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Our ability to collect data is rapidly surpassing our ability to store it. As a result, organizations are faced with

difficult decisions about which data to retain and which to dispose of. Data forgetting, frames this reduction

task as a subset selection exercise. Given a relational dataset 𝐷 , a query log 𝑄 , and a budget 𝐵, the goal is

to find a subset 𝐷∗ ⊆ 𝐷 with at most 𝐵 tuples such that it is still possible to compute, based solely on 𝐷∗,
approximate answers to the expected query workload. Existing data forgetting routines have substantial

limitations. They either offer strong theoretical guarantees but lack scalability due to function evaluation

(submodular-based), or achieve scalability by avoiding function evaluation but lack theoretical guarantees

(amnesia-based). To bridge the gap between the limitations of submodular and amnesia based methods, we

propose IndepDF and DepDF: two data forgetting routines that offer scalability by avoiding function evaluation

while maintaining strong theoretical guarantees. Our extensive experimental evaluation on real and synthetic

datasets demonstrates that our algorithms are capable of matching the performance of the state-of-the-art

submodular-based routines while exhibiting a runtime comparable to that of amnesia-based algorithms. In

essence, combining the best traits of both.
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1 Introduction
Over the past decade, we have witnessed an unprecedented data-driven revolution that has trans-

formed nearly every aspect of our lives. Massive volumes of data are being collected, processed,

integrated, and analyzed, driving crucial advancements in fields such as logistics, medicine, and

science [8]. Nevertheless, this revolution encounters significant challenges. While advances in

storage technology have traditionally allowed organizations to accumulate data with almost no

restriction, the size of the global datasphere has recently outpaced storage production [35]. More

alarming, the annual storage production is expected to fall below 1% of the data produced annually

by the year 2030 [16]. That is, assuming that old data is not deleted, we will only be able to store

less than 1% of all the new annually created data. Furthermore, uncontrolled data storage often

leads to “dirty” IT environments where redundant or obsolete data is accumulated, compromising

the integrity of data retrieval processes and knowledge discovery algorithms.

To effectively address these challenges, data-driven enterprises and research institutes are

forced to undertake data reduction: retaining the information hidden in their data while respecting
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regulatory, storage, and processing constraints [28]. In other words, they must decide what data

to keep and in what form in order to comply with legal data regulations and storage restrictions,

while minimizing information loss. Furthermore, due to the exponential-growing nature of the

global datasphere over the last decade
1
automating the reduction exercise becomes vital to avoid

data flooding [21].

Existing data reduction techniques reduce large datasets by retaining their most relevant frag-

ments based on a notion of data importance. One of the most popular approaches for dataset

reduction is data summarization [2, 5–7, 25, 34, 37–39], where data importance is understood as

data representativeness. In other words, the most important datapoints in a dataset are those that

collectively best represent the complete dataset. Data rotting [19, 20] was first to challenge this

notion of data importance by proposing that data “rots-away”, losing value over time; and hence,

data reduction techniques should rely on notions of data importance orthogonal to representativi-

ness. As a result, a new generation of data reduction routines that understand data importance

as data-usage emerged. Particularly, query based amnesia algorithms [21] and submodular based
methods [9, 10, 13] deem the most important data points in a dataset to be those that collectively

best represent the queried / retrieved portions of the database.

We identify three limitations in the existing literature. First, there is no general mathematical

formulation for this new usage-driven data reduction paradigm. Second, submodular based rou-

tines [9, 10, 13] enable dataset reduction by producing solutions with strong theoretical quality

guarantees. However, they often become infeasible in data-intensive scenarios due to the need for

iteratively evaluating expensive optimization objectives (referred to as function evaluation). Third,

amnesia algorithms [21] do not face these scalability issues since they do not rely on function

evaluation. However, they produce solutions that lack theoretical quality guarantees. To address

these limitations, we offer two core contributions:

First, we propose what is, to the best of our knowledge, the first stochastic and topology-aware

formulation for this new usage-driven data reduction paradigm, unifying the ideas presented in [8–

10, 13, 21] under the same formal framework. We suggest naming this emerging data reduction

paradigm data forgetting. The inspiration behind this name choice stems from the vision paper [21],

which proposes that data management systems should not store records indefinitely but rather

have the capability to selectively “forget” entries that have become valueless. We formalize data

forgetting as an optimization problem (Problem 1): Given a relational database 𝐷 and a set of

monotone queries 𝑄 distributed according to a probability distribution Q, find a succinct subset of

tuples 𝐷∗ ⊆ 𝐷 that allows to faithfully answer queries sampled from distribution Q.
Second, we propose DepDF and IndepDF: two data forgetting algorithms that avoid function

evaluation while providing strong theoretical quality guarantees. This approach effectively bridges

the gap between the limitations of submodular-based routines and amnesia algorithms. In this

sense, our routines combine the best of both worlds: scalability from avoiding function evaluation

and strong theoretical quality guarantees.

DepDF extends the stochastic submodular maximization framework [14, 17, 31] with a novel

double-stochastic gradient estimation. More concretely, DepDF lifts the data forgetting problem into

the continuous domain with the multilinear extension [41]. Then, it finds a continuous solution

iteratively via SCG
2
, a novel efficiency-improved version of SCG [31], which we attain by leveraging

our proposed novel double-stochastic gradient estimation. Last, it brings the solution back into

the discrete domain via pipage rounding [3], attaining a solution with an approximation factor

of (1 − 1

𝑒
− 𝜖), in expectation. Our proposed doubly-stochastic gradient estimation, which we

1
ref. IDC White Paper (Seagate)), https://www.seagate.com/files/www-content/our-story/trends/files/Seagate-WP-

DataAge2025-March-2017.pdf
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theoretically justify in Theorem 5.2, allows to replace the costly function evaluation by a fast

sampling step that only requires accessing one query 𝑞 ∈ 𝑄 and one datapoint 𝑑 ∈ 𝑞(𝐷) per
iteration, followed by the evaluation of a simple proxy objective, described in Equation 6. In

practice, our proposed double-stochastic gradient estimation allows DepDF to produce solutions of

equivalent quality to those generated by the state-of-the-art submodular maximization algorithms

in less than 1% of the time. Using continuous methods to solve discrete problems at scale is a

well-founded approach. It has enabled designing scalable solutions for other discrete problems such

as pattern set mining [11].

IndepDF is a deterministic routine that assigns a value to each datapoint in the database and

simply retains the top-scoring points. Despite its simplicity, it can provide an exact solution in

polynomial time for the data forgetting problem under the setup described in the original vision

paper [21]. We formally prove this theoretical finding in Theorem 5.6. Despite its limited theoret-

ical guarantees for the general data forgetting problem, IndepDF enjoys strong data-dependent

guarantees. We show experimentally that it provides high quality solutions when queries retrieve

homogeneous views of the database. Specifically, in this seeting, it is capable of producing solutions

that match those generated by the state-of-the-art submodular maximization algorithms in less

than 0.01% of the time.

Summarizing, our contributions are:

• A unifying stochastic and topology-aware formulation for the new data reduction paradigm,

where data importance is understood as data usage, which we propose to name data forgetting.
• DepDF: An approximation algorithm to solve data forgetting by extending the stochastic

submodular maximization framework with a novel double-stochastic gradient estimation. We

theoretically justify this choice in Theorem 5.2. DepDF provides strong theoretical guarantees
while maintaining scalability due to function evaluation avoidance.

• IndepDF: An exact algorithm to solve data forgetting in a simplified setting using a straight-

forward approach. We formally prove the algorithm’s exactness in Theorem 5.6. Despite its

limited theoretical guarantees for the general data forgetting problem, we show experimen-

tally that it provides high quality solutions when queries retrieve homogeneous views of

the database. Similarly to DepDF, IndepDF also enjoys scalability due to function evaluation

avoidance.

• An extensive comparative evaluation of the two algorithms against the state-of-the-art along

with a scalability study, offering valuable insights.

The remainder of the paper is structured as follows: Section 2 presents the related work. Section 3

introduces the necessary notation and Section 4 formulates the data forgetting problem. Section 5

introduces formally DepDF and IndepDF alongside a comparative complexity analysis against the

state-of-the-art, while Section 6 provides an extensive experimental evaluation.

2 Related Work
2.1 Data Summarization
Of the most popular approaches for dataset reduction is data summarization [2, 5–7, 25, 34, 37–39].

A summary of a dataset 𝐷 is a brief synopsis that has a modest size compared to that of the latter.

Summaries come in one of two flavours: as subsets of 𝐷 , or as representative values that replace

the original data records. Further, summarization algorithms fall into one of three categories:

statistical [2, 5, 39], submodular [25, 37, 38], or geometric [6, 7, 34].

Despite being of different nature, all summarization techniques share a similar philosophy when

addressing data reduction: every datapoint in the input dataset 𝐷 is assumed to convey a certain

degree of valuable information. This is simply because summarization routines conceive data
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importance as data representativeness. In other words, they deem the most important datapoints in

a dataset those that collectively best represent the complete dataset.Data rotting [19, 20] was the first
to challenge this premise by proposing that data, like everything else in nature, “rots away” losing

its value over time. Hence, data reduction techniques should rely on notions of data-importance

orthogonal data representativeness.

2.2 A New Generation of Data Reduction Techniques
As a response to the challenges raised by the data rotting paradigm, a new generation of data

reduction routines that understand data importance as data-usage emerged. We name this emerging

data reduction paradigm as data forgetting. The inspiration behind our name choice stems from a

recent vision paper [21], which proposes that data management systems should not store records

indefinitely but rather have the capability to selectively “forget” entries that have become valueless.

Data forgetting routines aim to identify the most queried / retrieved regions within a dataset and

“forget” (i.e., delete) everything that lies outside of them. Effectively, re-defining the notion of

data-value: the most important data points in a database are no longer those that collectively best

represent the complete database, but rather those that collectively best represent the used/accessed

fractions of the database. To date, only two existing techniques fall under this paradigm: amnesia

algorithms [21] and submodular-based routines [9, 10, 13].

Amnesia algorithms [21] are probabilistic routines that provide databases the power to controllably
forget data entries over time. Their output’s quality is evaluated on the extent to which expected

query precision is maximized. Nevertheless, a significant limitation of these routines lies in the

absence of theoretical guarantees. For the contrary, our most light-weight algorithm, IndepDF, is
capable of yielding an exact solution in polynomial time in this setting. We formally prove the

algorithm’s exactness in Theorem 5.6.

Submodular-based routines exploit modifications of the classic GREEDY algorithm [32] to sieve

subsets that maximize topology-aware versions of query satisfiability. For instance, Gershtein et al.

[13] propose using the LAZY GREEDY algorithm for forgetting e-commerce data. The LAZY GREEDY
algorithm, originally introduced by Minoux [29], exploits the submodularity of the optimization

objective to speed up GREEDY via lazy evaluation. Recently, Davidson et al. [9, 10] proposed using

fast approximate nearest-neighbor computations to speed up function evaluation in LAZY GREEDY
when forgetting image data. More precisely, they resort on LSH to only consider similarities between

image pairs corresponding to hash collisions.

In spite of the ability of submodular algorithms to achieve high quality solutions when forgetting

data, a noteworthy limitation of these routines resides in the necessity for function evaluation.

Submodular algorithms like GREEDY or LAZY GREEDY, requireO(𝑛·𝐵) evaluations of the optimization

objective to extract a solution with 𝐵 elements out of a dataset with 𝑛 records. Consequently, in

settings like data forgetting, where evaluating the objective is costly, these algorithms become

infeasible. Refer to Section 5.2 for more details about the complexity analysis of submodular

algorithms on the data forgetting problem. To overcome this limitation, our proposed algorithm,

DepDF, avoids function evaluation by extending the stochastic submodular maximization framework

with a novel double-stochastic gradient estimation.

2.3 Materialized View Selection
At a high level, data forgetting bears similarities with materialized view selection (MVS) [1, 27, 30,

36, 40]. The goal of MVS is to select a set of views to materialize, striking the best balance between

query processing cost, view maintenance cost and storage space [27]. Just like in data forgetting,

submodular-based techniques have been proposed to address materialized view selection [18].

However, there exist notable differences between MVS and data forgetting. While data forgetting
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allows partially incomplete query answer sets by relying on a notion of pair-wise tuple similarity,

a materialized view always contains the complete answer set of a given query. Moreover, MVS

concerns pre-computing and caching query results, while data forgetting involves removing some

of the data entries over which the query results are computed.

2.4 ApproximateQuery Processing
At a high level, data forgetting also shares some traits with approximate query processing (AQP) [4,

12, 24, 26]. Specifically, both involve providing approximate answers to a workload of queries.

However, there exist notable differences between AQP and data forgetting. The goal of AQP is to

provide approximate answers with acceptable accuracy in orders of magnitude less query response

time than that for the exact query processing [26]. AQP is typically attained by building and

dynamically maintaining appropriate data structures that allow retrieving approximate answer

sets in a timely manner. For the contrary, the goal of data forgetting is to select which portions of

the database to delete such that exact query processing is minimally compromised.

3 Preliminaries
Let A = {𝐴1, . . . , 𝐴𝑚} be a collection of attributes, each associated with a finite domain 𝐷𝑜𝑚𝐴𝑖

.

A tuple is an𝑚−dimensional vector 𝑑 = (𝑣1, . . . , 𝑣𝑚) where 𝑣𝑖 ∈ 𝐷𝑜𝑚𝐴𝑖
. The set ℭ𝔬𝔫𝔰𝔱𝔯𝔰(𝑑) =

{𝐴1 = 𝑣1, . . . , 𝐴𝑚 = 𝑣𝑚} is the set of conditions of 𝑑 . The set of all possible tuplesU = 𝐷𝑜𝑚𝐴1
×

· · · × 𝐷𝑜𝑚𝐴𝑚
constitutes the universe. A dataset is a set 𝐷 ⊆ U (i.e., a finite collection of tuples).

In other words, a dataset 𝐷 is a single table with a finite number of rows and a finite number of

columns. Namely, |𝐷 | = 𝑛 ∈ N rows and |A| =𝑚 ∈ N columns. To ensure that a dataset is truly a

set, we assume the existence of unique tuple identifiers.

Let 𝑞 denote a query. The answer set of a query 𝑞 on a dataset 𝐷 , denoted as 𝑞(𝐷), is the set of
tuples in 𝐷 that satisfy 𝑞. Given a query 𝑞 and datasets 𝐷 ′ ⊆ 𝐷 ⊆ U, the precision of 𝑞 in 𝐷 ′ with
respect to 𝐷 , is the fraction of tuples shared by answer sets 𝑞(𝐷 ′) and 𝑞(𝐷). Formally,

𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛(𝑞, 𝐷 ′, 𝐷) = |𝑞(𝐷
′) |

|𝑞(𝐷) | ∈ [0, 1] .

A query 𝑞 is monotone if for all datasets 𝐷 ′ ⊆ 𝐷 ⊆ U =⇒ 𝑞(𝐷 ′) ⊆ 𝑞(𝐷). Henceforth, the
term query shall denote monotone queries exclusively.

Given a dataset 𝐷 ⊆ U, a set function 𝑓 : P(𝐷) ↦→ R is:

· non-negative if ∀𝐴 ⊆ 𝐷, 𝑓 (𝐴) ≥ 0.

· monotone if ∀𝐴 ⊆ 𝐵 ⊆ 𝐷 , 𝑓 (𝐴) ≤ 𝑓 (𝐵).
· submodular if ∀𝐴 ⊆ 𝐵 ⊆ 𝐷, and 𝑑 ∈ 𝐷 \ 𝐵,

Δ𝑓 (𝑑 |𝐵) ≤ Δ𝑓 (𝑑 |𝐴),
where Δ𝑓 (𝑑 |𝐷 ′) := 𝑓 (𝐷 ′ ∪ {𝑑}) − 𝑓 (𝐷 ′) is the discrete derivative of 𝑓 at 𝐷 ′ ⊆ 𝐷 with respect

to 𝑑 .

Submodularity is a diminishing returns property that resembles a discrete version of concavity.

A function 𝑓 is submodular if given nested subsets 𝐴 ⊆ 𝐵 ⊆ 𝐷 and a datapoint 𝑑 ∈ 𝐷 \ 𝐵, the
marginal gain of including 𝑑 in the bigger one (i.e., in 𝐵) is not greater than the marginal gain of

including it in the smaller one (i.e., in 𝐴) [22].

4 Data forgetting
Data forgetting is the novel approach for big data reduction that defines data importance based on

data usage. Given a dataset 𝐷 alongside structured information about its past usage, data forgetting

involves reducing 𝐷 by identifying the regions of the dataset that are expected to be used in the
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Fig. 1. Data forgetting round.

future, and deleting everything that lies outside of them. Typically, information about past data

usage comes in the form of a log of queries 𝑄 that retrieve different portions of 𝐷 .

Data forgetting is dynamic by nature. Tuples and queries arrive in a streaming fashion. Newly

arrived tuples get stored in the database𝐷 , while newly received queries get logged in the query-log

𝑄 . When the storage constraint is reached, space must be freed to accommodate newly arriving

tuples. The forgetting kernel takes care of forgetting (i.e., deleting) the unimportant regions of 𝐷 .

More precisely, fixed a budget 𝐵, the forgetting kernel runs a data forgetting algorithm that selects

a subset 𝐷∗ ⊆ 𝐷 with at most 𝐵 tuples. Subsequently, tuple set 𝐷∗ is retained and tuple set 𝐷 \ 𝐷∗
is forgotten. We refer to this subset selection exercise as a data forgetting round. Figure 1 depicts
the pipeline of a data forgetting round. A DBMS can execute a data forgetting round at any point

in time. Generally, it is sensible to do so when the storage constraint is met or close to being met.

Data forgetting could have more dimensions to remove unnecessary information (e.g., removing

columns instead of rows). Notably, dimensionality reduction techniques are orthogonal to row-level

data forgetting. Techniques like Principal Component Analysis (PCA) [33] that offer an alternative

(dimensionality-reduced) representation of 𝐷 can be applied before a row-level data forgetting

routine to further minimize storage needs.

As aforementioned, data forgetting defines data importance based on data usage. By default, the

latter is highly dependent on the specific queries being run. Hence, there is always a risk that data

entries that were removed in past data forgetting rounds will become important for future queries.

However, while future queries may introduce new patterns, the up-to-date query-log 𝑄 is the

only reliable source of information that we have about the actual usage of the database. Therefore,

arguably, any decision about data removal must be grounded in this log. Without concrete evidence

of future usage patterns, it is impractical to anticipate the needs of unknown queries. We can

only make decisions based on observed queries, and thus, the up-to-date query-log 𝑄 is the most

reasonable tool to guide data reduction exercise. There are many types of queries in a DBMS.

Following related works [8–10, 13, 21], we restrict ourselves to monotone queries.

Consequently, we formalize a data forgetting round as the following optimization problem: Given

a dataset 𝐷 and a set of monotone queries 𝑄 distributed according to a probability distribution Q,
the goal is finding a subset of 𝐷 with significantly fewer elements that still allows coping with the

expected query workload (based on distribution Q). Stated differently, finding a subset 𝐷∗ ⊆ 𝐷

composed of at most 𝐵 < |𝐷 | tuples for which the most likely queries𝑞 ∈ 𝑄 according to distribution

Q, have reduced answer sets 𝑞(𝐷∗) of maximal resemblance to their complete counterparts 𝑞(𝐷).
More precisely,
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Problem 1 (Data forgetting (round)). Given:
· A dataset 𝐷 = {𝑑1, . . . , 𝑑𝑛};
· A set of monotone queries 𝑄 , along with a probability distribution Q defined on 𝑄 ;
· A set similarity function 𝑆 : P(𝐷) × P(𝐷) ↦→ R+;
· A budget 𝐵 ∈ N;

find a subset 𝐷∗ ⊆ 𝐷 such that
𝐷∗ = argmax

𝐷 ′⊆𝐷, |𝐷 ′ | ≤𝐵
𝑓 (𝐷 ′)

where
𝑓 (𝐷 ′) = E𝑞∼Q [𝑆 (𝑞(𝐷), 𝑞(𝐷 ′))] . (1)

Our formalization of the data forgetting problem (Problem 1) is novel. Unlike the formulations

presented in related works [8–10, 13, 21], ours is both stochastic and topology-aware. That is,

the optimization objective 𝑓 in eq. (1) involves both a probability distribution Q over the set

of queries 𝑄 and a topology-aware set-similarity function 𝑆 (·, ·) to account for the topology of

the data. The data forgetting optimization objective 𝑓 captures the expected similarity between

the complete and reduced answer sets (𝑞(𝐷) and 𝑞(𝐷 ′), respectively) for a query 𝑞 drawn from

distribution Q. The distribution Q reflects the relative frequency of usage of each query 𝑞 ∈ 𝑄 ,
and consequently, usually corresponds to the empirical distribution built from a query-log with

records in 𝑄 . Alternatively, 𝑄 can also be a set of parameterizable queries or query templates, and

Q represent the probability distribution over the parameter space. Further, set similarity function 𝑆

allows quantifying the degree of discrepancy between the query results achieved on the complete

dataset 𝐷 and those obtained on the reduced dataset 𝐷 ′ (i.e., between 𝑞(𝐷) and 𝑞(𝐷 ′)). Since the
considered queries are monotone, 𝑞(𝐷 ′) ⊆ 𝑞(𝐷). That is, the reduced answer sets will always be
subsets of their complete counterparts. Subset-set similarity is typically defined in terms of overall

diversity and coverage [25, 37, 38]. Stated differently, 𝑞(𝐷 ′) and 𝑞(𝐷) are deemed similar if the

former provides maximal diverse coverage over the later.

There exists a plethora of subset-set similarity mappings that mathematically crystallize the

notions of overall diversity and coverage. These functions have been used as objectives for related

data reduction tasks, such as scene, document, and image collection summarization. Among these,

the facility location function stands out as the most well-motivated and widely used optimization

objective [25, 37, 38]. Formally, ∀ 𝐷 ′ ⊆ 𝐷 , 𝑓facility location (𝐷 ′) :=
∑
𝑑∈𝐷 max𝑑 ′∈𝐷 ′ sim(𝑑,𝑑 ′). Further,

the “query-aware” version of this function has been used to measure the similarity between reduced

and complete answer sets in the context of select queries in image data [9, 10]. Hence, we propose

using a normalized “query-aware” version of the facility location function to measure the similarity

between reduced and complete answer sets for monotone queries. Formally, given 𝐷 ′ ⊆ 𝐷 and

𝑞 ∈ 𝑄 , we define
𝑆 (𝑞(𝐷), 𝑞(𝐷 ′)) := 1

|𝑞(𝐷) | ·
∑︁

𝑑∈𝑞 (𝐷 )
max

𝑑 ′∈𝑞 (𝐷 ′ )
sim(𝑑,𝑑 ′), (2)

where sim(·, ·) indicates the (point-wise) similarity between any given pair of data points. If 𝐷 is

categorical, it is natural to consider

sim(𝑑,𝑑 ′) = 𝐽𝑎𝑐𝑐𝑎𝑟𝑑 (𝑑, 𝑑 ′) := |ℭ𝔬𝔫𝔰𝔱𝔯𝔰(𝑑) ∩ ℭ𝔬𝔫𝔰𝔱𝔯𝔰(𝑑
′) |

|ℭ𝔬𝔫𝔰𝔱𝔯𝔰(𝑑) ∪ ℭ𝔬𝔫𝔰𝔱𝔯𝔰(𝑑 ′) | , (3)

where ℭ𝔬𝔫𝔰𝔱𝔯𝔰(·) is defined as in Section 3. On the contrary, if 𝐷 is numerical, it is reasonable

choosing

sim(𝑑,𝑑 ′) = cos(𝑑, 𝑑 ′) := 𝑑 · 𝑑 ′
| |𝑑 | | · | |𝑑 ′ | | . (4)
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In the case that the dataset 𝐷 contains both categorical and numerical values, two effective ap-

proaches are either to discretize the numerical values and use the Jaccard similarity (eq. 3), or to

embed the categorical values and use the Cosine similarity (eq. 4). Further, if a query 𝑞 includes

a projection 𝜋 , the point-wise similarity between datapoints 𝑑 and 𝑑 ′ (as defined in Equations 3

and 4) is measured between their projected counterparts 𝜋 (𝑑) and 𝜋 (𝑑 ′). Nonetheless, the formulas

are presented in the no-projection case for notational simplicity. Further, Equation 4 is typically

normalized when 𝑑 and 𝑑 ′ have negative entries.
According to the normalized query-aware facility location mapping (equation 2), the set similarity

between answer sets 𝑞(𝐷) and 𝑞(𝐷 ′) is the sum of the point-wise similarities between each element

in 𝑞(𝐷) and its closest neighbor inside 𝑞(𝐷 ′). Note that the nearest neighbor of any point 𝑑 ∈ 𝑞(𝐷)
inside of 𝑞(𝐷 ′) will always be an element of 𝑞(𝐷) itself. This is because, since the queries are

assumed monotone, 𝑞(𝐷 ′) ⊆ 𝑞(𝐷). Hence, function 𝑆 as in equation 2 is maximal when 𝑞(𝐷 ′) is
composed by those elements in 𝑞(𝐷) that most effectively maintain the cluster structure of 𝑞(𝐷).
The data forgetting optimization objective 𝑓 , simply weights the individual answer set similarity

contributions computed according to normalized query-aware facility location mapping 𝑆 via the

probability distribution Q.
Example 4.1. Consider the dataset 𝐷 in Table 1 and assume that only two tuples can be retained (i.e.,
the budget 𝐵 = 2). Additionally, suppose the only information available about the usage of 𝐷 is the set
of queries

𝑄 = { 𝑞1 : SELECT ∗ FROM 𝐷 WHERE Age ≥ 25

AND Children < 3,

𝑞2 : SELECT ∗ FROM 𝐷 WHERE City = Amsterdam

AND Job = Teacher,

𝑞3 : SELECT ∗ FROM 𝐷 WHERE Name = Olivia },

where PQ (𝑞1) = PQ (𝑞2) = PQ (𝑞3) = 1/3. That is, three monotone queries occurring with uniform
probability, each retrieving a different portion of 𝐷 . More precisely, the answer sets of the queries 𝑞1, 𝑞2
and 𝑞3 are 𝑞1 (𝐷) = {𝑑1, 𝑑2, 𝑑3}, 𝑞2 (𝐷) = {𝑑1, 𝑑3} and 𝑞3 (𝐷) = {𝑑3}, respectively.
In light of these constraints, “forgetting” 𝐷 involves retaining the tuple or tuple pair 𝐷∗ ⊆ 𝐷 that best
allows computing approximate answers to the expected query workload according to query distribution
Q. That is, keeping a subset 𝐷∗ ⊆ 𝐷 with |𝐷∗ | ≤ 2 such that for any query 𝑞 drawn from distribution
Q = unif{𝑞1, 𝑞2, 𝑞3}, the reduced answer sets 𝑞(𝐷∗) offer a faithful representation of their complete
versions 𝑞(𝐷).
Due to the budget constraint 𝐵 = 2, one tuple must be forgotten. There exist three possible choices:
Forgetting 𝑑1, 𝑑2, or 𝑑3. Each choice corresponds, respectively, to retaining subset 𝐷∗ = {𝑑2, 𝑑3},
𝐷∗ = {𝑑1, 𝑑3}, or 𝐷∗ = {𝑑1, 𝑑2}.
Forgetting 𝑑1 would cause two queries to be incorrect since 𝑞1 (𝐷∗) = {𝑑2, 𝑑3} ≠ 𝐷 = 𝑞1 (𝐷), and
𝑞2 (𝐷∗) = {𝑑3} ≠ {𝑑1, 𝑑3} = 𝑞2 (𝐷). Further, forgetting 𝑑2 would cause one one query to be incorrect
as 𝑞1 (𝐷∗) = {𝑑1, 𝑑3} ≠ 𝐷 = 𝑞1 (𝐷). Last, forgetting 𝑑3 would cause three queries to be incorrect since
𝑞1 (𝐷∗) = {𝑑1, 𝑑2} ≠ 𝐷 = 𝑞1 (𝐷), 𝑞2 (𝐷∗) = {𝑑1} ≠ {𝑑1, 𝑑3} = 𝑞2 (𝐷), and 𝑞3 (𝐷∗) = ∅ ≠ {𝑑3} = 𝑞3 (𝐷).
A natural solution is forgetting 𝑑2, the tuple that causes less queries to be incorrect. However, by making
this choice we ignore the topology of the data 𝐷 when observed under the lens of query-log 𝑄 . That
is, we overlook the similarities between the tuples that are collectively retrieved by the queries in the
query-log 𝑄 . Based on the given query workload we can make two key observations: First, 𝑑1 is always
returned alongside 𝑑3. That is, the two answer sets 𝑞1 (𝐷) = 𝐷 and 𝑞2 (𝐷) = {𝑑1, 𝑑3} that contain 𝑑1
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also contain 𝑑3. The converse is not true as 𝑞3 (𝐷) = {𝑑3}. Second, every query is of equal importance
since distribution Q is uniform.

Moreover, the pair-wise Jaccard similarity (eq. 3) between the tuples in 𝐷 is 𝑠𝑖𝑚(𝑑1, 𝑑3) = 6/8 = 0.75,
𝑠𝑖𝑚(𝑑1, 𝑑2) = 𝑠𝑖𝑚(𝑑3, 𝑑2) = 1/13 = 0.08. Consequently, if both 𝑑1 and 𝑑3 are returned by a query it is
sufficient to just keep one of them as they are highly similar. Further, if 𝑑1 and 𝑑2 are returned together
or 𝑑3 and 𝑑2 are returned together, in order to preserve as much information as possible about the
complete answer set, it is necessary to keep both as they are highly dissimilar.

Consequently, if we forget 𝑑1, 𝑞1 (𝐷∗) contains (0.75 + 1 + 1)/3 ≈ 92% of the information of 𝑞1 (𝐷),
𝑞2 (𝐷∗) contains (0.75 + 1)/2 ≈ 88% of the information in 𝑞2 (𝐷), and 𝑞3 (𝐷∗) contains 1/1 = 100% of
the information in 𝑞3 (𝐷). Since every query is of equal importance due to the uniform distribution,
forgetting 𝑑1 yields reduced answer sets that contain on expectation (0.92 + 0.88 + 1)/3 ≈ 93% of the
information contained in their complete counterparts. A similar analysis reveals that forgetting 𝑑2,
yields reduced answer sets that contain on expectation ((1 + 0.08 + 1)/3 + (1 + 1)/2 + 1/1)/3 ≈ 89%

of the information contained in their complete counterparts. Last, forgetting 𝑑3, yields reduced answer
sets that contain on expectation ((1+ 1+ 0.75)/3+ (1+ 0.75)/2+ 0.75/1)/3 ≈ 85% of the information
contained in their complete counterparts. In other words, forgetting 𝑑1, 𝑑2, 𝑑3 result, respectively, in
the preservation of 93%, 89%, 85% of the information in 𝐷 that is expected to be retrieved in base of
the usage-information provided by query set 𝑄 and distribution Q. Therefore, forgetting 𝑑1 is the best
choice.

Table 1. Example dataset 𝐷 = {𝑑1, 𝑑2, 𝑑3}.

id Name Last name Age City Job Married Children
𝑑1 James Smith 25 Amsterdam Teacher Yes 2

𝑑2 Wade Brown 25 Paris Firefighter No 0

𝑑3 Olivia Smith 25 Amsterdam Teacher Yes 2

5 Stochastic Submodular Maximization Framework
The Data Forgetting challenge, as it was defined earlier (ref. Problem 1), involves maximizing the set

function 𝑓 (𝐷 ′), defined in Equation 1, under a cardinality constraint, namely, |𝐷 ′ | ≤ 𝐵. Generally,

maximizing an arbitrary set function under a cardinality constraint is intractable [22]. However,

the data forgetting optimization objective has three properties that make the maximization exercise

tractable.

Theorem 5.1. The set function 𝑓 (𝐷 ′) defined in Equation 1 is non-negative, monotone, and sub-
modular.

A consequence of the above theorem is that the Problem 1 admits a solution with (1 − 1/𝑒) approx-
imation guarantee to the optimal one in polynomial time. Details of the proof can be found in the

extended version of this paper. Such a solution can be obtained by exploiting any state-of-the-art

submodular maximization routine, such as GREEDY [32] or LAZY GREEDY [29]. Nevertheless, a

significant limitation of submodular methods lies in the need for objective evaluation. Submodular

algorithms like GREEDY or LAZY GREEDY, require O(𝑛 · 𝐵) evaluations of the optimization objective

𝑓 to extract a solution 𝐷∗ of size 𝐵 out of a dataset 𝐷 of size 𝑛. Consequently, in settings like data

forgetting, where evaluating the objective 𝑓 is costly, these algorithms become infeasible.

To overcome this limitation, we propose maximizing 𝑓 by extending the stochastic submodular

maximization framework with a double-stochastic gradient estimation of 𝐹 . 𝐹 denotes the multilinear
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extension of 𝑓 . In Theorem 5.2, we theoretically justify this choice and prove its efficiency over

that of the default single-stochastic gradient estimation of 𝐹 .

The vanilla stochastic submodular maximization framework consists of three stages. First, the

problem is lifted to the continuous domain via the multilinear extension [41]. Next, a continuous

solution is fetched by optimizing the multilinear extension [14, 17, 31]. Finally, the continuous

solution is mapped back to the discrete domain using a value preserving rounding technique,

typically pipage rounding or randomized pipage rounding [3]. This three-step framework allows

maximizing objectives that are non-negative, monotone, submodular, and stochastic, without

evaluating them directly. According to Theorem 5.1, the data forgetting objective is non-negative,

monotone, submodular. Further, the stochasticity of the objective stems from the presence of

the expected value over the probability distribution Q (i.e., operator E𝑞∼Q [·] in Equation 1). In

general, any objective function satisfying these four properties is amenable to be maximized via

the stochastic submodular maximization framework.

When addressing data forgetting, the stochastic submodular maximization framework allows

replacing the evaluation of the objective 𝑓 with a sampling stage 𝑞 ∼ Q followed by the estimation

of ∇𝐹𝑞 (x) (i.e., a single-stochastic estimate of ∇𝐹 (x)). Here, 𝐹𝑞 (x) corresponds to the multilinear

extension of 𝑓𝑞 (·) = 𝑆 (𝑞(𝐷), 𝑞(·)). Informally, the framework permits the maximization of 𝑓 by

“jumping over” the query set’s expectation (i.e., “jumping over” E𝑞∼Q). This is natural due to

the linearity of the multilinear extension 𝐹 and the linearity of the ∇ operator [41]: ∇𝐹 (x) =
∇E𝑞∼Q𝐹𝑞 (x) = E𝑞∼Q∇𝐹𝑞 (x). Summing up, the vanilla stochastic submodular framework allows

maximizing 𝑓 by estimating∇𝐹𝑞 (x): a single-stochastic estimate of∇𝐹 (x). However, we theoretically
prove that this process can be further optimized. Specifically:

Theorem 5.2. Let 𝑓 denote the data forgetting optimization objective as defined in Equation 1, and
𝐹 its multilinear extension. Then, the following properties hold:

1. Function 𝑓 is doubly-stochastic. That is, there exists a probability distributionD and set functions
𝑓𝑞,𝑑 (𝐷 ′) such that 𝑓 (𝐷 ′) = E(𝑑,𝑞)∼D 𝑓𝑞,𝑑 (𝐷 ′). Specifically, D is the probability distribution
with probability mass function

PD (𝑑, 𝑞) =
|𝑞({𝑑}) |
|𝑞(𝐷) | · PQ (𝑞),

and
𝑓𝑞,𝑑 (𝐷 ′) = max

𝑑 ′∈𝑞 (𝐷 ′ )
sim(𝑑,𝑑 ′).

2. The gradient of the multilinear extension, ∇𝐹 (x), admits a double-stochastic estimation. Namely,
∇𝐹𝑞,𝑑 (x) where 𝐹𝑞,𝑑 (x) is the multilinear extension of 𝑓𝑞,𝑑 (𝐷 ′).

3. Estimating ∇𝐹𝑞 (x) (the single-stochastic estimate of the gradient ∇𝐹 (x)) requires estimating
at least as many terms as estimating ∇𝐹𝑞,𝑑 (x) (the double-stochastic estimate of the gradient
∇𝐹 (x)).

Details of the proof can be found in the extended version of this paper. Informally, Theorem 5.2

“unlocks” the maximization of the data forgetting objective 𝑓 by not only “jumping over” the query

set’s expectation (as in the vanilla framework) but also “jumping over” the (hidden) answer set’s

expectation (i.e., “jumping over” E(𝑑,𝑞)∼D ). We refer to the extension of the stochastic submodular

maximization framework via the double-stochastic estimation of ∇𝐹 (x) as the Dependent Data
Forgetting (DepDF) algorithm (Algorithm 1). Following, each step of the routine will be detailed.

Multilinear extension. According to Theorem 5.1, the data forgetting objective 𝑓 is non-

negative, monotone, submodular. Hence, it is amenable to a multilinear extension [41]. The power

set of 𝐷 is identified with the corners of the unit hyper-cube [0, 1] |𝐷 | . That is, each subset of tuples
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Algorithm 1: DepDF

Data: Dataset 𝐷 , queryset 𝑄 with distribution Q, and budget 𝐵 ∈ N. Hyperparameter:

Number of gradient ascent rounds 𝑇 ∈ N.
Result: Subset 𝐷∗ ⊆ 𝐷 with |𝐷∗ | ≤ 𝐵 optimizing 𝑓 = eq. (1) for 𝑆 = eq. (2) within

(1 − 1/𝑒 − O(𝑇 −1/3)) approximation factor.

1 𝐹 ← Multilinear_Extension(𝑓 );
2 x∗ ← SCG2 (𝐹,𝑇 ) (Algorithm 2);

3 e𝐷∗ ← Randomized_Pipage_Rounding(x∗);
4 return 𝐷∗

Fig. 2. Visual representation of the solutions generated by 100 executions of DepDF. The orange trajectories
starting from the origin depict the partial solutions x0, x1, . . . , x100 = x𝑇 = x∗ generated the SCG2 calls (one
call per execution of DepDF). Vector e𝐷∗ denotes the outcome of the Pipage rounding scheme.

𝐷 ′ ⊆ 𝐷 gets identified with a binary |𝐷 |-dimensional vector in x ∈ R |𝐷 | where 𝑥𝑖 = 1 if 𝑑𝑖 ∈ 𝐷 ′
and 𝑥𝑖 = 0 if 𝑑𝑖 ∉ 𝐷 ′. The multilinear extension 𝐹 takes the same values as 𝑓 in the corners of the

unit cube and extends it continuously through the cube’s filling. Function 𝐹 is linear, non-negative,

monotone and DR-submodular
2
. The general mathematical definition of the multilinear extension

can be found in [41]. In our case, exploiting the linearity of the multilinear extension, and property

1 in Theorem 5.2, it takes the form

𝐹 (x) = E(𝑑,𝑞)∼D 𝐹𝑞,𝑑 (x), x ∈ R |𝐷 | . (5)

2
A function 𝐹 is DR-submodular if ∀ x, y ∈ [0, 1]𝑛, x ≤ y =⇒ ∇𝐹 (y) ≤ ∇𝐹 (x) . Note that the definition of DR-

submodularity is the continuous counterpart of the definition of submodularity. The discrete derivative is simply replaced

with the gradient.
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Example 5.3. Revisiting Example 4.1, the power set of 𝐷 = {𝑑1, 𝑑2, 𝑑3} is identified with the corners of
the unit cube inR3 as follows: ∅= (0, 0, 0), {𝑑1}=(1, 0, 0), {𝑑2}=(0, 1, 0), {𝑑3}=(0, 0, 1), {𝑑1, 𝑑2}=(1, 1, 0),
{𝑑2, 𝑑3}=(0, 1, 1), {𝑑1, 𝑑3}=(1, 0, 1), and 𝐷=(1, 1, 1). The multilinear extension 𝐹 takes the same value
as the discrete objective 𝑓 on said corners and extends it to the remaining of the cube as indicated
by Equation 5. For instance, 𝐹 (1, 0, 1) = 𝑓 ({𝑑1, 𝑑3}) = 0.8974 and 𝐹 (0, 1, 1) = 𝑓 ({𝑑2, 𝑑3}) = 0.9306.
Further, 𝐹 takes intermediate values that grow in a diminishing returns fashion from (1, 0, 1) to (0, 1, 1)
along the diagonal line depicted in Figure 2.

Finding a continuous solution. In order to fetch a continuous solution, we must optimize 𝐹 (x)
over the convex set C = {x ∈ [0, 1] |𝐷 | : ∑ |𝐷 |

𝑖=1
𝑥𝑖 ≤ 𝐵}, where C is the continuous counterpart of the

discrete storage constraint 𝐷 ′ ⊆ 𝐷, |𝐷 ′ | ≤ 𝐵. For this matter, we propose extending the Stochastic
Continuous Greedy algorithm (SCG) [31] via our proposed double-stochastic estimation of ∇𝐹 ,
described in property 2 of Theorem 5.2. We denote this extended version SCG as SCG2 (Algorithm 2).

The superscript 2 stands for the double-stochastic estimation of ∇𝐹 .
As opposed to SCG, which requires access to unbiased estimates of ∇𝐹𝑞 (x) for 𝑞 ∼ Q (i.e., a

single-stochastic estimate of ∇𝐹 (x)), SCG2 only requires access to unbiased estimates of ∇𝐹𝑞,𝑑 (x)
for (𝑑, 𝑞) ∼ D (i.e., a doubly-stochastic estimate of ∇𝐹 (x)). As a result of property 3 in Theorem 5.2,

SCG2 is more efficient than SCG.
Using the product rule to sample (𝑑, 𝑞) ∼ D, we derive an unbiased estimate for

∇𝐹𝑞,𝑑 (x) =
(
𝜕

𝜕𝑥1
𝐹𝑞,𝑑 (x), . . . ,

𝜕

𝜕𝑥 |𝐷 |
𝐹𝑞,𝑑 (x)

)
as follows:

1. Sample one query 𝑞 ∼ Q and one datapoint 𝑑 ∼ unif(𝑞(𝐷)).
2. Build 𝐷 ′′: a subset of 𝐷 that includes each tuple 𝑑 𝑗 ∈ 𝐷 independently with probability x𝑗 .
3. Estimate

𝜕
𝜕𝑥𝑖

𝐹𝑞,𝑑 (x) by{
0 if 𝑑𝑖 ∉ 𝑞(𝐷),
max

{
0, sim(𝑑, 𝑑𝑖 ) −max𝑑 ′′∈𝑞 (𝐷 )∩𝐷 ′′ sim(𝑑,𝑑 ′′)

}
if 𝑑𝑖 ∈ 𝑞(𝐷).

(6)

Just like SCG, SCG2 takes𝑇 gradient ascent steps in a direction proportional to the largest 𝐵 entries

in the estimated gradient ∇𝐹 (x). After 𝑇 gradient ascent rounds, the routine yields a solution x∗

in the border of C within a (1 − 1/𝑒 − O(𝑇 −1/3)) approximation factor to the optimal one in

expectation. This theoretical guarantee holds due to the fact that SCG2 inherits its theoretical

guarantees from SCG as they only differ in the way ∇𝐹 (x) is approximated: From single-stochastic

(SCG) to doubly-stochastic (SCG2). The pseudocode of SCG2 is provided in Algorithm 2.

Example 5.4. In our ongoing example (Example 4.1), we ran SCG2 for𝑇 = 100 iterations on the convex
set C = {x ∈ [0, 1]3 :

∑
3

𝑖=1 𝑥𝑖 ≤ 2} by giving it access to the unbiased estimates of ∇𝐹𝑞,𝑑 (x) as
described in Equation 6. Starting from the origin x0 = (0, 0, 0), the algorithm navigates through the
continuous space inside the unit cube by making small steps of size 1/𝑇 = 1/100 in the estimated
direction of the gradient ∇𝐹 (x). Figure 2 visually depicts one hundred runs of DepDF where the
orange trajectories correspond to the partial solutions produced by each one of SCG2 executions. Each
such execution returns a continuous vector x𝑇 = x∗ that lies in the border of C, represented by the
diagonal line on the top face of the unit cube depicted in Figure 2. In other words, a continuous vector
x𝑇 = x∗ = (𝑥∗

1
, 𝑥∗

2
, 𝑥∗

3
) ∈ R3 where the first two components, 𝑥∗

1
and 𝑥∗

2
, are fractional and satisfy

𝑥∗
1
+ 𝑥∗

2
= 1, while the third component, 𝑥∗

3
, equals 1.
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Algorithm 2: SCG2

Data:Multilinear extension 𝐹 , and budget 𝑇 .

Result: Continuous solution x ∈ R |𝐷 | within a (1 − 1/𝑒 − O(𝑇 −1/3)) approximation factor.

1 x, d← 0 ∈ R |𝐷 | ;
2 for 𝑡 ∈ [1, . . . ,𝑇 ] do

/* Double-stochastic estimation of ∇𝐹 */

3 𝑞 ← 𝑞 ∼ Q;
4 𝑑 ← 𝑑 ∼ unif(𝑞(𝐷));
5 𝐷 ′′ ← Include 𝑑 𝑗 ∈ 𝐷 with probability x𝑗 ;
6 ∇𝐹𝑞,𝑑 (x) ← eq.(6);

/* Gradient ascent step as in SCG */

7 𝜌𝑡 ← 1/(2 · (𝑡 + 1) (2/3) );
8 d← d · (1 − 𝜌𝑡 ) + ∇𝐹𝑞,𝑑 ∗ 𝜌𝑡 ;
9 v← Top 𝐵 coordinates of d;

10 x← x + v
11 end

12 x∗ ← x;
13 return x∗

Randomized pipage rounding. To bring the continuous solution x∗ = x𝑇 back into the discrete

domainwithout compromising the approximation factor nor evaluate 𝑓 , we resort on the randomized
pipage rounding scheme [3]. Randomized pipage rounding discretizes x∗ into a feasible corner e𝐷∗
of the unit cube that attains a higher utility than x∗, in expectation, without resorting on function

evaluation. The final subset of tuples to be retained, 𝐷∗ ⊆ 𝐷 , is read from the non-zero entries of

e𝐷∗ .

Example 5.5. In our running example, discretizing x∗ = (𝑥∗
1
, 𝑥∗

2
, 𝑥∗

3
), involves rounding the first two

components while maintaining 𝑥∗
1
+ 𝑥∗

2
= 1. Naively, we would round x∗ to its closest corner along the

border of C (i.e., along the diagonal line). Looking at Figure 2, we observe that the closest such corner
to all produced continuous solutions x∗ is corner (1, 0, 1), corresponding to subset {𝑑1, 𝑑3}. However,
as mentioned in Example 5.3, 𝑓 ({𝑑1, 𝑑3}) = 0.8974 < 𝐹 (x∗) < 0.9306 = 𝑓 ({𝑑2, 𝑑3}) for solutions x∗.
Randomized pipage rounding allows rounding x∗ to the higher utility corner in expectation. In Figure 2,
x∗ gets rounded to corner e𝐷∗ = (0, 1, 1) in expectation. In other words, the highest quality solution
𝐷∗ = {𝑑2, 𝑑3} gets returned in expectation.

5.1 An Exact Instance
The DepDF algorithm solves Problem 1 with an approximation factor of (1− 1/𝑒 −𝜖), in expectation,

by replacing function evaluation with a double sampling scheme 𝑞 ∼ Q, 𝑑 ∼ unif(𝑞(𝐷)), followed
by the estimation of ∇𝐹𝑞,𝑑 (x), as described in Equation 6. Interestingly, the problem admits an

exact solution in a specific scenario. Problem 1 can be exactly solved in polynomial time when the

pointwise similarity between datapoints in Function 2 is the step function

sim(𝑑, 𝑑 ′) =
{
1 if 𝑑 = 𝑑 ′,

0 if 𝑑 ≠ 𝑑 ′ .
(7)
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In this case, Function 2 corresponds to the Jaccard similarity between answer sets 𝑞(𝐷) and
𝑞(𝐷 ′), which in turn, corresponds to the query precision of 𝑞 in 𝐷 ′ with respect to 𝐷 . That is,

𝑆 (𝑞(𝐷), 𝑞(𝐷 ′)) = 𝐽𝑎𝑐𝑐𝑎𝑟𝑑 (𝑞(𝐷), 𝑞(𝐷 ′)) = 𝑃𝑟𝑒𝑐𝑖𝑠𝑜𝑛(𝑞, 𝐷 ′, 𝐷) for sim(·, ·) defined according to

Equation 7.

We refer to Problem 1, where 𝑆 (·, ·) = 𝐽𝑎𝑐𝑐𝑎𝑟𝑑 (·, ·), as the independent data forgetting problem.

Coincidentally, this version of the problem matches the setup described in the original vision

paper [21], which addresses dataset reduction based on expected query precision maximization. We

prove that, under the independence assumption, data forgetting is exactly solvable in polynomial

time. In other words, reducing datasets based on expected query precision maximization [21] is

exactly solvable in polynomial time. Formally:

Theorem 5.6. The optimal solution to the independent data forgetting problem can be obtained
using a straightforward approach: Selecting the top 𝐵 scoring elements in 𝐷 according to score function
score(𝑑) = E𝑞∼Q

[
|𝑞 ({𝑑 }) |
|𝑞 (𝐷 ) |

]
.

Details of the proof can be found in the extended version of this paper. As a consequence of

Theorem 5.6, solving the independent version of the data forgetting problem reduces to a point-wise

score computation followed by the extraction of the top 𝐵 scoring datapoints. This corresponds to

the methodology employed by the Independent Data Forgetting (IndepDF) routine (Algorithm 3).

Notably, IndepDF eliminates the need for evaluating the objective function 𝑓 . Instead, it substitutes

objective evaluation by |𝐷 | independent value assigning operations that are highly parallelizable.

Despite its simplicity, IndepDF holds significant theoretical value as it proves that the setting

described in the original vision paper [21] is exactly solvable.

Algorithm 3: IndepDF

Data: Dataset 𝐷 , queryset 𝑄 with distribution Q, and budget 𝐵 ∈ N.
Result: Subset 𝐷∗ ⊆ 𝐷 with |𝐷∗ | ≤ 𝐵 (exactly) optimizing objective (1) for

𝑆 (·, ·) = 𝐽𝑎𝑐𝑐𝑎𝑟𝑑 (·, ·).
1 for 𝑑 ∈ 𝐷 do

2 score(𝑑) ← E𝑞∼Q
[
|𝑞 ({𝑑 }) |
|𝑞 (𝐷 ) |

]
;

3 end

4 return Top 𝐵 points 𝑑 ∈ 𝐷 with highest score(𝑑);

Example 5.7. We demonstrate the execution of IndepDF using our running example. Score compu-
tations: Each tuple 𝑑 ∈ 𝐷 is assigned a score. Specifically, score(𝑑1) = 1

3·3 +
1

3·2 = 0.28, score(𝑑2) =
1

3·3 = 0.11, score(𝑑3) = 1

3·3 +
1

3·2 +
1

3
= 0.61. Output: The top 2 high scoring tuples, 𝑑1 and 𝑑3, get

returned.

5.2 Complexity Analysis
Let, 𝑛 = |𝐷 |,𝑚 = |𝑄 |, and 𝑘 = max𝑞∈𝑄 |𝑞(𝐷) |. We start by analyzing the time complexity of our

optimization objective 𝑓 (𝐷 ′), defined in Equation 1. Computing 𝑓 (𝐷 ′) involves iterating through

every query 𝑞 ∈ 𝑄 and, for each query, calculating sim(𝑑, 𝑑 ′) for every datapoint 𝑑 ∈ 𝑞(𝐷) and
𝑑 ′ ∈ 𝑞(𝐷 ′). Since the queries are monotone 𝑞(𝐷 ′) ⊆ 𝑞(𝐷), and hence |𝑞(𝐷 ′) | ≤ |𝑞(𝐷) | ≤ 𝑘 .

Consequently, evaluating 𝑓 (𝐷 ′) requires O(𝑚 · 𝑘2) time.

GREEDY [32] is a submodular routine capable of providing a solution to Problem 1 with (1 − 1/𝑒)
approximation guarantee. However, it requires O(𝑛 · 𝐵) evaluations of the objective function 𝑓 .

Since evaluating 𝑓 takes O(𝑚 · 𝑘2) time, the time complexity of GREEDY is O(𝑛 ·𝑚 · 𝐵 · 𝑘2).
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Table 2. Complexity of our algorithms and that of the state-of-the-art.

Algorithm Time complexity Theoretical guarantee

LAZY GREEDY [13, 29] O(𝑛 ·𝑚 · 𝐵 · 𝑘2) (1 − 1/𝑒)
LAZY GREEDY

+ FAST NN [9, 10]
O(𝑛 ·𝑚 · 𝐵 · 𝑘 · 𝑏2) (1 − 1/𝑒 − 𝜖)

QB-AMNESIA [21] O(𝑛 ·𝑚 + 𝐵 · log(𝑛)) None

DepDF (this work)
O(𝑇 · [𝑚 +

𝑛 · log(𝑛) + 𝑛 · 𝑘]) (1 − 1/𝑒 − 𝜖)

IndepDF (this work) O(𝑛 ·𝑚) 1 if 𝑠𝑖𝑚 = (7)

LAZY GREEDY, originally introduced by Minoux [29] and used for forgetting e-commerce data

by Gershtein et al. [13], is a submodular routine capable of providing a solution to Problem 1

with (1 − 1/𝑒) approximation guarantee. It exploits lazy evaluation to speed up GREEDY. Although
lazy evaluation enable LAZY GREEDY to run orders of magnitude faster than GREEDY in practical

scenarios, both manifest the same computational complexity. In fact, it is unknown the number of

function evaluations performed by LAZY GREEDY in arbitrary cases, but it is certain that it matches

that of GREEDY in the worst one. Therefore, the time complexity of LAZY GREEDY is O(𝑛 ·𝑚 · 𝐵 ·𝑘2).
LAZY GREEDY + FAST NN, recently proposed by Davidson et al. [9, 10] for forgetting image

data, exploits fast approximate nearest-neighbor computations to speed up function evaluation in

LAZY GREEDY. More precisely, the algorithm exploits LSH to only consider similarities between

vector pairs corresponding to hash collisions. Hence, if 𝑏 denotes the size of the biggest bucket,

evaluating the data forgetting objective 𝑓 (𝐷 ′) requires O(𝑚 · 𝑘 · 𝑏2) time as opposed to O(𝑚 · 𝑘2)
time. This will be beneficial if 𝑏2 << 𝑘 . Overall, the time complexity of LAZY GREEDY + FAST NN
is O(𝑛 ·𝑚 · 𝐵 · 𝑘 · 𝑏2).
QUERY-BASED-AMNESIA (QB-AMNESIA) [21] is a sampling algorithm that randomly selects 𝐵 tuples

from 𝐷 with a probability proportional to their retrieval frequency according to distribution Q.
The algorithm does not require evaluating the function 𝑓 (𝐷 ′) to construct a solution. However,

it provides no theoretical guarantees about the quality of the solution. Time-complexity-wise,

computing the tuple frequency requires O(𝑛 ·𝑚) time and sampling 𝐵 points from 𝐷 based on the

computed frequencies requires O(𝑛 + 𝐵 · log(𝑛)) time. This is because calculating the cumulative

distribution function (CDF) from the given vector of frequency probabilities takes O(𝑛) time and

each independently drawn sample takes O(log(𝑛)) due to binary search of the CDF. Hence, the

time complexity of QUERY-BASED-AMNESIA is O(𝑛 ·𝑚 + 𝐵 · log(𝑛)).
DepDF, the first algorithm proposed in this work, is a doubly-stochastic submodular routine that

yields a solution with (1− 1/𝑒 −O(𝑇 −1/3)) approximation guarantee in expectation. The algorithm

does not require evaluating objective function 𝑓 (𝐷 ′) to construct such solution. Instead, it relies on

executing SCG2, a double-stochastic extension of SCG, on the multilinear extension of 𝑓 , denoted 𝐹 .

This translates to 𝑇 rounds of estimating gradient ∇𝐹 . SCG2 achieves this by: sampling one query

𝑞 ∼ Q (O(𝑚+ log(𝑚)) time), sampling one datapoint 𝑑 ∼ unif(𝑞(𝐷)) (O(1) time as the distribution

is uniform), and estimating ∇𝐹𝑞,𝑑 (x) (i.e, 𝑛 partial derivatives
𝜕
𝜕𝑥𝑖

𝐹𝑞,𝑑 (x)). This requires building𝐷 ′′,
a subset of 𝐷 that includes each tuple 𝑑 𝑗 ∈ 𝐷 independently with probability x𝑗 (O(𝑛 + 𝑛 · log(𝑛))
time) and 𝑛 evaluations of Equation 6 (O(𝑛 · 𝑘) time). After ∇𝐹𝑞,𝑑 is estimated, a gradient ascent

step is taken in the direction proportional of the biggest 𝐵 components. Finding indices of the top

𝐵 components can be done in O(𝑛) time by partial sorting. The 𝐵−th element will be in its final

sorted position and all smaller elements are moved before it and all larger elements behind it. Last,
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Table 3. Characteristics of the considered datasets.

Dataset name Database size: |𝐷 | Query-log size: |𝑄 | Dataset nature

Flights 1.200 37 categorical

Photos 41.620 443 numerical

Wiki 131.148 14.723 numerical

S(1𝑀, 100𝐾 ) 1.000.000 100.000 numerical

S(1𝑀, 1𝑀 ) 1.000.000 1.000.000 numerical

S(1𝑀, 10𝑀 ) 1.000.000 10.000.000 numerical

S(5𝑀, 10𝑀 ) 5.000.000 10.000.000 numerical

S(10𝑀, 10𝑀 ) 10.000.000 10.000.000 numerical

randomized pipage rounding takes O(𝑛) time in our problem-specific setting. Therefore, the time

complexity of DepDF is O(𝑇 · [𝑚 + 𝑛 · log(𝑛) + 𝑛 · 𝑘]).
IndepDF, the second algorithm we propose in this work, is a deterministic routine capable of

providing an exact solution to Problem 1 in the case where the point-wise similarity measure

sim(·, ·) is defined according to Equation 7. Nevertheless, it provides no theoretical guarantees

for any other similarity measure. The algorithm performs a point-wise score-assigning operation

described in Theorem 5.6 that takes O(𝑛 ·𝑚) time. Subsequently, the top 𝐵 scoring elements get

returned. This is achieved in O(𝑛) time by the use of partial sorting. Hence, the time complexity of

IndepDF is O(𝑛 ·𝑚). Nonetheless, it is important to remark that the point-wise score-assigning

operations performed by IndepDF are independent, and hence are highly parallelizable.

6 Experimental evaluation
We performed an extensive evaluation to experimentally prove the effectiveness of our proposed

algorithms. More specifically, we conducted experiments to answer: (i) Can DepDF or IndepDF
produce solutions of comparable quality to those produced by the state-of-the-art submodular

algorithmswhile exhibiting a runtime comparable to that of the state-of-the-art amnesia algorithms?

(ii) Despite not having general theoretical guarantees, can IndepDF produce high-quality solutions

under specific data-dependent conditions? and (iii) Can DepDF and IndepDF forget datasets at scale?
In what follows, we explain how the experiments were performed and report the findings with

respect to the above three questions. Our code is available at https://github.com/rricocuevas1/ssdf.

6.1 Experimental Setup
We tested our proposed algorithms against three state-of-the-art data forgetting routines on eight

datasets using a server with 1 TB RAM and 112 cores. We let each algorithm run for a maximum of

three days in each of the experiments that we performed.

[Baselines]. We compare the IndepDF and DepDF algorithms against three state-of-the-art data

forgetting methods: (i) QB-AMNESIA [21], which is the leading approach in amnesia-based data

forgetting; (ii) LAZY GREEDY [13, 29], which is the state-of-the-art submodular-based data forgetting

method; and (iii) LAZY GREEDY + FAST NN [9, 10], a top accelerated submodular-based data

forgetting technique.
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[Datasets]. We used three real datasets coming from different sources with corresponding real

query-logs, and five synthetic datasets with synthetic query-logs. A summary of their characteristics

is displayed in Table 3 and are freely available for download
3
. The datasets, specifically, are:

• [Flights] We considered the flights.csv file in folder flight_2 of the spider dataset.
4

Its query-log corresponds to all of the queries that refer to the flights.csv table in files

dev_gold.sql and train_gold.sql, also from the spider dataset. The queries adhere to the

hypothesis in the paper, so no filtering was required.

• [Photos]We selected the validation set of a publicly available dataset of images [23]. Each

image is assigned a set of labels that describe the objects that are present in it. Naturally,

each label can be understood as a select query. Namely, one that returns all images tagged

with such label. In order to have balanced-size answer sets, only those labels appearing in at

most 100 images were kept. Further, in order to fit our assumed data model, images were

embedded using the pretrained ResNet-50 network [15]. Hence, every image is identified

with a vector in R2048
.

• [Wikidata]We chose the portion of Wikidata
5
retrieved by the SPARQL queries executed

by users via the Wikidata Query Service
6
between 12/06/2017 and 09/07/20177. To have

balanced-size answer sets, we only kept those queries whose answer sets were smaller than

100. Due to the nature of the data, some pre-processing was required. Every webpage is

identified by a unique id, and any two webpages only share the “label” and “description”

fields. Hence, given any id, we concatenated its corresponding webpage label and description

texts into a single sentence and embedded the latter using the “all-MiniLM-L6-v2” sentence

transformer. This way, every webpage is identified with a vector in R384
. The queries adhere

to our hypothesis, so no filtering was required. We only excluded those that returned empty

answers.

• [Synthetic]We created five synthetic datasets containing up to 10.000.000 tuples coupled

with synthetic query-logs containing up to 10.000.000 queries. Each tuple contains 100 nu-

merical values and each query retrieves a fixed number of unique tuples. We opted for this

simplified workload as we are only interested in studying the scalability of the algorithms.

Their ability to cope with real-world workloads is already tested with the three aforemen-

tioned real datasets. We denote by 𝑆 (𝑛,𝑚) a dataset with 𝑛 synthetic tuples coupled with a

query-log with𝑚 synthetic queries. The characteristics of our five synthetically generated

datasets are displayed in Table 3.

[Metrics]. To measure the quality of the produced solution we used the data forgetting optimiza-

tion objective 𝑓 (𝐷 ′), 𝐷 ′ ⊆ 𝐷 , defined in Equation 1. The values of 𝑓 range between 0 and 1 with

𝑓 (𝐷) = 1 (i.e., not deleting anything preserves 100% of the information). To measure the runtime

performance, we measured the execution time.

6.2 Quality vs Runtime
Figure 3 portrays the quality and runtime performance of our algorithms against that of the

baselines when forgetting three real-world datasets with different budgets. As illustrated in the

3
https://drive.google.com/file/d/1YjCt-RZUyEHslqmA3yJHJi-Tk6S

NFlbP/view

4
https://drive.google.com/uc?export=download&id=1TqleXec_OykOYFREKKtschzY29dUcVAQ

5
https://www.wikidata.org/wiki/Wikidata:Main_Page

6
https://query.wikidata.org/

7
https://analytics.wikimedia.org/datasets/one-off/wikidata/sparql_query_logs/2017-06-12_2017-07-09/2017-06-12_2017-

07-09_organic.tsv.gz
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(a) Flights (quality). (b) Photos (quality). (c) Wiki (quality).

(d) Flights (runtime). (e) Photos (runtime). (f) Wiki (runtime).

Fig. 3. Quality and runtime performance of each algorithm when forgetting real-world datasets with different
budget configurations. The arrows starting with "Best" point to the algorithm that best balances quality and
runtime in each budget configuration.

figure, our proposed data forgetting routines strike the best balance between quality and runtime.

More precisely, either IndepDF or DepDF always outperforms or matches quality-wise LAZY GREEDY
and LAZY GREEDY + FAST NN (the state-of-the-art submodular algorithms), while exhibiting a

runtime comparable to that of the QB-AMNESIA routine (the state-of-the-art amnesia algorithm).

Particularly, with respect to the Flights dataset (Figures 3a and 3d): IndepDF produced solutions

of indistinguishable quality to those generated by LAZY GREEDY and LAZY GREEDY + FAST NN
across all budgets, while presenting a runtime equal or inferior to that of QB-AMNESIA. Regarding
the Photos dataset (Figures 3b and 3e), for the smallest budget configurations, DepDF generated the

best quality solution in the order of minutes; and for the largest budget configuration, IndepDF
retrieved the best quality solution in less than a second. We highlight that this runtime performance

is much lower than that of the next best performing algorithm (LAZY GREEDY + FAST NN), which
took more than one day to fetch a quality-equivalent solution. Furthermore, LAZY GREEDY did not

complete any of the experiments over the course of three days. Last, regarding the Wiki dataset

(Figures 3c and 3f): IndepDF produced the best quality solution across every budget configuration,

with a runtime equivalent to that of QB-AMNESIA. In this context, neither LAZY GREEDY nor LAZY
GREEDY + FAST NN were able to complete any experiment over the course of three days, while

again, IndepDF obtained a solution in less than one second.

6.3 Quality guarantees of the DepDF and IndepDF

DepDF enjoys very strong theoretical guarantees. It yields solutions with 1 − 1/𝑒 − O(𝑇 −1/3)
approximation guarantee to the optimal one, in expectation. That is, theoretically, as the number of

gradient ascent rounds 𝑇 grows, the quality of the produced solution grows showing diminishing

returns. Indeed, as can be seen in Figure 4, this behavior is also manifested experimentally.
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(a) Flights, increasing 𝑇 (quality). (b) Photos, increasing 𝑇 (quality).

Fig. 4. Quality performance of DepDF when increasing the number gradient ascent rounds 𝑇 .

(a) Flights, decreasing 𝑞(𝐷)-diversity (quality). (b) Photos, decreasing 𝑞(𝐷)-diversity (quality).

Fig. 5. Quality performance difference between the best performing state-of-the-art submodular algorithm
and IndepDF when decreasing answer set diversity. 𝑛% indicates the top 𝑛 percent most diverse queries in
the query-log.

Theoretically, IndepDF only enjoys quality guarantees when the point-wise similarity measure

sim(·, ·) is defined according to Equation 7. Nevertheless, as can be seen in Figure 3, IndepDF enjoys
extremely high quality-performance in the Flights and Wiki datasets where sim(·, ·) = 𝐽𝑎𝑐𝑐𝑎𝑟𝑑 (·, ·)
as in Equation 3, and sim(·, ·) = 𝑐𝑜𝑠 (·, ·) as in Equation 4, respectively.

Despite not having theoretical guarantees for arbitrary similarity functions, IndepDF enjoys

strong data-dependent guarantees based on answer set diversity. The average answer set diversity

of a dataset 𝐷 over a query log 𝑄 is the average pointwise similarity sim(𝑑,𝑑 ′) between every

𝑑, 𝑑 ′ ∈ 𝑞(𝐷) for every 𝑞 ∈ 𝑄 . The average answer set diversity of the Flights, and Wiki datasets

over their corresponding query-logs is 0.057, and 0.037, respectively. That is, the answer sets have

very low diversity on average (i.e., they are homogeneous on average). Intuitively, if answer sets

are homogeneous, each datapoint within each answer set is (essentially) of the same importance to

the latter. Hence, any point-wise similarity measure (particularly, the Jaccard and cosine similarity)

converges to Equation 7. Consequently, the quality of the produced solutions by IndepDF should,
in theory, approach that of the state-of-the-art submodular algorithms as the diversity of answer

sets decrease. A depiction of this convergence is portrayed in Figure 5 for the Jaccard and the
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(a) Synthetic data, increasing |𝐷 | (runtime). (b) Synthetic data, increasing |𝑄 | (runtime).

Fig. 6. Scalability study of DepDF and IndepDF.

cosine similarity (Figures 5a and 5b, respectively). Therefore, despite not having general theoretical

guarantees, IndepDF is a quality-effective approach for data forgetting when the query-log retrieves
homogeneous views.

6.4 Scalability of the DepDF and IndepDF algorithms
As illustrated in Figure 3, function evaluation acceleration (i.e, the algorithmic approach taken

by LAZY GREEDY and LAZY GREEDY + FAST NN) is not a feasible solution towards scalable data

forgetting. More specifically, as shown in Figures 3b and 3e, LAZY GREEDY was not able to complete

any experiment on the Photos dataset (i.e., a small-sized dataset) over the course of three days.

Further, looking at figures 3c and 3f, we note that neither LAZY GREEDY nor LAZY GREEDY +
FAST NN were capable of completing any experiment on the Wiki dataset (i.e., a mid-sized dataset)

over the course of three days. This clearly showcases that the state-of-the-art submodular-based

routines with theoretical guarantees that rely on function evaluation acceleration, do not allow data

forgetting beyond scale mid-sized datasets. Consequently, the state-of-the-art submodular-based

approaches are incapable of performing quality-preserving data forgetting at scale.

Furthermore, as can be seen in Figure 3, despite being able to produce solutions rapidly QB-AMNESIA
yields the worst-quality solution across every dataset and budget configuration. Consequently,

the state-of-the-art amnesia-based approach is incapable of performing quality-preserving data

forgetting at scale.

In contrast, as can be seen in Figures 6a and 6b, DepDF and IndepDF are able to scale to datasets

up to two orders of magnitude larger in database size and three orders of magnitude larger in

query log size relative to existing submodular algorithms with which they share the same quality

performance. Hence, the DepDF and IndepDF algorithms are an effective solution for performing

quality-preserving data forgetting at scale.

7 Conclusion
In this work we address the data reduction challenge that many organizations are inevitably

facing. We propose what is, to the best of our knowledge, the first stochastic and topology-aware

formulation for the new data reduction paradigmwhere data importance is understood as data usage.

Our formulation unifies the ideas presented in [8–10, 13, 21] under the same formal framework,

which we suggest to be called data forgetting. Furthermore, we propose two data forgetting

routines, DepDF and IndepDF, that effectively bridge the gap between the limitations of state of the
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art submodular-based routines and amnesia algorithms. Our proposed methods enjoy scalability

due to function evaluation avoidance, while maintaining strong theoretical quality guarantees.

Specifically, DepDF enjoys strong theoretical guarantees for the general data forgetting problem
while IndepDF only does so, theoretically, when sim(·, ·) is defined according to Equation 7. In

spite of this, our experiments show that the IndepDF algorithm exhibits strong data-dependent

guarantees based on answer set diversity.
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