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A k-defective clique is a relaxation of the traditional clique definition, allowing up to k missing edges. This
relaxation is crucial in various real-world applications such as link prediction, community detection, and
social network analysis. Although the problems of enumerating maximal k-defective cliques and searching a
maximum k-defective clique have been extensively studied, existing algorithms suffer from limitations such
as the combinatorial explosion of small partial solutions and sub-optimal search spaces. To address these
limitations, we propose a novel clique-first branch-and-bound framework that first generates cliques and then
adds missing edges. Furthermore, we introduce a new pivoting technique that achieves a search space size
of 0(3% - k), where n is the number of vertices in the input graph. We prove that the worst-case number
of maximal k-defective cliques is Q(S% -nk) when k is a constant, establishing that our algorithm’s search
space is worst-case optimal. Leveraging the diameter-two property of defective cliques, we further reduce
the search space size to O(n - 3% (8A)%), where § is the degeneracy and A is the maximum degree of the
input graph. We also propose an efficient framework for maximum k-defective clique search based on our
branch-and-bound, together with practical techniques to reduce the search space. Experiments on real-world
benchmark datasets with more than 1 million edges demonstrate that each of our proposed algorithms for
maximal k-defective clique enumeration and maximum k-defective clique search outperforms the respective
state-of-the-art algorithms by up to four orders of magnitude in terms of processing time.
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1 Introduction

Graphs have been widely used to model relationships among entities in various domains, including
social networks, biological systems, financial markets, and transportation networks. An important
task in graph analysis is the identification of dense substructures, as these often reveal significant
patterns or underlying relationships within the data [16, 50]. For instance, dense subgraphs can
correspond to densely connected communities in social networks [6, 31, 48], protein complexes in
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PPI network

Fig. 1. A noisy protein-protein interaction (PPI) network [4] containing two defective cliques as subgraphs
(highlighted in blue). Missing interactions in the noisy network can be predicted by identifying defective
cliques and completing the missing edges (represented by red dashed edges). After completing the missing
edges, two protein complexes can be identified (left: Casein Kinase Il, right: Exosome complex), each forming
a clique.

biological networks [39, 88], or anomalies in financial networks [2]. A clique, defined as a subgraph
in which every vertex pair is connected by an edge, represents the densest possible subgraph. There
has been growing interest in developing practical algorithms for solving clique-related problems,
such as maximal clique enumeration [10, 19, 22, 30, 32, 77], maximum clique search [11, 12, 65, 76, 84],
k-clique enumeration [28, 53, 58, 80, 90], and k-clique counting [3, 15, 40, 71, 87].

In real-world applications, the definition of a clique is often overly restrictive, as real-world
data is frequently noisy or incomplete [88]. Moreover, requiring all members of a group to be
connected is overly strict, as groups with a few missing relationships can still effectively represent
a community [61]. To overcome this limitation, several relaxations of cliques have been proposed,
including the quasi-clique [1], k-defective clique [88], k-plex [5], k-club [9], and k-bundle [61].

In this paper, we focus on the k-defective clique, which allows a subgraph to miss up to k edges
to be a clique. Given a graph G = (V, E) with n vertices and m edges, a set S of vertices in G is a
k-defective clique if the subgraph induced by S has at least (lgl) — k edges. For example, consider
the graph G in Figure 2a. The set S = {uy, us, ug, U7, us} of vertices is a 1-defective clique, as the
subgraph induced by S has (3) —1 = 9 edges. The size of a k-defective clique is defined by the number
of vertices it contains. A k-defective clique S is called maximal if there is no other k-defective
clique including S and is called maximum if it has the largest size among all k-defective cliques; it
is obvious that a maximum k-defective clique is also a maximal k-defective clique.

The analysis of real-world networks frequently involves the task of identifying defective cliques
of large size. The missing edges in a defective clique can serve as a basis for predicting missing
interactions or relationships within noisy networks. For instance, Yu et al. [88] proposed a method to
predict missing interactions in protein-protein interaction (PPI) networks by completing the missing
edges in defective cliques; see Figure 1 for illustration. In addition, defective cliques have diverse
applications across various domains, including community detection in social networks [37, 41],
cluster identification [72], optimization of transportation systems [70], and statistical analysis in
financial networks [7, 8].

The importance of finding k-defective cliques has motivated extensive research focused on the
maximal k-defective clique enumeration [26] and the maximum k-defective clique search [13, 14, 21,
25, 35, 45, 78]. The maximal k-defective clique enumeration problem is to enumerate all maximal
k-defective cliques of size at least the given threshold g in a graph. The maximum k-defective
clique search problem is to find a maximum k-defective clique in the graph. However, both of these
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Fig. 2. An example graph G and search trees to enumerate all maximal 1-defective cliques of size at least
4 in G. The label of each search tree node represents the branching vertex that is last added to the partial
solution, and the vertices from the root to each node form the partial solution of that node. A node with a
dashed outline indicates that adding the branching vertex introduces missing edges in its solution, and a
gray-shaded node indicates that its partial solution is maximal in G.

problems are NP-hard [78, 86]; as a result, solving them remains a computational bottleneck in the
applications.

Existing algorithms and limitations. Although the two problems are closely related, the research
on each problem has been conducted separately [13, 14, 21, 25, 26, 35, 45]. The commonality between
approaches for the two problems is that they find solutions (i.e., maximum or maximal k-defective
cliques) through a branch-and-bound algorithm [49].

A recursive call in the branch-and-bound algorithm maintains two disjoint sets of vertices: S
and C. The set S represents a partial solution, which is a k-defective clique. The set C consists of
candidate vertices, each of which can be added to S, resulting in another k-defective clique. The
goal of the recursive call is to find all solutions that include S and are included by S U C. For each
branching vertex b € C, a recursive call is made to enumerate all solutions that include S U {b}.
This procedure is repeated recursively to find all solutions.

In recursive calls, the order in which branching vertices are selected is a crucial issue. The state-
of-the-art algorithms [13, 14, 25, 26] prioritize the selection of a branching vertex that introduces
missing edges to the solution. However, this branching rule often causes a combinatorial explosion
of small partial solutions, especially in real-world networks that are sparse and contain numerous
vertices. Figure 2b illustrates the search tree generated by an algorithm in [26] for enumerating all
maximal 1-defective cliques of size at least 4 in the graph G shown in Figure 2a. A total of 15 partial
solutions of size 2 are generated, and 13 of them contain missing edges (e.g., {u1, u4} and {uy, us}).

From a theoretical perspective, existing algorithms provide upper bounds on the search space
size (i.e., the number of nodes in the search tree); see Table 1. However, these search spaces are
sub-optimal, as their sizes do not match the worst-case output size of maximal k-defective clique
enumeration, which we prove to be Q(3% - n*) when k is a constant (Section 3.3). Moreover, as
k increases, the search space size of existing algorithms approaches the trivial bound of O(2"),
which corresponds to enumerating all subsets of vertices.
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Table 1. Comparison of search space size (i.e., the number of search tree nodes) generated by different
algorithms, and the worst-case output size of maximal k-defective clique enumeration when k is a constant.

Algorithms ‘ # nodes ‘ k= ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘ e
KDBB [35], KD-Club [45] o2 - - - - -
MADEC [21] o(a) o= | 1.928 | 1.984 | 1.996 | 1.999 | ---

kDC [13], Pivot [26] (") Be= | 1.839 | 1.928 | 1.966 | 1.984 | ---
kDC2 [14] OB ) | Peor=| 1.618 | 1.839 | 1.928 | 1.966 | -

MDC [25] o Ye= | 1466 | 1755 | 1.889 | 1.948 | ---

Our algorithm 0% -nf) | 35 = | 1442 | 1442 | 1442 | 1442 | ---
Worst-case output size ‘ Q(35 - nk) ‘ 35 = ‘ 1.442 ‘ 1.442 ‘ 1.442 ‘ 1.442 ‘

Contributions. In this paper, we propose theoretically and practically efficient frameworks that
address both the maximal k-defective clique enumeration and the maximum k-defective clique
search.

e We propose a novel branch-and-bound algorithm for maximal k-defective clique enumeration
(Section 3.1). A key distinction of our algorithm is that it first generates cliques and then
adds vertices that introduce missing edges, whereas previous algorithms first add vertices
that introduce missing edges. Figure 2d illustrates the search tree generated by our algorithm
without applying the pivoting technique. All partial solutions of size no greater than 3 are
cliques (e.g., {u1, up}, {uz, ug, us}, and {us, us, ug}) and there are only six partial solutions of
size 2. In this way, our algorithm effectively mitigates the combinatorial explosion of small
partial solutions.

e We develop a pivoting technique combined with a new pivot selection strategy to reduce
the search space (Section 3.2), and we prove that the search space of our algorithm with our
pivoting technique is worst-case optimal when k is a constant (Section 3.3). Figure 2e illus-
trates a further reduced search tree generated by our algorithm with the pivoting technique
incorporated, whereas Figure 2c shows the search tree of [26] with its pivoting technique.
To establish worst-case optimality, we first prove that the worst-case number of maximal
k-defective cliques in a graph with n vertices is Q(35 - n¥) when k is a constant. We then
show that the number of search tree nodes of our algorithm is O(3% - n¥). Since all maximal
k-defective cliques appear as leaf nodes in our search tree, our algorithm’s search space is
worst-case optimal. To the best of our knowledge, this is the first work to provide a worst-
case optimal search space for relaxed clique problems.

e For real-world networks, which are usually sparse and have low degeneracy [32], we further
reduce the search space size of our algorithm to O(n- 3% (8A)¥) (Section 3.4), where § < \/m
is the degeneracy, and A is the maximum degree of the input graph. This improvement uses
the diameter-two property for a k-defective clique of size at least k + 2 (Property 2.2).

e We propose a novel framework to solve maximum k-defective clique search using our branch-
and-bound algorithm for maximal k-defective clique enumeration (Section 4). To enhance the
efficiency of our framework, we also incorporate two practical techniques: (1) a technique
for computing an initial solution, which is a k-defective clique of large size, and (2) a graph
reduction technique to eliminate vertices and edges that cannot be contained in any maximum
k-defective clique. Both techniques substantially reduce the search space.

We perform extensive experiments to evaluate the efficiency of the proposed algorithms and
individual techniques on benchmark graph datasets (Section 5). The benchmark graph datasets
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contain ten real-world graphs with more than 1 million edges and four large-scale graphs with
more than 100 million edges. Our algorithms, WODCg for maximal k-defective clique enumeration
and WODCs for maximum k-defective clique search (where WODC stands for Worst-case Optimal
Defective Clique), are up to four orders of magnitude faster than the state-of-the-art algorithms for
the respective problem. Additionally, we empirically demonstrate the effectiveness of our individual
techniques.

2 Preliminaries

In this paper, we focus on undirected and simple graphs. A graph G = (V, E) consists of a set V of
vertices and a set E of edges. We denote by n = |V| and m = |E|, the number of vertices and edges
of G, respectively. If (u,v) € E, we say that u is adjacent to and a neighbor of v. The set of neighbors
of u in G is defined as Ng(u) = {v € V : (u,0) € E} and the degree of u in G is dg(u) = |Ng(u)|.
Given a vertex subset S of V, the induced subgraph G[S] is the subgraph of G whose vertex set is S
and whose edge set consists of all the edges in E with both endpoints in S.

A vertex subset S of V is a clique in G if every pair of vertices is adjacent to each other (i.e., G[S]
has (l“gl) edges). In this paper, we focus on a k-defective clique, which was first proposed in [88]
and has been receiving significant attention recently [13, 14, 21, 25, 26, 35, 45].

DEFINITION 2.1 (k-DEFECTIVE CLIQUE). Given a graph G = (V, E) and an integer k, a vertex subset

S of V is a k-defective clique in G if G[S] misses at most k edges (i.e., G[S] has at least (lgl) —k edges).

We now present two properties of the k-defective clique, which are essential for explaining our
algorithm.

PROPERTY 2.1 (HEREDITARY). For any k-defective clique S in G, every subset H of S is also a k-
defective clique in G.

By Property 2.1, we can verify the maximality of a k-defective clique S by checking that there is
no vertex u € V '\ S such that S U {u} is also a k-defective clique in G.

PROPERTY 2.2 (DIAMETER-TWO PROPERTY [21]). For any k-defective clique S in G with |S| > k + 2,
its diameter is at most two (i.e., any two non-adjacent vertices must have a common neighbor in S).

By Property 2.2, any k-defective clique of size greater than or equal to k + 2 must be both
connected and dense. It is worth noting that in real-world applications, we are often interested
in identifying k-defective cliques of large size that are connected and dense [23, 26]. Thus, it is
natural to focus on finding such k-defective cliques.

To facilitate the presentation, we introduce additional notations. We denote the set of common
neighbors of a vertex subset S C V in G by Ng(S) = N,es No(u). We say that a graph G = (V,E)
is a complement graph of G = (V,E) if E = {(w,0) € V X V : (u,0) ¢ E and u # v}. If (u,0) € E, we
say that u is a non-neighbor of v. The set of non-neighbors of u in G is denoted by N (u) = {0 €
V : (u,0) € E}. We denote the set of edges in the induced subgraph G[S] by Eg(S). For brevity, we
omit the subscript G from the notations when the context is clear. For any vertex subsets S and
C of V and a vertex u in V, we denote by N¢(u) the set of u’s neighbors in C, by N¢(S) the set of
common neighbors of S that are in C, and by N¢(u) the set of u’s non-neighbors in C.

Degeneracy ordering and s-core. We describe the concepts of degeneracy ordering and the s-core.

DEFINITION 2.2 (DEGENERACY ORDERING [56]). Given a graph G = (V, E), an ordering (v, 0, . . .,
oup) of its vertices V is a degeneracy ordering if, for each 1 < i < n, v; is a vertex with the smallest
degree in the subgraph of G induced by vertices {v;, 0j41, . .., Un}-

DEFINITION 2.3 (s-CORE [68]). Given a graph G = (V, E) and an integer s, the s-core of G is the
maximal subgraph g of G in which every vertex in g has degree d;(u) > s.
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Table 2. Frequently used notations.

Notation = Meaning
G = (V,E) input graph with vertex set V and edge set E

n,m number of vertices and edges in G
S, A degeneracy and maximum degree of G
ScvV (partial) solution, which is k-defective clique

C,X CV\S sets of candidate vertices
Nc(u) set of u’s neighbors that are in C
Nc(S) set of common neighbors of S that are in C
Ne(u) set of u’s non-neighbors that are in C
Nclu] Ne(u) U {u}
E(S) set of edges in the subgraph of G induced by S

The degeneracy ordering and s-cores can be computed in O(m) time [13, 56] by iteratively
removing a vertex with the smallest degree from G and appending it to the end of the ordering.
The largest s such that G includes a non-empty s-core is known as the degeneracy of G, denoted 9.

Given a degeneracy ordering (v1,0,...,0,) of G, we say that v; is a forward neighbor of v;
if v; is a neighbor of v; and i < j. We denote the set of forward neighbors of v; by Nf;(v;) =
NG (v;) N {0i41, Vis2, - - ., U }. The number of forward neighbors is upper bounded by the degeneracy
§of G, ie., |[N*(v;)| < §forevery 1 <i < n[16].

Graph coloring. Given a graph G = (V,E), a mapping y : V — N is called a coloring of G if
x(u) # x(v) for every edge (u,v) € E. The number of distinct colors used by y is denoted by | y|.

Given a degeneracy ordering, one way to compute a coloring of a graph is to assign colors
greedily to the vertices in reverse order, assigning each vertex the smallest available value [11]. In
this way, we can obtain a coloring where the number of distinct colors | y| is upper bounded by
& + 1, where § is the degeneracy of G.

Frequently used notations are summarized in Table 2.

2.1 Problem Statements

In this paper, we address two fundamental problems in computing k-defective cliques of large size
in a given graph.

Maximal k-Defective Clique Enumeration. Given a graph G = (V, E) and positive integers k
and q (with g > k + 2), the maximal k-defective clique enumeration problem is to enumerate all
maximal k-defective cliques of size at least q.

Maximum k-Defective Clique Search. Given a graph G = (V, E) and a positive integer k, the
maximum k-defective clique search problem is to compute a largest k-defective clique in G.

2.2 Related Works

Maximal (maximum) clique enumeration (search). The maximal clique enumeration problem
has been extensively studied in recent decades. The most notable algorithm for this problem is
the Bron-Kerbosch (BK) algorithm [10], a seminal backtracking algorithm that incorporates a
pivoting technique to reduce the search space. Tomita et al. [77] improved upon this by introducing
a carefully designed pivot selection strategy, achieving a worst-case optimal time complexity of
O(35%), as there exists a graph with ©(35 ) maximal cliques. Eppstein et al. [32] proposed a variant

of BK algorithm based on degeneracy ordering, achieving a time complexity of O(n-373). In addition
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to these theoretical advancements, various optimization techniques have been developed [22, 29,
30, 51, 59, 66, 81]. The maximum clique search problem also has been extensively studied both from
a theoretical perspective [44, 63, 64, 73] and a practical perspective [11, 52, 55, 65, 67, 75]. However,
these algorithms cannot be directly applied to our defective clique problems.

Maximal (maximum) relaxed clique enumeration (search). In real-world applications, the definition
of a clique is often too restrictive. To address this, various relaxations have been proposed, including
quasi-cliques [1], k-plexes [5], k-clubs [9], and k-bundles [61]. To solve these problems, numerous
practical algorithms have been developed [17, 23, 24, 27, 36, 83, 92]. Some of these problems can be
formulated as integer linear programs (ILP) [69, 72, 79]. However, ILP-based approaches are known
to be less scalable than branch-and-bound methods, as demonstrated in [21]. Recently, branch-and-
bound algorithms with search space sizes smaller than the trivial O(2") bound have been proposed
for each relaxation [14, 26, 54, 82, 85, 89, 93]. However, none of these algorithms have been proven
to be worst-case optimal.

Graph mining systems. Numerous graph mining systems have been developed to efficiently
support subgraph mining tasks, including the discovery of relaxed cliques such as quasi-cliques
and defective cliques.

Arabesque [74] is a distributed graph mining platform that automates large-scale subgraph
exploration through a high-level API, supporting tasks such as frequent subgraph mining, motif
counting, and clique enumeration. Peregrine [42] introduces a pattern-aware exploration paradigm,
which leverages the semantics of user-defined patterns to guide the exploration process and
minimize unnecessary computations.

T-thinker [46] and Contigra [20] are graph mining frameworks that support quasi-clique mining
and can be extended to other relaxed clique models. T-thinker employs pruning strategies specifically
tailored for quasi-cliques. Contigra is designed to handle pattern mining (including quasi-cliques)
with containment constraints such as maximality. It introduces search space pruning techniques to
eliminate redundant computations that arise during maximality checking, and properties such as
hereditary can also be leveraged within the exploration strategy to further enhance efficiency.

3 A New Branch-and-Bound Algorithm

In this section, we present our novel branch-and-bound algorithm for solving maximal k-defective
clique enumeration.

3.1 A Novel Clique-First Approach

We first present our new approach which first generates cliques and then adds missing edges to
them. The main observation underlying our clique-first approach is as follows.

OBSERVATION 3.1. A k-defective clique of size ¢ must contain a clique of size q — k.

Proor. Let S be a k-defective clique of size g. By definition, S contains at most k missing edges.
Consider the set of vertices incident to these missing edges. By removing one endpoint from each
missing edge, we remove at most k vertices from S, and the remaining vertices form a clique of size
at least g — k. Therefore, a k-defective clique of size g contains a clique of size q¢ — k. O

To briefly illustrate the idea of our approach, consider a graph with n = 100 vertices and
k = 3, g = 10. Then any 3-defective clique of size g = 10 must have a clique of size 7. The remaining
task is to choose 3 vertices (from 93 vertices) with at most 3 missing edges, which has a much
smaller search space than choosing 10 vertices from 100 vertices with at most 3 missing edges.
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Algorithm 1: Our branch-and-bound algorithm

Input :A graph G = (V,E) and two integers k, q
Output:Every maximal k-defective clique in G of size > g
1 bnb(0,V,0);
2 Procedure bnb (S, C, X)
3 if CUX =0 and |S| = q then output S;
4 If Nc(S) = 0, set B < C. Otherwise, select a pivot vertex p from N¢(S) with the fewest
non-neighbors in N¢(S), then set B «— Ne [pl;
5 while B # 0 do
6 if UB1 of (S, C) is less than q then return;
7 b « avertex in B adjacent to all vertices in S. If there is no such a vertex, then
choose an arbitrary vertex from B;
// a vertex b that introduces a missing edge is selected only when

Ng(S) =0.
8 C', X" «—refine(S,C, X, b);
9 bnb(S U {b},C’, X");
10 B« B\ {b};C«—C\ {b}; X — XU {b};

11 Procedure refine(S,C, X, b)

12 C' «—{ueC\{b}:SU{b u}is a k-defective clique};
13 X' —{u e X :SU{b u} is a k-defective clique};

14 return C’, X’;

When combined with clique listing, which can be done much faster (also has much smaller
search space) than defective clique listing, our clique-first approach leads to a substantially smaller
search space.

We now formally introduce our branch-and-bound algorithm. We refer to an output (i.e., a
maximal k-defective clique) of the problem as a solution and a vertex subset of a solution which is a
k-defective clique and possibly non-maximal as a partial solution. Given a partial solution S, we say
that a vertex u € V' \ S is a candidate vertex if S U {u} is also a k-defective clique.

Algorithm 1 shows the pseudocode of our branch-and-bound algorithm. A recursive call to
our branch-and-bound algorithm takes as input a tuple of three disjoint sets of vertices (S, C, X),
where S C V is a partial solution, which is a k-defective clique, and CUX = {u € V \ S :
S U {u} is a k-defective clique} is the set of candidate vertices. We say that the tuple (S, C, X) is
an instance of the recursive call. The candidate vertices in C have not yet been explored, while
those in X have already been explored in previous recursions. That is, the vertices in X must not
be added to S in its recursive calls to prevent the duplicate output of the same k-defective cliques.
The goal of the recursive call (S, C, X) is to output every maximal k-defective clique that includes S
and is included by SU C.

For each recursive call (S, C, X), the algorithm checks the maximality of S by verifying whether
CUX = 0 and, according to Property 2.1, outputs S as a solution if this condition holds and |S| > ¢
(Line 3). Then, a set of branching vertices B C C is computed (Line 4); for now, suppose that B is
set to C, i.e., the pivoting technique (details will be provided in Section 3.2) is not applied. For each
branching vertex b € B, the recursive call (S U {b},C’, X”) is made, where C’ C C\ {b}, X’ C X,
and C'UX' ={ueV\(SU{b}) : SU{b,u} is a k-defective clique} is the refined set of candidate
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vertices. The recursive call (S U {b},C’, X’) enumerates every maximal k-defective clique that
includes S U {b} and is included by S U {b} U C’. After the recursive call, b is removed from B and
moved from C to X (Lines 7-10).

Since we aim to find k-defective cliques of size at least g, we compute an upper bound on the
size of a k-defective clique that includes S and is included by S U C (Line 6). Whenever this upper
bound is less than g, the remaining recursive calls are pruned, as they cannot generate any solution
of size at least q. This upper-bound-based pruning is applied to (S, C) in Line 6, in order to reduce
the search space efficiently.

Our algorithm uses the graph coloring-based upper bounding technique UB1 proposed by Lijun
Chang [13]. Given a tuple (S, C), UB1 returns |S| + ¢ + r, where ¢ < [Nc(S)| and r < k — |E(S)| are
both non-negative integers.

InLine 7, our algorithm selects a branching vertex from B that is adjacent to all vertices in S, if such
a vertex exists. That is, our algorithm first branches on vertices that do not introduce missing edges
to the partial solution. A missing edge is introduced to the partial solution only after all such vertices
have been processed. Thus, our algorithm first generates cliques and then adds missing edges.

ExaMPLE 3.1. We are given the graph G in Figure 2a, with k = 1 and q = 4. Figure 2d shows the
search tree of Algorithm 1 without the pivoting technique. At the root node, the first recursive
call, M; = ({w1}, {uz, us,...,ug}, 0), is made. The node M; first branches with the branching
vertex up, as it is adjacent to the vertex u; in S. This generates the next recursive call M, =
({u1, uz}, {us, ug, ug}, 0). However, the recursive calls of M, are pruned since the upper bound of
({u1, uz}, {us, ug, ug}) is |S| +c+r = 2+ 0+ 1 = 3, which is less than g = 4. After backtracking to M;,
uy is moved from C to X, and the upper bound of ({u;}, {us, us, . . ., ug}) is computed in Line 6. Since
the upper bound is 3, the remaining recursive calls of M; are pruned. After backtracking to the root
node, a second recursive call, ({uz}, {us, ug, . .., ug}, {u1}), is generated, and the process continues
down to node M3 = ({uy, ug, ug}, {us, u7}, 0). In Mz, two recursive calls, ({us, uy, ug, ug}, 0, 9) and
({uz, us, ug, u7}, 0, 0), are made, and two solutions are output in Line 3. In this way, the search tree
outputs five solutions (gray-shaded). In this search tree, all partial solutions of size at most 3 are
cliques, as any partial solution of size at most 3 that contains missing edges is pruned in Line 6.

We note that there is still room for improvement in the search space of Algorithm 1: in the
search tree of Figure 2d, nearly all subsets of the 1-defective clique {uy, us, us, u7, ug} are generated,
but most are non-maximal and therefore unnecessary. To address this issue, we introduce a new
pivoting technique for defective cliques that significantly reduces the search space.

3.2 A New Pivoting Technique for Defective Cliques

A technique called pivoting was originally developed to reduce the search space of the BK algo-
rithm [10] to enumerate all maximal cliques. Tomita et al. [77] proved that the BK algorithm with
the pivot selection strategy that minimizes the number of branches at each node leads to a worst-
case optimal algorithm for maximal clique enumeration.

However, to the best of our knowledge, no other worst-case optimal backtracking algorithms
have been developed for enumerating maximal relaxed cliques (Section 2.2). This presents two
challenges: (1) identifying the worst-case output size, and (2) designing a backtracking algorithm
whose search space matches the worst-case output size.

To address challenge (2), it is essential to develop a new pivoting technique for maximal k-
defective clique enumeration, as the original pivoting technique can be applied only for maximal
clique enumeration. Additionally, a carefully designed criterion for the pivot selection is necessary.
We present a pivoting technique, along with a new pivot selection strategy for our problem. This
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enables our algorithm to explore a worst-case optimal search space when k is a constant. Challenge
(1) will be addressed in Section 3.3 with the time complexity analysis.

The pivoting technique. We first describe the main idea of the pivoting technique. Consider an
instance I = (S, C, X) where Nc(S) # 0, and let p be a vertex in N¢(S) (i.e., p is adjacent to all
vertices in S). We refer to p as the pivot vertex, and the criterion for selecting it will be explained
shortly. Each partial solution S’ generated from I, i.e., which includes S and is included by S U C,
falls into one of the following two types: (i) all vertices in S’ are adjacent to p, or (ii) S’ contains p or
a non-neighbor of p. A partial solution of type (i) is not maximal, as adding p results in another k-
defective clique. Thus, generating type (i) partial solutions is unnecessary. The pivoting technique
ensures that every partial solution generated from I contains either p or a non-neighbor of p, thereby
avoiding type (i) partial solutions. This is achieved by branching only with p and its non-neighbors.

For ease of presentation, we regard p as a non-neighbor of p, i.e., we define N¢[p] = Ne(p)U{p}.
The following lemma formally introduces our pivoting technique.

LEMMA 3.1 (k-DEFECTIVE CLIQUE PIVOTING). Given an instance (S, C, X) of a recursive call where
Nc(S) # 0, let p be a vertex in Nc(S). Every maximal k-defective clique that includes S and is included
by S U C must contain at least one vertex in Nc[p].

Proor. Suppose not. Then, there exists a maximal k-defective clique S’ that includes S but
does not contain any vertex in N¢ [p]. Since p is in N¢(S), all the vertices in S” are adjacent to
p. Therefore, S’ U {p} is also a k-defective clique, and thus S’ is not maximal. This contradiction
proves the lemma. O

Line 4 of Algorithm 1 incorporates the pivoting technique into our branch-and-bound algorithm.
If Nc(S) = 0, we set B = C since Lemma 3.1 cannot be applied. Otherwise (i.e., Nc(S) # 0), a pivot
vertex p is selected from N¢(S), and we set the set of branching vertices B to N¢[p]. In Lines 5-
10, recursive calls are made only with the vertices in B. Lemma 3.1 guarantees that Algorithm 1
generates all solutions.

The remaining issue is determining the criterion for selecting a pivot vertex from the vertices in
Nc(S) (Line 4).

A new pivot selection strategy. Since we deal with the problem of enumerating k-defective cliques,
the pivoting strategy of Tomita et al. [77], which is designed for maximal clique enumeration,
cannot be applied directly. We present a new pivot selection strategy for our problem.

Consider an instance I = (S, C, X), where a pivot vertex can be selected (i.e., Nc(S) # 0). Our
algorithm selects a pivot vertex p from N¢(S) that has the fewest non-neighbors in N¢(S5), i.e.,

p = argmin [Nc[u] N Ne(S)].
uENc(S)

Our algorithm has the following characteristics:

e Since our branching rule (Line 7) first makes branches with the vertices in B = N¢[p] that
are adjacent to all vertices in S, it first generates cliques and then adds missing edges.

e Our pivoting technique aims to generate maximal solutions as early as possible by branching
with p’s non-neighbors (and delaying the addition of p’s neighbors to S).

¢ Since our pivot selection strategy minimizes the number of non-neighbors in N¢(S), it
minimizes the number of branches on vertices in Nc(S) (i.e., branches that do not introduce
missing edges).

Proc. ACM Manag. Data, Vol. 3, No. 6 (SIGMOD), Article 322. Publication date: December 2025.



Efficient Defective Clique Enumeration and Search with Worst-Case Optimal Search Space 322:11

Fig. 3. The complement graph of the Moon-Moser graph with 12 vertices. The set S, consisting of six vertices
and containing two missing edges (highlighted in red), is a maximal 2-defective clique in the Moon-Moser

graph.

These three characteristics together lead to the worst-case optimal search space (Section 3.3).
Therefore, this is the first algorithm that is proven to be worst-case optimal among all algorithms
for relaxed clique problems.

ExampLE 3.2. Figure 2e illustrates the search tree generated by Algorithm 1 with our proposed
pivoting technique and pivot selection strategy. At the root node, Nc(S) = {uy,...,us} and the
vertex ug is selected by our pivot selection strategy, since ug has the fewest non-neighbors in N¢(S) =
{us, ..., us}. As a result, B is set to N¢[ug] = {u1, ug} (Line 4). Since the first branch with u; works
similarly to Example 3.1, we explain the second branch, M; = ({us}, {us, us, us, us, ug, u7 }, {u1 }).
Here, No(S) = {uy, us, u4, us, ug, 7}, and the numbers of non-neighbors in N¢(S) are 5, 5, 3, 3, 3,
and 3 for u = uy, us, uy, us, ug, and uy, respectively. We select u; as the pivot vertex (we break the
tie by selecting the vertex with the highest ID) and B is set to Nelus] = {uy, u3,u7} in Line 4. It
first generates the branch M, = ({us, uz}, {us, us, us, ug, u7}, {u1}). In the subtree rooted at M, two
solutions are output.

Comparison to existing pivoting technique. Dai et al. [26] also proposed a generalized pivoting
technique that can be applied to algorithms for enumerating maximal substructures satisfying the
hereditary property. However, this pivoting technique has two limitations: (i) its pivoting technique
is applied only when every vertex in C is adjacent to all vertices in S (i.e., C = N¢(S)), and (ii) it
does not provide criteria for selecting a pivot vertex.

Figure 2c shows the search tree of [26] with its pivoting technique. The node M = ({us, us }, {uz, us,
us, Ug, U7 }, 0) first branches with us and us without applying the pivoting technique since they each
have a non-neighbor in {us, u4}. Then, the pivoting technique is applied to ({us, us}, {uz, ue, u7},
{us,us}). Since there are no criteria for pivot selection, any vertex from {u,, us, u7} can be selected
as a pivot, potentially leading to sub-optimal search space.

3.3 Theoretical Analysis

We now show that the search space of Algorithm 1 is worst-case optimal when k is a constant. Since
real-world applications typically require small values of k in obtaining k-defective cliques [26], it is
reasonable to assume that k is a constant. We first prove the lower bound Q(3% - nk) of the worst-
case output size for maximal k-defective clique enumeration. Then, we prove the upper bound
O(3% - n¥) by analyzing the number of search tree nodes of Algorithm 1 in the worst case.

The Moon-Moser graph [57] is a graph that includes the largest number of maximal cliques
among all graphs of the same size. Figure 3 shows the complement graph of the Moon-Moser graph
with 12 vertices. When the size n of the Moon-Moser graph is a multiple of 3, the complement
graph of the Moon-Moser graph consists of £ disjoint triangles.

The following theorem provides the lower bound on the worst-case output size.

THEOREM 3.1. The worst-case output size of maximal k-defective clique enumeration is Q(3% - n¥)
when k is a constant.
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Fig. 4. A diagram illustrating the definitions of C; and B; for I = (S, C, X), where S = {u1}, C = {uy, ..., ug},
and k = k = 1. The vertex uy is selected as the pivot vertex, and B is set to Nc[u1] = {ug, us, ua, ug, u7}.

Proor. We prove that the Moon-Moser graph with n vertices, where n is a multiple of 3 and
2 > k, contains at least 35 . ("Iﬁg') maximal k-defective cliques; note that 35 - ("43) =Q(3% - nk)
when k is a constant. To construct a maximal k-defective clique in the Moon-Moser graph, we first
select k triangles in the complement graph of the Moon-Moser graph. Then, we choose a missing
edge from each of the k selected triangles and one vertex from each of the remaining 5 —k triangles;
for example in Figure 3, we first choose two missing edges from the second and third triangles
and then choose two vertices from the remaining triangles. The resulting set of vertices forms
a maximal k-defective clique in the Moon-Moser graph, since the set contains exactly k missing
edges, and adding another vertex to the set introduces a missing edge. The total number of such
maximal k-defective cliques is 3% - ("113). o

Now, we prove an upper bound on the number of nodes in the search tree generated by Algo-
rithm 1. Since the outputs (i.e., maximal k-defective cliques) appear at leaf nodes in the search tree,
the output size is not greater than the number of search tree nodes. Thus, an upper bound on the
number of search tree nodes is an upper bound on the output size.

To formally establish the upper bound, we introduce some notations. Let 7~ be the search tree
generated by Algorithm 1. Suppose that we are given an instance (S, C, X) of 7. We denote T (S, C, X)
by the number of nodes in the subtree of 7~ rooted at (S, C, X). Let x be the number of missing edges
that can be added to S (i.e., k = k — |[E(S)|). For every integer 0 < i < k, let C; be the set of vertices
in C that introduce at most i missing edges when added to S (i.e., C; = {u € C : |[Ns(u)| < i}); see

Figure 4 for illustration (for now, ignore B;). For k non-negative integers ny, . . ., n,, we define
K K
f(ny, ... om) =1l+ne+ne e +--+np - ne = 1+Zl_[nj.
i=1 j=i

We prove an upper bound of T(S, C, X) in the following lemma (a complete proof is provided in
the full version [43]).
LEMMA 3.2. For any instance I = (S, C, X) of the search tree T,

1Sl
T(5,CX)<2-33 - f(|Ci),...,|Ck]). (1)
Proor SKETCH. We prove the inequality by induction. For the base case where I is a leaf node, it
ICol
is trivial that T(S,C,X) =1 < 2- 35 - f%(|Cyl, ..., |Ck]) =2 because Cy SC; C - CCe=C=0
(that is, |Co| = |C1| = - - - = |C«| = 0). We now consider an arbitrary non-leaf node I. There are two

cases as follows.

Case I: Cy = 0. In this case, adding a candidate vertex in C to the partial solution always increases
the number of missing edges. We have T(S,C, X) < f*(|Ci],...,|C«|) because the height of the
subtree rooted at I is at most k, and the number of nodes at depth i (1 < i < «) in the subtree is at
most [Cy_jp1| - -+ |Cocl.
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Case I: Cy # 0. When k = 0 (i.e., no missing edge is allowed), the problem degenerates to
maximal clique enumeration. In this case, our pivot selection strategy coincides with that of Tomita

et al. [77], and therefore we obtain T(S,C, X) < 2- 3@ [34]. Thus, we consider the case xk > 0.

Since Cy = N¢(S), our pivot selection strategy selects a pivot vertex p € N¢(S) that has the
fewest non-neighbors in N¢(S), and then sets B to N¢[p] (Line 4). For every integer 0 < i < «,
let B; be the set of vertices in B that introduce exactly i missing edges when added to S (i.e.,
B; = {u € B : [Ns(u)| = i}); see Figure 4 for illustration. For brevity, we denote |C;| = n; and
|Bi|=yl-for0SiSK.

We refer to an instance of a recursive call from I as a child instance of I. We assume as the induction
hypothesis that inequality (1) holds for every child instance of I, then we now show that the
inequality holds for I where Cy # 0 and k > 0. For a child instance I’ = (S’ = SU{b},C’, X’) of I, we
obtain the following inequality by the induction hypothesis, depending on the branching vertex b.

(a) When b = p (i.e., b is the pivot vertex), we have T(S",C’, X’) < 2- 37T -y =1, e —

Y, — 1). This follows from the fact that p is not adjacent to any vertex in B = ByUB; U - - - U By.
(b) When b € By \ {p}, T(S',C",X’') < 2- 375 - f*(ny,...,ny). This follows from our pivot
selection strategy (Line 4). There are y, — 1 such branching vertices (note that p € By).
(c) Whenb e B;for1 <i<«k,T(5,C,X')<2- 375 - f*7(ny — Yo, .. ., Nx—i — yo). This follows
from our branching rule (Line 7). There are y; such branching vertices.

Combining (a)—(c), we obtain the following inequality:

T(S,C,X) = Z T(S,C,X') +1
every child instance (S’,C’,X") of I
< 2.375" -y =L e =y — 1)
n9-yo
+(yo—1)-2-373 - f(ny,...,nx)

K
no—yo .
+Zy,~-2-3 T Ny — Yoy .oy Memi — Yo) + 1.
i=1

Gol

Now it suffices to show that the right-hand side of the above inequality is bounded by 2 - 35
FCl, .., |1Ck]) = 2 373 - f®(ny, ..., ny). This follows from the inequality yj - 379 <1 [77],
together with elementary algebraic manipulations. O

From Lemma 3.2, we obtain an upper bound on the number of search tree nodes generated by
Algorithm 1.

THEOREM 3.2. Given a graph G = (V, E) with n vertices and a non-negative integer k, the number
of search tree nodes generated by Algorithm 1 is O(35 - n¥).

Proor. Consider the root node (S,C,X) = (0,V,0) of the search tree. Since S = @, we have
Cy=Cy=---=Cy =V.Therefore, T(0,V,0) < 2-3% ~fk(n,...,n) = 2~3%-(1+n+n2+~~~+n'<) =
0(3% - n). o

Combined with Theorem 3.1, the search space size of Algorithm 1 matches the worst-case output
size Q(35 - n¥) of the problem when k is a constant.

From Theorem 3.2, the following theorem holds since each search tree node takes O(m) time (a
formal proof is in the full version [43]).

THEOREM 3.3. Algorithm 1 runs in O(m - 35 . nk) time.
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Algorithm 2: Our branch-and-bound algorithm utilizing the diameter-two property
Input :A graph G = (V,E) and two integers k, g > k + 2
Output:Every maximal k-defective clique in G of size > g

1 Let (v1,02, ...,0,) be a degeneracy ordering of G;

2 foreachv; € V do

3 | Vi N(v;) UlUpen+ (o) N(0);

Ci < Vi N {0141, 0i42, . . -, Un};

Xi < Vin{or,0z,...,0i-1};

bnb ({v;}, Ci, Xi);

[ NS, B

3.4 Using Diameter-Two Property

In this subsection, we describe how we can further reduce the exponent of the time complexity of
our algorithm based on the diameter-two property (Property 2.2) when q > k + 2.

The main idea is to decompose the original problem into small subproblems; for each v; € V,
enumerate every solution whose smallest vertex (with respect to a degeneracy ordering) is v; and
whose diameter is at most two, as in [23]. Algorithm 2 presents this approach. We first compute
a degeneracy ordering (v1, 03, ...,0,) of G in Line 1. For each vertex v; € V, we compute the set
Vi = N(v;) U Upen+ (o) N(0) (Line 3). This set contains all solutions of diameter at most two, each
of which contains v; and a forward neighbor of v; [27]. By the diameter-two property, all vertices in
any solution of the subproblem, except for v;, must exist in V; N {041, V42, - - ., 0n} [23]. Therefore,
we set C; = V; N {041, Vixa, - . ., Uy } (Line 4). Then, we set X; = V; N {01, 0y, ...,0;—1} (Line 5). Finally,
a recursive call ({0;}, C;, X;) is made (Line 6) to enumerate all solutions of the subproblem.

LEMMA 3.3. The number of search tree nodes generated by Algorithm 2 is bounded by O(n - 39 .
(50)5).

Proor. We prove the lemma by showing that the search space size of each subproblem is bounded
by O(3§ - (8A)¥). This follows from the facts that |[Ng, (v;)| < 8 and |C;| < SA [14] forall1 < i < n.
Then, applying Lemma 3.2, the overall bound follows. O

Since each search tree node takes O((5A)?) time, the following theorem holds (a formal proof is
given in the full version [43]).

THEOREM 3.4. Algorithm 2 runs in O(n - 33 . (SA)**2) time,

4 Maximum k-Defective Clique Search

In this section, we introduce our framework for solving maximum k-defective clique search by using
our branch-and-bound algorithm for maximal k-defective clique enumeration. This framework also
incorporates new practical techniques to reduce the search space: (1) a technique for computing a
large initial solution, and (2) a graph reduction technique for eliminating unpromising vertices and
edges from the input graph. Due to the page limit, we provide the running examples in the full
version [43].

4.1 Our Framework

Algorithm 3 presents our framework. Given an input graph G and an integer k, it first computes
an initial solution (Section 4.2.1), which is a k-defective clique, and sets S* to this initial solution.
Throughout the execution, S* maintains the largest k-defective clique found so far. Then, g is set to
|S*| 4+ 1 (Line 1); since we have already found S*, we aim to find a k-defective clique of size at least
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Algorithm 3: Our framework for maximum k-defective clique search

Input :A graph G = (V,E) and an integer k
Output: A maximum k-defective clique in G
1 §* « initial-solution(G,k);q « |S*|+ 1;
2 g « reduce (G, k, q);
3 if g is empty then return S*;
4 if ¢ > k+2 then run Algorithm 2 with g, k, and ¢, in which bnb is replaced with bnb-maximum;
5 else run Algorithm 1 with g, k, and g, in which bnb is replaced with bnb-maximum;
6 return S*;
7 Procedure bnb-maximum(S, C, X)
8 if |S| > g then
9 LS*<—S;q<—|S*|+1;
10 Same as Lines 4-10 in Algorithm 1, except that bnb in Line 9 is replaced with
bnb-maximum;

q = |S*| + 1. The algorithm then computes a reduced graph g (Section 4.2.2), by removing vertices
and edges from G that cannot be contained in any k-defective clique of size at least ¢ (Line 2). If g
is empty (i.e., it contains no vertices and edges), then G does not contain any k-defective clique
of size at least g. Therefore, the algorithm returns S* as a maximum k-defective clique (Line 3). If
g is not empty, the framework finds a maximum k-defective clique using our branch-and-bound
algorithm (Lines 4-5). During the branch-and-bound search, whenever a k-defective clique S of
size at least ¢ (that is, larger than S¥) is found, we update S* to S and set q to |S*| + 1 (Lines 8-9).
This approach is highly efficient because a larger g allows us to prune more of the search space.

4.2 Initial Solution and Graph Reduction

We now present our practical techniques for initial solution and graph reduction. To introduce
our techniques, we first present the concepts of colorful s-core and colorful degeneracy ordering,
which are introduced in [60, 91].

DEFINITION 4.1 (COLORFUL DEGREE). Given a graph G = (V, E) and a coloring y of G, the colorful
degree of u € V in G with respect to y, denoted by dé (u), is the number of distinct colors among
u’s neighbors. Formally, dé(u) = |{x(v) : v € Ng(u)}|.

DEFINITION 4.2 (COLORFUL s-CORE). Given a graph G = (V, E), a coloring y of G and an integer
s, the colorful s-core of G with respect to y is the maximal subgraph g of G in which every vertex u
in g has colorful degree dj} (u) > s.

DEFINITION 4.3 (COLORFUL DEGENERACY ORDERING). Given a graph G = (V, E) and a coloring
x of G, an ordering (vy,vs, .. .,0y,) of its vertices V is a colorful degeneracy ordering with respect
to y if, for each 1 < i < n, v; is a vertex with the smallest colorful degree with respect to y in the
subgraph of G induced by {v;, vj11,...,0,}.

Colorful s-cores and a colorful degeneracy ordering can be computed by iteratively removing a
vertex with the minimum colorful degree. We use the algorithms proposed in [60, 91] to compute
every non-empty colorful s-core and a colorful degeneracy ordering, which run in O(m) time and
require O(n - |x|) space.

4.2.1 Computing a Large Initial Solution. We now introduce our technique to compute a large
initial solution for maximum k-defective clique search.
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We compute a large k-defective clique by iteratively removing a vertex with the smallest colorful
degree. As the removal progresses, the remaining graph becomes denser and will eventually become
a k-defective clique.

Initial solution. Given a graph G, a coloring y of G, and a colorful degeneracy ordering
(v1,02, . ..,0,) With respect to y, let S* = {vj, vi41, . .., vn} be the longest suffix of (v1,0s,...,0,)
such that S* is a k-defective clique in G. We use S* as an initial solution.

Since a colorful degeneracy ordering can be obtained in O(m) time, an initial solution can be
computed in O(m) time.

Comparison to techniques of existing algorithms. Several techniques have been proposed for
computing an initial solution [13, 25, 45]. However, these techniques are complex and have non-
linear time complexities. Specifically, the techniques of MDC [25], kDC [13], and KD-Club [45]
require O(n - (wg - §+6%)), O(m- ), and O(m- A) time, respectively, where wy denotes the size of a
maximum k-defective clique. In contrast, our technique runs in O(m) time, which is asymptotically
faster than existing algorithms.

4.2.2  Graph Reduction Technique. We now introduce our graph reduction technique to remove
vertices and edges that cannot be contained in any maximum k-defective clique.

After an initial solution S* is computed, the threshold parameter q is set to |S*| + 1 to find a larger
k-defective clique. The following lemma formally introduces our reduction technique (a proof is
provided in the full version [43]).

LEMMA 4.1. Given a graph G = (V,E), a coloring x of G, and positive integers k and q, every k-
defective clique of size at least q is contained within the colorful (q — k — 1)-core of G with respect to .

According to Lemma 4.1, we reduce the input graph to its colorful (¢ — k — 1)-core.

After computing the colorful (¢ — k — 1)-core, we additionally apply the well-known truss-based
reduction technique [13, 35], which iteratively removes an edge whose endpoints share at most
q — k — 2 common neighbors.

Let g be the colorful (g — k —1)-core of G, my < m be the number of edges in g, and §; < & be the
degeneracy of g. The time complexity of our reduction technique is O (m+mg-3,) because the colorful
(g —k —1) core can be computed in O(m) time and the truss-based reduction takes O(m, - §,) time.

Comparison to reduction techniques of existing algorithms. The core-based reduction technique of
[25, 26] reduces the input graph to its (¢ — k — 1)-core. However, we emphasize that the colorful
(q—k—1)-core is always a subgraph of the (¢—k —1)-core. Thus, our reduction technique computes
a smaller reduced graph than the core-based reduction technique. KD-Club [45] also proposes a
reduction technique, but it has a high time complexity of O(m - A - | y|?).

Applying the reduction technique for maximal k-defective clique enumeration. The graph reduction
technique can also be applied for maximal k-defective clique enumeration. Before the branch-and-
bound search, we apply our graph reduction technique using the threshold parameter g to compute
the reduced graph. Then, we conduct the branch-and-bound search (Algorithm 2) with the reduced
graph. In this way, we can further reduce the search space of our algorithm.

5 Performance Evaluation

In this section, we evaluate the performance of our algorithms as well as competing algorithms for
both maximal k-defective clique enumeration and maximum k-defective clique search. We also
evaluate the efficiency of our individual techniques. For brevity, we abbreviate 103, 10°, and 10° as
1K, 1M, and 1B, respectively.

Proc. ACM Manag. Data, Vol. 3, No. 6 (SIGMOD), Article 322. Publication date: December 2025.



Efficient Defective Clique Enumeration and Search with Worst-Case Optimal Search Space 322:17

Table 3. Statistics of benchmark graph datasets, where w represents the size of the maximum clique in the
graph. D1 - D10 (top) are real-world graph datasets with more than 1M edges, and D11 — D14 (bottom) are
large-scale graph datasets with more than 100M edges.

ID ‘ Dataset ‘ n m A S 13)
D1 soc-FourSquare 639K 3.21M 106K 63 30
D2 soc-buzznet 101K 2.76M 643K 153 31
D3 soc-digg 771K 591M 17.6K 236 50

D4 soc-BlogCatalog | 88.8K 2.09M 9,444 221 45
D5 soc-LiveMocha 104K  2.19M 2,980 92 15
D6 socfb-Indiana 29.7K  1.31M 1,358 76 48
D7 socfb-UF 351K 1.47M 8,246 83 55
D8 socfb-Ulllinois 30.8K 1.26M 4,632 85 57
D9 tech-as-skitter 1.69M 11.1IM 355K 111 67
D10 web—wikipedia2009 1.86M 4.51M 2,624 66 31

D11 soc-orkut 3M 106M 275K 230 47
D12 enwiki-2023 6.62M 150M 237K 188 47
D13 it-2004 41.3M 1.03B 1.33M 3,224 3,222
D14 sk-2005 50.6M 1.81B 8.56M 4,510 4,511

5.1 Experimental Setup
5.1.1 Algorithms.

Maximal k-defective clique enumeration. We evaluate the efficiency of our algorithm by comparing
it against the following two algorithms that solve maximal k-defective clique enumeration.

o WODC¢: our algorithm (Algorithm 2, incorporating the graph reduction technique of Sec-
tion 4.2.2).

e Pivot2: algorithm proposed in [26].

o Pivot2+: state-of-the-art algorithm proposed in [26], an optimized version of Pivot2 enhanced
with its pruning technique.

We emphasize that [26] is the first paper presenting algorithms solving maximal k-defective clique
enumeration, and the two algorithms are by far significantly and consistently faster than the other
algorithms presented in [26]. In our experiments, all algorithms report only the number of solutions.
If the codes were modified to explicitly output all solutions, the total processing time would increase
by the time required for outputting.

Maximum k-defective clique search. We evaluate the performance of our algorithm by comparing
it against the following four state-of-the-art algorithms, which solve the maximum k-defective
clique search problem and have significantly outperformed other existing algorithms [21, 35].

e WODCs: our algorithm (Algorithm 3).

e MDC: algorithm proposed in [25].

e kDC2: algorithm proposed in [14], in which its reduction technique RR3 is applied.
e kDC: algorithm proposed in [13].

o KD-Club: algorithm proposed in [45].

All the source codes were obtained from the authors of previous studies. All algorithms, including
ours, are implemented in C++ and compiled with the -03 optimization flag. The experiments are
conducted on a machine running CentOS, equipped with two Intel Xeon E5-2680 v3 2.50GHz
CPUs and 256GB of RAM. The source code of this work is available at https://github.com/SNUCSE-
CTA/WODC.
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Fig. 5. Processing time (in seconds) of different algorithms for solving maximal k-defective clique enumeration
on ten real-world graph datasets. Markers for algorithms that failed to solve the problem within the 3-hour
time limit are not shown.
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Fig. 6. Number of search tree nodes (# partial solutions) of different algorithms and number of solutions (#
solutions) on real-world graph datasets. Markers for # solutions are not shown if there are no solutions.

5.1.2  Datasets. To evaluate the performance of different algorithms, we use 14 benchmark graph
datasets. Table 3 shows statistics for the benchmark graph datasets D1 — D14. We obtained ten real-
world graph datasets! D1 — D10 with more than 1M edges, which are widely used for evaluating
the performance of maximal/maximum k-defective clique enumeration/search algorithms [13, 14,
21, 25, 26, 35, 45]. Additionally, we obtained four large-scale graph datasets? D11 - D14 with more
than 100M edges to test both the efficiency and scalability of the algorithms.

5.1.3  Metrics. We record the total processing time required for running an algorithm on a graph
dataset for given value(s) of k (and g). The processing time recorded reflects the total CPU time,
excluding the I/O time spent loading the input graph from disk into main memory. Given that these
problems are NP-hard, an algorithm may not terminate within a reasonable time; thus, we set a
time limit of 3 hours for the real-world graphs and 24 hours for the large-scale graphs.

Ihttps://lcs.ios.ac.cn/~caisw/Resource/realworld%20graphs.tar.gz
Zhttps://law.di.unimi.it/datasets.php
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Furthermore, we count the number of search tree nodes (i.e., the number of partial solutions) of
the algorithms for maximal k-defective clique enumeration to verify that the result of our theoretical
analysis matches the practical results.

5.1.4  Parameters. For maximal k-defective clique enumeration, there are two parameters: k and
q. We select the parameters k and g from {1, 3,5, 7} and {10, 20, 30, 40, 50}, respectively. For large-
scale graph datasets with more than 100M edges, we set g to a value slightly smaller than the size
of the maximum clique [27], because no algorithm can terminate within the time limit for smaller
q values. For maximum k-defective clique search, we choose the parameter k from {1, 5, 10, 15, 20},
as in [13, 14, 21, 25, 35, 45].

5.2 Maximal k-Defective Clique Enumeration

In this subsection, we evaluate the effectiveness of our algorithm WODCE against the existing
state-of-the-art algorithms.

Efficiency of different algorithms. Figure 5 and Figure 6 show the processing time and the number
of search tree nodes of different algorithms on ten real-world graph datasets, respectively. Instances
which are not displayed in the figures were unsolved by all algorithms within the time limit, e.g.,
when k > 3 and q < 40 in D3 of Figure 5. We can observe from Figure 5 that WODCk is significantly
and consistently faster for all datasets and all parameters. Notably, when k = 1 and ¢ = 30 on D1,
our algorithm achieves 16, 290X speedup over Pivot2+, and Pivot2 fails to solve the problem within
the time limit. This is because the search space of our algorithm is not only theoretically worst-
case optimal but also significantly smaller in practice; on D1 when k = 1 and g = 30, our algorithm
generates only 6.5K search tree nodes, compared to 1.71B nodes generated by Pivot2+ (as shown in
Figure 6). We also observe that the search space of our algorithm remains remarkably small on
other datasets—for instance, on D2 with g = 40 and 50, it is four to six orders of magnitude smaller
than that of Pivot2+, and on D5 with g = 20 and 30, it is three to five orders of magnitude smaller.
These reductions in search space result in up to several thousand times faster processing time on
D2 and D5, as shown in Figure 5. Moreover, in many cases, only WODCg solves the problem within
the time limit (e.g., on D1 when k = 3 and ¢ = 30, and on D4). In most cases, Pivot2 fails to solve
the problem within the time limit. In general, the speedup of WODCE over Pivot2+ increases as k
grows (e.g., on D1, D2, and D5). This is because the search space size of Pivot2+ approaches O(2")
as k grows; in contrast, our algorithm does not exhibit such growth. Similarly, as the size constraint
q grows (e.g., on D3 when k = 1), the speedup improves, since our framework finds large solutions
more efficiently than Pivot2+.

Evaluation of the search space size. Figure 6 shows the number of solutions, as well as the
number of partial solutions generated by different algorithms. The search space of our algorithm
is consistently smaller than that of competing algorithms for all datasets and all parameters. This
result matches the theoretical analysis, as the number of search tree nodes is asymptotically smaller
than the competing algorithms (see Table 1). Moreover, in most cases, the number of search tree
nodes in our algorithm closely matches the number of solutions. This is because the search space of
WODC is worst-case optimal. In some cases, WODC¢g generates only a single partial solution (e.g.,
on D1 when g = 40 and on D5 when k = 1 and g = 30) because our reduction technique reduces the
input graph to an empty graph. We also observe that our clique-first approach effectively mitigates
the combinatorial explosion of small partial solutions. For example, on D10 with k = 7 and ¢ = 20,
Pivot2+ generates 215M partial solutions, 96% of which are small (i.e., of size at most 5). In contrast,
our algorithm generates only 242K partial solutions.
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Fig. 7. Processing time (in seconds) of different algorithms for solving maximal k-defective clique enumeration
on four large-scale graph datasets. Pivot2 failed to solve the problem within the 24-hour time limit for all
large-scale datasets. OOM indicates “out of memory”; Pivot2+ runs out of memory when solving graphs with
more than 1B edges (D13 and D14).

Scalability. We also evaluate the scalability of our algorithm by running the algorithms on large-
scale graphs with more than 100M edges; see Figure 7. WODC¢ always outperforms competing
algorithms in terms of processing time across all datasets and all parameters. Pivot2 fails to solve the
problem within the 24-hour time limit for all datasets. For two datasets, D13 and D14, with more than
1B edges, our algorithm is able to enumerate all solutions within the time limit. However, Pivot2+
runs out of memory; these results show that our algorithm is more scalable than the competitors.

Computational challenge of finding defective cliques. Maximal clique listing may be a problem
which is NP-hard, but "easy" in most real-world graphs. We conducted an experiment to compare
maximal clique listing against maximal defective clique listing. The well-known maximal clique
listing algorithm by Eppstein et al. [33] successfully solved all instances (except D4) within 30
minutes on datasets D1-D10. In contrast, when k = 5 and g = 10 (and other cases) in Figure 5,
none of the maximal k-defective clique enumeration algorithms were able to solve instances on
D1-D9 within the 3-hour time limit. This shows the greater computational challenge posed by the
defective clique problem.

5.3 Maximum k-Defective Clique Search

In this subsection, we evaluate the effectiveness of our algorithm WODCs against the existing
state-of-the-art algorithms.

Efficiency of different algorithms. Figure 8 shows the processing time on ten real-world graph
datasets with varying k. Instances where all algorithms exceed the time limit are not shown, e.g.,
when k > 15 in D1. WODCs is significantly faster for most of the datasets and varying k. Notably,
when k =5 on D1, our algorithm achieves a speedup of 18,339x and 13, 869x over MDC and kDC2,
respectively (other competing algorithms do not terminate within the time limit). This is because
our clique-first approach quickly finds larger k-defective cliques (and updates g accordingly) by
avoiding the combinatorial explosion of partial solutions; on D1 when k = 5, the number of partial
solutions generated by MDC and kDC2 are 48.6M and 30K, respectively. In contrast, our algorithm
generates only 6.51K partial solutions in total. Additionally, when k = 1 or 5 on D2 and D5, the
search space of our algorithm is one to three orders of magnitude smaller than those of MDC, kDC2,
and kDC. As a result, our algorithm achieves a speedup of one to four orders of magnitude compared
to competing algorithms on D2 and D5. Though the search space of KD-Club is smaller than MDC
or kDC2, KD-Club is always slower than WODCs due to its expensive reduction technique. Also,
WODCs computes a large initial solution, which sets the threshold parameter g to a high value
before the branch-and-bound search begins. For example, on D6-D8 when k < 10, our algorithm
finds a maximum k-defective clique as the initial solution, thereby setting q to its maximum possible
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Fig. 8. Processing time (in seconds) of different algorithms for solving maximum k-defective clique search on
ten real-world graphs. Markers for algorithms that failed to solve the problem within the 3-hour time limit
are not shown.

-©-WODCs -8-MDC —-kDC2 —o-kDC KD-Club
) 10° [ ]
£
Pl 4 L -
=20
S5 03| 1
‘'z S 10
a
2
e [ e S St B it B S B s B
k|1 5 1015201 5 10 1520{1 5 10 15 20{1 5 10 15 20
Dataset D11 D12 D13 D14

Fig. 9. Processing time (in seconds) of different algorithms for solving maximum k-defective clique search on
four large-scale graphs. Markers for algorithms that failed to solve the problem within the 24-hour time limit
are not shown.

value. As a result, our algorithm completes within a second on D6-D8 for all values of k. In general,
the speedup of WODCs over the competing algorithms increases as k grows. This is because the
search space size of the competing algorithms approaches O(2") as k grows. Furthermore, as k
increases, there are many cases where our algorithm solves the problem within the time limit, while
all competing algorithms fail (e.g., on D1-D5). This demonstrates the efficiency of our algorithm
for large values of k compared to the competing algorithms.

Scalability. We also evaluate the scalability of our algorithm with large-scale graph datasets with
more than 100M edges; see Figure 9. In most cases, our algorithm is faster than all other competing
algorithms. Notably, on D11 when k = 20, our algorithm solves the problem within four minutes,
whereas all other competing algorithms, except MDC, fail to solve it within the 24-hour time limit
(MDC takes more than 15 hours). On D13 and D14, KD-Club fails to solve the problem within the
24-hour time limit for all k-values. Across all datasets and all k values, our algorithm completes
within ten minutes; these results indicate that WODCs is scalable for large-scale graphs.

5.4 Effectiveness of Individual Techniques

In this subsection, we evaluate the effectiveness of our individual techniques for maximal k-defective
clique enumeration. The effectiveness of techniques for maximum k-defective clique search is
provided in the full version [43].
We implemented the following variants of WODCg to evaluate the effectiveness of individual
techniques.
e WODC¢-pivot: WODCE without the pivoting technique in Section 3.2.
e WODCg-selection: WODCE in which the pivot vertex is randomly selected (i.e., without our
pivot selection strategy).
e WODCg-reduction: WODC¢ without the reduction technique in Section 4.2.2.
Figure 10 demonstrates the effectiveness of our individual techniques on datasets that show
representative cases.
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Fig. 10. Processing time (in seconds) of WODCE and its variants. Markers for algorithms that failed to solve
the problem within the 3-hour time limit are not shown.

(b) 0.8-quasi-clique (c) 1-defective clique

Fig. 11. Relaxed cliques with six vertices (missing edges are represented by red dashed edges).

e Our pivoting technique plays a crucial role in reducing the search space, especially for small
q values and dense input graphs (e.g., D6-D8). In many cases, WODC¢ solves the problem
within the time limit, whereas WODCg-pivot fails to do so (on D6-D8). This result highlights
the effectiveness of the pivoting technique in eliminating unnecessary branches and reducing
the search space.
Our pivot selection strategy significantly reduces the search space. Specifically, WODCE runs
one to two orders of magnitude faster than WODCg-selection on D6-D8 when k = 1 and
q = 30. This demonstrates that our pivot selection strategy not only leads to a worst-case
optimal search space theoretically but also effectively reduces the search space in practice.
e A comparison between WODCg and WODCg-reduction demonstrates that our reduction
technique significantly reduces processing time, particularly for large q values and sparse
input graphs (e.g., on D1 and D2). This is because as q increases, more vertices and edges are
pruned by our reduction technique. On D1 when g = 40, our reduction technique reduces
the input graph to an empty graph. These results confirm that our reduction technique
substantially reduces the search space.

5.5 Case Study
In this subsection, we present a use case study to demonstrate the real-world applicability of our
approach.

5.5.1 Comparison of Relaxed Cliques. We first give a conceptual comparison of relaxed cliques
based on their definitions. The k-plex is defined by degrees of vertices [18, 23, 27], and the quasi-
clique is defined by the density of a graph [38, 46, 89]. However, the defective clique specifies directly
the number of missing edges. More specifically, the k-plex and the quasi-clique are defined as follows:

e k-plex: Each vertex is allowed to have at most k — 1 missing edges.

e y-quasi-clique: Each vertex is connected to at least a y fraction of the other vertices.
Note that both the 1-plex and the 1-quasi-clique are equivalent to a clique. Figure 11 illustrates
examples of relaxed cliques with six vertices. A 2-plex of a clique with n vertices allows at most
L 5] missing edges, as shown in Figure 11a. Similarly, a y-quasi-clique with n vertices allows up to
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Table 4. Link prediction on PPl network, where # cliq., # mis., and Acc. denote the number of relaxed cliques,
the number of missing edges, and the accuracy, respectively.

(1 - 0.1k)-quasi-clique (k + 1)-plex k-defective clique
#cliq. #mis. Acc. | #clige #mis. Acc. | #cliq #mis. Acc.

143 64 82.8% 143 64 82.8% 56 40 92.5%
476 113 88.5% 508 113 88.5% | 324 69 82.6%
1020 279 74.2% | 1405 279 74.2% 804 84 85.7%
3521 671 44.9% | 4831 671 44.9% | 1482 108  85.2%

AW N =

L(1-y) - (3)] missing edges, e.g., a 0.8-quasi-clique with six vertices (shown in Figure 11b) allows
up to 3 missing edges. That is, there is no way of specifying the case of just one missing edge
(which is 1-defective clique) in the k-plex and y-quasi-clique models. Therefore, the defective clique
is arguably the most intuitive, and it is a better metric in specifying the relaxedness of a clique. In
the following, we will show that the defective clique is also more effective than the k-plex and the
quasi-clique in a downstream task.

5.5.2  Use Case Study. To show that the defective clique model achieves higher accuracy than other
models in a downstream task (i.e., link prediction), we performed link prediction on PPI network
using relaxed clique models. To enumerate maximal relaxed cliques, we employed state-of-the-art
enumeration algorithms [27, 89].

The k-defective clique has the following relationships with other relaxed cliques:

o A k-defective clique is also a (k + 1)-plex.
o A k-defective clique of size g is also a (1 — %)—quasi—clique.

For example, a 1-defective clique of size 6 in Figure 11c is also a 2-plex and a 1 — ﬁ = 0.8 quasi-
clique. In our comparison, therefore, we evaluated k-defective cliques, (k + 1)-plexes, and (1 - ﬁ)-
quasi-cliques for various values of k.

We conducted an experiment to predict missing interactions in a protein—protein interaction
(PPI) network [47], where each vertex represents a protein and each edge indicates an interaction.
A protein complex is a group of proteins that are physically co-located within a cell and collectively
perform a specific biological function. Protein complexes typically form cliques, i.e., every pair of
proteins in the complex interacts with each other [4, 88]. Prior studies have attempted to identify
missing interactions in noisy PPI networks by detecting relaxed cliques and completing the missing
edges within them [88]. In our experiment, we evaluated the three relaxed clique models using the
procedure below:

(i) Enumerate all maximal relaxed cliques of size greater than 10 (i.e., g = 11).
(ii) Identify all missing edges in detected relaxed cliques.
(iii) Evaluate the accuracy, defined as the ratio of positive missing edges, where a missing edge
is considered positive [88] if the two proteins involved are members of the same protein
complex according to a ground-truth dataset [62].

Table 4 shows the results. In most cases, the defective clique model achieves the highest predic-
tion accuracy. Notably, 1-defective cliques attain the best performance, with an accuracy of 92.5%.
Moreover, as k increases, the accuracy of k-defective cliques remains above 80%, while the perfor-
mance of other models drops significantly. This indicates that the defective clique provides a more
accurate link prediction on PPI network compared to the other models.
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Fig. 12. Speedup achieved by the parallel implementation of WODCE compared to the sequential baseline.

5.6 Parallelization

We implemented a parallel version of our enumeration algorithm WODCg. WODC¢ consists of
two phases: graph reduction (Section 4.2.2) and branch-and-bound (Algorithm 2 in Section 3.4). We
have parallelized Algorithm 2. Recall that Algorithm 2 partitions the original task into n subtasks,
where each subtask enumerates all solutions whose smallest vertex is v; for each v; € V (Lines 3-6).
Since these subtasks are independent, we dynamically assign them to multiple threads, allowing
Lines 2-6 to be executed in parallel.

Figure 12 shows the speedup achieved by the parallel algorithm using 2, 4, 8, and 16 threads,
compared to the sequential algorithm (i.e., WODCE). In hard cases, i.e., when the branch-and-
bound phase is time-consuming (taking more than 60 seconds in Figure 5), our algorithm achieves
nearly linear speedup with respect to the number of threads, e.g., on D2 when g < 20 and on
D7 when g < 40. This is because, in hard cases, the problem is typically divided into a large
number of subtasks, ranging from thousands to millions, which enables effective load balancing
over multiple threads. Cases where our algorithm did not exhibit linear speedup (e.g., on D1 and
D2 when g > 40) correspond to easy instances, where graph reduction accounted for the majority
of the total processing time.

6 Conclusion

In this paper, we proposed a novel branch-and-bound algorithm for enumerating maximal k-
defective cliques with a worst-case optimal search space. Based on this algorithm, we also developed
an efficient framework for maximum k-defective clique search. We show the effectiveness of our
algorithms both theoretically and empirically.

It would be an interesting future work to apply our techniques to other problems related to
relaxed cliques. For example, our clique-first approach is a high-level idea that may be applied to
other relaxed cliques. Any relaxed clique consists of a large number of non-missing edges and
a relatively smaller number of missing edges. Our clique-first approach first generates a clique
(i-e., non-missing edges) and then adds missing edges, which reduces the search space as shown in
Figure 2. This approach may be applied to other relaxed cliques.
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