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Many real-world matrix datasets arrive as high-throughput vector streams, making it impractical to store
or process them in their entirety. To enable real-time analytics under limited computational, memory, and
communication resources, matrix sketching techniques have been developed over recent decades to provide
compact approximations of such streaming data. Some algorithms have achieved optimal space and communi-
cation complexity. However, these approaches often require frequent time-consuming matrix factorization
operations. In particular, under tight approximation error bounds, each matrix factorization computation
incurs cubic time complexity, thereby limiting their update efficiency.

In this paper, we introduce AEROSKETCH, a novel matrix sketching framework that leverages recent advances
in randomized numerical linear algebra (RandNLA). AEROSKETCH achieves optimal communication and space
costs while delivering near-optimal update time complexity (within logarithmic factors) across persistent,
sliding window, and distributed streaming scenarios. Extensive experiments on both synthetic and real-
world datasets demonstrate that AEROSKETCH consistently outperforms state-of-the-art methods in update
throughput. In particular, under tight approximation error constraints, AEROSKETCH reduces the cubic time
complexity to the quadratic level. Meanwhile, it maintains comparable approximation quality while retaining
optimal communication and space costs.
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1 Introduction

Many types of real-world data—such as computer network traffic [16, 39], online machine learn-
ing [3, 4, 18, 36, 37], and sensor data [2, 41]—are continuously generated as vast, high-velocity
streams of vectors [28, 34, 46]. Storing even a reasonable portion of these streams in memory is
impractical. Therefore, it is necessary to design online algorithms that process one vector at a time
and immediately discard it, enabling real-time processing with reduced memory usage at the cost
of some precision. Such compact representations are known as matrix sketching [5, 7, 15, 20, 38].

Table 1. Given the dimension d of each row vector (for tracking approximate matrix multiplication over
sliding window (Problem 4), there are two vector streams with dimensions d, and d, respectively), the upper
bound on the relative covariance error ¢, the norm of each row ||a;||3 € [1,R], and the number of sites m (in
distributed scenarios), this table presents an overview of the communication/space and amortized update
time complexities of algorithms addressing a wide range of matrix sketching problems. Here, § € (0,0.01)
denotes the upper bound on failure probability; that is, each listed complexity bound holds for an algorithm
that returns a matrix sketch satisfying the stated error guarantees with probability at least 1 — §. /" indicates
that the asymptotic complexity is optimal; — indicates that it is not optimal; and /* denotes near-optimal
complexity (up to a logarithmic factor).

Problem Scenarios Methods Space / Commu- Amortized Update Time
nication Complexity

Full Stream Matrix Sketch

(Problem 1) ‘ ‘ Frequent Directions [8, 20] ‘ o (4) ‘ O (i)

£

Tracking Matrix Sketch Fast-DS-FD [44] o (% ) o ((% =3 ) log R) —
Tracking over Sliding Window
Matrix (Problem 2) Theorem 3.1 o (4 ) (é logdlo R) *
Sketch [ ] ‘ e 08aios
Problem [Corollary 3.2] o (% log R) (% log dlog Rlog? 5 )
(Scenario 1)

. . d d
}‘Zat(:kméngter}sllstent ATTP-FD [30] o (; log ||A||F) o (:z) —
atrix Sketc

(ATTP, Problem 3) [Theorem 4.1] o (g og ||A||F) o (% log d log? %) *

Tracking Approximate hM&sg(—)%o[lzz[]m] o (d rdy log R) O (( derdy +3 ) log R) —

Matrix Multiplication

over Sliding Window doid dotd

(Problem 4) [Theorem 4.2] O( Y 1o gR) O( xp Y log dlog Rlog? %) *
Tracking Tracking Matrix Sketch P2 [10] o (de og || A% ) o (gz) —
Distributed | over Distributed Sites
Matrix (Problem 5) ( md | 2 ) ( d 21 ) N
Sketeh [Theorem 4.3] O (=% log [|All% O (£ logdlog® 5
f;::ri?r?o %) Tracking Matrix Sketch DA2 [45] o (de og || A% ) o (;%) —

over Distributed Sliding

Window (Problem 6) [Theorem 4.4] o ( "2 log ”A”}:) o (% log d log? %) *

We observe that a range of matrix sketching problems over vector streams—including tracking
persistent matrix sketches [30], matrix sketches over sliding windows [35, 44], distributed matrix
sketches [10, 45], and approximate matrix multiplication [40, 42]—can be reduced to two fundamen-
tal tasks: tracking matrix sketch problem with limited memory (Scenario 1) and tracking distributed
matrix sketch problem over bandwidth-constrained channels (Scenario 2), as categorized in Table 1.
The primary optimization metrics of matrix sketch algorithms are space cost (for Scenario 1),
communication cost (for Scenario 2), and time cost (for both Scenarios 1 and 2).

Extensive research has been dedicated to developing efficient matrix sketch algorithms for various
problem settings [8-10, 20, 30, 35, 40, 42, 44, 45], as well as theoretically analyzing the relationships
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Near-Optimal Time Matrix Sketch Framework for Persistent, Sliding Window, and Distributed Streams 8:3

among approximation quality, space/communication cost, and time complexity [8, 13, 14, 21, 44].
[13, 14] proved a lower bound on the communication cost for the distributed deterministic matrix
sketch problem. In other words, any deterministic matrix sketching algorithm that solves the
problem under Scenario 2 must incur a communication cost of at least a certain number of bits. The
corresponding lower bounds for the space complexities under Scenario 1 have also been proved by
other researchers [8, 40, 42, 44]. In addition to the theoretical results, numerous specific matrix sketch
algorithms have been proposed. Some of them have the same asymptotic communication/space
complexity as the theoretical lower bound, indicating that the sketch algorithms have achieved
optimal communication/space costs, as listed in Table 1 and marked by

Despite their superiority in communication/space complexity, these algorithms often suffer
from high computational costs, especially under tight approximation error bounds and over high-
dimensional vector streams of dimension d. Their asymptotic time complexities are suboptimal
compared with the time lower bound proved by Huang [12] (marked by — in Table 1). This is mainly
because they continuously perform time-consuming matrix factorizations to monitor changes in
the stream and update the matrix sketch. In particular, under tight approximation error bounds,
each matrix factorization incurs a cubic time complexity of O(d®), which is prohibitive for high-
dimensional vector streams. As a result, the prior communication- and space-optimal algorithms
are far from optimal in terms of computational complexity. This underperformance naturally
raises the question: Can we design matrix sketching algorithms that are simultaneously optimal in
communication, space, and time complexity?

Fortunately, we find that some more efficient RandNLA (randomized numerical linear algebra)
operators, including Power Iteration and Simultaneous Iteration, can replace time-consuming
deterministic matrix factorization operators [11, 22, 23, 26, 32]. Although substituting with RandNLA
operators may seem straightforward, there is a cost: RandNLA operators introduce probabilistic
errors, but deterministic matrix factorization operators do not. As a result, key steps in prior
algorithms must also be adapted. Moreover, randomness inherent in RandNLA makes it difficult
to determine appropriate parameter settings. It is also challenging to rigorously analyze how
probabilistic errors affect the final matrix sketch’s accuracy, as well as the communication, space, and
time complexity. Another obstacle is that RandNLA operators may not directly meet requirements.
For example, we need to identify singular values and vectors that exceed a given threshold 6, but
Simultaneous Iteration only supports computing the top-k singular components for a specified k.
However, we do not know in advance how many of the top-k singular values exceed the threshold
0. This adds further difficulty to both algorithm design and theoretical complexity analysis.

In this work, we overcome these obstacles through proper algorithm design and parameter
selection. The stochastic error from RandNLA operators can be analytically regulated, while
maintaining optimal space/communication complexity on par with the best baseline methods. The
amortized time complexity per update also approaches near-optimality (within a logarithmic factor).
The new generalized matrix sketching framework is termed AEROSKETCH, which accelerates a wide
range of tracking matrix sketching algorithms to near-optimal update time complexity (marked as

* in Table 1) along with optimal communication/space complexity. The specific contributions of
this paper are outlined below:

o Novel Framework: For a wide range of tracking matrix sketching problems listed in Table 1,
we design a new generalized matrix sketching framework, termed AEROSKETCH, which improves
the time efficiency of the previous state-of-the-art methods, while maintaining their optimal
communication and space overhead. In particular, under tight approximation error constraints
¢, baseline algorithms degrade to O(d®) time complexity while our AEROSKETCH framework
achieves O(d?log d) time complexity per update.
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8:4 Hanyan Yin et al.

¢ Rigorous Theoretical Analysis: We provide a rigorous end-to-end proof of AEROSKETCH,
demonstrating its competitive approximation quality, communication and space complexities,
and superior update time complexities compared to state-of-the-art methods, especially under
tight approximation error constraints €. To the best of our knowledge, AEROSKETCH is the
first implementable algorithm with theoretical guarantees of explicit probabilistic error bounds,
near-optimal update time complexity, and optimal space/communication complexity.

o Extensive Experiments: We implement the AEROSKETCH framework and conduct compre-
hensive experiments to verify its superiority over state-of-the-art algorithms, particularly in
terms of empirical approximation error, communication/space cost, and time consumption.
Experimental results show that the trade-off between error and computational cost for the
AEROSKETCH-optimized algorithm is more favorable than that for the best baseline algorithms on
both synthetic and real-world datasets. The communication/space cost of our framework is also
competitive. Furthermore, optimizing time cost becomes increasingly significant as the upper
bound on covariance relative error ¢ tightens and the dimensionality of the vectors d increases
substantially. These experimental findings strongly align with our theoretical analyses.

2 Preliminaries and Related Work

This section introduces problem definitions and relevant tools, including Power Iteration, Simulta-
neous Iteration, and Frequent Directions, on which our AEROSKETCH framework is based.

2.1 Problem Definition: Matrix Sketching

We now provide formal definitions of the different variants of matrix sketching problems listed
in Table 1. A stream A consists of row vectors a; € R!*4 where the norm of each row satisfies
||a,~||§ € [1,R]. Given two time values s < t, define A,; € R(=9)%d 45 the portion of the stream
that arrived during the time interval (s, ¢]. Let 0 denote a time point before any elements of the
stream have arrived, and T denote the current time. We further define the specific stream subsets
A; = Ao and A_; = A; 1. The sizes of both the sketching state and the output sketch matrix are
significantly smaller than the matrix to be approximated. In distributed settings, the communication
cost between the m sites and the coordinator, as well as the size of the output matrix, is significantly
smaller than that of the matrix to be approximated.

2.1.1  Full Stream Matrix Sketch. The goal of the full stream matrix sketch problem is to maintain
a matrix sketch of a stream from its beginning up to the current time T. The formal definition
is [8, 20]:

Problem 1 (Full Stream Matrix Sketching). Given an error parameter ¢, at any current time T, we
must maintain a matrix sketch By such that By approximates the matrix Ar. The approximation
quality is assured by the covariance error bound, defined as follows:

cov-error(Ar, Br) = |AJAr — B{Br|s < O(1)¢|| Ar||%.

2.1.2  Matrix Sketching over Sliding Window. In real-world scenarios, the focus often lies on the
most recently arrived elements rather than outdated items within data streams. Datar et al. [6]
considered the problem of maintaining aggregates and statistics from the most recent portion of a
data stream and referred to such a model as the sliding window model. The matrix sketching over
sliding window problem is formally stated as follows [35, 44]:

Problem 2 (Matrix Sketching over Sliding Window). Given an error parameter ¢ and a window
size N, the goal is to maintain a matrix sketch By such that, at the current time T, By approximates
the matrix Aw = Ar_n1 € RVX? The approximation quality is assured by the covariance error
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bound:
cov-error(Aw, Bw) = [ A}, Aw — By Bwll2 < O(Del| Awll%.

REMARK. Besides the space-optimal Fast-DS-FD algorithm proposed in [44] that is listed in Table 1,
a time-optimized version called probabilistic Fast-DS-FD is also mentioned in [44], claiming that the
per-update time complexity is O(df). By setting £ < min (I'{I, d), the time complexity becomes O (g)
The authors position probabilistic Fast-DS-FD as a potential direction for future work, as a fully detailed
implementation is not provided. Important parameters are not defined explicitly, such as how to set the
number of iterations for the RandNLA algorithm to meet the error bound. Therefore, we did not list
probabilistic Fast-DS-FD in Table 1 as a competitor to our AEROSKETCH framework. Additionally, we
found that Lemma 1 in [44], which involves the key operation of dumping and restoring snapshots and
the associated correctness proof, holds only under the premise that v; is an exact singular vector, which
is true for Fast-DS-FD. However, the probabilistic randomized algorithm used by probabilistic Fast-
DS-FD to optimize time can obtain only an approximate estimate of v;. Therefore, directly replacing
the SVD in Fast-DS-FD with RandNLA will introduce cumulative restoring norm errors, as shown in
Figure 1. Designing the dumping and restoring snapshots operation and correctness proof under this
premise is far from straightforward. In this paper, our AEROSKETCH framework will overcome these
limitations.

2.1.3  (At-the-time) Persistent Matrix Sketching. In this paper, we focus on the ATTP (at-the-time
persistent) sketch task proposed by Shi et al. [30], which requires supporting queries on arbitrary
historical versions of the full stream matrix sketch. The formal definition is as follows:

Problem 3 (ATTP Sketch). Given an error parameter ¢, we maintain a matrix sketch such that, at
the current time T, it can return an approximation B; for any matrix A; = Ag; € R! *d with t < T.
The approximation quality is assured by the covariance error bound:

Vt < T, cov-error(A; B;) =||A; A; — B/ B[z < O(1)e|| A |5

2.1.4  Approximate Matrix Multiplication over Sliding Window. We follow the problem definition of
approximate matrix multiplication over sliding window as in [40, 42, 43]:

Problem 4 (Approximate Matrix Multiplication over Sliding Window). Let {(x;,y;)};>0 be se-
quences of two vector streams, where for each time t, we have x; € R% and Yy, € R%. For a fixed
window size N and for any time T > N, define the sliding window matrices:

dx XN
Xw = [x7-N+1 XT-n+2 -+ x7] € RN,

Yw = [yT—N+1 Yr-N+2 v yT] e RN,
The goal is to yield, at every time T > N, matrices Aw € R%>*! and By € R%*¢ satisfying:
IXw¥y, — AwB [, < 0()e [ Xwllr ¥l

REMARK. Regarding Problem 4, we list two space-optimal baseline algorithms in Table 1: ML-SO-
COD proposed by Xian et al. [40] and hDS-COD proposed by Yao et al. [42]. Among them, [40] explicitly
states in Theorem 3 that the per-update time complexity of ML-SO-COD is O (((dx + dy) ¢ + £*) logR).
Meanwhile,we note that the proof of Theorem 1 in [42] writes: “the amortized time complexity for a
single update step in Algorithm 4 (hDS-COD) is O((dx +dy) ¢ + £*). ” (the last paragraph of Appendix C
in [40]). As e converges to 0, according to Theorem 1 in [40], { is set to £ = 1/¢, consequently it is often
the case that dy + dy = O(¢?) or even dy + d; = O(¢). Under such conditions, substituting this into
complexity O((dx + dy)t + €°) means the £* term can no longer be neglected, causing the complexity
to degrade to O((dy + dy)*), matching the per-update time complexity of ML-SO-COD under the same
condition of d + d,; = O(¢).
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Additionally, Section 4.3 of [42] proposes Adaptive DS-COD (aDS-COD) in Algorithm 6, which
optimizes both time and space complexity based on hDS-COD. Meanwhile, it is explicitly pointed out
that this algorithm is only suitable for streams that “have a large R but little fluctuation within the
window”, and not for the more strictly defined version in Problem 4, which requires handling arbitrary
fluctuations within the window. Thus, for fairness in comparison, we do not include aDS-COD in
Table 1 as a competitor to our AEROSKETCH framework. Nonetheless, we find that our AEROSKETCH
framework can replace the DS-COD component in aDS-COD, further optimizing its time complexity
under conditions where ¢ is small. We will demonstrate the experimental results of this optimization in
our technical report [1].

2.1.5 Tracking Distributed Matrix Sketch. In many scenarios, such as distributed databases, wireless
sensor networks, and cloud computing, there are multiple distributed input streams. Each stream
is observed by one of the m distributed sites. Suppose we have a distributed data stream A =
{(ai, 1, Si) | i =1,2,...}, where each item a; € R'*? is a d-dimensional vector with timestamp ¢;
arriving at site S; € {1,2,..., m}. We adopt the definition of tracking distributed matrix sketch given
by Ghashami et al. [10]:

Problem 5 (Tracking Distributed Matrix Sketch). At any current time T, define the matrix Ar as
the collection of all rows a; across all m sites with timestamps in the interval (0, T]. The goal is to
maintain, at a central coordinator, a compact sketch matrix Bt such that it approximates Ar, with
the guarantee of the covariance error bound:

cov-error(Ar, Br) = ||AJAr — B{Br|l, < O(1)¢||Ar||%.

In distributed settings, attention is also often focused on recent elements, known as the problem
of tracking distributed matrix sketch over sliding window. The definition given by Zhang et al. [45]
is:

Problem 6 (Tracking Distributed Matrix Sketch over Sliding Window). Given a window size N,
define Aw to consist of all vectors a; across all m sites with timestamps in the interval (T — N, T].
Maintain a compact sketch matrix Byw at a central coordinator such that it approximates Aw with
bounded covariance error:

cov-error(Aw, Bw) = || Ay, Aw — By Bw |2 < O(1)£||AW||12,.

REMARK. In Table 1, the baseline algorithm we list for solving Problem 6 is DA2, proposed by Zhang
et al. [45]. Although the update time complexity of DA2 is not explicitly given in [45], since each update
requires performing an SVD on a matrix of size d X O(1/¢), the update time complexity of DA2 should
be dominated by this operation, with a time cost of O(d/e?). When ¢ < O(1/d), the time complexity
degrades to O(d®). An analysis in the experimental section of the original paper also confirms this:
“This is because DAZ2 needs to compute matrix factorizations periodically, which leads to running time
quadratic or even cubic in d.” (last paragraph of Sec IV.B in [45]).

2.2 RandNLA Operators

2.2.1  Power lteration. Power Iteration (also known as the Power Method) is a classic algorithm
for computing an approximate largest singular value [17, 31]. Given a matrix A, the algorithm
produces an estimate 67 of the squared largest singular value of A, along with an estimated
corresponding top singular vector 9;. The pseudocode is shown in Algorithm 1.

A textbook theorem about the convergence rate of Power Iteration states the following: if the
initial vector x(*) in line 1 of Algorithm 1 is not orthogonal to the top singular vector, then after
k iterations the gap between the estimated squared singular value 62 and the true squared top
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Algorithm 1: Power Iteration Algorithm

Input: A € R?*’: the matrix for which the approximate largest singular value (squared) and
corresponding singular vector are to be computed; k: the number of iterations.

Output: 67: the squared largest singular value of A; v;: the corresponding singular vector.

/* N(0,I;) is the standard multivariate normal distribution */

1 x(o) — N(O,I{),x(o) — ﬁ
2

2 fori=1tok do

3 L x — ATAx(=D (D)

4 6« (x(k))TATAx(k),z;l — x(0
5 return 6,2 v,

singular value o satisfies |67 — 0| = O (0'22/012)2k [31], where 0% /0 (spectral gap) is the ratio of
the second-largest squared singular value of A to the top one.

However, instead of the spectral-gap-dependent error bound, the spectral-gap-free error bound
(which does not depend on ¢7) of Power Iteration is more convenient for proving the theorems
related to the AEROSKETCH framework proposed in this paper. A spectral-gap-free error bound was
proved by Kuczynski and Wozniakowski as Theorem 4.1(a) in [17], which provides a tight bound
but in a rather lengthy form. Therefore, we derive a looser yet more concise version that suffices
for our analysis and state it as follows:

COROLLARY 2.1 (PROBABILISTIC ERROR BOUND AND TIME COMPLEXITY OF POWER ITERATION, A
SIMPLIFIED COROLLARY OF THEOREM 4.1(A) IN [17]). For Algorithm 1, if we set k = [log, d] + 1, then
the probability that the estimated top squared singular value 67 exceeds half of the true value o2 /2 is

bounded by:
1

2
m\e \fdlog,d

Power Iteration requires only matrix-vector multiplications. The total computational time cost of
Algorithm 1 is O(dtk). If we set k = [log, d| + 1, then the time cost becomes O(d¢ log d).

Pr(6?>07/2] >1-

The original statement of Theorem 4.1(a) in [17], together with the detailed derivation of Corol-
lary 2.1, can be found in our technical report [1].

2.2.2  Simultaneous Iteration. Simultaneous Iteration, also known as Subspace Iteration or
Orthogonal Iteration, is an efficient algorithm for approximating the top-k singular values and
vectors of a matrix (in contrast to Power Iteration, which approximates only the top-1) [27]. The
procedure for this method is shown in Algorithm 2.

After running Algorithm 2 on matrix A, we obtain the approximate top-k singular vectors
Z = [z,23,...,2] and the approximate top-k singular values 3 = diag(6y, 62, ...,6x) of A. In
more intuitive terms, if the exact singular value decomposition (SVD) of A is givenby A =UXVT,
then Algorithm 2 returns Z ~ Uy and ¥ ~ %), where 3 is the diagonal matrix containing the top-k
singular values of A, and Uy contains the corresponding singular vectors.

The probabilistic error guarantees for the approximations, produced by Algorithm 2 provided by
Musco and Musco [27], are sufficient for our later analysis and are stated as follows:

THEOREM 2.2 (PROBABILISTIC ERROR BOUNDS AND TIME COMPLEXITY OF SIMULTANEOUS ITERATION,
THE MAIN LEMMA PROVEN IN [27]). Given a matrix A € R¥*, a target rank k, and an error parameter
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Algorithm 2: Simultaneous Iteration (simul_iter)

Input: A € R?%’: the matrix for which the top-k singular values and their corresponding
singular vectors are to be obtained; k: the number of singular components to
compute; &g an error coefficient within the range (0, 1).

Output: Z € R¥: the matrix of the approximate top-k singular vectors; % € RF*k: the

diagonal matrix of the approximate top-k singular values.

1 qh@(w),H~N(O,l)ka

€SI

2 K — (AAT)? ATl // K e Rk takes © (qdtk) time
3 O,R « QR(K) // Q e Rk takes © (dk?) time

1 M« QTAA™Q // M eRF*k | takes O(dtk) time

s [U,3°.UT] « SvD(M) // takes O(k%) time

6 return Z « QU, and >

esp, after executing Algorithm 2, we obtain matrices Z € R¥>* and % € RFk With high probability
(at least 99/100), the following guarantees hold:
(1) IA-ZZTAllr < (1 +es) |A - Acllr,
where Ay is the best rank-k approximation of A. If the singular value decomposition of A is
UZVT, then Ay = U SV, !
@) IA=ZZTAllz < (1 +es) | A= Akll2.
(3) Vi, |uiTAATul- — ziTAATzi| < &g+ GiH, where u; is the i-th left singular vector of A and z; is
the i-th column of Z.
The comments in Algorithm 2 analyze the time cost of each line. The time complexity of Algorithm 2
is dominated by line 2, which takes ©(qdtk) time, where q = © (bgd). If eg1 is a constant, then the

sl
total time complexity of Algorithm 2 becomes ©(dtk log d).

2.3 Frequent Directions

Frequent Directions (FD) [8, 20] is a deterministic matrix sketch algorithm in the row-update
model. It solves Problem 1 with optimal space and update time complexity. At initialization, FD
creates an all-zero matrix B with the size of 2¢ X d, where ¢ is an input parameter satisfying £ < d/2.
To process each arriving row vector a;, FD first checks whether B contains any zero-valued rows. If
so, it inserts a; into one of them. Otherwise, all 2¢ rows are filled, and it performs a singular value
decomposition [U, %, V'] = SVD(B), rescales the “directions” in B using the ¢-th largest singular
value oy, and “forgets” the least significant direction in the column space of V. The updated ¥’
and sketch matrix B’ are computed as:

Z/:diag(\/alz—cf?,...,\/03_1—03,0,.‘.,0),

and B’ = X’'VT, where 0'12 > 6§ > > crgé,. The updated B’ will have at least £ + 1 zero rows,
allowing the process to continue updating the sketch matrix B as new row vectors arrive. The
amortized computational cost per row is O(d?).

Frequent Directions has also been adapted to the matrix sketching variants defined in Sec-
tion 2.1—for example, PFD [30] for Problem 3 (AT TP Sketch) and DS-FD [44] for Problem 2 (Matrix

Sketching over Sliding Window). However, a common drawback of these methods is that they

ISpecifically, for k = 0, we define Ay = 0.
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fail to achieve the optimal update time complexity of the original Frequent Directions algorithm,
especially under tight approximation error constraints ¢. In this paper, we develop a new framework
with theoretical guarantees, termed AEROSKETCH, to overcome this limitation for Problems 2, 3, 4, 5,
and 6.

3 Our Framework: AEROSKETCH

In this section, we present a framework, termed AEROSKETCH, for accelerating the update time
complexity of the baseline algorithms solving the tracking matrix sketching problems introduced
in Section 2.1. We first select Problem 2 as a representative case and describe how our AEROSKETCH
framework is applied. We also provide rigorous end-to-end theoretical proofs for the error bound,
time, and space complexity. In later sections, we show how the AEROSKETCH framework can be
applied to optimize other problems.

3.1 AEROSKETCH Framework Description

3.1.1 High-level idea. Taking Problem 2 as an example, AEROSKETCH shares a common high-level
idea and skeleton with Fast-DS-FD: we implicitly maintain a matrix sketch By to approximate the
matrix Aw consisting of the most recent N elements in the stream. As time progresses, matrix Aw
continuously changes as new vectors arrive and the old vectors slide out of the window. When the
difference between the matrix Aw and the sketch matrix By exceeds the error threshold 6, this
discrepancy is computed, and a snapshot containing information about the difference and the
current timestamp is recorded. As the sliding window advances, snapshots with old timestamps
expire. The remaining recorded snapshots can be summed to form the sketch matrix By that
approximates matrix Aw within the current sliding window.

In Fast-DS-FD [44], the difference between Aw and By is computed by singular value decom-
position (SVD). It calculates the singular values and vectors of the covariance residual matrix
C'C = Aj;Aw — BBy, and components where the singular values are greater than 6 are recorded
as snapshots. If we set 0 = O(1) - ¢ ||AW||?~"= then we will have

|[A%Aw - ByBw], = ||cTCl|, < 6 =0(1) - e || Aw I},

which satisfies the covariance error bound. Since Aw (consequently C) changes with each incoming
row vector, there may be new singular values greater than 6. Therefore, SVD must be performed
on C'C for each update. When 1/¢ > d, the residual matrix C reaches a size of d X d, and each SVD
update will cost O(d*) time. For high-dimensional vector streams, this complexity is unacceptable.

As mentioned in the introduction, AEROSKETCH uses RandNLA operators, such as Power Iteration
and Simultaneous Iteration, to overcome the time bottleneck caused by SVD. This is because we
only need singular values greater than the error threshold 6, while the time-consuming full SVD
computes all singular values, resulting in computational waste. However, since RandNLA methods
are approximate algorithms, directly summing the approximate snapshots using the method of
Fast-DS-FD would introduce significant cumulative restoring norm error in the By, in the form

of
T

(ziz[c"c;+cCl'Ciz:z] —2z,Zz]C]"C/Z:Z]) (1)

i=T-N+1 2

If Z;’s are formed by exact singular vectors of C; ' C; as in Fast-DS-FD, then Eq. (1) is implicitly
zero. However, if the Z;’s are approximate singular vectors, the restoring norm error becomes
explicitly nonzero and can accumulate as the update proceeds, as shown by the blue line in Figure 1
(See our technical report [1] for a detailed derivation). It is also difficult to derive an upper bound

for this error. Fortunately, we found that by redesigning the saved snapshot (Z; and Z C, " C; at
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Fig. 1. Directly replacing the SVD in Fast-DS-FD with RandNLA would introduce cumulative restoring norm
errors as shown in Eq. (1), whereas our AEROSKETCH does not.

line 15 of Algorithm 4) and the restoring method of By involving the snapshots (Algorithm 5),
this cumulative error can be eliminated. Furthermore, other execution procedures and parameter
selections must be meticulously configured to bound the error, space/communication costs, and
time complexity. Through analysis and experiments, we find that the restoring norm error becomes
zero (as shown by the black line in Figure 1) and the algorithm’s error now stems solely from the
FD reduce operation and the residual matrix Cr_y at time T — N, both of which are more tractable
for error analysis. Additionally, we discovered that the auxiliary sketch and queue in Fast-DS-FD
can be removed, saving their space and time overhead.

Algorithm 3: AEROSKETCH: INITIALIZE(d, ¢, 0)

Input: d: dimension of input vectors of UPDATE; ¢: error upper bound; 6: dump threshold.
16— [2], Co e Oyxa
2 S « queue.INITIALIZE() // Queue of snapshots

3.1.2  Data Structures. Algorithm 3 shows the data structures used by AEROSKETCH. At initialization,
AEROSKETCH requires the input vector dimension d, the upper bound on the relative covariance
error ¢, and a dump threshold 0. It then initializes an empty matrix Cy of size 2¢ X d and a queue of
snapshots S.

3.1.3  Update Algorithm. Algorithm 4 shows how AEROSKETCH updates the sketch matrix C; when
a new row vector a; arrives at timestamp i. First, we insert @; into an empty row of C;_; to form éi
(line 1). If the number of rows in éi reaches 2¢, we apply lines 3-4, the FD reduction described in
Section 2.3 to form le . Otherwise, we simply set le to éi (line 6). Next, we perform Power Iteration
on matrix C; to estimate the squared top singular value 67 (line 7). If it exceeds half the dump
threshold, i.e., 6% > 0/2 (line 8), we apply Simultaneous Iteration to C; to compute the approximate
squared top-k singular values greater than 0 along with the corresponding singular vectors. Thus,
instead of recomputing the exact singular vectors, we quickly approximate them in a few iterations.

However, there is a catch: before applying Simultaneous Iteration, we do not know how many
squared singular values are greater than 8, and thus we cannot predefine k, which is a required
parameter of Simultaneous Iteration. To resolve this, we use the classic doubling technique. We
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Algorithm 4: AEROSKETCH: UPDATE(a;)

Input: a;: the row vector arriving at timestamp i.
1 Insert a; into an empty row of C;_; to get C;

2 if rows(C;) == 2¢ then // C; has no zero rows
3 | [Uy2, V] « SVD(Cy) /! 3;=diag (01,02 .., Omin(ard))

4 C] « Jmax (X} — ¢2L,0) V' // element-wise max

5 else

6 L C « G

7 62,01 « power_iteration(C;", k = [log,d] + 1)
8 if 6'f > g then

9 for j =1 to [log, min (2¢,d)] do

10 k <« min(2/,2¢,d)

1 [Z],3] « simul_iter(C;T,k, et = 0.4) /1'% =diag (61,65 ...,06%)

12 if 6] < 6 then

13 E— max§{&§ > 0}

14 Zl-<—Zi’[:,1;§]

15 S.APPEND((Z;, Z[C)TC)),s = S[-1].t + 1,t =) // S[-1] is the tail
element in queue S

16 Ci—C -CzZ

17 break

18 Ci—C]

19 else

20 L C; «— C

start by computing the top-2 approximate singular values and vectors of C; by setting k = 2 in
Simultaneous Iteration, and then continue doubling k (i.e., k = 4,8,16,..., 2/, as in lines 9-11).
Eventually, we find the value k = 2/ such that the k-th top estimated squared singular value is
smaller than @ (line 12). This implies the existence of some ¢ satisfying 2/~! < & < 2/ such that the
&-th largest estimated squared singular value is at least 0, while the (£ + 1)-th and smaller estimated
squared singular values fall below 6 (line 13).

Once ¢ is determined, we extract the approximate top-¢ singular vectors as a matrix denoted
by Z; (line 14). We then save a snapshot containing two matrices Z; and Z; C; ' C; along with the
current timestamp i, and push it into the queue S (line 15). Next, we remove the subspace spanned
by Z; from C; to obtain C; (line 16). Finally, the for-loop and the update procedure terminate
(line 17).

3.1.4  Query Algorithm. Algorithm 5 shows how to construct the sketch matrix B for the current
sliding window (T — N, T]. Since we store snapshots of the form (Z;, Z C; 7 C}) for certain times-
tamps i in the snapshot queue S, we can compute Z;ZC, ' C, + C,'C,Z;Z] - Z;Z] C]"C|Z;Z] by
matrix multiplications and additions. We then sum it over all i within the sliding window and add
them to the residual matrix C; Cr to obtain matrix B, as shown in lines 1-4. Finally, we perform an
eigendecomposition of B (line 5), reduce it by the ¢-th largest eigenvalue (line 6), and return the
top-£ rows of the resulting matrix as the sketch matrix B € R (line 7).
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Algorithm 5: AEROSKETCH: QUERY(Ib, ub)
Input: [b, ub: start and end timestamp of the query. For Problem 2, /b =T — N, ub =T.
1 B« CJbCub
2 forall ((Z;,Z] C;7C)),s,t = j) of S do
3 if [b <t = j < ub then
4 L | B« B+Z;Z;"C;TC;+C;'C/Z;Z;" - Z,Z;C;TCZ;Z]

5 [V,A,VT] « eigen_decomposition(B) // A=diag(A,Az...,4q), A=A 2> >y

6 B— \max(A—1I1,0)V"

7 return B[1: ¢,:]

Algorithm 6: ML-AEROSKETCH

1 Function IN1TIALIZE(d, N, R, €):
Input: d: dimension of the vectors in the stream; N: sliding window size; R: upper

bound of squared norms; ¢: desired relative covariance error bound.
2 L « [log, R;M « []

3 fori=0toL—1do

4 L M.append(AEROSKETCH.INITIALIZE(d, ¢, 0 = 2/eN))

5 Function UpPDATE(q;):
Input: a;: the row vector arriving at timestamp i.

6 for j=0toL - 1do

7 while len(M[j].S) > % or M[j].8[0].t <i— N do
8 | M[j].S.PopLEFT()

9 if ||a;||? > 6 then

10 L M[j].S.appPEND(a;, s = M[j].S[-1].t, t = i)

11 else

12 L M{[j].UppATE(a;)

13 F;nction QUERY():
14 j e« min;{1 < M[j].S[0].s <T-N+1}
15 | return FD(M[j].Query(lb =T — N,ub =T), [a; € M[j].S])

3.1.5 General Unnormalized Model. For the actual implementation of AEROSKETCH for Problem 2,
we adopt the parallel multi-level technique, as described in Algorithm 6. Briefly, we use this technique
for two main reasons: (1) As new rows arrive and the sliding window advances, old row vectors
(those arriving before time T—N) become outdated. Therefore, we first check for and remove expired
snapshots from the queue S (line 7). (2) We have to set the parameter 6 = O(1) - ¢ “AT—N,TH; at

initialization, but ||AT_ N’T”i“ can vary dramatically between very small and very large values as the
sliding window progresses. To handle this variability, we instantiate multiple parallel AEROSKETCH
levels (lines 3-4). This multi-level sketching strategy is widely used in streaming algorithms under
the sliding window model [19, 40, 42, 44]. This technique guarantees that there will always be at

least one level j for which the error threshold satisfies 6 < ¢ ||AT_ N’T”i“ Specifically:
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2
Fact 1. There always exists one level j = |log, —”AT’;]"T”F

0 =2/¢eN < SHAT—N,T”]z: <20,

| such that

and we can find the required j using line 14 of Algorithm 6, in the same way as Algorithm 7 does
in [44].

3.2 Analysis

We provide the error bound, asymptotic space and time complexities of Algorithm 6 in Theorem 3.1.

THEOREM 3.1. ML-AEROSKETCH (Algorithm 6) solves the Tracking Approximate Matrix Sketch
over Sliding Window (Problem 2) with space complexity O (g log R) and amortized time complexity

0] (% log dlog R) per update, with success probability (the probability that the output sketch satisfies
the covariance error bound) at least

99 1 2 1 @)

100" 7zve Jdlog,d|
When d is not very small, the success probability lower
bound Eq. (2) is close to 2=, which is a high probability.?

) 1.0
We plot the function grlaOE)h of the success probability . B BRSNS
lower bound Eq. (2) with respect to the vector dimen- “5% 0-81

sion d in Figure 2. As the dimension d increases, the g% 0.6

success probability lower bound of the algorithm quickly 8 é — v=w(l )
approaches . When d > 6, the success probability is at g - If d>6, then y>0.9

least 0.9, and when d > 20 and d > 192, the success proba- 3 § 0.2 4i === If d>20, then 3 >0.95

bility is at least 0.95 and 0.98, respectively. This indicates ~ }i ™ If d>192, then y > 0.9

that when d is not very small, the success probability 00 2600 a0 6t0 860 1000
lower bound is close to - d

100°

3.2.1 Reducing the Failure Probability from Eq. (2) to Ar-
bitrarily Small §. Furthermore, with a simple modification
to Algorithm 4, we can boost the success probability of
the algorithm from at most 99/100 in Eq. (2) to 1 — 4,
where § can be made arbitrarily close to 0. At the same time, the time complexity only increases by
a multiplicative factor of log?(1/8) compared with the result in Theorem 3.1, i.e., it increases from

Fig. 2. Success probability lower bound with
respect to d.

0] (% log dlog R) to O (‘—: logdlogR Iog2(1/5)), while the space complexity remains the same as in
Theorem 3.1.

More specifically, this probability-amplification technique replaces line 11 of Algorithm 4 with
Algorithm 7. The key idea is to replace the original single Simultaneous Iteration with r = log(1/6)
independent Simultaneous Iterations, and then select the iteration whose result minimizes the
matrix spectral norm of the C; — C/ZZ T. Formally, select Z,- where

r* = argmin ”Cl/ - C{ZhZ;l—”Z .
helr]

However, there is a pitfall here: computing the matrix spectral norm ||Cl’ -C ZhZ; || , exactly in
each round incurs significant time overhead. Therefore, instead of computing the exact spectral

2Note that this is a “lower bound” of the success probability, and the actual success probability could be much higher. In
fact, in our real experiments, there were no instances where the output sketch failed to satisfy the covariance error bound.
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norm, we repeatedly run s = 2 log, % independent rounds of Power Iteration on matrix C; — C; Z,Z;
to obtain s estimates (lines 6-7), take the maximum among them as the estimate of ||Cl’ -C ZhZ;l'— “2
(line 8), and finally choose the round with the smallest estimated value among all r rounds as the
final result (line 9). It can be shown that, after this modification, we obtain the following corollary:

COROLLARY 3.2. If Algorithm 7 is applied, then ML-AEROSKETCH (Algorithm 6) solves the Tracking
Approximate Matrix Sketch over Sliding Window (Problem 2) with space complexity O(% log R) and

amortized time complexity O (% log dlog R log? %) per update, with success probability at least 1 — 6,

where § is a tunable parameter that can be chosen arbitrarily in the interval (0,1/100).

The detailed proof can be found in our technical report [1].

Algorithm 7: Probability Amplification Procedure (Replacing Line 11 in Algorithm 4)

1 ¢ +oo, relog % s 2log
2 forh=1tordo

3 | [2),%5] « simul_iter(C/T, k,es = 0.2) /1 3y =diag (6n, 6n2 - - -» Gnk)
4 & — maxg{6 h§_9} Zp — Z;[1: ¢]

5 cp <0

6 forg=1tosdo

7 cig « power_iteration(C] - C;Z,Z])

8 cp < max(cp, Cpy)

9 ifcp <cthence—cy, Z] —Z

3.2.2 A proof sketch of Theorem 3.1. For the complete proof of Theorem 3.1, we refer the reader to
our technical report [1]. Here, we provide a concise proof sketch that contains the key technical
ideas and intuition.

(Error bound) If ||a;||% > 6, then at line 10 in Algorithm 6, a; is saved accurately, and thus no
error is introduced. Otherwise, if line 12 is triggered, then Algorithm 4 is executed. Since line 15
of Algorithm 4 stores matrix Z; and ZiT C TC;, we can accurately restore the matrix C; at line 4/6
from the matrix C; at line 16 through the following computation:

ClCi+Zi-Z/C'Cl+(Z[C'C)'Z" - 2 2/ C["Cl - Zi - 27
=(C/-Cjziz]Y"(C|-Ciz:iz])+ zZz[C,"C, +C|"C|z;z] - z,Z]C|"C|Z,;Z]
=] Cj-z:z€;7C]-c/leZ 7] +Z,2] ¢} €. 7.7,
+Z2.27€Cl+Cl e Z 7] - M cc.
This can be regarded as the “inverse operation” of Algorithm 4 and used in the query procedure
of Algorithm 5. Therefore, lines 7-20 do not introduce the restoring norm error. The overall error
mainly comes from the FD reduction operation in line 4. Additionally, by performing N steps of

the “inverse operation” from the current time T, we can recover the matrix C}._,, and thus Cr_y at
time T — N. We can prove that the covariance error can be decomposed into two parts:

T
la%Aw ~B7Bl,, <[ > Al +]lcf yCron],-
i=T-N+1 9 S
~— Term 2
Term 1
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Among them, A; = éiTéi —C;"C} is the gap error before and after line 4 in Algorithm 4. Therefore,
Term 1 is the error that originates from the FD reductions, and Term 2 is the error from Cr_x. The
derivation of the upper bound for Term 1 is similar to the idea of FD [8], and we can conclude that:

Term 1 < O(1)e ||AT—N,T||; + 2 - Term 2.

For the upper bound of Term 2 to hold, both the Power Iteration (line 7) and the Simultaneous
Iteration (line 11) at time T — N need to have converged successfully. According to Corollary 2.1
and Theorem 2.2, the probability is given by Eq. (2). Under the condition of successful convergence
and based on Fact 1, we can always find one level j of Algorithm 6 that satisfies:

Term 2 < 0(1)0 < O(1)e||Ar—n 13-
Finally, we have the probabilistic upper bound of covariance error:
|AT_n.7Ar-N7 — BTBJ|, < Term 1 + Term 2 < O(1)¢|| Ar—n 7|l

(Time complexity) In Algorithm 6, the update function executes the update subroutines of
Algorithm 4 at most L = [log, R] times. The time cost of Algorithm 4 consists of 3 parts: the FD
reduction in lines 2-6, the Power Iteration in line 7, and the doubling Simultaneous Iteration in
lines 8-17. The SVD for FD reduction is executed once every ¢ updates, and the amortized time
cost of lines 2-6 is O(d¢?)/¢ = O(df). According to the time complexity result in Corollary 2.1, the
Power Iteration in line 7 takes O(dftk) = O(% log d) time.

The analysis of the time cost for lines 9 to 17 is more subtle. We need to analyze each value of k
when the for-loop terminates during the i-th update, which we denote as k;. k; is an integer, where
intuitively each 1 in k; corresponds to a component greater than 0 in ||AT_ N,T”lz,. Therefore, for

o 2 . _
level j given by Fact 1, we have set 0 = ¢ ||AT_ N,T” . and a constraint on the sum of k; within the

current sliding window holds:
2
larark) o (1) 0
0 £

T
ki=O

i=T-N+1

According to Theorem 2.2, the time cost of the Simultaneous Iteration corresponding to each k; is
O(dtk;log d). Therefore, the total time cost for all i is:

T T
de
Z O(dtk;logd) = O(dtlog d) Z kizO(—logd).
i=T-N+1 i=T-N+1 €

We assume N > £ (otherwise, if N < ¢, we can directly store all £ rows exactly, so the assumption
N > ¢ is without loss of generality). Amortizing over N updates, the per-update time cost of
Algorithm 4 of level j becomes:

lO (ﬁlogd) =0 (g logd) .
N £ £

We show that the update time complexity of level j = |log, MJ in Algorithm 6 given by
Fact 1 is the maximum over all L levels. The intuition is that for lower levels than j, the 6 decreases
exponentially, so the time-efficient line 10 can be triggered more frequently. For levels higher than
J» the 6 increases exponentially, so the sum of k; in Eq. (3) decreases exponentially. Therefore, the
update time cost is dominated by the level j, and the total time cost of all L = [log, R] levels is

0 (g IogdlogR).
(Space complexity) The space cost of each level in Algorithm 6 consists of the sketch matrix C
and the snapshots in S. The sketch matrix C requires O(d¢) space, as its maximum size is d X 2¢.
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The queue S also uses O(d/¢) space, since it stores matrices Z; € R¥k and ZiTCi’TC; € Rkixd,
Summing over all N updates and using the bound from Eq. (3), the space cost of the queue S is:

2l

i=T-N+1

@)

Thus, the space cost of each level is O (d[ + %) =0 (g) and the total space cost of all L = [log, R]
levels is O (g log R).

4 Applying AEROSKETCH to Other Problems

Now we show how AEROSKETCH serves as a general framework that can be plugged into various
algorithms to replace their time-consuming matrix factorizations for a broad class of matrix
sketching problems.

4.1 Persistent Matrix Sketch (Problem 3)

Algorithm 8 describes how AEROSKETCH can be used to solve the ATTP matrix sketch problem.
The high-level idea is similar to FD-ATTP (Algorithm 1 in [30]), but we replace the SVD calculation
with AEROSKETCH to avoid frequent and time-consuming matrix factorizations.

Algorithm 8: ATTP Sketch using AEROSKETCH Framework

1 Function INITIALIZE(d, €):

2 | Aol <0
3 AEROSKETCH.INITIALIZE(d, ¢, 6 = 0)
4 Function UPDATE(a;):
2 2 2
5| Ay < 1Az + llaill;
6 AEROSKETCH.0 « ¢ ||At||%
7 AEROSKETCH.UPDATE(q;)

8 Function QUERY(t):
9 L return AEROSKETCH.QUERY(0, t)

THEOREM 4.1. Algorithm 8 solves the ATTP Matrix Sketch (Problem 3) with space complexity
O(% log ||A||§:) and amortized time complexity O(% log d) per update, with success probability at
least that given in Eq. (2). Alternatively, using the probability amplification of Algorithm 7, it achieves
amortized time complexity O(% log d log? %) per update while guarantee success probability at least

1 — 8, where S is a tunable parameter that can be chosen arbitrarily in the interval (0,1/100).

The detailed proof can be found in our technical report [1].

4.2 Tracking Approximate Matrix Sketch over Sliding Window (Problem 4)

Algorithm 9 shows the sketching algorithm for tracking an approximate matrix sketch over sliding
windows. The high-level idea and algorithm skeleton are similar to hDS-COD (Algorithm 3 in [42])
and SO-COD (Algorithm 2 in [40]), but we replace the DS-COD subroutines with AEROSKETCHCOD
to avoid frequent and time-consuming matrix factorizations.
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Algorithm 9: AEROSKETCHCOD Framework for Problem 4

1 Function INITIALIZE(dy, dy, €, N, 0):

10
11

12
13
14
15
16
17
18
19
20
21
22
23

24

25
26

27
28
29
30
31

32
33

Input: dy, d,: dimension of the vectors in stream; N: sliding window size; ¢: relative
covariance error bound; 6: dump threshold.

f «— r%'l’ A — odxXl’ B «— OdyXl

S « an empty queue

unction UPDATE(x;, y;):

Input: x;: the column vector of X arriving at time i; y;: the column vector of Y arriving
at time i;

while S[0].t + N <ido // snapshot expired
L S.POPLEFT()

A—[AL, a]".B—[BL, b]

if rows(A) > 2¢ then // A has no zero rows
‘ A}, B} « COD(A, B, t) // Co-Occuring Directions Sketch, refer to [25]

else

L A}, B} « AB

62,0, « power_iteration(A;B,", k = O(log, d))

if 61 > % then // largest singular value

for j =1 to [log, 2¢] do

k «— min(2/, 2¢)

[Z’,ﬁ] — simul_iter(A;BgT,k, £s1)

[H,%] « simul_iter(B/A,T, k, es)

if 3 < 60 then

k' « arg maxkz{ik/ > 0}

Zi—27Z'[,1:k'], Hj«— H'[,1:k]

snapshot « (Z;, ZT A/B", A/B,"H], H;)

S.APPEND (snapshot,s = S[-1].t + 1,t = i)

Aj— (I-ZZ")A, B~ (I-HH")B]

break

else
| Ai— A}, Bi < B]

Function QUERY():

zﬁBT — ATB;E
forall (Z;, ZT A/B,", A'B,"H;", H;) in S do

| ABT «— AB" +Z,Z[ A'B;" + A\B,"H H; - Z,Z[ A}B;" H] H;
[U,Z,VT] « SVD(AB")

A* «— U+ymax (X — 0,1,0), B* < Vimax (X —o,1,0)

| return A*[,1:¢], B*[,1:¢]
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THEOREM 4.2. Algorithm 9 solves the Tracking Approximate Matrix Multiplication over Slid-
ing Window (Problem 4) with space complexity O (@ logR) and amortized time complexity

£

o) (dX+dy log dlog R) per update, with success probability at least that given in Eq. (2). Alternatively,
using the similar like probability amplification of Algorithm 7, it achieves amortized time complexity
O(@ log d log Rlog? %) per update while guarantee success probability at least 1 — &, where § is a

tunable parameter that can be chosen arbitrarily in the interval (0,1/100).

The detailed proof can be found in our technical report [1].

4.3 Distributed Matrix Sketch (Problem 5)

Algorithm 10 describes how AEROSKETCH helps to solve the Tracking Distributed Matrix Sketch
problem. The high-level idea and algorithm skeleton are similar to P2 (Algorithms 5.3 and 5.4
in [10]), although we replace the SVD with AEROSKETCH to avoid frequent and time-consuming
matrix factorizations.

Algorithm 10: P5: AEROSKETCH Framework for Problem 5

1 Procedure UPDATE(q;): // at Site j
2 Fj<—Fj+||a,||§
3 if F; > - F then
4 L Send F; to coordinator; set F; < 0
5 AEROSKETCH.UPDATE(q;)
6 if AEROSKETCH.S is not empty then
7 Send Z, ZTCTC of S[0] to coordinator
8 Delete S[0] then AEROSKETCH.S is empty
9 return Z,Z'C'C
10 case received F do
11 AEROSKETCH.0 « ¢F
12 Procedure RECEIVE_UPDATE: // at Coordinator
13 case received F; do
14 F +=F; and #msg += 1
15 if #msg > m then
16 L #msg < 0, then Broadcast F to all sites
17 case received Z and Z"C7C do
18 ‘ B+=ZZ'C'C+C'CZZT -7ZZ'C'CcZZ™
19 Procedure QUERY: // at Coordinator

20 [V,A,VT] « eigen_decomposition(B)

21 B «— y/max (A —IA,,0) V"

22 return B[1: ¢,

THEOREM 4.3. P5 (Algorithm 10) solves the Distributed Matrix Sketch problem (Problem 5) with
communication complexity O (de log ||A||§:) and amortized time complexity O (g log d) per update,

with success probability at least that given in Eq. (2). Alternatively, using the probability amplification
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of Algorithm 7, it achieves amortized time complexity O(% log dlog® %) per update while guarantee

success probability at least 1 — &, where § is a tunable parameter that can be chosen in the interval
(0,1/100).

The detailed proof can be found in our technical report [1].

4.3.1 Tracking Distributed Matrix Sketch over Sliding Window (Problem 6). Algorithm 11 describes
how P5 (Algorithm 10) can be used to solve the Tracking Distributed Matrix Sketch over Sliding
Window problem. The high-level idea and algorithm skeleton are similar to DA2 (Algorithm 5
n [45]). The IWMT protocol used by DA2 is a “black-box” one-way communication version of P2.
Here we replace IWMT with P5 (Algorithm 10) to achieve the same communication complexity
while avoiding frequent and time-consuming matrix factorizations.

Algorithm 11: AEROSKETCH Framework for Problem 6

1 Procedure UPDATE(q;): // at Site j
2 Z,ZTCTC «P5.UPDATE(a;)

3 Send (Z,ZTCTC, flag = update)

4 mEH,.UPDATE(a;);

5 if i mod N = 0 then

6 | Q « IWMT,(mEH,)

fore; € Qandt <i— N do

8 L Send (e;, flag = expire), then remove e; from Q
9 Procedure RECEIVE_UPDATE: // at Coordinator
10 switch flag do
11 case update do
12 ‘ B+=ZZ'C'C+C'CZZ"-2Z'C'CzZ"
13 case expire do
14 ‘ B-=¢/e
15 Procedure QUERY: // at Coordinator

16 [V,A,VT] « eigen_decomposition(B)

17 B — \max (A -11,0)VT

18 return B[1: ¢,:]

THEOREM 4.4. Algorithm 11 solves the Tracking Distributed Matrix Sketch over Sliding Win-

dow (Problem 6) with communication complexity O (m—gd log ||A||12g) and amortized time complexity
0] (% log d) per update, with success probability at least that given in Eq. (2). Alternatively, using the

probability amplification of Algorithm 7, it achieves amortized time complexity O(‘;l log d log® %) per
update to guarantee success probability at least 1 — &, where § is a tunable parameter that can be
chosen arbitrarily in the interval (0,1/100).

The detailed proof can be found in our technical report [1].
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5 Experiments
5.1 Experimental Setup

5.1.1 Problem Scenarios, Algorithms and Parameter Settings. We evaluate our proposed framework
AEROSKETCH against the space-/communication-optimal baseline algorithms listed in Table 1 for
various tracking matrix sketching problems:

e Matrix Sketch over Sliding Window (Problem 2): Fast-DS-FD [44].

e ATTP Matrix Sketch (Problem 3): PFD [30].

e Tracking Approximate Matrix Multiplication over Sliding Window (AMM, Problem 4):
hDS-COD/SO-COD [40, 42].

o Tracking Distributed Matrix Sketch (Problem 5): P2 [10].

¢ Distributed Matrix Sketch over Sliding Window (Distributed SW, Problem 6): DA2 [45].

The bold-underlined terms are the abbreviations used in the experimental result figures. For
all algorithms, common parameters are the dimension of the vector stream, denoted as d, and the
upper bound on the relative covariance error, ¢. Our experiments primarily focus on comparing
various performance metrics of AEROSKETCH against baseline algorithms under varying values of
¢. The specific metrics we focus on will be elaborated in Section 5.1.2.

5.1.2 Metrics.

e Maximum sketch size assesses the memory cost of a matrix sketch algorithm. For each algo-
rithm, we record the peak total memory usage of all data structures (in number of rows or KB)
during runtime over the entire stream.

e Empirical relative covariance error assesses the quality of the approximate sketch matrix
produced by algorithms. It is defined as [|ATA — BT B||;/||A||%, where A is the ground-truth
matrix and B is the sketch matrix generated by the algorithm. In the case of approximate matrix
multiplication, the relative error is defined as || XY™ — AB" ||/ (|| X||r||Y]|F), where X and Y are
the input stream matrices, while A and B are the resulting sketches. It is important to note that the
parameter ¢ is an upper bound on the relative covariance error (i.e., the worst-case approximation
guarantee). In practice, the actual relative covariance error observed during experiments may
be significantly lower than ¢. Even under the same ¢ setting, different algorithms may exhibit
different empirically measured covariance errors.

e Amortized update time refers to the average time to update for each input vector from the
streams during the runtime.

e Speedup ratio measures how much faster AEROSKETCH is compared with the baseline. It is
calculated as the ratio of the amortized update time of the baseline algorithm to the amortized
update time of the AEROSKETCH algorithm.

e Communication cost: In distributed settings, this metric captures the total size of messages
exchanged between sites and the coordinator during the execution of the sketch algorithm.

e Space/communication cost ratio compares the space/communication footprint of AEROSKETCH
algorithm with the baseline algorithm, calculated as the ratio of space/communication cost of
our AEROSKETCH algorithms to that of the baseline algorithms.

5.1.3 Hardware, Environments, and Datasets. All algorithms are implemented in Python 3.12.0. To
ensure stable timing measurements, experiments are conducted on a single idle core of an Intel®
Xeon® CPU E7-4809 v4 clocked at 2.10 GHz. Each algorithm is run on each dataset 20 times, and
the average of the update time is recorded. For probabilistic algorithms such as Power Iteration and
Simultaneous Iteration, we use a fixed random seed to ensure the reproducibility of our results. The
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experiments conducted in distributed settings are implemented with the help of Ray® 2.46.0 [24].

We query and record the sketch and metrics every 20 steps. The datasets we use are:

(1) Uniform Random: The entries of matrices are drawn uniformly at random from the interval
(0, 1]. We use this dataset for AMM. We set d,, = 300, dy =500, N = 5000, T = 10000.

(2) Random Noisy [33]: The matrices are generated by the formula A = SDU + N/{. Here,
S is an n X d matrix of signal coefficients, with each entry drawn from a standard normal
distribution. D is a diagonal matrix with D;; =1 — (i — 1)/d. U represents the signal row space,
satisfying UUT = I, and { is a positive real parameter for adjusting noise intensity to control
the signal-to-noise ratio. The matrix N adds Gaussian noise, with N; ; drawn from the standard
Gaussian distribution N (0, 1). We use the dataset for ATTP, Distributed (SW). For ATTP, we
set d =500, T = 10000. For Distributed, we set m = 4,d = 500, T = 10000. For Distributed (SW),
we set m = 4,d =500, N = 5000, T = 10000.

(3) Real-world Dataset: GloVe* provides a dataset of pre-trained word vectors [29] with dimension
of d = 300. We use the dataset for the Sliding Window. We set N = 5000, T = 10000.

5.2 Experimental Results

Figures 3-10 show the comparison of different metrics between the baseline algorithms and the
AEROSKETCH algorithms across the five problem scenarios. Among them, the cyan lines represent
the space/communication-optimal baseline algorithms, while the magenta lines represent the
AEROSKETCH-optimized algorithms proposed in this work. The blue lines represent the speedup
ratio, while the lines represent the space/communication cost ratio.
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Fig. 4. Space/communication cost vs. parameter ¢.

5.2.1 ¢ vs. Time, Space, and Communication Cost. For both the baseline algorithm and our AErROS-
KETCH algorithm, we set a series of parameters ¢ (corresponding to the x-axis in Figures 3 and 4)
for each of the five problem scenarios, and recorded the amortized update time and maximum
space cost (or communication cost under the distributed scenario) of both algorithms under each ¢
setting, corresponding to the y-axis in Figures 3 and 4.

Figure 3 shows the relationship between the parameter ¢ and the amortized update time. When
¢ is set to a larger value, our AEROSKETCH algorithms show insignificant acceleration compared
to the baseline algorithms. However, as ¢ gradually converges to 0, the speedup ratio of our

Shttps://www.ray.io/
4https://nlp.stanford.edu/projects/glove/
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AEROSKETCH algorithms relative to the baseline algorithms increases significantly, which aligns
with the conclusions in Table 1. Taking Figure 3b as an example, the time complexity corresponding

to Fast-DS-FD is O ((% + E%) log R), while the time complexity of our proposed AEROSKETCH
algorithms in Theorem 3.1 of this paper is O (‘—: logdlogR). When ¢ > 1/Vd (thus d/e > 1/%),

the 1/ term in the baseline algorithm is negligible compared to d/e. However, as ¢ starts from
£ = 0 (1/d) and gradually converges to 0, the 1/¢* term in the baseline algorithm’s time complexity
begins to dominate, causing the overall time complexity to degrade to a cubic order of O(d®). In
contrast, our AEROSKETCH achieves a near-quadratic order of O(d? log d). Similar conclusions can
be drawn for other scenarios in Table 1 using analogous analysis, indicating that our AEROSKETCH
can prevent performance degradation as ¢ converges to 0, ensuring better time performance even
under stricter error bounds.

Figure 4 shows the relationship between the space/communication cost of the algorithms and pa-
rameter ¢. We observe that across all values of ¢ in each problem scenario, the space/communication
cost ratio between our AEROSKETCH algorithm and the baseline algorithm stabilizes at a constant
between 0.5 and 2. This aligns with the conclusion in Table 1 that both the AEROSKETCH algorithm
and the baseline algorithm achieve the same order and optimal asymptotic space/communication
complexity. Theoretically, under the same average error, the space or communication cost of AEROS-
KETCH is approximately twice that of the previous state-of-the-art algorithm, as shown in Figures 4c
and 4d, as the communication cost ratio is close to 2. The reason, as noted earlier, is that the baseline
algorithm computes snapshots exactly, while our approximate algorithm AEROSKETCH must store
an additional subspace-generating matrix Z; (line 15 in Algorithm 4) to recover the original matrix
from the residual matrix C;, thus introducing a constant factor of 2. However, we observe that
certain space optimization techniques can be employed to reduce the constant factors. For example,
in PFD, recording partial checkpoints and full checkpoints can be optimized to record a single
type of snapshot; the auxiliary queue in Fast-DS-FD and hDS-COD/SO-COD has been proven to
be removable. These techniques can make the actual space/communication cost of AEROSKETCH
essentially equal to or even slightly lower than that of the baseline algorithm under the same
relative error upper bound ¢, as reflected in Figures 4a, 4b, and 4e, where the space cost ratio is
equal to or slightly below 1. Overall, both theoretical analysis and experimental results verify that
AEROSKETCH achieves the same order-optimal asymptotic space complexity as the baseline.
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Fig. 5. Empirical relative covariance errors vs. parameter ¢.

REMARK. It is important to note that the parameter ¢ used in the algorithm is an upper bound
on the empirical relative covariance error (i.e., ¢ is the worst-case approximation guarantee). As
shown in Figure 5, the maximum empirical relative covariance error of all algorithms is lower than
the upper bound parameter ¢, which validates the correctness of our algorithm implementation.
Moreover, even under the same ¢ setting, different algorithms may exhibit different empirically measured
covariance errors. Given this, beyond the analysis of ¢’s effect on performance metrics of time and
space/communication cost in the previous subsection, we now turn to a comparison of the time and
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5.2.2 Empirical Error vs. Time vs. Space/Communication Cost. Figures 6 and 7 show the trade-off
between amortized update time and avg./max. relative error across the five problem scenarios. We
observe that, under the same relative error guarantee (i.e., along the same x-axis), the amortized
update time of the AEROSKETCH algorithm is generally lower than that of the baseline algorithms.
When the empirical error is not very small, the time gap between the two algorithms is limited.
However, as the error bound tightens, the time advantage of the AEROSKETCH optimization becomes
more pronounced. This aligns with our theoretical analysis: as ¢ converges to 0, the update time
complexity of baseline algorithms degrades to O(d®), while AEROSKETCH maintains O(d? log d).
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Figures 8 and 9 show the space/communication costs vs. error. We observe that, under the same
empirical error, the space/communication costs of baseline algorithms and our AEROSKETCH are
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comparable. In some cases, AEROSKETCH even achieves lower space costs, consistent with our
earlier theoretical analysis that its space/communication complexity is of the same order and
asymptotically optimal compared to baseline algorithms.
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5.2.3 Asymptotic analysis of amortized update time complexity with respect to dimension d. In
addition, the time efficiency of AEROSKETCH becomes more prominent for higher-dimensional
vector streams. As we analyzed earlier, when ¢ tightens, the update time complexities of previous
baseline algorithms degrade to a cubic order of O(d®). In contrast, our AEROSKETCH achieves a
near-quadratic order of O(d? log d). The relationship between the empirical amortized update time
and the vector dimension d plotted in Figure 10 clearly validates this point. For each value of d,
we set ¢ = 4/d = O (1/d). We observe that as d increases, the time costs of baseline algorithms
grow significantly faster compared to AEROSKETCH. As dimension d increases further, the time
advantage of AEROSKETCH is expected to become even more substantial.

6 Conclusion and Future Work

In this paper, we present a new framework, AEROSKETCH, for optimizing the update time complexity
of matrix sketch algorithms to a near-optimal level, up to a logarithmic factor. We show that AEROS-
KETCH can address a wide range of matrix sketch problems while achieving optimal asymptotic
space complexity. We provide end-to-end proofs for the error bounds, time complexity, and space
complexity to demonstrate the correctness and effectiveness of our approach. We implement the
algorithms optimized by our framework and evaluate them on various matrix sketch problems,
using large-scale synthetic and real-world streams, in comparison with baseline algorithms. The
results show that our framework significantly outperforms prior methods in terms of update time,
especially under tight approximation error constraints. Meanwhile, it remains competitive in space
and communication cost. The experimental results corroborate our theoretical analysis.

Potential future work encompasses the following direction: Is there a (truly deterministic)
algorithm that achieves a truly optimal amortized update time complexity Q(d/¢), rather than the
near-optimal one with a logarithmic factor—thus outperforming AEROSKETCH?
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