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Hierarchical Navigable Small World (HNSW) is widely adopted for approximate nearest neighbor search

(ANNS) for its ability to deliver high recall with low latency on large-scale, high-dimensional embeddings. The

exploration factor, commonly referred to as ef, is a key parameter in HNSW-based vector search that balances

accuracy and efficiency. However, existing systems typically rely on manually and statically configured ef
values that are uniformly applied across all queries. This results in a distribution-agnostic configuration that

fails to account for the non-uniform and skewed nature of real-world embedding data and query workloads. As

a consequence, HNSW-based systems suffer from two key practical issues: (i) the absence of recall guarantees,

and (ii) inefficient ANNS performance due to over- or under-searching. In this paper, we propose Adaptive-ef
(Ada-ef), a data-driven, update-friendly, query-adaptive approach that dynamically configures ef for each
query at runtime to approximately meet a declarative target recall with minimal computation. The core of

our approach is a theoretically grounded statistical model that captures the similarity distribution between

each query and the database vectors. Based on this foundation, we design a query scoring mechanism that

distinguishes between queries requiring only small ef and those that need larger ef to meet a target recall, and

accordingly assigns an appropriate ef to each query. Experimental results on real-world embeddings produced

by state-of-the-art Transformer models from OpenAI and Cohere show that, compared with state-of-the-art

learning-based adaptive approaches, our method achieves the target recall while avoiding both over- and

under-searching, reducing online query latency by up to 4×, offline computation time by 50×, and offline

memory usage by 100×.
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1 Introduction
The rapid advancement of embedding models [66], particularly Transformer-based architectures [31,

33, 78, 86], has revolutionized the representation and processing of data. These models encode

diverse types of information, such as text [55] and images [76], into high-dimensional semantic

embeddings that capture contextual meaning in vector space. To compare these embeddings

effectively, inner product and cosine similarity [68, 76, 78, 99] have become standard, due to their

ability to reflect semantic alignment between modern semantic embeddings. Building on this

foundation, vector indexing techniques are employed to efficiently retrieve the most relevant

embeddings from large collections, making them critical components in real-time semantic search

and retrieval systems.

Authors’ Contact Information: Chao Zhang, David R. Cheriton School of Computer Science, University ofWaterloo,Waterloo,

Canada, chao.zhang@uwaterloo.ca; Renée J. Miller, David R. Cheriton School of Computer Science, University of Waterloo,

Waterloo, Canada, rjmiller@uwaterloo.ca.

This work is licensed under a Creative Commons Attribution 4.0 International License.

© 2026 Copyright held by the owner/author(s).

ACM 2836-6573/2026/2-ART25

https://doi.org/10.1145/3786639

Proc. ACM Manag. Data, Vol. 4, No. 1 (SIGMOD), Article 25. Publication date: February 2026.

https://doi.org/10.1145/3786639
https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0
https://doi.org/10.1145/3786639


25:2 Chao Zhang and Renée J. Miller

Various types of vector indexes have been developed, including tree-based [18, 24, 59, 62, 80],

hashing-based [44, 48, 49, 101], quantization-based [17, 54, 72], and graph-based [21, 21, 29, 32, 39–

41, 46, 50, 52, 53, 60, 63, 64, 85] methods. Among these, graph-based indexes have emerged as the

most effective for high-dimensional similarity search, leveraging proximity graphs to efficiently

structure vector data. One of the most widely adopted graph-based solutions for vector search is

Hierarchical Navigable Small World (HNSW) [64]. It serves as a core indexing technique in vector

search libraries like Faiss [34], and powers search engines such as Elasticsearch [83] and Lucene [10].

Additionally, it is the backbone of specialized vector databases, including Milvus [88], Pinecone [5],

and Weaviate [6], and has also been integrated into relational databases such as PostgreSQL [9, 97],

SingleStore [27], and DuckDB [42, 75], and graph databases like TigerGraph [61] and Kùzu [37].

Given a set of data vectors V, HNSW constructs a hierarchical proximity graph to serve as a vector

index for approximate nearest neighbor search (ANNS) over V. The number of nodes decreases

logarithmically from the bottom layer to the top level, with the bottom level containing all |V|
nodes, each representing a data vector. Edges in the HNSW graph encode the similarity relationship

between vectors. During query time, the search traverses the hierarchical graph from top to bottom

to identify an entry point at the base layer. Starting from this point, the search proceeds using a

best-first strategy guided by a fixed-size priority queue, whose size is a user-defined parameter,

commonly referred to as ef or efSearch, short for exploration factor. The search terminates when

the furthest element currently in the queue is closer to the query than the closest candidate node

to be visited, indicating that no better candidate is likely to be found.

The parameter ef controls the trade-off between query latency and result accuracy. A larger ef
typically yields a higher recall at the cost of increased query time, whereas a smaller ef results in

faster queries but may compromise accuracy. The default setting of ef in existing systems [35] is

either a static ef value, e.g., ef=40 in PGVector [9] and ef=16 in Faiss [34], or setting ef to 𝑘 for

Top-𝑘 ANNS, where the goal is to retrieve the 𝑘 nearest vectors to a given query, e.g., OpenSearch
(Lucene) [8].

Once configured, the ef value remains fixed and is applied uniformly across the entire query

workload, under the expectation that it will consistently provide high recall. However, this is not

guaranteed so to compensate, users typically set ef to a sufficiently large value, often based on

empirical heuristics or subjective estimation. However, this static ef configuration introduces two

key issues in production environments: (i) the absence of recall guarantees; and (ii) inappropriate

ef values for individual queries, leading to either over-searching or under-searching.

More fundamentally, applying a fixed ef uniformly across queries is structurally misaligned

with the inherently non-uniform and skewed nature of semantic embedding spaces. Semantic

embeddings, including word, sentence, and image embeddings, are widely known to exhibit highly

skewed, non-uniform distributions. In word embeddings, this skew is often tied to frequency bias:

frequent words dominate the embedding space with larger norms and concentrated directional

variance, a phenomenon shown to degrade similarity search due to the emergence of hub-points

that appear as nearest neighbors to many unrelated vectors [67, 98]. Similar skew is observed

in sentence embeddings from transformer-based models like BERT and RoBERTa, which tend to

produce anisotropic vector spaces where embeddings cluster along dominant directions, limiting

their discriminative power [36, 57, 69]. Cross-modal embeddings, such as CLIP’s joint image–text

vectors, also suffer from skew and hubness: normalized vectors lie in narrow cones, with retrieval

dominated by a small set of hub images or texts [25, 84].

Motivating example. To illustrate these issues, we built HNSW indexes using HNSWlib [3] for

two datasets (see Table 1 for dataset statistics) and conduct Top-𝑘 ANNS with static ef values.

The results in Figure 1 highlight several important observations. First, different datasets require

different ef to achieve high average recall. For example, setting ef to 𝑘 yields relatively high recall
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Fig. 1. Recall distribution of HNSW search. GloVe [74]: 1.8M vectors (100D), 10K queries, Top-100 ANNS
with ef = 100 and 200. MS MARCO (OpenAI Ada-002 embeddings) [11]: 8.8M vectors (1536D), 6.9K queries,
Top-1000 ANNS with ef = 1000 and 2000.

in MS MARCO (average recall is 94%), but performs less effectively in GloVe (average recall is only

69%). Second, a significant portion of the queries exhibit recall substantially higher or lower than

the average, indicating that average recall alone does not fully capture actual search performance.

While increasing ef from 𝑘 to 2𝑘 can improve average recall, it also leads to over-searching for

queries that already achieve high recall. In the GloVe dataset, approximately 1800 queries attain

recall close to 1.0 with ef=𝑘 ; increasing ef to 2𝑘 offers little improvement for these queries but

adds unnecessary computation overhead. A similar trend is observed in the MS MARCO dataset,

where over 4000 queries already perform well with ef= 𝑘 , making further increases redundant.

Additionally, even though the average recall in MSMARCO reaches 0.97 with ef= 2𝑘 , approximately

1000 queries still have recall below 0.9. In the GloVe dataset, a significant number of queries fall

well below the average.

In real-world production environments, selecting an appropriate ef value to meet a target recall

is highly challenging. Despite its practical importance, the problem of adaptively configuring

ef to meet recall requirements has received little attention. Most benchmarking efforts evaluate

indexing methods by sweeping across various ef values to generate latency-recall trade-off curves

for the fixed query load of the benchmarks. While useful for comparing the relative performance

of indexing structures, these evaluations do not offer a practical solution for configuring ef in

real-world deployments. Specifically, it is infeasible to iteratively increase ef to reach a desired

recall level for online query processing, as doing so would require repeated vector search and

computing the ground truth for incoming query vectors. Moreover, although setting a large ef can

improve overall recall, it also incurs substantial computation overhead and may still fail to achieve

high recall across all queries, as demonstrated in the experiments.

In this paper, we investigate the following two key questions:

(i) Can we configure ef to meet a user-specified target recall?
(ii) Can we assign adaptive ef values on a per-query basis, allocating a larger ef to queries requiring
more computation to achieve the target recall, and a smaller ef to those for which a lower value
suffices?

To address the above challenges, we propose Adaptive-ef (Ada-ef), a query-adaptive approach
for ef configuration, i.e., configuring an ef value for each individual query vector to approximately

achieve a target recall at runtime. Ada-ef is lightweight, update-friendly, and purely rule-based,

which allows it to generalize effectively across different datasets. Figure 2 presents an overview

of our approach. The core idea is as follows: Given a query vector, we first perform the standard

HNSW search to reach the base layer and obtain the entry point. The subsequent online search

process consists of two phases: (i) Distance collection; and (ii) Search with a deterministic ef value.

In phase (i), the algorithm explores the graph and records the distances between the query vector

and the visited nodes. Based on these distances collected, we design an ef-estimator that takes as
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Fig. 2. Overview of Ada-ef. It consists of two stages: offline and online computations. In the offline stage,
dataset-level statistics are computed (§ 5), followed by the construction of an ef-estimation table (§ 6). In the
online stage, the search follows the standard HNSW process until the base layer, where adaptive-ef search
begins (§ 4): (1) Distance collection: exploring a limited number of nodes to compute a query score using
offline statistics; (2) Search with estimated ef: using the score to select an ef from the estimation table to
approximately reach a declarative target recall.

input the query vector, the collected distance list, and a user-defined target recall, and outputs an

ef value intended to achieve the target recall for the given query, which is used in phase (ii).

The ef-estimator is the core component of our adaptive approach. Its design is based on our

theoretical foundation on the similarity distance distribution between a query vector 𝑞 and a vector

database: Cosine similarity and inner product among high-dimensional learned embeddings often
approximate a Gaussian (normal) distribution. More importantly, the distribution can be estimated

efficiently at runtime. Combined with the distances collected during phase (i) of the search process,

the estimated distribution allows us to distinguish between queries that can achieve high recall

with a small ef and those that require a large ef to achieve a target recall.

Empirically, we demonstrate that our ef-adaptive approach is able to achieve the user-defined

target recall across query workloads. Additionally, it can improve the recall of queries that suffer

from under-searching under a static ef configuration, i.e., the tail cases shown in Figure 1. Impor-

tantly, although our method involves collecting distance statistics and estimating ef for each query

on the fly, the overall end-to-end query latency can be lower than that of the original HNSW search.

This is attributed to the adaptive nature of our approach, which allocates computational effort more

efficiently across queries, thereby mitigating the issue of over-searching. We further show that,

while our method requires an offline preprocessing step, the associated computational cost and

storage overhead are negligible compared to the indexing overhead of HNSW. Last but not least,

by simulating a real-world production scenario, we demonstrate that our approach can effectively

adapt to dynamic workloads involving both insertion and deletion, and that the corresponding

offline updates are lightweight.

We make the following two major contributions in this paper:
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• We introduce Ada-ef, a distribution-aware approach that adaptively sets ef for each query

at runtime to approximately meet a user-specified target recall, while improving efficiency

by avoiding both under- and over-searching. To the best of our knowledge, this is the first

work that addresses ef configuration for HNSW search.

• We establish a theoretical foundation for the distribution of similarity distances between

a query vector and a vector database. We demonstrate the practical applicability of this

foundation in the context of searching high-dimensional learned embeddings.

2 Related Work
We position our work within existing work. For a more comprehensive discussion, we refer readers

to prior surveys [22, 51, 71, 91, 92].

Various indexing techniques have been proposed (see §1 for detail). Among them, HNSW [64]

stands out as the most influential and widely adopted approach. HNSW has been extensively

adopted (see §1 for detail). Although graph-based indexes [21, 21, 29, 32, 39–41, 46, 50, 52, 53, 60, 63,

64, 85, 87] differ in their indexing algorithms for graph construction, their online search algorithms

remain fundamentally the same across all methods [22, 92], such as NSG [41], Vamana [52], and

SPANN [30]. A few studies have explored ways to further optimize the search process. These

include leveraging intra-query parallelism to accelerate search execution [73] and approximating

distance computations to improve efficiency while maintaining accuracy [28]. Several recent studies

have also explored the impact of hardware architectures on HNSW performance, including GPU

acceleration [70], CPU-based optimizations [89], hybrid CPU-GPU approaches [82], and SSD-based

indexing [90].

The key distinction between our work and all prior graph-based approaches lies in the use of a

fixed versus an adaptive exploration factor in the best-first search algorithm, i.e., the ef parameter.

Existing methods rely on a fixed ef value, manually pre-configured by the user and applied

uniformly across all queries during search. This static configuration lacks recall approximation and

often leads to inefficiencies, i.e., over-searching for some queries and under-searching for others, as

shown in our motivation examples and experiments. In contrast, we introduce Ada-ef, the first
distribution-aware approach for adaptively configuring ef on a per-query basis at runtime. By

leveraging dataset- and query-specific statistics, this adaptive strategy enables a more fine-grained

trade-off between accuracy and efficiency, and is particularly well-suited to real-world workloads,

where data and query distributions are often non-uniform and highly skewed. We focus on HNSW,

given its widespread adoption in practice. Ourmethod operates on existing pre-built indexes without

requiring any index modifications, enabling seamless integration into deployed infrastructures.

Furthermore, the proposed adaptive strategy is orthogonal to both algorithmic and hardware-level

optimizations, making it compatible with and complementary to existing acceleration techniques.

Early termination in ANNS has been explored through both learning-based and heuristic ap-

proaches. Learned Adaptive Early Termination (LAET) [58] predicts per-query stopping conditions

using Gradient Boosting Decision Trees [38] and runtime features. Tao [95] is a static-feature-only

framework that replaces runtime features with the Local Intrinsic Dimension (LID) [16]. DARTH [26]
extends LAET by integrating a recall predictor within HNSW to achieve declarative recall via pre-

diction intervals. In contrast, Patience in Proximity (PiP) [81] is a simple saturation-based heuristic

that halts HNSW search once candidate improvements plateau. Unlike PiP, which requires defining

a fixed ef value, LAET, Tao, and DARTH automatically determine termination points without preset

ef parameters, relying instead on model predictions. Among these methods, DARTH represents the

state-of-the-art and is the only one supporting declarative recall, offering the interface as Ada-ef.
Compared to LAET, Tao, DARTH, and PiP, Ada-ef is entirely rule-based and has a novel design

based on our foundation on similarity distribution (Theorem 5.2). It estimates the ef value required
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to approximately reach a target recall. Consequently, Ada-ef incurs minimal offline computation

(§7.3) and supports efficient incremental updates of insertion and deletion (§6.3). More importantly,

Ada-ef achieves robust query performance, reaching target recall across datasets, reducing latency,

and improving recall on the hardest queries, as demonstrated in our experimental evaluation.

VBASE [100] incorporates an early termination mechanism for hybrid search combining vector

similarity and attribute filtering, enabling simultaneous evaluation of both components. However,

its benefit is limited in pure vector search, where it still depends on a fixed exploration parameter E
(equivalent to ef in HNSW). Extending our query-adaptive ef approach to hybrid search remains a

promising direction for future work.

3 Preliminary
A vector dataset V = (v1, ..., vn) is a collection of 𝑛 vectors, where each vector vi = (𝑣1, ..., 𝑣𝑑 ) has
dimensionality 𝑑 . Each vi is referred to as a data vector, which typically represents an embedded

form of raw data, such as an image or a text passage. We represent the entire vector dataset V as

an 𝑛 × 𝑑 matrix. The similarity between a query vector q and a data vector v is measured using a

distance function 𝑑𝑖𝑠𝑡 (q, v), where a smaller value indicates greater similarity. For instance, cosine

distance is a common choice for 𝑑𝑖𝑠𝑡 in the case of learned vector embeddings in modern AI systems.

Definition 3.1 (Full Distance List). Given a query vector q and a dataset V = (v1, . . . , v𝑛), the Full
Distance List (FDL) of q with respect to V is 𝐹𝐷𝐿(q,V) = (𝑑𝑖𝑠𝑡 (q, v1), . . . , 𝑑𝑖𝑠𝑡 (q, v𝑛)).

Given a query vector q and a vector dataset V, the objective of nearest neighbor search (NNS)

is to find a set R of 𝑘 vectors in V that are closest to q under a given distance function 𝑑𝑖𝑠𝑡 .

Formally, |R | = 𝑘 , and for any vector v ∈ R, there does not exist a vector v′ ∈ V \ R such that

𝑑𝑖𝑠𝑡 (q, v) > 𝑑𝑖𝑠𝑡 (q, v′).
When both𝑛 (the number of vectors) and𝑑 (the dimensionality) are large, as is common inmodern

applications (e.g., millions of vectors with 768 dimensions generated by BERT-based embedding

models), computing exact NNS (i.e., computing FDL) becomes prohibitively expensive. To address

this scalability issue, practical systems typically employ ANNS, which computes an approximate

result set
˜R that aims to closely match the true nearest neighbor set R. The accuracy of ANNS is

commonly evaluated using the recall metric, defined as 𝑅𝑒𝑐𝑎𝑙𝑙@𝑘 =
| R∩ ˜R|

𝑘
.

Vector indexes are specialized data structures designed to accelerate ANNS by scanning only

a subset of data vectors in V to compute an approximate result set
˜R. In this paper, we focus on

ANNS using HNSW, the most widely adopted vector indexes in practice. Specifically, we consider

scenarios where an HNSW index has already been constructed and focus on searching the index.

The key parameter in HNSW search is the size of the priority queue that maintains the search

results at the base layer, commonly denoted as ef. This parameter controls the trade-off between

recall and search latency, as illustrated in Figure 1. In practice, ef is typically configured based on

subjective estimation or through iterative empirical tuning. Once selected, the same ef value is
applied uniformly across the entire query workload, resulting in the absence of recall guarantees

and inefficient search due to under- and over-searching. To overcome these issues, we study the

problem of query-adaptive ef configuration defined below.

Definition 3.2. Given a HNSW index, a query vector q, and a user-specified expected recall, the

adaptive ef for q is defined as the minimum ef value such that the search result of q over the

HNSW index achieves the expected recall.

We propose a distribution-aware, data-driven approach to estimate adaptive ef per query, which
can be seamlessly integrated into an existing HNSW index.
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4 Adaptive EF Search
We introduce Ada-ef, an alternative to standard HNSW search at the base-layer proximity graph.

The key distinction is that Ada-ef does not require a user-specified ef value as input. Instead, it
dynamically determines an appropriate ef during the search process.

Ada-ef extends the standard HNSW search described in Section 3, with several key distinctions

elaborated below. First, the input to Ada-ef does not require a predefined ef value; instead, ef
is initially set to ∞, allowing the best-first graph traversal to visit any nodes around the entry

point 𝑒𝑝 . Additionally, the algorithm initializes a sampled distance list 𝐷 to record the distances

between visited nodes and the query vector q. The size of 𝐷 is bounded by 𝑙 that is the number

of nodes reachable within 2-hops from the entry point 𝑒𝑝 at the base layer. Once 𝑙 distances have

been collected, the algorithm invokes the ESTIMATE-EF function (Algorithm 1 introduced later),

which takes the query vector q, the list 𝐷 , and the user-specified recall 𝑟 as input, and returns a

dynamically estimated ef value. Due to space constraint, we provide the pseudocode of the Ada-ef
search algorithm in the appendix.

The ef-estimator, referred to as ESTIMATE-EF, serves as the core component of the Ada-ef
search algorithm. We provide a high-level overview of its design, with a detailed presentation

in the subsequent sections. The estimator is grounded in a theoretical analysis of the similarity

distance distribution. Specifically, we demonstrate that given a query vector q and a dataset V it

is feasible to approximate the distribution of the full distance list 𝐹𝐷𝐿(q,V) without computing

each individual distance. The theoretical basis and methodology for estimating this distribution are

detailed in Section 5. Given the estimated 𝐹𝐷𝐿(q,V) distribution, we can infer the 𝑝-th percentile

distance among all the distances. This inference is lightweight and does not require computing

any actual distances. Then, we compute the number of candidate distances in the list 𝐷 that fall

below this estimated 𝑝-th quantile threshold. For instance, if 𝑝 = 0.001, we count how many of the

candidate distances lie within the smallest 0.1% of all distances in 𝐹𝐷𝐿(q,V). This count is used to

characterize the query difficulty. Specifically, for a given query vector q, a high count, particularly

one approaching |𝐷 |, indicates that many candidate neighbors are highly similar to q, and thus a

small ef value is likely sufficient to achieve high recall. Conversely, a low count might suggest that

a larger ef is required to reach the same recall level. We leverage this information to estimate an

appropriate ef value for each incoming query. The technical details of this process are presented

in Section 6.

5 FDL Distribution
We analyze the FDL distribution under commonly used similarity metrics for high-dimensional

learned embedding vectors, in particular those derived from Transformer-based models, including

inner product, cosine similarity, and cosine distance. Our analysis begins with the inner product

and is then systematically extended to the others. Our key finding is that, across all considered

metrics, 𝐹𝐷𝐿(q,V) approximately follows a Gaussian (normal) distribution when dimensionality

becomes large. We derive closed-form expressions for the mean and variance of this distribution.

We then discuss how to estimate the distribution efficiently at runtime.

5.1 Inner Product
The inner product (IP) between a query vector q = (𝑞1, . . . , 𝑞𝑑 ) and a data vector v = (𝑣1, . . . , 𝑣𝑑 ) is
defined as: q · v =

∑𝑑
𝑖=1 𝑞𝑖𝑣𝑖 . Given a dataset V = (v1, . . . , v𝑛), we define the FDL based on inner

product as: 𝐹𝐷𝐿𝐼𝑃 (q,V) = (q · v1, . . . , q · v𝑛).
We begin by introducing a property of V. Under the assumption that this property holds, we

then demonstrate that 𝐹𝐷𝐿𝐼𝑃 (q,V) follows a normal distribution.
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Fig. 3. Distribution of individual embedding dimensions that are randomly sampled in GloVe andMSMARCO.

Definition 5.1. Let V be a vector dataset of 𝑛 data vectors, each of dimensionality 𝑑 . Let v =

(𝑣1, . . . , 𝑣𝑑 ) be a random data vector of 𝑑 random variables, where each 𝑣𝑖 represents the distribution

of the values within the 𝑖-th column of V. If the random variables (𝑣1, . . . , 𝑣𝑑 ) are independent and
identically distributed (i.i.d.), then we say the dataset V is i.i.d across its dimensions.

Theorem 5.2. Let q = (𝑞1, . . . , 𝑞𝑑 ) be a query vector, and let V be a dataset of data vectors, each of
dimensionality 𝑑 , and V is i.i.d. across its dimensions. Then, the full distance list 𝐹𝐷𝐿𝐼𝑃 (q,V) converges
in distribution to a normal distribution as 𝑑 →∞: N

(
𝜇𝐼𝑃 , 𝜎

2

𝐼𝑃

)
with the mean 𝜇𝐼𝑃 and the variance

𝜎2

𝐼𝑃
: 𝜇𝐼𝑃 =

∑𝑑
𝑖=1 𝑞𝑖E[𝑣𝑖 ]; 𝜎2

𝐼𝑃
=

∑𝑑
𝑖=1 𝑞

2

𝑖 Var(𝑣𝑖 ).

Proof. Consider the inner product q ·v =
∑𝑑

𝑖=1 𝑞𝑖𝑣𝑖 . The query vector q is given during similarity

search online, such that each 𝑞𝑖 is a constant at query time. Then, the inner product is a sum

of i.i.d random variables, where each is given by 𝑞𝑖𝑣𝑖 . According to the Central Limit Theorem,

the sum follows a normal distribution as 𝑑 becomes large. For the mean and variance, we have:

E[∑𝑑
𝑖=1 𝑞𝑖𝑣𝑖 ] =

∑𝑑
𝑖=1 𝑞𝑖E[𝑣𝑖 ], and Var(∑𝑑

𝑖=1 𝑞𝑖𝑣𝑖 ) =
∑𝑑

𝑖=1 𝑞
2

𝑖 Var(𝑣𝑖 ). □

Theorem 5.2 shows that 𝐹𝐷𝐿𝐼𝑃 (q,V) follows a normal distribution under the assumption that

the components of V are i.i.d. across dimensions. This assumption facilitates the application of

the classical Central Limit Theorem in the proof of Theorem 5.2. We provide empirical evidence

that the identical distribution assumption is approximately valid in real-world datasets. As shown

in Figure 3, the dimensions of GloVe and MS MARCO embeddings exhibit distributions that are

approximately normal, with minor variations in mean and variance. Similar distributional patterns

have been empirically observed in real-world datasets [19, 36, 67], and have also been explicitly

encouraged throughmodel design in recent work [57]. Therefore, we adopt the identical distribution

assumption in this work. For scenarios where the distributional assumption may not hold, we

provide a detailed discussion in the appendix, leveraging Lindeberg’s condition [56].

Relaxing independent condition. Both the classical CLT and its relaxed form under Lindeberg’s

condition require that the random variables involved are mutually independent, i.e., each pair 𝑞𝑖𝑣𝑖
and 𝑞 𝑗𝑣 𝑗 must be independent for 𝑖 ≠ 𝑗 . In practice, however, data vectors are typically learned

embeddings, where each dimension represents a latent feature. While these features are ideally

independent, in reality, dimensions may exhibit correlations. Such correlations do not affect 𝜇𝐼𝑃 ,

but they do influence 𝜎2

𝐼𝑃
. To account for these correlations, we adjust the variance as follows:

Var

(
𝑑∑︁
𝑖=1

𝑞𝑖𝑣𝑖

)
=

𝑑∑︁
𝑖=1

𝑞2𝑖 Var(𝑣𝑖 ) + 2
∑︁

1≤𝑖< 𝑗≤𝑑
𝑞𝑖𝑞 𝑗Cov(𝑣𝑖 , 𝑣 𝑗 ).
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Therefore, we model 𝐹𝐷𝐿𝐼𝑃 (q,V) as a normal distribution with the adjusted variance:

N
(
𝜇𝐼𝑃 , 𝜎

2

𝐼𝑃 + Δ𝐼𝑃

)
,Δ𝐼𝑃 = 2

∑︁
1≤𝑖< 𝑗≤𝑑

𝑞𝑖𝑞 𝑗Cov(𝑋𝑖 , 𝑋 𝑗 ). (1)

5.2 Cosine Similarity
The cosine similarity (CS) between q and v is 𝐶𝑆 (q, v) = q·v

∥q∥ ∥v∥ . Given a dataset V = (v1, . . . , v𝑛),
the full distance list based on CS is 𝐹𝐷𝐿𝐶𝑆 (q,V) = (𝐶𝑆 (q, v1), . . . ,𝐶𝑆 (q, vn)) .
We analyze the distribution of 𝐹𝐷𝐿𝐶𝑆 (q,V) based on Theorem 5.2. Cosine similarity can be

interpreted as the normalized inner product, i.e., 𝐶𝑆 (q, v) = q̂ · v̂, where q̂ =
q
∥q∥ and v̂ = v

∥v∥ . Let

q̂ = (𝑞1, ..., 𝑞𝑑 ) and v̂ = (𝑣1, ..., 𝑣𝑑 ), where 𝑞𝑖 = 𝑞𝑖
∥q∥ and 𝑣𝑖 =

𝑣𝑖
∥v∥ .

According to Theorem 5.2, if the random variables (𝑣1, . . . , 𝑣𝑑 ) representing the normalized

column-wise distribution of V are i.i.d. with finite means and variances, then as dimension 𝑑

becomes large, the distribution of 𝐹𝐷𝐿𝐶𝑆 (q,V) converges to a normal distribution as:N
(
𝜇𝐶𝑆 , 𝜎

2

𝐶𝑆

)
,

with the following mean and variance:

𝜇𝐶𝑆 =

𝑑∑︁
𝑖=1

𝑞𝑖E[𝑣𝑖 ];𝜎2

𝐶𝑆 =

𝑑∑︁
𝑖=1

(𝑞𝑖 )2Var(𝑣𝑖 ).

Following the same analysis as in the case of IP, i.e., by relaxing the i.i.d. conditions, 𝐹𝐷𝐿𝐶𝑆 (q,V)
approximately follows:

N
(
𝜇𝐶𝑆 , 𝜎

2

𝐶𝑆 + Δ𝐶𝑆

)
,Δ𝐶𝑆 = 2

∑︁
1≤𝑖< 𝑗≤𝑑

𝑞𝑖𝑞 𝑗Cov(𝑣𝑖 , 𝑣 𝑗 ). (2)

5.3 Cosine Distance
The cosine distance (CD) between q and v is defined as 𝐶𝐷 (q, v) = 1 − 𝐶𝑆 (q, v). Accordingly,
the full distance list based on CD is defined as: 𝐹𝐷𝐿𝐶𝐷 (q,V) = (1 −𝐶𝑆 (q, v1), . . . , 1 −𝐶𝑆 (q, vn)) .
Since 𝐹𝐷𝐿𝐶𝑆 (q,V) is approximately normally distributed, and since an affine transformation of a

normally distributed variable results in another normal distribution (with mean shifted and variance

preserved), then 𝐹𝐷𝐿𝐶𝐷 (q,V) approximately follows:

N(1 − 𝜇𝐶𝑆 , 𝜎2

𝐶𝑆 + Δ𝐶𝑆 ). (3)

5.4 Computing FDL Distribution
Given a query vector q, we aim to efficiently estimate the FDL distribution online by precomputing

certain statistics of the dataset V offline. The core idea is that for the mean and variance of the

normal distribution that are formally expressed in Equations (1), (2), and (3), the components depend

solely on V and hence can be computed in advance. At query time, these precomputed statistics are

then combined with the query vector q to enable on-the-fly estimation of the FDL distribution. To

illustrate the offline computation of V’s statistics, we focus on the case of the inner product.

Offline computation. According to Equation (1), the estimation of 𝐹𝐷𝐿𝐼𝑃 requires the mean 𝜇𝐼𝑃
and the combined variance term 𝜎2

𝐼𝑃
+ Δ𝐼𝑃 . To facilitate efficient computation during query time,

we precompute the following statistics of the dataset V in the offline phase. Let 𝑣𝑖 denote the 𝑖-th

column of V.
• Mean Vector of V: A vector of dimension 1 × 𝑑 , where the 𝑖-th entry corresponds to E[𝑣𝑖 ],
i.e., the mean of the 𝑖-th column of V.
• Covariance Matrix of V: A matrix of dimension 𝑑 × 𝑑 , where the (𝑖, 𝑗)-th entry represents

Cov(𝑣𝑖 , 𝑣 𝑗 ), i.e., the covariance between the 𝑖-th and 𝑗-th columns of V. The diagonal entries
of this matrix correspond to Var(𝑣𝑖 ), i.e., the variance of the 𝑖-th column.
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Figure 2 illustrates the mean vector and the covariance matrix.

The mean vector is computed by scanning each column of V and calculating its mean. To compute

the covariance matrix, we proceed as follows. Let M be a matrix where each row is a copy of the

mean vector, i.e., M replicates the mean vector across all 𝑛 rows. The covariance matrix Σ of V is

then given by: Σ = 1

𝑛−1 (V −M)⊤ (V −M).
Online computation. Given a query vector q, in order to estimate 𝐹𝐷𝐿𝐼𝑃 (q,V), we use the mean

vector and covariance matrix of the dataset V to compute 𝜇𝐼𝑃 and 𝜎
2

𝐼𝑃
+Δ𝐼𝑃 , as defined in Theorem 5.2

and Equation 1. We compute 𝜇𝐼𝑃 as the dot product between the query q and the mean of V, and
compute 𝜎2

𝐼𝑃
+ Δ𝐼𝑃 as qΣq⊤.

Although focused on the inner product, the approach extends to cosine similarity and distance.

Both offline and online computations can be formulated as matrix operations, enabling efficient

SIMD and parallel acceleration.

6 Query-Aware EF Estimation
We present the design of the ef-estimator, i.e., the ESTIMATE-EF function. The primary objective of

the ef-estimator is to differentiate between query vectors that can achieve the declarative target recall
with a small ef value and those that require a large ef value to obtain the recall. To accomplish this,

we utilize the estimated distribution of the FDL to design a query scoring model, i.e., a mechanism

that assigns a score to each input query vector. We estimate ef for each input query based on its

query score. To achieve this, we perform offline sampling of data vectors from the dataset V to build

an ef-estimation table. This table stores pairs of ef values and their corresponding estimated recall

values, indexed by query scores. During the online search phase, the query scoring mechanism

is applied to compute the score for the incoming query, and then the appropriate ef value is

retrieved from the ef-estimation table based on this score. In essence, the query scoring mechanism

distinguishes queries requiring different ef values to meet the target recall, while the ef-estimation

table provides the actual ef values needed to achieve it. We present the query scoring mechanism

in § 6.1, the ef-estimation table in § 6.2, and discuss how to perform incremental insertion and

deletion in § 6.3.

6.1 Query Scoring Model
The adaptive-ef search visits a fixed number of nodes at the base layer of the HNSW index and

collects a distance list 𝐷 , which contains the distances between the query vector q and the visited

nodes, as described in § 4. The query scoring model analyzes the list 𝐷 to assess the difficulty of

computing the approximate nearest neighbors for q. The design of the scoring model is guided by

the following principle: if the majority of distances in 𝐷 fall among the smallest distances according
to the distribution of 𝐹𝐷𝐿(q,V), then q likely requires only a small ef value to achieve high recall.
Otherwise, q may require a larger ef value for specified recall.
The query scoring model discretizes the normal distribution (parameterized by the estimated

mean and variance of the FDL) into a fixed number of consecutive quantile-based bins, each covering

an equal portion of the FDL referred to as 𝛿 . These bins are denoted as (𝑏1, . . . , 𝑏𝑚), where𝑚 is the

total number of bins. Each bin is used to count the number of distances that fall within the quantile

range 𝛿 of the distribution. For instance, if 𝛿 = 0.001, 𝑏1 corresponds to distances smaller than the

0.001 quantile of the FDL distribution, while 𝑏2 captures distances between the 0.001 and 0.002

quantiles, and so on for the remaining bins.

The bins (𝑏1, . . . , 𝑏𝑚) are formally defined by threshold values derived from the quantiles of the

FDL distribution. The threshold 𝜃𝑖 for separating 𝑏𝑖 and 𝑏𝑖+1 is computed as:

𝜃𝑖 = 𝜇 + 𝜎Φ−1 (𝛿𝑖), for 𝑖 = 1, . . . ,𝑚, (4)
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where Φ−1 (·) denotes the inverse cumulative distribution function, 𝛿 multiplied by 𝑖 determines the

quantile, and 𝜇 and𝜎 are themean and the standard deviation of the normal distribution, respectively,

e.g., for cosine distance, 𝜇 = 1 − 𝜇𝐶𝑆 and 𝜎 =

√︃
𝜎2

𝐶𝑆
+ Δ𝐶𝑆 . Each bin 𝑏𝑖 is then associated with a

weight𝑤𝑖 to indicate the importance of the bin, which is defined via an exponential decay function:

𝑤𝑖 = 100𝑒−𝑖+1, for 𝑖 = 1, . . . ,𝑚.

Given a list 𝐷 containing the distances between the query vector and the visited nodes, we count

how many falling into each bin:

𝑐𝑖 =
��{𝜃𝑖−1 < 𝑑 𝑗 ≤ 𝜃𝑖 | 𝑑 𝑗 ∈ 𝐷

}�� . (5)

The query score 𝑠 (q) is a weighted, normalized sum of bin counts:

𝑠 (q) =
𝑚∑︁
𝑖=1

(
𝑤𝑖

𝑐𝑖

|𝐷 |

)
. (6)

This query score serves as a proxy for query difficulty: a higher score indicates that more distances

in 𝐷 fall within the favorable (low) quantile regions of the FDL distribution. Thus, a small ef would
be sufficient for high-score queries to achieve high recall. We provide an example to explain the

query scoring model in detail in the appendix.

We note that several query-difficulty metrics have been proposed, including LID [16], RC [47],

Expansion [15], and Steiner-Hardness [93], which help characterize query hardness, but are imprac-

tical for online search. They require exact neighbor information or fine-grained distance statistics

obtained through additional nearest-neighbor or multi-radius searches. In contrast, our FDL-based

approach is lightweight and can estimate query difficulty directly during the online search process.

6.2 Estimate EF
The query scoring model serves to quantitatively differentiate between queries that require a small

ef value and those that require a larger one. However, the model alone does not directly provide a

concrete ef value for a given query at runtime. To bridge this gap, we construct an ef-estimation

table offline, which records the relationship between query scores, ef values, and the corresponding
recall levels. At query time, we compute the score for each incoming query vector and use it to

retrieve from the ef-estimation table an ef value that is expected to achieve the target recall.

Offline ef-estimation table construction. A key challenge in constructing the ef-estimation table

is the absence of query vectors during the offline phase. To address this, we uniformly sample a

subset of data vectors (e.g., 200 vectors) from the dataset V and use them as proxy query vectors.

For each sampled vector, we compute its query score and group the vectors according to their

scores. To reduce the granularity and number of score groups, the floating-point query scores are

casted into integer ones. For each score group, we evaluate recall using the original HNSW search

under progressively increasing ef values. If the observed average recall for a group falls below the

user-defined target, a larger ef value is selected and tested. This adaptive probing continues until

the target recall is achieved or a predefined upper bound on ef is reached. The resulting mappings

between query score, ef, and recall are stored in the ef-estimation table.

Figure 2 shows an example of ef-estimation table. Specifically, the table consists of two columns:

Score and EF_Recall. The Score column represents the query score group, while the EF_Recall
column contains a list of (EF, Recall) pairs, sorted in ascending order of ef. Each entry in this list

captures the recall achieved for a specific ef value within the corresponding score group.

Weighted Average ef. We compute the weighted average ef (WAE) as a summary of ef-estimation

table, weighted by the number of queries in each score group (i.e., an integer query score): WAE =
1

𝐺

∑
𝑖 𝑔𝑖 · ef𝑖 , where 𝑔𝑖 is the number of queries in score group 𝑖 , ef𝑖 is the smallest ef that achieves
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Algorithm 1 ESTIMATE-EF(q, 𝐷, 𝑟 )
Input: query vector q, distance list 𝐷 , expected recall 𝑟

Output: estimated exploration factor ef

1: 𝜇 ← compute the estimated mean of 𝐹𝐷𝐿(q,V) ⊲ § 5.4
2: 𝜎 ← compute the estimated std of 𝐹𝐷𝐿(q,V) ⊲ § 5.4
3: (𝑏1, . . . , 𝑏𝑚) ← compute the bins ⊲ Eq. (4)

4: (𝑐1, . . . , 𝑐𝑚) ← compute the bin counts ⊲ Eq. (5)

5: 𝑠 ← compute the query score ⊲ Eq. (6)

6: 𝑟𝑜𝑤 ← get the row in ef-estimation table with the score

7: ef← get the largest EF in the 𝑟𝑜𝑤

8: for each (EF, Recall) in the 𝑟𝑜𝑤 do
9: if Recall ≥ 𝑟 then
10: ef←max(EF, WAE)

11: break
12: return ef

the target recall for that group, and 𝐺 is the total number of sampled data vectors. This metric

captures the average search effort required across queries of varying difficulty to reach the target

recall and serves as an initialization point for ef estimation.

Online ef estimation. Algorithm 1 presents the end-to-end procedure for estimating ef for a

given query vector q to achieve a target recall 𝑟 . The process begins by estimating the parameters of

the distribution 𝐹𝐷𝐿(q,V), specifically the mean 𝜇 and standard deviation 𝜎 (lines 1–2). These com-

putations are grounded in the theoretical foundations described in § 5.4, including Equations (1), (2),

and (3). For efficient on-the-fly computation, the algorithm utilizes the mean vector and covariance

matrix of the dataset V, both of which are precomputed during the offline phase. Lines 3–5 focus

on computing the query score based on the input distance list 𝐷 and the estimated parameters

𝜇 and 𝜎 . The algorithm first constructs a set of quantile-based bins (𝑏1, . . . , 𝑏𝑚) (line 3) and then

determines the bin counts (𝑐1, . . . , 𝑐𝑚) by analyzing how the distances in 𝐷 fall into these bins (line

4). These counts are subsequently aggregated to compute a scalar query score 𝑠 (line 5), which

serves as a proxy for the difficulty of the query. After computing the score, the algorithm retrieves

the corresponding row from the precomputed ef-estimation table, which associates each score

group with a list of (𝐸𝐹, 𝑅𝑒𝑐𝑎𝑙𝑙) pairs sorted in ascending order of ef (lines 6–7). It then searches

this list to find the smallest ef value that satisfies the target recall requirement (lines 8–11). If

the selected value is smaller than WAE, it is increased to WAE and returned as the estimated ef;
otherwise, if no such value exists, the algorithm returns the largest ef available for the specific

score.

We note the query-aware ef estimation framework is built on the FDL distribution. We have

derived FDL distributions for Inner Product, Cosine Similarity, and Cosine Distance, while the

Euclidean (L2) case remains open due to the squared terms in its formulation. Once established, the

framework could be applied to L2 as well.

6.3 Incremental Updates
In practice, vector indexes such as HNSW are expected to support dynamic vector insertion and

deletion, i.e., the ability to insert into and delete from the index. We outline how our approach

accommodates such updates. Offline computation in our method consists of three main components:

(i) dataset-level statistics, including the mean vector and covariance matrix (see Section 5.4); (ii) a

sampled subset of data vectors and computing their ground truth; (iii) the ef-estimation table. To
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support vector updates, we observe that components (i) and (ii) can be incrementally updated. Once

these are updated, component (iii), i.e., the ef-estimation table can be recomputed with respect

to the updated HNSW index. Updating the ground truth of sampled vectors is straightforward.

For insertions, we compute distances to newly added vectors and update the Top-𝑘 neighbors. For

deletions, we incrementally remove deleted vectors from the ground truth and refresh the Top-𝑘

neighbors accordingly. We now briefly describe how to incrementally update the dataset statistics,

beginning with the case of insertions. Let V denote the original dataset of 𝑛 vectors, and let V′

represent the set of 𝑛′ newly inserted vectors. The updated dataset is then given by V′′ = V ∪ V′,
containing 𝑛′′ = 𝑛 + 𝑛′ vectors. We first compute the mean vector M′ and covariance matrix Σ′

of V′, and then merge them with the existing M and Σ of V as follows: M′′ = 𝑛M+𝑛′M′
𝑛′′ , and Σ′′ =

1

𝑛′′−1
[
(𝑛 − 1)Σ + (𝑛′ − 1)Σ′ + 𝑛𝑛′

𝑛′′ (M −M′)⊤ (M −M′)
]
. Consider deleting V′ from V′′ to obtain M

andΣ ofV:M = 𝑛′′M′′−𝑛′M′
𝑛

, andΣ = 1

𝑛−1
[
(𝑛′′ − 1)Σ′′ − (𝑛′ − 1)Σ′ − 𝑛′𝑛′′

𝑛
(M′′ −M′)⊤ (M′′ −M′)

]
.

We note that such online updates to statistical summaries are widely adopted in practice, e.g., in
Spark MLlib [65].

7 Experimental Evaluation
We evaluate online effectiveness (§ 7.2) and offline computation (§ 7.3) using six real-world and two

synthetic datasets against five baselines, including state-of-the-art adaptive methods. We report

sensitivity analysis (§ 7.4), update performance (§ 7.5), and ablation study (§ 7.6).

7.1 Experiment Setup
Real-world datasets. We use six real-world datasets, summarized in Table 1. From the early ANNS

benchmark [20], we include GloVe-100 (word) [74] and DeepImage (image) [94]. To reflect more

recent trends, we incorporate several modern datasets that use advanced embedding techniques.

Specifically, we include the MS MARCO V1 Passage Ranking dataset [23], a widely used benchmark

for passage reranking, which is embedded using OpenAI’s ada2 [45]. This embedding captures

semantic relationships between passages and queries and is particularly suited for dense retrieval

tasks. This version is sourced from the Anserini framework [11, 96]. We also use MS MARCO

V2.1, drawn from the TREC-RAG 2024 corpus [13], embedded using Cohere’s Embed English V3.

This model produces dense semantic embeddings of passages, optimized for retrieval-augmented

generation (RAG) settings and downstream QA applications. Finally, we evaluate our approach in

a multi-modal retrieval setting using the LAION dataset [79], which consists of text-image pairs

embedded with OpenAI’s CLIP [77]. It aligns visual and textual modalities in a shared embedding

space, enabling semantic similarity search across modalities. We consider two retrieval tasks: image-

to-image retrieval and text-to-image retrieval, referred to as Laion-I2I and Laion-T2I, respectively.

Both tasks utilize the same set of image embeddings as the database, but differ in the query modality:

Laion-I2I uses image queries, while Laion-T2I uses text queries. Each dataset comes with a set of

query vectors, except for LAION for which we randomly sample 10000 image embedding vectors

and 10000 text embedding vectors as query vectors, respectively.

Synthetic datasets. To evaluate the effectiveness of our adaptive approach, we include two

synthetic datasets, Uniform Cluster and Zipfian Cluster. Both datasets contain 10 million vectors in

100 dimensions, organized into 5000 Gaussian distributed clusters. The primary difference between

them lies in the distribution of cluster sizes. In Uniform Cluster, all clusters have the same size, with

each containing exactly 2000 vectors. In contrast, Zipfian Cluster follows a Zipfian distribution

with an exponent of 1, resulting in highly skewed cluster sizes. The largest cluster contains more

than one million vectors, and the sizes decrease exponentially. For each dataset, we sample 10000

vectors to serve as query vectors for evaluating retrieval performance.
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Table 1. Overview of real-world datasets.

Dataset Data Size Dimension Query Size
GloVe-100 [74] 1,183,514 100 10,000

DeepImage [94] 9,990,000 96 10,000

MS MARCO V1 [11] 8,841,823 1536 6980

MS MARCO V2.1 [14] 18,380,565 1024 1677

Laion-I2I [79] 30,646,115 512 10,000

Laion-T2I [79] 30,646,115 512 10,000

Implementation. We integrate our approach into HNSWlib [3], the official implementation of

HNSW developed by its original authors. We use Eigen [1] for efficient matrix operations involved

in dataset statistics computation. Our method, referred to as Adaptive-ef (Ada-ef), extends the
HNSW index without modification. Our source code

1
is publicly available online.

Baselines. We include the following approaches as baselines: Learned Adaptive Early Termi-

nation (LAET) [58], DARTH [26], Patience in Proximity (PiP) [81], HNSW (HNSWlib) [3], and HNSW
(FAISS) [2]. Both LAET and DARTH are learning-based adaptive vector search methods built on

Gradient Boosting Decision Trees (GBDTs) [38]. They share similar feature designs and both re-

quire offline preparation of training data and model training. The key difference is that DARTH
periodically predicts the current recall during search to determine whether the declarative tar-

get recall is met, whereas LAET performs a single prediction to estimate the required number of

distance computations. We use the open-source implementation of DARTH, which also provides

a declarative recall variant of LAET. PiP is an early-termination method that requires no offline

computation, which terminates the search if the current results have not been updated for a fixed

amount of consecutive steps. We implement it on top of HNSWlib. Finally, we include two widely

used HNSW implementations, HNSW (HNSWlib) and HNSW (FAISS), to evaluate the benefits of

adaptive approaches. We note that DARTH represents the state of the art among these baselines [26].

Parameters. For the construction of HNSW indexes on each dataset, we set𝑀 = 16 (maximum

number of outgoing degree) and 𝑒 𝑓 𝐶𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑖𝑜𝑛 = 500 (search parameter during indexing). For

Top-𝑘 ANNS, we follow standard settings in existing benchmarks. Specifically, we set 𝑘 = 1000

for both the MS MARCO and LAION datasets, following recommendations from the MS MARCO

benchmark [7] and the SISAP Indexing Challenge [12]. This settingmirrors typical retrieval pipelines

in modern applications, such as RAG systems [43], where a recall stage first retrieves a broad set of

candidate items via Top-𝑘 ANNS, followed by a reranking stage that refines these candidates for

improved relevance. For the remaining datasets from the ANNS benchmark suite [4], we adopt the

commonly used setting of 𝑘 = 100. The influence of varying 𝑘 is analyzed in Section 7.4. We use

cosine distance in all experiments, as it is a widely adopted choice for ANNS over high-dimensional

Transformer-based learned embeddings. For DARTH and LAET, we train the models using 10000 learn

vectors, following the recommended configuration [26]. The prediction intervals in DARTH and the

number of distance computations at which LAET collects features for training or predicting follow

the same setup as in DARTH, i.e., extracting the statistics of the training data. For PiP, we set the
saturation threshold to 0.95, as recommended in the original paper, and the patience parameter to 30.

Since the configuration of patience was not explicitly specified in PiP [81], we adopt a conservative
value to ensure stable convergence. We note that Ada-ef requires no parameter setting, except in

the ablation studies in § 7.6, which examine its design choices.

1GitHub Repository: https://github.com/chaozhang-cs/hnsw-ada-ef
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Settings. All experiments are conducted on a shared server running Ubuntu 22.04, equipped with

80 physical CPU cores (Intel Xeon Platinum 8380 @ 2.30 GHz), 160 hardware threads, and 1 TB

of DDR4-3200 MHz RDIMM main memory. All implementations are written in C++, leveraging

SIMD intrinsics for vectorized computations. The code is compiled with g++ 12.3.0, using the

optimization flag -O3 and enabling AVX-512, via setting FAISS_OPT_LEVEL as avx512 for FAISS-
based methods—HNSW (FAISS), DARTH, and LAET—or setting -march=native for HNSWlib-based

ones—HNSW (HNSWlib), Ada-ef, and PiP. All offline experiments are conducted using 40 threads.

For online searching, we follow the common practice of using a single thread [26]. Note that queries

can be processed in inter-query parallelism to fully utilize all available CPU cores.

7.2 Online Searching Performance
We present the search results in Figure 4, which reports both recall and end-to-end query workload

execution time. For DARTH, LAET, and Ada-ef, we set the target recall to 0.95 across all datasets. For
PiP, we set ef to 300 for Top-100 ANNS or 2000 for Top-1000 ANNS. For HNSW (HNSWlib) and HNSW
(FAISS), we execute the query workload multiple times, gradually increasing ef starting from ef =
𝑘 for Top-𝑘 ANNS, until either the average recall reaches 0.99 or ef reaches a upper bound of 5000,

and we report the execution time and corresponding recall. We note that this experiment focuses

on simulating a real-time scenario where queries are served on the fly, and HNSW (HNSWlib) and
HNSW (FAISS) results under varying ef values are used as references because tuning ef values

requires ground-truth for incoming queries. In Figure 4, we also highlight key reference points to

aid interpretation. Specifically, we mark the cases of ef = 𝑘 and ef = 2𝑘 using two vertical dotted

gray lines; the former is one of the commonly used settings in practice. The target recall of 0.95

is indicated with a horizontal dashed line. To better assess search quality, we report three recall

statistics: average recall, 1st percentile, and 5th percentile. While average recall reflects the overall

workload performance, the 1st and 5th percentiles capture performance on the hardest queries.

These metrics help diagnose under-searching and over-searching behaviors. Figure 5 shows the

distribution of ef values dynamically configured by Ada-ef.
For HNSW (HNSWlib) and HNSW (FAISS) results, different datasets require different ef values to

achieve high recall, and a fixed setting of ef = 𝑘 is insufficient. Moreover, increasing ef beyond a

certain threshold results in diminishing returns, i.e., recall improves only marginally while query

time increases substantially, highlighting the over-searching issue.

For PiP, the achieved recall is substantially lower than that of the other methods, highlighting the

limitation of its fixed-threshold early termination strategy in maintaining practical effectiveness.

For the learning-based adaptive approaches, DARTH and LAET, both methods reach the declarative

target recall of 0.95 on five out of the eight evaluated datasets. However, on these datasets, they

tend to over-search, entering a plateau region where additional computation produced negligible

recall gains, e.g., MS MARCO V1. For the remaining datasets, their recall fails to meet the target

and is, in some cases, considerably lower, e.g., GloVe-100. Overall, DARTH generally achieves higher

recall than LAET, but at the expense of substantially higher query latency.

Ada-ef consistently achieves the best performance across all datasets. It dynamically configures

the ef value on a per-query basis to approximately meet the declarative target recall, effectively

avoiding over-searching by skipping unnecessarily large ef values that offer only marginal recall

improvements at the cost of significantly increased latency. At the same time, it mitigates under-

searching by improving recall for harder queries, as reflected in the enhanced 1st and 5th percentile

recall metrics, which are substantially higher than those of HNSW (HNSWlib). Compared to the

state-of-the-art approach DARTH, Ada-ef achieves up to a 4× reduction in workload latency for the

same level of average recall. In addition, the distributions of dynamically configured ef values for

each query, shown in Figure 5, exhibit a long-tail pattern, i.e., smaller ef values are assigned to the
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Fig. 4. Search performance on real and synthetic datasets.

Fig. 5. Distribution of ef values dynamically assigned by Ada-ef across queries in each dataset (log scale).

majority of queries, while a minority receive larger values. This fine-grained dynamic configuration

substantially improves the worst-case recall.

In the multimodal setting, i.e., Laion-I2I and Laion-T2I, although the dataset vectors (image

embeddings) are identical, the differing modalities of the query vectors lead to substantial variations

in search performance. The text-to-image scenario is considerably more challenging than the image-

to-image case: setting ef to 𝑘 yields a recall close to 0.95 for Laion-I2I, but only around 0.8 for

Laion-T2I. This discrepancy arises primarily from the latent distribution gap between visual and

textual modalities, which makes cross-modal retrieval inherently more difficult. Existing approaches

achieve recall levels well below the declarative target of 0.95, whereas Ada-ef adaptively adjusts

ef based on the joint distribution of data and query vectors, attaining recall close to the target

without incurring excessive computation.

The two synthetic datasets, Uniform Cluster and Zipfian Cluster, share identical characteristics

except for their cluster size distributions: Uniform Cluster consists of equally sized clusters, whereas

Zipfian Cluster exhibits highly skewed cluster sizes following a Zipfian distribution. This difference

leads to distinct search behaviors. Achieving high recall is substantially easier in the Uniform case

than in the Zipfian case. All existing methods struggle under the Zipfian setting, attaining lower

recall while incurring significantly higher search time. In contrast, Ada-ef demonstrates robust

performance, substantially improving both the 5th and 1st percentile recall and achieving the
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Fig. 6. CDFs of per-query latencies.

Table 2. Offline computation time (seconds) with breakdowns for Ada-ef, DARTH, and LAET.

Dataset HNSW
(HNSWlib)

Ada-ef HNSW
(FAISS)

DARTH LAET
Stats Samp. EF-Est. Total LVec GT TData Train Total LVec GT TData Train Total

DeepImage 439.536 0.098 6.905 0.678 7.681 602.636 179.465 37.521 157.235 374.221 179.465 37.521 0.424 217.410

GloVe-100 49.238 0.014 0.794 2.125 2.933 70.937 22.820 40.618 147.395 210.833 22.820 40.618 0.439 63.877

MS MARCO V1 2013.632 25.271 54.472 6.327 86.070 3148.286 2894.502 1738.706 284.351 4917.558 2894.502 1738.706 2.348 4635.556

MS MARCO V2.1 2263.155 13.814 80.031 8.206 102.051 4619.897 4699.835 1819.703 381.704 6901.242 4699.835 1819.703 1.909 6521.447

Laion-I2I 4110.403 4.625 71.228 3.199 79.052 5155.223 3076.920 1793.698 226.168 5096.786 3076.920 1793.698 0.833 4871.451

Laion-T2I 4110.403 4.625 69.048 6.021 79.694 5155.223 3307.787 1688.520 274.387 5270.693 3307.787 1688.520 0.866 4997.173

Uniform Cluster 198.340 0.132 7.217 0.402 7.751 241.179 193.547 141.618 32.157 367.321 193.547 141.618 0.280 335.445

Zipfian Cluster 436.964 0.235 7.183 2.860 10.278 522.806 210.620 1660.215 284.941 2155.776 210.620 1660.215 0.325 1871.160

Table 3. Offline computation memory usage (bytes) with breakdowns for Ada-ef, DARTH, and LAET.

Dataset HNSW
(HNSWlib)

Ada-ef HNSW
(FAISS)

DARTH LAET
Stats Samp. EF-Est. Total LVec GT TData Train Total LVec GT TData Train Total

DeepImage 5G 37K 154K 2K 0.2M 5G 7.8M 2G 342K 2G 7.8M 2G 294K 2G

GloVe-100 620M 40K 157K 3.5K 0.21M 0.615G 7.8M 2.4G 348K 2.4G 7.8M 2.4G 296K 2.4G

MS MARCO V1 52G 9.1M 2M 1K 11.2M 52G 98M 4.7G 346K 4.8G 98M 4.7G 397K 4.8G

MS MARCO V2.1 73G 4.1M 1.6M 1K 5.8M 73G 79M 5.2G 345K 5.3G 79M 5.2G 360K 5.3G

Laion-I2I 63G 1.1M 1.2M 2.2K 3.4M 63G 59M 5G 342K 5G 59M 5G 325K 5G

Laion-T2I 63G 1.1M 1.2M 2.1K 3.4M 63G 59M 5.6G 345K 5.7G 59M 5.6G 321K 5.7G

Uniform Cluster 5.2G 40K 860K 0.6K 0.9M 5.1G 42.9M 373M 323K 416M 42.9M 373M 280K 416M

Zipfian Cluster 5.2G 40K 860K 1K 0.9M 5.1G 42.9M 4.3G 346K 4.4G 42.9M 4.3G 295K 4.4G

target recall without unnecessary computation. These results highlight the practical effectiveness

of Ada-ef, particularly in real-world scenarios where data and query distributions are often skewed

rather than uniform.

We use DeepImage and MS MARCO V2.1 as representatives to analyze the per-query latency

distribution. The cumulative distribution functions (CDFs) are shown in Figure 6. As illustrated,

Ada-ef achieves low latency for the majority of queries while spending more time on a small

subset of difficult ones. This behavior indicates that Ada-ef effectively avoids both over-searching

and under-searching, thereby reaching the target recall more efficiently and improving recall

performance for the hardest queries.

7.3 Offline Computing Performance
Table 2 reports the offline computation time. The HNSW (HNSWlib) and HNSW (FAISS) columns

show the index construction time. For DARTH and LAET, the offline computation consists of three

steps: (i) computing the ground truth for sampled 10000 learn vectors, (ii) generating training

data using these vectors, and (iii) training the model with the generated data. These steps are

denoted as LVec GT, TData, and Train, respectively. The offline computation of Ada-ef includes:
(i) computing dataset-level statistics (Stats), (ii) sampling 200 data vectors and computing their

ground truth (Samp.), and (iii) constructing the ef-estimation table (EF-Est.) with an expected

recall of 0.95 and an ef upper bound of 5000. Table 3 presents the corresponding memory usage.

The HNSW (HNSWlib) and HNSW (FAISS) columns indicate index size; the DARTH and LAET columns
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report the memory footprint of their data and models; and the Ada-ef columns show the total

memory usage across its components. Note that PiP does not require offline computation and is

therefore omitted from this experiment.

For the learning-based methods, DARTH and LAET, the major offline computation overhead is

computing the ground-truth for 10000 learning vectors (LVec GT), which can exceed the index

construction time. In addition, the training data generation stage (TData) also incurs a substantial

cost. We note that the training time of LAET is considerably lower than that of DARTH, since LAET
extracts features once per learn vector, whereas DARTH performs this process multiple times for

each learn vector.

In contrast, the offline computation time of Ada-ef is negligible compared to HNSW index

construction, typically less than 5% of the indexing time. Compared with DARTH and LAET, Ada-ef
achieves, on average, a 50× reduction in total offline computation time. Its total time is even lower

than the least costly offline stage of DARTH (model training). These results demonstrate that Ada-ef
can operate as a lightweight add-on to existing HNSW indexes, providing distribution-aware,

adaptive ef configuration that improves recall while avoiding both over- and under-searching.

Consider the breakdown of Ada-ef’s offline computation cost. We observe that while Samp. and

Stats dominate the offline computation, the cost of constructing the EF-Est. table remains negli-

gible. This design highlights the generality and reusability of Ada-ef. Specifically, both Samp. and

Stats are agnostic to the value of 𝑘 and the declarative target recall, meaning that once computed,

they can be reused across different configurations, such as in the experiments of Section 7.4, where

only the EF-Est. table needs to be recomputed, making the additional computation negligible. In

contrast, for DARTH and LAET, both the TData generation and model training must be repeated for

different 𝑘 values, resulting in significant offline overhead. Furthermore, both Stats and Samp.
can be efficiently updated incrementally when the dataset is updated (§ 7.5), demonstrating that

Ada-ef is well-suited for practical, evolving real-world scenarios.

Table 3 reports the offline memory usage with detailed breakdowns for each method. For learning-

based approaches, the training data (TData) dominates the overall memory footprint. This compo-

nent primarily consists of large tabular datasets containing the features used to train the GBDT

models, which can reach hundreds of millions of rows. In contrast, Ada-ef requires minimal offline

memory, achieving an average 100× reduction in memory footprint.

7.4 Sensitivity Analysis
We analyze the performance of Ada-ef under varying configurations, including different values of

𝑘 for Top-𝑘 ANNS and different target recall levels. Specifically, we vary 𝑘 from 100 to 1000, and

for each value, we run Ada-ef with three target recall settings: 0.95, 0.97, and 0.99. For comparison,

HNSW is executed with increasing ef values until either the average recall reaches 0.99 or the

maximum ef of 5000 is reached.We conduct experiments on two representative datasets: DeepImage

and MS MARCO V2.1, and we present the sensitivity analysis results in Figure 7.

Overall, increasing the target recall in Ada-ef consistently improves average recall as well as

the 5th and 1st percentile recall across different 𝑘 values and datasets. Ada-ef demonstrates robust

and reliable behavior, achieving or remaining close to the specified target recall while mitigating

both over- and under-searching. Notably, on the DeepImage dataset with 𝑘 = 1000, Ada-ef with a

target recall of 0.99 incurs higher query latency. However, this additional computation is adaptively

allocated to the most difficult queries, as evidenced by the substantial improvements in the 1st and

5th percentile recall metrics.
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Fig. 7. Sensitivity analysis with different values of 𝑘 for Top-k ANNS.

Table 4. Insertion time (s).

Dataset BS HNSW (HNSWlib) Ada-ef Stats Samp. EF-Est.
DeepImage 10% 58.047 0.740 0.039 0.393 0.308

DeepImage 50% 247.416 2.072 0.154 1.647 0.271

MS MARCO V2.1 10% 274.259 16.589 2.075 6.513 8.001

MS MARCO V2.1 50% 1213.185 46.175 9.613 28.318 8.244

Table 5. Query time (QT) and recall of Ada-ef after insertion.

Dataset Method BS QT (s) Avg. Recall P5 Recall P1 Recall
DeepImage Stale Ada-ef 10% 6.223 0.964 0.860 0.780

DeepImage Incr. Ada-ef 10% 7.463 0.973 0.900 0.830

DeepImage Stale Ada-ef 50% 4.828 0.945 0.820 0.720

DeepImage Incr. Ada-ef 50% 6.307 0.967 0.880 0.800

DeepImage Reco. Ada-ef N/A 6.437 0.968 0.880 0.810

MS MARCO V2.1 Stale Ada-ef 10% 15.262 0.952 0.865 0.789

MS MARCO V2.1 Incr. Ada-ef 10% 16.265 0.957 0.873 0.802

MS MARCO V2.1 Stale Ada-ef 50% 14.089 0.950 0.848 0.765

MS MARCO V2.1 Incr. Ada-ef 50% 14.230 0.951 0.833 0.625

MS MARCO V2.1 Reco. Ada-ef N/A 15.406 0.955 0.869 0.712

7.5 Incremental Insertion and Deletion
We use DeepImage and MS MARCO V2.1 as the representative datasets to simulate a practical

scenario in which data vectors are inserted into or deleted from the current dataset. Specifically,

each original dataset is partitioned into two subsets: the first serves as existing data, and the

remaining as updated data, whose size denoted as the batch size (BS) simulates real-world batch

updates. We consider two batch sizes: 10% and 50% of the original data.

In the insertion experiments, the update data is inserted into the existing data to reconstruct the

original dataset. In this setting, we first build an HNSW index over the existing data and then insert

the new data to measure the index update time. For the deletion experiments, we remove the update

data from the original dataset to obtain the existing subset. Since HNSW (HNSWlib) does not support
in-place deletions (the same holds for HNSW (FAISS)), we instead report the indexing time for

rebuilding the index over the existing data. For Ada-ef, we adopt the incremental update strategy

described in Section 6.3 to capture the effects of dataset changes. Specifically, for both insertion
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Table 6. Deletion time of Ada-ef and indexing time (s).

Dataset BS HNSW (HNSWlib) Ada-ef Stats Samp. EF-Est.
DeepImage 10% 417.936 1.566 0.036 1.258 0.272

DeepImage 50% 197.927 3.352 0.175 2.923 0.254

MS MARCO V2.1 10% 2079.652 13.538 2.209 4.270 7.059

MS MARCO V2.1 50% 1063.294 24.144 10.135 7.721 6.288

Table 7. Query time (QT) and recall of Ada-ef after deletion.

Dataset Method BS QT (s) Avg. Recall P5 Recall P1 Recall
DeepImage Stale Ada-ef 10% 6.297 0.969 0.890 0.810

DeepImage Incr. Ada-ef 10% 6.457 0.970 0.890 0.820

DeepImage Reco. Ada-ef 10% 6.089 0.966 0.870 0.790

DeepImage Stale Ada-ef 50% 6.025 0.979 0.920 0.860

DeepImage Incr. Ada-ef 50% 5.427 0.974 0.910 0.850

DeepImage Reco. Ada-ef 50% 4.373 0.960 0.860 0.780

MS MARCO V2.1 Stale Ada-ef 10% 16.235 0.954 0.870 0.708

MS MARCO V2.1 Incr. Ada-ef 10% 14.405 0.948 0.820 0.648

MS MARCO V2.1 Reco. Ada-ef 10% 15.723 0.953 0.864 0.782

MS MARCO V2.1 Stale Ada-ef 50% 16.821 0.960 0.886 0.678

MS MARCO V2.1 Incr. Ada-ef 50% 15.762 0.959 0.883 0.823

MS MARCO V2.1 Reco. Ada-ef 50% 14.793 0.956 0.871 0.770

and deletion scenarios, we incrementally update (i) the dataset statistics and (ii) the ground truth

of the sampled subset, and use these updated components to reconstruct the ef-estimation table.

The corresponding update times are reported in Tables 4 and 6, respectively.

To evaluate the search performance of Ada-ef, we consider three variants: (i) Stale Ada-ef,
which uses the unmodified (pre-update) Ada-ef; (ii) Incr. Ada-ef, which applies the incrementally

updated Ada-ef described above; and (iii) Reco. Ada-ef, which is fully recomputed from scratch.

Their search performance results are reported in Tables 5 and 7, respectively.

As shown in Tables 4 and 6, the update time required by Ada-ef is modest compared to the

HNSW index update time in the insertion scenario and the index rebuilding time in the deletion

scenario.

For search performance, in the insertion case, Stale Ada-ef maintains robust performance but

may fall slightly below the target recall, particularly with large batch sizes (e.g., 50% insertion on

DeepImage). In the deletion case, Stale Ada-ef consistently achieves recall above the target of 0.95

across all datasets, though at the expense of slightly higher search time. The incrementally updated

version, Incr. Ada-ef, effectively resolves this issue, maintaining target recall while avoiding over-

searching, and achieves performance comparable to the fully recomputed Reco. Ada-ef. In summary,

Stale Ada-ef performs robustly under small batch updates, whereas Incr. Ada-ef is preferable for

large batch updates, offering a better balance between recall stability and computational efficiency.

7.6 Ablation Study on Component Designs
We conduct ablation studies on two representative datasets, DeepImage and MS MARCO V2.1, to

analyze the effectiveness of different component designs in Ada-ef.
The first ablation study evaluates the impact of the distance list size |𝐷 |, considering three

configurations: neighbors within 1-hop, 2-hop, and 3-hop. The results are shown in Table 8. In

general, the 3-hop configuration substantially increases both query latency and EF-Est. table

computation time, as the search must traverse all neighbors within three hops from the entry point
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Table 8. Impact of the distance list size |𝐷 | on the offline computation time and online query time of Ada-ef.

Dataset |𝐷 | EF-Est. (s) QT (s) Avg. Recall P5 Recall P1 Recall
DeepImage 1-hop 0.349 6.524 0.968 0.870 0.770

DeepImage 2-hop 0.282 6.902 0.968 0.880 0.810

DeepImage 3-hop 3.741 92.410 0.998 0.990 0.960

MS MARCO V2.1 1-hop 3.081 12.890 0.943 0.783 0.626

MS MARCO V2.1 2-hop 3.171 15.622 0.955 0.869 0.712

MS MARCO V2.1 3-hop 7.540 30.871 0.968 0.849 0.702

Table 9. Impact of the number of sampled data vectors on the offline computation time and online query
time of Ada-ef.

Dataset Num. Samp. (s) EF-Est. (s) QT (s) Avg. Recall P5 Recall P1 Recall
DeepImage 200 6.827 0.273 6.420 0.968 0.880 0.810

DeepImage 1000 23.704 1.463 6.342 0.966 0.880 0.820

DeepImage 5000 99.100 8.657 4.713 0.940 0.770 0.650

MS MARCO V2.1 200 84.240 3.155 15.348 0.955 0.869 0.712

MS MARCO V2.1 1000 102.390 14.455 13.401 0.948 0.824 0.636

MS MARCO V2.1 5000 260.469 83.036 13.610 0.950 0.845 0.662

Table 10. Impact of the design of weighted function on the offline computation time and online query time
of Ada-ef.

Dataset Decay EF-Est. (s) QT (s) Avg. Recall P5 Recall P1 Recall
DeepImage None 0.649 5.707 0.951 0.800 0.680

DeepImage Linear 0.301 5.419 0.946 0.790 0.660

DeepImage Exp 0.286 6.950 0.968 0.880 0.81

MS MARCO V2.1 None 2.663 9.594 0.919 0.732 0.563

MS MARCO V2.1 Linear 2.723 12.858 0.944 0.804 0.659

MS MARCO V2.1 Exp 3.239 15.987 0.955 0.869 0.712

on the base layer. The 1-hop configuration suffers from low recall, particularly on high-dimensional

datasets such as MS MARCO V2.1. The 2-hop design achieves the best balance between recall and

latency, and is thus adopted as the default configuration.

The second study investigates the effect of sampling size, with three settings: 200, 1000, and 5000

sampled vectors. The results are presented in Table 9. Larger sampling sizes significantly increase

offline computation time without consistently improving online search performance. Sampling 200

vectors provides the best overall trade-off between accuracy and efficiency.

The third study examines the influence of the decay function, which assigns weights used in

Eq. (6). We evaluate three alternatives: no decay function (None), a linear decay function (Linear),

and an exponential decay function (Exp). The results are shown in Table 10. The None setting

assigns equal weights to all bins in Eq. (6), failing to distinguish between easy and hard queries and

resulting in lower recall, especially on MS MARCO V2.1. The Linear function gives higher weights

to closer neighbors, partially improving discrimination but still less effectively than Exp. The

Exponential decay function yields the best performance, avoiding both over- and under-searching,

as evidenced by improvements in average recall as well as 1st- and 5th-percentile recall.

8 Conclusion
HNSW has been widely adopted in practice for efficient ANNS at scale. However, its search

performance is highly sensitive to the choice of the ef parameter, which governs the trade-off
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between efficiency and recall. The commonly used fixed ef configuration suffers from practical

limitations, including lack of recall guarantees and issues related to over- or under-searching across

diverse queries. In this paper, we identify these limitations and propose Ada-ef, a distribution-
aware approach that adaptively assigns an ef value to each incoming query at runtime. Ada-ef
enables the search to approximately meet user-specified target recall while minimizing unnecessary

computation, thus mitigating both under- and over-searching. Ada-ef is seamlessly integrable

with existing HNSW indexes, requiring no modification to the index structure, and is friendly to

updates, making it suitable for real-time and evolving workloads. At the core of Ada-ef lies a

theoretical foundation based on similarity distance distribution, along with a tailored query scoring

model designed to effectively characterize query difficulty. On real-world embeddings produced

by advanced Transformer models from OpenAI and Cohere, Ada-ef attains the declarative recall
while mitigating over- and under-searching. Compared to state-of-the-art learning-based adaptive

baselines, Ada-ef achieves up to 4× reduction in online query latency, 50× reduction in offline

computation, and 100× reduction in offline memory usage.
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