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Matrix multiplication is commonly used in many data-intensive applications, such as in analytics, machine
learning, and scientific computing. While the data inputs and data outputs of matrix multiplication often
originate from and are stored in relational databases, the matrix multiplication process itself is typically
performed outside of the database in order to use existing libraries and tools that are not part of the database.
This introduces the overhead of data export and import in the data processing pipeline, while raising data
privacy concerns.

We propose SPALM (Sparsity-Pattern-Adaptive Library for Matrices), a library that performs sparsity-
sensitive matrix multiplication. SPALM utilizes a novel matrix multiplication algorithm that applies different
matrix multiplication techniques depending on the sparsity of fine-grained regions of the matrices, and does
not require the user to have any prior knowledge of the sparsity patterns to get good performance. We show
through experiments that SPALM achieves up to 34× speedup on tasks involving both real-world and synthetic
matrices with varying sparsity patterns compared to popular matrix multiplication libraries on CPUs. We
also integrate SPALM as an operator in DuckDB, which allows users to declaratively specify tasks involving
matrix multiplication in the context of a database.
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1 Introduction
Matrix multiplication is used in many domains, such as subgraph matching [56], shortest-path
finding [8], cycle detection [7], linear solvers [3] and Machine Learning (ML) [6, 43, 61]. Many
of the data inputs and outputs of applications involving matrix multiplication frequently come
from and are stored in relational databases [37, 52], especially with the widespread adoption and
increasing scale of cloud data storage and database services such as Amazon Redshift, Azure SQL,
and Google BigQuery. Typically, however, the matrix multiplication process itself is done outside
of the database in order to utilize highly optimized libraries and tools that have been developed
independently of relational databases [37, 50]. Using these external libraries and tools introduces
performance and usability drawbacks as importing and exporting data into a separate execution
framework is expensive and adds significant operational complexity, as well as raising privacy
concerns [1]. Executing matrix multiplication outside of the database also puts the burden of
finding a performant matrix multiplication algorithm for the input data on the user, which can be a
nontrivial task for sparse matrices.

Popular applications involving sparse matrices include graph processing [7, 8, 25, 56], and natural
joins and group-by aggregates on relational data [14, 23, 24]. In ML, users may want to introduce
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sparsity to reduce storage costs, and improve energy and inference/training times [2]. Sparsity can
also be introduced to reduce overfitting when training a model [48, 58]. With the popularity of the
transformer deep learning architecture, which is used in many common applications such as Large
Language Models, much research effort has been given to introducing sparsity to the attention
mechanism [10, 11, 42, 62], which is the transformer’s core operation and can be done via matrix
multiplication.
In order to get good performance for matrix multiplication involving sparse matrices, the user

must choose the right matrix multiplication algorithm depending on the sparsity of the data.
Different algorithms are used depending on whether one or both of the matrices are sparse, or if
both matrices are dense. However, choosing the right algorithm is not a trivial task, as users need
to know about the sparsity of their data in advance, which becomes an even harder task to do if
the user does some processing on the data before the actual matrix multiplication. For example,
a graph dataset user may prune out vertices they are not interested in. This is also nontrivial to
do in a data pipeline involving several matrix multiplications, where the user may not be able
to predict the sparsity of intermediate result matrices. While it is possible to simply count the
number of non-zero elements in a matrix and calculate sparsity automatically, not only does the
sparsity threshold at which matrix multiplication algorithm becomes optimal differ frommachine to
machine, the user may leave performance on the table as sparsity is not considered at a fine-grained
level. Different sparsity patterns affect matrix multiplication algorithms differently, and a quick
look at the SuiteSparse Matrix Collection [13, 29] shows a variety of different sparsity patterns in
real-world data. Thus, it is not an easy task for the user to find or implement the optimal matrix
multiplication algorithm for their application, especially if they are working with several different
machines and datasets.
Previous work [14, 24] aims to address these issues by implementing sparsity-sensitive matrix

multiplication algorithms to accelerate queries on relational data that can be mapped to matrix
multiplication. They use coarse sparsity analysis methods that rely on counting the number of
non-zero elements in an entire row or column, which cannot pick up on more detailed sparsity
patterns in the data. They also either do not use low-level loop optimization techniques present in
fast matrix multiplication algorithms for CPUs, or call optimized matrix multiplication libraries as
a black box, which limits their applications in scenarios where the input data is neither very dense
nor very sparse.

We introduce SPALM (Sparsity-Pattern-Adaptive Library for Matrices), a library that enables the
user to achieve fast matrix multiplication without requiring the user to know about the sparsity
characteristics of their data or their machine. SPALM groups subrows of the matrix into partitions,
called ‘slices’ in the paper, and then uses different algorithms to multiply the slices based on the
slice’s density. While the idea of partitioning a matrix and applying a different matrix multiplication
algorithm depending on partition density thresholds is not new, this is only a part of what SPALM
does. An overview of SPALM’s technical novelties is as follows:
Novel inter-partition processing algorithm: SPALM uses a novel inter-partition processing algo-

rithm which is more sophisticated than previous methods of simply iterating through pairs of
partitions and applying a specific matrix multiplication algorithm depending on the density of
the partitions. For partitions requiring dense matrix multiplication, SPALM uses a tiled partition
iteration algorithm that goes hand in hand with its small partition sizes to get good memory locality.
For partitions requiring sparse matrix multiplication, SPALM creates a temporary data structure
whose elements are ordered by the density of the partitions they originate from, which allows for
fast performance by amortizing the cost of processing slice boundaries while also getting good
locality.
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Flexible choice of matrix multiplication algorithm depending on the combination of slice densities:
In previous methods, partitions of the matrix are labeled as either ‘sparse’ or ‘dense’ which results
in rigid algorithmic boundaries where there is no overlap between partitions used in sparse-sparse
matrix multiplication and dense-dense matrix multiplication. In contrast, SPALM determines the
matrix multiplication algorithm using the densities from both partitions, which can result in overlap
between partitions participating in sparse and dense matrix multiplication. This design allows
for more granular algorithmic boundaries that can be automatically fine-tuned for each machine.
This overlap is facilitated by SPALM’s sparse matrix multiplication algorithm that orders matrix
elements by their corresponding partition’s densities and uses subrange processing to perform
multiplications.
By integrating SPALM into a relational database, users are able to declaratively write and

efficiently execute queries involving matrix multiplication. By working in the context of a database,
users will also have the benefit of not exporting their data outside of their database if they want to
perform fast matrix multiplication, and will also have better data privacy. Query optimization also
potentially benefits from SPALM. A self-optimizing matrix multiplication operator in which local
optimizations are based on the actual input data to the operator reduces the burden on the query
optimizer. An alternative in which multiple matrix algorithms (dense, sparse, etc.) are available
forces the optimizer to choose the preferred algorithm, likely based on very approximate predicted
statistics.

Our main contributions are as follows:
• We introduce a novel sparsity-aware matrix multiplication algorithm that can handle a wide
range of sparsity patterns, from very sparse matrices to fully dense matrices and implement
it as a library called SPALM. SPALM’s algorithm is based on grouping subrows of the matrix
into matrix slices, and then using different algorithms to multiply the slices based on the
slices’ density.

• We show experimentally that SPALM achieves performance that is better or competitive with
popular, hand-coded matrix multiplication libraries on a variety of different combinations
of matrix sparsity patterns without requiring the user to identify the optimal matrix multi-
plication algorithm. We show SPALM’s effectiveness on matrices from real-world domains
ranging from ML to biology, and on synthetic data with sparsity patterns commonly found
in real-world applications.

• We integrate SPALM as an operator in DuckDB [40]1. A DuckDB user can declaratively
specify tasks that use matrix multiplication and get fast performance without having to know
about the characteristics of their data or their machine.

2 Related Work
ATMULT [27], DHK [14] and DIM3 [24] are most related to SPALM in that their goal is to perform
matrix multiplication or a task similar to matrix multiplication for a wide variety of sparsity ranges
by partitioning the input matrices and applying different algorithms based on the densities of
the partitions. All three methods use partition sizes much larger than SPALM and are thus less
sparsity-sensitive. DHK labels entire rows and columns as sparse or dense depending on their
density, and defines dense partitions as the intersection of dense rows and dense columns. DIM3
horizontally partitions one of the input matrices based on the density of only its rows, and does
not do any sparsity-based partitioning on the other matrix. As such, both DHK and DIM3 are
unable to accurately capture local sparsity patterns that do not span entire rows or columns.

1Source code is available at https://github.com/junyoungkim22/spalm-release/tree/main
and https://github.com/junyoungkim22/duckdb-spalm-release/tree/main
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ATMULT partitions the matrix into submatrices whose minimum size is determined by the system’s
last-level cache size, which on their test machine yields a minimum partition size of 1024 × 1024,
which is 2048 times bigger than the smallest unit of matrix area considered in SPALM, which is a
subrow of size 1 × 512. Each partition in ATMULT is labeled as sparse or dense, and multiplication
between partitions is deferred to existing library functions when possible. Because each matrix
multiplication via a library call is independent of each other, in order to get good performance
each partition-partition multiplication must be big enough for the library to utilize the underlying
system’s memory hierarchy, which forces ATMULT to use large partition sizes, or risk performance
degradation due to hardware underutilization and frequent boundary processing. All three systems
also have rigid algorithm boundaries based on a binary labeling of partitions, which differs from
SPALM’s method of choosing matrix multiplication algorithms based on the participating partition’s
actual densities.

There have been various works on optimizing sparse-sparse or sparse-densematrix multiplication.
[47] divides a sparse matrix into tiles, and uses a different sparse algorithm depending on the density.
Unlike SPALM, it does not consider sparse-dense or dense-dense matrix multiplication. [63] uses
bitmaps to represent non-zero elements in sparse matrices and uses them in multiplication, similar
to the bitsets used in very dense slices in SPALM. It differs from our work in that it mainly targets
sparse matrices and is suboptimal for dense matrices. [59] shows how register reuse can be used
for sparse-dense matrix multiplication. It differs from our work in that it does not consider sparsity
patterns on the dense matrix.

There is various work on mixing sparse and dense matrix multiplication on different hardware.
[25] divides and reorders a matrix into sparse and dense regions, and implements hardware to
optimize memory movement. [36] stores sparse matrices in tiles and uses a sparsified version of
dense matrix multiplication to multiply tiles together, which is similar to SPALM. However, its data
structure targets GPUs instead, and its dense matrix multiplication algorithm, if translated to a
CPU setting, is not optimized for locality for each level of the cache.

Recently, there has been much work on performing ML in a database. [49] does LLM inference on
CPUs using DuckDB as the runtime, and represents matrices as chunks similar to how SPALM uses
slices to represent matrices. However, the way the chunks are stored in the index space is different,
and sparsity of the matrices is not considered. [46] shows how users can define and operate on their
own defined data structure, so that a database can operate on a wide variety of storage formats,
such as CSR. [5] shows how Einstein notation, which is used to represent tensor operations such
as matrix multiplication, can be mapped to SQL. [9] shows how linear algebra can be applied to
normalized data. [39] optimizes ML pipelines in a database by combining database operators and
ML operators into a single graph and introduces optimizations that span both types of operators.
[45] learns a linear regression model over factorized joins in a database, and involves efficiently
computing a similarity matrix between elements in normalized tables.
There has been increasing interest in performing ML on CPUs due to demand for AI on edge

devices [19] or privacy or cost issues. Google has released Gemma [51], a family of lightweight
LLMs for CPUs, and Meta maintains the FBGEMM project [28], a high-performance library for
inference on machines including CPUs. Amazon AWS is developing Graviton [31], a CPU optimized
for ML workloads. With the increasing popularity of LLMs, CPUs are attracting more attention as
hardware accelerators face challenges due to limited memory capacity [34]. We expect SPALM to
go hand in hand with this trend and accelerate ML tasks on CPUs.

There has been previous work on optimizing other join + group by patterns that do not map to
matrix multiplication. Techniques including pushing down aggregates [16, 44, 60] and computing
aggregates in hash tables used for joins [33] and parallelizing such techniques [17].
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Fig. 1. Partitioning matrix multiplication into subtasks

3 Preliminaries
We outline existing matrix multiplication algorithms for CPUs.

3.1 Dense-Dense Matrix Multiplication (GEMM)
Fast multiplication of two dense matrices, referred to as GEMM (General Matrix Multiplication) in
the literature, is efficiently done on CPUs by doing several layers of loop tiling to amortize the cost
of data movement over a large number of computations, for every layer of the memory hierarchy.
This approach is explained in the algorithm by Goto et al. [20], and is widely used in popular linear
algebra libraries such as OpenBLAS [38].

The tiling process is shown in Figure 1. A matrix multiplication between two matrices A and B of
dimensions𝑀×𝐾 and𝐾×𝑁 , respectively, can first be divided into the sum of matrix multiplications
of panels of dimensions𝑀 × 𝑘𝑐 and 𝑘𝑐 × 𝑁 . (Figure 1a) Each panel-panel matrix multiplication is
then divided into the sum of panel-block multiplications, where each block has dimensions 𝑘𝑐 × 𝑛𝑐
(Figure 1b). Each panel-block matrix multiplication is then divided into the sum of slice-block
multiplications, where each slice has dimensions𝑚𝑟 × 𝑘𝑐 (Figure 1c). The purpose of this division
is to keep the 𝑘𝑐 × 𝑛𝑐 size block in the L2 cache while multiplying it with the slices in the𝑀 × 𝑘𝑐
panel, so that the cost of moving the block into the L2 cache is amortized over the computation
with the slices in the panel. Each slice-block matrix multiplication is then further divided into the
sum of slice-slice multiplications, where the slices from B have dimensions 𝑘𝑐 × 𝑛𝑟 (Figure 1d).
Following the same principle as the previous step, the purpose of this subdivision is to amortize
the cost of moving a slice from A (of dimensions𝑚𝑟 × 𝑘𝑐 ) into the L1 cache over the computation
with the slices from a block in B. To further optimize matrix multiplication, a slice-slice matrix
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inner_kernel_2x8(

double A[M][K], double B[K][N], double C[M][N],

int k_c, int i, int k, int j) {

// Initialize registers

simd_reg a_reg, b_reg, c0, c1;

simd_setzero(c0); simd_setzero(c1);

// calculate and store 2x8 subresults in c0 and c1

for(int kk = 0; kk < k_c; kk++) {

b_reg = simd_load(&B[k+kk][j]);

a_reg = simd_broadcast(&A[i][k+kk]);

c0 = simd_fmadd(a_reg, b_reg, c0);

a_reg = simd_broadcast(&A[i+1][k+kk]);

c1 = simd_fmadd(a_reg, b_reg, c1);

}

// add subresults to C

c0 = simd_add(&C[i][j],c0); simd_store(&C[i][j],c0);

c1 = simd_add(&C[i+1][j],c1); simd_store(&C[i+1][j],c1);

}

Fig. 2. 2 × 8 Inner kernel function

multiplication is done so that the final multiplication result of size𝑚𝑟 × 𝑛𝑟 fits entirely in the SIMD
registers of the CPU in order to minimize data movement between memory while accumulating
multiplication results in the𝑚𝑟 × 𝑛𝑟 submatrix. The high performance function for multiplying
two slices to produce𝑚𝑟 × 𝑛𝑟 subresults is referred to as the inner kernel, and is crucial for fast
multiplication. Pseudocode for an inner kernel where𝑚𝑟 = 2 and 𝑛𝑟 = 8 is shown in Figure 2. In
practice, the values of𝑚𝑟 and 𝑛𝑟 are larger (e.g.𝑚𝑟 = 12, 𝑛𝑟 = 16 for double data types).
Fast matrix multiplication libraries also do packing. Before the matrix multiplication, matrix

elements are copied into a contiguous format in a temporary buffer in the same sequence they
would be accessed during computation. This optimization reduces TLB misses and cache misses,
while enabling better code vectorization.

The optimal values of the parameters 𝑘𝑐 , 𝑛𝑐 ,𝑚𝑟 and 𝑛𝑟 depend on the characteristics of the
machine as well as the data type of the matrices. Generally,𝑚𝑟 and 𝑛𝑟 are chosen to be as large as
possible while being within the SIMD register budget of the machine, and 𝑘𝑐 and 𝑛𝑐 are chosen
to be as large as possible while a panel of dimensions𝑚𝑟 × 𝑘𝑐 fits in the L1 cache, while a block
of dimensions 𝑘𝑐 × 𝑛𝑟 fits in the L2 cache. In practice, libraries save and use tuned parameters for
each machine.

3.2 Sparse-Sparse Multiplication (SpGEMM)
We explain how fast matrix multiplication is done on two matrices stored in Compressed sparse
row (CSR) format, the most frequently used format to store sparse matrices [18], and the sparse
representation we also use in this work. The CSR format uses three one-dimensional arrays to
represent the non-zero elements of the matrix: val[], col_idx[] and row_ptr[]. val[] stores the
non-zero values of the matrix in row-major order, and col_idx[] stores the column index of each
non-zero value in the val[] array. row_ptr[] stores the starting index of each row’s data in the
val[] and col_idx[] arrays. In other words, the values of the non-zero elements in row 𝑖 of the
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Fig. 3. CSR matrix example

matrix are stored in the subarray val[row_ptr[𝑖]:row_ptr[𝑖 + 1]], and the column indices of those
non-zero elements correspond to the integers stored in subarray col_idx[row_ptr[𝑖]:row_ptr[𝑖 + 1]].
An example of a matrix in CSR format is shown in Figure 3. It is common for the non-zero elements
for each row in a matrix in CSR format to be sorted by their column index to allow for good
performance on common operations, and fast lookups via binary search within a row. This format,
called ‘canonical format’, is supported in popular libraries such as SciPy [57].

In the case where the common dimension between the two CSR matrices to be multiplied is the
columns for the first matrix and is the rows for the second matrix (e.g. Multiplying a𝑀 × 𝐾 matrix
with a𝐾×𝑁 matrix), fast matrix multiplication is done by iterating through each element in the first
matrix, and using the element’s column index to index into the corresponding row in the second
matrix, and multiplying the element in the first matrix with all elements in the corresponding row
in the second matrix.
In the case where the common dimension between the two CSR matrices is the columns for

both the first matrix and second matrix (e.g. Multiplying a 𝑀 × 𝐾 matrix with a 𝑁 × 𝐾 matrix),
the matrix with fewer non-zero elements is transposed into CSC (Compressed Sparse Column)
format, which is the same as the CSR format, but with the dimensions for the rows and columns
swapped, and then the two matrices are multiplied as previously described. We omit the process of
transposing a CSR matrix for brevity, and it is possible to find open-source implementations of the
transpose process such as in SciPy [57].

4 Matrix Multiplication in SPALM
We explain how SPALM performs fast sparsity-sensitive matrix multiplication. The principles of
SPALM’s algorithm are based on the following observations from the GEMM algorithm explained
in Section 3.1.
• Rows that have only zero elements in a panel/block can be skipped: One can observe that the tiled
GEMM algorithm does not need to consider ‘empty’ subrows (i.e. subrows that have no non-zero
elements) of length 𝑘𝑐 during the matrix multiplication process, and what matters is to process
non-empty subrows in groups at a time (𝑚𝑟 non-empty subrows at a time for the left matrix, and
𝑛𝑟 non-empty subrows at a time for the right matrix). This effectively reduces the number of
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(a) Visualization of matrix 
in CSSR format where kc = 4

0 4
0-2 2-5
4
5-7

0

2

3

4

6

8

10

4
7-9
0 4
9-10 10-12
0 4

12-15 15-16
0 4

16-18 18-20

(b) Visualization of 
transposed matrix 

in CSSR format

0 4 10

0 0-2

3 9-10

4 12-15

5 16-18

0 2-5

1 5-7

2 7-9

3 10-12

4 15-16

5 18-20

(c) Visualization of slice CSC
matrix where mr = 3 and B = 2

0 2 4

0

0-2,
9-10,
12-15

b:0

1
16-18

b:0

0

2-5,
5-7,
7-9

b:1

1

10-12,
15-16,
18-20

b:0

Fig. 4. Matrix from Figure 3 in CSSR and slice CSC formats

computations in the dense matrix multiplication to be proportional to the number of non-empty
subrows in the matrix, as opposed to the total number of subrows.

• Different inner kernel implementations can be used: One can also observe that different inner
kernel implementations can be used to multiply two matrix slices (i.e. submatrices of dimensions
𝑚𝑟 × 𝑘𝑐 and 𝑘𝑐 × 𝑛𝑟 ) as how the matrix multiplication is done does not affect the locality benefits
on the L1 and L2 cache from the previous layers of loop tiling.
Based on these two observations, we design SPALM’s matrix multiplication algorithm, which at

a high level, does the following.
(1) Non-empty subrows of each matrix are grouped into slices.
(2) Relatively dense slices are selectively multiplied with a dense, tiled matrix multiplication

algorithm. The choice of inner kernel algorithm depends on the density of the slices.
(3) Relatively sparse slices are selectively multiplied with a sparse matrix multiplication algo-

rithm.
Each of these steps will be explained in detail in the upcoming sections. SPALM receives as

input two matrices in CSR format in canonical form, which is the most common way to represent
sparse matrices, and outputs its results in either a dense matrix or a sparse matrix depending on
the circumstances.

4.1 Grouping Non-empty Subrows into Slices
Given an input matrix in CSR format whose column indices are sorted for each row, SPALM first
identifies non-empty subrows of size 𝑘𝑐 , where 𝑘𝑐 is a tiling parameter chosen in advance that
corresponds to 𝑘𝑐 in Figure 1. Identification of subrows is done by iterating through the column
indices of each row and keeping track of the start and end column indices of each subrow. This
information is stored in a separate CSR matrix, which we will refer to as the CSSR (Compressed
Sparse SubRow) matrix, where each subrow is treated as an independent element. The column
indices of this new CSR matrix correspond to the offset of the subrow, and values are a 2-tuple that
correspond to the start and end indices of the subrow. An example of a CSSR matrix that is created
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where 𝑘𝑐 = 4 from the example matrix in Figure 3 is shown in Figure 4a. In practice, the value of 𝑘𝑐
is larger, such as 512 or 1024. Creation of the CSSR matrix is lightweight as the creation process
requires only two scans through the elements in the CSR matrix (one for counting the number of
subrows, and one for initializing the elements of the CSSR matrix), and only needs to be done once
and can be reused for all subsequent matrix multiplications involving the matrix.
Once the CSSR matrix is created, to group subrows with the same column offsets into slices,

we then transpose the CSSR matrix (an example transpose is shown in Figure 4b), and then group
adjacent subrows within the same column and store them in a separate CSC matrix, similar to how
we grouped adjacent elements into subrows when creating the CSSR matrix. For the left matrix we
group𝑚𝑟 subrows at a time, and for the right matrix we group 𝑛𝑟 subrows at a time, where𝑚𝑟 and
𝑛𝑟 are chosen according to the SIMD register budget of the system ahead of time. For each slice, we
assign a bucket to it depending on its density (i.e. number of non-zero elements in the slice divided
by the capacity of the slice (e.g.𝑚𝑟 × 𝑘𝑐 for the left matrix)). Using 𝐵 buckets, where the number of
non-zero elements in the slice is 𝑛𝑛𝑧, and the capacity of the slice is𝐶 , the assigned bucket number
is ⌊((𝑛𝑛𝑧 − 1)/𝐶) ∗ 𝐵⌋. We will refer to this matrix as the slice CSC matrix. An example slice CSC
matrix is shown in Figure 4c where𝑚𝑟 = 3 and 𝐵 = 2. In practice, SPALM uses a value of 𝐵 = 100
to be more sensitive to slice densities.
Given two slice CSC matrices created from the two input matrices in CSR format, in the fol-

lowing sections we describe how matrix multiplication is done in SPALM. In order to get good
performance, SPALM’s goal is to apply the optimal matrix multiplication between pairs of slices to
be multiplied depending on their density, while keeping the benefits of locality of the fast matrix
multiplication algorithms explained in Section 3. Generally speaking, we wish to apply a sparse
matrix multiplication between slices that are relatively sparse, and a dense matrix multiplication
between slices that are relatively dense. To do this, matrix multiplication is done in two steps,
sparsity-sensitive dense matrix multiplication, and sparsity-sensitive sparse matrix multiplication.
In the following sections we explain each step in more detail.

4.2 Sparsity-Sensitive Dense Multiplication
SPALM performs sparsity-sensitive dense matrix multiplication by iterating through the slice CSC
matrix for both matrices and multiplying pairs of slices together. This process is shown in Figure 5,
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and is similar to the dense matrix multiplication shown in Figure 1. A matrix multiplication between
the slices from two matrices can be divided into matrix multiplications between pairs of columns
of slices that share the same indices along the common dimension (Figure 5a). For each pair of
columns, prior to the matrix multiplication, we convert each slice in the column into a dense,
column-order matrix, so that we can use SIMD instructions to quickly load data from columns in
each slice. For each slice, we store a bitset of size 𝑘𝑐 that indicates which columns have at least
one non-zero element in the slice. Converting slices into a temporary dense format corresponds to
the packing process explained in Section 3.1. The memory buffer used for this packing is allocated
ahead of time, and is reused across matrix multiplications between pairs of columns of slices. A
matrix multiplication between columns of slices can be further divided into matrix multiplications
between a column of slices and a block of slices of size 𝑘𝑐 × 𝑛𝑐 (Figure 5b), where 𝑛𝑐 is a tiling
parameter set before matrix multiplication. A matrix multiplication between a column of slices
and a block of slices can be further divided into matrix multiplications between a slice and a block
of slices (Figure 5c), and finally a matrix multiplication between a slice and a block of slices can
be divided into matrix multiplications between slices (Figure 5d). For the same reasons explained
in Section 3.1, when the height of a slice from the left matrix is𝑚𝑟 , the parameters 𝑘𝑐 and 𝑛𝑐 are
chosen so that a slice from the left matrix, whose size is𝑚𝑟 × 𝑘𝑐 , fits in the L1 cache while being as
big as possible, and a block of slices from the right matrix, whose size is 𝑛𝑐 × 𝑘𝑐 , fits in the L2 cache
while being as big as possible.

For a matrix multiplication on two slices, depending on the assigned bucket of the slices, SPALM
uses a different algorithm to multiply the slices together. We implement a function GET_ALG()
that takes in the two buckets of the slices to multiply and outputs the algorithm to use. Details
of GET_ALG() will be explained in Section 4.5. If GET_ALG() returns DENSE_DENSE, which is
when both of the slices are relatively dense, we use a work-skipping version of the inner kernel
function used in dense matrix multiplication to multiply the two slices. The pseudocode for this
work-skipping kernel where𝑚𝑟 = 2 and 𝑛𝑟 = 8 is shown in Figure 6. Because the bitset stored
with each slice indicates which of the 𝑘𝑐 columns of numbers have non-zero elements, we can
use the AND of the two bitsets from each matrix to determine which columns of numbers to
actually process in the inner loop. This is done by doing a SIMD compress instruction, which
returns the indices of the bits that are set to one (e.g. 101101 returns [0, 2, 3, 5]). We then use these
indices to only process the common columns in the very dense slices that have non-zero elements.
By implementing this work-skipping inner kernel, SPALM is able to be sparsity-sensitive on the
common dimension between two matrices within two slices, which allows it to achieve speedups
on sparsity patterns where many columns of numbers in a slice do not contain non-zero elements.
This is a pattern that appears in many workloads, such as when a section of a matrix shifts from a
sparse region to a dense region, or around the diagonal in a matrix whose elements are clustered
around the diagonal. Both of the aforementioned patterns can be easily found in real-world matrices
shown in the SuiteSparse Matrix Collection [13, 29]. In the case where the bitsets in both slices are
all set to 1s (i.e., there is no work to be skipped), we run the vanilla inner kernel used in standard
dense matrix multiplication, which is slightly faster in this situation than the work-skipping inner
kernel as it does not do any bitset processing.
If GET_ALG() returns SPARSE_DENSE or DENSE_SPARSE, which is when one of the slices is

relatively sparse and one of the slices is relatively dense, we use a different inner kernel algorithm
that multiplies the two slices by iterating through each element in each row in the CSR representa-
tion of the relatively sparse slice, and uses the column index of each element to directly access the
corresponding column in the relatively dense slice to multiply. Direct access is possible because an
𝑛𝑟 ×𝑘𝑐 slice that is packed in memory can be viewed as an array of 𝑘𝑐 𝑛𝑟 -sized columns of numbers.
In the process of multiplying a row in the relatively sparse slice with a 𝑛𝑟 × 𝑘𝑐 slice, 𝑛𝑟 subresults
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inner_kernel_2x8_work_skipping(

double* slice_A, uint64_t* A_bitset,

double* slice_B, uint64_t* B_bitset,

double C[M][N], int k_c, int i, int j) {

// Store 8 bit integers from 0 to 63 in a SIMD register

simd_reg bit_indices = [0, 1, 2, 3, 4, ... , 62, 63]

// Memory to write indices of columns to multiply

uint8_t indices[64];

simd_reg a_reg, b_reg, c0, c1;

simd_setzero(c0); simd_setzero(c1);

// Work on 64 columns of numbers at a time

for (int k = 0; k < k_c; k += 64) {

uint64_t and_bitset = A_bitset[k/64] & B_bitset[k/64];

simd_reg column_indices =

simd_compress_8bit(and_bitset, bit_indices);

simd_store(indices, column_indices);

columns_to_process = popcount(and_bitset);

for (int kk = 0; kk < columns_to_process; kk++) {

b_reg = simd_load(&slice_B[16*(k+indices[kk])]);

a_reg = simd_broadcast(&slice_A[2*(k+indices[kk])]);

c0 = simd_fmadd(a_reg, b_reg, c0);

a_reg = simd_broadcast(&slice_A[2*(k+indices[kk])+1]);

c1 = simd_fmadd(a_reg, b_reg, c1);

}

}

c0 = simd_add(&C[i][j],c0); simd_store(&C[i][j],c0);

c1 = simd_add(&C[i+1][j],c1); simd_store(&C[i+1][j],c1);

}

Fig. 6. 2 × 8 Inner kernel function with work-skipping

are stored in SIMD registers, before being written out to memory after iterating through all the
elements in the row. We will refer to the two inner kernels used in this case as the sparse-dense
inner kernel (when the left slice is relatively sparse) or the dense-sparse inner kernel (when the right
slice is relatively sparse).
If GET_ALG() returns SPARSE_SPARSE, which is when both the slices to be multiplied are

relatively sparse, we do not multiply the slices, as they will be handled separately when SPALM
does sparse matrix multiplication in a later step.

4.2.1 Parallelization. We implement parallelism for this process by dividing up the panel-block
multiplications in Figure 5b among different threads, as the result locations of each panel-block
multiplication do not overlap and thus do not need synchronization. In the case where there
are not enough panel-block multiplications for all the threads, we further divide the slice-block
multiplications in Figure 5c among different threads. We use OpenMP for parallelization.
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(a) Slice CSC matrix where slices 
are sorted according to bucket
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Fig. 7. Slice CSC matrix from Figure 4 sorted by bucket and converted to bucketed CSC format

4.3 Sparsity-Sensitive Sparse Multiplication
As explained in Section 3.2, given two CSR matrices A and B, fast matrix multiplication is done by
first transposing B to be column-major, and then multiplying each element in A with the elements in
the corresponding column in B by using the column index of the element from A to directly access
the corresponding column in B. This is fast as an element from A is multiplied with a continuous
array of elements from B, which allows for good locality on both the input and output, and easy
vectorization of code.

In this section we explain SPALM’s novel algorithm of multiplying relatively sparse slices
from both matrices (every slice-slice multiplication that was not done during the dense matrix
multiplication process explained in Section 4.2) by transposing B so that elements in a column in
the resulting CSC matrix are ordered according to the density of the slices they belong to. This
novel ordering allows for selective multiplication of elements within a column that are from slices
below a certain density based on the density of a slice an element from A comes from, while still
getting the locality and vectorization benefits a standard sparse matrix multiplication algorithm
benefits from.

4.3.1 Creating a bucketed CSC matrix. With the slice CSC representation of the right matrix, we
create a CSC matrix where the elements of each column are ordered according to the assigned
bucket of their slices. This process is shown in Figure 7. To do this, given a slice CSC matrix, we first
sort each column in the slice CSC matrix according to each slice’s bucket in increasing bucket order
(Figure 7a). Since the number of buckets is finite, we use a bucket sort on the slices to quickly sort
the buckets. Then for each column, we iterate through each slice, and for each slice iterate through
each subrow, and for each subrow iterate through the corresponding elements in the original CSR
matrix and append each element to its corresponding column in the result CSC matrix using its
column index. For example, the elements in the first subrow of the first slice, which are 2 and 1,
are appended to their corresponding columns, column 0 and 2. The second subrow of this slice,
which has a single element 7, is appended to column 3. For each 𝑏 in range 0 to B-1, where B is the
number of buckets used to bucket the slices, for each column in the resulting CSC matrix we save
the start index of the first element from slices with bucket 𝑏, for a total of B indices per column. An
example bucketed CSC matrix where 𝐵 = 2 is shown in Figure 7b.
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Fig. 8. CSSR matrix from Figure 4b with
bucket indices

Fig. 9. Optimal algorithm when B=100

We parallelize this process by dividing the columns in the slice CSC matrix among threads, which
does not require synchronization as the elements in each column will be written to non-overlapping
locations. Again, we use OpenMP for parallelization.

4.3.2 Labeling subrows with densities. The next step is to iterate through the rows of the left matrix,
and multiply each element with a subarray of the corresponding column in the bucketed CSC
matrix based on the bucket of the slice the element comes from. To know the assigned bucket of
each element during matrix multiplication, we first label each subrow in the left matrix with the
bucket of the subrow’s slice. This is done by iterating through each slice in the slice CSC matrix,
and labeling each subrow in the CSSR matrix with the bucket index of the slice. An example of
this labeling is shown in Figure 8, using our running matrix example. In practice, the process of
creating a bucketed CSC matrix is done on the right matrix, and the process of labeling subrows is
done on the left matrix.

4.3.3 Sparse matrix multiplication. After transforming the left matrix into a labeled CSSR matrix,
and the right matrix into a bucketed CSC matrix, we then iterate through each subrow in the left
matrix and multiply elements from each subrow with a subarray of the corresponding column in
the right matrix. We use a function, GET_SPARSE_THRES(), that takes as input a bucket index, and
outputs the minimum bucket index of the slices that it should not be multiplied with via a sparse
matrix multiplication, to determine the subarray of the corresponding column to be multiplied.
As an example, if the right matrix is the bucketed CSC matrix in Figure 7b, and an element from
the left matrix has a column index of 4, has a bucket index of 0, and GET_SPARSE_THRES(0) = 2,
the element will be multiplied with elements 8-11 (i.e. the entire 4th column) of the bucketed CSC
matrix. If another element from the left matrix also has a column index of 4, but has a bucket index
of 1, and GET_SPARSE_THRES(1) = 1, the element will be multiplied with elements 8-9 (i.e. elements
from the 4th column that come from slices with a bucket index < 1) from the bucketed CSC matrix.
In general, GET_SPARSE_THRES() returns a smaller bucket index the larger the input bucket index
is, as it becomes more inefficient to multiply slices using a sparse matrix multiplication the denser
the slices are. How GET_SPARSE_THRES() is implemented is explained in Section 4.5.
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We parallelize this process using OpenMP by dividing the rows in the CSSR matrix among
threads, which requires no synchronization as the location of the matrix multiplication results does
not overlap for each row.

4.4 Determining Tiling Parameters
We explain how the optimal values of𝑚𝑟 , 𝑛𝑟 , 𝑘𝑐 and 𝑛𝑐 are determined for a machine. Since𝑚𝑟 and
𝑛𝑟 depend solely on the number of SIMD registers in a machine, we determine the values of𝑚𝑟

and 𝑛𝑟 by choosing values that allow for an inner kernel function that stores the largest number of
subresults while being within the machine’s SIMD register budget, which is 32 for a machine that
supports the AVX512 instruction set. For double data types, we use an inner kernel implementation
where𝑚𝑟 = 12 and 𝑛𝑟 = 16, and for float data types, we use values𝑚𝑟 = 12 and 𝑛𝑟 = 32.

To determine the optimal value of 𝑘𝑐 and 𝑛𝑐 , we first determine the optimal value of 𝑘𝑐 , as the
optimal value of 𝑘𝑐 does not depend on the optimal value of 𝑛𝑐 as explained in Section 3.1. We
determine 𝑘𝑐 by measuring the matrix multiplication time of multiplying two fully dense 4096×4096
matrices using the dense matrix multiplication algorithm while varying the value of 𝑘𝑐 to be a
power of 2 ranging from 16 to 4096 while 𝑛𝑐 is set to 64, and then choosing the value of 𝑘𝑐 that
resulted in the shortest matrix multiplication time. We then determine the optimal value of 𝑛𝑐 using
a similar process, by fixing 𝑘𝑐 to be the optimal value found in the previous step, and by choosing
the value of 𝑛𝑐 out of values that are a power of 2 ranging from 16 to 4096 that resulted in the
fastest matrix multiplication time on the aforementioned matrices. The process of determining 𝑘𝑐
and 𝑛𝑐 is done only once when SPALM is installed on a machine, and is used for all future matrix
multiplications.

4.5 Determining Algorithm Thresholds
We now explain the implementation of the two functions GET_ALG() and GET_SPARSE_THRES(),
which are used for determining which algorithm to use when multiplying slices. The following
process is done once upon installation of SPALM after the optimal tiling parameters are determined,
for every data type SPALM supports. Given a value of 𝐵, the number of buckets SPALM plans
to use when bucketing the slices in the slice CSC matrix during matrix multiplication, we first
create 𝐵 2048 × 2048 matrices where the 𝑖th matrix has a uniform density (i.e. the matrices have
a uniform distribution of non-zero values) of ((𝑖 + 1)/𝐵) × 100%, where 𝑖 starts from 0. We then
multiply all 𝐵 × 𝐵 combinations of matrices using the four matrix multiplication algorithms that
SPALM supports: Sparse matrix multiplication (Section 4.3), and three different versions of dense
matrix multiplication: one using a sparse-dense inner kernel, a dense-sparse inner kernel, and the
work-skipping inner kernel (Section 4.2). For every combination, SPALM saves the algorithm that
resulted in the fastest matrix multiplication time, and stores these results in a metadata file. We use
2048 × 2048 matrices as they are larger than the L2 cache which ensures the testing involves the
tiling parameters found in the previous step while keeping calibration time relatively short.2 We
show a visualization of the result of this process on our test machine, when 𝐵 = 100, in Figure 9.
The four algorithms are represented as SPARSE-SPARSE, SPARSE-DENSE, DENSE-SPARSE, and
DENSE-DENSE. SPALM defaults to 𝐵 = 100 as the bucketing of slices is fine-grained enough so
that choosing the wrong matrix multiplication algorithm at an algorithm boundary results in less
than 5% slowdown. Using more buckets would have diminishing gains in speedups while using
more memory; using fewer buckets would result in reduced sparsity sensitivity. The user is free to
configure 𝐵 to the needs and constraints of their system.

2The calibration phase took around 10 minutes for our test machine.
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At runtime, SPALM reads the saved metadata file and initializes two arrays, one that stores the
optimal algorithm given two input buckets, and one that stores, for every bucket, the largest bucket
for which a sparse matrix multiplication algorithm is optimal. GET_ALG() is implemented via a
simple array lookup using the two input buckets on the first array, and GET_SPARSE_THRES() is
implemented via an array lookup using the input bucket on the second array.
While our method of determining algorithm thresholds is relatively simple in that it does not

consider sparsity patterns within a slice, we think it is sufficient in the majority of cases because
the slices are relatively small (e.g. dimensions of 16 × 512) and thus not big enough to contain
sparsity patterns at a high resolution. It also has the advantage of having relatively small slice
metadata overhead, while having fast and simple algorithm decision logic at runtime. We recognize
the potential for improvement and leave investigating the tradeoffs associated with implementing
a more sophisticated, sparsity-pattern-aware model to future work.

When there are too few operations performed via either the sparse or dense matrix multiplication
algorithms, the overhead of starting the algorithm could be greater than the time taken doing
actual multiplications. To determine which algorithm to use in these cases, SPALM employs a cost
estimation model where it first estimates the number of element multiplications done via each
matrix multiplication algorithm, and then uses the information to make a decision. To estimate the
number of element multiplications, SPALM iterates through pairs of columns in both the slice CSC
matrices (in the same fashion as Figure 5a), and estimates the number of element multiplications for
doing each slice-slice multiplication. This estimation step is fast, linear in the number of slices in
each slice CSC matrix, and can be easily parallelized by dividing up pairs of slice columns (Figure 5a)
among threads.
If the number of multiplications done via the dense matrix multiplication (dense_m) is small,

we observe that the matrix multiplication time is slow compared to doing only a sparse matrix
multiplication, even if the slices are dense, due to less efficient reuse between slices during the dense
matrix multiplication. To address this, if dense_m is below a certain threshold, SPALM defaults to
using only a sparse matrix multiplication algorithm.We determine this threshold at installation time
by performing tests where we multiply two 2048 × 2048 matrices with the same uniform density
that increases from 1% to 100% across tests using only a sparse matrix multiplication algorithm and
using only a dense matrix multiplication algorithm, and saving the value of sparse_m at the first
test where using a dense matrix multiplication algorithm is consistently faster than using a sparse
matrix multiplication algorithm.
If, within a single multiplication task, the number of multiplications done via sparse matrix

multiplication (sparse_m) is small compared to dense_m, we notice that matrix multiplication is
slower compared to using a dense matrix multiplication algorithm exclusively. Elements that would
be multiplied using a sparse matrix multiplication algorithm could ‘piggyback’ off the locality and
reuse done in the dense matrix multiplication algorithm. As a heuristic, SPALM uses an exclusively
dense matrix multiplication algorithm when sparse_m < dense_m × 0.1 as we see approximately a
10-20% slowdown in these cases, and checking whether sparse_m is smaller than a tenth of dense_m
comfortably covers the majority of cases where there is a slowdown. Choosing a smaller threshold
(e.g. 0.05) results in more cases that incur slowdowns, and a larger threshold (e.g. 0.2) inhibits
SPALM’s ability to achieve fast performance via applying different algorithms to different data.
When SPALM determines that the matrix multiplication is to be done via only a sparse matrix

multiplication or only a dense matrix multiplication based on the estimation process, we fall
back to a highly optimized library such as Intel oneMKL, as these libraries generally offer better
performance for doing a purely sparse or purely dense matrix multiplication. SPALM will always
fall back to a SpGEMM library function when only sparse matrix multiplication is to be done. When
only dense matrix multiplication is to be done, SPALM falls back to a GEMM library function when
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SELECT E.row, P.row, SUM(E.v * P.v)
FROM E, P WHERE E.col = P.col
GROUP BY E.row, P.row

Fig. 10. Example matrix multiplication query

dense_m > 0.8×𝑀 ×𝐾 ×𝑁 , where𝑀 ×𝐾 , 𝐾 ×𝑁 are the dimensions of the matrices to be multiplied.
Because SPALM’s dense matrix multiplication implementation is generally 10-30% slower than
library functions for fully dense matrices, choosing the threshold as 0.8 allows SPALM to fall back
to library functions in the majority of cases where it would have otherwise been slower than a
library function. Choosing a smaller threshold would mean we lose potential speedups, and a larger
threshold would result in more cases where using SPALM sees a slowdown compared to libraries.

4.6 Output Format
If possible, SPALM will write its results in a dense matrix, as writing to a dense matrix is faster and
it is beneficial to have a format that supports direct access in the later stages of the data pipeline.
However, in the case that the system does not have enough memory to support a dense output,
SPALM writes its results in a CSR matrix instead. It does this by first doing a matrix multiplication-
like step with the same process explained in Section 4.2 and 4.3, but instead of doing multiplication,
SPALM counts the number of unique locations the results are written to. This number is used to
allocate memory for the result CSR matrix, after which SPALM does actual matrix multiplication
and writes its results to the aforementioned CSR matrix.

5 DuckDB Integration
We integrate SPALM into an open-source relational database by implementing SPALM as a stan-
dalone operator in DuckDB [40]. We use the extensions functionality provided by DuckDB to extend
DuckDB’s query optimizer to replace the join and aggregation operator in a query with the form
shown in Figure 10 with a custom SPALM operator that performs the join and aggregation using a
matrix multiplication. We are aware that this replacement does not always improve performance,
such as when the input tables are very small or when SPALM breaks otherwise deeply pipelined
operators because of its need to materialize matrices. A more complete integration of SPALM into
a database would involve a cost-based decision when rewriting a query plan to use SPALM, as
well as not treating SPALM as a black-box operator to consider other optimization opportunities,
such as pushing down a filter below the SPALM operator. The implementation of these features is
beyond the scope of this paper, and is left to future work.

6 Experimental Evaluation
6.1 Baselines
In the following sections, we compare SPALM with DIM3 [24] and DHK [14] (see Section 2). Both
DIM3 and DHK are optimized for the Join-Project operation instead of true matrix multiplication.
DIM3 processes bits rather than numbers, and work-skipping optimizations can reduce the compu-
tational complexity of some workloads. For a fair comparison with DIM3, we implemented a version
of DIM3 that uses fast matrix multiplication libraries to multiply the resulting matrices created
by its partitioning scheme.3 We compare with DHK directly as it does not do any work-skipping.

3While DIM3 does have code for performing matrix multiplication, unlike its join-project algorithm it is single threaded and
does not apply any sparsity-sensitive partitioning during multiplication.
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While we are not able to compare against ATMULT [27] as its code is proprietary, we expect SPALM
will outperform ATMULT in cases with sparsity patterns that are more fine-grained than the
relatively large partition sizes used in ATMULT. We also compare SPALM against OpenBLAS [38],
an open-source library for performing linear algebra, and Intel oneMKL [26], a library containing
optimized math routines for modern CPUs. Specifically, we use oneMKL’s SPGEMM (sparse-sparse
matrix multiplication), SPMM (sparse-dense matrix multiplication), and GEMM (dense-dense matrix
multiplication) routines as baselines. All are popular libraries used in various domains such as ML
and scientific computing, and are also used as the (sometimes default) backend in other commonly
used libraries such as SciPy [57] and NumPy [21].

6.2 Execution Time on Synthetic Datasets
6.2.1 Dataset description. We test SPALM on a variety of synthetic datasets with common sparsity
patterns that appear in real-world use cases and data. Each sparsity pattern is tunable with a
numeric parameter 𝑝 , so that we can create multiple matrices of the same sparsity pattern, but with
varying degrees of sparsity. Figure 11 shows a visualization of several examples, where a nonzero
element is a black pixel and a zero element is a white pixel. The sparsity patterns are as follows:
Uniform density: Each element in the matrix has an equal probability 𝑝% of being non-zero.

This sparsity pattern is seen in regularization techniques in ML such as DropConnect [58].
Random row: Each row of the matrix has an equal probability 𝑝% of being all non-zero, and is

all zero otherwise. This kind of sparsity pattern is used in pruning in ML where whole neurons in
a fully connected layer are dropped [22, 32], and can arise in situations where the user applies a
filter to rows in their dataset.

Random column: Each column of the matrix has an equal probability 𝑝% of being all non-zero,
and is all zero otherwise. This sparsity pattern appears in ML pruning techniques where entire
features are removed [22], and can appear in situations where users remove columns from their
dataset.

Diagonal: Matrix entries outside of the diagonal band of width 2 × 𝑝 − 1 are zero. This pattern
is common in real-world scientific datasets [53, 54], and matrices that feature diagonal bands of
widths larger than 1 are used in sparse attention mechanisms in LLMs [4, 62] which allows each
token to only consider tokens around it, enabling greater computational efficiency while capturing
necessary contextual information.

Edge: Matrix entries that are within distance 𝑝 from the boundaries of the matrix are non-zero,
while all other entries are zero. This sparsity pattern is seen in sorted datasets where heavily
populated rows and columns are moved to the edges of the matrix. This sparsity pattern is also
used in sparse attention [62], where it allows certain tokens to consider the entire input sequence
at once.

Square: A square where each side is of length 𝑝 in the upper left corner is fully non-zero, while
other entries are zero. Sparsity patterns where a large subrectangle of the matrix is mostly non-zero
are common in datasets where certain combinations of rows and columns are more popular than
others [53, 55].

Triangular: The upper triangular of the matrix is non-zero, whereas the lower triangular of the
matrix has a uniform density of 𝑝%. Triangular matrices are commonly used in many scientific
computations such as linear systems and matrix decompositions, and as a result appear in many
applications such as signal processing [41].

Gradual row: The rows of the matrix gradually become sparse to dense from the first row to the
last row. The first row has a density of zero, and the last row has a uniform density of 𝑝%. Datasets
with these density patterns are common in scientific datasets.

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 236. Publication date: June 2026.



236:18 Junyoung Kim and Kenneth A. Ross

Gradual column: The same as the gradual row sparsity pattern, but applied to columns instead
of rows.

Block 16 or 128: Non-zero elements are distributed with a uniform density of 𝑝% at the granu-
larity of 16 × 16 (or 128 × 128) blocks. This is a common structured sparsity pattern used in ML, for
the purpose of model compression and efficient training and inference, and specialized hardware
has been introduced [12] to take advantage of this sparsity pattern.

Sparsity Pattern Parameters
Uniform density 1, 5, 10, 20, 50, 75, 100
Random row 1, 5, 20, 50

Random column 1, 5, 20, 50
Diagonal 5, 100, 500, 1000, 2000
Edge 10, 50, 100, 1000, 2000
Square 500, 1000, 2000, 3000

Triangular 0, 1, 5, 10, 50
Gradual row 5, 20, 100

Gradual column 5, 20, 100
Block 16 1, 5, 10, 50
Block 128 1, 5, 10, 50

Table 1. Synthetic datasets used for ex-
periments

(a) Random row
p=5

(b) Diagonal
p=100

(c) Edge
p=500

(d) Square
p=2000

(e) Triangular
p=0

(f) Gradual col
p=100

Fig. 11. Visualization of example synthetic matrices

6.2.2 Experiment results on 32-bit floats. For experiments, we used the parameters for each sparsity
pattern shown in Table 1 to create 48 different matrices, each with dimensions 8000 × 8000, which
is around the size of the matrices used in LLM inference on CPUs in [30], and is near the average
dimensions used in the real-world matrices in Section 6.3. The matrices use 32-bit floats for values,
which is the most commonly used data type in ML. For every possible combination of matrix
multiplication using the 48 matrices, we compare only the matrix multiplication time of SPALM
against every baseline except for DHK as DHK assumes the two input matrices are identical. Every
method of execution has its matrices prepared in the correct format, which means for SPALM we
do not include the time of creating slice CSC matrices, and we write results to a dense matrix. The
experiments were conducted on a Linux server with a 24-core 2.4GHz Xeon Gold 6312U processor,
and we report the median of 5 runs for each matrix multiplication.
Results are shown in Figure 12a-c. For each data type, we ran experiments with 1, 4, and 20

thread(s). We did not use 24 threads as it resulted in unstable performance, for both the baselines
and SPALM. For each thread and data type configuration, we visualize the experiment results in
two ways: on the top we display a 48 × 48 grid where the color of each cell represents the speedup
of SPALM compared to the fastest baseline for that particular combination of input matrices. Cells
with white Xs represent experiments where SPALM falls back onto a library call, where the entire
matrix is multiplied with either a sparse-sparse matrix multiplication or a dense-dense matrix
multiplication via a library call. For cells that do not have Xs, the color of the cells falls on a
spectrum from bright red to black to bright green, where bright red represents a 0.5× speedup (i.e.
SPALM 2× slower than the fastest baseline), and bright green represents a 2× speedup. We cap
the brightness scale so that speedups larger than 2×, or smaller than 0.5×, have the same shade of
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(a) 1 thread (b) 4 threads (c) 20 threads

(d) 64-bit doubles,
20 threads

(e) 32-bit floats,
Intel 8488C, 48 threads

(f) End-to-end time,
32-bit floats, 20 threads

Fig. 12. Speedups for SPALM compared to the fastest baseline for all 48 × 48 experiments on various configu-
rations.

Data type,
Configuration/Measurement # of threads Avg speedup % of tests and avg speedup

when speedups > 1
% of tests and avg speedup

when speedups < 1 % of fallbacks

32-bit Float
1 3.33× 72.66% / 4.23× 10.72% / 0.82×

21.74%4 3.39× 73.48% / 4.28× 11.76% / 0.85×
20 2.71× 68.71% / 3.53× 17.19% / 0.86×

64-bit Double 20 2.68× 62.50% / 3.72× 19.87% / 0.85× 23.95%
32-bit Float on Intel 8488C 48 2.51× 65.23% / 3.35× 17.53% / 0.86× 24.86%

32-bit Float, E2E time 20 3.29× 73.10% / 4.17× 26.90% / 0.90× 21.74%

Table 2. Average speedup and fallback percentages for experiments on synthetic datasets
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bright green or bright red as 2× and 0.5× speedup. Underneath, we display a scatterplot using the
values of the speedups of the individual experiments displayed on a log scale.

For each experiment in Figure 12a-c, we report the average speedup, percentage of tests and
average speedup of cases where SPALM has a speedup larger than 1, percentage of tests and average
speedup of cases where SPALM has a speedup smaller than 1, and the percentage of tests where
SPALM falls back onto a library function in the first 3 rows of Table 2. SPALM achieves speedups
larger than 2× for the majority of cases, and generally successfully falls back to a fast library
function in other cases.
The majority of cases where SPALM is slower than the fastest baseline are for experiments

on rows 11 and 15 on the grid. These correspond to cases where either the diagonal matrix with
parameter 5, or the random column matrix with parameter 1 is the left matrix. The fastest baseline
in these cases is generally the Intel oneMKL SPMM function (multiplying a sparse matrix with a
dense matrix), and these sparsity patterns are particularly amenable to SPMM algorithms because
1) they are very sparse and 2) many non-zero elements have overlapping columns which allows
for good locality when iterating over the corresponding column in the right matrix. It is difficult
to match the performance in specifically these cases as we would need a more sophisticated cost
estimation model that takes into account the locality of element accesses as well, and we leave the
handling of these cases to future work.

Inspecting the 48×48 speedup grid shows that SPALM successfully falls back to highly optimized
matrix multiplication libraries when the input matrices are comparatively sparse (overall density
less than or equal to 5%) or comparatively dense (overall density larger than or equal to 50%) and
that SPALM mainly achieves large speedups in cases that are on the boundary of sparse matrix
multiplication and dense matrix multiplication, which are cases that previous methods are not
proficient at handling, and that users would have a difficult time choosing a performant matrix
multiplication algorithm.
For experiments involving multithreading, at higher thread counts we see smaller speedups in

general, and slightly fewer cases where SPALM is faster than the fastest baseline. This is due to
our parallelization implementation not being as performant as Intel oneMKL’s parallel GEMM
implementation, thus reducing the performance gap between SPALM and Intel oneMKL and DIM3,
which relies on calls to Intel oneMKL. While we were not able to look at Intel oneMKL’s code as
it is not open source, we speculate that oneMKL may be using more sophisticated optimizations
such as changing tile sizes depending on the number of threads. Implementing these optimizations
is beyond the scope of this paper; oneMKL is a hand-optimized, machine-specific private library
managed by Intel that incorporates 30 years of cumulative optimizations. Nevertheless, even at 20
threads, SPALM is slower than the fastest baseline in fewer than 18% of the cases, in which SPALM
is on average only about 14% slower, and SPALM is faster than the fastest baseline for the majority
of the experiments, in which SPALM is on average more than 250% faster.
We also performed experiments with non-square matrices where we vary the non-common

dimension between matrices among 2000, 4000 and 8000. We omit the results as the trends were
similar, and we get comparable speedups to square matrices.

6.2.3 Experiment results on 64-bit doubles. We repeat the same experiment, using 64-bit double data
types, the most popular data type used in scientific computing. Results are shown for experiments
run with 20 threads in Figure 12d and the fourth row of Table 2. SPALM has the same trends and
comparable speedups to when operating on 32-bit floats with 20 threads, showing that SPALM
can apply its techniques to multiple data types. SPALM also achieves its highest speedup (34×)
across all synthetic dataset experiments here on the (edges, 500) × (diagonal 100) dataset, which
have sparsity patterns with both horizontal and vertical locality patterns that are not well handled
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Fig. 13. Relative execution times for SuiteSparse matrices

by our baselines. Compared to 32-bit floats with 20 threads, there are some cases in the bottom
left quarter of the grid where SPALM is slower than the fastest baseline. Upon inspection, they
are cases where SPALM’s cost estimation model chooses the wrong algorithm, and choosing the
correct algorithm would have prevented a slowdown. However, these cases amount to less than 7%
of the experiments, which in most cases have a slowdown of less than 10%. Similar to the tradeoffs
encountered during database query optimization, we acknowledge that SPALM’s cost estimation
model cannot make the right decision 100% of the time, and these slowdowns are the result of the
tradeoff between having a more sophisticated cost estimation model that takes longer and is harder
to implement, versus a simpler cost model.

6.2.4 Experiment results on a different machine. We test SPALM on a different machine with
more threads. After initializing the libraries with a short warmup run by multiplying two small
(200 × 200) matrices,4 we run experiments on a Linux server with a 48-core Intel Xeon Platinum
8488C processor, and report results for 32-bit floats, using 48 threads. Results are shown in Figure 12e
and the fifth row of Table 2. We can see that the trends are similar to previous experiments, thus
showing that SPALM can effectively adapt its parameters and cost model to new machines.

6.2.5 Experiments measuring end-to-end time. We measure the end-to-end time of multiplying two
matrices that are given in CSR format. For SPALM this includes the time creating the slice CSC
matrices, as well as running the cost estimation model. For baselines involving dense matrices, this
includes the time spent converting the CSR matrix into a dense format. We do not include the time
taken for memory allocation when doing this dense format conversion, and assume the database
uses memory pre-allocated for matrix operations. Results are shown in Figure 12f and the sixth row
of Table 2. The trends are similar to previous experiments, and the overhead of creating the slice
CSC matrices and running the cost estimation model is small, as SPALM is only around 11% slower
than the fastest baseline on average in cases where SPALM’s speedup is below 1. Many slowdowns
come from row 15 of the grid, which is similar to the results seen in Section 6.2.2, although now
there are more slowdowns due to including the cost of transposing the right matrix during sparse
matrix multiplication.

6.3 Execution Time on Real-World Datasets
We test SPALM on real-world data from the SuiteSparse matrix collection [13, 29]. To evaluate
our previous claim that SPALM is effective in covering cases that are on the boundary of sparse
matrix multiplication and dense matrix multiplication, we obtained a subset of matrices from
the SuiteSparse matrix collection that are potentially on the verge of this threshold, by choosing
4This process takes less than half a second and is done only once, before running all 48 × 48 = 2304 experiments.
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(a) human_gene1 (b) qc2534 (c) c8_mat11_I (d) gupta3

Fig. 14. Visualizations of four example matrices from the SuiteSparse matrix collection.

matrices that have at least 1000 rows and 1000 columns, and have an overall density equal to or
greater than 3%, and for each matrix we evaluate the performance of multiplying the matrix with
its transpose, which is a common method of evaluation [15, 35]. We run our experiments using
20 threads, on the same machine described in Section 6.2.2, and use the median of 5 runs when
measuring execution time. For the 7 matrices where the original data type of the matrix was not
float or double, we cast the matrix to the double data type, which was the most common data type
of the other matrices. Out of the 29 matrices in the SuiteSparse matrix collection that satisfy the
above conditions, SPALM is faster than the fastest baseline for 15 of those cases, and falls back
to Intel oneMKL’s SpGEMM function in the remaining 14 cases, in all of which Intel oneMKL’s
SpGEMM function was the fastest baseline. Experiment results for the 15 cases where SPALM
is faster than the fastest baseline are shown in Figure 13, along with the name, dimensions, and
number of non-zero elements of each matrix. SPALM achieves on average 2.93× speedup over
the fastest baseline, with its largest speedup of 5.63× coming from multiplying the qc2534 matrix.
We can see that the fastest baseline is not the same across all the experiments, and there is not
a strict correlation between the density of the matrices and the fastest baseline, which makes it
hard for a user to choose a fast matrix multiplication algorithm when sparse matrices are involved.
For example, it is faster to multiply matrix heart2 with a sparse algorithm, despite heart2 being
denser than matrix exdata_1, where it is faster to do multiplication with a dense algorithm. We
can see that for a variety of different matrix shapes, SPALM’s matrix multiplication algorithm is
adaptable and is able to automatically apply a dense matrix multiplication algorithm or a sparse
matrix multiplication algorithm on selected regions of the matrix to get good performance without
requiring the user to manually choose an algorithm. For reference, visualizations of the sparsity
pattern of four example matrices reported in the experiments are shown in Figure 14.

6.4 Preprocessing Overheads

Dimension size CSSR Slice CSC Cost estimation MM
dim < 5000 3.09 7.70 0.22 88.99
dim >= 5000 0.58 2.14 0.06 97.22

Table 3. Relative time (%) taken for each step in SPALM

We measure the overhead of creating CSSR and slice CSC matrices, as well as doing matrix
multiplication cost estimation, compared to the end-to-end execution time in SPALM. We report
the average proportions for these times for the real-world matrices whose dimensions are (1) less
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Fig. 15. Average memory usage in SPALM

than 5,000 and (2) 5,000 or greater. Results are shown in Table 3. The time to create slice CSSR and
slice CSC matrices is manageable for smaller matrices (collectively 10.8% of e2e time) and scales
well to larger matrices (collectively 2.7% of e2e time) as the slice CSC matrices see more reuse
during matrix multiplication. In both cases, the time of doing cost estimation is negligible (less
than 0.3% of e2e time).

6.5 Memory Usage
We compare the memory usage of SPALM with other baselines. For each method, we measure
the memory footprint of both the input matrices and the matrix multiplication process itself, for
each real-world dataset, and report the average memory usage. Results are shown in Figure 15. We
omit results for GEMM with OpenBLAS as its memory usage patterns were similar to GEMM with
oneMKL, and we omit memory to store the output matrix as it is the same for every method. We can
see that SPALM’s average memory usage is similar to the least memory-intensive baseline, oneMKL
SPGEMM, due to not needing a dense input format, and using lightweight data structures. SPALM
tends to use more memory than SPGEMM when sparse matrix multiplication is done during matrix
multiplication due to creating additional data structures along with a CSC (i.e. transposed CSR)
matrix, but sometimes needs less memory than SPGEMM when there is no need to create a CSC
matrix.

6.6 Execution Time with DuckDB
We evaluate the effectiveness of SPALM in the context of a real-world database management

system. To do this, we store matrices as relational tables where each non-zero element corresponds
to a (row index, column index, value) tuple in the table, and then execute the queries in Figure 16.
We compare the end-to-end times of query execution using SPALM, using the fastest baseline for
matrix multiplication for the join-aggregate portion of the query, and unmodified DuckDB, on 20
threads.

Experiment results are shown in Table 4. Using SPALM in DuckDB achieves an average end-to-
end query time speedup of 2.26× compared to using other methods of matrix multiplication for
join-aggregation, which is made possible by the fact that matrix multiplication originally took up
the majority of time in these queries. We can also see that our custom SPALM operator is compatible
with existing query optimization rules, as the SPALM operator is introduced in the query plan after
filter pushdown, and is able to directly use the preceding operator’s output as input.
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-- Q1: Matrix multiplication on human_gene1 (24.7M rows)
SELECT E.row, P.row, SUM(E.v * P.v)
FROM E, P WHERE E.col = P.col
GROUP BY E.row, P.row

-- Q2: Value filter on human_gene1 (24.7M rows)
SELECT E.row, P.row, SUM(E.v * P.v) FROM E, P
WHERE E.col = P.col AND P.v >= 0.04 AND E.v >= 0.04
GROUP BY E.row, P.row

-- Q3: Diagonal pattern on 16k x 16k dense matrix (256M rows)
SELECT E.row, P.row, SUM(E.v * P.v) FROM E, P
WHERE E.col = P.col
AND ABS(E.row - E.col) <= 2000 AND ABS(P.row - P.col) <= 2000
GROUP BY E.row, P.row

-- Q4: Row pruning on 16k x 16k dense matrix (256M rows)
SELECT E.row, P.row, SUM(E.v * P.v) FROM E, P
WHERE E.col = P.col AND HASH(E.row)%4=0 AND HASH(P.row)%4=0
GROUP BY E.row, P.row

Fig. 16. Test matrix multiplication queries

Method
Query DuckDB

w/ SPALM
DuckDB

w/ fastest baseline
DuckDB

(unmodified)
Q1 6.45 (5.98) 10.52 (10.01) 230.18 (–)
Q2 2.53 (2.20) 3.38 (3.07) 46.27 (–)
Q3 1.50 (0.71) 6.61 (5.81) 495.65 (–)
Q4 1.67 (0.79) 2.77 (1.95) 511.50 (–)

Table 4. E2E execution time (unit: s) for queries on DuckDB. Numbers in ( ) denote time spent doing matrix
multiplication.

7 Conclusions
We propose SPALM, a matrix multiplication library utilizing a novel, sparsity-aware matrix multi-
plication algorithm. SPALM’s matrix multiplication algorithm groups subranges of rows, and uses
different matrix multiplication techniques depending on the dynamically-computed density of the
row groups. We show through experiments that SPALM achieves speedups up to 34× compared to
existing methods on a wide variety of sparsity patterns from both synthetic matrices and real-world
matrices from various domains.
For future work, we plan to extend SPALM to GPUs. We also plan to investigate how SPALM,

when integrated inside a DBMS engine can be co-optimized with more complex queries and data
pipelines.
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