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Multi-relational graphs (MRGs) are an expressive data structure for modeling diverse interactions/relations
among real objects (i.e., nodes), which pervade extensive applications and scenarios. Given an MRG G with N
nodes, partitioning the node set therein into K disjoint clusters (referred to as MRGC) is a fundamental task
in analyzing MRGs, which has garnered considerable attention. However, the majority of existing solutions
towards MRGC either yield severely compromised result quality by ineffective fusion of heterogeneous graph
structures and attributes, or struggle to cope with sizable MRGs with millions of nodes and billions of edges
due to the adoption of sophisticated and costly deep learning models.

In this paper, we present DEMM and DEMM+, two effective MRGC approaches to address the aforementioned
limitations. Specifically, our algorithms are built on novel two-stage optimization objectives, where the former
seeks to derive high-caliber node feature vectors by optimizing the multi-relational Dirichlet energy specialized
for MRGs, while the latter minimizes the Dirichlet energy of clustering results over the node affinity graph.
In particular, DEMM+ achieves significantly higher scalability and efficiency over our based method DEMM
through a suite of well-thought-out optimizations. Key technical contributions include (i) a highly efficient
approximation solver for constructing node feature vectors, and (ii) a judicious and theoretically-grounded
problem transformation together with carefully-crafted techniques that enable the linear-time clustering
without explicitly materializing the N X N dense affinity matrix. Further, we extend DEMM+ to handle attribute-
less MRGs through non-trivial adaptations. Extensive experiments, comparing DEMM+ against 20 baselines
over 11 real MRGs, exhibit that DEMM+ is consistently superior in terms of clustering quality measured against
ground-truth labels, while often being remarkably faster.

CCS Concepts: » Computing methodologies — Cluster analysis; Spectral methods; « Information
systems — Clustering.
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1 Introduction

Multi-relational graphs (MRGs) are data structures composed of nodes interconnected via multiple
types of relations, which excel in modeling and capturing complex relations and associations
among real-world entities. Practical MRGs include social networks, whose users are connected via
friendships and varied interactive activities, biological graphs where biological entities (proteins or
genes) are associated by interactions, regulatory relationships, or metabolic pathways, as well as
financial networks that encompass diverse edges, such as transactions, ownerships, and contractual
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Fig. 1. Real application examples of MRGC.

relationships. Due to the omnipresence of such multi-relational data structures, MRGs find broad
applications across various domains, including recommendation systems [20, 37], biomedicine [38,
101], financial risk control [78, 85], academic network mining [17, 98], social network analysis [26,
46], etc.

As a fundamental analytical task, the goal of multi-relational graph clustering (MRGC) is to divide
the MRG @G into K disjoint groups of nodes that are internally tightly-knit and similar, where the
number K of clusters is specified a priori. Two real-world application examples (depicted in Fig 1)
of MRGC are as follows:

e Detecting Social Communities: On the video sharing website YouTube, as shown in Fig. 1,
active users can connect via contact, co-subscription, co-subscribed, sharing favorite videos, and
commenting, which form a multiple relational graph (MRG). Through MRGC, we can extract
high-quality communities of users sharing similar interests by integrating such heterogeneous
interactions/relations [79], thereby facilitating video/YouTuber recommendations and advertising.

o Neuroscience: In brain networks, there are structural (e.g., axonal pathways) and functional
(e.g., correlations in activity) connections among brain regions (e.g., neurons or cortical areas).
The clustering over such multi-relational structures can help identify functional modules and
offer valuable insights into brain structures and functions [2, 13].

Despite being superior in practical applications, compared to traditional graph clustering, MRGC
poses unique challenges in fusing rich structures underlying heterogeneous relations, as well as
exploiting nodal attributes that are widely present in real MRGs.

A straightforward treatment for MRGC is to simply convert the MRG G into a single-relational
graph G through an equal weighting of multiple-typed relations therein, followed by applying
attributed graph clustering techniques [52, 95] over G. This paradigm overlooks the specific nuances
and importance of different relation types, engendering biased results and subpar clustering quality.
For instance, on social networks, treating relationships, including friendships, family ties, and
professional connections equally will obscure the distinction between close family members and
distant acquaintances.

Over the past few years, there has been a surge of interest in designing approaches specially
catered for MRGC [27, 45, 57, 58] (detailed in Section 6). The majority of them can be categorized
into two groups: Multi-Relational Structure (MRS)-based and Multi-View Embedding (MVE)-based
methods. Specifically, as depicted in Figure 2, the MRS-based methodology [45, 47, 60] focuses on
automatically adjusting weights for the integration of graph structures { A"} under heterogeneous
relation types in MRGs, before incorporating node attributes X for subsequent clustering. However,
this category of methods primarily hinges on graph structures for weight adjustment, which
disregards or underexploits the attribute information. Such an oversight results in inaccurate
weights and severe misalignment between graph structures and node attributes. In contrast, the
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Fig. 2. Workflows of existing MRGC methods and DEMM.

MVE-based models [48, 54, 59, 62, 64, 69, 70, 91] reverse the above two steps (see Figure 2), where
the former step turns to encoding attributes X on each single-relational graph A" into node
feature vectors H") severally, whilst the latter step attends to unifying these multi-typed feature
vectors {H")} into the final representations H for node clustering. Although this post-fusion
scheme enjoys better result effectiveness, it fails to adequately capture the structural consistencies,
disparities, and complementaries of varied types of relations [110].

In summary, extant MRGC studies still have flaws in reconciling multiplex relations and fusing
information from heterogeneous structures and attributes, and thus, incur sub-optimal performance.
On top of that, most solutions rely on sophisticated matrix solvers or deep learning models that
entail substantial memory and compute-intensive operations, which are rather expensive for even
medium-sized MRGs.

To overcome the deficiencies of existing methods, we propose DEMM and DEMM+ that achieve
superb performance for MRGC over multiple real MRG datasets, through the optimization of
our novel two-stage objective functions formulated based on the Dirichlet energy (DE) [108] in a
principled way. As overviewed in Figure 2, distinct from MRS- and MVE-based approaches, DEMM
follows a two-stage pipeline, in which the first stage iteratively refines the node feature vectors H
by injecting information from node attributes X and multiplex graph structures { A"}, while the
second phase constructs an affinity graph S from H and derives clusters therefrom. More concretely,
in the first stage, the feature vectors H and weights for integrating {A")} are alternatively updated
towards optimizing the notion of multi-relational Dirichlet energy (MRDE) and ancillary terms,
which is a new extension of the DE to MRGs dedicated to enforcing features of adjacent nodes of
important relation types to be close. In the same vein, DEMM obtains clusters by minimizing their DE
on S such that cluster assignments of nodes with high affinity in S are similar. Unfortunately, DEMM
suffers from a quadratic complexity for the computation of H and materialization of S, rendering it
incompetent for large MRGs.

To this end, we upgrade DEMM to a linear-time method DEMM+, which obtains high efficiency
without degrading result utility, via a series of novel algorithmic designs, optimization tricks, and
theoretical analyses. Under the hood, DEMM+ includes a carefully-designed approximate solver FAAO
for alternative updating of feature vectors H and fusion weights, by uncovering computation bot-
tlenecks and capitalizing on their mathematical properties for fast estimation. In addition, through
theoretically-grounded problem transformations along with our SSKC algorithm empowered by
mathematical apparatus random Fourier features [66] and Sinkhorn-Knopp normalization [73], DEMM+
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Table 1. Frequently used symbols.

Symbol Description

v, &) The node set and edge set of r™ relation type.

N, M(r),M The numbers of nodes, edges in S(r), and all the edges.
R K The numbers of relation types and desired clusters.
D,d The dimensions of the input attribute and feature vectors.
X, H Initial and target feature vectors of nodes.

D) The diagonal degree matrix of &7

A, A7 | The adjacency matrix of &) and its normalized version.
[ The importance weight for r™ relation type.

Y,S The NCI and affinity matrix defined in Eq. (1) and Eq. (7).
D(H,A"))| The DE of H on A7) defined in Eq. (2).

a,p The coefficients for terms Lyrpg and Lyeg in Eq. (4).
Lm The number of hops and sketching dimension in FAAQ.

judiciously eliminates the need to materialize a quadratic-sized affinity graph and its rear-mounted
arduous eigendecomposition in DEMM. Furthermore, we enable DEMM+ over attribute-less MRGs that
are under-explored in previous works with an additional orthogonality constraint. Our empirical
studies evaluating DEMM+ against 20 competitors on 11 real MRG datasets demonstrate that DEMM+
consistently and conspicuously outperforms the state-of-the-art solutions for MRGC in terms of
clustering quality at a fraction of their computational expenses.

The contributions of this paper can be summarized as follows:

e Conceptually, we introduce the new notion of MRDE on MRGs and formulate the MRGC task as
a two-stage optimization problem based on the MRDE and DE.

e Methodologically, we develop a brute-force algorithm DEMM to solve the above objectives for
effective MRGC, and a computationally tractable solver DEMM+ for practical scalability with
non-trivial theories and techniques FAAO and SSKC. DEMM+ is further extended as DEMM-NA to
attribute-less MRGs.

o Empirically, we conduct extensive experiments on 9 real datasets of various sizes to validate the
effectiveness and efficiency of proposed methods.

2 Problem Formulation

In this section, we set up the necessary preliminaries and provide a formalization of the MRGC
problem.

2.1 Symbol and Terminology

Matrix Notation. Throughout this paper, sets are denoted by calligraphic letters, e.g., V. Matrices
(resp. vectors) are written in bold uppercase (resp. lowercase) letters, e.g., M (resp. x). We use
M; and M_; to represent the i'" row and column of M, respectively. | M||r denotes the Frobenius
norm of matrix M and nnz(M) is the number of non-zero entries in M. A matrix M is said to be
row-normalized (resp. column-normalized) if each i™ row (resp. column) is L, normalized, i.e.,
[IM;||2=1 (resp. ||[M.;||2 = 1). For ease of exposition, we say M € N, if M is row-normalized. By
“the first K eigenvectors”, we refer to the eigenvectors corresponding to the K largest eigenvalues
of a matrix.

Graph Nomenclature. A multi-relational graph (MRG) is defined as G = (V, {§(") }le), where

vV denotes the set of N distinct nodes and &) contains a set of M(") edges (or relations) between
nodes in V in the r (1 < r < R) type of relation. The total number of edges in G is denoted
by M = 25:1 M) For each edge (v;, vj) € &) connecting nodes v; and vj, we say v; and v; are
neighbors to each other under r relation type. The degree of v; (i.e., the neighbors of v;) in &)
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H/V DY H/VD®

V1 [0.14] 0.48 | 0.42 0.20 0.68 | 0.59
v2 0.21) 0.14 | 0.27 0.250.17 | 0.33
V3 [0.62] 0.33] 0.16 0.51 027 0.13
V4020 0.27] 0.16 0.20 [0.27 | 0.16
V5|08 0.14 | 0.11 0.250.20 | 0.16
V6 0.47| 0.21 | 0.41 0.240.30 | 0.58
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— —2 — —2
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2 2
D(H, A(l)) =220 w1 =0.8 V1| o |014f032f0.12]0.21f0.07 0 | 033 |0.48[035|0.42|0.15
+ Vg |04 0 [029)0.03]0.03[0.03| [033| 0 |0.12|0.04]0.04]0.14

D(H,A®) =2.90 wy =0.2 L vg [03zfea] o |oasfoss|oas| Joas|ot2| o fot0]007|0zs

V4 0.12]0.03] 0.18| 0 [0.02]0.03 0.35] 0.04 |0.10| 0 |0.01|0.18

Vs | 021 0.03/0.35/0.02| 0 [0.10 0.42 0.04 {0.070.01| 0 |0.19

R
Lygroe = Yy w, - D(H, Al") =2.34
r=1

Vg |0.07]0.03]0.28 0.03 |0.10| 0 0.15) 0.14 | 0.28|0.180.19| 0

Fig. 3. A running example for MRDE.

is symbolized by dl.(r) . In particular, we refer to G as an attributed MRG if each node v; € V is
endowed with a D-dimensional attribute vector X;, and otherwise an attribute-less MRG. Unless
specified otherwise, an MRG G is assumed to be attributed by default.

We denote by A" € {0,1}N*N the adjacency matrix constructed from the edges in &)
and by D) the degree matrix whose diagonal entry Dg) = d;r). Accordingly, the normalized

A (D)

. -1 1
adjacency matrix A(r) is definedas A" = D" ? A" D)% and the normalized Laplacian matrix

is1-A". Additionally, the oriented incidence matrix of & is symbolized by E") € RN M and
EMWE®T = D) — A0 n Definition 2.1, we define the (61, £2)-order maximum eigengap (OME) of
normalized adjacency matrix A. Table 1 lists the frequently used symbols in this paper.

Definition 2.1 ((£1, £z)-Order Maximum Eigengap). Let Ai(A) be the i eigenvalue of A. The
(#1, £2)-order maximum eigengap is flg, ¢, = ma}j(v|/1,-(A)€l - A,(A)fz |
1<i<

Multi-Relational Graph Clustering (MRGC). Given an MRG G and the number K of clusters,
the overreaching goal of MRGC is to partition the node set V into K disjoint groups {C;, ..., Cx}
(ie., Ule Cr =V and C;NC; = @ for i # j), such that nodes with high attribute homogeneity and
strong connectivity under R relation types are in the same group, while dissimilar and distant ones
fall into distinct clusters.

This goal can typically be achieved through two subtasks. Firstly, the task is to construct a feature
matrix H that can accurately capture the affinity between nodes in terms of attribute similarity
and multiplex structural connectivity in MRGs. Subsequently, clusters {Cy, ..., Cx} can be derived
from H such that similar feature vectors in H are grouped into the same clusters. Particularly,
clusters {Cy, . .., Cx } can be represented in matrix form using an N X K node-cluster indicator (NCI)
Y in which

0, otherwise.

L ifv; € Cy,
Yi,kz{ [ ()
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2.2 Multi-Relational Dirichlet Energy
The Dirichlet energy (DE) [108] of feature matrix H € RN*? over a graph with edges &) is defined

by
2
1
D(H,AV) = ZWAE,? : HHi/\/nAE” = Hj /1A ||1H2
v;,0; €
1 (r o
= Z H;/\d" - H;/\Jd"| @)
(v3,0;) &) 2
2
where ||H;/ dl.(r) -H;/ d](.r) measures the dissimilarity of the features of two adjacent nodes
2

v;,0; in &M, Intuitively, D(H, A(r)) assesses the overall smoothness of H over &), indicating
whether node features in H are similar across adjacent nodes.

To quantify the smoothness of H over the MRG G, we extend the Dirichlet energy to the
multi-relational Dirichlet energy (MRDE), which is formulated as follows:

R
Lygoe = ) o - D(H,A), ©)

r=1

w1, . .., R represents the relation type weights (hereafter RTWs), which specify the importance
of the edges under R relation types, respectively. Particularly, a low MRDE Lyrpg reflects a high
smoothness of H over G, while a high MRDE connotes a large divergence in features of adjacent
nodes. In other words, this implies that MRDE can be used to measure the quality of feature matrix
H in fusing multiplex structural connectivity in MRG G.

Example 2.2. Figure 3 presents an MRG G that contains two types of relations (&) and &®)) and
six nodes (i.e., v1-v¢). The first (resp. second) type of relations is colored in purple (resp. blue). Each
node v; in v;-v¢ is associated with a 3-dimensional attribute vector H;. By normalizing the attribute

vectors by their respective node degrees in two types of relations, i.e., H;/ di(l) and H;/ di(z), we
obtain two new node feature matrices H/VD) and H/VD® . For each edge (v;, vj) € EW (resp.
E?)), we calculate || H;/[d\" — H;/\[d\"||? (vesp. [ H;/Jd® — H;/,|d®||2). Summing up these

values, respectively, leads to DE D(H, A1) = 2.2 and D(H, A®) = 2.9. Suppose that the RTWs
are w; = 0.8 and w, = 0.2. The MRDE is then Lyrpg = 0.8 X D(H, AM) +0.2x D(H, A(z)) = 2.34.

Table 2. The MRDE and ACC values by DEMM+ and BMGC [69].

Method | Metric | ACM | DBLP | ACM2 Yelp | IMDB
MRDE | 1576.6 | 2837.6 | 2765.4 | 2164.5 | 1456.8
ACC 93.0 93.4 91.3 91.5 51.0
MRDE | 1380.6 | 2635.6 | 2505.8 | 2072.1 | 1296.4
ACC 93.6 93.7 91.3 92.7 67.6

BMGC

DEMM+

Table 2 reports the MRDE values of feature matrices obtained by a state-of-the-art MRGC
approach BMGC [69] and our proposed DEMM+, as well as the final clustering accuracies (ACC) on
five real datasets, respectively. The empirical results indicate that a smaller MRDE yields a better
clustering quality on MRGs.
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Fig. 4. Two-Stage Optimization Objectives for MRGC.

2.3 Two-Stage Optimization Objectives

Next, we define our two-stage objective functions schematized in Figure 4 for MRGC, based on the
notions of DE and MRDE defined in Eq. (2) and Eq. (3).

Stage I Objective. As shown in Figure 4, the first task is to fuse the attribute information in X

and the graph structures underlying R types of relations {1, &M, ... &R} into node feature
vectors H € Ny, by optimizing the following objective:

R
min Lar+a- LMrpE + B - Lreg s.t. Z wr =1, 4)

€ €
HeNow, wr€R =1

where the fitting and regularization terms Lg;, Lz are defined by

R
L= 1H-XI% Leeg= Y or - [A7 ]2,

r=1

and a, B are their respective coeflicients. The constraint 25:1 w, = 1 enforces a normalization on
the R RTWs.

More specifically, the fitting term Lg; seeks to reduce the discrepancy between the target
node feature vectors H and initial features! X € RV*4 whereas the MRDE term Lygrpg renders
feature vectors H; and H; of nodes v;,v; close to each other when they are connected via an
edge of important types, i.e., its RTW w, is large. By minimizing MRDE, this stage seeks to obtain
node feature vectors H that are consistently smooth over the R types of structural connectivity
(W, &M . B} in MRGs. Notably, we additionally incorporate Lreg to regularize RTWs
{w,}R | with the consideration of the volumes of their associated edges, thereby preventing over-

weighting (resp. under-weighting) the large (resp. small) edge set &) (i.e., A(r)). In a nutshell,
the main goal of Stage I is to compute RTWs {w, }® | automatically by optimizing the objective
function to fuse {&") }R |, thereby obtaining node feature vectors H while minimizing MRDE.

Stage II Objective. In the second stage, the goal is to minimize the DE of NCI Y over an affinity
graph S constructed from node feature vectors H, i.e.,

in D(Y,$). 5
Mg LS )

For notational convenience, we henceforth refer to the node attribute matrix denoised via a principal component analysis
as initial features X.
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Algorithm 1: DEMM Algorithm

Input: An MRG G, parameters «, f§, and K.
Output: A set {C,Co, ..., Ck} of K clusters.

/* Brute-Force Alternating Optimization */
1 w,<—I%V1SrSR;
do

Compute A according to Eq. (9);
Compute H according to Eq.(10);
Normalize H such that H € N;oy;
Update w, according to Eq. (11) V1 < r < R;
7 until H converges;
/* Spectral Affinity Graph Clustering */
8 Normalize H according to Eq.(13);

A G e W N

9 Construct affinity matrix S according to Eq. (7);
10 U « the first K eigenvectors of S;
11 Run K-Means over U to generate {Cy,...,Cx};

Under certain assumptions on S, it can be transformed into

K
. Sij
min C_; (6)
CroeeCi k=1 U[ECk,UjE(V\Ck | k|
which is to identify a set {Cy,...,Cx} of K clusters that minimize the external connectivity of

clusters. As exemplified in Figure 4, clusters v,-v., 040y, and vy-v are an ideal partitioning of
V over S since the affinity values of inter-partition nodes are merely 0.1 or 0.2, while those of
intra-partition nodes are mostly more than 1.0.

In particular, following the conventional choice for the affinity matrix of feature vectors in
Euclidean space [68, 72], we employ the Gaussian kernel with pairwise distance to measure the
affinity of node pair (v;, v;):
™)

|H; — H;ll
—

Si,j = exp (—

where o is the kernel width parameter (typically 1 or 2). To accurately discriminate similar and
dissimilar node pairs, node feature vectors H is normalized such that -1 < H; - H; < 1Vo;,0; € V
before constructing S. Intuitively, minimizing D (Y, S) is to minimize the Euclidean distances of
feature vectors of nodes in the same clusters.

3 The DEMM Method

This section presents our first-cut solution DEMM for MRGC, shown in Algorithm 1. At a high
level, DEMM is an approximate method towards optimizing our two-stage objective functions in
Eq. (4) and (5) using an alternative optimization and spectral clustering under constraint relaxation,
respectively. More concretely, DEMM takes as input an MRG G, coefficients «, f§, and the number K
of clusters, and runs in two phases. In the following, Section 3.1 details our brute-force alternative
optimization method for our first objective in Eq. (4) to construct feature vectors H (Stage I). In
Section 3.2, we transform our clustering objective in Eq. (5) to its theoretically equivalent problem
and apply a spectral approach to generate clusters {C;, ..., C¢} based on H (Stage II). Section 3.3
provides theoretical analyses of DEMM in terms of its correctness and computational complexity.
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3.1 Brute-Force Alternating Optimization

Given the hardness of Eq. (4), we resort to an alternative optimization strategy to approximately
solve this problem. Specifically, we update two variables, i.e., node feature vector H and relation
type weights {«w, }le, alternatively, each time fixing one of them and updating the other, using the
following rules.

Update H with {o, }R, fixed. Firstly, for any relation type r, we have the following fact: D (H, &) =
trace(H' (I — A(r))H ). Given fixed RTWs {a)}r ;> the original optimization objective in Eq. (4)

can be simplified as the following partial objective function: mingen,,, ||H — X ||§ + a - LMRDE,
which is equivalent to optimizing

min ||H - X||% +a - trace(H' (I - A)H), (8)

€Nrow

("R
s

where A is the weighted average of {A , defined in Eq. (9), henceforth referred to as the unified

normalized adjacency matrix.
R
A=) w0 A" )

LEmMA 3.1. The closed-form solution to Eq. (8) is

1 a .\l
H=—~(I——A) X. (10)
1+a 1+«

Our Lemma 3.12 reveals that the optimal H in Eq. (8) (intermediate partial optimum to Eq. (4))
can be obtained through a matrix inverse as in Eq. (10).

Update {wr}R , with H fixed. When H is at hand, the partial objective function of Eq. (4) can be
rewritten as

R
min aZwr trace (HT(I A(r) )+ﬁZmr-|IA(r)II%
r=1

{wr}r 1 r=1
such that 25:1 y = 1. By leveraging the Cauchy-Schwarz inequality, we can prove that the above
partial objective is optimized when we set the RTW

(/3. ||A(r)||F +a - trace (HT(I A(r))H)) (11)

Wy =

SR (B NA N2 + - trace (HT (1 - A(’))H))_2

for each relation type 1 < r < R. Notice that {||A(r) ||§:}5=1 can be precomputed and reused in each
iteration. We defer the detailed derivative steps to Appendix B [43] for the sake of space.

Based on the above rules for updating H and {w, }®_, DEMM (Algorithm 1) begins by initializing
RTWs w, = E V1 < r < R at Line 1. Continuing forth, Algorithm 1 starts an iterative process to
update H and {w, }R in an alternating fashion (Lines 2-7). To be specific, DEMM first fuses the
normalized ad]acency matrices of R relation types 1nt0 the unified normalized adjacency matrix
A by Eq. (9), followed by an inverse of matrix I — A to get updated node feature vectors H
in Eq. (10) (Lines 3-4). H is further row- normahzed such that H € N, at Line 5. After that,
Algorithm 1 updates each relation type weight w, with the latest H by Eq. (11) at Line 6, and repeats
the above procedure until H stabilizes.

2All proofs appear in Appendix B in our technical report [43].
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3.2 Spectral Affinity Graph Clustering
LeEMMA 3.2. IfY is required to be an N X K NCI as in Eq. (1), then
m;nZ)(Y, S e max trace(Y'SY). (12)

According to Lemma 3.2, our second optimization objective in Eq. (5) can be equivalently
transformed to Eq. (12), which is essentially an Ncut problem [72]. Note that the N-cut problem
has been proven to be NP-hard [23, 83]. We resort to a standard way of spectral clustering [82]
to approximately solve it by first relaxing the discrete constraint in Eq.(1) on Y, leading to the
following objective function:

_max trace(YTS?) stY'Y = I,

Y eRNXK
where Y is a continuous version of NCI Y. According to Ky Fan’s trace maximization principle [18],
the optimal solution is U that contains the first K eigenvectors of the affinity matrix S as columns.
The remaining task is then the conversion from U into NCI'Y by minimizing their distance, which
typically can be done using rounding techniques [93, 100] or K-Means.

As illustrated at Lines 8-11 in Algorithm 1, DEMM proceeds to derive clusters from node feature
vectors H by first constructing the affinity matrix S according to Eq. (7) (Lines 8-9). Particularly,
before computing S, for each node v; € V, Algorithm 1 applies a standardization H; — h;, followed
by an L, normalization, i.e.,

H; = I_Ii—__hi, (13)
IH: = hill2
where h; is the mean of H;, i.e., % Zle H;,. As stated in Theorem 1 in [76], this operation ensures
the affinity H; - H; € [~1, 1] for any two nodes v;,0; € V.

Afterwards, the first K eigenvectors U of S are then calculated through the popular Arnoldi
iterative solver for partial eigendecomposition [35] at Line 10. Following common practice in spectral
clustering, we run K-Means over U to produce NCI 'Y, i.e., the K clusters {C;, C,, ..., Cx} at Line
11.

3.3 Complexity Analysis

Since Lines 3, 5, and 8 of Algorithm 1 merely involve summation of matrices and matrix normaliza-
tions, we focus on analyzing the complexities of computationally intensive operations. Particularly,
inverting an N X N matrix followed by the multiplication with X at Line 4 incurs a time cost of

O(MN + N?d). Line 6 calculates trace (H TI- A(r))H ) when updating each relation type weight
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oy, leading to a total of O(Md + Nd?R) time for R relation type weights. In the second stage, Line 9
requires materializing the affinity matrix S in Eq. (7) for all node pairs, consuming O(N?d) time
cost, whereas extracting the first K eigenvectors of S at Line 10 can be done in O(N2K) time [35].
Therefore, the overall time complexity of DEMM is bounded by O(MN + N?d + Nd?R).

Regarding space overhead, since the matrix inversion in Eq. (11) yields an N X N dense matrix
and Line 9 materializes an N x N affinity matrix S, the total space complexity of DEMM is O(N?).

4 The DEMM+ Algorithm

Despite achieving high clustering quality as exhibited in experiments (Section 5), DEMM incurs
quadratic computational cost and space overhead, and thus, is incompetent for large MRGs. As
pinpointed in the preceding section, the colossal time and storage space are ascribed to the material-
ization of N X N dense matrices and expensive matrix operations, including inversion, multiplication,
and eigendecomposition, in either the construction of node feature vectors H or the generation of
clusters {Cy, Cs, . .., Cx }. To alleviate such issues, this section further proposes DEMM+ for MRGC,
which is able to advance MRG clustering performance in efficiency without compromising the
effectiveness.

Figure 5 depicts an overview of DEMM+. Akin to DEMM, DEMM+ consists of two secondary algorithms,
FAAO and SSKC, for the constructions of H and {Cy, Cs, . . ., Cx }, respectively. At a high level, DEMM+
develops a truncated approximation for H and sketching-based estimations for RTWs in the first
stage. Subsequently, it transforms the costly spectral clustering in Stage II to a cheap K-Means by
adjusting S. In Section 4.1, we first elucidate the algorithmic details of FAAO, which approximately
updates H and RTWs {w,}R | alternatively towards optimizing our objective in Eq. (4) using
linear time and space. In lieu of optimizing Eq. (12) to get clusters {Cy, Cs, . .., Cx } via the explicit
construction of the N X N affinity graph S and costly spectral clustering, Section 4.2 presents our
SSKC method that achieves a linear computational time complexity through a theoretically-grounded
problem transformation and innovative adoption of mathematical apparatus, i.e., orthogonal random
features and Sinkhorn-Knopp normalization. Lastly, we further extend DEMM+ to handle attribute-
less MRGs (dubbed as DEMM-NA). The algorithmic details are deferred to Appendix A [43] for the
interest of space.

4.1 Fast Approximate Alternating Optimization

Recall that in Section 3.1, the leading cause of the immense computational burden of building H is the

. . L. . . ~(r) R

inversion of I - ;&= A in Eq. (10), which needs an O(N?®) time. On top of that, although {||A ||12U )
YH ) for each relation type r in

can be precomputed and the exact calculation of trace (H I - A(r)

Eq. (11) takes a linear time of O(Nd? + M(")d) per iteration, the overall computational expenditure
for updating R relation type weights {w, }R | for multiple iterations is also significant. Subsequently,
we delineate the rationale behind FAAO for tackling these efficiency challenges.

THEOREM 4.1 ([28]). Let M be a matrix whose dominant eigenvalue A(M) satisfies |A(M)| < 1.
Then, the inverse (I — M)™! can be expanded as a Neumann series: (I — M)™! = 3,52 M".

LEMMA 4.2. Let A(A) be the dominant eigenvalue of A. |A(A)| < 1.

Basic Idea. As per our theoretical outcome in Lemma 4.2, the dominant eigenvalue of ﬁ/& is
bounded by ﬁ < 1. Combining it with Theorem 4.1 transforms Eq. (10) into an equivalent form:

0 14
1 1 A
— AKX, 14
1+a;(1+0{) (1)

H =

Proc. ACM Manag. Data, Vol. 3, No. 6 (SIGMOD), Article 319. Publication date: December 2025.



319:12 Xiaoyang Lin, Runhao Jiang, and Renchi Yang

Algorithm 2: FAAO Algorithm

Input: An MRG G, parameters «, f3, and L.
Output: Node feature vectors H
1w, = V1<r<R

B CountSketch(I:J(r), m)V1<r <R
3 do

4 Compute A by Eq. (9);
s 5*((0) - ﬁ X, H (_)'2(0);

6 forf «— 1toL do
7 L )?m «— % ~A3\(([71);
(24

9 H—H+a X L ;
10 Normalize H such that H € N,y

11 Update w, according to Eq. (16) V1 < r < R;
12 until H converges;

which remains the optimal solution to our conditional objective function in Eq. (8) when RTWs
are fixed. Although Eq. (14) offers an iterative way of calculating H, its exact computation requires
summing up an infinite series, which is infeasible.

. AL . . AL
Notice that A” can be interpreted as L-hop random walks over G, wherein each entry A, ;

signifies the probability of a random walk originating from node v; visiting node v; at the L-th hop.
1

N . s
: M)[A in H can be perceived as the total probabilities of random

Accordingly, the term },;2, (

walks of various lengths, where length-f random walks are weighted with (ﬁ)[ As such, one
potential solution to estimate H is to discard long random walks, i.e., random walks beyond L (L is
a small integer) hops, as their weights are lower.

Due to the mixing time [36] of random walks on graphs, the L-hop random walk probability Af ]
converges to an invariant value g; ; after a number of steps. Mathematically, the overall discrepancy

between (L + 1)-hop and L-hop random walk probabilities ||ALJrl - AL||2 can be proved to be equal
to the (L, L + 1)-OME UL L+1:

~L+1 ~L
A~ = A'llz = prL+1-
As reported in Figure 6, (L, L + 1)-OME of real MRGs DBLP [104] and Yelp [71] dwindles to nearly

zero when L is roughly 8, indicating that the convergence/mixing of A" can be achieved with
merely a handful of hops. Inspired by this, our idea is to compute an approximate H,

L o0
1 0. 1 .
H~ — (L) Alx e — (L) Alx

1+0{(7:0 1+a 1+a[=L+1 1+«
1 L o fA[ o L+1 ~L
- (—) AX+(—) Atx, (15)
l+oz{,70 1+a 1+a

wherein the terms A’ beyond L-th orders (£ > L + 1) are estimated using A" doing so, H can be
efficiently calculated as L is merely up to a few dozen in practice.

(r) A (D)

Lemma 4.3. Let V) = DO-3E™) . trace (HT(I -A )H) —IHEV|2vi<r <R
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Fig. 6. The OME py 141 when varying L.

On the other hand, Lemma 4.3 suggests that we can leverage the matrix norm ||H T ||f, instead
of the matrix trace for updating RTW , in Eq. (11) in O(M ") d) time since the normalized oriented
incidence matrix E” contains 2M (") non-zero entries and can be materialized in the preprocessing.
This time cost can be further reduced if a low-dimensional sparse matrix E ") ¢ RNxm (m < M®

and nnz(E(r)) < M) can be created such that ||HTE<r) 1% ~ ||HTE(r)

||§ for estimating w,.

Algorithm. Algorithm 2 displays the pseudo-code of FAAQO. Similar in spirit to the brute-force
approach in Section 3.1, FAAO initializes w, as I% for each relation type at Line 1, and iteratively
updates H and {wr}le (Lines 3-12). The differences are as follows. Algorithm 2 takes as in-

put additional parameters m, L and generates an m-dimensional approximation E of B via
CountSketch [11] at Line 2 before entering the iterations. Moreover, in each iteration, FAAO builds

terms X © (ﬁ)f A'Xvo<e<L using L rounds of iterative sparse matrix multiplications
(Lines 5-8), followed by assembling them with « - X ® into H as in Eq. (15) at Line 9. On the basis

R

_1» FAAO calculates matrix norm

of updated node feature vectors H and precomputed {||A(r) ||2F}

|aTE”

|2 for each relation type and updates the estimated relation type weight w, by
R . -2
(B-NAT N2 + a1 T 2)
o A0 =2 2 1o
SR (B NA I+ 1HTET )

Correctness Analysis. Denote by H* the exact node feature vectors defined in Eq. (14). The

following theorem establishes the approximation guarantees of H obtained at Line 9 in Algorithm 2.

* (o) ¢
TueorEM 4.4. ||[H — H'|[F < X1, ayer

A - AL”Z - | X||F, which can be upper bounded by

L+l
(1) - IXIIE - MaX L, L+¢-

Recall that in Figure 6, the empirical values of (L, L + 1)-OME are negligible when L is small,
which implies that A" is close to AL+1, and thus, A fore> L+ 1, rendering approximation error
IH - H*|[F = 0.

As for the relation type weights {w,}* | in Eq. (16), FAAO harnesses

tion of trace (HT(I o

11 in Ref. [11]:

M| :
H'E - as an approxima-

)H ) Particularly, we can derive the following corollary using Theorem

COROLLARY 4.5. LetQ € RMX™ be a count-sketch matrix andE" = E(r)Q, wherem = O(re *log (r/€d)-
(r +1og (1/€9))), € is an error threshold and r is the rank ofE(r). Then,

HHTE(r) IZD =(1+e)?- trace (HT(I - A(r))H)
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Fig. 7. llustration of SSKC.
holds with a probability of at least 1 — 6.

As empirically validated in Appendix D.4 [43], a small m (e.g., 20) leads to an accurate approxi-

mation of E(r), ensuring excellent and stable final clustering quality.

Complexity Analysis. Recall that the invocation of CountSketch at Line 2 essentially computes

E (r)RT, where E ) is the normalized oriented incidence matrix of & with 2M(") non-zero entries
(each column has two entries) and sketching matrix R € RmxM ") (m < M) solely has a single

non-zero entry in each column. The sparse matrix multiplication E"'RT hence entails O(M™))
time, summing up to O(M) time for all the R relation types. In each iteration (Lines 4-11) of the
alternative optimization, the dominant computational overhead lies in Lines 7 and 11. The former

costs O(Md) time for each sparse matrix multiplication AX ([71), and hence, O(MLd) time for L
(r) 2
I

rounds, while the latter calculates |H™E for updating each relation type weight w,, which
needs NdmR operations for all the R relation types. In short, the time cost of each iteration for
updating H and {a)r}lf:1 is O(MLd + NdmR). Given that L, m, and the number of iterations are at
most a few dozen in practice, and thus, can be considered as constants, the overall time complexity
of FAAO is O(Md + NdR).

Algorithm 2 only needs incidence and adjacency matrices with O(M) non-zero entries in total,

sketched incidence matrix E ") € RNXm and N x d intermediate feature vectors X (f) and H in the
main memory. Consequently, its space cost is O(M + Nd + Nm), which equals O(M + Nd) when m
is regarded as a constant.

Let w; be the new weight of the next iteration. Define A as

R
% A ()
A= E (wy—w,) - A, (17)
r=1
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Algorithm 3: SSKC Algorithm
Input: Node feature vectors H and the number K of clusters
Output: A set of K clusters {Cy, . ..,Ck}.
1 Normalize H according to Eq.(13);
2 Z° « ORF(H);
— —
3 Z—27Z° 7Z «—Z°%
4 do
— (=
5 A (ZT . 1);
6 7 < diag(v)™!'- Z;
— =
7 v<—(1T‘Z)~ZT;

1

Nl

s | Z < diag(v)™!-

—
9 until Z converges;

>

ﬁ
10 Run K-Means over Z to generate {Cy,...,Ck};

The new normalized adjacency matrix of the next iteration is
A" =A+A. (18)

4.2 Symmetric Sinkhorn-Knopp Clustering
THEOREM 4.6. IfS is doubly stochastic and S = ZZ", optimizing Eq. (5) is equivalent to optimizing

Cmiré ZIk(:l Yoec 1Zi = c® 12, where ¢ = Zvjeck % stands for the center of cluster C.
Tseees K

Basic Idea. As remarked in Figure 7, DEMM relies on a partial eigendecomposition of the N X N dense
affinity matrix S to approximately solve the NP-hard problem in Eq. (5), which takes O(N?- (d+K))
time and is still prohibitively expensive. Our theoretical finding in Theorem 4.6 pinpoints that
the clustering objective is equivalent to minimizing the within-cluster sum of squares (WCSS) on
a matrix Z € RN*Z that satisfies ZZ" = S where S is doubly stochastic. This implies that the
above spectral clustering over S can be further transformed and simplified into a tractable task, i.e.,
running K-Means over Z, if we make an adjustment to (a normalization) S and calculate Z such
that ZZ" = § is doubly stochastic. Doing so sidesteps the costly eigendecomposition, and hence,
results in a time cost of O(NKz), which is almost linear when z < N.

To make ZZ" = S doubly stochastic, a straightforward way is to first materialize the affinity
matrix S as in DEMM, apply a doubly stochastic normalization of S, and then decompose it into the
product of Z and its transpose, all of which, however, are rather costly. Inspired by the kernel
tricks [49], the idea of SSKC is to eliminate the need to explicitly materialize S via a mapping
function f(-) on H such that

S~ f(H)- f(H)",
and f(H) can be used as Z for subsequent K-Means clustering. Since S is defined using a Gaussian
kernel, such a mapping function f(-) can be derived via random Fourier features (RFF) [66]. RFF
serves as an alternative to the Gaussian kernel, reducing the computational complexity of kernel
methods from nonlinear to linear. That is to say, RFF leverages the Bochner theorem [66] to map the
kernel function with f(-), which avoids computing Eq. (7) with O(N?) computational complexity.
Along this line, the next task is to make ZZ T doubly stochastic.
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Fig. 8. A running example for the SK normalization.

Algorithm. Figure 7 summarizes the core steps of SSKC. It first constructs the mapping function
f(-) and Z° = f(H), i.e., the initial version of Z, using random Fourier features, followed by a
normalization of Z° into Z for subsequent clustering, both of which can be done in O(Nd) time.

In Algorithm 3, we present the details of SSKC. Initially, SSKC leverages the Orthogonal Random
Features (ORF) technique [99] as the mapping function f(-) to transform node feature vectors H
to Z°, an initial version of target Z, such that Z°Z°" ~ § (Line 1). More concretely, ORF first
transforms H into H = H - Q" using a uniformly distributed random orthogonal matrix Q € R%*¢,
and then constructs Z° by

o 1 . I I
V4 Vi (sin(H) || cos(H)),
where || denotes the horizontal concatenation operator for matrices. It is worth mentioning that
the resulting feature dimension z of Z° is 2d and d < N. Subsequently, SSKC begins the doubly
stochastic normalization of Z°Z° . We introduce Sinkhorn-Knopp algorithm [73] (SK), which obtains

a doubly stochastic matrix by iteratively normalizing the rows and columns of the affinity matrix
ZZ7. Instead of simply employing the SK that requires materializing Z°Z°" for normalization,

— -

Algorithm 3 initializes Z and Z as Z° at Line 2 and iteratively normalizes them alternately (Lines
—

3-8), thereby enforcing Z Z T bistochastic. Particularly, in each iteration, SSKC computes the row

D . . . . . . . Pl - .
sum vector v of Z Z T using a trick reordering the matrix multiplication as Z - (Z T. l) for higher

efficiency, followed by normalizing each row ?by diag(v)™!- 7 (Lines 4-5). In the same vein, 7

is normalized by the column sum vector of Z Z T (Lines 6-7). As such, at the end of each iteration,
R ——
a symmetric normalization of rows and columns is imposed on Z Z 7. The following theorem
— — —
indicates that Z Z is doubly stochastic with sufficient iterations and Z = Z = f(H).

— — —
THEOREM 4.7. Z Z" is doubly stochasticand Z = Z.
Finally, Algorithm 3 applies the K-Means over? and generates clusters {Cy,Cy, ..., Cxk}.

Example 4.8. Figure 8 exemplifies how SSKC leverages the SK normalization to achieve § = ZZT.
Given a 6 X 3 feature matrix Z° output by ORF (see example in Appendix C.3 [43]), we initialize

L =4 . . . . D . .
Z = Z = Z°.In the first iteration, SK calculates the sum of entries in each row of Z Z7, yielding a

h
vector v with six rows [114, 276, 438,36, 18, 108]". Afterwards, six rows in Z are normalized by
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Table 3. Statistics of Datasets.

Dataset N | Relation Types M D | K
Paper-Subject-Paper 2.2M

ACM 3K Paper-Author-Paper 203K | V870 | 3
Author-Paper-Author 11.1K

DBLP 4K | Author-Paper-Venue-Paper-Author 5M 334 | 4
Author-Paper-Term-Paper-Author 6.8M
Paper-Subject-Paper 4.3M

ACM2 4K Paper-Author-Paper 58K 1,902 3
Business-User-Business 528.3K

Yelp 2.6K | Business-Rating-Business 1.5M 82 3
Business-Service-Business 2.5M
Movie-Actor-Movie 66.4K

IMDB 3.6K Movie-Director-Movie 13.8K 2,000 3
Protein-Protein 2.0M

Protein 18.8K | Protein-Gene-Protein 189K | 1280 6
Protein-Disease-Protein 60.1K
User-Product-User 363.2K

Amazon 11.9K | User-Star-User 7.1M 25 2
User-Review-User 2.1IM
Paper-Paper 1.8M

MAG 113.9K Paper-Author-Paper 10.1IM 128 1 4
Paper-Field-Paper 14.6M

OAG-ENG | 370.6K | Paper-Author-Paper 455.7K 768 | 20
Paper-Paper 2.1IM
Paper-Field-Paper 53.9M

OAG-CS 546.7K | Paper-Author-Paper 1.6M 768 | 20
Paper-Paper 11.7M
Item-b-Item 421.1M

RCDD 11.5M Item-f-Item 353.7M 256 2

dividing their respective entries in v, e.g., [1,2,3]/114 = [0.01,0.02, 0.03]. Based on the updated (Z,
we start to normalize 7 SK then calculates the sum of entries in each column of <Z_Z)T, leading to
a new length-6 vector v = [0.69, 1.68, 2.66,0.2,0.13,,0.66] T. _Z) is subsequently updated by dividing
each row by its respective entry in the new v. By repeating the above alternate procedure sufficiently,
we can finally obtain Z =Z such that the entries in each row and column of § = Z Z T sum up to
1.0, i.e., doubly stochastic. As such, the clusters can be obtained by simply running K-means over

— =
row vectors of Z or Z.

Complexity Analysis. According to [99], Z° can be obtained in O(Nd?) time. By reordering
the matrix multiplications as in Lines 5 and 7, v can be calculated using O(Nd) time. Since the
normalizations at Lines 6 and 8 involve Nd operations, each iteration (Lines 5-8) then takes O(Nd)
time. Recall that K-Means runs in O(NK) time per iteration. In sum, the total time cost of SSKC is
bounded by O(Nd? + NK) when the numbers of iterations are considered as constants. Its space
cost is O(Nd) since H and Z° contain Nd and 2Nd entries, respectively.

5 Experiments

This section experimentally evaluates DEMM, DEMM+, and DEMM-NA against 20 competitors regarding
clustering quality and efficiency on 9 real MRGs of varied volumes. All experiments are conducted
on a Linux machine with an NVIDIA Ampere A100 GPU (80 GB memory), AMD EPYC 7513 CPUs
(2.6 GHz), and 1TB RAM. The codes of all algorithms are collected from their respective authors,
and all are implemented in Python, except LMVSC and MCGC. For reproducibility, the source code
and datasets are available at https://github.com/HKBU-LAGAS/DEMM.
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Table 4. Summary of evaluated method.

Category Complexity Objective Backbone
DMG MRGC (MVE) O(RNd + Md) Reconstruction GNN
DuaLGR | MRGC (MRS) O(RN?) Reconstruction GNN
MGDCR MRGC (MVE)  O(R?Nd? + Md) Mutual Info. Max. GNN
DMGI MRGC (MRS) O(RNd? + Md) Modularity Max. GNN
MVAGC MRGC(MRS) O(Nd?) Subspace Clustering -
MGDCR MRGC(MVE) O(MN + NK?) Subspace Clustering -
BTGF MRGC(MVE)  O(N?d + M?>Nd?) Reconstruction GNN
BMGC MRGC(MVE) O(MN? + MNd) Contrastive GNN
MCGC MVGC O(MN?(d + K)) Contrastive -
LMVSC MVGC O(MN + NK?)  Subspace Clustering -
MMGC MVGC O(MN?K + MNK)  Subspace Clustering -
DMoN AGC O(Nd? + Md) Contrastive GNN
Dink-Net AGC O(NdK + dK?) Adversarial GNN
S3GC AGC O(Nd?) Contrastive GNN
S2AGC AGC O(NKd) Subspace Clustering -
DEMM MRGC  O(MN + Nd(N +dR)) MRDE -
DEMM+ MRGC O(Nd? + Md) MRDE -

5.1 Experimental Setup

Datasets. We experiment with 11 benchmark MRG datasets of varied volumes and types, whose
statistics are presented in Table 3. Amid them, ACM [19], ACM2 [22], DBLP [104], MAG [30], OAG-
CS, and OAG-ENG [102] are academic citation networks; Yelp [71] and Amazon [61] are e-commerce
review networks; IMDB [87]is a movie review network; RCDD [50] is risk commodity detection
network; and Protein [25] is a biological network.

Baselines and Parameters. For a comprehensive evaluation, we include 20 competing methods
in the experiments, which can be categorized into four types:

e MRGC: DMGI [60], MVAGC [45], MGDCR [53], BTGF [64], DuaLGR [47], BMGC [69], and DMG [54];

e Multi-view graph clustering: MCGC [58], MMGC [76], and LMVSC [33];

e Attributed graph clustering: Dink-Net [50], DMoN [81], S3GC [16], and S?CAG [44];

o Attribute-less graph clustering: LeadEigvec [55], SpecClust [82], LabelProg [65], Louvain [4],
node2vec [24], DeepWalk [63].

In attributed and attribute-less graph clustering baselines, we input the single-relational graph
converted from the MRG with equal weights. For multi-view graph clustering methods, we use
the same parameters as in FAAO to generate the feature matrix for each relation type. The number
of iterations in DEMM, DEMM+, and DEMM-NA is fixed to 10 due to the rapid convergence. For a fair
comparison, we run grid searches on the parameters and report the best clustering performance
attained by each evaluated method. Table 4 summarizes the categories, complexities, objectives,
and backbone models of the main competitors and our methods.

Evaluation Protocol. Following previous works [3, 7], we adopt three classic metrics clustering
accuracy (ACC), Normalized Mutual Information (NMI), Adjusted Rand Index (ARI) to assess the
quality of output clusters. All of them are calculated against the ground-truth cluster labels, and
higher values indicate better quality. Particularly, ACC and NMI scores range from 0 to 1.0, whereas
ARI falls in the range of [-0.5,1.0].

For the interest of space, we refer interested readers to Appendix D [43] for more details regarding
datasets, baselines, parameters, and evaluation metrics.
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Table 5. Clustering quality on small MRGs (best is highlighted in blue and best baseline underlined).

Method ACM DBLP ACM2 Yelp IMDB

ACCT NMIT ARIT[ACCT NMIT ARIT[ACCT NMIT ARIT[ACCT NMIT ARIT[ACCT NMIT ARTT

node2vec [24] 60.8 40.7 32.1 | 285 0.4 0.3 65.1 39.7 315 | 357 0.2 0.1 35.4 0.2

% DeepWalk [63] 61.4 349 316 75.9 60.4  55.7 56.5 21.1 15.9 51.7 144 135 36.2 042 0.1
:g LeadEigvec [55] | 35.2 0.7 0.0 793  66.1 65.7 | 49.5 02 -0.1] 66.0 29.7 356 | 363 6.8 0.0
*= LabelProg [65] 57.1 40.3 394 29.5 0.0 0.0 63.2 40.6  35.0 41.4 0.0 0.0 11.3 10.9 0.6
£ Louvain [4] 553 40.1 364 | 793 67.6 66.1 | 60.7 393 348 | 60.6 36.6 40.9 | 13.3 4.9 1.1
o SpecClust [82] 35.3 0.4 0.0 91.6 76.7  80.3 70.3 51.1 41.0 65.2 37.5 414 37.9 0.3 0.0
3 Tmprov. +6.4 +4.0 +3.1 +0.6 +0.9 +1.7 +2.7 9.8 +1.6 +2.5 2.2 -3. +0.9 -105 -1.1
DEMM-NA 68.0 447 425 | 922 77.6 82.0 | 73.0 413 42.6 | 68.5 353 37.7 | 38.8 0.4 0.0

S3GC [16] 66.7 419 447 | 54.1 38 203 | 64.2 50.9 46.6 | 66.5 41.7 443 | 447 5.5 5.8

DMoN [81] 70.7  45.6  49.5 | 80.6 54.6 60.2 | 69.7 387 37.6 | 75.3 51.5 522 | 494 12 9.7
Dink-Net [50] 723 492 46.1 | 90.6 749 774 | 769 482 478 | 71.8 42,6 46.1 | 51.2 10.6 125
S2CAG [44] 88.6 65 69.5 | 83.1 581 63.2 | 809 552 552 | 87.0 599 64 53.9 18.0 189

DMGI [60] 84.8 59.6  61.5 89.0 68.5 74.5 76.0 46.5  40.0 69.2 37.3  39.2 58.5 19.0 18.9

LMVSC [33] 91.6 725 76.7 | 70.1 46.6 399 | 895 645 70.1 | 857 586 584 | 519 11.9 123

5 MVAGC [45] 89.8 67.4 721 92.8 773 828 49.6 0.1 0.0 74.4 38.7  40.7 56.3 3.7 9.7
E MCGC [58] 915 713 763 | 929 775 83.0 | 70.1 458 365 | 56.6 209 8.8 61.8 115 18.1
= MMGC [76] 86.6 58.1 64.5 65.8 294 585 82.3 48.4 531 54.9 28.0  55.7 45.2 195  20.1
= MGDCR [53] 919 721 651 | 919 759 80.7 | 66.4 543 503 | 71.6 389 42.6 | 56.3 21.2 195
3 BTGF [64] 932 758 80.9 | 83.1 624 59.7 | 883 64.2 67.6 | 73.2 442 454 | 668 22.6 25.7
DuaLGR [47] 927 732 794 | 924 755 817 | 873 613 64.8 | 88.1 63.4 650 | 52.4 16.0 145

DMG [54] 93.0 73.6  80.3 93.4 79.1 833 87.9 67.3 63.4 56.1 42.6  39.1 48.3 11.3 14.5

BMGC [69] 93.0 757 804 | 934 783 84.0 | 913 720 742 | 915 71.7 738 | 51.0 143 144

DEMM 932 75.6 80.7 | 92.6 765 821 ] 90.8 70.1 732 91.7 69.7 747 685 25.0 28.1

Improv. 0.0 -0.2  -0.2 -0.8 -2.6  -1.9 -0.5 -1.9  -1.0 | +0.2 -2.0 +0.9 | +1.7 +2.4 +24

DEMM+ 93.6 77.2 819 | 93.7 79.6 848 | 913 71.2 [ 747 | 927 72.6 71.7 | 67.6 244 265

Improv. +0.4 +14 +1.0 ] +03 +0.5 +0.8 | +0.0 -0.8 +0.5 | +1.2 +1.3 +39 | +08 +1.8 +0.8

Table 6. Clustering quality on large MRGs (best is highlighted in blue and best baseline underlined).

Method Protein Amazon MAG OAG-ENG OAG-CS RCDD
etho ACCT NMIT ARIT[ACCT NMIT ARIT[ACCT NMIT ARTT[ACCT NMIT ARIT ACCT NMIT ARIT ACCT NMIT ARIT
node2vec [24] 27.1 2.7 57.2 —2.8 | 52.1 31.8  19.1 19.7 18.4 19.5 11.8 50.3 0.0
2 DeepWalk [63] 33.5 4.7 2.5 60.2 1.5 2.0 49.9 35.6  30.1 9.1 3.0 1.1 18.3 12.2 6.1 54.7 0.0 0 Z
S LeadEigvec [55]| 32.4 0.3 -0.1 | 614 0.7 -19 | 27.1 2.1 0.0 7.3 14.8 0.2 9.8 1.7 0.0 - - -
% LabelProg [65] | 31.5 5.5 0.3 91.4 1.2 4.2 15.7 245 126 11.4 36.8 5.5 17.0 19.4 53 43 4.9 0.1
k= Louvain [4] 32.6 114 4.6 40.1 0.5 0.2 40.8 37.5 28.6 | 23.2 30.0 10.6 18.2 13.7 5.6 4.1 4.6 0.1
© SpecClust [82] | 35.6 5.8 2.8 76.3 1.6 =5.6 | 27.2 0.1 0.0 7.5 0.6 0.0 9.8 0.1 0.0 - - -
3 Tmprov. -3.2 9.5 -4.6 +0.2 +1.4 +11.2 | +11.5 +24.8 +21.2| +2.8 -147 -0.3 +9.0 +18.9 +10.7| -2.6 -4.9 0.2
DEMM-NA 32.3 1.9 0.0 91.6 4.4 154 | 63.6 623 513 26.0 22.1 103 | 285 383 17.2 52.1 0.0 0.0
S3GC [16] 37.7 155 9.7 87.3 103 2.6 64.5 61.5 51.5 5.6 3.7 3.4 354 385 214 - - -
DMoN [81] 380 69 55 | 445 5.8 6.7 | 558 435 [53.7 13.0 84 39 | 111 8.5 6. - - -
Dink-Net [50] 33.1 8.7 4.5 76.8 2.3 2.1 64.8 61.7 49.6 - - - - - - - - -
S2CAG [44] 228 14 06 | 637 14 36 | 667 625 535| 69 01 00 | 68 01 00 | 693 132 169
5 DMGI [60] 23.4 2.1 0.9 56.0 3.8 13 29.1 0.7 1.0 8.2 1.8 0.6 9.8 4.7 13 67.7 2.6 4.2
S LMVSC[33] 29.6 3.7 00 | 637 0.0 0.0 | 417 195 131 | 186 164 95 | 193 142 57 | 69.9 1.6 1.9
% MVAGC [45] 35.1 11.5 8.8 75.1 8.8 14.6 | 54.0 327 27.7 12.2 5.4 2.0 10.9 4.4 1.6 75.1 4.2 11.3
L MGDCR [53] 29.1 03 00 | 816 26 00 | 61.4 545 44.0 | 257 21.0 138 | 253 259 168 - - -
> DMG [54] 32.2 0.2 0.1 90.9 1.4 7.6 55.3 43.1 349 | 252 245 109 | 259 283 139 - - -
2 BMGC [69] 375 173 103 | 775 04 18 | 653 57.0 47.8 | 165 143 49 | 165 165 143 | — - -
DEMM 38.9 14.1 8.2 91.2 143 324 68.0 644 526 = = - - - = = = -
Improv. +0.9 -3.2  -2.1 | +0.3  +4.0 +17.8| +1.3 +1.9 -1.1 - - - - - - - - -
DEMM+ 39.2 194 128 926 15.7 342 | 67.8 63.3 523 423 41.8 248 | 40.1 42.7 241 834 18.6  29.0
Improv. +1.2 421 425 | +1.5 454 +19.6| +1.1  +0.8 -1.4 | +16.6 +17.3 +11.0| +47 +42 +2.7 | +83 +54 +12.1
Table 7. Ablation studies on small MRGs.
Method ACM DBLP ACM2 Yelp IMDB
€thod  "ACCT NMIT ARIT|ACCT NMIT ARIT|ACCT NMIT ARIT|ACCT NMIT ARIT|ACCT NMIT ARIT
w/o {a)r}}r?:% 92.5 73.1 78.8 93.3 78.2  83.7 90.8 68.6 735 | 924 71.6  76.8 66.8 235  25.6
<(L
w/o a - X( 93.4 76.6  81.3 92.9 76.9 82.8 | 91.3 70.2 747 | 92.3 71.5 764 | 67.0 241 244
w/o —Lreg 92.9 75.8  80.1 91.6 73.5 79.7 | 90.0 69.4 710 | 92.0 71.6 755 67.4 243  26.2
DEMM+ 93.6 77.2 819 | 93.7 79.6 848 913 71.2 747 | 92.7 72.6 77.7 | 67.6 244  26.5
Table 8. Ablation studies on large MRGs.
Method OAG-ENG MAG OAG-CS
ACCT NMIT ARIT|[ACCT NMIT ARIT|ACCT NMIT ARLT
w/o {wr}}rz:% 36.1 38.6  20.7 | 65.7 62.5 509 | 36.1 359  20.2
S (L
w/o o - X( 31.7 33.7 174 | 67.7 61.7 51.3 | 32.7 32.7 16.8
W/0 Lreg 24.4 22.8 10.1 | 67.8 63.4 524 | 20.2 15.5 5.5
DEMM+ 42.3 41.8 248 | 67.8 63.3 523 | 40.1 42,7 241
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Fig. 9. Computational efficiency comparison. (best baselines in Tables 5 and 6 are marked with x)
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Fig. 10. Efficiency analysis of DEMM and DEMM+.

5.2 Clustering Quality Evaluation

This set of experiments studies the clustering quality attained by DEMM, DEMM+, DEMM-NA, and 20
competitors on all 9 MRG datasets. We exclude a method or omit its results if it fails to return valid
outcomes within 2 days or runs beyond physical memory limits. Tables 5 and 6 report the ACC,
NMI and ARI scores of all evaluated methods on small and large MRGs, respectively. Each table is
divided into two parts, where the top part compares DEMM-NA against attribute-less graph clustering
baselines by discarding the attributes of all datasets. The best results are highlighted in blue, and
the best baselines are underlined.

From the tables, we can make the following observations. Firstly, DEMM+ consistently and consid-
erably outperforms the best baselines in almost all cases. Particularly, on the large datasets, DEMM+
is able to achieve significant gains of 16.6%, 17.3%, and 11.0% in ACC, NMI, and ARI on OAG-ENG
and remarkable improvements of 8.3%, 5.4%, and 12.1% on RCDD, respectively. On medium-sized
datasets Protein and Amazon, DEMM+ also outperforms all baselines, yielding notable gains of 1.2%,
2.1%, 2.5%, and 1.7%, 5.4%, and 19.6% in ACC, NMI and AR]I, respectively. In addition, it can be
observed that DEMM is comparable to DEMM+ on most small MRGs but slightly better on IMDB and
MAG. On larger datasets, DEMM fails to report results due to the quadratic complexity analyzed
in Section 3.3. The superiority of DEMM and DEMM+ over MRGC, attributed graph clustering, and
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Fig. 11. Clustering accuracy when varying a

multi-view graph clustering baselines substantiates the effectiveness of our proposed two-stage
objectives based on MRDE and DE in fusing multi-relational graph structures.

On attribute-less MRGs, the variant DEMM-NA of DEMM+ surpasses the best baselines in terms of
ACC on all datasets except RCDD. Most notably, on MAG, DEMM-NA takes a lead of 11.5%, 24.8%,
and 21.2% in ACC, NMI, and ARI. Notice that LabelProg and Louvain determine the number of
clusters automatically, which accidentally leads to higher NMI and ARI values on Yelp, IMDB, and
OAG-ENG compared to DEMM-NA.

5.3 Clustering Efficiency Evaluation

Figure 9 plots the runtime costs consumed by DEMM+ and 10 strong baselines in Tables 5 and 6.
Note that the y-axis is in log-scale and the measurement unit for running time is seconds (sec).
For fairness, we exclude the time costs needed for loading input data and outputting results in all
methods, as well as their pre-training or pre-processing costs. The baselines with the best clustering
quality are marked with x. We exclude MCGC, MMGC, BTGF, and DuaLGR on large MRGs as they are
unable to terminate with valid outcomes.

As evidenced in Figure 9, DEMM+ consistently demonstrates higher efficiency across all benchmark
datasets. Compared to the best baselines in Tables 5 and 6, DEMM+ is able to achieve remarkable
speedups of 62.5X, 23.9%, 25.6X, 21.4X, and 67.6X on small datasets ACM, DBLP, ACM2, Yelp, and
IMDB, respectively. Notably, on large MRGs OAG-CS and OAG-ENG datasets with tens of millions of
edges, the accelerations achieved by DEMM+ are over 139X and 53X, respectively. Even on the largest
dataset RCDD with 11.9 million nodes and 0.78 billion edges, where most recent competitive MRGC
approaches BTGF, DuaLGR, MGDCR, DMG, and BMGC fail, DEMM+ is still nearly 2x faster compared to
the best viable baseline S2CAG, while producing significant improvements of 14.1%, 5.4%, and 12.1%
in ACC, NMI, and ARIL.

In Figure 10, we further corroborate the effectiveness of our proposed algorithms FAAO (Stage
I) and SSKC (Stage II) in enhancing computational efficiency. As reported, DEMM+ accelerates the
computation of both stages in DEMM, i.e., the construction of H and the generation of clusters. The
acceleration is particularly pronounced on the large MRG dataset MAG, where DEMM+ obtains an
overall speedup of 3, 252X than DEMM. Moreover, DEMM cannot handle larger MRGs within 2 days,
whereas DEMM+ finishes the clustering over RCDD using less than 30 minutes (see Figure 9).

5.4 Ablation Study
In this set of experiments, we empirically analyze the efficiency of three key ingredients in DEMM+,

S(L
including the adjustments of RTWs {wr}le, the estimator o - X w of the terms beyond L hops in
H in Eq. (14), and the regularization term Ly, in Eq. (4).

According to Tables 7 and 8, compared to three ablated versions that remove the three ingredients,

the complete DEMM+ always obtains conspicuously superior ACC, NMJ, and ARI results on all MRGs.
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Fig. 14. Clustering accuracy when varying d

Notably, on the ACM2 and DBLP, the ACC scores increase by 1.3% and 2.1%, respectively, by
including L, term, which indicates the significance of the regularization term in balanced fusion
of multiplex graph structures. The improvements are more significant on OAG-NEG and OAG-CS,
where substantial ACC improvements of 17.9% and 19.9% can be gained. On MAG, the conducive
effects of the first and second ingredients are still noticeable, whereas the L., term contributes
minimally.

5.5 Parameter Analysis
This section investigates the impact of parameters «, f, L, and d in DEMM+ on two small datasets
ACM and IMDB and two large MRGs MAG and OAG-CS, respectively, by varying each parameter

while fixing others. We report ACC scores only as NMI and ARI results are quantitatively similar,
and thus, are deferred to Appendix D [43].

Varying a. Figure 11(a) shows the impact of varying « from 1 to 8 on the clustering performance
on ACM and IMDB, while Figure 11(b) presents its effects on MAG and OAG-CS when varying it
from 10 to 150. The results reveal that « has a negligible influence on ACM, but a profound impact
on IMDB, MAG, and OAG-CS. Specifically, the ACC scores of IMDB improve monotonically with «
until reaching its maximum value at @ = 7, whereas MAG and OAG-CS exhibit oscillatory behaviors,
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attaining peak values at @ = 50 and 110, respectively. Recall that in Eq. (4), « is the weight assigned
to the MRDE term towards injecting graph topology information into the node feature vectors H.
Thus, a higher « indicates a larger portion of structural features encoded into H. Generally, on the
four datasets, a large « is preferred, implying the importance of graph structures in MRGC.

Varying f. Figure 12 displays the effects of the regularization weight  on ACC scores in Eq.(4). In
Figure 12(a), where f varies within a short range from 2.5 to 6, the ACC scores of datasets ACM
and IMDB exhibit divergent trends: the clustering performance of ACM deteriorates monotonically
with increasing f, whereas that on IMDB grows progressively. In Figure 12(b), when varying f from
20 to 90, it can be observed that increasing f has little impact on MAG, but brings a considerable
performance rise on OAG-CS. The differences can be ascribed to their unique structural disparities
and volume differences between edges of different relation types.

Varying L. Figures 13(a) and 13(b) depict how the ACC scores change when L is varied from 3 to
17 on ACM and IMDB, and from 6 to 20 on MAG and OAG-CS. It can be seen that increasing L has
little impact on ACC scores on ACM and IMDB. In comparison, on larger MRGs MAG and OAG-CS,
the ACC scores first undergo upticks when increasing L to roughly 12 or 14, followed by a decrease
or plateau. The results imply that estimating H as in Eq. (15) with up to a small number L hops of
terms is sufficiently accurate, consistent with our empirical and theoretical analyses in Section 4.1.

Varying d. The parameter d represents the dimension of initial feature vectors X, which are
reduced from the input attribute matrix through a principal component analysis (Section 2.3).
Figures 14(a) and 14(b) illustrate the changes in ACC scores on all four datasets when varying
d in the ranges of [8,1024] and [4, 128]. For all datasets, we can see a clear rise in performance
when enlarging d from 4 to 128, meaning more features are retained. However, the performance of
DEMM+ starts to remain invariant or even undergoes minor drops when d exceeds 128, on either
ACM and IMDB whose original attribute dimensions D are up to 2,000, or MAG and OAG-CS with
D = 128 and 768. The drops are caused by data noise embodied in original attribute vectors, while
the invariance can be explained by the well-known Johnson-Lindenstrauss lemma.

6 Related Work

Multi-relational Graph Clustering. MRGC focuses on generating consistent node representa-

tion by integrating consistency information across different relation types. Previous methods typi-
cally use adaptive weights to fuse each relation together and construct a unified graph [27, 45, 58],
SwMC [57] and MVAGC [45] are the representative methods with a self-adjusting weight computation
algorithm. To further extract shared patterns from MRG, numerous methods have incorporated con-
sistency information during the fusion of different relation types. DuaLGR [47] proposed a method
where soft labels derived from consistency information are used to refine the graphs of each relation
type before fusion. DMGI [60] reconstructs MRG by maximizing the mutual information across
relation types. However, these methods cannot fully exploit the dependencies between different
relation types and the feature matrices, resulting in their underperformance in MRGs.

Recently, many approaches generate node embeddings for each relation type individually and
identify cross-relational consistencies from different relational graphs [48, 58, 59, 62, 70, 91].
BTGF [64] designs filters with non-shared parameters for each relation type to obtain node embed-
dings from diverse perspectives. DMG [54] disentangles consistent and redundant information from
the features of different relations. BMGC [69] introduces imbalanced multiview learning to refine
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embeddings derived from less important relation types. Nevertheless, these methods overlook the
complementary information introduced by fusing MRGs, thus hindering the exploitation of MRGs.

Attributed Graph Clustering. Attributed graph clustering (AGC) has been extensively studied
nowadays [6, 34, 39, 41, 92, 95, 96, 106]. Most recent research has focused on integrating graph
topology with node attributes to produce cohesive embeddings [1, 12, 40, 94, 109], which are then
clustered by using classical clustering methods to obtain the final results. With the widespread
adoption of deep learning, methods that leverage deep learning models like GNNs [67] to learn
consistent node representations have gained popularity [5, 15, 32, 51, 52], DMoN [81], Dink-Net [50],
and S3GC [16] are the representative methods among them. H-GCN [29] introduces graph coarsening
to capture long-range information, thereby addressing the potential overfitting caused by increasing
the depth of GNN models. To fully integrate topological and attribute information of graphs,
attention mechanisms [84, 90, 105] and graph contrastive learning [27, 97, 103] have also been
widely employed in this process. Some recent approaches [21, 44] integrate subspace clustering
with spectral clustering techniques [56]. However, AGC fails to account for the varying significance
of distinct relations, rendering it inapplicable to MRGs.

Multi-View Graph Clustering. Multi-view clustering is to group data with heterogeneous fea-

ture representations. Due to dimensional differences across vertices, directly linearly combining
features from different views is not feasible. Early graph-based approaches rely on constructing
similarity matrices followed by spectral clustering [74, 75, 80, 107], LMVSC [33] enhances scalability
by introducing anchor graphs to replace fully connective graph. GTLEC [9] and CGL [42] enhance
multi-view consistency through optimized affinity matrix construction. These methods often in-
cur significant memory consumption for similarity matrix construction. To this end, UOMvSC [77]
eliminates the need for explicit similarity matrix construction. Matrix factorization-based methods
extract cross-view shared information through matrix decomposition and integrate it into a unified
representation [8, 14, 31, 86, 88, 89].

Recent deep learning-based approaches define and optimize specific metrics such as MCGC [58] and
MAGCN [10]. Despite effectively integrating cross-dimensional features, they struggle to generalize
to MRG due to incompatible relation modeling.

7 Conclusion

This paper proposes two effective methods, DEMM and DEMM+, for MRGC. DEMM achieves remarkable
clustering performance on MRGs, via our innovative two-stage optimization objectives formulated
upon the MRDE of MRGs and DE of affinity graphs. Based thereon, we develop DEMM+, which
significantly advances the efficiency and scalability of DEMM via two elaborate secondary algorithms
FAAO and SSKC containing several non-trivial optimization techniques. Our extensive evaluations
experimentally manifest the consistent superiority of DEMM+ over a wide range of baselines in
clustering quality and empirical efficiency. However, the proposed techniques are mainly designed
for static MRGs, which struggle to cope with dynamic MRGs with frequent updates. In the future,
our work can be extended to dynamic MRGs by devising sampling and incremental techniques for
structural changes (e.g., node/edge insertions/deletions). Moreover, the notion of MRDE can be
further generalized to heterogeneous graphs with multiple node types, enabling broader applications
in real-world scenarios.
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