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We introduce De Finetti Logic, a novel formalization of the data model of Gamma Probabilistic Databases. De
Finetti Logic is a simple, database-centric probabilistic programming framework in which models are specified
through relational constraints applied to a probabilistic database. This framework is grounded in the concept
of Pélya urns and offers an intuitive formalization of exchangeability, the fundamental structural assumption
underlying Gamma Probabilistic Databases. We leverage this new formalism to develop a novel inference
mechanism based on variational methods. Starting from a DFL theory, our inference method automatically
identifies an appropriate family of variational distributions to approximate the target posterior, and synthesizes
an optimization algorithm to minimize the Kullback-Leibler divergence between the true posterior and its
variational surrogate. To maximize performance, we employ knowledge compilation techniques to limit the
number of variational parameters, while preserving the expressive power of the surrogate. Our method is
implemented as an extension to the StarfishDB system. Experimental results demonstrate that (i) our approach
provides a practical, scalable, and fast-converging alternative to general-purpose inference via collapsed Gibbs
sampling, and (ii) remains competitive with specialized algorithms that leverage model-specific optimizations.
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1 Introduction

The challenge of performing inference in Bayesian statistical models has been substantially trans-
formed by probabilistic programming (PP) [116]. At its core, PP provides a framework where users
specify two components: a stochastic generative process and a set of constraints over the data
generated by this process. When the generative distribution is conditioned by the constraints, it
yields a posterior probability distribution over the model’s latent variables. PP’s main advantage is
automation. Starting from a generic probabilistic program, a dedicated compiler can automatically
generate an inference algorithm to approximate the posterior distribution, eliminating the need
for manual development of complex inference procedures. This approach has led to the develop-
ment of many probabilistic programming languages like Stan [20], Edward [112], Church [53],
and Anglican [110], along with various supporting systems and tools [5, 77, 81, 85, 95, 106]. More
recently, the integration of first-order logic into probabilistic programming has gained traction in
statistical relational learning (SRL) [39, 91-93, 97], enabling structured reasoning over relational
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data. Notable contributions to this area include StarfishDB [1] and Probabilistic Programming
Datalog (PPDL) [5, 56]. In this line of work, the authors of [1, 84] identified exchangeability as a
key structural assumption for achieving both expressivity and efficiency. In this paper, we advance
this idea by reformulating their framework using the classic Pélya-Eggenberger urn model. This
reformulation is intended to clarify and intuitively highlight the central role of exchangeability in
probabilistic programs. We refer to this new formalism as De Finetti Logic (DFL). DFL provides a
rigorous foundation in which the generative process is modeled as a collection of parallel urns,
capturing self-reinforcing dynamics where past events influence future probabilities. Conditioning
is implemented by imposing relational constraints over the outcomes of these urns. To prove its
effectiveness, we leverage this new formalism to develop a novel stochastic variational inference
method. The original implementation of StarfishDB relies on collapsed Gibbs sampling [52] as its
primary inference method. This approach inherits the well-known limitations of Markov Chain
Monte Carlo (MCMC) techniques [57]: it scales poorly with increasing data size and lacks native
support for gradient-based optimization, a cornerstone of modern machine learning. This gap
motivates the need for variational inference (VI) [67], a paradigm that replaces intractable posteriors
with optimized surrogate distributions [12]. VI's compatibility with stochastic optimization [94]
and its ability to handle large datasets make it a natural complement to MCMC in the PP ecosystem.
Unfortunately, existing PP frameworks often provide limited support for automating VI in struc-
tured relational models. While existing VI frameworks broadly replace intractable posteriors with
optimized surrogate distributions [12], they offer limited guidance on tailoring these surrogates to
domain-specific languages. This is particularly acute for languages blending logic and probability,
where the structure of constraints directly impacts inference efficiency. Existing VI approaches often
rely on ad hoc factorizations or exponentially sized parameterizations, limiting their applicability
to programs with structured dependencies. We address this gap with the following contributions:

(1) We design a mechanism to derive a stochastic variational inference (SVI) algorithm from any
recursion-free, negation-free StarfishDB probabilistic program, enabling scalable optimization
for large datasets.

(2) We leverage knowledge compilation techniques to optimize variational inference by reducing
the number of required variational parameters, without impacting the expressiveness of the
variational family. Furthermore, we employ a restricted version of PPDL to obtain a lifted
representation of the conditioning constraints.

(3) We implement our SVI algorithm as an extension of the StarfishDB system and demonstrate
its effectiveness through experiments on real-world, large-scale datasets. We also compare it
with state-of-the-art logic-based probabilistic programming frameworks.

One key insight of our work is to frame VI as a knowledge compilation task. This approach lets
us bound the variational family’s complexity while maintaining its expressiveness. As a result,
we eliminate the need for manually crafted surrogate distributions, a common practical challenge.
Unlike prior VI approaches that either fix factorization [12] or ignore logical structure, our method
bridges probabilistic programming with database theory and tractable circuit representations. This
connection is aligned with emerging neuro-symbolic paradigms [90, 105].

2 De Finetti Logic

Imagine an urn that initially contains o, > 0 red and a; > 0 green balls. After each draw, the
selected ball is replaced in the urn by two balls of the same color. Thus, the probability of drawing
a red ball at time step ¢ + 1is equal to (&, + R;)/(ar + R; + a5 + G;), where R; and G; denote the
number of red and green balls drawn in the first ¢ extractions. This urn process, known as the
Polya-Eggenberger urn model [40], was introduced to capture self-reinforcing behavior in stochastic
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systems (the more frequently a ball of a certain color is observed in the past, the more likely it is to
be drawn in the future). Importantly, this process exhibits the property of exchangeability [36]: the
probability of observing a given sequence of outcomes remains invariant under permutations of the
extraction order, even though the individual events are not statistically independent of one another.
The following formula determines the probability of extracting a certain sequence S containing
exactly R, red balls and G, green balls, after performing t = R; + G; draws from a Pdlya-Eggenberger
urn, initialized with a, red and a, green balls.

R, G
AR
Postya(S | ar, ag) = ———2— (1)
ar +ay)t

In Equation (1), 0{5’ denotes the rising factorial ﬂfi’o_ Yay +1).

ExaMpLE 1. A simple application of the Polya-Eggenberger urn model is in predicting the occurrence
of accidents [74]. Consider, for example, Ada, an airplane pilot whose attention level is monitored
during each flight by a camera-based system. The system classifies her behavior as either “distracted”
(represented by a red ball) or “vigilant” (represented by a green ball). The urn model can then be used to
forecast Ada’s performance on future flights. Importantly, the prediction depends solely on the number
of past observations of each behavior, and not on the specific order in which they occurred.

Let’s now imagine a parallel Pélya-Eggenberger urn, consisting of a collection of N pairwise
independent urns, from which we perform repeated extraction rounds. At each round ¢, on every
urn a single ball is drawn and then replaced with two additional balls of the same color. A De Finetti
Logic (DFL) theory is defined as a collection of logical constraints over the outcomes of a parallel
Polya-Eggenberger urn. Each constraint must restrict the outcome of a single extraction round,
and no two distinct constraints may refer to the same round.

EXAMPLE 1 (CONTINUED). Suppose Ada and Bob are two copilots, and we wish to construct a DFL
theory to predict their susceptibility to accidents based on past performance. To do this, we instantiate
a parallel Pélya-Eggenberger urn consisting of N = 2 urns, one for Ada and one for Bob. We then
carry out several extraction rounds, and encode our prior knowledge about Ada and Bob in the form of
DFL constraints. Below is a plausible DFL theory for this scenario. For simplicity, we associate each
extraction round with a specific day of the week.

ol < <On Monday, if Ada is distracted, then Bob is also distracted.”

o & <on Tuesday, Ada is vigilant.”

¢s
¢4 = “On Thursday, Ada is vigilant.”

def

‘On Wednesday, Ada is distracted.”

o

| -9

b5  <On Friday, Bob exhibits the same level of vigilance as Ada.”

With a slight abuse of terminology, we say that the five constraints ¢y, . . ., ¢5 from Example 1 are
exchangeable, in the sense that their likelihood remains unchanged under arbitrary permutations
of the constraints over the days of the week. Using more rigorous terminology, we should say that
these constraints represent a set of partially exchangeable events [33].

Example 1 raises a key question: (Q*) Can we utilize the knowledge encoded in the constraints
@1, - .., ¢s to predict the future performance of Ada and Bob? The short and reassuring answer is yes,
although its rigorous justification requires the introduction of a few more technical concepts and
notation.
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2.1 Pdlyadice

The first step is for us to develop a Bayesian characterization of a Pélya-Eggenberger urn. According
to De Finetti’s representation theorem [31], any countably infinite sequence S of exchangeable
random variables can be represented as a mixture over sequences of independent and identically
distributed (i.i.d.) random variables. For an exchangeable sequence S of binary outcomes (e.g., red
and green balls), this means that the probability P(S) can be expressed as follows:

P(S) = /S Po(S) - u(6) db @

In Equation (2), @ denotes a latent random two-dimensional vector (6,,6,) that ranges in the
one-dimensional probabilistic simplex S,, i.e., the set of all pairs of positive real numbers that
sum up to one, y is a probability measure over S;, and Py represents a probability distribution
parameterized by 8, from which the samples in S are drawn independently and identically. If S; and
S; are random variables corresponding to distinct elements in the sequence S, the distribution of S;
is, by construction, independent from the distribution of S; when we observe 0 (thatis, S; LS i | 6);
however, if @ remains unobserved (i.e., latent), S; and S; are only exchangeable, but not necessarily
independent (i.e. S;LS; is not necessarily true). The conditional independence S; LS; | 8 is key: if
as we observe more elements of S our uncertainty about @ decreases, then we can leverage our
knowledge about 6 to compute the posterior predictive distribution of the elements of S that we
haven’t observed yet.

If we use Equation (2) to represent an infinite sequence of draws from a Pélya-Eggenberger urn
initialized with @, red balls and ¢, green balls, then the mixing distribution p takes the form of a
two-dimensional Dirichlet density [78], with concentration parameters (a;, & ), and Py(S) takes
the form of a Bernoulli distribution, that assigns the probability 6, to the outcome of observing
a red ball, and the probability §; = (1 — 0,) to the outcome of observing a green ball [40]. This
representation remains valid for finite sequences of draws and can be naturally extended to urns
with more than two colors [10].

From this point forward, we use the term Pélya die to refer to the Bayesian formulation of
the Pdlya-Eggenberger urn. For any Pélya die D,, we denote by V,, = {v1,02,...,0p,} the set
of possible outcomes from a draw, corresponding to the D, distinct colors present in the urn.
Since DFL establishes a one-to-one correspondence between urn draws and logical constraints,
we index the urn draws w.r.t. the constraints they refer to: for each Pélya die D,, we denote
by X, = (Xn[¢1], Xnl¢2], ..., Xnldm]) an M-vector of random variables modeling the draws
associated with constraints @1, @2, ..., ¢p. Each random variable in X, takes values in V,, and
represents an independent and identically distributed sample from a shared Categorical probability
distribution. The random vector 8, = (6,,1,0,2,...,6,p,) encodes the weights of this latent
Categorical distribution; it lies within the (D,—1)-dimensional probabilistic simplex and follows
a Dirichlet distribution parameterized by &, = (&1, &2, . .., @n.p, ). Formally, a Pdlya die D, is
defined as the tuple (V,,, X, @y, 8,) and obeys the following distributional assumptions:

6, ~ Dir(a,)
Xn [¢m] ~ Cat(on) VX[¢m] €Xy
Thus, a Pdlya die defines a simple two-stage probabilistic model. In the first stage, a probability
vector @, is sampled from a Dirichlet distribution. In the second stage, 8,, parameterizes a Categorical

distribution from which M samples are drawn. The probability distributions for each stage are
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specified as follows:

_ 1 . Ano—1
PO | @n) = 2o 1:[ O )
P(Xn [¢m] | en) = en,Xn[qu] VXn [¢m] € Xn (4)

With limited abuse of notation, in Equation (4) we use X;,[¢,,] to denote either a random variable
(as in the first instance of the symbol) or the value assigned to it (as in the second instance). Later,
we will adopt the same simplified notation for other random variables, such as X,. In Equation (3)
symbol K(a,) represents the partition function for the Dirichlet distribution, which acts as a
normalizing constant:

K@) /S [T ¢ ag = Hereva Hone) 5)

n o' eV, r (Zz)'evn an,v’)

In Equation (5) symbol Sp, denotes the (D,-1)-dimensional probabilistic simplex, thus { represents
any D,-vector of positive probabilities that sum up to one. Notice that Sp, is also the domain
of random vector 8,,. I'(a,,,), instead, denotes the Gamma function /O+oo zno~lexp[—z] dz. By
combining Equation (3) and Equation (4), we can derive a joint probability distribution over the
random variables in X,, U {0, }:

1 Ono—1
P60 X | @) = s - [Tom™ T Oxigm (6)

VeV, Xnlpm]€Xn

It is easy to see that @, and X, are independent whenever 6, is known (to express this we will
write @, 1X, | 0,,). If we interpret X, as a sequence of observed events, then we denote by C,(X},)
the number of variables in X, that assume the value v, and by C(X,) the vector of all counts for
each value in V;:

def

C(Xn) = (C01 (Xn), Cvz (Xn)’ cees Can (Xn))

Under this interpretation, it is easy to rewrite Equation (6) as follows:

p(emxn | an) =P(9n | an) . 1—[ ng(xn) (7)

veV,

From Equation (7) we can conclude that the random variables in X, are pairwise finitely exchangeable
[32], i.e. their probability distribution remains invariant w.r.t. permutations, as we expected. Since
the Dirichlet distribution acts as a conjugate prior to the Categorical distribution, the posterior
density of a Pdlya die is another Dirichlet distribution:

PO, | Xp an) ~ Dir(an, + C(X,)) (8)

The posterior predictive of a Pdlya die is instead a Categorical distribution. If we denote by X, [1..m]
the vector obtained by considering only the first m elements of vector X, the posterior predictive
of a Pélya die can be computed as follows:

X [pmst ] F Cxinl G ] Xnl1..m])
Zv’eVn (an,v’ + Cv’ (Xn[lm]))

Finally, we can conclude that the likelihood of observing the sequence of M events X, out of a Pélya
die is equivalent to the likelihood of observing X, out of M extractions from a Pdlya-Eggenberger

P(Xn [¢m+1] IXn[1~~m]=an) =
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urn [75]:

P(Xn | an) = P(enaxn | an) don

Dn

M-1
= PXalgn] | @) - | | POGa[gmsr] | XnlLm] ) o)
m=1

Co(Xn

HUGV,, (an,v( ))

S
(ZUEV,, an,v)

Thus, the random variables in X, are exchangeable, but they are not pairwise independent, since the
probability distribution of each variable depends explicitly on the others; this means that observing
any subset of variables in X, will affect our knowledge about the others. We conclude by noticing
that the likelihood of a single urn extraction takes the form of a Categorical distribution:

an9xn[¢l]

P(Xn[¢1] | @n) = POn, Xul¢1] | @n) dOn = —————
Sp, ZveV" Xn,v

In summary, a Pélya die D, = (V,,,X,, @,,0,) serves as a basic Bayesian model for a Pdlya-
Eggenberger urn: V,, specifies the set of possible colors that can be drawn, &, encodes the initial
composition of the urn, and X, records the sequence of draws and their outcomes. The distribution
of the latent vector 8, summarizes the information gathered from previous draws and enables us
to compute the posterior predictive distribution for future draws. Following common practice, we
identify @, and 8,, as vectors of hyperparameters and latent parameters, respectively.

2.2 DFL Theories

The second step to answer question Q* is to formalize the language that we use to define constraints
over the outcomes of a parallel Pélya-Eggenberger urn, that we model as a battery of N pair-wise
independent Pélya dice {Dy, ..., Dn}. We denote by A the set of all the hyperparameters, by ©
the set of all latent parameters, by X the set of all throws, by V the set of all domains:

def

AS{ay,...,ay} ©OE1{0,....0N}
def def

XX, XN} VEVL.. VN}

For a given model G E (©,X, A) we define a joint probability distribution over the random
variables in X and © as follows:

N

N
p©X | 4) =[[p@nXnlan) « [ T[] 65" [0xu19
n=1

n=1 [0eV,  Xul¢mleXn

It is easy to see that G respects the following structural assumption: ALX | ©. A DFL theory

consists of a finite set & & {¢1,. .., ¢m} of logical constraints that are imposed against a probabilistic
model G = (6,X, A). All the constraints in ® must be satisfiable, and, as previously noted, each
constraint must restrict the outcome of exactly one extraction round, and no two distinct constraints
may refer to the same round.

Constraints come in two variants: atomic and composite. An atomic constraint simply limits the
possible outcomes of a specific urn draw, for example:

¢1 = (X1[41] € {v2,03})
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When an atomic constraint allows only for one value (e.g. X1 [¢1] € {vo}) we say that the constraint
is simple and write X;[¢1] = v,. Furthermore, we use the assignment operator := to associate
constraints with their label, as to avoid any confusion with the equality constraint (=). Composite
constraints are obtained by combining multiple atomic ones using the logical operators A (“and”),
Vv (“or”), = (“not”).

ExAMPLE 1 (CONTINUED). We are now ready to reformulate our DFL theory as a well-defined

. . . , . def
Bayesian model. To do so, we instantiate two Polya dice, one for Ada and one for Bob, namely Dy =

(Va,Xa,a4,04) and Dp o (Vp, X, ap,0p), withV, = Vg = {distracted, vigilant}. We can then
rewrite our DFL constraints as follows.

¢1 := (=(Xal¢1] = distracted) v (Xg[¢p1] = distracted))

¢ = (Xalg2] = vigilant)

¢35 1= (Xa[¢s] = distracted)

b4 = (Xa[@s] = vigilant)

¢s 1= ((Xals]| = distracted) A (Xg|¢ps]| = distracted)) v
V ((Xalgs] = vigilant) A (Xg[¢s] = vigilant))

If ¢ is a constraint, we denote by ©4  and VAR(¢;,) all the latent parameters and urn-draws,
respectively, of the dice that are mentioned in ¢,,. For example, if we consider ¢; from Equation (10)
in Example 1 then ©4, = {04,605} and VAR($1) = {Xa[¢1], X[¢1]}. We often write VAR(ppm, Pm’)
as a shorthand for VAR(¢,,) U VAR(Ppy ).

A Boolean constraint is called a term expression if it is a conjunction (A) of simple atomic
constraints, where each variable appears in at most one of the simple constraints. We use the
symbol 7 to denote an arbitrary term expression, and we write (X, [¢,,]) to indicate the value
assigned by t to the random variable X, [¢;,]. In Example 1 the constraint ¢s from Equation (10)
consists of a disjunction (V) between two term expressions

71 = ((Xa[¢s] = distracted) A (Xp[¢s] = distracted))
7 = ((Xalgs] = vigilant) A (Xp[gs] = vigilant))

Thus 71 (Xa[¢5]) evaluates to distracted, while 7,(Xa[¢s]) evaluates to vigilant.

Given an arbitrary subset X’ C X, we denote by AssT(X") the set of all possible configurations
(assignments) of the variables in X’. For convenience, we often represent these assignments as
term expressions. Adopting the terminology of [26], we refer to AssT(X) as the set of all the
possible worlds of process G. If X’ satisfies VAR(¢)) C X’ C X, we denote by SAT (¢, X’) the
subset of AssT(X’) where constraint ¢ is satisfied. We say that two constraints ¢; and ¢, are
logically equivalent, and write ¢; = ¢,, when they are satisfied by exactly the same assignments,
i.e. SAT (¢p1, VAR(¢1, ¢p2)) = SAT (¢2, VAR(¢1, P2)). We say that constraint ¢; entails constraint ¢,
(and write ¢; |= ¢,) when SAT (@1, VAR(¢1, ¢2)) C SAT (¢2, VAR(¢1, ¢2)).

If we consider constraint ¢s from Equation (10) in Example 1 and define 7; and 74 as follows

(10)

73 = ((Xa[¢s] = distracted) A (Xp[¢@s] = vigilant))
7y = ((Xa[¢s] = vigilant) A (Xg[¢s] = distracted))

then AssT(VAR(¢s)) and SAT (¢hs, VAR(¢5)) denote the sets {11, 72, 73, 74} and {1y, 2}, respectively.
Furthermore, 71 |= ¢s and ¢5 = =73 A =14. If @ is a DFL theory, we define SaAT (®, X) as follows:

SAT (B,X) Z{ry Ao Atu | (71, .., Tm) € XpeaSAT (6, VAR($))}
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Intuitively, the elements of SAT (®, X)) are term expressions of the form 7; A ... A 7, each repre-
senting a sequence of M outcomes (73, ..., 7yr) obtained by performing M draws from a set of N
pairwise independent Pdlya-Eggenberger urns, where each outcome 7, in (71, . . ., 7yr) satisfies the
corresponding constraint ¢,,, in .

Equivalently, SAT (®, X) denotes the subset of possible worlds in AssT(X) where all constraints
in @ are satisfied. With a slight abuse of notation, we will use the symbol @ to refer both to a
DFL theory (i.e., a set of DFL constraints) and to the expression \/ csur(9,x) - Note that @ (when
interpreted as an expression) and the term expressions in AssT(X) and Sat (®, X) are not valid
DFL constraints, as they refer to M distinct draws rather than a single draw. Nonetheless, their
likelihood remains well-defined and easy to compute, through Equation (9).

It is easy to see that any satisfiable constraint ¢ with VAR(¢)) € X encodes an event in the
probability space defined by G. We denote by P(¢ | A) the probability of sampling from G a
possible world that satisfies constraint ¢

P(pla)E > P(r|A) (11)

7€SAT(¢,X)

Furthermore, any event of G may be conditioned w.r.t. a constraint. We will denote by P(¢@; | ¢z, A)
the probability of sampling a possible world that satisfies constraint ¢; from the set of possible
worlds that satisfy ¢s.

P($1 ] 2, 4) 2%

We say that two constraints ¢ and ¢, are independent if their joint distribution is equal to the product
of P(p1|A) - P(p2|A). Two constraints ¢ and ¢, are partially exchangeable [37] when P(¢1, ¢, |
B4,,04,) = P(¢1 | By,) - P(¢2 | ©4,). For simplicity, and with limited abuse of terminology, in
this paper we will often omit the adverb “partially” and claim that two constraints are simply
exchangeable when they belong to a partially exchangeable set. Notice that @3 N 04, = 0 is a
sufficient condition for ¢; and ¢, to be independent and VAR(¢;) N VAR(¢;) = 0 is a sufficient
condition for ¢; and ¢, to be partially exchangeable. Thus, all the constraints in a DFL theory are
always, by definition, pairwise partially exchangeable.

2.3 Posterior Inference

We are now ready to answer question Q*. Let’s denote by # = (G, ®) an arbitrary DFL program,
where G = (0, X, A) is a generative model and  is a set of exchangeable constraints over G. Our
goal is to leverage the partial exchangeability of the constraints in ® to compute the posterior
distribution of the latent parameters in ©, conditioned on the constraints ¢ and the model’s
parameters A.

THEOREM 1. [1] For any well-formed DFL program P = (G, ®) where G = (0, X, A), the posterior
density p(© | @, A) can be computed as an affine combination of products of Dirichlet densities.

pO|®A) = ) pO]rA) P(r|0A) (12)
r€8AT(D,X)

Equation (12) admits an intuitive interpretation: each term 7 in the sum corresponds to a plausible
sequence of M draws from an N-ary parallel Pdlya-Eggenberger urn that satisfies all constraints
in ®. The probability P(z | ®, A) denotes the likelihood of observing such an outcome among all
sequences that satisfy ®, while p(® | 7, A) represents the posterior distribution of ® conditioned
on that outcome. Owing to the conjugacy of the Dirichlet prior, this posterior density is given by a
product of Dirichlet distributions, as specified in Equation (8): p(® | 7,A) = [1g co p(0n | 7. ap).
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—
—
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Ada's vigilance (04) Ada'’s vigilance (64) Ada’s vigilance (64)

(2) p(04,05 | {$1}.@a, @B) 1) p(04,0{$1.....¢s},@a,a)  (c) p(04,08l{¢1,....¢s},as,ap)

Fig. 1. Posterior distributions induced by the probabilistic program from Example 1

It is immediate to derive from Equation (12) the full posterior p(0,X = 7|®,A) = p(O|r, A) -
P(7]|®, A) V7 € SAT (9, X). The proof of Equation (12) is provided in the supplemental appendix.

ExaMPLE 1 (CONTINUED). Figure 1 illustrates the posterior distributions generated by three subsets
of constraints from the DFL theory outlined in (10). Each point (84, 0g) in the plots represents two
probabilities, the likelihood of vigilance of Ada (04) and Bob (0p). The color gradient indicates the
posterior density of each (04, 0p) pair: areas shaded in blue correspond to low posterior density, while
areas shaded in yellow correspond to high posterior density. Figure 1a shows the posterior distribution
generated by the first constraint alone, ¢1, which suggests that Ada’s distraction may propagate to
Bob. Note that the top-left quadrant, which contains configurations likely to violate this constraint, is
shaded in blue. Figure 1b shows the posterior distribution generated by the first four constraints in
the theory (10), where constraints {¢s, ¢s, P4} state that Ada is vigilant about two out of three times.
Note that this additional information is reflected in the posterior distribution, where the centroid of
the marginal distribution of 04 is shifted towards the value % Moreover, Bob results to be more likely
to be distracted than vigilant, which is consistent with constraint ¢,. Figure 1c shows the posterior
distribution generated by the whole DFL theory (10). Note that Bob’s likelihood of vigilance is improved,
consistently with constraint ¢s. We conclude this example by noting that the logical constraints in the
DFL theory induce correlations between the posterior densities of 04 and 0. These correlations arise
from the logical interdependencies among the constraints defined in the theory.

The primary inference task in a DFL program is to compute the posterior distributions of ® and
X. Unfortunately, Equation (12) is of limited practical use in this task, as the set SAT (@, X) may
grow exponentially with the size of ®. The authors of [84] addressed this limitation by introducing
a Markov Chain Monte Carlo method, able to approximate p(© | ®, A) for very large probabilistic
programs, that may contain millions of constraints. Furthermore, the authors of [1, 84] show that
the language is expressive enough to encode non-trivial Bayesian models, such as the Ising model,
Latent Dirichlet Allocation [13] or Hidden Markov Models. In the next section we introduce a novel,
alternative inference technique, based on Variational Inference [12]. Compared to standard MCMC
methods, Variational Inference offers better scalability and guaranteed convergence, though at the
expense of accuracy.

Before proceeding, we want to emphasize the significance and impact of the problem at hand.
Thanks to its ability to encode arbitrary propositional logic constraints into a smooth posterior
distribution, DFL provides a new, alternative way to combine logical and statistical Al into a single
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unified framework, similarly to Markov Logic Networks [38], ProbLog [68] or Probabilistic Soft
Logic [4].

3 Mean Field Variational Inference

In this section, we introduce a simple variational method to approximate the joint posterior
distribution p(©, X | @, A) for any arbitrary probabilistic program (G, ®). This method consists of
two steps: first we design a variational distribution q(®, X | A, M) that has the same support as
the posterior p(©,X | &, A) but a different parametrization and simplified structural assumptions;
second we optimize the parameters of the variational distribution ¢(©, X | A, M) with the goal of
minimizing its KL-divergence w.r.t. p(0, X | @, A). The variational distribution ¢(©,X | A,M) is
defined as follows:

(1) For each constraint ¢, € ® we define a variational Categorical distribution g, (VAR(¢,) |
Am) that assigns a probability to each term in AssT(VAR(¢y,)). Importantly, g4, is a full
joint distribution over VAR(¢,,) that does not make any independence assumption about
the random variables in VAR(¢,,). We denote by A the set Uy cp{An} containing all the
Categorical variational parameters. We refer to these parameters as local parameters.

(2) For each die D, € G we define a variational distribution qgp, (6, | ), a Dirichlet density
over the domain of random vector 8,,. We denote by M the set Up,eg{fin}, and refer to these
parameters as global parameters.

(3) We define the variational posterior q(©, X | A, M) as

def

9(8,% | A, M) = go(X | A) - (O | M) where
go(X | A)E [ gp, (VAR(Gm) | A),

PmeD

9@ 1M E [ 40,00 | 1)
DneG

Our goal is to identify the values of A and M that minimize the KL divergence between ¢(0, X |
A, M) and the joint posterior

p(O.X[0,A)=p(O]|XA) P(X[DA)
The KL divergence is defined as follows

def q(6,X | AM)
KL(g.p) = (log P(OX [ A)

= (logq(6,X | AM))@©3x)~q — (log p(6,X | ®,A))(0,3)~¢

) —(og LOE 21 A)
= (logg(®, X | A, M)}~ = Clog — s

= (log q(©, X | A,M))(@3x)~q — (log p(0,X,® | A))(e,x)~q + (logp(P | A))(e,x)~¢

>(®,X)~q

>(®,X)~q

Here we denote by (f(2)) »(z) the expected value of function f(z) assuming that z is distributed as
per p(z). As per common practice [12], instead of minimizing the KL divergence directly, a problem
that is intractable, we will settle instead on maximizing the evidence lower bound (L) between
q(0,X | AM) and p(0,X | , A).

LIg(AM)] = (log p(0,X, @ | A))(ex)-q — (logq(0,X | A,M))0x)-q
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The term log p(0, X, ® | A) can be decomposed as follows
logp(0,X,@ | A) =log [p(© | A) - p(X | ©) - p(P | X)]
=logp(© | A) +1ogp(X | ©) +log p(P | X)
Therefore, we can rewrite the ELBO as follows
L[g(AM)] =(logp(© | A))o~gs+
+ (log p(X | ©))(0,3)~q + {log p(® | X))5t~gq+
— (log qo(X | A))xt~gy — (log gg(© | M))e~ge

Notice that the term (log p(® | X))x~q, diverges to —co if we allow distribution g to generate with
positive probability any possible world that does not satisfy ®. Thus, to maximize £[q(A, M)] we
need to restrict A so that any assignment that does not satisfy ® has probability 0. We denote by
g5 (X | A’) this new, restricted variational distribution

L[ (N, M)] = (logp(© | A))e~gs + ((log p(X | ©))o~qq )x~g;+
— (log gg(X | A))xt~gy, — (log gg(© | M))e~qq

If we express L[q'(A’, M)] as a function of a single variational parameter A/, , then we have
L[q;;m (A;n)] = ((log p(tm | ®)>®~qg >Tm~q'¢m —(log q;sm(fm | A;n))me];sm + const. (13)
Here 7,,, denotes any term expression from SAT (¢, VAR(¢r,)). We compute the functional deriva-

tive of.l:[q;) (A,,)] w.rt. q’d)
oLIg, (K] S
T = (log p(7im | ©))o~qs —logqy (tm [A,) —1 (14)

The proof of Equation (14) is provided in the supplemental appendix. By setting the functional
derivative to zero we obtain

logq), (tm | A7,) o (log p(7m | ©))e~g,

oC Z(logp(‘l’m<xn [¢m]> | en)>9n~an
Xn[¢m]€VAR(Prm)

3 (P fnemXaldl) = D VHino))

Xn[pm]€VAR($m) 0eV,

Thus we can optimize A, . as follows

Az, O €XP Z Y (i, (Xa[$m])) — Z ¥ (hin,o) (15)

Xn[$m]€VAR(Srm) 0eV,

We can apply a similar derivation to optimize the variational parameters in M. If we express the
L[qp, (un)] as function of a single variational parameter y, then we have:

Llgp, (pn)] = (logp(0, | an)>0n~‘mn+

£ ((1ogp(Xn | 0))x-g,)0,-g0, + 16)
Om€D Xn[pm]€VAR($rm)

— (log q(65 | ”n)>9n~qz)n + const.

We compute the functional derivative of L[qp, (#,)] w.rt qp,
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aL[qp, (pn)]
YD,

By setting the functional derivative to zero we obtain

=logp(6, | @,) + (log p(X, | 0n)>X~q[D —logq(0, | pn) — 1 (17)

log q(0, | pn) =1ogp(0, | @n) + (log p(X,, | 0n)>X~q&, -1
=log(K(en) =1+ ) (dtno — 1) - log(6o)+

veV,

200 D, 108(0n0) - ColrmiXalgm])) - g, (i | A7)

eV, ¢ €D 71, €SAT(Prn)

Here K(a,,) is the normalization constant of the Dirichlet distribution parametrized by the vector
a

logq(By | ) & ) 10g(6n)| 0 D ColtnKaldmD) -, (im | Ajp) + (o = D)|

eV, Pm €D T, €SAT ()

By definition, q(8, | ) is a Dirichlet distribution, hence we have

Zlogeﬁz“‘locZIogen,o-(Z > cv<rm<xn[¢m]>>-q;m<rm|A;n>+an,u—1)

veV, veV, Pm €D 7, €SAT ()

Thus we can optimize p, , as follows

fno=tno+ D, > Coltn(Xaldnl)) - gy (tm | A7,) (18)

¢m €D 7, ESAT(¢m)

Equations (15) and (18) represents the central result of this section: for any DFL program, we
can build a variational distribution q(©, X | A’, M) and apply Equations (15) and (18) to iteratively
minimize the variational KL-divergence between g and the program’s posterior. In the literature [12]
this paradigm goes by the name of Coordinate Ascent Variational Inference (CAVI). The equations
admit a straightforward optimization: for any subset @ of fully exchangeable constraints, such as
¢ and ¢4 in Equation (10), it is sufficient to use a single local parameter in A’. Equation (18) can be
simplified accordingly.

3.1 Stochastic Variational Inference

CAVI requires processing all the constraints in a theory before updating the global variational
parameters. This can be inefficient for very large theories. To address this limitation, we follow
the well-established approach of Stochastic Variational Inference (SVI) [59], and develop a method
to optimize the Evidence Lower Bound (ELBO) using stochastic gradient descent. Our adaptation
is presented in Algorithm 1. In a nutshell, SVI applies CAVI to small, randomly selected batches
of constraints, that we denote as ®patch. For each batch, it maintains a set of intermediate global
parameters M, optimizes them with respect to the constraints from the batch (lines 5-10), and then
integrates the update into the global parameters M (lines 11-12). This integration is performed via a
weighted average using a step size p; = (¢ + 7)™ at iteration ¢ [94], which guarantees convergence
under appropriate conditions. The parameter 7 > 0 introduces a delay to stabilize early updates,
while the forgetting rate ¥ € (0.5, 1] controls the decay of the step size over time. At line 7 the
algorithm applies Equation (15) to update the local parameters A’. At line 9, it applies the following
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Algorithm 1: Stochastic Variational Inference for DFL PP

Input: A well-formed probabilistic program (G, ®)
1 Randomly initialize M;

2 repeat

3 for Dpaicn € © do

4 set M = M

5 repeat

6 for ¢, € Qpyyey, do

7 ‘ Compute the local parameters /1/m
8 for ji,, € M do

9 ‘ Compute the intermediate global parameters fip
10 until convergence of A and M;
1 for p, e M do

12 ‘ Bn = (1= pe)pin + prfin;

13 until convergence

equation to update the intermediate global parameters M

fino = no+s- > D Coltm(Xalpm])) - @)y, (tm | A7) (19)

&m EPhatch Tm ESAT(Prm)

In Equation (19) the scaling factor s is the ratio between the number of constraints that mention
die D, in the entire theory and in the current batch.

4 From Propositional Constraints to Datalog Constraints

In the previous sections, we reviewed DFL, a propositional logic language designed for repre-
senting probabilistic programs. Additionally, we introduced a novel compilation technique for
constructing variational approximations to the posterior distributions induced by DFL programs.
While this method is theoretically sound, its practical applicability is limited for two main reasons:
(i) real-world DFL programs may contain an extremely large number of constraints (see [1] for
examples), and (ii) each constraint can admit a vast number of satisfying assignments, resulting
in an exponentially large set of variational parameters in A’. To address the first limitation, the
authors of [1] proposed using a restricted variant of Probabilistic Programming Datalog (PPDL,
[5]) to encode large DFL theories in a compact representation. Their approach reformulates DFL
constraints as lineage expressions [54, 63] generated by a PPDL program. In this work, we adopt
the same strategy. To mitigate the second limitation, we employ knowledge compilation techniques
[27] to obtain a compact representation of the set SAT (¢,,) for each constraint ¢,, in a DFL theory.
This representation is derived directly from the underlying PPDL program and enables a substantial
reduction in the number of local variational parameters (i.e., the cardinality of A’) required for
inference. This contribution is novel with respect to the approach presented in [1].

Program 1 illustrates a PPDL program that admits a DFL lineage. We will use it as an example
and refer the reader to [1, 5] for a complete discussion of the syntax and semantics of PPDL and its
usage in the context of DFL. The predicates dt/3, 1p/3, obs/3, and sample/2 have a predefined
semantics, which is formalized in lines 1 and 2. The predicate dt/3 is used to declare a Pélya
die: its first argument specifies a unique identifier for the die, the second defines its domain, and
the third encodes the corresponding hyperparameters. The predicate 1p/3 links each Pdlya die
(via its identifier in the first argument) to its domain (second argument) and to a vector of latent
parameters (third argument). The probabilistic Datalog clause at line 1 specifies that for every Pélya
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Program 1: CoinFlippingGame

Ip(Id, D,P € S|p| ~ Dir[H]) « dt(Id, D, H).
2 obs(Id,R,v € D ~ Cat[P]) < Ip(Id, D, P), sample(Id, R).
3 dt(a, [head, tail], [1, 1000]).

4 dt(b, [head, tail], [1, 100]).

5 dt(c, [head, tail], [1, 10]).

6 dt(d, [head, tail], [1, 1]).

7 dt(e, [head, tail], [10, 1]).

8 dt(f, [head, tail], [100, 1]).

9 dt(g, [head, tail], [1000, 1]).

10 round(0, tail).

11 round(1, tail).

12 round(2, head).

13 round(3, head).

14 sample(a, R) < round(R, ).

-

15 sample(b, R) < round(R,_).

16 sample(c,R) « round(R, _).

17 hwb(1,R) < obs(a, R, tail), obs(b, R, head), obs(c, R, head).
18 hwb(2,R) < obs(a, R, tail), obs(b, R, tail), obs(c, R, head).

19 hwb(2, R) « obs(a, R, head), obs(b, R, tail), obs(c, R, tail).

20 hwb(3,R) « obs(a, R, tail), obs(b, R, tail), obs(c, R, tail).

21 order(d, e, g,R) < hwb(1,R).

22 order(e, f,g,R) < hwb(2,R).

23 order(f,d, g,R) « hwb(3,R).

24 sample(Cy, R) « order(Cy, Cy,C3, R).

25 sample(Cy, R) < obs(Cy, R, head), order(Cy, Cs, Cs, R).

26 sample(Cs, R) < obs(Cy, R, tail), order(Cy, Cy, C3, R).

27 win(R, O) <« obs(Cs, R, O), order(Cy, Cy, C3, R), round(R, O).
28 win(R, O) « obs(Cs, R, O), order(Cy, Cy, C3, R), round(R, O).
29 qa*(R,0) « win(R, O).

die declared via dt/3, the program samples a latent parameter vector from the appropriate Dirichlet
distribution, storing the result using the 1p/3 predicate. The predicate sample/2 is used to simulate
aroll of a Pdlya die: the first argument identifies the die to be rolled, while the second assigns a
unique identifier to the outcome. The predicate obs/3 records the outcome of a die roll: its first
argument refers to the die, the second to the observation identifier, and the third to the observed
value. The relationship between sample/2 and obs/3 is captured by the probabilistic clause at line
2: each occurrence of sample/2 triggers the sampling of a value from a Categorical distribution,
defined over the die’s domain and parameterized by the die’s vector of latent parameters. The
resulting value is then associated with the generating die using the obs/3 predicate.

With the exception of lines 1 and 2, the remainder of Program 1 consists of standard, deterministic
Datalog clauses that comply with the syntactic restrictions outlined in [1]: the predicate dt/3 is
used exclusively in ground facts, while obs/3 appears only within clause bodies. They describe the
generative process encoded in the program. Predicates marked with an asterisk, such as qa/2, are
designated as constrained; they define the conditioning expression used to compute the posterior
distribution over the Pédlya dice. In the case of Program 1, this condition identifies all executions of
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the generative process that yield the complete set of ground instances of the predicate gqa/2 that
can be derived with positive probability.

Program 1 encodes a simple coin-flipping game. A Pélya coin is a Pélya die with a binary domain
(e.g., {head, tail}). At lines 3-9, seven Pdlya coins are instantiated, labeled with the letters a through
g. Coin d is fair, while the coins preceding it are progressively biased toward the outcome “tail”,
and those following it are progressively biased toward “head”. The game is played over four rounds,
and the predicate round/2, used at lines 10-13, associates each round with its expected outcome
(“tail”, tail”,’head”;’head”, respectively). At each round R, coins a, b, and c are flipped, as specified
in lines 14-16. Lines 17-20 implement the hidden weighted bit [17] function; the fact hwb(n, R) is
derived if and only if exactly n of the three coins return the value “tail”, and the n-th coin (in order
a, b, ¢) is among those returning “tail”. Depending on the value of n, the program selects three
out of the four remaining coins and defines an ordering over them, as specified in lines 21-23. Let
(C1, Cy, C3) denote the selected ordering. The generative process then proceeds by flipping coin C;.
If the outcome is “head”, the program flips coin C;; otherwise, it flips coin C; (lines 24-26). The
outcome of this final coin flip determines the result of the current round R, which is constrained,
via lines 27-28, to match the target outcome specified by the predicate round/2.

Figure 2 illustrates the branching program obtained by grounding Program 1 with respect to
a specific instance of the predicate round(R, O) (that is, for a given round R of the game with an
expected outcome O). The grounding is derived as follows: we first compute the least Herbrand
model of the program, ignoring the probabilistic clauses at lines 1-2. If the resulting propositional
theory contains ground instances of the predicate sample/2, a separate branch is created for each
possible outcome of the corresponding dice rolls. For each such branch, we append the associated
ground instances of the predicate obs/3 and reiterate the derivation process. Branches that exhaust
all the possible ground instances of the predicate sample/2 without satisfying the program’s
constraints are pruned. Note that each directed path in Figure 2, from the root to the sink node,
represents a plausible evolution of the generative process encoded by the program, i.e. an execution
path. Moreover, each path uses any given die at most once; distinct paths may invoke the Polya
dice in different orders, and certain dice may not appear in every execution path. More precisely,
each path induced by Program 1 involves exactly five out of the seven available dice. Following the
terminology introduced in [84], we refer to the dice that appear in some execution paths but not in
others as volatile. Whenever a volatile die is used along a particular path, we say that the die is
active on that path. In the case of Program 1, the Pdlya coins {d, e, f, g} are all volatile.

To obtain a DFL theory from Program 1, we proceed by deriving the lineage expressions of
its ground predicates. A ground predicate is one where all variables have been replaced with

obs(a,R,tail) hwb(3.R)
ags(b. :"afi) order(f,d,g,R) obs(f,R,head)
obs(c,R,tail) sample(£R) | bs(CR 1) sample(d,R) obs(4R,0)
( )\.
obs(a,R,tail) hwb(LR) | _(Cobs(d.Rtail) }—»] sample(g,R) |— obs(z.R.0) Win(R.0)
round(R.0) obs(b,R,head) order(d.e.g.R) —("obg(d,R,head) }—F| sample(e,R) |—{ obs(e,R,0) qa(R,0)
i obs(c,R,head) sample(d,R)
sample(a,R) sample(f,R) obs(f,R,0)
sample(b,R) E obs(e,R,head) - .
sample(c,R) obs(a,R,tail) hwb(2,R)
. obs(b,R,tail) order(e,f,g,R)
obs(c,R,head) sample(e,R)

obs(a,R,head)
obs(b,R,tail)
obs(c,R,tail)

Fig. 2. Grounding of Program 1, parameterized by the predicate round(R, O).
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¢ [round(R,0)] :=T
¢ [sample(C,R)] := ¢[round(R,0)] VC € {a,b,c}
¢ [hwb(1,R)] := ¢p[obs(a, R, tail) | A ¢[obs(b, R, head) | A
A ¢[obs(e, R head) |
¢ [hwb(2,R)] := (¢[obs(a, R, tail) ] A ¢[obs(b, R, tail) |A
A ¢[obs(c, R head)])V
V (¢[obs(a, R, head)] A ¢p[obs(b, R, tail) |A
A ¢lobs(c, R, tail)])
¢ [hwb(3,R)] := ¢[obs(a, R, tail) ] A p[obs(b, R, tail) |A
A ¢[obs(c, R, tail) |
¢ [order(d, e,g,R)] := ¢ [hwb(1,R)]
¢ [order(e, f, g, R)| := ¢ [hwb(2,R)]
¢ [order(f,d, g, R)] = ¢ [hwb(3,R) |
¢ [sample(d,R)] := ¢ [order(d, e,g,R)] V
V (¢ [obs(f, R, head)] A ¢ [order(f,d,g,R)])
¢ [sample(e, R)] := ¢ [order(e, f,g,R)] V
V (¢ [obs(d, R, head)] A ¢ [order(d, e,g,R)])
¢ [sample(f, R)] = ¢ [order(f, d, g, R) | V
V (¢ [obs(e, R, head)] A ¢ [order(e, f,g,R)])
¢ [sample(g, R) ] := (¢ [obs(d, R, tail) ] A ¢ [order(d, e, g,R)])V
V (¢ [obs(f, R, tail)] A ¢ [order(f,d,g,R)])V
V (¢ [obs(e, R, tail) ] A ¢ [order(e, f,g,R)])
¢ [win(R, O)] := ¢[round(R, O) | A
A ((p [obs(e,R,O)] A ¢ [order(d, e,g,R)])V
V (¢ [obs(g,R,O)] A ¢ [order(d, e,g,R)])V
V (¢ [obs(d,R,O)] A ¢ [order(f,d,g,R)])V
V (¢ [obs(g,R,O)] A ¢ [order(f,d,g,R)])V
V (¢ [obs(f,R,O)] A ¢ [order(e, f,g,R)])V
V (¢ [obs(g,R,O)] A ¢ [order(e, f,9,R) 1))
¢ [qa(R,0)] := ¢ [win(R,0)]
¢ [obs(C, R, head)] := (C[R] = head) A ¢ [sample(C,R)] VC € {a,..., g}
¢ [obs(C, R, tail) | := (C[R] = tail) A ¢ [sample(C,R)] VC € {a,..., g}

Fig. 3. The lineage of Program 1, parameterized by round(R, O).

concrete values (e.g., sample(a, @) rather than sample(C,R)). If p(-) is a ground predicate then we
denote by ¢[p(-)] its lineage expression. We follow the conventions introduced in [1]: the lineage
of deterministic facts is defined as T, while the lineage of inferred facts is computed using the
standard rules [54], except for ground facts of the form obs(d, r,v), whose lineage is defined as
(d[r] =) A ¢[sample(d, R)]. Figure 3 illustrates the lineage expressions derived from Program 1.
Note that the expressions ¢[qa(0, tail)] and ¢[qga(1, tail)] represent finitely exchangeable events,
as do @¢[qa(2, head)] and ¢[qga(3, head)]. Taken together, these four expressions form a set of
partially exchangeable events and constitute a well-defined DFL program. Furthermore, for any
volatile die, the lineage of its associated sample/2 ground predicate identifies all the execution

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 237. Publication date: June 2026.



Variational Inference for De Finetti Logic 237:17

paths in which the die is active. Following the terminology of [84], we refer to the disjuncts in this
lineage expression as the activation conditions of the die.

Clearly, not all PPDL programs generate a DFL lineage. In addition to adhering to the syntactic
restrictions and key constraints described in [1], a sufficient condition for a PPDL program to admit
a DFL lineage is the presence of a special partitioning attribute R with the following properties: (i)
R serves as a key for the constrained relation (ga), and (ii) R determines the second attribute of
every tuple in the relation sample.

The next step in analyzing Program 1 is to identify a compact representation of its lineage
expressions, with the goal of minimizing the number of local variational parameters in A’ required
for inference. To this end, we adapt well-established formalisms from the field of knowledge
compilation [30] to our setting. Following [30], we represent the constraints in a DFL program as
Boolean circuits, i.e. rooted directed acyclic graphs (DAGs) in which internal nodes are labeled
with Boolean operators, and sink nodes are labeled with atomic constraints or constant symbols.
Throughout this section, we use the terms “circuits” and “expressions” interchangeably. Note that
our definition of a circuit deviates from the classical one, which assumes that variables range
over Boolean domains, whereas Pdlya dice do not necessarily respect such restriction. From [30]
we adopt the operators independent conjunction (©) and deterministic disjunction (®). We denote
by ¢m © ¢,y the logical conjunction of two expressions that do not share any variables (i.e.,
VAR(¢m) N VAR(¢y,) = 0), and by ¢,, @ ¢y the logical disjunction of two expressions that are
mutually exclusive (i.e., SAT (@, VAR(Pm, P )) N SAT (¢rr, VAR(Pp, Py )) = 0).

Similarly to [30], we denote by NNF the class of all the circuits that are free of negation, except
for their atoms, and by d-DNNF the subclass of NNF circuits that use only the operators ® and @.
For any expression ¢,, we denote by (¢n,||X,[¢m] + v) the expression obtained by replacing
every atomic constraint in ¢,, that mentions variable X, [¢,,] with either the constant 1, when
the constraint and X,,[¢,,] = v are mutually exclusive, or the constant T, otherwise. Notice that
by construction X, [¢m] € VAR(Pm||Xn[¢m] — v). The Boole/Shannon decomposition [16, 100] uses
the conditioning operator (¢,,||-) to factorize any circuit ¢,, with respect to one of its variables as
follows:

$m = D) (Xalpm] =0) © ($mllXan[pm] — 0))

veV,

We say that X, [¢m] € VAR(¢y,) is inessential in ¢y, if there exists another expression ¢/, that is
logically equivalent to ¢, and does not use X, [¢,]. Otherwise, we say that X,,[¢,,] is essential in
¢m- Notice that X,,[@dm] is inessential in ¢, if and only if (¢,||Xn[Pm] > 0) is logically equivalent
to (¢ml|Xn[Pm] — 0’) for any two v and v’ in V,,. We can generalize the conditioning operator to
handle multiple variables. If X’ € VAR(¢,,) and 7 is a term expression in AssT(X'), we denote by
(dml|7) the expression obtained by repeatedly applying the (¢,,||-) operator to map each variable
in X’ to the corresponding value specified by 7.

Let ¥ = {¢1,...,¥p} be a collection of constraints that form a partition of AssT(VAR(Y)) (i.e.
all the constraints are satisfiable, mutually exclusive and their disjunction is a tautology), with
VAR(Y) C VAR(¢;,). We say that ¥ forms a sentential partition [27] of ¢,, when there exists a set of

expressions = = {1, ..., yp} such that no two expressions in = are logically equivalent and
m =P (Vo © 1) (20)
Ype¥

The above equivalence is satisfied when y, = (¢m||7) for every 7 in SAT (i, VAR(},)) and every
¥, in ¥. Reusing the terminology from [27], we refer to {y,...,¥p} and {x1,..., xp} as the primes
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and the subs of the partition, respectively, and to VAR(Y) and VAR(E) as the prime- and sub variables
of the partition, respectively.

DEFINITION 1. Let ¥ = {y1,...,y¥p} be a collection of constraints that are all satisfiable, mutually
exclusive and such that VAR(Y) C VAR(dp,) and ¢, |= (V%e\y p). If there exists a set of expressions

= ={x1,..., xp} such that no two expressions in E are logically equivalent and Equation (20) holds
true, then we say that ¥ forms a positive sentential decomposition of ¢,,.

Note that we can obtain a positive sentential decomposition from a sentential partition by simply
dropping the prime associated with the sub L, if any.

DEFINITION 2. We denote by upSDD (acronym for “unstructured positive SDD”) the subclass of
d-DNNF circuits that use the © and ® operators exclusively within positive sentential decompositions.

The DFL lineage generated by a ground PPDL theory can be naturally represented using upSDD
circuits. To construct such a representation, it suffices to apply a positive sentential decomposition
at each branching point in the ground program. The dice being rolled at the branching point serve
as the prime variables in the decomposition, while all other variables play the role of sub variables.
Figure 4 illustrates the upSDD circuit derived from Program 1. In the figure, dashed edges point at
prime expressions, while solid edges point at sub expressions. Note that whenever a volatile die
remains inactive over a certain branch of the program, its associated variable remains inessential
in the corresponding sub expression in the circuit.

For any d-DNNF circuit ¢,,, we denote by DSAT (¢,,) the set of term expressions returned by
Algorithm 2. Note that each such term satisfies ¢, but does not necessarily use all the variables in
VAR(@,). Furthermore, all the terms are mutually exclusive and for any term 7 € SAT (¢, VAR(¢1,))
there exists a term t/ € DSAT (¢,,) such that 7 |= 7’. Thus, we can conclude that DSAT (¢,,) encodes
a partition of SAT (@, VAR(¢;,)). Note that Algorithm 2 is not guaranteed to produce the same
output when applied to two distinct d-DNNF circuits that are logically equivalent.

If ® = {¢1,...,Pum} is a collection of partially exchangeable d-DNNF circuits, we denote by
DSaT (®) the set {(ry A ... Aty) | (71,...,T;M) € X4,,c0DSAT (¢m)}. By construction, DSAT (®)
defines a partition of SAT (®, VAR(®)) and may be exponentially smaller in size. To take advantage
of this, we can reformulate Equation (12) as follows:

pO1@.A) = > pO]rA) P(r|dA) (21)
7€DSAT(®)

Starting from Equation (21) we can derive a variational approximation of the posterior p(© | ®, A)
as per Section 3, and obtain a model with, potentially, a much smaller set of local parameters (A”).
Figure 5 shows the set of terms obtained by executing Algorithm 2 on the circuit presented in
Figure 4. Note that each term identifies a path in the ground program from Figure 2, and only uses
variables that are active along that path.

5 Implementation

We implemented the variational inference algorithm presented in this paper as an extension to the
StarfishDB engine, offering an alternative to the original collapsed Gibbs sampler introduced in
[1]. We refer to the two approaches as SFDB-SVI and SFDB-CGS, respectively. Our implementation
adheres to the design principles of StarfishDB: the engine leverages just-in-time (JIT) compilation
[42] to optimize the inference methods and uses the Acero relational query processor from Apache
Arrow [46] to perform grounding. This enables the use of push-based [99] physical query plans,
columnar storage [14] and vectorized execution [15] during the process.
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Fig. 4. The lineage of Program 1 represented as an upSDD circuit, parameterized by predicate round(R, O).
Unary applications of the @ operator are treated as no-operations (no-ops).

Algorithm 2: DSat

Input: A d-DNNF circuit ¢y,

Output: A set of term expressions that satisfy ¢,,

if ¢, = T then
‘ return {T}

else if ¢y, is an atomic constraint in the form X, [¢,] € V), then
‘ return SAT (¢, {Xn[$m]})

5 else if ¢, = ¢ © ¢’ then

6 ‘ return {r © 7' | 7 € DSAT (¢), 7’ € DSaT (¢')}

7 else if ¢, = ¢ ® ¢’ then

8 ‘ return DSAT (§) U DSAT (¢’)

9 else

10 ‘ return 0 ; /] ¢m =1L

[

wow

In StarfishDB, expressions like those shown in Figures 4 and 5 are referred to as expression
templates, due to their use of parameters (e.g., the parameters R and O in the example discussed
in this paper). Through JIT compilation, the engine translates these expression templates into
efficient inference methods that take as input a valuation of the parameters and execute a single
basic inference step as output. The expression templates are derived directly from the Datalog
specification of the program, without using propositional optimization tools such as [29, 72, 87].
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(a[R]=tail) A (b[R]=tail) A (c[R]= tail) A (d[R]=head) A (e[R] =O)
(a[R]= tail) A (b[R]=tail) A (c[R]= tail) A (d[R]= tail) A (g[R] = O)
(a[R]=head) A (b[R]= tail) A (c[R]=tail) A (e[R]=head) A (f[R] =0O)
(a[R]=head) A (b[R]= tail) A (c[R]= tail) A (e[R]=tail) A (g[R] =O)
a[R]=tail) A (b[R]= tail) A (c[R]=head) A (e[R]=head) A (f[R] =O)
a[R]=tail) A (b[R]= tail) A (c[R]=head) A (e[R]=tail) A (g[R] =O)
a[R]=tail) A (b[R]=head) A (c[R]=head) A (f[R]=head) A (d[R] =0O)
a[R]=tail) A (b[R]=head) A (c[R]=head) A (f[R]=tail) A (g[R] = O)

(
(
(
(

Fig. 5. The terms generated by executing Algorithm 2 on the circuit depicted in Figure 4.

This is because probabilistic Datalog programs often induce a natural die-rolling ordering over the
Pélya dice, which translates directly into a reasonable upSDD decomposition. Furthermore, the dice
often have non-Boolean domains, whereas standard d-DNNF expressions are typically restricted to
Boolean variables.

In the case of SFDB-CGS, the engine translates a circuit like the one depicted in Figure 4 into a
function that samples a term from the corresponding DSAT and uses it to perform one step in the
Markov chain generated by a collapsed Gibbs sampling scheme. In the case of SFDB-SVI, the engine
translates an expression like the one shown in Figure 5 (obtained by taking a disjunction of all the
terms in DSAT) into a method that updates the variational parameters of the model by applying
Equations (15) and (19) as per Algorithm 1. The grounding engine simply iterates over all the
constraints in @, invoking the JIT-compiled method for each constraint with the appropriate values
for the template’s parameters. Thanks to this approach, the engine compiles a single inference
method for each expression template, which is then executed a large number of times, thereby
amortizing the compilation overhead. All the probabilistic programs presented in this paper and in
[1] require the compilation of only a single expression template. Furthermore, the engine maximizes
efficiency through the diligent use of tight loops, parallelization and batched memory allocation.

6 Experiments

We compare our framework against two baselines: MALLET [82] and ProBLOG [68]. MALLET is a
general-purpose NLP library that includes a highly optimized implementation of Latent Dirichlet
Allocation (LDA, [13]), a probabilistic model for topic extraction. We compare it against a DFL
implementation of the model, using StarfishDB to derive a variational inference method and a
collapsed Gibbs sampler from it. ProbLog is a general-purpose PP framework, that adopts a Datalog-
like language and relies on exact inference (in the form of variable elimination). For comparison
with StarfishDB, we reproduce in DFL one of the canonical programs from ProbLog’s official tutorial,
a simplified Ising model. All experiments are run on a 32-core Xeon (2.10GHz) machine with 512GB
of RAM, running Red Hat Enterprise Linux version 8.1.

Experiment 1: Latent Dirichlet Allocation. The PPDL/DFL formulation of LDA that we use
here is given in [1, 84]. We apply the techniques presented in this paper to compile a variational
inference method for it. LDA is an excellent choice for our purpose, as a variety of specialized
inference methods have been proposed for it. These include both variational inference methods
[13, 45, 58, 59, 109] and Monte Carlo methods [55], alongside well-established performance metrics
[3, 117] and a wide range of publicly available datasets. Our benchmark compares four different
inference methods for LDA: (1) SFDB-SVI, our proposed approach; (2) SFDB-CGS, the collapsed Gibbs
sampler derived from the PPDL formulation of LDA using the compilation techniques proposed in
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Dataset Timestamp SFDB-SVI SFDB-CGS C++SVI  Mallet
. T1 (773 s) -4.0673 40767  —4.0685 —4.0736

PubMed (100 topics) 1) o7 -4.0664  —4.0733  —4.0679 —4.0690
G . T1(1659s)  -5.5353  —5.6240  —5.6567 —5.7077
Wikipedia (200 topics) 1, 555 o) 55362  —5.6173  —5.6099 —5.6281

Note: Log-likelihood values are scaled by 108.
Table 1. Log-likelihood evaluated at timestamps T7 and T2 for PubMed and Wikipedia datasets. Higher
log-likelihood values are more desirable.

[1]; (3) C++SVI, a C++ implementation of [58], developed by us; and (4) MALLET [82], a popular
Java implementation of [55]. Methods (1) and (3) use variational inference, while methods (2) and
(4) rely on Gibbs sampling. Methods (1) and (2) are general-purpose, as both are generated by a
compiler that can be applied to other probabilistic models, simply by selecting the appropriate
PPDL theory. In contrast, methods (3) and (4) are special-purpose, as they implement inference
mechanisms that leverage structural properties specific to LDA.

We run our experiments on two text corpora: PubMed, which contains 8.2 million biomedical
abstracts (730 million tokens, with a vocabulary size of 141,043 distinct words), and Wikipedia,
with 4 million articles (1 billion tokens, with a vocabulary size of 192,000 distinct words). The
vocabulary size is measured after stemming and normalizing the tokens to filter out rare and stop
words. These datasets were selected for their public availability, varying scales, and widespread use
in prior LDA research, providing a representative benchmark. For SFDB-SVI and C++SVI, we set
the batch sizes to 4 million words for the PubMed dataset and 8.5 million words for the Wikipedia
dataset. For both algorithms, we maintain consistent step size parameters: x (forgetting rate) set to
0.7 and 7 (delay) set to 1 throughout all experiments. These parameter values were based on the
study in [58] and further validated through our own experimental testing. All competing methods
use symmetric Dirichlet priors with a value of 0.2 for document composition and 0.1 for topic
composition. For the PubMed dataset, we train LDA models with 100 topics, while for the larger
Wikipedia dataset, we use 200 topics. For all datasets, we use 95% of the data for training and
5% for testing. Each competing inference algorithm is run to train an LDA model on the training
documents (95%), and the quality of the resulting model is assessed by estimating the log-likelihood
of the documents in the test set (5%) [23, 117]. Since computing the exact likelihood of a large LDA
model is intractable [117], we use MALLET’s evaluate-topics tool to obtain an approximate
measure. The log-likelihood is measured at two specific timestamps, denoted as T1 and T2. T1
represents the time required for SEDB-SVI to complete a single full sweep over all the training
data (773 seconds for PubMed, 1,659 seconds for Wikipedia). T2 represents the time needed by
MALLET’s Gibbs sampler to perform 40 full Monte Carlo sweeps over the training data (971 seconds
for PubMed, 3,281 seconds for Wikipedia). Table 1 reports our findings. To ensure a fair comparison,
the timings in Table 1 do not include I/O operations or compilation. We observed StarfishDB to
be more I/O efficient than C++SVI and MALLET, with a total I/O time, including grounding, of 56
seconds for PubMed and 70 seconds for Wikipedia. The advantage is largely due to the compressed
data format used in Arrow. JIT compilation requires only 5 seconds with 100 topics and 12 seconds
with 200 topics.

Analysis of the results: Overall, we observe that the variational methods converge faster than
their Monte Carlo counterparts, reaching a mostly stable likelihood by timestamp T1. Unlike
the variational methods, the Monte Carlo methods are guaranteed to converge asymptotically to
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Config Truth SFDB-SVI SFDB-CGS ProbLog
(Size)  (Prob.) Err. Time(s) Err. Time(s) Err. Time (s)
2X2 0.819 0.014 0.0013 0 9.4 0 0.014

3x3 0.792 0.050 0.0015 0.004 14.3 0 0.280
4x4 0.790 0.054 0.0028 0.008 50.1 0 1.070

5X5 0.793  0.008 0.0048 0 83.9 0 113.8
32X 32 ? 0.036"  0.2350 - 1820 T/O T/O
64 X 64 ? 0.030*  0.3900 - 2237 T/O T/O

* Relative error w.r.t. SFDB-CGS.
Table 2. Ising model performance. Error measures absolute difference from ground truth probability that
corner sites match. Ground truth: exact enumeration for < 5 x 5, SFDB-CGS for larger grids (*). Times in
seconds; T/O = timeout.

the true posterior, and thus continue to improve the model’s likelihood until timestamp T2. Our
experiments are designed to address two key questions: (1) Can a PPDL program generate an
inference method that competes with the performance of a hard-coded implementation? Achieving
this would be highly desirable, as the PPDL formulation of LDA, which consists of just five Datalog
clauses, is significantly simpler and more compact than the hundreds of lines of C++ code typically
required for implementing a finely tuned inference method for LDA. (2) Is our new variational
inference method any better than the existing Monte Carlo method offered by StarfishDB?

The answer to the first question is yes: the LDA models generated by SFDB-SVI and SFDB-CGS
are largely comparable to those produced by specialized tools like C++SVI and MALLET, both in
terms of quality and training cost. Using PPDL eliminates the need for specialized expertise in the
implementation of optimization algorithms, making the language more accessible to the average
database practitioner and easy to integrate into relational database systems. The answer to the
second question is more nuanced. Our findings align with previous experiences reported in the
literature [12]: both variational and Monte Carlo methods have their respective advantages and
drawbacks. While both approaches are practical and widely used, variational methods generally
converge faster and are easier to parallelize, offering better scalability. On the other hand, Monte
Carlo methods remain the preferred choice when asymptotic optimality is required or when the
use of small-scale data does not justify the development of a variational method.

Experiment 2: Ising Model. In this experiment, we replicate a categorical Markov Random Field
(MREF) of arity two from the official ProbLog tutorial'. This MRF implements a simplified Ising
model [70]. We model a grid of r X r sites S = {s1, 52, ..., 5,2}, where each site takes binary values
{0, 1}. Each site interacts with its four immediate neighbors (up, down, left, right). We denote the
set of all neighboring pairs by AV. The joint distribution p(S | a,b) o< [1(s,s,yep ¥(si, 55) factorizes
over neighbor pairs through potential function ¢/(s;, s;) that assigns weight a when neighbors
match and weight b when they differ. To encode this model in DFL, we instantiate a binary Pélya
urn X; with colors {0, 1} for each site s;. We encode MRF potentials through constraint repetition:
for each neighboring pair (s;, s;) € N, we create multiple matching constraints (enforcing that urns
X; and X; draw the same color) and unmatching constraints (enforcing different colors). The ratio
of matching to unmatching constraints equals the ratio of potential weights a : b. We set a = 0.8
and b = 0.2, scaling by 100 to obtain 80 matching and 20 unmatching constraints per neighbor
pair. We measure the probability that corner sites share the same state, validating SFDB-SVI against

Ihttps://dtai.cs kuleuven.be/problog/tutorial/various/04_nampally.html
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exact C++ solver, ProbLog, and SFDB-CGS on grids from 2 X 2 to 5 X 5, plus 32 X 32 and 64 X 64 for
scalability.

Analysis of the results: Table 2 shows exact methods time out beyond 5 X 5 (2°° configurations),
while SFDB-SVI maintains errors below 0.054 with orders of magnitude speedup compared to SFDB-
CGS. While exact inference is preferable when computationally feasible, many models including
Ising and LDA make it intractable at scale, demonstrating the practical utility of approximate
inference.

225

7 Related Work

Datalog in Probabilistic Programming: We refer readers to [1] for a detailed contextualization
of StarfishDB in relation to other competing probabilistic programming frameworks. Two of
the frameworks that are most similar are PPDL [5] and ProbLog [39, 114]. The language used
in StarfishDB is a fragment of PPDL, whereas ProbLog utilizes Sato’s distributional semantics
[79, 96]. PPDL is not equipped with any inference method, while ProbLog typically relies on
exact inference through weighted model counting. Interestingly, there is a variant of ProbLog
that incorporates Bayesian priors [21]. Our line of work fits within the broader field of Statistical
Relational Learning [92], which has led to the development of several probabilistic programming
languages [5, 48, 68, 85, 91, 93, 97]. These languages utilize first-order logic to efficiently represent
large sets of constraints [113]. The authors of [19, 65] advocate for the use of database systems as
an effective computational backbone for inference and machine learning; our work adheres to this
perspective.

Variational Inference in Probabilistic Programming: Variational Inference is widely used in
Bayesian statistics [6, 11, 12, 44, 47, 59, 71] and implemented in frameworks like Pyro [9], Edward
[112], ProbTorch [108] and Turing.jl [43], Gen system [7, 25]. Some probabilistic databases use
exact circuit-based inference [98] or sampling approximations [61]. Unlike common applications of
variational inference, our approach is tailored to DFL theories and frees the user from providing
a guide function. Systems like GenSQL [62] and MultiPPL [107] abstract inference via a unified
interface that admits external PPLs/engines as backends, enabling users to focus on program
expressivity rather than implementing inference.

Knowledge Compilation for Probabilistic Inference: An excellent survey on the usage of
Boolean circuits in the context of database systems [66], including probabilistic query evaluation, is
given in [2]. Fairly recent advances [18, 27, 28] in knowledge compilation techniques have boosted
tractable inference for SRL, typically through weighted model counting (WMC, [34, 41, 60, 86, 92]),
Approximate model counting [22] and exact model counting [101]. This approach has been extended
to various compilation targets like probabilistic decision graphs [64], arithmetic circuits [28],
and sum-product networks [89, 105], which trade expressivity for tractability. The idea of using
knowledge compilation techniques in first order logic based probabilistic programs boils down
to having a lifted representation of the probabilistic program that avoids repeated calculations
[35, 50, 111]. The circuit class used in this paper, upSDD, is a simplified version of the classic
SDDs [27]. Unlike SDDs, upSDDs do not need to adhere to any vtree, which imposes a hierarchical
partitioning scheme for the use of the © operator. This relaxation is made because our work focuses
solely on efficiently computing DSAT, while maintaining the conciseness of the representation.
Note that the circuit depicted in Figure 4 does not admit any vtree. Other differences include the
use of non-binary variables and the absence of sub expressions that evaluate to L. SDDs power
numerous applications including exact inference tools (PySDD [83], Ace [115]), statistical relational
learning systems (ProbLog2 [39], DeepProbLog [76]), graphical model compilation [24], circuit
operations [80, 102], and constraint-aware PSDD frameworks [51, 69, 73, 83, 103, 104]. Arithmetic
circuits have also been used to directly compute the ELBO in variational inference [105].
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8 Conclusions

We introduced a novel variational inference method for StarfishDB, paired with a novel knowledge
compilation technique to minimize the number of variational parameters. We implemented the
new method and verified its correctness and scalability against a real-world, intractable inference
task (LDA). In the future we plan to extend DFL to non-parametric models [11] and to explore the
derivation of confidence bounds, in the spirit of [49, 114].

In the preparation of this manuscript, we used generative Al (ChatGPT) for spell checking,
rephrasing, and grammar correction.
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