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Modern stream processing systems often need to track the frequency of distinct keys in a data stream in real-

time. Since maintaining exact counts can require a prohibitive amount of memory, many applications rely on

compact, probabilistic data structures known as frequency estimation sketches to approximate them. However,

mainstream frequency estimation sketches fall short in two critical aspects. First, they are memory-inefficient

under skewed workloads because they use uniformly-sized counters to count the keys, thus wasting memory

on storing the leading zeros of many small counts. Second, their estimation error deteriorates at least linearly

with the length of the stream—which may grow indefinitely—because they rely on a fixed number of counters.

We present Sublime, a framework that generalizes frequency estimation sketches to address these challenges.

To reduce memory footprint under skew, Sublime begins with short counters and dynamically elongates them

as they overflow, storing their extensions within the same cache line. It employs efficient bit manipulation

routines to quickly locate and access a counter’s extensions. To maintain accuracy as the stream grows, Sublime

also expands its number of counters at a configurable rate, exposing a new spectrum of accuracy-memory

tradeoffs that applications can tune to their needs. We apply Sublime to both Count-Min Sketch and Count

Sketch. Through theoretical analysis and empirical evaluation, we show that Sublime significantly improves

accuracy and memory over the state of the art while maintaining competitive or superior performance.
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1 Introduction
Data Streams. With data volumes growing exponentially, it has become infeasible for many

applications to compute statistics by scanning entire datasets. At the same time, many modern

systems must monitor and analyze data streams that grow at high speeds in real time, where storing

the full stream (e.g., all packets transmitted over a network) is impractical. Nevertheless, users

rely on these statistics to make timely decisions and extract insights from the data (e.g., to detect

anomalies in network traffic [39, 84], identify trending content on social media networks [34],

or monitor system performance [47, 94]). One way to address this challenge is to incrementally

Authors’ Contact Information: Navid Eslami, navideslami@cs.toronto.edu, University of Toronto, Toronto, Canada; Ioana

O. Bercea, bercea@kth.se, KTH Royal Institute of Technology, Stockholm, Sweden; Rasmus Pagh, pagh@di.ku.dk, BARC,

University of Copenhagen, Copenhagen, Denmark; Niv Dayan, nivdayan@cs.toronto.edu, University of Toronto, Toronto,

Canada.

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 International License.

© 2026 Copyright held by the owner/author(s).

ACM 2836-6573/2026/6-ART239

https://doi.org/10.1145/3802116

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 239. Publication date: June 2026.

https://doi.org/10.1145/3802116
https://doi.org/10.1145/3802116
https://creativecommons.org/licenses/by-nc-nd/4.0
https://creativecommons.org/licenses/by-nc-nd/4.0
https://doi.org/10.1145/3802116


239:2 Navid Eslami, Ioana O. Bercea, Rasmus Pagh, and Niv Dayan

maintain statistics as new data arrives or old data expires. This approach works well for simple

metrics such as sums or means, which can be updated exactly using basic arithmetic operations [47].

However, many other important statistics, such as cardinalities, quantiles, or item frequencies,

cannot be maintained so easily. To address this challenge, data sketches have emerged as a popular

approach. A data sketch is a compact data structure maintaining a small amount of information

about the data that approximates a given statistic while providing accuracy guarantees.

Frequency Estimation Sketches.One of the most fundamental statistics in data stream analysis

is frequency—the number of times each key appears in the stream. Tracking these counts exactly

requires maintaining a counter for every distinct key, which leads to a substantial memory overhead

if the stream contains many unique keys. To overcome this issue, a Frequency Estimation Sketch
approximates the counts using a compact, fixed-size structure. At a high level, this structure maps

the key domain to a smaller codomain of counters (e.g., via hashing) and uses the counter a key maps

to as an estimate of that key’s frequency. In this way, a frequency estimation sketch significantly

reduces memory usage, though it introduces estimation errors due to the possibility of multiple keys

mapping to the same counter. Frequency estimation sketches have become key components across

many systems, including query optimizers [40, 43, 44], network monitors [9, 20, 22, 41, 55, 60, 78],

streaming SQL engines [13], sensor data analyzers [2, 54], and genome analysis pipelines [80, 93].

Different Types of Error. Frequency estimation sketches differ in the nature of the errors

they introduce. The Count-Min Sketch [21] either matches or overestimates a key’s true count.

This one-sided error makes the Count-Min Sketch suitable for security-critical applications such

as detecting denial-of-service [87] and hardware row hammer [12] attacks, where misclassifying

malicious behavior is unacceptable. The Count Sketch [14] can both overestimate and underestimate

a key’s count. Yet, these errors cancel out on average, yielding unbiased estimates. This property

prevents the error from compounding when combining or multiplying estimates, making the Count

Sketch useful for tasks such as query optimization [40, 43, 44] and covariance estimation [25].

The Misra-Gries structure [69] either matches or underestimates a key’s true count. This makes

Misra-Gries effective in identifying the most frequent keys (i.e., the heavy hitters) [39, 84], since

the keys it tracks are guaranteed to have a relatively high frequency. Many variants of these

data structures have been proposed, each offering distinct tradeoffs between accuracy, space, and

performance [5, 7, 15, 28, 29, 35, 36, 58, 59, 62–64, 68, 77, 79, 81, 86, 88–92].

Goals. Ideally, a frequency estimation sketch should provide high accuracy using a modest

memory footprint. At the same time, it should attain consistently high performance as a data stream

grows. This paper shows that all existing frequency estimation sketches fall short of at least one of

these goals due to two core problems:

Problem 1: Skew. In many real-world data streams, key frequencies are highly skewed, with a

small number of heavy hitters appearing far more than other keys (e.g., following a Zipfian or, more

generally, a heavy-tailed distribution) [8, 10, 58]. As a result, most counters within a frequency

estimation sketch hold small values while only a few hold large values. Existing frequency estimation

sketches use uniformly-sized counters, which must be long enough to represent the maximum

counter value. Consequently, they waste a significant amount of memory storing the unused

higher-order bits of small counter values. Several prior works attempt to address this problem by

utilizing smaller counters and merging or sharing those that overflow [7, 15, 29, 35, 36, 58, 64, 91].

We show that these approaches compromise either accuracy or performance. Therefore, minimizing

memory wastage under skew remains a challenge.

Problem 2: Unbounded Data Growth. In most applications, data streams continuously grow

over time [22, 40, 43, 44, 55, 60]. Yet, all existing frequency estimation sketches are allocated with

a fixed size from the get-go. This causes their estimation error to scale at least linearly with the

stream’s unknown length. One cannot construct a larger frequency estimation sketch to control the
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error without losing all prior information, as the stream is too large to be stored, rescanned, and

reinserted into a new sketch. Thus, applications are unable to maintain tight error bounds as the

stream grows. This problem is critical when deploying frequency estimation sketches at scale, as

recently reported by the creators of the Apache Data Sketches library [57, 75]. Recent works have

tackled the challenge of accommodating unbounded data growth for filter data structures [6, 10, 17,

26, 27, 31, 52, 71, 73]. This paper is the first to address this problem for frequency estimation sketches.

In fact, to the best of our knowledge, this problem has not previously been studied in the context of

any type of sketch. We expect this work to open up interesting directions for sketches supporting

other statistics, such as cardinalities [30, 33, 49], quantiles [38, 48, 66], graph analytics [3, 46].

Solution: Sublime. We introduce Sublime
1
, a framework that generalizes frequency estimation

sketches to address the above two challenges. To address Problem 1 (Skew), Sublime allocates short

counters upfront and dynamically extends them as they overflow. It colocates each counter and its

extension within the same cache line and employs specialized bit manipulation routines to decode

them in constant time. To resolve Problem 2 (Unbounded Data Growth), Sublime expands the

overall number of counters as the stream grows. In doing so, it achieves sublinear error bounds and

memory footprint with respect to the stream’s length. It further introduces a new Pareto frontier

between these metrics, allowing applications to pick the tradeoff that best suits their needs.

Additional Contributions.
(1) We show that while traditional Count-Min and Count Sketches exhibit an estimation error

that grows linearly with the stream size, variants designed to handle skew [7, 15, 29, 35, 36,

58, 64, 91] cause the error to grow super-linearly, raising the question of how to address

Problem 1 without exacerbating Problem 2 (Section 3.1).

(2) We are the first to identify the problem of designing frequency estimation sketches that

maintain both error and memory usage sublinear in the stream length (Section 3.2).

(3) We introduce a constant-time variable-length data encoding scheme (VALE), applicable be-

yond frequency estimation sketches, and use it to encode variable-length counters (Section 4.1).

(4) We describe how to expand and contract a frequency estimation sketch based on the stream’s

length while supporting constant-time queries and enabling fine-grained control over the

accuracy-memory tradeoff. We also characterize this new tradeoff space (Section 4.2).

(5) To demonstrate Sublime’s generality, we apply it to three representative frequency estimation

sketches: Count-Min Sketch (Sections 4.1 and 4.2), Count Sketch (Section 4.3), andMisra-Gries

(the Appendix [32]).

(6) We prove a lower bound on the minimum space required for any expandable frequency

estimation sketch to achieve a target error. We show that Sublime’s memory footprint

approximately meets this bound (Section 5).

(7) We evaluate Sublime against state-of-the-art frequency estimation sketches and show that

it simultaneously 1) reduces the memory footprint under skew, 2) tightly bounds error as

the stream grows, and 3) maintains equal or better performance. We also apply Sublime to

estimate the size of a join between two tables and show that it produces more accurate results

than other frequency estimation sketches (Section 6).

2 Background
A stream is a sequence of key-value pairs ⟨(𝑥1,∆1), (𝑥2,∆2), . . . ⟩, where 𝑥𝑖 is the 𝑖-th key that

appears in the stream and ∆𝑖 = ±1 represents whether its count was incremented due to an

1
Sublime is a play on words referring to the sublinearly scaling error and memory footprint of our framework. It also

describes, in the philosophical tradition of Immanuel Kant, the feeling of awe experienced when contemplating something

vast or infinite. This notion of infinity resonates with the theme of our work, which addresses the challenge of accommodating

indefinite data growth.
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Symbol Definition

𝑁 The sum of the counts of all keys in the stream.

𝑥,𝑦 Example keys from the stream.

𝑓 (𝑥 ) The ground-truth count of key 𝑥 .
ˆ𝑓 (𝑥 ) The estimated count of key 𝑥 .

𝑤 Number of counters/slots.

𝑑 Number of independent arrays.

ℎ𝑖 (𝑥 ) Hash function mapping key 𝑥 to a counter.

𝜎𝑖 (𝑥 ) Hash function defining key 𝑥 ’s update direction (±1).

𝑐 Number of counters in each chunk.

𝑠 Length of each stub in bits.

𝑊 (·) Size function.

Table 1. Definitions of terms and symbols.

insertion (∆𝑖 = 1) or decremented due to a deletion (∆𝑖 = −1). This is known as the General
Turnstile Model of data streams [37]. We denote key 𝑥 ’s current count as 𝑓 (𝑥), accounting for

its insertions minus its deletions. We represent the current total count of the keys in the stream

with 𝑁 =

∑
𝑥 𝑓 (𝑥 ) =

∑
𝑖 ∆𝑖 . Table 1 lists the terms and symbols used throughout the paper.

Exhaustive Approach. The simplest approach to tracking frequencies is to store each key and

its count in a hash table. Although this approach is fully accurate, it entails a high memory overhead

for three reasons: (i) It stores all keys in the stream. (ii) It stores one counter for each unique key.

(iii) The hash table can be as much as half empty to support collision resolution and expansions.

These different overheads multiply with the number of streams an application monitors. These

problems imply a memory footprint that is linear in the number of unique keys in the stream,

which can be of the same magnitude as the total key count 𝑁 .

Frequency estimation (FE) sketches address these problems by trading accuracy for space. That is,

for any key 𝑥 , an FE sketch returns an estimate
ˆ𝑓 (𝑥 ) of key 𝑥 ’s count 𝑓 (𝑥 ). We focus on Count-Min

Sketch [21] for now, as it is the simplest and most widely used FE sketch [61, 67]. Later in Section 4.3,

we describe Count Sketch [14] and apply our techniques to it. We do the same for Misra-Gries [69]

in the Appendix [32].

Count-Min Sketch (CMS). The core design element of CMS is an array consisting of𝑤 counters,

each initialized to zero. We insert a key 𝑥 into this array by hashing it to one counter and increment-

ing it. We delete key 𝑥 by decrementing its corresponding counter.
2
The counter that key 𝑥 hashes

to provides an estimate of 𝑥 ’s count. Due to hash collisions, however, multiple keys can map to the

same counter. Because of this, CMS may overestimate a key’s true count. This error is at most 𝑁 /𝑤

in expectation since the 𝑁 keys are randomly hashed into𝑤 counters. Increasing the array’s size

makes collisions less likely, thereby improving accuracy. Even then, the error may deviate from its

expectation. The probability that errors do not exceed the expectation “too much” is known as the

sketch’s Confidence. An application of Markov’s inequality shows that for any key 𝑥 , the error does

not exceed 𝑒 · 𝑁 /𝑤 with a confidence of at least 1 − 𝑒−1
, i.e., Pr(| ˆ𝑓 (𝑥) − 𝑓 (𝑥 )|≤ 𝑒 · 𝑁 /𝑤 ) ≥ 1 − 𝑒−1

.

Here, we use Euler’s constant 𝑒 due to convention. Any other constant would also work and would

replace 𝑒 in both the error bound and the confidence. This implies that the smaller the constant

becomes, the more accurate we expect the FE sketch to be and the lower confidence drops.

Yet, with a single array, confidence is low. The reason is that all keys hashing to the same counter

as a frequent key will suffer from inflated estimates. Moreover, since there are many keys with

low or moderate counts, there is a non-negligible chance that enough of them map to the same

2
Since CMS does not store the actual keys, users must ensure that deletions only target previously inserted keys.

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 239. Publication date: June 2026.



Sublime: Sublinear Error & Space for Unbounded Skewed Streams 239:5

Insert 𝑥

ℎ1(𝑥 ), +1

ℎ2(𝑥 ), +1

ℎ3(𝑥 ), +1

Query 𝑞

Result = 1

M
i
n

ℎ1(𝑞)

ℎ2(𝑞)

ℎ3(𝑞)

1

4

3

Fig. 1. CMS maintains 𝑑 counter arrays of size𝑤 and hashes keys into them to estimate their frequencies.
Insertions are illustrated on the left and queries on the right.

counter and inflate estimates beyond the error bound. CMS addresses these issues by allocating 𝑑

independent counter arrays, each with a dedicated hash function ℎ𝑖 . CMS inserts or deletes a key by

applying the operation to each array, and it answers a query by querying all arrays and taking the

minimum of the estimates.
3
Returning the minimum for queries boosts confidence exponentially

with respect to the number of arrays 𝑑 , since the minimum estimate only carries severe errors

when all estimates err significantly. Formally, with 𝑑 arrays of length𝑤 , CMS guarantees an error

of at most 𝑒 · 𝑁 /𝑤 with a confidence of 1 − 𝑒−𝑑 , i.e., Pr(| ˆ𝑓 (𝑥) − 𝑓 (𝑥)|≤ 𝑒 · 𝑁 /𝑤 ) ≥ 1 − 𝑒−𝑑 for any

key 𝑥 . Figure 1 shows an example of insertions and queries applied to three counter arrays.

Since CMS uses a fixed number of tightly packed counters and does not store the stream’s keys,

it significantly improves the memory footprint compared to the exhaustive approach of tracking

each key’s exact count. Nevertheless, CMS still suffers from several memory inefficiencies, which

we explore in the following section.

3 Problem Analysis
We show that mainstream FE sketches such as CMS suffer from two core limitations: 1) they waste

a significant amount of memory under skew—memory that could otherwise be used to improve

accuracy or confidence—and 2) their estimation error grows rapidly with the stream length. These

shortcomings prevent current FE sketches from achieving accuracy at scale.

3.1 Challenge 1: Skew
Most real-world workloads are skewed, meaning that a few heavy hitters receives the majority

of insertions, while all other keys have low counts [8, 10, 58]. In CMS, however, all counters are

uniformly sized, so each must be provisioned to accommodate the largest possible value. This leads

to substantial memory waste. Ideally, each counter should be sized just large enough to fit its value,

thereby saving space or enabling more counters to improve accuracy or confidence. This issue has

been explored in recent work; we now review existing solutions and their limitations.

Hybrid Methods. A common strategy for tackling skew is to track the heavy hitters separately

in a hash table while leaving the rest of the keys to CMS [59, 77, 81, 88–90]. Such hybrid structures

aim to cap the maximum counter value in CMS, thereby permitting shorter counters. Yet, this

approach does not fundamentally resolve the issue. The reasons are twofold: The keys tracked by

CMS may still follow a skewed distribution, leading to significant memory wastage. Moreover, the

heavy hitters can vary over time. Identifying the next heavy hitter and “promoting” it from CMS

into the hash table is error-prone, since collisions in CMS can cause many infrequent keys to be

misclassified as heavy hitters.

Compression-based Methods. Other approaches compress the counters using algorithms

such as compressive sensing [29, 64] or hypergraph peeling [16]. Yet, these methods impose heavy

decompression overheads on queries.

3
CMS uses pairwise-independent hash functions to bound the probability of collisions and overestimation [21].
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Shared

. . . . . .
001101 001000 001000 111000

00

10

A) Counter Sharing

Merged

. . . . . .
0000110010000000 00100000 11100000

B) Counter Merging

. . . . . .
001101001000 001000000000 001000000000 111000000000

CMS

Fig. 2. Counter sharing and counter merging encode CMS’s counters in less space in exchange for blowing up
some counter values. Here, the bits in each counter are in increasing order of significance from left to right.

Counter Sharing. Counter sharing approaches store the counter values in a hierarchy of

counters [15]. The bottom level employs short counters to store the lower-order bits of each

counter, while the upper levels handle overflows using shared counters. For example, Figure 2-A)

encodes four adjacent counters within CMS using 6-bit counters in the bottom level and 2-bit

counters in the upper levels. Whenever a counter in this hierarchy overflows, it increments its

parent and resets to zero. A key’s count is retrieved by concatenating its corresponding bottom-level

counter with the shared counters along its path to the root or until reaching an internal node to

which no overflow has occurred. Such an internal node is identified using additional metadata. The

core issue with this approach is that the error rapidly deteriorates as the stream grows. In the worst-

case scenario, after 𝑁 insertions into an array of size𝑤 , each counter overflows into Θ(log(𝑁 /𝑤 ))

levels above it. Since the counters in the higher levels are shared, this blows up the values of Θ(𝑁 /𝑤 )

other counters, increasing the estimation error by the same factor. To mitigate this issue, prior

works experiment with varying the counter sizes and the hierarchy’s fanout [29, 35, 36, 58, 64, 91].

Yet, they do not fundamentally resolve the problem.

Counter Merging. Counter merging is an alternative approach that starts with 8-bit counters

and merges an overflowing counter with an adjacent counter into a longer counter that sums their

values [7]. Figure 2-B) shows an example applied to CMS. After 𝑁 insertions into an array of 𝑤

counters, each counter will be merged with Θ(log(𝑁 /𝑤 )) other counters, increasing the error by the

same factor. Merging only continues until each counter becomes four bytes long, at which point

error degradation stops. Counter merging has a higher metadata overhead than counter sharing for

indicating which counters are merged, leaving less space for storing counters. Parsing this metadata

adds more complexity than alternative methods like counter sharing, reducing performance.

Deletions. Deletions deteriorate the accuracy of both counter sharing and counter merging

methods since these techniques ambiguate how counters should be “separated” as they decrease.

Total Key Count 𝑁

E
r
r
o
r

CMS

Error =
𝑁
𝑤

Counter Sharing

Error = Θ

(
min

(
𝑁
𝑤 ,𝑤

)
· 𝑁𝑤

)
Counter Merging

Error = Θ

(
min

(
log

𝑁
𝑤 ,32

)
· 𝑁𝑤

)
Fig. 3. Under the same memory budget as a CMS
instance with 32-bit counters, counter sharing and
counter merging can lead to lower accuracy when pro-
cessing a growing stream.

Comparison. Prior work has shown counter
sharing and counter merging to dominate hy-

brid and compression-based methods in terms

of both accuracy and performance [7, 36]. Thus,

in Figure 3, we qualitatively compare counter

sharing and counter merging to a CMS with the

same memory footprint to illustrate their er-

ror degradation with data growth. While these

methods perform well for short streams, their

error exceeds that of CMS as the stream grows.

We empirically verify this behavior in Experi-

ment 4 of Section 6.
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3.2 Challenge 2: Unbounded Growth
In many streaming applications, the data stream grows continuously, and it is imperative to estimate

the count of each key from the stream’s beginning. For instance, query optimizers often track

the number of times each key occurs in a table column to estimate the size of a join on that

column [40, 43, 44]. As new data is inserted, the total number of keys 𝑁 increases. Yet, the full

count history of each key is still needed, since every occurrence contributes equally to the join size

regardless of when it arrived.

Unbounded stream growth is also a challenge for applications that only require key counts over

recent time windows. For example, network management systems detect anomalous or malicious

activity by counting packets from each source within fixed time windows [22, 55, 60]. For bursty

streams such as network traffic, the number of keys 𝑁 in each window is unpredictable. Bounding 𝑁

by defining windows based on insertion count fails to resolve the issue, as the notion of time is lost.

In existing FE sketches, the number of counters𝑤 is fixed at allocation time. Consequently, the

expected error degrades linearly with𝑁 (e.g.,𝑁 /𝑤 in the case of CMS). In hope of balancing accuracy

and memory, practitioners can tune𝑤 upfront. This tuning is non-trivial, however, as having too

few counters leads to significant errors, while having too many wastes memory. Deletions make

the problem more challenging by causing 𝑁 to fluctuate over time. Worse yet, even if the ultimate

stream length is known upfront, allocating a large CMS from the start wastes memory during the

early stages when the stream is short.

Summary. An ideal FE sketch should: 1) compactly encode counter values without incurring

memory waste from skew, 2) scale its size with the stream’s length to control both the memory

footprint and the error rate, 3) support deletions without sacrificing accuracy, and 4) provide high-

performance queries, insertions, and deletions. Is it possible to achieve these goals simultaneously?

4 Sublime
We present Sublime, a framework for generalizing an FE sketch to optimize its memory footprint and

error rate with respect to the stream’s skew and its length. Section 4.1 shows how to adapt to skew

by compactly encoding each counter as a short integer and extending it as it overflows. Section 4.2

shows how to control both accuracy and space for a stream of unknown length by expanding and

contracting the FE sketch. At the same time, Sublime supports deletions and maintains high perfor-

mance. We first describe Sublime as applied to the Count-Min Sketch (CMS), denoted as SublimeCMS.

We apply Sublime to Count Sketch in Section 4.3 and to Misra-Gries in the Appendix [32].

4.1 Accommodating Skew
Under skew, many counter values in CMS are small and do not use all the bits in their counters. To

avoid wasting space under any workload, SublimeCMS employs a general-purpose variable-length

counter (VALE) encoding. Upfront, VALE stores each counter as a fixed-size integer called a Stub.
When a stub overflows, VALE elongates it using a dedicated variable-length Extension. We adaptively

tune the stub length based on the workload’s skew to control the rate of stub overflows, thereby

optimizing the overall memory footprint. To improve cache behavior and quickly reconstruct a

counter, VALE colocates a stub and its corresponding extension in the same cache line. It quickly

finds a stub’s extension using a bit manipulation workflow that leverages rank and select operations.

Chunking. To colocate stubs and their extensions in 512-bit cache lines, VALE partitions each

counter array into contiguous Chunks, each occupying a cache line. A chunk stores its counters’

stubs in a contiguous array and tracks the counters that overflow their stubs in an Overflows Bitmap
using one bit per counter. VALE stores the extensions of these overflowing counters contiguously

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 239. Publication date: June 2026.
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01
. . .

Overflows

Bitmap

0

Mode

01 10 11
. . .

Delimiter

Extension Pool

111111 101010
. . .

Stubs

111111 0000. . .

Counter 0

101010 1010. . .

Counter 1

Fig. 4. VALE encodes a chunk of 𝑐 counters in a cache line. It encodes the 𝑠 lower-order bits of each counter
in a stub and stores its remaining higher-order bits in extensions comprised of 2-bit fragments representing
base-3 digits. Here, we use a stub length of 𝑠 = 6.

in the remaining space towards the end of the chunk, called the Extension Pool. Counter 0 and

Counter 1 in Figure 4 are examples of a non-overflowing and an overflowing counter, respectively.

Parameters. VALE has two global parameters: the stub length in bits 𝑠 and the number of

counters per chunk 𝑐 . With more skewed workloads, having shorter stubs and more counters per

chunk reduces space consumption. The reason is that skew shrinks most counter values, enabling

the use of shorter stubs for storing them. Skew also reduces the average length of the extensions,

leaving more space in a chunk to store more counters.

Later in this section, we discuss how to adapt the tuning of these parameters to the workload as

the stream evolves. When the workload is uniform, this procedure tunes the stub length so that all

counter values fit in stubs, allowing it to remove the overflows bitmaps and yield the configuration

of a standard CMS. We illustrate the impact of this procedure on the memory footprint in Section 6.

Extensions. An extension consists of one or more 2-bit Fragments that encode the higher-order
bits that exceed the length of the corresponding stub. We use 2-bit fragments to encode these

bits at the finest possible granularity. We use the fragment 11 as a delimiter at the end of each

extension. The other three combinations of bits are used to encode each extension’s value in base

3. Specifically, the base-3 digits (0)3, (1)3, and (2)3 are represented as the fragments 00, 10, and 01,
respectively. We store fragments in increasing order of their digits’ significance from left to right.

Formally, a value 𝑣 is encoded in an extension by representing each of its

⌊
log

3
𝑣
⌋

+ 1 digits in

a fragment, with the 𝑗-th digit being 𝑣 𝑗 =

⌊
𝑣/3𝑗

⌋
mod 3. We decode 𝑣 back into a 32-bit binary

integer by computing the sum 3
0 · 𝑣0 + 3

1 · 𝑣1 + . . . . At the end of this section, we show how to

efficiently compute this sum without multiplication operations.

For example, Counter 1 in Figure 4, has the value 21 in its lower-order bits and the value 5 in its

higher-order bits. Since 5 has two digits in base 3, it is encoded as the extension ⟨(2)3, (1)3, delimiter⟩ =

⟨01, 10, 11⟩. Decoding this extension yields 3
0 · 2 + 3

1 · 1 = 5, as expected.

Forming a chunk’s extensions from 2-bit fragments allows them to fit in 1-2 machine words

in most cases. We prove in Section 5 that using these extensions in conjunction with short stubs

enables VALE to encode each counter’s value in space close to the length of its binary encoding.

Even still, since extensions are slightly less space-efficient than stubs due to their base-3 encoding

and their delimiters, we adapt the stub length at runtime to optimize the memory footprint.

Locating an Extension. VALE keeps the extensions in each extension pool in the same order

as that of the counters. It locates the 𝑖-th counter’s extension by counting the number of preceding

bits set to 1s in the overflows bitmap. This is equivalent to the number of overflowing counters

preceding the 𝑖-th counter, denoted by𝑚. Skipping over the first𝑚 extensions in the extension

pool leads to the position of the target extension. From this position, VALE traverses the extension

backwards to decode its value.

Figure 5 illustrates how to identify the 3rd counter’s extension in a chunk. Since the 3rd bit in the

overflows bitmap is 1, the 3rd counter has an extension. As there is one bit set to 1 before the 3rd bit

in the overflows bitmap, we skip one extension to locate the 3rd counter’s extension, shown in gray.
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0101 . . .

Overflows

rank(3, Overflows) = 1

. . . 01 10

Skipped

11 01 11 10 . . .

Extension Pool

& 00 11 01 10 11 11
. . . Right Shift

00 10 01 00 11 10
. . .

& 01 01 01 01 01 01
. . .

Mask

00 00 01 00 01 00
. . . Delimiters Bitmap

select(1, Delimiters) = 9

Fig. 5. SublimeCMS applies rank and select operations to locate an overflowing counter’s extension.

Although one can locate an overflowing counter’s extension by looping over the fragments in the

extension pool, doing so incurs high CPU overheads. Instead, VALE quickly locates an extension

using rank and select operations [18, 56, 70, 72, 95]. Given a bitmap 𝐵, the rank(𝑖, 𝐵) operation

counts the number of 1s strictly before the 𝑖-th bit, and the select(𝑖, 𝐵) operation returns the position

of the 𝑖-th 1. Later in this section, we show how to use specialized CPU instructions to implement

these operations efficiently.

The first step is to determine𝑚, the number of overflowing counters to the left of the 𝑖-th counter.

As this is the number of 1s before the 𝑖-th bit in the overflows bitmap, VALE applies the rank

operation to evaluate𝑚 = rank(𝑖, overflows).

The second step is to identify the target extension’s delimiter by skipping over the𝑚 delimiters

preceding it. We do this using several bit manipulation techniques. First, we convert the extension

pool into a so-called Delimiters Bitmap. This bitmap contains one bit set to 1 at the position of

every delimiter and 0s everywhere else, as illustrated at the bottom right of Figure 5. To derive

this bitmap, we take the bitwise-and of the extension pool with a version of itself shifted to the

right by one bit. The result is a bitmap with a 1 at the end of any two consecutive 1s in the original

extension pool, as illustrated in Figure 5. We mask out all bits corresponding to the first bit of a

fragment to ensure only the end of each delimiter is a 1. In sum, the delimiters bitmap is derived as

delimiters = extensions & (extensions >> 1) & 0101 . . . 0101.

Finally, we use the select operation to evaluate select(𝑚, delimiters), which skips over the first𝑚

delimiters and returns the position of the𝑚-th delimiter. We sequentially apply the bitwise opera-

tions above to each machine word comprising the chunk’s extensions. Locating extensions in this

way is efficient, as a chunk’s extensions typically fit in 1-2 words.

Figure 5 shows an example of locating the 3rd counter’s extension using this workflow. Here,

rank(3, overflows) = 1. After deriving the delimiters bitmap by manipulating the extension pool,

VALE evaluates select(1, delimiters) = 9 to conclude that the target extension ends at the 9th bit.

Tails. In the rare event that many heavy hitters hash to the same chunk, many of the chunk’s

counters will overflow, potentially growing the cumulative length of the extensions beyond the

size of the chunk. VALE handles this case by allocating an external array of 32-bit integers called

Tails for the chunk, with one integer per counter. It stores the 𝑖-th counter’s higher-order bits in

the 𝑖-th tail in binary. Each chunk contains a mode flag indicating if it has a tails array, as depicted

in Figure 6. If it does, we repurpose the space taken up by the extension pool to store a pointer to

the tails array. We ensure that the extension pool is large enough to accommodate this pointer (i.e.,

at least 48 bits
4
) when tuning the number of counters per chunk and the stub size. Any space after

the pointer is unused.

4
The upper 16 bits in a 64-bit pointer are unused on many operating systems due to their use of 4-level paging [24]. As such,

we only store the lower 48 bits of the pointer. That said, modern machines and operating systems have moved towards

using 5-level paging [23], which uses 57-bit addresses. Despite this shift, operating systems like Linux still default to using

48-bit addresses for compatibility reasons [50].
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11
. . .

1

Mode

Pointer111111 000101
. . .

1000
. . .

1110
. . . . . .

Tails

111111 1000 . . .

Counter 0

000101 1110 . . .

Counter 1

Fig. 6. When a chunk’s extensions outgrow its space, it stores a pointer to a dedicated external array of tails
to store the counters’ higher-order bits.

IncrementingCounters.When an insertionmaps to the 𝑖-th counterwithin a chunk, SublimeCMS

increments it by adding one to the lower-order bits stored in the 𝑖-th stub, i.e., stub[𝑖]. Most of

the time, stub[𝑖]’s increment does not carry over to the counter’s higher-order bits, allowing the

insertion to terminate early and achieve high throughput.

Whenever stub[𝑖]’s increment carries over, SublimeCMS adds one to the counter’s extension

or tail. For an extension, this entails incrementing its first digit and propagating a carry to the

other digits as necessary. This carry may propagate beyond the end of the extension, leading to

the addition of a new digit. SublimeCMS makes room for the fragment representing this digit by

shifting subsequent extensions to the right. If the 𝑖-th counter did not have an extension, a new

extension encoding the value 1 is created for it. We use rank and select operations to determine the

appropriate position of this extension in the extension pool. Updating a counter’s higher-order

bits is much simpler if they are stored within a tail’s binary integer. For the heavy hitters (which

comprise most of the stream), this yields faster insertions, as their counters often use tails.

Decrementing Counters. Analogously, when a deletion maps to the 𝑖-th counter in a chunk,

SublimeCMS decrements the lower-order bits in stub[𝑖]. If stub[𝑖] borrows from the counter’s higher-

order bits as a result, SublimeCMS decrements the corresponding extension or tail. This may trigger

the removal of a digit from the counter’s extension, in which case subsequent extensions are shifted

to the left to keep the extension pool tightly packed.

Adaptive Tuning. To minimize space usage and ensure that a small fraction of the extension

pools are unused at any time, SublimeCMS adaptively retunes VALE’s number of counters per

chunk 𝑐 and its stub length 𝑠 . Retuning is triggered whenever more than 1% of the chunks use

tails arrays (due to insertions growing the extensions), or there are more than two unused bits

per counter (due to deletions shrinking the extensions).
5
During tuning, SublimeCMS scans the

arrays and computes a coarse histogram of the counter values based on their bit length. It uses this

histogram to calculate the expected total length of a chunk’s extensions for a given combination of

parameters 𝑐 and 𝑠 . For each combination, it applies Chebyshev’s inequality to the total extension

length within a chunk to derive a conservative bound on the proportion of chunks that will use tails

arrays. It uses this bound to estimate SublimeCMS’s memory footprint when using the corresponding

tuning, and picks the tuning that minimizes the memory footprint. The result sets the stub length 𝑠

to be slightly longer than the length of the average counter value. This bounds the number of

extensions and makes the number of stored tails arrays and their memory overhead negligible. The

amortized cost of retuning VALE is small, as many more updates than the number of counters are

required to trigger retuning. We demonstrate this under Experiment 3 of Section 6.

Impact of Cache Line Size. The aforementioned tuning procedure also allows SublimeCMS to

support different cache line sizes. Having smaller cache lines leads to the tuning procedure storing

fewer counters per chunk. This reduction increases the variance of the total size of a chunk’s

extensions, causing the tuning procedure to slightly increase the overprovisioned space for the

5
These conditions lead to at most 20% overprovisioned space upfront when counters are short (1 byte). This fraction

decreases quickly as the counters grow.
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chunk’s extension pool.
6
Conversely, having larger cache lines does not increase the required

overprovisioned space, though it may degrade query performance if we increase the chunk size to

match the cache line. This is because locating a counter’s extension becomes more expensive as

extension pools grow, as we process them word by word. SublimeCMS easily addresses this problem

by storing multiple chunks per cache line (e.g., two 512-bit chunks within a 1024-bit cache line).

General Applicability. VALE is able to compactly encode arbitrary variable-length data by

treating the binary representation of each data item as the value of a counter. Thus, it can be used

in other applications operating on such data to improve memory efficiency.

Optimization 1: Hardware Accelerated Rank and Select. SublimeCMS utilizes specialized

CPU instructions to implement rank and select operations. It implements rank(𝑖, 𝐵) by applying

the POPCNT instruction to the first ⌈𝑖/64⌉ words of the bitmap 𝐵 to count the 1s before the 𝑖-th bit.
7

It also implements select(𝑖, 𝐵) by counting the 1s in 𝐵’s words to locate the word containing the

𝑖-th 1. Once found, it applies the x86 BMI instructions PDEP and TZCNT to evaluate the target bit’s

position within that word, as described in [72].
8
Each of these commands is applied to an average

of 1-2 machine words, as the bitmaps SublimeCMS operates over are 1-2 words long.

SublimeCMS includes efficient fallback implementations of rank and select for processors that lack

the above instructions (e.g., ARM). We employ two lookup tables structured as direct-access arrays:

one for counting the number of 1s in a byte to compute rank, and one for applying select within a

byte. The entry corresponding to the value of a byte and the parameter of the operation in each table

indicates the result of the relevant operation with these inputs. SublimeCMS iteratively applies these

tables to the bytes within a bitmap to evaluate rank and select. Doing so slightly degrades query

performance, as queries must always retrieve the extension of a counter. Nevertheless, insertions

and deletions remain unaffected since they rarely access a counter’s extension.

Optimization 2: Updating Stubs with Lookup Tables. Since stubs are not byte-aligned,

modifying them can be costly. This is because extracting and writing back a stub to the machine

words containing it entails five extra bitwise operations on top of the addition operation. SublimeCMS

bypasses this cost by directly updating the stub’s words using a single addition. It achieves this

using two precomputed lookup tables. The first table stores the position of the word each stub

lies in, and the second table stores the stub’s position within its word. SublimeCMS updates a stub

by adding or subtracting one from the bit indicated by the second table in the word indicated by

the first. For example, in the context of Figure 4, the first lookup table indicates that the 1st stub

lies in the 1st word, which has a binary representation of 111111101010 . . . . The second lookup

table indicates that this stub starts at the 6th bit in the 1st word, allowing us to increment it by

adding 000000100000 . . . , thus yielding 111111011010 . . . as the updated word.

Optimization 3: Prefetching Chunks. We allow multiple chunks to be read in parallel within

a single operation as well as across multiple operations using prefetching techniques similar to that

of [58]. Specifically, we maintain a prefetching queue for each array in SublimeCMS that records the

eight most recent requests for chunks. Each time a chunk is requested from an array, a software

prefetch instruction is issued for it, and the request is pushed into the array’s queue. When a

queue fills up, the chunk of its oldest request will be present in the L1 cache, allowing it to be read

efficiently while other chunks are being loaded into the cache.

6
We have observed that reducing the cache line size from 512 bits to 256 and 128 bits increases the proportion of overprovi-

sioned memory by 5% and 6%, respectively.

7
Formally, denoting the 𝑗-th word in 𝐵 as 𝐵 𝑗 , this process corresponds to computing

POPCNT
(
𝐵⌊𝑖/64⌋ & ((1 << (𝑖 mod 64)) − 1)

)
+

∑⌊𝑖/64⌋−1

𝑗=0
POPCNT(𝐵 𝑗 ).

8
If the 𝑗-th word 𝐵 𝑗 contains the 𝑖-th 1 and there are 𝑟 1s in the preceding words, the result is computed as 64 ·
𝑗+TZCNT(PDEP((1 << (𝑖 −𝑟 ))− 1, 𝐵 𝑗 )), where the first operand of PDEP is the payload and the second operand is the mask [19].
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Fig. 7. SublimeCMS expands by concatenating each array with a copy of itself. It maps a key to a counter in
an array by taking the appropriate number of bits from its hash.

Optimization 4: Hash Splicing. Recall that a key is hashed into each of the 𝑑 arrays during an

update or query. Instead of applying 𝑑 separate hash functions and incurring their CPU overheads,

SublimeCMS applies a single hash function to the key to compute a long hash. It splices the result

into 𝑑 sub-hashes of equal length and uses each as the hash value of an array.

Optimization 5: Fast Division. Determining the chunk of a counter at offset 𝑖 in an array can

be expensive if done by divinding 𝑖 by the number of counters per chunk 𝑐 , as 𝑐 may not be a

power of two. We avoid this cost by simulating the division through fixed-point multiplication [85].

Specifically, we compute the expression

⌊ (
𝑖/2⌈log

2
𝑐 ⌉ ) · (2⌈log

2
𝑐 ⌉/𝑐

) ⌋
= ⌊𝑖/𝑐⌋ by approximating the

multiplicands on the left-hand side as fractional binary numbers with a fixed number of precision

bits. To this end, we precompute the latter multiplicand’s fixed-point representation with

⌈
log

2
𝑤
⌉

precision bits, where 𝑤 is the size of an array. This many bits of precision ensures that, when

multiplying by a counter offset 𝑖 smaller than𝑤 , the result has an error of at most one, allowing

SublimeCMS to safely truncate it to compute the chunk’s (integral) offset. For the formermultiplicand,

we treat 𝑖’s binary representation as a fixed-point fractional value with
⌈
log

2
𝑐
⌉
precision bits. Finally,

we multiply these values using standard integer multiplication and shift the result

⌈
log

2
𝑤
⌉
+

⌈
log

2
𝑐
⌉

bits to the right to remove the precision bits and derive the answer.

Optimization 6: Horner’s Method with Shifts and Adds. SublimeCMS decodes a counter’s

extension with digits 𝑣0, 𝑣1, · · · , 𝑣𝑘 by computing the sum 3
0 · 𝑣0 + 3

1 · 𝑣1 + · · · + 3
𝑘 · 𝑣𝑘 . We speed

up this process using Horner’s method [42, 53] and implementing multiplication by 3 using shift

and add operations [85]. Specifically, we compute a running sum starting from the last term (i.e.,

initializing the sum to 3
0 ·𝑣𝑘 ) and move towards the first term, handling them one by one. That is, we

handle 𝑣𝑘−1 by multiplying the running sum by 3 and adding 𝑣𝑘−1 to derive the sum 3
0 ·𝑣𝑘−1 + 3

1 ·𝑣𝑘 ,
and so on. We multiply the running sum by 3 by adding it to a copy of itself shifted to the left by

one bit (which is equivalent to multiplication by 2).

4.2 Accommodating Unbounded Growth
We now address the problem of maintaining bounded estimation error for frequency estimation

sketches over growing streams. Recall from Section 3 that processing growing streams with existing

FE sketches (e.g., CMS) yields an estimation error that increases at least linearly with the total key

count 𝑁 . Since 𝑁 is typically unknown in advance, bounding this error requires overprovisioning

memory upfront, leading to significant waste. Sublime addresses this limitation by generalizing an

FE sketch to increase its number of counters as the stream grows. We also show how to support

deletions and contractions without deteriorating accuracy.

In the case of CMS, SublimeCMS expands whenever 𝑁 exceeds a tunable threshold. An expansion

concatenates the current CMS with a copy of itself, doubling the size of each array. This operation

is inexpensive since it copies counters without needing to rehash the keys. These larger arrays

reduce the collision probability of future insertions. Figure 7 illustrates SublimeCMS just after the

second expansion took place (on the right), as well as its state just before the first expansion (left)
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and the second (middle). Each half of an array in the largest sketch is a copy of the corresponding

array just before the second expansion. The counters in each array before this expansion sum

to the expansion threshold of 16, plus the total value of the counters copied from the previous

expansion, i.e., 4. Queries follow the same algorithm as CMS, targeting the newly expanded, largest

sketch. SublimeCMS maintains 𝑑 arrays across expansions to ensure a stable confidence bound on

the estimation errors while retaining the same 𝑂(𝑑) time complexity as CMS.

Consistent Hash Functions. SublimeCMS uses the same hash function for each of its arrays

across expansions. It hashes a key to a counter within an array of size 𝑤 by taking the log
2
𝑤

lower-order bits of its hash. This ensures that after an expansion, a key hashes to either the same

counter it would have hashed to before or its copy.
9
For example, the queried key 𝑞 in Figure 7

has ℎ1(𝑞) = 011 . . . as its hash. Since the size of the array before expansion was 4, we only needed

the first log
2

4 = 2 bits of 𝑞’s hash, i.e., 01, to map it to the 2nd counter in the first array. After

expansion, we use the first log
2

8 = 3 bits of the hash, i.e., 011, to map it to the 6th counter, which

is a copy of the 2nd counter before expansion.

Initial Size. By default, SublimeCMS initializes each of its 𝑑 arrays to a single chunk (i.e., a cache

line) containing 𝑐 counters, as described in Section 4.1. Thus, it avoids wasting memory from the

onset in case the stream grows slowly.

Expansion Thresholds. By default, SublimeCMS expands whenever 𝑁 quadruples. As shown

at the bottom of Figure 7, expansions occur when the number of keys 𝑁 reaches 4, 16, and 64.

These thresholds cause the number of counters in each array to grow as

√
𝑁 . As a consequence, we

achieve a sublinear memory footprint and sublinear errors. To see why, recall from Section 2 that a

CMS allocated with arrays of𝑤 counters has an expected error of 𝑁 /𝑤 . By making𝑤 grow as

√
𝑁 ,

SublimeCMS instead obtains an expected error of𝑂(𝑁 /
√
𝑁 ) = 𝑂(

√
𝑁 ) even when the stream’s length

is unknown. Although keys inserted when the sketch was smaller contribute disproportionally to

the error due to their counts duplicating with expansions, they are exponentially fewer in number.

Hence, such keys only increase the error by a small constant factor. Theorem 4.1, proven in the

Appendix [32], formalizes these intuitions. In sum, compared to a standard CMS with linear errors

and a fixed memory footprint, SublimeCMS achieves significantly lower errors at a slightly higher

space cost. As such, it is a better fit for applications that require maintaining low errors as the

stream grows indefinitely. We shortly show how to set the expansion thresholds to open a new

accuracy-memory tradeoff space.

Deletions and Contractions. SublimeCMS handles deletions using the same procedure as CMS.

It contracts after many deletions to save memory. The simplest way to contract is to revert an

expansion by folding the halves of each array onto each other and adding up the counters. Yet, this

approach would inflate the error since it adds the counters copied during the last expansion to

the originals, thereby doubling them. Instead, SublimeCMS keeps a record of the sketch’s state just

before each expansion. It extracts the recent updates made to the current sketch by subtracting the

state of the sketch before the last expansion from its left and right halves. We illustrate this for

a single array in Figure 8. The result is an array of deltas indicating how each counter from the

earlier sketch and its copy have changed. SublimeCMS applies these deltas to the original counters

in the earlier sketch. Finally, it discards the current sketch and uses the earlier sketch to handle

future operations.

The contraction threshold is set to the average of the two previous expansion thresholds to avoid

the problem of updates frequently resizing the structure. As such, a contraction is triggered when

the majority of the stream’s keys are deleted. Therefore, SublimeCMS always handles most of the

9
Consistent hashing also grants SublimeCMS mergeability: the ability to merge sketches constructed on distinct streams to

represent their union without needing to rescan them.
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Fig. 8. During contractions, SublimeCMS extracts the recent updates by subtracting the previous FE sketch. It
adds the results to the previous sketch to transfer the updates.

stream using arrays that are at most twice as large as

√
𝑁 . Thus, the expected error and the size of

each array remain the same as before, despite the state of the sketch depending on the sequence of

insertions and deletions.

Maintaining the sketch record increases the memory footprint by at most a factor of 2 compared

to allocating and expanding a single sketch. When the total key count fluctuates, the memory saved

by contracting outweighs this cost.

Rich Space of Tradeoffs. By varying the expansion thresholds, we expose a rich spectrum

of accuracy-memory tradeoffs. We encode these policies using a Size Function, denoted as𝑊 (𝑁 ),

which captures the growth rate of the number of counters in each array with respect to 𝑁 . The

faster the size function grows with respect to 𝑁 , the sooner SublimeCMS expands, thereby tracking

more of the stream’s keys accurately in exchange for a larger memory footprint. By default, the size

function is set to𝑊 (𝑁 ) =

√
𝑁 . We generalize it to a Sublinear Power of the form𝑊 (𝑁 ) = 𝑁𝛼/𝜖 , with

constants 𝛼 ∈ [0, 1) and 𝜖 > 0. This corresponds to having 1/𝜖 chunks in each array at the beginning

and expanding when 𝑁 grows by a factor of 2
1/𝛼

. Note that this factor is greater than two.

When using a sublinear power as the size function, SublimeCMS achieves an expected error

of 𝑂(𝑁 /𝑊 (𝑁 )) = 𝑂(𝜖 · 𝑁 1−𝛼
).
10
One may hope to achieve a constant expected error by growing

the number of counters linearly with the data size, i.e., by using a linear size function of the

form𝑊 (𝑁 ) = 𝑁 /𝜖 . Yet, SublimeCMS obtains an error bound of log
2
𝑁 · 𝜖 in this case. Section 5

shows that without knowing the ultimate length of the stream, these expected error bounds are the

best achievable by any FE sketch of (approximately) the same size as SublimeCMS. The following

theorem, proven in the Appendix [32], formalizes the above error bounds:
11

Theorem 4.1. When using a size function𝑊 (·) and a single array on a stream with a total key
count of 𝑁 , SublimeCMS provides an estimation error 𝐸(𝑁 ) satisfying

E [𝐸(𝑁 )] ≤
{
𝑂(1) · 𝜖𝑁 1−𝛼 if𝑊 (𝑁 ) = 𝑁𝛼/𝜖 , for 𝛼 ∈ [0, 1),
log

2
𝑁 · 𝜖 if𝑊 (𝑁 ) = 𝑁 /𝜖 .

Compared to a fixed-size CMS allocated upfront with an array of𝑊 (𝑁 ) counters with knowledge of 𝑁 ,
the expected error terms above are higher by at most a constant and a logarithmic factor.

Applying Markov’s inequality to the expected error bounds above yields the same confidence

bounds as CMS. Moreover, employing 𝑑 independent arrays in SublimeCMS raises this confidence

to the power of 𝑑 . These confidence bounds remain stable as the stream grows.

10
The constant factor hidden by the asymptotics is (2

1/𝛼 − 1) · 1−2
(𝛼−1)·log

2
𝑁

2
1/𝛼−1−1

, which is at most
2

1/𝛼 −1

2
1/𝛼−1−1

and converges

to log
2
𝑁 as 𝛼 tends to 1.

11
In the Appendix [32], we show that similar bounds hold for Sublime when it is applied to Misra-Gries.
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Fig. 9. CS assigns a random update direction to each key and uses it to insert them into 𝑑 counter arrays of
size𝑤 . The random update directions enable unbiased estimation.

FE Sketch Bias Error Bound Confidence Insert Delete Query

CMS Over
𝑒 ·𝑁
𝑤 1 − 𝑒−𝑑 𝑂(𝑑) 𝑂(𝑑) 𝑂(𝑑)

CS Unbiased 𝑒 ·
√︃∑

𝑦 (𝑓 (𝑦))
2

𝑤 ≥ 1 − 𝑒−𝑑 𝑂(𝑑) 𝑂(𝑑) 𝑂(𝑑)

Table 2. CMS and CS strike different tradeoffs.

4.3 Applying Sublime to Count Sketch
As discussed in Section 1, many FE sketches differ from CMS in their error guarantees and use

cases. We now demonstrate the generality of Sublime by applying it to Count Sketch to derive

SublimeCS. We also discuss applying Sublime to any kind of FE sketch, whether existing or yet to

be proposed.

Count Sketch (CS). Recall from Section 1 that unbiased estimates equal the ground-truth

frequency on average. This allows for multiplying estimates, as required in join size [40, 43, 44] and

covariance [25] estimation, without the risk of compounding errors. CS provides such unbiased

estimates and reaps its benefits.
12
Table 2 summarizes the properties of CS and compares it to CMS.

Similarly to CMS, the core component of CS is a counter array of size 𝑤 coupled with a hash

function ℎ that maps each key to a counter. Unlike CMS, CS further associates each key with a

random “update direction” from the set {−1, +1} by hashing it with another hash function 𝜎 . It

inserts a new key 𝑥 by incrementing or decrementing its counter according to 𝜎(𝑥), as shown in

Figure 9. CS deletes 𝑥 by subtracting 𝜎(𝑥) from its counter to undo its insertion. Since each key’s

update direction is random, the expected interference on 𝑥 ’s counter from any other key is zero

due to the positive and negative possibilities cancelling out. Thus, the value of the counter along

the update direction is an estimate of 𝑥 ’s frequency. The zero expected interference removes bias,

though it introduces two-sided errors (both under and overestimations).

Although the estimates are unbiased and accurate in expectation for any workload, they may

suffer from large deviations. This is because many keys hashing to the same counter may have the

same update direction, despite the zero expected interference. Skew exacerbates this phenomenon

since a heavy hitter drastically changes the estimates of the keys hashing to the same counter, no

matter its update direction. Therefore, to bound the probability of severe errors, we compute the

estimation variance.
13
Denoting the frequency of key 𝑦 by 𝑓 (𝑦), this variance can be expressed

as 𝑉 =

∑
𝑦(𝑓 (𝑦))

2/𝑤 . This lines up with the intuition that larger arrays make hash collisions less

likely, reducing the variance. A straight-forward application of Chebyshev’s inequality shows that

the error does not exceed 𝑒 ·
√
𝑉 with a confidence of at least 1 − 𝑒−2

.
14

12
One can also achieve unbiased estimation using CMS by, in each array, subtracting the average of the counter values a

query key does not hash to from its counter [28]. Yet, the resulting estimate has a slightly higher variance than that of CS.

13
CS uses 4-wise independent hash functions 𝜎 to bound the variance and the probability of large errors [14].

14
CS’s error bound is

√
𝑉 = 𝑂(

√
𝑁 /𝑤) when the workload is more uniform due to the squared summands being small. This

bound is smaller than CMS’s error, i.e., 𝑁 /𝑤.

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 239. Publication date: June 2026.



239:16 Navid Eslami, Ioana O. Bercea, Rasmus Pagh, and Niv Dayan

Similarly to CMS, CS boosts confidence by employing 𝑑 independent arrays, each with its own

hash functions ℎ𝑖 and 𝜎𝑖 . It answers a query by returning the median estimate, as shown in Figure 9.

The median is returned, as it only has large errors when most estimates err significantly, which

becomes exponentially less likely given more arrays. Formally, by a Chernoff bound, CS guarantees

an error bound of at most 𝑒 ·
√
𝑉 with a confidence of at least 1 − 𝑒−𝑑 .15

Accommodating Skew. To avoid the space wastage of uniformly-sized counters, SublimeCS

applies VALE to CS. It stores the absolute value of each counter using VALE as before, while

representing the sign of each counter by appending a sign bit to its stub.

Accommodating Unbounded Growth. Since the estimation variance 𝑉 determines CS’s error

bound, SublimeCS controls the error by expanding based on the growth of the variance. That is,

it expands its number of counters, i.e., the denominator 𝑤 of the variance, to balance out the

numerator 𝐹 =

∑
𝑦(𝑓 (𝑦))

2
. This translates to expanding when the numerator 𝐹 more than doubles,

which is in contrast with how SublimeCMS expands when 𝑁 (the numerator of CMS’s error bound)

more than doubles. We encode different expansion policies by defining the size function based on

the numerator 𝐹 , i.e., as𝑊 (𝐹 ). The quantity 𝐹 is also known as the squared ℓ2-norm of the stream.

In the Appendix [32], we prove through a similar analysis to that of SublimeCMS, the following

variance bounds for SublimeCS:

Theorem 4.2. When using a size function𝑊 (·) and a single array on a stream with a squared ℓ2-
norm of 𝐹 =

∑
𝑦 𝑓 (𝑦)

2, SublimeCS provides unbiased estimates with a variance 𝑉 (𝐹 ) satisfying

𝑉 (𝐹 ) ≤
{
𝑂(1) · 𝜖𝐹 1−𝛼 if𝑊 (𝐹 ) = 𝐹𝛼/𝜖 , for 𝛼 ∈ [0, 1),
log

2
𝐹 · 𝜖 if𝑊 (𝐹 ) = 𝐹/𝜖 .

Compared to a fixed-size CS allocated upfront with an array of𝑊 (𝑁 ) counters with knowledge of 𝐹 ,
the variance terms above are higher by at most a constant and a logarithmic16 factor.

Applying Chebyshev’s inequality and employing 𝑑 independent arrays yields stable confidence

bounds that match those of CS.

SublimeCS maps keys to consistent counters and update directions by employing the same hash

functions ℎ1, . . . , ℎ𝑑 and 𝜎1, . . . , 𝜎𝑑 across expansions. It handles insertions, deletions, and queries

as in the case of a standard CS.

Tracking the Squared ℓ2-norm 𝐹 . Similarly to SublimeCMS, where we have to track the total

number of keys 𝑁 to determine when to expand, SublimeCS must track the squared ℓ2-norm 𝐹 .

Yet, one cannot simply increment a value with each insertion to track 𝐹 . This is because, due to

the squared summands, inserting a frequent key grows 𝐹 more than inserting an infrequent key.

While it is possible to use the counter arrays within SublimeCS itself to estimate 𝐹 , the resulting

estimate has a confidence that is determined by the number of arrays 𝑑 . For very long streams,

this estimate eventually errs significantly, leading to mistimed expansions and contractions that

adversely affect the accuracy and the memory footprint. We would like to have an estimate of the

squared ℓ2-norm 𝐹 with very high confidence to support the entire stream.

To this end, we employ AMS sketches, which are sketches tailored to approximating the ℓ2-norm

of the stream [4]. Each AMS sketch is a single counter that is updated with random update directions

derived by hashing the stream’s keys, similarly to CS. Squaring the value of the counter yields

an estimate of 𝐹 . It is known that by employing 4 · log
2
𝑁 AMS sketches, one can estimate 𝐹

within a factor of 2 with a high confidence of 1 − 1/𝑁 [4], which allows for supporting the entire

stream. Since 𝑁 is at most the maximum value representable in a 64-bit machine word in practice,

15
The precise confidence given by the Chernoff bound is 1 − 𝑒−(𝑒4/8)·𝑑

, which is higher than the text’s simplified expression.

16
This logarithmic term can be bounded in terms of the total key count 𝑁 , as 𝐹 ≤ 𝑁 2

and thus log
2
𝐹 ≤ 2 · log

2
𝑁 .
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SublimeCS employs 64 AMS sketches to track 𝐹 . It uses SIMD to quickly update
17
and query these

sketches after each insertion or deletion.

Applying Sublime to Other FE Sketches. Using the same strategy as above, Sublime can be

adapted to any FE sketch with an error bound of the form 𝑋/𝑤 , where 𝑋 is a measurable parameter

of the workload that the error depends on, and𝑤 is the FE sketch’s size. For example, in the case

of CMS and Misra-Gries, 𝑋 is the stream’s total key count 𝑁 , whereas in the case of CS, it is the

stream’s squared ℓ2-norm 𝐹 . In all these cases,𝑤 is the number of counters within the FE sketch.

By expanding when the quantity 𝑋 more than doubles and defining the size function based on 𝑋

(i.e., as𝑊 (𝑋 )), one obtains Sublime’s sublinear scaling of error and memory.

5 Memory Analysis
So far in Section 4, we characterized Sublime’s error with respect to the number of counters it

uses. We now incorporate VALE into the analysis to prove an upper bound on Sublime’s memory

footprint in bits (Theorem 5.3). We also prove a memory footprint lower bound for any FE sketch

that processes a growing stream without knowledge of its ultimate length (Theorems 5.4 and 5.5).

This lower bound is parameterized by the sketch’s accuracy. We observe that Sublime’s upper bound

is within a small logarithmic factor of this lower bound, demonstrating Sublime’s ability to give

rise to FE sketches that attain a desired level of accuracy with a close-to-optimal memory footprint.

Upper Bound. As described in Section 4.1, Sublime adaptively tunes VALE to reclaim memory

and ensure that a small fraction of its bits are unused at any time. This implies that the memory

footprint is dominated by the space occupied by the stubs and the extensions. We quantify this

cost for a single counter based on its count as:

Lemma 5.1. When working with unsigned counters and stubs of length 𝑠 bits, VALE encodes a counter
value 𝑣 in 𝑠 bits if 𝑣 < 2

𝑠 and in at most 4 + 1.26 · log
2
𝑣 bits otherwise. Signed counters use one more

bit for encoding the sign in both cases.

Proof. If 𝑣 < 2
𝑠
, it fits in its stub and occupies 𝑠 bits. Otherwise, its 𝑠 lower-order bits are stored

in its stub and its higher-order bits encoding ⌊𝑣/2𝑠⌋ are stored in an extension. This extension

has ⌊log
3
⌊𝑣/2𝑠⌋⌋ + 2 fragments to represent the digits and the delimiter. Thus, it occupies

2 · (⌊log
3
⌊𝑣/2𝑠⌋⌋ + 2) ≤ 2 · (log

3
2 · log

2
⌊𝑣/2𝑠⌋ + 2) ≤ 4 − 𝑠 + 1.26 · log

2
𝑣

bits. This, added to the 𝑠 bits of space consumed by the stub, yields the result. □

Applying Lemma 5.1 to a counter array while accounting for VALE’s tuning yields the following

lemma. Intuitively, it shows that the worst-case scenario is when the counter values are similar, i.e.,

their distribution is uniform. This is because skew gives VALE more opportunities to save space.

Lemma 5.2. Consider a counter array of size𝑤 and let 𝑘 be the sum of its counters’ absolute values.
When the counters are unsigned, VALE encodes the array in𝑤 ·

[
4.41 + 1.26 · log

2
(𝑘/𝑤 )

]
bits. When

the counters are signed, it uses one extra bit per counter to encode their signs.

Proof. Applying Lemma 5.1 to every counter within the array and summing results in a total

memory footprint of𝑚 ≤ ∑
𝑖 max(𝑠, 4 + 1.26 · log

2
|𝑣𝑖 |) bits. To simplify this expression, we bound

the stub length 𝑠 based on the total absolute counter values. Recalling VALE’s tuning mechanics

from Section 4.1, Sublime uses stubs that are slightly longer than the length of the average counter.

In fact, it never sets 𝑠 to be more than 2 bits longer than the average counter length. Formally,

17
More generally, it is possible to maintain 𝑘 AMS sketches, where 𝑘 is the machine word size, in constant time with high

probability to approximate 𝐹 . Since 𝑘 = Ω(log𝑛) is standard in both theory and practice, it is possible to maintain a high

confidence estimate of 𝐹 in constant time without the use of SIMD. We omit the corresponding algorithm and its proof of

correctness due to space constraints.
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this corresponds to 𝑠 ≤ 2 +
1

𝑤
· ∑𝑖 log

2
|𝑣𝑖 |, where 𝑣𝑖 denote the signed value of the 𝑖-th counter

in the array. Since the logarithm is a concave function, we use Jensen’s inequality [45] to bound

the sum on the right-hand side as log
2
(

∑
𝑖 |𝑣𝑖 |/𝑤 ). Noting that the absolute counter values |𝑣𝑖 | sum

to 𝑘 yields 𝑠 ≤ 2 + log
2
(𝑘/𝑤 ) = 4 + log

2
(𝑘/(4𝑤 )). Plugging into the memory bound from before

yields𝑚 ≤ ∑
𝑖 4 + max(log

2
(𝑘/(4𝑤 )), 1.26 · log

2
|𝑣𝑖 |). We further bound each individual max term by

max

(
1.26 · log

2

𝑘

4𝑤
, 1.26 · log

2
|𝑣𝑖 |

)
≤ 1.26 · max

(
log

2

𝑘

4𝑤
, log

2
|𝑣𝑖 |

)
≤ 1.26 · log

2

(
𝑘

4𝑤
+ |𝑣𝑖 |

)
,

thus implying𝑚 ≤ ∑
𝑖 4 + 1.26 · log(𝑘/(4𝑤 ) + |𝑣𝑖 |). Rearranging the sum and once again using the

concavity of the logarithm to apply Jensen’s inequality yields the desired result:

𝑚 ≤ 𝑤 ·
[
4 + 1.26 · 1

𝑤
·
∑︁
𝑖

log
2
(𝑘/(4𝑤 ) + 𝑘/𝑤 )

]
≤ 𝑤 ·

[
4.41 + 1.26 · log

2
(𝑘/𝑤 )

]
.

□

We cannot simply set 𝑘 to the stream length 𝑁 and multiply the space bound of Lemma 5.2 by

the number of arrays 𝑑 to derive Sublime’s memory footprint. This is because Sublime increases

the sum of the absolute values of the counters during expansions by copying them. By accounting

for this, we show the following space bound for Sublime:

Theorem 5.3. When using a sublinear power size as the function𝑊 (𝑁 ), SublimeCMS, has a memory
footprint of ≈ 𝑑 ·𝑊 (𝑁 ) ·

[
4.41 + 1.26 · log

2
𝑁 /𝑊 (𝑁 )

]
. With a linear size function, SublimeCMS uses ≈

𝑑 ·𝑊 (𝑁 ) ·
[
4.41 + 1.26 · log

2
(𝑁 log

2
𝑁 /𝑊 (𝑁 ))

]
bits of memory. The same bounds hold for SublimeCS

with𝑊 (𝐹 ) instead of𝑊 (𝑁 ) and with an additive overhead of one bit per counter.

Proof. By a similar analysis to that of Theorem 4.1, the sum of the absolute counter values

within each array in Sublime when using a sublinear power as the size function is ≈ 𝑁 , modulo a

small constant factor. This constant factor become especially negligible in the space bound, since it

will appear within a logarithm. Similarly, when the size function is linear, we have 𝑘 ≈ 𝑁 log𝑁 .

Plugging these values into the bound of Lemma 5.2 and multiplying by 𝑑 proves the result. □

Lower Bound. We prove a memory footprint lower bound for FE sketches by reducing them to

filters. That is, we use an FE sketch to implement filter functionality, which allows us to inherit

known memory lower bounds for filtering. A filter is a compact data structure that answers whether

a query key exists in a given set of keys. A filter never returns a false negative, but it may return

a false positive with a probability called the False Positive Rate (FPR). The lower the desired FPR

is, i.e., the higher the target accuracy level, the larger the filter’s memory footprint must be. It

is known that a filter that supports a set of a growing size of 𝑛 with an FPR of 𝛿 must use at

least 𝑛 · [Ω(log 1/𝛿 + log log𝑛)−Θ(1)] bits of memory at some point in time [71]. Thus, an FE sketch

that can implement such a filter must also use at least this much memory.

Our reduction works as follows. Consider a FE sketch (e.g., CMS). Suppose this sketch never

underestimates a key’s count and guarantees an error of at most 𝐸(𝑁 ) with a confidence of 1−𝛿 for

streams of length𝑁 . We use it to implement a filter with an FPR of 𝛿 over a set of size𝑛 = 𝑁 /(𝐸(𝑁 )+1).

Specifically, we insert each key in the set 𝐸(𝑁 ) + 1 times into the FE sketch. This causes the FE

sketch to return an estimate of at least 𝐸(𝑁 ) + 1 during a query to an existing key within the set. In

contrast, the FE sketch’s accuracy guarantees imply that a query to a non-existent key returns an

estimate of at most 𝐸(𝑁 ) with a probability of 1− 𝛿 . Thus, by thresholding the estimate by 𝐸(𝑁 ) + 1,

we return a true positive for existing keys and a false positive for non-existent keys with an FPR of

at most 𝛿 . The following theorem formalizes these intuitions:
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Theorem 5.4. Consider an FE sketch with only overestimation errors that processes growing streams
with an error bound of 𝐸(𝑁 ) and a confidence of 1 − 𝛿 . Such a sketch must use at least 𝑁 /𝐸(𝑁 ) ·
[Ω (log 1/𝛿 + log log(𝑁 /𝐸(𝑁 ))) −Θ(1)] bits of memory at some point in time while processing a stream.

Theorem 5.4 only holds for FE sketches that do not underestimate (e.g., CMS). It is non-trivial to

adapt the same argument to FE sketches that can underestimate (e.g., CS), since underestimations

can introduce false negatives and violate filtering semantics. Nevertheless, by accounting for the

estimation variance, we reason about the false negatives and prove in our Appendix [32] that the

same lower bound holds for these sketches as well:

Theorem 5.5. Consider an FE sketch providing estimates with an expected absolute error of 𝐸(𝑁 )

and a variance of 𝛿 · (𝐸(𝑁 ))
2 for any key when processing a stream of size 𝑁 . Such an FE sketch must

use at least 𝑁 /𝐸(𝑁 ) · [Ω(log 1/𝛿 + log log(𝑁 /𝐸(𝑁 ))) − Θ(1)] bits of memory at some point in time
while processing a stream.

One can verify from Theorem 5.3 that, when fixing the confidence using a constant number of

arrays 𝑑 while using a sublinear power (resp. linear) size function𝑊 (𝑁 ) to achieve an error bound

of 𝐸(𝑁 ), Sublime uses a memory of 𝑂(𝑁 /𝐸(𝑁 ) · log(𝑁 /𝐸(𝑁 ))) (resp. 𝑂(𝑁 /𝐸(𝑁 ) · log𝑁 · log log𝑁 ))

bits. This almost matches the memory lower bound of Theorem 5.5 with a slight difference in

the logarithmic terms. One can extend Sublime to match these lower bounds by compressing the

counter arrays via coarsely quantizing their counters and applying run-length encoding. Doing so

can potentially reduce space consumption by as much as 5× for long streams in practice. These

compression techniques may compromise update and query performance, though we expect to be

able to resolve this degradation using techniques based on rank and select [18, 56, 70, 74, 95].

6 Evaluation
We empirically evaluate Sublime. Experiments 1, 2, 3, and 6 focus on accommodating skew, while

Experiments 4, 5, and 7 deal with unbounded data growth. Experiments 1-5 all employ SublimeCMS.

Experiments 6 and 7 showcase SublimeCS. Experiment 8 applies both variants to join size estimation.

Platform. We run the experiments on a Fedora 41 machine with an Intel Xeon w7-2495X

processor (4.8 GHz) with 24 cores. Our machine features an 80 KB L1 cache and a 2 MB L2 cache

for each core, a 45 MB shared L3 cache, and 64 GB of RAM.

Baselines.We compare SublimeCMS to a traditional CMS, as well as the variants described in

Section 3 that cater to skew. We use SALSA [7] to represent counter merging methods and Waving

sketch [59] to represent hybrid methods, as they are the most accurate and the fastest in their

category. For counter sharing methods, we employ the following three baselines: Stingy sketch [58]

is the state of the art in terms of throughput since it implements the classic counter sharing design

with a hierarchy of shared byte-aligned counters that prefetches the counters, as described in

Section 3. Coding sketch [16] is the most accurate counter sharing method that compresses its

hierarchy of counters, trading performance for memory. Tailored sketch [36] is the most space-

efficient (and thus accurate) counter sharing method, as it probabilistically increments each counter

in the classic hierarchy, thereby shortening the counters’ length in exchange for introducing two-

sided errors. Among these six baselines, only Coding sketch is tunable, though its tuning is manual

and complex. This is because its compression algorithm obscures the level of skew in the workload

to which the tuning should be adapted. We implement Sublime in C++ and use the open-source C++
implementations of the baselines. The aforementioned implementations are all single-threaded. We

construct all FE sketches with 𝑑 = 3 arrays. This parameter setting is common in practice since

it yields a confidence bound of ≈ 95%, which is significantly higher than the confidence bounds

resulting from 𝑑 = 1 (≈ 63%) and 𝑑 = 2 (≈ 86%) while being comparable to 𝑑 = 4 (≈ 98%).
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1 81 4 38 10 51 7

2 - - 50 7 64 5

4 - - 70 5 75 4

Table 3. Tuning VALE’s parameters for each plot point to the left according
to the table above enables high performance and accuracy for SublimeCMS.

Fig. 10. SublimeCMS achieves the highest accuracy under real-world workloads while maintaining equal or
superior insertion and query performance. We use the optimal tuning of the baselines at each point of the
curves. The table above details the number of counters per chunk 𝑐 and the stub length 𝑠 used by SublimeCMS.

Datasets and Workloads. Following prior work [5, 7, 15, 28, 29, 35, 36, 58, 59, 62–64, 68, 77,

79, 81, 86, 88–92], we compare the baselines in a single-threaded setting by employing three

real-world streams:

• Kosarak: 8M clicks from a news portal [11], anonymized as 8-byte integers. This dataset is

highly skewed, resembling a Zipfian distribution with an exponent parameter of ≈ 3.5.

• WebDocs: 300M words extracted from 1.7M online English documents [65]. Each word in

this dataset is encoded as an 8-byte integer. This dataset follows a skewed distribution with a

Zipfian exponent of ≈ 1.0.

• CAIDA: 27M anonymized 5-tuples describing the network connection of packets from 10

traces taken from backbone Internet links in 2018 [1]. Each 5-tuple is represented as a 13-byte

string. This dataset has a Zipfian exponent of ≈ 2.0.
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Fig. 11. By adapting VALE to skew, SublimeCMS achieves the highest accuracy among all baselines (Part A)
and a smaller memory footprint compared to using a fixed tuning (Part B).

We evaluate the accuracy of each baseline by querying it with each distinct key in the stream and

compute the Average Absolute Error (AAE) of the estimates from the ground-truth. We focus on

absolute errors rather than relative errors to keep our presentation consistent with the theoretical

error bounds studied in the literature. We have found the relative errors to behave similarly to the

absolute errors.

Experiment 1: Accuracy and Speed vs. Memory. In Figure 10, we feed each workload to

each baseline while varying the allotted memory budget. This experiment features bounded data

growth, allowing us to focus on how well each baseline accommodates skew. Each point on the

curves represents a complete run of the experiment starting from scratch. We tune Coding sketch

and SublimeCMS at each point to minimize their error and showcase their highest accuracy. The

table to the right of Figure 10 details the tuned parameters of SublimeCMS—the number of counters

per chunk 𝑐 and the stub length 𝑠 . We increase the memory budget by factors of 2 on the 𝑥-

axis up to 4 MBs, though for the Kosarak dataset, we use smaller budgets due to the workload

trace being shorter.

Figure 10 shows that SublimeCMS has a lower estimation error than most other baselines by as

much as an order of magnitude while providing similar or superior insertion and query performance.

This is because it extends overflowing counters without affecting other counter values. Compared

to the baseline with the closest errors, i.e., SALSA, SublimeCMS has lower errors by 40% across the

board while providing faster insertions and queries by as much as 3× and 2.4×. This performance

improvement is due to SublimeCMS’s use of rank and select primitives, as well as Optimizations 1

to 6 described in Section 4.1. Coding sketch exhibits slower insertion and query performance by 2

and 7 orders of magnitude compared to the other baselines due to its decompression overheads. As

such, we henceforth exclude it from the experiments that evaluate SublimeCMS. When the memory

budget is low under the CAIDA dataset, Tailored sketch is more accurate than SublimeCMS due

to its probabilistic incrementation strategy enabling it to store shorter counters in exchange for

introducing underestimations. Applying the same technique to SublimeCMS yields lower errors

than Tailored sketch by 2.38×, as shown by the dotted curve.

Experiment 2: Accuracy underVarying Levels of Skew. Figure 11-A) compares the estimation

errors of the baselines under the same memory budget as the amount of skew in the data varies.

Here, we generate streams of 100M keys from a Zipfian distribution over 100K distinct keys. We

vary the exponent parameter, i.e., the skewness, on the 𝑥-axis from 0.0 to 3.2, which correspond to

a uniform and a highly skewed dataset, respectively. Recall that, aside from Coding sketch (which

we exclude from the experiment due to its poor performance), SublimeCMS is the only tunable FE

sketch. Thus, we allow it to adapt VALE’s tuning to the workload’s skew.

Figure 11-A) shows that SublimeCMS provides the lowest error under all degrees of skew. It

outperforms all other baselines by an order of magnitude for more uniform workloads and by 3× for

more skewed workloads. This is because it exposes a tuning space that allows VALE to save memory

by employing longer and shorter stubs for more uniform and skewed workloads, respectively.
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Fig. 13. SublimeCMS saves a significant
amount of memory by contracting when
many keys are deleted.

Experiment 3: Memory Savings of Adaptively Tuning VALE. We demonstrate the need

for adapting VALE’s tuning as the stream grows by comparing SublimeCMS’s memory footprint

when using a fixed tuning to when it adapts the tuning. We employ a total of 1M counters for

both versions and use 𝑐 = 64 counters per chunk and stubs of length 𝑠 = 6 bits for the fixed tuning

version. Figure 11-B) considers the Zipfian workloads from Experiment 2 and varies the skew on

the 𝑥-axis. As shown, adaptively tuning VALE bounds the number of allocated tails arrays and

improves the memory footprint over using a fixed tuning by as much as 5×. With enough skew, the

average extension length decreases, and the fixed tuning version of SublimeCMS avoids allocating

many tails arrays. Nevertheless, it does not optimally leverage the shorter extension lengths and

consumes ≈ 10% more memory than the adaptive version.

In this experiment, adaptations comprise less than 3% of the processing time, as their overhead

is amortized. One can expect this overhead in mixed workloads with both insertions and deletions

to be similar to our insertion-only workload. This is because our workload triggers just as many

adaptations as mixed workloads by growing the counters and causing many chunks to overflow.

Experiment 4: Accuracy and Memory under Data Growth. We now compare the accuracy

and memory footprint of the baselines when the stream grows indefinitely. Here, we allocate

each baseline an initial memory footprint of 32KB and insert the WebDocs dataset. Figure 12

measures, for each baseline, its error and the ratio of its memory footprint to the stream’s length.

We use the default configuration for SublimeCMS, which has a sublinear power size function of the

form𝑊 (𝑁 ) = 𝑁𝛼/𝜖 with 𝛼 = 0.5 and 𝜖 = 1, as introduced in Section 4.2. We also compare versions

of SublimeCMS with the exponent 𝛼 of the size function set to 0.75 and 1.0. Figure 12 differentiates

these versions by annotating each curve with the value of 𝛼 used.

Figure 12 shows that SublimeCMS is the only FE sketch to exhibit sublinearly scaling estimation

errors. It achieves this by expanding its number of counters along with the stream. This culminates

in the three versions of SublimeCMS (with exponents 𝛼 of 0.5, 0.75, and 1.0) improving the error

over the best baseline by one, two, and three orders of magnitude. The right subfigure in Figure 12

shows that, despite expanding the number of counters, SublimeCMS maintains a modest memory

footprint relative to the stream’s length. Furthermore, we have found that expansions take up

only 0.5% of the processing time, as they simply copy the counters sequentially.

Experiment 5: Contractions. Figure 13 showcases deletions and contractions in SublimeCMS.

Here, we insert the CAIDA dataset and subsequently delete keys in a random order while measuring

the error and the memory footprint. We only compare SublimeCMS to CMS since all other baselines

do not provide a deletion API.

As shown, SublimeCMS maintains lower errors than a CMS of the same size by as much as two

orders of magnitude. This is because VALE encodes the counter values in less space, allowing the
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Fig. 15. By expanding based on the estimation variance, SublimeCS maintains a stable confidence bound.

storage of more counters. As keys are deleted, SublimeCMS contracts to save memory, while CMS

wastes memory by remaining at the same size. This enables achieving a lower memory footprint

than CMS by 2-3 orders of magnitude while still being more accurate, despite the reduced number

of counters slightly increasing the error. Moreover, since contractions sequentially scan the FE

sketch, similarly to expansions, they take up at most 0.5% of the total execution time.

Experiment 6: Unbiased Accuracy and Speed vs. Memory.We now turn to SublimeCS to

demonstrate the applicability of Sublime beyond CMS. We compare it to a traditional CS and

Waving sketch [59], which is representative of unbiased hybrid methods. We also compare to Stingy

sketch [58] and Coding sketch [16] applied to CS, representing counter sharing methods with

unbiased estimates. We exclude SALSA [7] as its library does not provide a variant with unbiased

estimates. We employ the CAIDA dataset and optimally tune Coding sketch and SublimeCS.

Figure 14 shows that, by leveraging the memory savings of VALE to store more counters,

SublimeCS achieves lower errors than the next best baseline by as much as an order of magnitude.

It also has the fastest insertions while closely matching the query speed of the most performant

sketch due to its use of Optimizations 1 to 6 from Section 4.1.

Experiment 7: Expansion Based on Variance. Figure 15 illustrates how expanding SublimeCS

based on the growth of the estimation variance (as described in Section 4.3) instead of the number

of keys enables a stable confidence bound. We demonstrate this improvement by inserting 100M

keys with increasing levels of skew. We measure the P-99 absolute error of the estimates instead of

the average, since it showcases the errors that exceed their confidence bounds, whereas averages

obscure this information. We also report the final memory footprint after ingesting the stream.

As shown in Figure 15, expanding based on the estimation variance ensures stable tail errors

in exchange for a higher memory footprint. This is in contrast to expanding SublimeCS based

on the number of keys, which yields tail errors that increase with skew. The reason is that a

more skewed dataset grows the variance more quickly, necessitating more frequent expansions to

maintain a stable confidence bound. As skew increases further, expanding based on the variance
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Fig. 16. Sublime provides the most accurate frequency estimates of table entries and the size of their join.

yields diminishing returns. This is due to the stream’s distinct keys dropping in number with skew,

making keys less likely to map to the same counter and create severe errors.

Experiment 8: Join Size Estimation. Figure 16 applies both SublimeCMS and SublimeCS to

join size estimation. Here, we employ a 100 GB TPC-H workload [82]. We consider the lineitem
and orders tables, incrementally insert rows into each, and periodically join them on their shared

ORDERKEY column. Following [83], each row in the orders table is duplicated 1-3 times to simulate a

many-to-many join. We construct FE sketches tracking the count of each ORDERKEY value in these

tables and predict their counts in the join by multiplying the per-table estimates. We compare CMS

and CS, as well as fixed-size and expandable versions of SublimeCMS and SublimeCS. We set the

initial memory budget to 8MB (≈ 0.1% of the data size) and distribute it to each sketch in proportion

to the initial size of its table. The expandable SublimeCMS and SublimeCS grow as a sublinear power

(with a power of 0.75) of the tables. Figure 16 reports accuracy measurements for each table and

the join result.

As shown in Figure 16, Sublime attains higher accuracy than CMS and CS by multiple orders

of magnitude due to their use of variable-length counters. Moreover, the expandable SublimeCMS

and SublimeCS outperform their fixed-size counterparts by as much as an order of magnitude.

The fixed-size version of SublimeCS is more accurate than the fixed-size version of SublimeCMS on

each separate table. This is because the workload in this experiment is almost uniform, leading

to the positive and negative counts of colliding keys in SublimeCS to cancel out. When allowed to

expand, SublimeCMS is more accurate than SublimeCS on individual tables, as collisions reduce with

expansions, and SublimeCMS does not store a sign bit for each counter. Nevertheless, both versions

of SublimeCS have more accurate join estimates than the corresponding version of SublimeCMS.

This is due to SublimeCS returning unbiased estimates, which allows for multiplying them without

compounding errors.

7 Conclusion
We introduced Sublime, the first framework for generalizing a frequency estimation sketch to

adapt to the skew and length of the stream. We showed that Sublime improves the accuracy and

memory of FE sketches beyond the state of the art while maintaining high performance. Although

Sublime is currently single-threaded, we expect significant performance gains from parallelization

(e.g., through employing thread-local FE sketches to ingest subsets of the stream and periodically

merging them into a unified FE sketch for answering queries [51, 76]). More broadly, Sublime

opens a new research avenue on expandable data sketches applicable to other core statistics, such

as quantiles and cardinalities, which exhibit similar error growth under workloads with growing

datasets. This marks a fundamental shift from fixed-size sketches with degrading accuracy to

adaptive structures that maintain stable accuracy for always-on analytics.
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