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To identify dense subgraphs, many specific-subgraph algorithms are developed for decomposition and mainte-
nance on dynamic graphs. However, it suffers from two significant limitations. First, for each kind of subgraphs,
it needs the development of specific maintenance algorithms, which is a costly effort. This may also lead to
potentially missing solutions for an existing subgraph (e.g., k-nucleus maintenance). Second, no commonly
useful properties and rules can be derived from these quite different algorithms.

To address these bottlenecks, we propose a unified framework for dense subgraph maintenance over
dynamic bipartite graphs. We first give a definition of («, f)-core as bi-core and formulate the problem of
bi-core maintenance. To our best knowledge, we are the first to propose the maintenance equivalence of bi-core
to other subgraphs, e.g., k-core, k-truss, bi-truss, and k-nucleus. To handle the update efficiently, we propose a
novel index structure of bi-core and onion layers, which finely decomposes one («, ff)-core into different levels
of layers. This theoretically improves state-of-the-art bi-core maintenance algorithms from unbounded to
bounded. However, due to two search dimensions of («, ff)-cores w.r.t. parameters « and f, it brings significant
challenges for fast update. To tackle it, we develop a novel kBCO-index for fast maintenance by adding a
shortcut search of k-direction. This reorganizes bi-core onion layers and reduces the space complexity from
O(ndmax) to O(nkmax), where n is the size of vertices, and the cardinality of k-direction kpgx < dmax of
the maximum degree holds in practice. Our proposed maintenance algorithms can handle a batch update of
multiple edge insertions/deletions simultaneously. Extensive results on large datasets demonstrate that our
unified framework efficiently maintains several dense subgraphs and runs faster than state-of-the-art bi-core
maintenance algorithms.
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(a) The bipartite graph G = (U, V, E) (b) The updated graph G’ = (U, V,E U {(u4,v4) })

Fig. 1. A running example to show the (a, f)-core before and after inserting the edge (u4, v4).

1 Introduction

Graph is a fundamental model for representing relationships between entities, including social
networks, traffic networks, chemical compounds, email networks, and so on. A dense subgraph that
is formed by densely connected vertices, has many definitions, e.g., k-cliques [34], quasi-cliques [30],
n-clans [27], n-club [27], k-core [1], k-truss [41], (a, f)-core (a.k.a. bicore) [2], bitruss [20, 42], and
k-nucleus [33]. The cliques, quasi-cliques, n-clans, and n-club cannot be obtained in polynomial time.
Fortunately, k-core, k-truss, (a, f)-core, k-bitruss, and k-nucleus for constant parameters can be
obtained in polynomial time through a peeling process, which exhibits several desirable properties
of high density and strong connectivity. Among numerous graph analytics tasks, dense subgraph
search plays an important role, which has many useful practical applications such as community
search [13-15, 21, 36, 45, 50], clique discovery [41], pivotal relationship identification [4, 35, 53],
graph visualization [13, 50, 52], recommendation on customer-product bipartite graphs [24], and
fraud user detection [42].

However, graphs could not be static but may dynamically update over time with node/edge
insertions/deletions. Therefore, dense subgraphs also change in dynamic graphs, which seek to be
maintained accordingly. In the literature, several recent works study graph incremental algorithms
to maintain those dense subgraphs individually one by one, including k-core maintenance [1, 17, 50],
k-truss maintenance [13, 36, 41, 49], and (a, )-core maintenance [2, 24]. To our best knowledge,
there is no existing work for maintaining two useful dense subgraphs of k-nucleus and bitruss yet.
Even worse, although k-core, k-truss, (a, f)-core, bitruss, and k-nucleus share a similar peeling
process for subgraph decomposition, there is unfortunately no unified framework for handling the
general maintenance of these subgraphs with dynamic updates.

In light of the above, this work aims to propose a unified index for k-core, (a, ff)-core, k-truss,
k-nucleus, and bitruss, as well as a unified framework with general maintenance algorithms to
handle dynamic updates. The key idea is to convert all these structures to the (a, f)-core, and then
if we can efficiently maintain the (e, §)-core, we can also maintain other structures. We start with a
basic concept of k-core. A k-core requires that each vertex has at least k neighbors. Fig. 1 (b) shows
the subgraph within the dashed box as the 3-core, where all nodes have at least 3 neighbors. The
bipartite graph G = (U, V, E) is a kind of graph whose vertices can be divided into two groups U and
V, and there is no edge within the same group of nodes. The (&, )-core is an extension of k-core on
bipartite graphs, where each vertex in U is connected to at least « vertices while each vertex in V
is connected to at least f§ vertices. Fig. 1(a) shows an example of the (2, 3)-core for « = 2 and f = 3,
indicating that uy, us, us all have two neighbors and v, v3 both have three neighbors. Consider
the dynamic bipartite graph G has an update of inserting edge (u4,v4), the original (2, 3)-core has
changed to a larger subgraph of (3, 3)-core as shown in Fig. 1(b). Therefore, we focus on studying
the problem of bi-core maintenance by developing efficient maintenance techniques, which can be
applied to accelerate the general maintenance framework and offer solutions for maintaining those
subgraphs k-nucleus and bitruss.

Proc. ACM Manag. Data, Vol. 4, No. 1 (SIGMOD), Article 4. Publication date: February 2026.



A Unified Framework for Dense Subgraph Maintenance over Dynamic Bipartite Graphs 4:3

Fig. 2. An example shows that bi-core maintenance algorithm [24] is unbounded in case of inserting edges
(v1,u2) or (v, us).

Limitations of existing bi-core maintenance. There is a state-of-the-art work of bi-core main-
tenance [24] based on an index of bi-core numbers. However, the usage of bi-core numbers has
the following drawback. For example, in Fig. 2, ignoring all red dash lines, the bi-core numbers
of v is {(1, 2), (2, 1)}, indicating that v5 is in the (1, 2)-core and the (2, 1)-core. The insertion of a
single edge (uy, v1) or (us,v4) cannot change the bi-core numbers of v3. However, after inserting
both edges (uz, v1) and (us,v4), the whole graph is the (2, 2)-core, indicating that the insertion of
either (u,v1) or (us,vy) actually affects the state of v3 but the bi-core number cannot reflect this.
Note that this kind of structure can be infinitely large and expanded by the following pattern, i.e.,
adding two nodes u; and v; and two edges (u;-1,v;) and (u;,v;), for i > 1. As we can see that, for
correctly maintaining all bi-core numbers by [24], after inserting the edge (u2,v1), all nodes need
to be visited, even almost all vertices have their bi-core numbers unchanged. Theoretically, given a
graph G and the update AG, a good maintenance algorithm can finish updates in O(P(||S||5)) time,
where P(.) is an arbitrary polynomial function, S represents nodes or edges that change their key
states w.r.t. (@, ff)-cores after the updates, and ||S||, contains nodes and edges of h-hop neighbors
of S. Therefore, we call this maintenance algorithm is a bounded algorithm and is bounded by S.
However, the maintenance of bi-core number is bounded in the case of edge deletion but unbounded
in the case of edge insertion. This indicates that, when inserting an edge into G, any maintenance
algorithm cannot be bounded by nodes that change their bi-core numbers, and has to do extra
works to visit unchanged nodes. In worst, these algorithms have to visit all nodes in G, leading to a
huge cost of expensive computations.
To overcome this drawback, we propose a novel structure of bi-core onion layers, which de-
composes (a, f§)-core finely based on the peeling order. The onion layer contains all information
of bi-core numbers. We maintain bi-core onion layers via the bounded algorithms, instead of
maintaining bi-core numbers, for the efficiency. There are works using peeling order to main-
tain k-core [50] and k-truss [36, 49]. However, these techniques cannot be applied on («, ff)-core
maintenance, because bi-core numbers are a two-dimensional index of a-direction and S-direction.
Specifically, the (a, )-core can be obtained from the (« — 1, §)-core or from the (a, f — 1)-core. A
straightforward exploration of peeling process leads to combinatorial blow-ups with a total of (“Zﬁ )
different peeling orders. This brings significant technical challenges of bi-core maintenance. To
address it, we propose a new k-direction by select several main peeling orders and save them into
our compact kBCO-index. The size of our k<BCO-index is comparable to the graph size, which is
space efficient for updating bi-cores. The contributions of this paper can be summarized as follows.
o We give the definition of («, f)-core and analyze the properties of («, f)-cores. We are the
first to show the equivalence of («a, f)-core to other subgraphs of k-core, k-truss, k-bitruss,
and k-nucleus by illustrating several detailed instances. Moreover, we formulate the bi-core
maintenance problem and generalize it to a series of dense subgraph maintenance (Section 3).

e We propose the concept of bi-core gradient of («, f)-cores w.r.t. parameter @ and 5. Based on
it, we construct a novel BCO-index, which captures more information of bi-cores than bi-core
numbers. We then propose bounded maintenance algorithms to update BCO-index for an
edge insertion. Moreover, we analyze the algorithm complexity of BCO-index construction
and BCO-index-based maintenance methods (Section 4).
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e We design a new k-direction for an effective peeling order. Based on it, we develop a compact
kBCO-index to improve the BCO-index in terms of space complexity from O(ndyqx) to
O(nkymax), where the number of k-directions as k4, is much smaller than the maximum
degree dpqx. We develop kBCO-index-based bounded maintenance algorithms to handle a
batch of edge insertions/deletions. In addition, we extend to maintain nucleus over dynamic
graphs (Section 5).

e We conduct extensive experiments on real large-scale bipartite graphs to show that our
algorithms run much faster than the state-of-the-art methods [24]. The speedup can reach
8531x on dataset DBLP in the case of edge insertions. In addition, we conduct case studies
of bi-core maintenance using five years’ DBLP records and successfully maintain four other
dense subgraphs for dynamic graphs (Section 6).

We discuss related works in Section 2 and conclude the paper in Section 7.

2 Related Work

Dense subgraph search. In the literature, there are numerous kinds of dense subgraph definitions,
like k-clique [6, 34, 43], biclique [5, 26, 46], y-quasi-clique [28, 32, 40], k-plex [7, 34], (k, [)-plex [11]
and k-defective clique [3, 9, 47]. The problem of finding these dense subgraphs is NP-hard. In
addition, a few dense subgraphs, e.g. k-core [1], (@, f)-core [2, 22], k-truss [8], k-(r, s)-nucleus [33]
(constant parameters), and bitruss [42], obtained from the graph by peeling can be solved in
polynomial time. The k-truss has been studied to enlarge by inserting new edges [35, 37]. All
these methods are developed only for static graphs, which cannot handle the dense subgraph
maintenance over dynamic graphs with the update of edge insertions/deletions. Other variants
of dense subgraphs, like D-core and D-truss on directed graphs [12, 18, 19, 23] and uncertain
graphs [38, 39, 44], that require a two-dimensional index can be inspired by our techniques.

Dynamic graph maintenance. When the graph dynamically updates, many works are devoted to
quickly calculating the updated results, such as updating cliques [48], the k-nearest neighbors [25],
the shortest path counting [10], butterflies counting [29], the k-centers [16], the top-t cores [51],
and so on. Zhang et al. [49, 50] use order-based algorithms to maintain k-core and k-truss on
dynamic graphs. Sun et al. [36] use the onion layer structure to maintain k-truss. These works
cannot handle (e, )-core maintenance, which cannot serve as the competitors against [24] and
ours. As a result, the state-of-the-art method [24] is the only one competitor valid for the (e, f)-core
maintenance task. Detailed comparison with [24] in terms of techniques and complexities can be
found in Section 5.2.

3 Preliminary

A general graph G = (V,E) consists of a node set V and an edge set E C V x V. An induced
subgraph H = (V(H), E(H)) of G contains a subset of nodes and all edges between them in G, i.e.,
V(H) C V and E(H) = {(u,0)|u,0 € V(H), (1,0) € E}. We use di(p) to represent the degree of
node p in H, i.e., dg(p) = |[Ng(p)|, where Ny (p) is the set of neighbor nodes of p in H. We drop out
the subscript diy (p) as d(p) when the context is clear. A bipartite graph G = (U, V, E) is an instance
of general graphs G, where U and V are two disjoint node sets and the edge set E only contains
edges between U and V, i.e., E C U X V. Note that there are no edges across two vertices in U, and
neither V does. We use n and m to represent the numbers of nodes and edges in G, respectively,
ie,n=|U|+|V|and m = |E|. We use dp.x (U) and dpay (V) to represent the maximum degree of
node in U and V, respectively. We use dyax to represent the maximum degree of node in G, i.e.,
Amax = maxyeyuv d(P)
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5 5
4 i 4
=3 =3
2 2
1 1
1 2 3 4 5 1 2 3 4 5
o o
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Fig. 3. The bi-core numbers of v3 before and after insertion in Fig. 1. ®(v3) = {(1,5), (2,3), (3,2),(5,1)} and
@’ (v3) = {(1,5),(3,3), (5 1) }-
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Fig. 4. An example of dense subgraph equivalence between the k-core, k-truss, k-(r, s)-nucleus H in general
graph G to the bipartite («, f)-cores Hy, Ha, Hs in bipartite graphs Gi, G2, and Gs, respectively.

3.1 Various Dense Subgraph Definitions

We present several dense subgraph definitions of k-core, («, ff)-core, k-truss, bitruss, and k-(r, s)-
nucleus, as follows.

DEFINITION 1 (k-cORE [1]). Given a graph G and an integer k € Z>°, the subgraph H C G is
the k-core if and only if H is the largest subgraph such that every vertex p € V(H) has the degree

du(p) > k.

The core number 6(p). A useful concept for vertex p in k-core is the core number, denoted by
6(p), which is the largest value of k € Z>° such that there exists a non-empty k-core H C G
containing p. For example, consider the graph G in Fig. 1 (b), #(vs) = 3, indicating that vs is in the
3-core, 2-core, and 1-core but not in any 4-core. Based on the definition of k-core in G, we extend
the definition of («, ff)-core in bipartite graph G.

DEFINITION 2 ((a, f)-CORE [24]). Given a bipartite graph G = (U, V,E) and two integers a,
B € Z°, the subgraph H C G is the (a, f)-core if and only if H is the largest subgraph admits the
degree constraint such that dg(u) > « forVu € U and dy(v) > f forVv € V hold.

k-truss and k-bitruss. A triangle Ay, is a small motif of 3-clique. The k-truss H of G = (V, E)
[8] requires that every edge e = (u,0) € E(H) is contained in at least k — 2 triangles Ay, for
w € N(u) N N(v) within H. Similar to k-truss, the k-bitruss of G = (U, V, E) [42] is defined based
on a small motif of butterfly X, ,0,4,, Where uy,uy € U, 01,0, € V, and (u;,0;) € Efor1 <i,j < 2.
Thus, the definition of k-bitruss is the largest subgraph H C G such that every edge e € E(H) is
contained in at least k butterflies in H.

Next, we present a generalized concept of k-nucleus based on k-clique, where a k-clique is a
complete graph of k nodes such that every two nodes are connected.

DEFINITION 3 (k-(r, s)-NUCLEUS [33]). Given a graph G = (V,E) and three integersk, r and s with
r < s, the subgraph H C G is the k-(r, s)-nucleus if H is the union of all r-cliques that every r-clique
is contained in at least k s-cliques.
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All the above dense subgraphs are cohesive controlled by a density parameter of k. The larger k,
the denser graph H.

3.2 Properties of («, f)-Core and Its Equivalence

Next, we introduce useful properties of (a, §)-cores.

PrROPERTY 1 (HIERARCHICAL PROPERTY). Given two bi-cores (a1, f1)-core Hy and (o, f2)-core Hy,
H1 c Hz holds lfOCl > 0y andﬁ1 > ﬁz.

Based on the hierarchical structure of (e, ff)-cores, we define the bi-core numbers.

DEFINITION 4 (B1-Core NUMBERS @ [24]). Given a node p in bipartite graph G, the bi-core
numbers of p are denoted by ®(p) = {(a, B) : @, p € Z>°,3 a non-empty (a, f)-core H C G s.t.p €
V(H) U U(H), and A(4, B)-core containing p with (&, ) > (a, B)}.

Note that the pair (&, ﬁ) > (a, p) represents either & > a,ﬁ >fora > a, /); > f5. For example,
@' (v3) = {(1,5), (3,3), (5,1)} in Fig. 3 (b), where (3, 3) indicates vs is in the (3, 3)-core, also is in
the (2, 3)-core or the (3, 2)-core and so on. Note that the bi-core numbers ® by Definition 4 are
difficult to quickly retrieve. To resolve it, in our work, we use a super set of bi-core numbers as
®(.), where we add a few pairs of (@, §) qualified to meet Definition 2. The exact bi-core numbers
can be easily obtained from ®(.) by removing all (, ) not meeting Definition 4.

For a node p € G, ®(p) is a set of a series of pairs of (a, ). We define amay(p) and Puax(p)
as the maximum value of & and f§ among ®(p), respectively. If we sort ®(p) in the increasing
order of a, we can get ®(p) = {(@1, fmax(P)), -+, (Amax(p), B1)}, where @y, - -+, amax(p) and
B1,- -, Pmax(p) are strictly increasing, respectively. Therefore, the number of pairs in ®(p) is
in O(min{@max(p), Pmax(p)}). For example, Fig. 3 (a) shows ®(v3) in Fig. 1 (a). It contains (1, 5),
(2,3), (3,2), (5,1). SO &max(v3) = 5 and Pmax(v3) = 5. If we treat the value of § in ®(p) as an
array and « as an array index and insert some pairs to make a continuous, the array is called
Bp = [Pmax(p),- -+, B1]. The array f, contains all information of ®(p) and can quickly check
whether the (a, f)-core contains p in O(1) time. If a pair (2", f*) is not in ®(p), B, [a”] is equal
to B,[a” + 1]. For example, in Fig. 3 (a), B, = [5,3,2,1, 1]. The value of & = 4 is not in ®(v3), so
Bo,[4] = Bo,[5] = 1. The (3, 3)-core does not contain v3, because f,,[3] = 2 < 3. The array a, is
defined similarly.

Equivalence to other subgraphs. We show the equivalence of («, f)-cores to other subgraphs
k-core, k-truss, k-(r, s)-nucleus, and k-bitruss, one by one as follows.

e First, (a, f)-core = k-core. Consider the k-core in a general graph G= (V, E), we construct
a corresponding bipartite graph G; = (Uy, V4, E;). We assign two vertex sets U; = V and
Vi = {e = (u,0) € E}. For the edge set Eq, we connect v,u € Uj to e = (u,0) € V; by adding
two edges (v, e), (u, e) into E;. Then, we set parameters a = k and §§ = 2. The («, f§)-core H;
of G; corresponds to the subgraph H,in which every vertex has at least k valid edges within
Hy, which is the k-core of G. Fig. 4 (a) and (b) show an example of constructing G; based on G.
The subgraph H within the red dashed box is the 3-core of G, while the subgraph H; in Fig. 4
(b) is the (3, 2)-core of G;. The union of nodes in U (H;) is exactly H.

e Second, (a, f)-core = k-truss. Similar to the conversion of k-core, we can achieve it by assigning
Gy = (U,, Vo, Ez) where U, is the set of edges and V; is the set of triangles. Fig. 4(c) shows the
(2,3)-core H, of G, is the 4-truss of G in Fig. 4(a).

e Third, (, f)-core = k-(r,s)-nucleus. We construct the G5 = (Us, V3, E3), where U; = {all
r-cliques in G}, V3 = {all s-cliques in G} and Es = {(v,0) : u € Us,v € V5,u C v}. As a result,
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the (k, (i))—core of G5 corresponds to the k-(r, s)-nucleus of G. Similarly, in Fig. 4 (a), the
subgraph H is the 1-(3, 4)-nucleus of G, while Hy in Fig. 4 (d) is the (1, 4)-core of Gs.

e Last but not least, (@, f)-core = k-bitruss. We construct the G4 = (U, V4, E4), where Uy = E,
Vi = {all butterflies M in G} and E4 = {(e; = (v1, u1), Xy, ppuyu,) : U, Uz € U, 01,02 € V,e1 €
My, 0uy1, +- The (k, 4)-core of G4 corresponds to the k-bitruss of G.

3.3 Problem Formulation and Generalization

Based on the bi-core numbers by Definition 4, we can obtain the bi-core index of G as ®(G) =
{®(p) : Vp € U U V}. Therefore, we formulate the problem of bi-core maintenance as follows.

PROBLEM 1 (BI-CORE MAINTENANCE). Given a dynamic bipartite graph G = (U, V, E) with an edge
e’ = (u,v) insertion/deletion, and the original bi-core index ®(G), the problem of bi-core maintenance
is to recompute the new bi-core index ®'(G") = {®'(p) : Vp € U U V}, where the new graph
G’ = (U,V,E’) has either E' = E U {e’} for the edge insertion or E' = E \ {e’} for the edge deletion.

Throughout this paper, we use the symbol ’ to represent the updated subgraph/concepts/index,
e.g., G’, @' (). For example, in Fig. 1, G changes to G’ after inserting (u4,v4). According to the
equivalence of dense subgraphs in Section 3.2, we can generalize the problem of bi-core maintenance
to handle alternative dense subgraph maintenance.

PROBLEM 2 (GENERAL MAINTENANCE). Given a general graph G, an update of graph region AG,
two motif patterns A and B (e.g., nodes, edges, A, X, R), two integers o and 5, an original index that
keeps an arbitrary dense subgraph A—B where each A connects to at least a times of B and each B
connects to at least 5 times of A, the problem of general maintenance is to update a new index on the
new graph G =G + AG, where the symbol + indicates + or — for insertion or deletion, respectively.

Our problem of general maintenance is a general version of bi-core maintenance by setting that
A is the node in U and B is the node in V for a bipartite graph G = (U, V, E). Moreover, the problem
of general maintenance could be extended to handling other subgraph maintenance, leveraging the
equivalence of dense subgraphs in Section 3.2. For example, consider a dynamic graph G for an edge
insertion ey = (u,v). For the k-core maintenance, we assign that A is the node and B is the edge,
a =k, f=2,and add two edge insertions (u, ep) and (v, €y) in a bipartite graph G;. Similarly, for
the k-truss maintenance, we assign that A is the edge and B is the triangle, « = k — 2, f = 3, and add
multiple edge insertions (g, Ayow,), ((1, Wi), Ayow,), and ((v, w;), Ayew,) for all w; € N(u) N N (v)
in a bipartite graph G,. Similar conversions can be performed for k-nucleus, and k-bitruss. Note
that although we focus on the bi-core maintenance, the proposed techniques can also be easily
extended to tackle a series of variant general maintenance problems above. A successful instance of
k-nucleus maintenance with detailed algorithms and results is reported in Section 5.3 and Exp-VII
in Section 6, respectively.

4 Our Bi-core Onion Layer Index

In this section, we first present the bi-core onion layers and the gradient between two onion
layers. Next, we present a novel index of bi-core onion layer called BCO-index. Finally, we develop
algorithms for BCO-index construction and maintenance.

4.1 Bi-core Onion Layers and Gradient

The structure of bi-core onion layers. To find the (a, f)-core, we can adopt the peeling process
to iteratively remove from G the nodes that do not meet the degree requirements, and obtain the
result. Obviously, the bi-core number ®(.) only keeps the final result and ignores the information
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of the batch of node removal, which is the key to the update of bi-core. Therefore, for each vertex
p, we keep both the information of ®(p) and the removal batch of node p, which is defined as the
onion layer for p.

DEFINITION 5 (ONION LAYER). Given a vertex u where u € H and u ¢ H’, the onion layer
L (u) € Z7° is a positive integer that shows the batch number of the removal of u from H to H'.

Note that in each batch, we remove all unqualified nodes together. If a node u exists in both H
and H’, we define Ly_,p (1) = oo. The peeling process is directional in our problem, so the onion
layer is also directional. In the following, we give a new definition of bi-core gradient to represent
onion layers in two orthogonal directions.

DEFINITION 6 (BI-CORE GRADIENT). Given a node u and a bi-core number P = (ay, 1) € ®(u),
the bi-core gradient, Vu(P) = (g—Z(P), g—;‘;(P)), of node u at point P is a pair of onion layers, which
shows the batch of the removal of u in the computation of (a1 + 1, f1)-core and (a1, p1 + 1)-core, i.e.,
g_Z(P) = L(al,ﬁl)-core—»(a1+1,ﬁ1)-core(u) and S—;(P) = L(al,ﬁl)-core—>(a1,ﬁ1+1)-c0re(u)'

To simplify, we use L%(P) to represent 2 (P). When the context is clear, we omit P or u or a,
ie., L} or L* or L,. For example, consider the graph in Fig. 2, ignoring all red dash lines and the
node vy, the remained subgraph is the H = (1, 2)-core. For obtaining the H = (2, 2)-core from the
H, u; and us are first removed, due to the degree less than 2. So L' ((1,2)) = Ly—p (u;) = 1 and
Ly (us) = 1. After removing u; and us, the degree of v, and vs decreases, so Ly—,p (v2) = 2 and
Ly 1 (vs) = 2. Repeating the above process, we get Ly, i (u2) = 3, Ly g (u4) = 3, Ly—p (v3) = 4,
Ly p (vs) = 4 and Ly, (u3) = 5. For obtaining H” = (1, 3)-core from H, vertices vy, v3, 04, U5 are
first removed, so Ly, g~ (v;) = 1for 2 < i < 5. Then, uy, uy, us, Uy, us are removed, so Ly, g~ (u;) = 2
for 1 < i < 5. Therefore, for node u; at point (1, 2), Vu;((1,2)) = (1, 2).

The structure of BCO-index. Based on the definition of bi-core number ®(.) and bi-core gradient
V, we design a novel structure of bi-core onion layer based index called BCO-index.

DEFINITION 7 (BCO-index). Given a node u € G, BCO-index(u) consists of two parts: ®(u) and
Vu, i.e.,, BCO-index(u) = {(P, Vu(P))}, VP € ®(u).

To capture all valid bi-core gradients, for a node u, we insert several pairs of («, ff) into ®(u) that
Vu((a, p)) # (co,00). The size of ®(u) in Definition 4 is in O(min{aypax (%), Pmax (%)}, while the
size of ®(u) in BCO-index is in O(@max () + Pmax(©)). For example, Fig. 3 shows ®(v3) = {(1,5),
(2,3), (3,2), (5,1)}. For BCO-index, we should save the value of Vous((a, §)) for all (, ) in [(1,5),
(1,4), (2,3), (3,2), (4,1), (5,1)]. The reason why we also keep (1,4) is that v5 is in (1, 4)-core but
not in (2, 4)-core, so L2 is not oo.

Consider the graph in Fig. 2, we give an example of how BCO-index solves the limitation of
bi-core maintenance [24]. Ignoring all red dash lines, BCO-index(v3) = [((1,2), (4,1)), ((2,1),
(2,5))]. After inserting the edge (us, v1) into G, BCO-index’ (v3) = [((1,2), (6,1)), ((2,1), (2,5))].
The insertion of (uy,v;) delays the removal of v5 from (1, 2)-core to (2,2)-core, indicating that
BCO-index can accurately capture changes of the graph.

An overview of our unified maintenance framework. Fig. 5(a) shows an overview of unified
maintenance framework. It mainly consists of three phases. Note that all algorithms will be detailed
presented in later sections. First, in the Phase-I of bi-core indexing, we first design indexing
algorithms (Algs. 1,5) to construct our BCO-index, which invokes decomposition procedure (Alg. 2)
to peel G on one direction of @ or . Note that kBCO-index is an advanced and compact index
of BCO-index. Next, in the Phase-II of bi-core indexing, we design two updating algorithms
(Algs. 4,6,7) for batch edge insertion/deletions by invoking several procedures (Algs. 3,8,9), which
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Fig. 5. An overview of our unified maintenance framework and the node status conversion for maintaining a
specific bi-core.

Algorithm 1 BCO-index Construction
Require: Graph G = (U,V,E);
Ensure: BCO-index;
1: BCO-index « 0;
: Apply Algorithm 2 with (o, f) = (1,1) on a-direction and get amax;
. Apply Algorithm 2 with (a, f) = (1, 1) on a-direction and get finay;

: for a from 2 to amax do

Apply Algorithm 2 with (&, f) = (@, 1) on f-direction;
: for f from 2 to fmax do -

Apply Algorithm 2 with (&, f) = (1, ) on a-direction;
: Add auxiliary points to BCO-index and sort BCO-index;

: return BCO-index;

takes a specific direction for updating bi-core numbers and onion layers. Finally, in the Phase-III of
general maintenance, we leverage the obtained bi-core maintenance techniques to design general
updating algorithms for a series of dense subgraphs, e.g., k-core, k-truss, k-nucleus, and so on. This
needs our graph construction algorithms (Algs. 10,11) to first convert geneal graphs to a bipartite
graph and build the new bipartite update.

4.2 BCO-Index Construction

We present the algorithm to construct BCO-index for all vertices in Algorithm 1. The key idea
is to compute the bi-core number of each vertex v € U U V and keep the last peeling round of
v to be deleted as the onion layer. First, we fix f = 1 and peel G with the increase of @ by using
Algorithm 2 and get atmax (line 2). Then, we fix @ = 1 and peel G with the increase of § to get fmax
(line 3). Next, we fix « from 2 to oy and peel G with the increase of . Similarly, we fix f from
2 to Pmax and peel G with the increase of « (lines 4-6). Finally, we add some auxiliary points to
make bi-core gradients for each node u in pairs and set empty values to co. In Algorithm 2, we
peel G with the increase of @ or 8, depending on the direction. The variable I records the current
onion layer by starting from [ = 1. First, we remove all nodes not in the (g, f)-core (line 1), and
initially set @ = @ and § = § (line 3). We increase « or § based on the direction (lines 6-8). Then, if
there exists u € U with d(u) < a or v € V with d(0) < f5, we put these nodes into N and remove
them together (line 9). The value of LY. _ .~ (P) is | and is saved into BCO-index (line 13). Next,
we increase [ by 1 (line 14) and repeat this process, until no node is removed. In the following, we
give the complexity analysis of BCO-index.

THEOREM 1. The BCO-index construction in Algorithm 1 takes O(mdp,yx) time and O(ndy.y) space.
The BCO-index size is O(ndmay)-
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Algorithm 2 Peeling on One Direction

Require: Graph G = (U, V,E), BCO-index, a, , direction;
Ensure: BCO-index; -
1: while 3p € U with d(p) < ¢ or 3p € V with d(p) < f do
2:  Remove p from G and update the degree of p’s nei?ghbors;
3: Initialize « = ¢ and = f;
4: while U # @ or V # 0 do
5 Setl « 1,P « (a, p);
6:  if direction = “a” then Set a «— a + 1;
7
8
9

if direction = “f” then Set f «— f +1;
if direction = “k” then Seta «— a+land f « f+1;
. while Ju € U with d(u) < ¢ or v € V with d(v) < f do
10: Nr «— {ueUld(u) < a} U {v € V|d(v) < f};

11: Remove Ng from G and update the degree of neighbors;
12: for all v € Ng do
13: Add Ls. . (P) =1to BCO-index;

irection

14: [ —1+1;
15: return BCO-index;

Proor. Each peeling process of Algorithm 1 takes O(m) time. The time complexity of Algo-
rithm 1 is O(m(max + Pmax)) = O(M - 2dmax) = O(Mdmax). For each node p € U U V, the size
of BCO-index(p) is in O(amax(p) + Pmax(p)). Therefore, BCO-index takes O(X peyuy (@max(p) +
Pmax(p))) = O(ndmax) space. Algorithm 1 stores the whole BCO-index in O(ndpayx)) space. O

4.3 BCO-Index Maintenance

First, we give some properties of bi-core gradient to help analyze the increase of bi-core numbers
and onion layers of nodes. Then, we introduce rules for changing statuses of nodes, which can
guarantee correct maintenance. Finally, we propose our maintenance algorithms as well as the
theoretical analysis.

DEFINITION 8 (ONION LAYER SUBGRAPH ‘H). Given a graph G, a bi-core number P = (o, 1), an
onion layer I, the onion layer subgraph HL(P) on a direction is an induced subgraph of G, where every
node p in it is in the (a1, py)-core and LY > 1. Similarly, every node p in Wé(P) is in the (o, f1)-core

and LZ > 1
Given the definition, we can conclude that (Hol:rl (P) C WDZC(P). When the context is clear, we

omit P or « or [, i.e., H!, or H" or H.If a node p has L, = I, H' is exactly the subgraph where p is
to be removed in the peeling process.

LEMMA 1 (NON-DECREASING BI1-CORE GRADIENT FOR INSERTION). For all nodes p in G, after
inserting an edge into G, we have values of LP non-decreasing, which indicates L'? > LP after insertion.

ProoOF. As new edges are inserted into G, d'(p) > d(p), p is to be removed later. Thus, p has a
larger onion layer in G’. O

Due to Lemma 1, to reduce examined pairs of ®, we update each bi-core gradient in the increasing
order of @ and f.

DEFINITION 9 (ONION LAYER DEGREE D). Given a node p, a pair (a1, f1) and an onion layer [, we
define DL (p, (a1, Br)) = dq{(ll((al,ﬁl))(P)'
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The definition of Dé (p, (a1, f1)) on f-direction is similar. When the context is clear, we omit
(a1, p1) or a or [, ie., D(p). Similar to H, D(p) is exactly the degree of the subgraph where p is to
be removed in the peeling process. Through observation, we have discovered the following degree
property. It indicates that the onion layers needs to be updated if the property violated during the
update process.

PROPERTY 2 (DEGREE PROPERTY). Given a nodeu € U that is contained in (a, ff)-core but is not
contained in (a+1, f§)-core, we have Z)ﬁ“ (u, (a, p)) = a if L¥ = 1. IfLY > 1, we have Z)ﬁ“ (u, (&, p)) <
a and Dﬁ“_l(u, (a, B)) > a. Similarly, given a node u € U that is contained in (a, ff)-core but is not

7 41
contained in (o, f+1)-core, we haveLy > 1. We also have Dﬁﬁ (u, (a, ) <« andi)ﬁﬂ (u, (a, p)) = a.

For nodes v € V, the degree property is similar as u € U. For example, consider the graph in
Fig. 2 without all red dash lines, since L;’°((1,2)) = 1, Z);(u5, (1, 2)) must be 1. At the same time,
Ly ((1,2)) = 3,50 D3 (ug, (1,2)) =1 < 1 and DZE(ug, (1,2)) = 2 > 1. Also, LZS((L 2)) =2 > 1, thus
D;(us, (1,2)) =0 < 1and Z)llg(us, (1,2)) =1 > 1. Importantly, we use e4((p) to indicate whether
a node p satisfies the degree property in H or not. When the context is clear, we omit H, i.e.,
€(p). For edge insertion, e(p) = false, indicating the increase of onion layers. For example, after
inserting the edge (us,v4) in Fig. 2, D} (us, (1,2)) = 2 > 1, the onion layer of us should be updated.
Similarly, when deleting edges, €(p) = false, indicating the decrease of onion layers. For example,
if we remove the edge (uy, vs) in Fig. 2, DZ(uy, (1,2)) = 1 < 1, u4 should be removed in lower layer.

Updating rules for changing node statuses. Based on the degree property, we can easily find
nodes needed to be updated. Note that the increase of degree of nodes cannot guarantee the increase
of bi-core numbers. So, the key idea for insertion maintenance is to assume nodes not meeting
Property 2 all can increase bi-core numbers and then draw back nodes that cannot increase bi-core
numbers. Thus, we need four node sets, Candidate, S, S*, S, and their relationships are shown in
Fig. 5 (b). Candidate contains all nodes not meeting Property 2, together with affected pairs in ®.
For a specific pair («, f), S keeps nodes that may increase (e, ) in BFS manner. S* keeps nodes
handled by S. S~ contains nodes that cannot increase («, ) but participated in degree calculation
of nodes in S and S*.

Algorithm 3 shows how to process S, S* and S™. Given G, BCO-index, for a specific a, f and
peeling direction, S is a seed set not meeting Property 2. For nodes p in S, we will temporarily set
their onion layers as co, move them into set S* (line 11). We also keep the neighbor g into S if the
degree violates Property 2. (line 14). Otherwise, g cannot be in the new («’, f’)-core but involves
in the degree of p, so we keep q into the set S~ (line 16), which will be removed in lines 4-10. The
removal of nodes in S~ will decrease the degree of nodes in S*. Therefore, when the degree of
nodes in S* meets Property 2 again, we remove them from S* and update their onion layers as
L9 + 1 (line 8).

For example, after inserting (u2,v;) in Fig. 2, we use Algorithm 3 to maintain onion layers from
(1,2)-core to (2, 2)-core. Suppose we have processed bi-core number (1,1) and get L) ((1,2)) = 1.
Since v;’s neighbor u; has D!(u;) =2 > 1,50 S = {u;}. First, we pop u; and get I = L*1 = 1 (line 3).
Currently, S~ = 0, we directly move to line 11 and set L** = co and push u; into S*. We visit
neighbors of us and find D' (v;) = 2 = D?(vy) > 2,50 S = {v1,v,}. Then, we pop v; because L% = 1
is the smallest onion layer of nodes in S. After handled vy, v, and u,, we have S* = {uy, up, v1,v,}
and S = {v3}. We pop vs from S and set L* = co and push v3 into S*. There is only one neighbor
u3 of v3 that is not in S U S*. But D°(u3) = 1 < 1, so u3 cannot be put into S and S~ = {u3}. Since
S = 0, we pop all nodes in S~ (line 17). We pop u3 in S~ and update D*(v3) = 1 < 2 and set
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Algorithm 3 Maintenance in One Direction for Edge Insertion

Require: Graph G = (U, V,E), BCO-index, a, §, direction, S;
Ensure: BCO-index, S*;
1St 0,5 <0
2: while S # 0 do
3:  Pop anode p in S with the smallest L? and set [ « L?;
4:  while 3g € S~ with L7 < [ do
5: Pop g from 57
6: for allt € N(q) do
7
8
9

if t € ST and D(t) < a then
Set Lt « L9+ 1; Move ¢t from ST to S~;
: if t € S then
10: Remove ¢ from S and push ¢ into §7;
11:  Set LP « co and push p to S*;
122 forallge N(p)andq ¢ SUS* do

13: if LY >l and D(q) > a then

14: Push g into S; Remove g from §~;
15: else if LY > [ then

16: Push g into S7;

17: Set [ « oo and conduct lines 4-10;
18: return BCO-index, S*;

Algorithm 4 BCO-index Maintenance for Edge Insertion

Require: Graph G = (U, V,E), BCO-index, an edge (u,v) to be inserted;
Ensure: BCO-index;

1: Candidateg, Candidateﬂ, S «— 0; Add (u,0) to G;

2: for all ((a, f), (LZ,L;)) € BCO-index(u) do

3 if e(u) = false then

4 Push (a, §, LY, u) into Candidatey;

5:  Similar operations for f-direction;

6: Similar operations for node v, like lines 2-5;

7

8

9

: while Candidate, # 0 do
Find the smallest « + 8 in Candidateg;

: Remove all records with the same aand B, L, # 0in Candidate, and keep these nodes to S;
10:  Call Algorithm 3 by a-direction and get BCO-index and S*;
11:  Set LB ((a+1,p)) « 1in BCO-index(p), ¥p € S*;
122 forallp e St UN(S*) do
13: if e(p) = false then
14: Push (a + 1, B, 1, p) into Candidateg;
15: Similar operations for Candidateﬁ, like lines 7-14;
16: return BCO-index;

L% = ["3 + 1 = 6 and move v; from S* to S™. Finally, we return BCO-index and S* = {uy, us, v1, 02},
where nodes increase their bi-core number from (1, 2) to (2, 2).

Maintain BCO-index for single edge insertion. Algorithm 4 shows the concrete steps. Since
neighbors of nodes u and v have changed, we check every onion layer degree of u and v in BCO-index
(lines 2-6); If the degree violates the Property 2, it indicates the onion layer should increase. We
keep these nodes and the corresponding (a, ) into the sets Candidate, and Candidates. We handle
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Table 1. An example of kBCO-index(uz) for node uy in Fig. 2.
Node ‘ Neighbors ‘ K ‘ a ‘ B
U U, U3 (1

.4)
uy | vop,03 | (21) | [(22)] | [(21)]

each record with the increase order of « + f (lines 8-15). For a specific @ and § in a-direction,
we first find all matched nodes in Candidate, and keep them into S (line 9). Then, we conduct
Algorithm 3 to maintain BCO-index and get S* where nodes are in the (a + 1, §)-core. We add
new index L% ((a + 1, §)) = 1 into BCO-index (line 11). Again, if the degree of nodes in the new
(a+ 1, f)-core violates the Property 2, we save them into Candidate, (lines 12-14). The operation
for handling Candidateg is similar with handling Candidate, (line 15). The algorithm terminates
by updating BCO-index after checking all candidates.

For example, after inserting the edge (u;,v1) in Fig. 2, Algorithm 4 first checks all bi-core num-
bers of u; and v; (lines 2-6). So we get Candidate, = {(2,1,1,u)} and Candidateg = {(1,1,1,01),
(2,1,1,v1)}. We first handle Candidate, (line 7) and get direction = a, @ = 2, § = 1 and
S = {uz} (line 9). Then we use Algorithm 3 and get S* = {uy, v1,0s,03}. We set nodes in S*
with bi-core number (3,1) and onion layer L, = 1 (line 11). Next, we check 1-hop neighbor-
hood of nodes in S* and get Candidate, = {(3,1,1,01),(3,1,1,03), (3,1,1,03)} and Candidateg =
{(1,1,1,01),(2,1,1,01), (3,1, 1, uz) }. Repeating above processes until all candidates are handled, our
bi-core maintenance ends.

THEOREM 2. Algorithm 4 is bounded by L_CHG and takes O(|| L_CHG ||;) time and uses O(ndmax)
space, where L_CHG is the changed part of BCO-index and ||L_CHG]|; denotes the size of the 1-hop
neighborhood of L_CHG.

Proor. First of all, we prove that Algorithm 4 is bounded by L_CHG. Following [31], the main-
tenance algorithm on a graph is bounded if the algorithm will only visit the h-hop neighborhood
of nodes whose state variables will be modified after maintenance. Obviously, only state of nodes
in L_CHG changed after applying our Algorithm 4. So next, we will show that Algorithm 4 will
only visit the 1-hop neighborhood of L_CHG. Before handling nodes p with onion layer / in S in
Algorithm 3, nodes g in S~ with L9 < [ are removed. If p is still in S, p must increase its onion layer
and is moved into S*. Therefore, nodes in S* are in L_CHG, and nodes used to be in S and S~ are
in the 1-hop neighborhood of L_CHG. The maximum size of S and S~ is ||L_CHG]||;, so the time
complexity of Algorithm 4 is O(||L_CHG]|;). Then, Algorithm 4 keeps BCO-index for all nodes in
the graph, which takes O(ndmax) space. So Algorithm 4 uses O(ndmax) space. ]

5 An Improved kBCO-Index

In this section, we propose a compact structure of kBCO-index, which improves BCO-index us-
ing smaller space. Based on ¥kBCO-index, we develop maintenance algorithms for batch inser-
tion/deletion, and extend to handle general maintenance for k-nucleus.

5.1 Compact kBCO-Index

Motivation. For any edge (u,v) € E, u must be in the (d(u), 1)-core and v must be in the (1, d(v))-
core. Therefore, tay = dmax(U) and Prax = dmax (V). In real-world datasets, dpay (U) and dyax (V)
may be a very large number, leading to a huge space cost and time cost of BCO-index. Therefore,
we can improve our index using a smaller space. First of all, as we mentioned before, any edge
(u,v) € E is in the (d(u), 1)-core and the (1, d(v))-core. Thus, it is not necessary to keep the index
for @« = 1 or § = 1, whose size equals to the size of the graph. Secondly, the (¢, §)-core can be
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Algorithm 5 kxBCO-index Construction

Require: Graph G = (U,V,E);
Ensure: kBCO-index;
1: kBCO-index « 0;
: Apply Algorithm 2 with (o, f) = (1,1) on k-direction and get kmax;

2
3: for k from 2 to kpax do

4:  Apply Algorithm 2 with (a, f) = (k, k) on a-direction;
5:  Apply Algorithm 2 with (a, B) = (k, k) on fB-direction;
6: return xkBCO-index; -

5 5
_ 4 _ 4 5

3 3
2 2
1 1 L

1 2 3 4 5 1 2 3 4 5

o a

(a) Peeling orders of Algorithm 1 (b) Peeling orders of Algorithm 5

Fig. 6. An example of different peeling orders in two index constructions for BCO-index and kBCO-index.

calculated by the (a — 1, §)-core from the a-direction; or it can be calculated by the («, f — 1)-core
from the S-direction. As a result, we can just keep one direction for a node to save lots of time and
space as shown in the following lemma.

LEmMA 2 (T1GHT BOUND [24]). For a node p, V(a, B) € ®(p), the minimum value of (e, ) cannot
be greater than the core number 6(p), i.e., O(p) > min(e, f5).

Lemma 2 shows that given the core number 6(u) of node u, u cannot be in a («, §)-core with
a > 0(u) and f > 0(u). Therefore, if we use the smaller value of (¢, ff) as array indices to store all
pairs of ®(u), the space cost is in O(0(u)).

The structure of kBCO-index. Based on this observation, we propose our improved index with a
new search strategy of k-direction, which treats the bipartite graph as a general graph and applies
core decomposition, i.e., the case of @ = f = k.

Thus, we have LY = L(g(u),6(u))-core— (6 (u)+1,6(u)+1)-core ().

DEFINITION 10 (kBCO-index). Given a nodeu € G, kBCO-index(u) consists of bi-core numbers
and onion layers on three directions: x-direction with o = f; a-direction with & > f; and B-direction
witha < f, i.e, kBCO-index(u) = { (0(w), Ly), [(au[i], Lz ((au[i], )], [(Buli], Ly (G, fuliD))]
LV2 <, j<0(u).

Table 1 shows an example of kBCO-index of Fig. 2. The first line is kBCO-index of node u,, only
considering all solid lines. The second line is the new kBCO-index of node u, after inserting the
edge (uz, v1). The kBCO-index also contains the information of neighbors. The neighbors show the
degree of the node, which can answer queries of &« = 1 or = 1. Every node has a pair of integers
on k-direction, where the first one is the core number of the node and another is the onion layer.
For example, (1, 4) indicates 6(uz) = 1 and when k = 1, the onion layer of u; is 4. Every node p
on a-direction or S-direction has 6(p) — 1 ordered pairs. For example, the first pair of node u;, on
B-direction is (2, 1), indicates u; is contained in the (2, 1)-core, onion layer is 1 and is not contained
in the (3, 1)-core.
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Algorithm 6 xBCO-index Maintenance for Batch Insertions

Require: Graph G, kBCO-index, an edge set AE to be inserted;
Ensure: kBCO-index;

1: Candidate, S «— 0; Add AE to G;

2: for all (u,0) € AE do

3:  for all (a, B, L%, direction) € kBCO-index(u) do

4 if €(u) = false then

5 Push (a, B, L%, u) into Candidatey;,ection;

6: Similar operations for node v, like lines 3-5;

7: while Candidate, # 0 do

8 Find the smallest k in Candidate,;

9 Move nodes with the same k in Candidate, to S;
10:  Conduct Algorithm 3 on k-direction to get kBCO-index and S*;
11:  for all direction € {“a”,“”, “c”} do

12: Add (k + 1,k + 1,1) to xBCO-indexgjrecrion (P), Vp € ST;
13: for all p € St UN(S") do

14: if e(p) = false then

15: Push (k+ 1,k + 1,1, p) into Candidateg;rections

16: while Candidate, # 0 do
17:  for all  and « in Candidate, in increasing order do

18: Move nodes with the same « and f in Candidate, to S;

19: Conduct Algorithm 3 on a-direction to get kBCO-index and S*;
20: Add (a +1,,1) to kBCO-indexq (p), ¥p € S*;

21: for all p € St UN(SY) do

22: if e(p) = false then

23: Push (a + 1, 5,1, p) into Candidatey;

24: Similar operations for CandidatEﬁ, like lines 16-23;
25: return xBCO-index;

As shown in Fig. 5(a), we now conduct two Phase-I&II of kBCO-index indexing and maintenance.
We construct kBCO-index by Algorithm 5, which invokes Algorithm 2 to peel G in three directions
of a, f, and k. Algorithm 5 shows the process of constructing kBCO-index. First of all, we conduct
core decomposition on the graph (line 2) and get ky.x. Then, for each value of k (line 3), we
conduct core decomposition on a-direction and f-direction. Finally, the result kBCO-index has
been obtained. Fig. 6 shows the difference between two index construction algorithms. Algorithm 1
peels G from 1 to ayax on f-direction and from 1 to fimax on a-direction. The total number of
peeling process is dmax + Pmax. Algorithm 5 first peels G to compute all k-cores, also called peeling
on k-direction. After peeling all nodes in G, ky.y is obtained. Then, it peels G from 2 to kpay on
a-direction and from 2 to k. on f-direction. The total number of peeling process is 2k, — 1. We
analyze the complexity of kBCO-index as follows.

THEOREM 3. The kBCO-index construction in Algorithm 5 takes O(mkyay) time and O(K) space,
where K = Z:Z“f‘(lUkl + |Vi|) and Uy U Vi is the k-core of G. The kBCO-index size is O(K).

ProoF. A peeling process takes O(m) time. The total number of peeling by Algorithm 5 is
2kmax — 1. For any node p in G, the number of kBCO-index stored is 26(p) — 1. Thus, the space of
kBCO-index is O(Xpeyuv (20(p) — 1)) = O(Zi;"fx(|Uk| + |Vk|)) = O(K). Thus, Algorithm 5 takes
O(mkpyax) time and O(K) space. O

5.2 kBCO-Index Maintenance
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Next, we introduce batch insertion/deletion to update kBCO-index in Algorithms 6 and 7, as
shown in our framework of Fig. 5(a).

Maintain kBCO-index for batch edge insertion. Algorithm 6 shows how to maintain kBCO-index
when inserting multiple edges into G in one batch. First, we insert all edges into G together and

push all nodes and («, ) that do not meet Property 2 into Candidate (lines 1-6). Since Candidate

contains all nodes not meeting Property 2, the following process can maintain kBCO-index cor-
rectly. Then, we first maintain ® on x-direction (lines 7-15). We handle nodes in the increasing

order of k, and every node increasing its (a, f) will be added new indexes on three directions

(line 20). Since indexes changed, we put other affected nodes into Candidate (lines 13-15). Next,
we maintain ® on a-direction and f-direction (lines 16-24). These processes are similar to that of
Algorithm 4.

THEOREM 4. Algorithm 6 takes O(|| L_CHG ||1) time and uses O(nkmayx) space.

ProoF. Aswe prove in Theorem 2, Algorithm 3 only visits nodes in ||L_CHG]|;. Algorithm 6 visits
nodes of 1-hop neighborhood of inserted edges and the results of Algorithm 3, thus Algorithm 6
also takes O(||L_CHG]|;) time. Then, Algorithm 6 keeps kBCO-index for all nodes in the graph,
which takes O(nkpay) space. O

Maintain kBCO-index for batch edge deletion. As mentioned before, the bi-core maintenance
is bounded in case of deletion. Thus, we can simply search all nodes that changed their bi-core
numbers ® in BFS manner. In order to unify the index for insertion and deletion, after maintaining
®, we also need to spend extra time to maintain onion layers. Therefore, Algorithm 7 for deletion
maintenance will first maintain ® (Algorithm 8) and then maintain onion layers (Algorithm 9).
Both Algorithm 8 and Algorithm 9 search nodes in BFS manner. Algorithm 8 finds nodes that do
not meet Definition 2, while Algorithm 9 finds nodes that do not meet Property 2. Algorithm 8
reduces a, f or 6 of found nodes by one (lines 4-6), while Algorithm 9 estimates a smaller onion
layer for the found nodes (line 3). In Algorithm 7, it first removes nodes and finds all candidates
in one batch (lines 1-6). The next parts are similar to the Algorithm 6 for insertion maintenance.
The differences are that Algorithm 7 processes nodes in the decreasing order of @, §§ or 6 (line 8,
24). When a node decreases its 0 in k-direction, & and f in other two directions also needed to be
removed (lines 14-22).

For example, consider the whole (2, 2)-core in Fig. 2, we use Algorithm 7 to maintain kBCO-index
when (us,v4) is removed. First, we find Candidate, = {(2,2,1,us), (2,2,2,04)}, Candidate, =
{(2,2,1,us)} and Candidateg = {(2,2,2,us), (2,2,3,04)} (lines 1-6). Then, we prioritize processing
Candidate, (lines 7-22) and get k = 2 (line 8), S = {us} (line 9) and S = {v4} (line 10). After
applying Algorithm 8 on Sg, we get S™ = {us, u4, us, v3, v, 05} (line 11). In line 11, we push u; into S
and S = {u,, v4}. Since vy is not in (2, 2)-core, we only update Ly from 2 to 1 in line 13. Next, we
find new candidates affected by the decrease of bi-core numbers of nodes in S~ When all nodes in
Candidate, are handled, we continue to handle other two candidate sets.

THEOREM 5. Algorithm 7 is bounded by L_CHG, which takes O(||L_CHG||;) time and uses O(K)
space.

Proor. In Algorithm 8, the nodes that changed bi-core numbers ® are in L_CHG. Thus, S is
bounded by L_CHG, and the visited nodes is bounded by the 1-hop neighborhood of L_CHG.
Similarly, in Algorithm 9, nodes in S that change their onion layers, are in L_CHG. The visited
nodes are bound by O(||L_CHG]|;). As a result, Algorithm 7 invoking Algorithms 8 and 9 is
bounded by L_CHG, which takes O(||L_CHG]|;) time and O(K) space. )
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Algorithm 7 kBCO-index Maintenance for Batch Deletions

Require: Graph G, kBCO-index, an edge set AE to be removed,;
Ensure: kBCO-index;
1: Candidate, S < 0; Remove AE from G;
2: for all (u,0) € AE do
3:  for all (a, B, L%, direction) € kBCO-index(u) do
if €(u) = false then
Push (a, B, L%, u) into Candidatey;,ection;
Similar operations for node v, like lines 3-5;
while Candidate, # 0 do
Move nodes with the largest k in Candidate to S;
Find set Sy in S that nodes in S violate Definition 2;
10: SetS « S — Sg;
11:  Call Algorithm 8 with input (kBCO-index, Sg, k, k, “k”) to get S~;
12:  Add p to S, where p € N(S7) and e(p) = false;
13:  Call Algorithm 9 with (kBCO-index, S, k, k, “k”) to update index;
14: forallp e S™ do

R A

15: Push (k — 1,k — 1, 00, p) into Candidate;

16: Set f «— k, (a,]) « kBCO-indexq(p)[k];

17: Push (a, f,1, p) to Candidatey; Remove kBCO-index, (p) [k];
18: for all g € N(p) do

19: if €(q) = false then

20: Push (a, §, LY, q) into Candidateg;

21: Seta «— k, (B,1) < xkBCO-indexg(p)[k];

22: Similar operations for f-direction, like lines 17-20;

23: while Candidate, # 0 do
24:  for all f and @ in Candidate, in decreasing order do

25: Move nodes with the same a and f in Candidate, to S;
26: Similar operations for a-direction, like lines 9-13;
27: Push (a — 1, §, o0, p) into Candidateq, Vp € S™, if a > f;

28: Similar operations for Candidateﬁ, like lines 23-27;
29: return kBCO-index;

Algorithm 8 Core Number Maintenance for Edge Deletion

Require: kBCO-index, S, a, f, direction;

Ensure: kBCO-index, S~;
1: ST « 0
2: while S # 0 do
3: Move a node p from S to S™, remove it from kBCO-index;
4. if direction = “a” then Set kBCO-indexq (p)[f] « (a — 1, 0);
5 if direction = “f” then Set kBCO-indexg(p)[a] « (B - 1,00);
6:  if direction = “k” then Set 6(p) «— a — 1 and LP « oo;
7 forallg e N(p) andq ¢ S do
8 Push q into S, if g violates Definition 2;
9: return xBCO-index, S~;

A comparison of technical details and algorithm complexity between ours and [24].

e (1) Why the techniques of [24] cannot work on kBCO-index? Note that maintaining bi-core
numbers and onion layers is different. The decrease of the bi-core number (¢, ) of a node can
affect its neighbors with the same bi-core number but cannot affect neighbors with bi-core
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Algorithm 9 Onion Layer Maintenance for Edge Deletion

Require: Graph G = (U, V,E), kBCO-index, a, f, direction, S;
Ensure: kBCO-index;

1:
2:

3
4:
5
6

while S # 0 do
Pop a node p in S with the smallest L?;
Set L? « I, which is the largest value meeting Property 2;
forallge N(p) andq ¢ S do
Add g to S, if e(q) = false;

: return kBCO-index;

Algorithm 10 Constructing Bipartite Graph for k-(r, s)-nucleus

Require: General graph G, two integers r, s with r < s;
Ensure: Bipartite graph G = (U, V, E);

1

2
3
4
5:
6
7

R « find all r-cliques in G; S « find all s-cliques in G;
G <« (RS, 0);
for each s-clique Hg € S do
for each r-clique H, C Hg do
idy < id of H, in R, idg < id of Hg in S;
Add edge (idy, ids) to G;

: return G;

numbers (« + 1, ) or (a, f + 1). However, the decrease of the onion layer [ of a node can
affect its neighbors at the same onion layer / and a higher onion layer / + 1, which leads to
the different techniques for maintaining bi-core numbers and onion layers. Therefore, the
techniques of maintaining bi-core numbers in [24] cannot be applied on maintaining onion
layers of our kBCO-index.

(2) We analyze the updating complexity of edge insertions. For maintenance of edge insertion,
our Algorithm 6 is bounded by taking O(||L_CHG||;) time, while as mentioned in [24], the
BLI method [24] is unbounded by taking O(mdp,x) time. In the worst case, BLI needs to visit
the whole graph for each changed bi-core number, while Algorithm 6 only visits nodes that
need to update onion layers.

(3) We analyze the updating complexity of edge deletions. For maintenance of edge deletion, our
Algorithm 7 is bounded by taking O(||L_CHG]||) time, and the BLD method [24] is unbounded
by taking O(||C_CHG]|;) time, where C_CHG is the changed part of bi-core numbers. If a
node changes its bi-core numbers, its onion layers also change, thus |C_CHG| < |[L_CHG],
indicating that Algorithm 7 may take more time than BLD. However, as our maintenance of
onion layers is bounded for edge insertion, Algorithm 6 performs much better than BLI in
experiments. Thanks to a huge efficiency improvement of updating for edge insertions, the
extra cost for maintaining the structure of onion layers in case of edge deletion is worth.

5.3 Handle General Maintenance for k-Nucleus

We apply our algorithms to handle general maintenance for k-nucleus as shown in Fig. 5(a). Given a
general graph G, we develop Algorithm 10 to construct a bipartite graph G. When a general update
AG comes, we construct the corresponding update AG by Algorithm 11. Then, the maintenance can
be done by the same bi-core techniques in previous sections. Other dense subgraph maintenance
can be done similarly.
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Algorithm 11 Update for Edge ( )
Require: Original graph G, an edge set AE to be ( ), original bipartite graph G = (U, V, E);
Ensure: Updated bipartite graph G;
1: G « G+ AE;
2: AS « all ( ) s-cliques in G (G) but not in G (G );
3: AR « all ( ) r-cliques in G (G) but notin G (G );
4: ;
5: for each s-clique Hs € AS do
6:  for each r-clique H, € H; do
7: idy «—id of H, in U, ids « id of Hy in V;
8: ( ) edge (idy, ids) to ( ) G;
9: ( );
10: return G;

Algorithm 10 shows how to construct the bipartite graph G from the general graph G for
maintaining the (r, s)-nucleus on G by following Section 3.2. First, we list all r-cliques and s-cliques
in G (line 1). Then, for each pair containing relationships that a r-clique is contained in a s-clique,
we push their ids, id, and id;, into G (lines 3-6). Finally, G is the constructed bipartite graph.

LemMA 3. The (k, (i))-core of G is the k-(r, s)-nucleus ofa

ProoF. Every node in U(G) is a r-clique in G. There are exact (f) r-cliques in a s-clique. So if a
node in V(G) has degree less than (), the corresponding s-clique in G also disappears. Therefore,
we can ensure that every node v € V(G) in the (k, (f))-core is a valid s-clique in G, and every node
u € U(G) in the (k, (7))-core is contained in at least k s-cliques. In conclusion, the (k, (¥))-core of
G is the k-(r, s)-nucleus of G. O

The k-core and k-truss are two special cases of k-(r, s)-nucleus for different parameters r and s.
Thus, we prove the equivariance of k-core and k-truss by Lemma 3 in the following corollary.

COROLLARY 1. Given a general graph G = (V, E), we construct a  bipartite graph Gy = (V1, Uy, Ey),
where Vi =V, Uy = {e = (u,0) € E} and E; = {(p,e):p e V,e EEp € e}. The (k,2)-core of Gy is
the k-core of G.

COROLLARY 2. Given a general graph G = (V,E), we construct a bipartite graph G, = (Va, Uy, Ez),
where Vy = E, Uy = {Aouw : (4,0) € E;w € N(u) N N(0)} and E; = {(e, Aguw) : € € E, € € Ay}
The (k — 2,3)-core of G is the k-truss of G.

The most time-consuming part is enumerating all s-cliques, so the time complexity is O(ndS,1).
We need to store all r-cliques, s-cliques and their containing relationships, so the space complexity is
O(r[R| +5[S|+ (3)IS]) = O(r|R| + (})IS]), where |R| and |S] are the number of r-cliques and s-cliques,
respectively. Once we obtain the bipartite graph G, we can construct kBCO-index accordingly.

When the general graph G changes, we can maintain the constructed bipartite graph G and
kBCO-index, to replace directly maintaining the k-(r, s)-nucleus. Algorithm 11 shows the process
of constructing the updated bipartite graph G. The green and underlined part is for edge insertions
and the red part enclosed by parentheses is for edge deletions. First of all, we obtain the new graph
G (line 1). The edge insertions create new r-cliques and s-cliques. Each s-clique contains exactly
(i) r-cliques, so it cannot happen that a new r-clique connects to an old s-clique. Therefore, in
line 5, we only need to search all new s-cliques. The deletion case is similar. Once a bipartite graph

Proc. ACM Manag. Data, Vol. 4, No. 1 (SIGMOD), Article 4. Publication date: February 2026.



4:20 Zitan Sun, Zihan Jia, Hong Cheng, Xin Huang, and Jeffrey Xu Yu

Table 2. Network statistics

Network U] \4 IE| dmax | Kmax K
IMDB (IMDB) 303,617 896,302 3,782,463 1,590 23 3,921,066
Wikipedia—en (WC) 1,853,493 182,947 3,795,796 11,593 18 4,001,271
amazon-ratings (AR) | 2,146,057 1,230,915 5,743,258 12,180 26 6,115,584
dblp (DBLP) 1,953,085 5,624,219 12,282,059 1,386 14 13,597,946

Wikipedia-edits-de (DE) | 1,025,084 | 5,910,432 55,231,903 818,183 212 55,485,022
Delicious tag—item (DTI) | 4,511,972 | 33,777,768 | 137,240,382 | 1,057,753 180 | 138,505,211
Web trackers (WT) | 27,665,730 | 12,756,244 | 140,613,762 | 11,571,952 | 437 | 142,828,289
bag-pubmed (BP) | 8,200,000 141,043 483,450,157 | 2,323,263 108 | 483,958,627

G finishes the update, we can maintain kBCO-index accordingly by following Section 5. As a result,
we can maintain the k-(r, s)-nucleus.

Discussion of parallelism updating. We explore the opportunity of parallelism updating by
identifying independent operations. The maintenance on a-direction and on S-direction do not
affect each other. Meanwhile, for different bi-core numbers, the maintenance can be processed
efficiently in parallel. In addition, in our general maintenance framework, we can enumerate
different sizes of cliques using parallel algorithms. All of these potential parallelism techniques
provide further efficiency improvement of our solutions.

6 Experiments

In this section, we conduct experiments to evaluate the performance of our solutions. The tests
are conducted on a Linux Server with Xeon Gold 6230R (2.1 GHz) and 768GB main memory. All
algorithms are implemented in C++. The source code is publicly available. !

Datasets. We use 8 real-world bipartite graphs from KONECT 2 in the experiments. Table 2 reports
the network statistics. We also report the maximum k values of the k-core as ky,x and the total

number of nodes of all k-cores as K = Zf;“f" |Uk| + |Vk|), which is relevant to the size of our index
kBCO-index.

Comparison methods. Different methods are compared below.
o BLI: The state-of-the-art bi-core maintenance algorithm for edge insertion in [24], which is
unbounded.
o BLD: The state-of-the-art bi-core maintenance algorithm for edge deletion in [24], which is
bounded.
e OLCI: Our bi-core maintenance method using Algorithm 6 for batch edge insertions, which is
bounded by the 1-hop neighborhood of nodes that changed onion layers.
e OLCD: Our bi-core maintenance method using Algorithm 7 for batch edge deletion, which is
bounded.
In addition, we evaluate the construction methods of BCO-index by Algorithm 1 and kBCO-index
by Algorithm 5.

Evaluation metrics and parameters. The bi-core maintenance includes two parts: insertions and
deletions. Following [36] to dismiss the bias of updating performance, we randomly insert/delete
100 edges into/from each dataset by default. In Exp-IV, we also test up to 10,000 updated edges.
We first remove these edges from the dataset to evaluate the efficiency of deletion, and then insert
them back to evaluate the efficiency of insertion.

!https://github.com/jinrdfh/bi-core
Zhttp://konect.cc/networks/
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Table 3. Efficiency evaluation of all maintenance algorithms. The running time is the total cost of 100 edge
insertions or deletions in seconds. The best results are in bold.

Index Time Insertion Deletion
Graph || Index [24] | Ours || BLI[24] | OLCI || BLD [24] | OLCD
IMDB 12.75 4.24 27.65 0.15 0.16 0.24
wC 12.15 2.99 0.32 0.077 0.22 0.07
AR 67.36 5.59 12.85 0.14 0.4 0.18
DBLP 38.5 5.34 264.45 0.031 0.43 0.01
DE 726.27 246.63 3,957 230.52 151.87 221.17
DTI 1,895 795.91 934.22 31.98 140.43 33.2
WT 6,165 837 1,293 260.35 310.62 168.46
BP 1,398 3,104 81,628 1,059 209.75 1,163

Dataset mm <BCO-index (I
10000 | Index [24] == BCO-index m=m
< 1000 }
(5]
2 100 }

IMDB WC AR DBLP DE DTI WT BP

Fig. 7. Evaluation of the size of our index, BCO-index and kBCO-index, compared with the dataset size and
the index size of [24]. Blank values mean the space exceeds 100 GB.

Exp-I: Efficiency evaluation. We first evaluate the efficiency of our proposed algorithm and
competitors through inserting/deleting 100 edges, as shown in Table 3, together with the indexing
time. We have the following observations. First of all, our insertion algorithm OLCI is much
faster than baseline insertion algorithm BLI on all datasets, especially on the dataset DBLP, which
achieves 8530x speedup. Secondly, our deletion algorithm OLCD runs faster than the baseline
deletion algorithm BLD on most datasets, and their running time is of the same order of magnitude.
As we mentioned earlier, OLCD is bounded by the nodes that changed onion layers, and BLD is
bounded by the nodes that changed ®. The result shows that the sizes of these two node sets are
very close. On datasets IMDB, DE and BP, BLD is slightly faster than OLCD, but BLI is much slower
than OLCI, showing that our extra cost of maintaining onion layers is worth. Third, the running
times of OLCI and OLCD are also on the same order of magnitude, showing that both maintenance
algorithms are bounded by nodes that changed onion layers. Finally, in terms of index time, our
maintenance algorithms also have significant advantages on most datasets.

Exp-II: Index size evaluation. Fig. 7 reports the size of kBCO-index on all datasets, compared
with the original dataset size. The data labeled by “kBCO-index” is the index size constructed
by Algorithm 5 in Section 5, while the data labeled by “BCO-index” is the index size constructed
by Algorithm 1 in Section 4. We also report the index size of [24], which is almost the same
with the original dataset size. The program is forced to terminate if the space exceeds 100 GB.
Algorithm 1 cannot finish the index construction within the given space on datasets DE, DTI,
WT and BP. Algorithm 1 takes O(ndpmax) space, while Algorithm 5 takes O(K) space, where
K= Z:‘:f |Uk|+1Vi| < nkmax, kmax << dmax, as shown in Table 2. Thus, the index size of Algorithm 5
is much smaller than that of Algorithm 1, which shows a huge improvement by kBCO-index. In
most cases, kBCO-index is only about twice as large as the original dataset, which is practically
acceptable in real applications. The size of kBCO-index is also about twice as large as that of the
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107 | |C_CHG| mmmm
IL_CHG| ——

# of examined nodes

IMDB WC AR DBLP DE DTI WT BP

Fig. 8. The number of examined nodes. |C_CHG] is the number of changed ®. |[L_CHG]| is the number of
changed onion layers.

Table 4. Efficiency evaluation of general dense subgraph maintenance. All times are reported in milliseconds.

General Graphs G Bipartite Graphs G
Dense Subgraph Pattern | k-core k-truss k-(3,4)-nucleus | (a, f)-core | k-bitruss
U | nodeo edge oo triangle A node o edge oo
V | edge oo | triangle A 4-clique ® node o butterfly X
[U] 684,912 2,284,991 4,582,169 1,953,085 12,282,059

[V] | 2,284,991 | 4,582,169 26,347,208 5,624,219 | 31,673,959
|E| | 4,569,982 | 13,746,507 105, 388, 832 12,282,059 | 126,695,836

AE 200 1,968 35,948 100 5,728

Index Time 2,550 5,541 36, 217 5,338 69,994
OLCI 20.21 268.03 15,816 31.49 309.26

OLCD 20.20 414.71 20,425 9.52 436.67

10* 10* 10° 107
oLCl ——

OLCl —+— 10" OLCD —— 0%, ]
10° OLCD —x— «BCO-indexing —5— 10°
kBCO-indexing —E5— 210 2

£ & . E 10t
g v oLel —— 21 10 2108

Z 100 ~ OLCD —%— Z =10t Zq? oS

0t «xBCO-indexing —5— 10 10 e xBCO-indexing —&—
102 10° 102 10°

1 10 100 1000 10* 1 10 100 1000  10* 1 10 100 1000  10* 1 10 100 1000  10°
The number of updated edges The number of updated edges The number of updated edges The number of updated edges
(a) IMDB (b) DBLP (c) DE (d) DTI

Fig. 9. The running time by varying the number of updated edges.

index of [24], because the index of [24] only keeps bi-core numbers of all nodes, while kBCO-index
stores bi-core numbers, onion layers and neighbors of all nodes.

Exp-III: Evaluation of examined nodes. Fig. 8 reports the number of examined nodes during
the process of OLCD. |C_CHG] is the number of changed ®, which is a lower bound for any
maintenance algorithm based on bi-core numbers. |L_CHG]| is the number of changed onion layers,
which is a lower bound for our maintenance algorithms. In most cases, |L_CHG| is about 3 times
larger than |C_CHG|, showing that maintaining onion layers to replace maintaining & is practicable.

Exp-1V: Evaluation of the number of updated edges. We randomly select 1, 10, 100, 1000, 10*
edges from datasets, IMDB, DBLP, DE and DTI, to test the efficiency of insertion and deletion. Fig. 9
reports the running time of our algorithms by varying the number of updated edges. When the
update size is small, i.e., no more than 100, our algorithms can efficiently update onion layers in
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Fig. 10. The running time by varying the number of edges in graph G.
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Fig. 11. Case study of bi-core maintenance on dynamic DBLP in 2013-2017, where the update takes every
two weeks.

batches. The increase of running time is slow, indicating that updating in batches is more efficient
than edge-by-edge maintenance. When the update size is large, i.e., 104, reconstruction of index is
more efficient. This experiment shows that our maintenance algorithms are more efficient than
rebuilding the index even when the number of updated edges reaches 10° (0.03%) on IMDB, 10*
(0.8%) on DBLP, 100 (0.0002%) on DE and 10? (0.0007%) on DE. Our maintenance algorithms perform
better on the dataset DBLP, because the k., on DBLP is smaller, so fewer ® need to be maintained.

Exp-V: Scalability test. We randomly select 1%, 10%, 100% edges from datasets, IMDB, DBLP, DE
and DTI, to form new graphs. Then, we conduct experiments on new graphs with the same setting
of Exp-I. Fig. 10 reports the running time of our algorithms and index construction. The results
show that our maintenance algorithms have good scalability. The running time is almost linear
with the scale of the graph.

Exp-VI: Bi-core maintenance in a practical application. We collect a collaboration network
of DBLP containing the information of authors and publications in 2013-2017. We use the author
and the corresponding publication to construct a bipartite graph. We use the data before 2013 to
construct kBCO-index and use the later data to maintain kBCO-index every two weeks. The graph
initially has 1,014, 958 edges with an average of 10,414 edges inserted each time. Fig. 11 reports
the running time of index construction, baseline maintenance algorithm BLI and our maintenance
algorithm OLCI. BLI can initially be faster than rebuilding the index. However, with the graph size
increasing, it gradually becomes less effective than rebuilding the index. Our algorithm is always
about one order of magnitude faster than other algorithms, which indicates that our algorithm has
significant advantages in real-world applications.

Exp-VII: General maintenance to handle k-core, k-truss, k-nucleus, and bi-truss. We use our
bi-core maintenance algorithms to maintain k-core, k-truss, and k-(3, 4)-nucleus in Table 4. The
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Table 5. The running time of simultaneously maintaining k-core, k-truss, and (a, f)-core is reported in
milliseconds.The competitors are state-of-the-art algorithms k-core [50], k-truss [36], and (a, f)-core [24].
‘ k-core ‘ k-truss ‘ (a, p)-core ‘ 3-in-1 maintenance task
SOTA 15 50 264, 880 264, 945
Ours 40 ‘ 683 ‘ 41 ‘ 764

general graph G is a DBLP dataset with 684, 912 nodes and 2, 284, 991 edges, where the nodes are
authors and the edge represents the co-authorship between two nodes. We insert/delete 100 edges.
We construct bipartite graphs as mentioned in Section 3. Table 4 reports that our maintenance
algorithms run faster than the index construction from scratch. And the speedup reaches 126x
for k-core, 16x for k-truss, 2x for k-(3, 4)-nucleus, where the speedup is calculated by the index
time over the average of insertion time and deletion time. Experimental results show that our
algorithms can efficiently maintain k-nucleus. Note that with the increase of r and s, the bipartite
graph size and AE also increase quickly. Therefore, the running time also increases quickly with
the increase of r and s. In addition, we also test our maintenance algorithms to maintain k-bitruss.
In this setting, the bipartite graph G of DBLP dataset keeps only the author-paper relationships.
We construct a new bipartite graph following Section 3 and compute (k, 4)-cores for maintaining
k-bitruss. Experimental results show that our algorithms can efficiently maintain k-bitruss and
achieve 188x speedup than reconstructing the index.

In addition, we test a comprehensive and challenging 3-in-1 maintenance task by combining three
tasks of maintaining k-core, k-truss and (a, f)-core into one, simultaneously. We report the total
running time of inserting 100 edges into the graph and then removing these edges from the graph,
which involves both edge insertions and edge deletions. In addition, we also report the individual
running time of three state-of-the-art competitors k-core [50], k-truss [36], and («, f)-core [24]. In
terms of individual times, the SOTA competitors of k-core [50] and k-truss [36] run faster than ours,
and the SOTA («, f)-core competitor [24] runs much worse than ours. The reasons are two-fold.
First, the maintenance algorithms [50] and [36] are designed specifically for one particular pattern,
whereas ours is a unified maintenance framework for handling multiple general patterns. Second,
our method needs to convert the original graph to a bipartite graph, which takes an extra cost of
computations and space storage as shown in Table 4. Third, considering the comprehensive 3-in-1
task, our method wins an integrated method of these SOTA competitors in an easy implementation
way, shown to be more useful in practice. In summary, our proposed unified framework can play
an important role in one-off indexing scheme to simultaneously update multiple dense subgraph
indexes over dynamic graphs, e.g., the N-in-1 maintenance task.

7 Conclusion

In this work, we creatively propose a unified framework to maintain various subgraphs (k-core,
k-truss, k-nucleus, and k-bitruss) over dynamic graphs, which leverages our developed techniques
of fast bi-core maintenance on bipartite graphs. We design a novel data structure of kBCO-index,
which is compact to keep (a, f)-cores onion layers in three directions. We theoretically analyze the
algorithm complexities and show the bounded advantage of our solutions. To our best knowledge, we
are the first to successfully support the maintenance of k-nucleus and k-bitruss. Experimental results
on show that our algorithms can be orders of magnitude faster than state-of-the-art competitors
on batch updates.
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