in Figure 1(a). Each grid in the figure corresponds to a time interval, and an edge within a grid
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represents the spanning edge associated with that interval. For example, the edges (4, 5) and (4, 6)
appear in the grid with t; = 1 and ¢, = 2, indicating that spanning edges (4,5,1,2) and (4,6, 1, 2)
are included in the affiliated graph. There are various methods to construct such an affiliated graph,
and the construction process for some specific CSM is detailed in Section 3.4.
A unified query formulation: Spanning-CC query. We observe that all vertices belonging
to the same subgraph in P(Gj;, ) will induce a connected component (CC) of G|, ;, . Here, a
CC of a graph G is a connected (vertex-induced) subgraph that is not contained in any larger
connected subgraph. Further, those vertices that do not belong to any subgraph in P (Gy, ,]) have
no neighbors in G|, ;, |, and thus each of these vertices corresponds to a CC of size 1. We summarize
the above observation as follows, which can be easily verified based on the definition of affiliated
graph.

LEMMA 3.4. For a vertex subset S of V with |S| > 2, S induces a subgraph Gy, ;,1[S] in P (G4, 1.1)
if and only if S induces a CC E[ts,te] [S] ofa[ts,,e].

Based on the above lemma, we can answer a Historical-CSM query by solving a unified query
formulation called Spanning-CC query, formally defined as follows.

Spanning-CC query: Given an affiliated graph G and a time window [t,, t.], the spanning-CC
query over G aims to find all vertex sets, called spanning-CCs, where each vertex set S includes
at least two vertices and induces a CC of Gy, 4, ]-

We remark that the formulated spanning-CC query is CSM-free, as solving it does not rely on
any specific input CSM. In other words, the spanning-CC query algorithm operates purely on the
affiliated graph, abstracting away the input CSM. However, the construction of affiliated graphs is
still CSM-specific which relies on the properties of the input CSM. Nonetheless, this step can be
regarded as a one-time pre-processing for all subsequent queries.

Discussion. We note that the Historical-CC query can be regarded as a special case of the Spanning-
CC query (since the former performs on a graph with temporal edges while the latter performs on
a graph with spanning edges). As a result, existing methods for answering Historical-CC queries
cannot be adopted for solving the newly formulated Spanning-CC query. We will present an
index-based method for the latter in the following sections.

3.2 Our Index-based Solution: AF-3DT

Consider an affiliated graph G and a time window [¢,, t.]. To answer the spanning-CC query, a
simple online approach is to find all CCs in the projected graph 5[ t,.t,] using the Depth-First Search
(DFS) and the Union-Find data structure. This online method runs in O(n + ), where m = ||, due
to the DFS procedure. To improve efficiency, we propose an index-based solution, called AF-3DT
(Affiliated-Forest-based 3-D Range Tree Index), which utilizes the novel concept of affiliated forests
introduced in Section 3.2.1 together with the classic 3-D range tree. Section 3.2.2 explains the
rationale behind AF-3DT and how it answers queries efficiently, while Section 3.2.3 describes the
construction of the index structure. Using AF-3DT, the query can be answered in O(n +log? m). We
elaborate on the details below.

We first observe that all CCs in a projected graph form its spanning forest, where each CC
corresponds to a spanning tree. Retrieving all CCs from a spanning forest with n vertices can
be done optimally in O(n) via DFS (note that a spanning forest consists of at most n — 1 edges).
Hence, our idea is to build indices for some spanning edges in the affiliated graph so as to efficiently
identify the spanning forest of a projected graph é[ts,te] and retrieve all CCs when answering the
spanning-CC query with a time window [, f.].
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3.2.1 Affiliated forests. We start with the following definition.

Definition 3.5 (Affiliated forest). Given an affiliated graph G and a time window [t t.], an affiliated
forest (V, F+,+,) over [ts, t.] includes the edge set 7. ;. C {(u,0,t1,12) € & | [t ty] C [ts t.]} such
that (1) the projected graph of (V, %3, ;,) over [ts, t.] is a spanning forest ofa[tm,e], and (2) there
exists at most one spanning edge between any two vertices in (V, 7, 1, ).

Clearly, an affiliated forest consists of at most n — 1 edges. Thus, retrieving edges in ;_,, will
help to quickly find the spanning forest of E[ts,te]- We then show how to construct an affiliated
forest for any possible time window, followed by building indices on them for efficient retrieval.
Our method BuildAF has two phases, as visualized in Figure 4(a). We give the details of BuildAF
below.

o Phase-I: Initialization. For 0 < t < tp,y, let (V, E;;) be an arbitrary spanning forest of E[t’t].
We add to ¥+, a spanning edge (u, v, t,t) for each edge (u,0) in E;;, formally,

7:t,t = {(u> o, t’ t) | (u’ 0) € Et,t}' (3)

e Phase-II: Iterative computations. For 0 < t; < t, < ty,y, We iteratively compute 7, ,, based
on a certain ordering. Specifically, we have t;,x rounds with ¢, varying from 1 to t,,y, and in the
i-th round (i.e., t, = i), we iteratively compute 7, ; for t; from i — 1 to 0. In particular, we compute
Ft,.t, based on the edges (u,0, 5, t.) € & and two sets, namely % 41, and F;_;,—1, previously

obtained in the ordering or Phase-I, as below.

- Step 1. Initialize F;_;, by Fr.+1,z,-

- Step 2. For each edge (u,0,t1,t;) in F;_,—1, if u is not connected to v via a path in (V, F7_;,),
we add (u,0, 1, t2) to Tz, 4, .

— Step 3. For each edge (u,0, 5, t.) in ?, if u is not connected to v via a path in (V, %3, ., ), we
add (u, 0,1y, t2) to Fr, ¢,

The refined version of the affiliated graph from Figure 3, computed by BuildAF, is presented
in Figure 5. In this figure, the grid (x, y) corresponds to an affiliated forest ¥, . For example, %o,
contains two edges (1, 2,0,0) and (1, 3,0, 0). To obtain ¥ ; in BuildAF, we first initialize it as 77 1,
which contains no edges. Then, for each edge in %, we add (u, v, t1, t2) to Fo1 only if u and v are
not currently connected in % ;. In this case, vertices 1 and 2 are not connected, so (1, 2,0,0) is
added to Fy ;.

We then prove the correctness of the above construction by induction. For the base cases ¥;;
with 0 < t < fyax, (V, Fzr) is clearly an affiliated forest based the construction in Phase-1. We
assume that 7 ; with j < t, —lort;+1 < i < t, = j obtained in Phase-II (i.e., those preceding
Fi.t, in the ordering), including % ;,—1 and F;_11,,, are affiliated forests.

For the induction step, we show that (V, #;,.,) is an affiliated forest by contradiction. Suppose
that (V, %7, ,) is not an affiliated forest, and let (V, T) be a spanning forest of Gy;_,,|. We can easily
derive that 7;_;, does not have multiple spanning edges between any pair of two vertices and its
projected graph over [t;, t.] is a forest since (1) edges from % +1,, does not form any multiple edge
or any cycle, and (2) an edge (u, v, t1, t;) or (u,v, t5, t,) in Steps 2-3 of Phase-II can be added to 7% ;,
only when u is not connected to v in %;_,,. Hence, by assumption, we have |77, ;.| < |T| and thus
there exists at least one pair of vertices u” and v’ that are connected in T via an edge (u’,v") but
remain disconnected in 77, ;,. We derive the contradiction by showing that G|, ;.| does not have
the edge (u’,v") since (1) E[tsﬂ,te] (resp. E[ts,te_l]) does not have the edge (u’,v") since otherwise
u’ is connected to v’ in F 41, (resp. ¥, .,—1) and thus F;_,, based on the construction, and (2)
there does not exist spanning edge (u’,v’, 5, t.) in ? since otherwise u’ is connected to v’ in F;

ssle”
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Fig. 4. Illustrating the affiliated forests where each block corresponds to one affiliated forest. In Figure 4(a),
the gray blocks are built in Phase-I while others are built in Phase-1l following the ordering indicated by the
arrows. In Figure 4(b), e is a spanning edge in F3, 1, but not in F; ;(z)41, and e appears in those gray blocks.
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Fig. 5. Illustrating the refined affiliated graph. The entire grid collectively represents the final refined affiliated
graph. The edges shown in cell (x,y) are spanning edges (u, v, ts, t¢) such that t; = x and t, = y.

We remark that (1) the set of affiliated forests is not unique and can be an arbitrary one, and
(2) for those spanning edges that do not appear in the affiliated forests, they are redundant and
can be pruned from the affiliated graph, thereby yielding a refined affiliated graph. For example,
the refined affiliated graph in Figure 5 consists of a total of 12 spanning edges while the original
affiliated graph in Figure 3 has 19 spanning edges. We then show how to build indices over those
spanning edges in the affiliated forests.
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3.2.2 AF-3DT index structure and querying process. Consider the affiliated forests built by BuildAF
and a spanning edge e = (u, v, t1, 1) in the forests. We observe that e appears only in the following
range of affiliated graphs, as visualized in Figure 4(b).

LEMMA 3.6. Given a spanning edgee = (u,v, t1, ). Let T(€) be the timestamp such thate € F;, ()
ande ¢ F;, +(z)+1- An affiliated forest (V, F ) built by BuildAF contains e if and only if

0<x<t,t,<y<1(e). (4)

Proor. We prove this in two dimensions. For the x-dimension, based on Step 1 of Phase-II in
BuildAF, we observe that an affiliated forest (V, ¥, ;) is a superset of the following affiliated forest
(V, Frpt)s e,

VO < x1 € % St < toae Tt 2 Fronit- (5)
For the y-dimension, based on Step 2 of Phase-1I in BuildAF, we observe that if an affiliated forest
(V, F1.y4,) does not contain €, none of the following affiliated forests ¥ ,, will contain it, i.e.,

e¢ 7:t,yl o Vyl < Y2 < tmaxs e¢ 7:t;LJZ (6)

Besides, we note that (u, v, 1, t;) is first added to an affiliated forest %7, ;, by BuildAF either in
Phase-I or in Step 3 of Phase-II (note that it cannot appear in any affiliated forest (V, #,,) with
x >t ory < t; since Fyy is a subset of {(u’,0’,1],1;) € & | [t,t;] € [x,y]}). Finally, based on
Equation (5) and Equation (6), we can easily prove the correctness of the lemma. O

Based on the above lemma, each spanning edge e = (u, v, t1, t) in the affiliated forests corresponds
to a 3-D vector (t1, t;, 7(€)). Clearly, an affiliate forest (V, ¥z, ,,) can be retrieved by finding all
those edges satisfying Equation (4), i.e., s < t; < t; < t, < 7(€). To achieve this efficiently, after

o))
space [9]. We note that each 3-D vector corresponds to a data point (x, y, z) in the 3-D range tree,
and the 3-D orthogonal query with (gx,, gx,» 9y,> 9y,» 21> 9z,)> Which aims to find all data points
satisfying gx1 < x < qx2 A qy1 <Y < @2 A qz1 £ 2 < 2, can be answered in O(k + log2 m) where
k is the number of output data points [9]. Finally, to answer a Spanning-CC query with [, ], we
first retrieve the affiliate forest ¥, ;, by conducting a 3-D orthogonal query with (t;, t, ts, te, te, tmax)
on the 3-D range tree, and then find all CCs with at least two vertices in its projected graph. We

refer to the above process as AF-3DT-Query.

obtaining all 3-D vectors, we organize them via a 3-D range tree, which takes O(m(

LEMMA 3.7. AF-3DT-Query answers a query in O(n + log® m).

Proor. This can be easily verified based on the fact that an affiliated forest contains at most
n — 1 edges. O

3.2.3 Construction of AF-3DT. Given all 3-D vectors, a 3-D range tree can be constructed in
O(mlogm) [9]. One remaining question is how to compute 7(e) for each edge in the affiliated
forests (while filtering out other redundant edges in G). This step can be done by constructing all
affiliated forests using BuildAF, where the time complexity is proven below.

LemMMA 3.8. BuildAF runs in O(a(m) + a(nt?,,)), where a(-) is the inverse Ackerman function.

Proor. To perform the two phases of BuildAF, we make use of a classical disjoint-set (union-
find) data structure [16]. The disjoint-set data structure with n elements is typically implemented
using a forest of trees where each tree represents a set, and the root of each tree serves as the
representative of its set, allowing for efficient operations to check connectivity in a(n) amortized
time and merge sets in O(1) time, where «(-) is the inverse Ackerman function. Specifically, during
Phase-I and Step 3 of Phase-II, we perform connectivity checks for each spanning edges, resulting in
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Algorithm 1: AFDecomp
Input: An affiliated graph G = (V, &)
Output: The set of 3-D vectors (1, 5, 7(e))
1 Obtain the edge ordering (ey, ey, ..., €7;) based on w; (+);
2 Initialize S© «— 0,D « 0, i « 1;
3 foreach edgee; = (u,0,1,,t,) in the ordering do

4 if u and v are not connected in (V,S"~1)) then

5 L S  gi-1) {e:};

6 else

7 €min < the edge with the smallest value of w,(-) among those in the path
connecting u and v;

8 if wy(e;) > wo(emin) then

9 S(i) — S(Fl) U {El} \ {Emin};

10 T(€min) < tp —1,D < D U {emin};

11 else SO — SG-1 .

12 foreach edgee in S do 7(€) — tmax;
13 return {{t;, 1, 7(e)) | e € S™ U D};

an amortized time of O(a(m)) in total. Moreover, Step 1 of Phase-II creates a copy of the disjoint-set
structure, requiring O(n) time. Then, Step 2 has at most n times of connectivity checks, incurring
O(a(n)) time. These two steps are executed for each ¥, ;,, of which there are O(#%,,) in total.

Consequently, the overall time complexity of the algorithm BuildAF is O(a(m) + a(nt?,,)). O

However, this approach is time-consuming due to the need to construct O(t2,,) affiliated forests.
To address this, we instead introduce an efficient affiliated forest decomposition method called
AFDecomp. The idea is to utilize the overlaps between different affiliated forests to avoid building
each one from scratch.

For each spanning edge e in the affiliated forests, we have

e € Foree) and € € For(e)+1> (7)

according to Equation (5). Therefore, to compute all 7 values, we only need to construct fpx
affiliated forests, i.e., (V,%o0), (V. Fo1), -, (V, For,.,)- Besides, these fy,y affiliated forests also
have some overlapping structures and thus can be built in an efficient bottom-up manner. Below,
we elaborate on the details.

We first define two types of weights for each spanning edge € = (1,0, t1, t;) in G as below.

wl(E) = (t2 + 1) X tmax — t1, (‘02(5) = (tl + 1) X tmax — t2. (8)
Let (ey, e, ..., €7 be a sequence of edges in & called w1-edge ordering, which is sorted in a non-
decreasing order w.r.t. i (+), i.e.,

wl(Ei) < 601(5]), 1<i< ] <m. (9)

We note that one spanning edge (u, 0, t1, t2) comes before the other (u’,v’, t},t;) in the ordering if
(1)t <tjor(2)t,=t)but t; > t].

We summarize AFDecomp in Algorithm 1. AFDecomp iteratively considers adding a spanning

edge (u, 9,11, tz) to a graph (V,S), which is initially empty and globally maintained (as a spanning
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forest), based on a certain edge ordering (€1, €, ..., €r) (Lines 3-11). In particular, if u and v are not
connected in (V,S), the spanning edge (u, v, t1, t;) is directly added to S (Lines 4-5); otherwise, it
is replaced with the spanning edge ep,;, with the smallest value of w; among those edges in the
path connecting u and v (Lines 6-10). We note that there exists some spanning edges that do not
fall into the above two cases, i.e., u is connected to v in (V,S) and w(€) < w3 (€min) (Line 11). We
remark that maintaining S only needs a single set and the notation S is used only to refer to the
edge set S obtained after the i-th round at Line 3.

Correctness. We then show the correctness of AFDecomp. Recall that BuildAF could build different
sets of affiliated forests. Based on the w;-edge ordering, we have the following definition.

Definition 3.9 (w1-based affiliated forests). The w;-based affiliated forests is a set of affiliated
forests built by BuildAF based on the w;-edge ordering as described below.

e In Phase-1, (V,E;;) is the spanning forest of 5“,” with the smallest lexicographic order of
010;...0|E, |, Where o; is the index of edge e,, in the w,-edge ordering;

e In Phase-II, we consider each edge (u,v, t1, t;) or (u,v,t5,t) to be added to ¥, ;, based on the
wi-edge ordering.

We next show that AFDecomp returns the set of 3-D vectors for w;-based affiliated forests in the
following lemma.

LEMMA 3.10. AFDecomp finds the set of 3-D vectors for the w,-based affiliated forests.

Proor. Let {(V, 50,0), -, (V, Tt ) } De the set of w;-based affiliated forests. For any 0 < y <
tmax- let er(y) = (4,0, 11, t2) with 0 < I(y) < m be the last edge in the w;-edge ordering such that

t; = 0 and t; = y. We observe that %, (0 < y < #y4y) can be built by S, formally,
V0 <y <ty STW) = 75, (10)

The correctness of the above equation can be proved through induction, using a method similar
to the one used to prove the correctness of BuildAF in Section 3.2.1. Based on Equation (10),
those edges removed from S between the I(y — 1)-th round and the I(y)-th round at Line 10, i.e.,
SUG-UN\SUW) are in Fo,y—1 but not in %y ;. Then, by Equation (7), these edges have the 7 value
of y — 1. For the remaining edges in 8™ (i.e., %), they have the 7 value of tyay. In summary, the
correctness of AFDecomp can be guaranteed. O

Time complexity. We note that the iterative procedure corresponds to the problem of incremental
maximum spanning forest maintenance, which can be solved using a link-cut tree structure imple-
mented with common binary trees and splay trees [44]. Hence, the time complexity is bounded by

O(mlogm).
LEMMA 3.11. AFDecomp runs in O(mlogm).

3.3 An Advanced Index-based Solution: AF-BTAS

We note that 3-D orthogonal queries with (s, te, ts, te, ts, tmax) conducted on AF-3DT involve only
2 input variables, i.e., t; and t,; and the 3-D range tree is designed for answering the general 3-D
orthogonal queries with 6 input variables. Motivated by this, we propose to design a specialized
index structure, called Binary Tree with Auxiliary Substructures (BTAS), for better answering the
former queries (which finds all data points (x, y, z) such that x < t; < y < t, < z for any input time
window [fs, t.]). As a result, our affiliated-forest-based index solution with BTAS, named AF-BTAS
(Affiliated-Forest-based BTAS Index), can be built in O(m log m) and answers a spanning-CC query
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Fig. 6. The recursive structure of BTAS

in O(n + log® m), which is the same as AF-3DT. We remark that AF-BTAS takes O(m) space which
is smaller than that of AF-3DT. Below, we elaborate on the details.

Index structure and construction. Given the set of 3-D vectors P = {(x1, Y1, 21), ..., (X|p|> Y|p|> Z|p|) }
(or, data points), our proposed BTAS T is a binary tree with auxiliary substructures. It can be built
by recursively partitioning the set of data points into several smaller subsets, with each subset
maintained in the corresponding subtrees or auxiliary substructures. Specifically, the BTAS T can
be defined recursively as follows. See Figure 6 for illustration.

(1) If the data point set P = 0, BTAS T is an empty tree;

(2) Otherwise, we define med by the median of the set of numbers {y1,...,y/p, 2z1,...,2p|}. We
can partition the data points in P into three disjoint sets of data point Pjefs, Prmia, and Prighs:

Prefr :=={(x,1y,2) € P | z < med},

Pia ={(x,y,2) €P |y < med < z},

Pright = {(x,y,2) € P | y > med}.
Let the root node of the current BTAS T be r. Then, we can define:

o the left sub-tree Tjor; of r is a BTAS tree associated with the set of data points Pj.f;;
o the right sub-tree T,y of r is a BTAS tree associated with the set of data points P;gp;.

Moreover, the root node r stores the median med and is associated with the set of P,y using two
auxiliary substructures:
o T, facilitates querying 2-D data points in the set {(x,y) | (x,y,2) € Ppiq}, within the range
@1 <x<qyandy < ¢s.
o T, facilitates querying 2-D data points in the set {(x,z)|(x,y,2z) € Ppiq}, within the range
g1 < x < qzandqz <z
We remark that the two auxiliary substructures in BTAS are implemented using the well-known
priority search tree. In particular, a priority search tree takes input as three parameters gy, q., qy
and returns data points (x, y) that satisfy g, < x < ¢ and q, < y in O(log a + b) time, where a is
the total number of data points stored in the priority search tree and b is the number of reported
data points [35]. For completeness, we summarize the construction of BTAS in Appendix C of [1].
We note that BTAS T is a balanced search tree, since it partitions P using the median med, resulting
in two subtrees of comparable size. Moreover, the height of BTAS is O(log m). Finally, we analyze
the time and space complexity as follows.

LEMMA 3.12. The construction of BTAS runs in O(mlogm) and BTAS-Index costs O(m) space.
Proor. The BTAS structure is built recursively. For each recursion, the time complexity is

dominated by the index construction time of the priority search tree Ty, and T, in Lines 9-10 of
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Algorithm ??. According to [35], the priority search trees Ty, and Ty, with |Pp,;q| data points take
O(|Ppmial log |Pmiql) time. Hence, the time in each recursion is O(m + |Ppiq|log |Ppiq). Then, it is
easy to see the total complexity of Algorithm ?? is O(m logm).

For the space complexity, we can observe that (1) each data point is only stored in one tree node
in a BTAS tree, and (2) each data point is stored at most twice in the two priority search trees.
Thus, the total space complexity is O(m). O

Query processing. Given a time window [, . ], based on the BTAS structure, we can efficiently
identify the affiliated forest by finding data points (x, y, z) that satisfy the condition t; < x <y <
te < z (Lines 1-2), and thus answer a spanning-CC query efficiently (Line 3). In particular, the
procedure BTAS-Query-Rec corresponds to the procedure of finding data points from BTAS. In
general, it descends recursively along a path in BTAS, which starts from the root node to one of the
leaf nodes. Along the path, it aggregates the sets of data points that meet the required condition in
both the tree nodes and the auxiliary substructures. Upon reaching the leaf of T, the final set is
returned. Specifically, starting with the root, we have the following cases.

(1) We first consider Pj.f; and Pyigp; in sub-trees of the current T.

(@) If t. < med, we search along the left sub-tree since any data point in Py, satisfies y >
med > t, and thus violates the query condition y < t,.

(b) If t, > med, we search along the right sub-tree since any data point in Py; satisfies t, >
med > z and thus violates the query condition t, < z.

(c) If t, = med, the data points in the final result set cannot lie in either sub-tree, and we handle
these data points in the auxiliary substructures.

(2) We next consider P,,;4y and its two auxiliary substructures in the root node of the current T.
In particular, we adopt the well-known priority search tree [35] to implement the auxiliary
substructures; and PST-Query is the procedure for querying 2-D data points (details can be
found in the technical report [1]).

(a) If t, < med, we know that ¢, < z is already satisfied for all data points in P,,;4. Thus, we focus
on the query condition t; < x < y < t,, and obtain the related data points using the auxiliary
substructure Ty.

(b) If t, > med, we know that y < t, is already satisfied for all data points in Py,;4. Thus, we
focus on the query condition t; < x A t, < z, and obtain the related data points using the
auxiliary substructure T,.

We summarize the query processing based on BTAS T in Appendix C of [1]. It is easy to verify
the correctness of Algorithm ?? based on the above discussion. We then analyze the time complexity
as below.

LEMMA 3.13. BTAS-Query answers a query in O(n + log® m).

Proor. The time complexity is bounded by the part of finding data points from BTAS at Line 2.
Specifically, ?? would be recursively invoked O(log m) rounds and each round will visit a tree node
since the height of a BTAS T is O(logm) and there are at most m data points in BTAS. Besides,
for each round, the time cost is bounded by that of PST-Query, which runs in O(logm) time [35].
Finally, at most n — 1 data points will be returned since each corresponds to an edge in the affiliated
forest ¥y, ;,]. Therefore, the total complexity is O(log® m + n). O

3.4 Summary and His-CSM Query Instances

Given a temporal graph G and a non-overlapping and monotonic CSM P, our framework involves
three components, namely affiliated graph construction, index construction over affiliated forests,
and query processing, as summarized in Table 1.

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 226. Publication date: June 2026.



226:16 Yinyu Liu, Kaiqiang Yu, Shengxin Liu, Cheng Long, and Xun Zhou

Table 1. Comparison among different algorithms, where n and m denote the number of vertices and edges in
G, respectively. Let m* be the number of edges in G, ], and let m be the number of edges in the affiliated
graph. The quantities T and [ are theoretically bounded by tmax, and Dmax is the maximum degree. The
authors of [57] claim that TSF answers a query in O(n), which ignores the cost of collecting edges from the
index. Based on the TSF implementation, the actual query time is O(n + t;).

Algorithm CSM model  Affiliated graph construction  Index construction Index space Query processing
AF-3DT CSM-free O(n? - tinax - f(P.G)) O(mlogm)  O(m(peer=)?)  O(n+log’ )
AF-BTAS CSM-free O(n? - tax - f(P.G)) O(mlogm) O(m) O(n +log?m)
BTAS-CC His-CC O(n+m) O(mlogm) o(m) O(n +log?m)
TSF [57] His-CC NA. O (Mitmax) o(m) O(n+ts)
BTAS-Core  His-Core O(m* -t - Diay) O(mlogm) O(m) O(n+ log2 m)
PHC [63, 64]  His-Core N.A. O(m* -t - Dpax) o(m* - t) O(n-logt)
MCTS [50]  His-Core NA. O(m* -1 Dpay) o(m*-1) O(n -logl)

Algorithm 2: Construction(?,G)
Input: The temporal graph G = (V, &) and a CSM P
Output: An affiliated graph G

18— 0;

2 foreach pair of verticesu andv inV do

3 [ts, te] < [0,0];

4 while ¢, is no larger than ty,.x do

5 P(G[ts,te]) “— OnlineQ(P)(G[t&te]);

6 if u, v are in the same subgraph in P (Gyy,;,1) then

7 while t; < t, and u,v are in the same subgraph in P (Gyy, r,1) do

[ts’ te] — [ts +1, te] 5
8 — 8 U {(uavy ts - 1’ te)};
9 | [ te] [t te + 115

10 return E(V, 5);

One remaining issue is how to computeg for constructing G basedon G and P. Let OnlineQ(P)(G)
be a procedure which receives a graph as the input and returns all CSMs in $(G). We note that its
implementation has been widely studied for many CSMs, e.g., k-core [13, 24], (a,f)-core [30], and
connected components [16]. Besides, we denote by f(#, G) the running time of OnlineQ(P)(G).
Based on this procedure, we present an algorithm Construction for constructing G in Algo-
rithm 2. The correctness can be easily verified. Besides, we can derive that (1) Construction runs
in O(JV|? - tmax - f(P,G)) and (2) the number of spanning edges in G is bounded by |V [*tay.! We
remark that Construction is a general method for various CSMs, which can be further improved
for specific CSMs, as described in the following.

We then adopt our AF-BTAS for solving two His-CSM query instances, namely His-CC query
and His-Core query, which have been studied in the literature [57, 63]. The corresponding index

INote that each spanning edge in the affiliated graph is associated with a pair of timestamps [, ¢ ] representing the
interval instead of one timestamp. Thus, an arbitrary affiliated graph can contain O(|V|?£2,,) spanning edges since (1) the
number of edges in the projected graph is bound by |V'|? and (2) an edge can have up to t2,,, time intervals. In addition, the
bound |V |?¢may applies generally to all CSMs. For some specific CSM, a tighter bound can be derived.
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solutions are called BTAS-CC and BTAS-Core, respectively. We note that both CC and k-core are
non-overlapping and monotonic according to Lemma 2.3. Below, we provide the details.

BTAS-CC for His-CC query. Given a temporal graph G = (V,&), we observe that G =
(V,{(u,0,t,t) | (u,0,t) € E}) is an affiliated graph according to Definition 3.3 since (1) each
spanning edge (u,v,t,t) corresponds to a minimal u-0-TW, i.e., u and v are in the same CC in G, 1,
and (2) the constraint (that  and v are in the same CC in Gy, if and only if u is reachable to v in
E[ts;tej) is satisfied since Gy, ;,] is the same as El[SsteJ'

We note that the affiliated graph G can be efficiently obtained in O(n + m), which is also sparser
than that obtained by Construction. Then, we can construct the corresponding BTAS index
structure in O(m logm) by AFDecomp and BTAS-Construction (note that m is no greater than m
based on the built affiliated graph). Finally, we can answer the His-CC queries in O(n + log® m) by
using BTAS-Query. We call the above adaptation BTAS-CC and summarize in Table 1. In particular,
compared to the SOTA TSF [57] for answering His-CC query, our BTAS-CC has following benefits.
First, BTAS-CC has the time cost for index construction and query processing practically and
theoretically smaller than that of TSF (as verified in Figure 10). The possible reasons include (1)
AFDecomp will filter out some redundant edges from the affiliated graph, and (2) TSF needs to iterate
each timestamp from 1 to t; for answering a His-CC query. Second, BTAS-CC has a space cost
comparable to that of TSF in both theory and practice (as verified in the experiments).

BTAS-Core for His-Core query. The affiliated graph can be built by adopting existing historical
k-core enumeration methods [45, 58]. Specifically, they can list all distinct k-cores along with their
minimal time intervals in O(m*-t-Dyay ), as summarized in Table 1. Then, we follow our index-based
framework for building the index and answering the queries. We observe that our BTAS-Core
outperforms the SOTA PHC theoretically and practically. In the worst case, BTAS-Core has the
time cost for query processing bounded by O(n + log?(m)) 2, while PHC has that bounded by
O(nlog tmax)-

Remark on index maintenance.

Our index structure supports incremental updates when new edges arrive. First, when edges
with timestamp #yax + 1 are inserted, we update the refined affiliated graph. To do this, we run
Algorithm 1 only on the new edges (Lines 3-13), initializing with the previously computed refined
affiliated graph (i.e., S(*) in Line 2 now corresponds to the previously computed refined affiliated
graph with timestamp at most tyax). Because edges are processed in increasing order of w;, the new
edges are correctly incorporated into the existing refined affiliated graph. Let m* be the number of
new edges and m the number of edges in the previous refined affiliated graph. The time complexity
of this phase is O(m™ log(m + m*)). Second, these modifications are propagated to our index
structure BTAS. For any edge whose 7 value has changed or which becomes a new spanning edge,
the corresponding entry in BTAS is updated. As BTAS is a tree-of-trees with balanced structures,
each update requires traversing only a logarithmic-height path. Since there are O(m*) such updates,
this phase takes O(m* log(m+m™)). Therefore, the overall time complexity of maintaining both the
refined affiliated graph and BTAS under an incremental update of m* edges is O(m* log(m + m™)).
The pseudo-code for our index maintenance is provided in Appendix [1].

Extensions to other temporal models. Our framework can be generalized to continuous-time
and interval-based temporal graphs.
Continuous-time graphs. While our model assumes discrete timestamps, it extends to continuous-

time graphs through a standard discretization strategy. Since the set of temporal edges is finite, we

2t is challenging to give a simple formula for the number of spanning edges 7, but the size is bounded according to the
index size analysis in [64].
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Table 2. Statistics of all datasets

Datasets V] |&] tmax
contact (CT) 275 28,244 15,662
ColledgeMsg (CM) 1,862 59,835 58,910
sx-superuser (SU) 159,481 144,339 143,198
email-Eu-core (EE) 966 332,334 207,879
sx-mathoverflow (MO) 21,980 506,550 505,783
facebook-wosn-links (FL) 63,732 817,035 333,924
sx-askubuntu (AU) 127,047 964,437 960,865
mit (MI) 97 1,086,404 33,452
wiki-talk-temporal (WT) 1,120,716 7,833,140 7,375,041
youtube-u-growth (YG) 3,223,590 9,375,374 203
wikipedia-growth (WG) 1,870,710 39,953,145 2,198
sx-stackoverflow (SO) 2,296,666 63,497,050 52,423,236

can identify all unique edge appearance and disappearance timestamps to form a sorted sequence
of critical event points. These points define a discretized timeline where the graph topology
remains invariant between any two consecutive event points. Because this discretization captures
every potential topological change, it preserves the exact semantics of Historical-CSM queries.
Consequently, our index construction and query processing algorithms remain applicable to this
discretized timeline without modification.

Interval-based graphs. Similarly, our framework naturally supports general interval-based temporal

graphs where each edge is associated with an active duration [t, t;]. To support this, we only need
to adapt the definition of the projected graph G, ;.. Specifically, we redefine the projected edge
set E[;, ;,] to include all edges whose active intervals overlap with the query window: Ef; ;1 =
{(w,0) | (W,0,t1,t2) € &, [t1, t2] N [ts, t] # O}. With this updated projection rule, our underlying
index structure and search algorithms remain valid and effective.

4 Experiments

We conduct extensive experiments to evaluate the performance of our proposed AF-BTAS. In
particular, we adapt our AF-BTAS to His-CC and His-Core queries (described in Section 3.4)
and compare the resulting adaptations, namely BTAS-CC and BTAS-Core, with the state-of-
the-art methods TSF [57] (for His-CC) and PHC [63] and MCTS [50] (for His-Core), respec-
tively. All algorithms are implemented in C++, compiled with g++ -O3, and run on a Linux
machine with Intel Xeon 2.60GHz CPU and 256GB RAM. Our source codes are available at
https://anonymous.4open.science/r/Querying-Cohesive-Subgraphs-in-Temporal-Graphs-C38D. We
evaluate the algorithms on 12 real-world datasets collected from SNAP? and KONECT projects®.
The statistics of all datasets are shown in Table 2.

4.1 Experiments for Historical-CC Queries

Query processing. We generate 10, 000 random queries with different time intervals of [¢;, t.],
We follow the experimental setup in previous works [50, 57, 63, 64] to sample both the query

length L and the start time #; uniformly. Specifically, intervals are generated by first sampling the

query length L uniformly from [0, tyax], and then sampling the start time t; ~ Uniform[0, tmay — L],

Shttps://snap.stanford.edu/data/
“http://konect.cc/networks/
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Fig. 7. Average time cost per query for Historical-CC

with t, = ts + L. The rationale is to conduct experiments that cover the entire parameter space,
ranging from short to long queries, without bias towards any specific pattern. °

The average time cost per query on each dataset is shown in Figure 7. We have the following
observations. First, our approach BTAS-CC is generally faster and achieves up to 20X speedups
(on the EE and MI datasets) compared with the SOTA TSF. Moreover, we note that the results of
the TSF index on the WT and SO datasets are marked as N/A since we are unable to complete
the index construction within 24 hours. Besides, the online method does not need to construct
the related index but shows the worst performance in terms of query processing. Second, the
TSF index has a better performance on the YG and WG datasets. This may be due to the fact that
the largest values of timestamp f,x in these two datasets — 203 for YG and 2,198 for WG — are
relatively small compared with the scale of datasets (YG and WG have 9,375,374 and 39,953,145
temporal edges, respectively). In such cases, iterating through timestamps in the TSF approach
becomes less time-consuming.

We also evaluate the time cost per query against different query time intervals, i.e., t, — 5, in
Figure 8. Specifically, we set the interval sizes to as 20%, 40%, 60%, and 80% of ty.x and record the
average running time of 10,000 queries with each query interval size. We can see that our method
BTAS-CC outperforms TSF and online in most cases, particularly when the size of query interval
is small. For example, our method achieves up to 60X speedups on the EE and MI datasets when
the interval size is 20% of .. However, as the time interval size increases, the performance gap
narrows, where TSF has a better performance on the query interval of 80%#,.x in some datasets.
This is because the query performance of TSF depends on the value of f,,,x and performs better
when the query interval is large, say at least 80%tmax. On the other hand, our approach BTAS-CC
is suitable for different query time intervals.

To investigate the impact of t,,x on query performance, we conduct additional experiments
on synthetic datasets based on EE and MO. We systematically vary the maximum timestamp #myax
from 5,000 to 50,000 with a step size of 5,000 by aggregating temporal snapshots to alter the time
granularity. For the queries, we randomly select intervals whose lengths were fixed at 40% of tyax.
The average query time as a function of t,,,x is shown in Figure 9. We observe that the query time
for both algorithms tends to increase as tyax grows. While TSF is initially faster when f,,« is small,
its query time increases more rapidly than that of our method as t,x increases. This may be due to

SWe acknowledge that real-world workloads are often skewed (e.g., financial fraud detection favors short windows, whereas
trend analysis typically spans longer periods). Thus, in Figures 8 and 13, we also evaluate the practical performance of all
algorithms using fixed short or long query windows, e.g., fixed at 20%, 40%, 60%, or 80% of fmax.
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TSF’s reliance on timestamp iteration, which becomes a bottleneck as t,,y increases; in contrast,
our query algorithm is robust to changes in fp,y.

Index construction. We first compare the efficiency of index construction on all datasets in
Figure 10. As mentioned, the TSF method cannot construct the index within 24 hours on the WT
and SO datasets. From Figure 10, it is clear to see that in most cases, our index construction method
outperforms the TSF in terms of running time. In particular, we can construct our BTAS-CC index
in 7.5 seconds on the WT dataset, while we are unable to build the TSF index even after spending
more than 24 hours. The performance for index construction is in line with the theoretical result
that the construction time of our method costs O(m logm) while that of TSF requires O (7 - tmax)
(as in Table 1). Besides, we report the space consumption of different methods in Figure 11. We can
see that these two index structures BTAS-CC and TSF occupy nearly the same amount of space
across most datasets, which is also implied by the same space complexity of O(m) for both index
structures. However, on the YG and WG datasets, BTAS-CC consumes slightly more space than
TSF. The observed differences in index size may be attributed to the fact that TSF is more sensitive
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to the maximum timestamp t,,, due to implementation details: when £y, is relatively small (e.g.,
203 for YG and 2,198 for WG), TSF stores fewer temporal entries and therefore consumes less space.

4.2 Experiments for Historical-Core Queries

Query processing. We investigate the performance of query processing by varying the size of
the input query time interval. Specifically, we first evaluate the average time cost for queries with
100, 000 randomly selected pairs of t; and t, when k = 30%kpax in Figure 12. From the results, we
can see that (1) the online method cannot complete 100, 000 queries in 12 hours for the WT, YG,
and WG datasets; and (2) for the YG dataset, our method BTAS-Core runs 730X faster than PHC
index and 30X faster than MCTS index.

Then, we vary the query interval size as 20%, 40%, 60%, and 80% of tmayx , and set the parameter
k as 10%,30%, 50%, 70% and 90% of k.. For each combination of query interval size L and k, we
randomly generate 100,000 queries by sampling the start time t; uniformly from [0, fax — L]
(setting t, = ts + L), following the same procedure as for His-CC queries. Figure 13 shows the
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Fig. 13. Historical-Core query time with k = 30%kmax by varying query time interval sizes

average time cost per query for k = 30%kmax (the results for other values of k are provided in
Appendix E of [1]).

From Figure 13, we can observe that our method BTAS-Core outperforms the His-Core method

PHC and the online method in all instances. Moreover, it surpasses MCTS in most cases, except
on the MI dataset with k = 12 and the query interval size is 80% of tpax. In a few corner cases,
particularly when the query interval is small and the value of k is large, there is often no resulting k-
core. In these situations, both MCTS and BTAS-Core can terminate early with minimal computation.
In contrast, PHC suffers from having to iterate over all vertices, leading to significantly higher
computation time. For example, BTAS-Core outperforms PHC by at least 100 times across all
parameter combinations tested on the YG dataset. Moreover, the query time of BTAS-Core increases
as the interval size increases. This is because a larger interval size involves more vertices in the
k-core, requiring BTAS-Core to search through more tree nodes in a BTAS-Core tree. We next
conduct experiments by varying the values of k on the FL and SU datasets in Appendix E of [1].
We conclude that the query time of all indices decreases monotonically with increasing k, since a
larger k implies fewer vertices in the resulting k-core.
Index construction. We report the time cost required for constructing the index structures for
the datasets used in our experiments. Note that the construction methods for Historical-Core
queries build the structures for all values of k at once. The results are shown in Figure 14. All three
algorithms BTAS-Core, PHC, and MCTS involve computing changes in vertex core numbers over
time windows, which is the most time-consuming step, leading to similar execution time for both
methods. Note that the result on the SO dataset is not included as we are unable to construct both
index structures within 24 hours. Additionally, we measure and report the space consumption of
index structure in Figure 15. BTAS-Core generally occupies slightly more space than PHC and
MCTS.
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5 Related Work

Historical-CSM queries in temporal graphs. The problem of Historical-CSM queries in temporal
graphs has attracted tremendous attention, which aims to design indices for efficient retrieval of
CSMs within an arbitrary time interval. The k-core model has been a central topic in the study of
Historical-CSM queries. Yu et al. [63, 64] introduced the problem of historical k-core query and
proposed the PHC-Index to efficiently address the problem. Building upon this work, Wang et al.
[50] further improved the indexing strategy by proposing the MCTS-Index, which organizes vertices
in a list of shells. This design demonstrates superior efficiency, particularly when the resulting
k-core is relatively small. Later, Yang et al. [59] developed the EF-index to support the query of
historical k-core component, given a specific vertex and time interval. Additionally, Tian et al. [48]
and Li et al. [27] investigated the historical («, f)-core model in temporal bipartite graphs. Besides
core-like structures, Xie et al. [57] focused on the (strongly) connected components and studied
the corresponding historical queries in temporal graphs. Recently, Chen et al. [10] considered the
historical queries for maximal clique. In parallel, Tan et al. [46] studied the problem of efficiently
querying k-trusses on temporal graphs and proposed two indices, which significantly improve
query performance by avoiding repeated truss decompositions.

Other CSM problems in temporal graphs. There exist other CSM problems with different goals
in temporal graphs. Yang et al. [58] and Zhong et al. [65] developed efficient online algorithms to
identify all distinct historical k-cores, as well as k-cores that meet specific constraining conditions,
across various time intervals. Galimberti et al. [19] introduced the concept of span-core, where
two vertices must interact throughout the entire interval, and developed a core decomposition
algorithm for this model. Similarly, Lotito and Montresor [31] introduced the concept of span-
truss. Other studies have explored various time-relevant metrics for k-cores in temporal graphs,
such as interaction frequency [2, 55], persistence [26], burstiness [40], continuity [28], temporal
proximity [29], and reliability [47]. Besides, Guo and Sekerinski [20] studied how to maintain the
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core structure when a new edge is appended in the temporal setting, while Yang et al. [60] studied
the quasi-clique in temporal graphs. Another related structure is the (k, [)-plex, where a vertex set
forms a k-plex in at least [ timestamps [56].

There are some other related studies include (1) the CSM-related problems on static graphs (e.g.,
k-plex [7, 8], k-core [3, 13], k-truss [15, 23, 49], y-quasi-clique [62], k-defective clique [6, 17, 18],
and densest subgraph [32]); and (2) queries (that are not related to CSMs) on temporal graphs (e.g.,
shortest path [54], historical connectivity between two vertices [45], reachability [43, 53], shortest
path [54], communication motifs [21], and structural diversity [11]).

We note that our index is theoretically grounded in CSMs that satisfy both the non-overlapping and
monotonic properties. This scope covers a broad range of connectivity- and core-based structures,
including connected components, k-cores, connected k-cores, and k-ECCs. It also extends to variants
on specialized graphs, such as (a, f)-cores in bipartite graphs and strongly connected components
in directed graphs. However, our method does not support CSMs that permit arbitrary overlaps and
lack a strict containment hierarchy under edge insertions, such as quasi-cliques or k-plexes. Within
the extensive list of CSMs, the monotonic and non-overlapping models constitute a dominant and
fundamental class. This is because (1) monotonicity guarantees that communities are preserved or
can grow when the graph is expanded, ensuring consistent community membership as the graph
evolves; and (2) the non-overlapping property enables a strict partitioning of the vertices in the
graph, which is crucial for ensuring unambiguous community membership. As a result, CSMs
satisfying these properties typically admit polynomial-time (often linear-time) solutions, making
them the standard choice for scalable mining on massive graphs. Conversely, relaxation models
lacking these properties often lead to NP-hard problems (e.g., maximum k-plex problem), restricting
their utility in large-scale system applications. By targeting this class, our index covers many of
the widely adopted and algorithmically tractable definitions in the literature.

6 Conclusion

In this paper, we study the problem of historical non-overlapping and monotonic cohesive subgraph
models query (Historical-CSM), which includes the well-known Historical-CC and Historical-Core
queries. To solve the problem, we propose two unified index-based frameworks, called AF-3DT and
AF-BTAS. Finally, extensive experiments are conducted and the results demonstrate the practical
superiority of our method AF-BTAS over the state-of-the-art methods for answering Historical-CC
and Historical-Core queries. In the future, we will explore the possibility of adapting our unified
framework to other types of CSMs.
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