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Counting (p, q)-bicliques in bipartite graphs is essential for uncovering dense substructures and higher-order
patterns. However, releasing biclique counts can reveal private connections of users. To address this, we study
(p, q)-biclique counting under edge local differential privacy, where each vertex protects its one-hop neighbor
relationships from an untrusted data curator. The Naive algorithm applies randomized responses to the
adjacency matrix and produces an overly dense graph where (p, g)-biclique structures are disrupted, resulting
in highly biased estimates. To produce unbiased estimates, we propose a one-round algorithm that enumerates
all motifs with p upper and g lower vertices, which leverages motif transformation probabilities to correct
for perturbation-induced bias. To improve data utility and reduce the impact of Laplace noise, we propose a
novel Multi-round Common Neighbor (MRCN) algorithm. MRCN estimates the number of common neighbors
for each p-tuple (or g-tuple) and applies moment-based correction to recover unbiased (p, g)-biclique counts.
Notably, MRCN avoids explicit enumeration of all (p, g)-motifs, offering better scalability for general p and
q. We further boost performance with variance-reduction techniques such as multi-center optimization and
refined noisy graph construction, and enhance scalability through layer-based pruning and vertex sampling.
Extensive experiments on real-world datasets confirm the effectiveness and efficiency of our approaches.
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1 Introduction

Bipartite graphs are a natural fit for modeling relationships between two distinct sets of entities,
such as user-item interactions in e-commerce [23], people-location networks in contact tracing [1],
and user-page networks in social media analysis [27]. (p, q)-biclique counting has been widely
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studied [30, 45, 47] since it captures higher-order cohesive structures with p upper and g lower
vertices. This enables more fine-grained pattern detection in applications such as fraud detection
[40, 41, 50], dense subgraph mining [8, 9, 35, 37, 38], and link prediction [15]. However, releasing
exact (p, q)-biclique counts can compromise privacy by revealing sensitive relationships, such as
a user’s interaction with a specific item. For example, consider the user-item networks in Fig. 1,

Uy Uz Uz Uy Uz Us
V1 L) V3 Vs 21 V2 Uz W
#(2, 3)-biclique = 1 #(2, 3)-biclique = 3

Fig. 1. An example of how (2, 3)-biclique counts reveal private connections.

where each edge indicates a user’s purchase of an item. In the bipartite graph on the left, there are
3 users and 4 items, and one (2, 3)-biclique formed by users (uy, u3) and items (v1, v, v3). When
user uy additionally purchases item vs, edge (uz,v3) is added, resulting in the graph on the right.
Suppose users u; and us collude to infer u,’s purchases. They know all edges incident to themselves
and have background knowledge of the existing purchase history of u,, as commonly assumed in
differential privacy studies [16]. If the (2, 3)-biclique counts of the graphs are released, the colluding
users may observe a change (e.g., from 1 to 3) and infer that u; purchased vs, resulting in a potential
privacy breach. Thus, it is vital to estimate the number of (p, g)-bicliques in a privacy-preserving
manner.

Motivated by these observations, we study the problem of privacy-preserving (p, q)-biclique
counting on bipartite graphs. Specifically, given a bipartite graph G, we aim to compute the (p, q)-
biclique count under edge local differential privacy (edge LDP) [28, 46, 49]. Edge LDP ensures robust
privacy by requiring each vertex to perturb its local data before transmission to the data curator,
ensuring that the presence or absence of any single edge cannot be reliably inferred from the output.
This eliminates the need for a trusted curator as required in central DP [2, 4, 10, 11, 20, 21, 26].
Existing methods. Motif counting under edge LDP typically follows two paradigms: (1) one-round
algorithms, which construct a noisy graph and estimate motifs directly from it, and (2) multi-round
algorithms, which allow vertices to download noisy graphs from earlier rounds and estimate motifs
locally [12, 14, 16, 18]. While He et al. [12] propose a one-round algorithm for butterfly counting
(p = q = 2), no one-round methods exist for general (p, q)-bicliques. Classic multi-round approaches
for (p, q)-biclique counting suffer from either violating edge LDP or injecting excessive noise due
to high sensitivity of per-vertex motif counts [33].

Challenges. In this paper, we design accurate and efficient algorithms for counting (p, g)-bicliques
under edge LDP and face the following challenges.

o Challenge 1: Given a bipartite graph G, randomized responses produce a much denser noisy
graph G’ by independently flipping edges [28], which often destroys complex structures like (p, q)-
bicliques. As a result, a Naive algorithm that directly counts (p, q)-bicliques on G’ suffers from
significant bias. It is a challenge to derive unbiased estimates for (p, g)-bicliques under edge LDP.
o Challenge 2: Due to edge flipping in randomized responses, recovering accurate (p, q)-biclique
counts requires handling the transformation of all motifs with p upper and q lower vertices. This
computational task becomes prohibitively expensive for large values of p and q.

Our Approaches. To address Challenge 1, we extend the one-round algorithm for butterfly counting
under edge LDP [12] and propose a OneR algorithm that provides unbiased (p, g)-biclique estimates
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based on the noisy graph. Our proposed OneR algorithm analyzes how motifs transform under
randomized response and corrects for the resulting bias. Specifically, OneR constructs a noisy graph
and counts motifs with different numbers of edges, then uses these counts to derive unbiased
estimates by accounting for expected motif transformations. While OneR works well on dense
graphs, it requires enumerating all (p, q)-vertex motifs, which becomes computationally challenging
for large values of p and q.

To address Challenge 2, we propose a multi-round algorithm, MRCN, for (p, g)-biclique counting
that avoids exhaustive subgraph enumeration. Unlike classic multi-round methods that inject large
Laplace noise into per-vertex biclique counts, MRCN estimates common neighbors for each p-tuple
(or g-tuple) and derives unbiased biclique estimates from their higher moments. It first estimates
vertex degrees, then perturbs edges via randomized response, and finally selects a central vertex per
p-tuple to estimate noisy common neighbors with budget ¢,. By correcting higher moments of these
estimators, MRCN obtains unbiased per-tuple biclique counts, aggregated to the total (p, g)-biclique
count. This design leverages local neighborhood while avoiding the intractable global sensitivity of
bicliques and reducing computation from enumerating all motifs to processing p- or g-tuples.

To enhance the data utility of MRCN, we develop MRCN++, which integrates two variance-reduction
techniques: multi-center optimization and refined noisy graph construction. The multi-center
strategy selects multiple upper-layer vertices to form independent common-neighbor estimators
and averages them to suppress vertex-level noise. The refined noisy graph construction exploits the
parallel and post-processing properties of edge LDP to create two independent noisy graphs under
the same privacy budget, reducing adjacency variance and improving biclique counting accuracy.
Contributions. Here, we outline our main contributions.

o We study the (p, g)-biclique counting problem under edge LDP. We propose the OneR algorithm
that corrects for motif transformations caused by randomized response. OneR produces unbiased
(p, g)-biclique estimation and works well on dense bipartite graphs.

e We propose a novel multi-round common-neighbor-based algorithm, MRCN, which estimates the
number of common neighbors for each p-tuple in the upper layer (or g-tuple in the lower layer).
By correcting higher-order moments of these estimators, MRCN yields more accurate and unbiased
estimates of the (p, q)-biclique count.

e We propose the MRCN++ algorithm with two variance-reduction techniques: multi-center opti-
mization and refined noisy graph construction.

e We conduct extensive experiments on 13 real-world datasets to evaluate the effectiveness and
efficiency of our algorithms. Results show that OneR, MRCN, and MRCN++ consistently outperform
the Naive algorithm in data utility. Notably, MRCN achieves mean relative errors up to three or-
ders of magnitude lower than Naive. Also, MRCN++ with the proposed optimizations consistently
outperforms MRCN in most settings.

2 Problem Definition

In this section, we first present important definitions and notations about (p, q)-biclique and
differential privacy on bipartite graphs. Then, we present the problem statement.

2.1 (p,q)-biclique Counting on Bipartite Graphs

We consider an unweighted bipartite graph G(V = (U, L), E). V = U U L denotes the set of vertices,
where U and L represent the upper and lower layers, respectively. The vertices in U and L are
called upper vertices and lower vertices, respectively. E C U X L denotes the set of edges. Let
ny = |[U(G)|, nz = |[L(G)|, and m = |E(G)| denote the number of upper vertices, lower vertices, and
edges, respectively. The adjacency matrix A for G is of dimensions n X n, where A[u,v] = 1if an
edge exists between vertices u and v, and 0 otherwise. As G is bipartite, only the upper-right and
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Table 1. Summary of Notations

Notation Definition
G a bipartite graph
A the adjacency matrix
Ay the neighbor list of the vertex u
N(u,G) the neighbors of u in G
deg(u, G) the degree of u in G
£ a privacy budget
G’ a noisy bipartite graph
w(X) the number of common neighbors among X
Ag the global sensitivity of a function g
Koq number of (p, g)-bicliques in graph G
K.q(X) | (p,q)-biclique count containing the vertex set X

lower-left blocks of A contain nonzero entries. The u-th row of A (including both “1” and “0”) is
the neighbor list of u, denoted by A,,. In addition, the set of neighbors of a vertex u in G is denoted
by N(u,G), and its degree is denoted by deg(u, G) = |[N(u, G)|. We denote by dl_. and d?,, the
maximum degrees of vertices in the upper set U(G) and lower set L(G), respectively. In this paper,

we consider the bicliques with p upper vertices and g lower vertices, as defined below.

DEFINITION 1. (p, q)-biclique. Given a bipartite graph G and two integers p and q, a (p, q)-biclique
is a complete subgraph of G with p upper vertices and q lower vertices.

2.2 Differential privacy on bipartite graphs

Classic DP assumes a central model, where a central data curator manages a dataset D [6]. Two
datasets D and D’ are neighboring datasets if they differ by one data record. For neighboring
datasets, DP ensures that the outputs of a query function on these datasets are hard to distinguish.
When DP under the central model is applied to graphs to protect edge privacy, the neighboring
datasets are two graphs that differ by one edge. While central DP offers better data utility, the
assumption that the data curator storing the entire graph can be trusted is often unattainable. Thus,
we adopt e-edge LDP, which allows each vertex to perturb its data locally before sending it to the
data curator [29, 46, 49]. Under edge LDP, the neighboring datasets are two neighbor lists that
differ by one bit.

DEFINITION 2. ¢-edge local differential privacy. Let G(V = (U, L), E) be a bipartite graph and
& > 0. For each vertexu € V(G), let R, with domain {0, 1}" be a randomized algorithm of vertex
u. R, provides e-edge LDP if for any two neighbor lists A, and A, that differ in one bit and any
S C Range(R,,), where Range(R,,) denotes the range (output space) of the randomized algorithm R,,:

Pr(R,(Ay) €S) < ePr(R,(A;) €9)
Here, ¢ is referred to as the privacy budget.

Note that e-edge LDP ensures that if two vertices have neighbor lists that differ by one bit, they
cannot be reliably distinguished based on the outputs from the randomized algorithms. Under
the post-processing property of edge LDP, any function applied to a differentially private output
maintains the same privacy guarantee. This means that once a noisy graph is constructed via
randomized response satisfying edge LDP, it can be safely shared with all vertices without additional
privacy loss, as the noisy graph itself is a differentially private output. This follows directly from
Theorem 2, which guarantees that any function of a differentially private output maintains the
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same privacy guarantee. Consider ¢ edge LDP algorithms Z3, Z,, . . ., Z;, whose privacy budgets are
denoted by ¢y, &3, . . ., &, respectively. We have the following property.

THEOREM 1. Sequential Composition [20]. The composite algorithm obtained by sequentially
applying Zy, Z,, . . ., Z, on the bipartite graph G provides 3!_, ¢;-differential privacy.

THEOREM 2. Post-Processing Property [6]. Let M be a mechanism that provides e-differential
privacy. For any function f, the composition f o M also provides e-differential privacy. That is, any
function applied to the output of a differentially private mechanism maintains the same privacy
guarantee without consuming additional privacy budget.

THEOREM 3. Parallel Composition [6]. Let My, Ms, . . ., My be mechanisms that provide ey, €2, . . ., €k-
differential privacy, respectively, and operate on disjoint subsets of the dataset. The composition of
these mechanisms provides max(ey, €, . . ., &) -differential privacy.

Randomized responses. The easiest way to provide e-edge LDP is via randomized responses
(hereafter denoted by RR), which was originally proposed as a survey technique to allow confidential
answers to sensitive issues (e.g. criminal or sexual activities) [42]. Essentially, the participants are
asked to answer questions truthfully with probability. This has been applied to graphs to satisfy
edge local differential privacy [16, 28]. Specifically, given a privacy budget ¢, each entry x € {0, 1}
of a neighbor list is perturbed independently with probability ﬁ:

RR(x) = {1 -x w%th probab?lfty ?
x with probability ;7=
Existing works on bipartite graphs [12, 13] restrict randomized response to the upper-right block.
This avoids conflicts in the noisy graph where both A’ [i, j] (perturbed by i) and A’ [}, i] (perturbed
by j) might be inconsistent. We denote the noisy graph w.r.t. a privacy budget ¢ as G..
Calibrating noise to global sensitivity. To ensure ¢-edge LDP, any data transmitted from a
vertex to the data curator requires noise addition. The Laplace Mechanism [6] is often used to draw
noise proportional to the global sensitivity of the data. We formally define global sensitivity here.

DErFINITION 3. Global sensitivity. Consider a bipartite graph G. Let A, be the neighbor list of
vertex u. The global sensitivity of a function f : A, — R is:

Af = maxyuevc)|f (Au) = F(AI
Here, A;, is a neighbor list that differs from A, in at most one entry. Af represents the global sensitivity

of f.
DEerFINITION 4. The Laplace Mechanism. Given a privacy budget ¢ and any function f, the
Laplace mechanism is defined as:

£

~ A
f= g+ iap( L)
wheref is the noisy version of f and Lap(-) is the Laplace probability density function.

Applying the Laplacian mechanism, we allow the vertices to send local graph statistics with
calibrated noise to the data curator while satisfying ¢-edge LDP.
Problem Statement. Given a bipartite graph G, two integers p and g, a privacy budget ¢, we aim
to accurately and efficiently estimate the number of (p, q)-bicliques in G under e-edge LDP.
A naive approach. Since the randomized responses preserve e-edge LDP, a naive solution returns
the (p, q)-biclique count of the noisy graph from the randomized responses, as detailed in Algorithm
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Algorithm 1: Naive
Input: G: a bipartite graph; p, g: integers; ¢: a privacy budget;
Output: an estimate of the number of (p, q)-bicliques
// vertex side:

1 foreachi € U(G) do

2 foreach j € L(G) do

- 1
3 perturb A’[i, j] « {1 ~ ALl wp. Tre?
Ali, j] W.p. TooF
4 send noisy edges to the data curator;
// curator side:
5 G « the noisy graph constructed from A’[i, j];

¢ return the (p, q)-biclique count on GJ;

1. Here, we use A’ to indicate the adjacency matrix for the noisy graph G’. In Lines 1-4, each
upper vertex perturbs its neighbor list and sends it to the data curator. Specifically, given a privacy
budget ¢ > 0, each entry A[i, j] with i and j being vertices on different layers is flipped with a
probability ;. In Lines 5-6, the data curator constructs a noisy graph G/ and returns the number
of (p, q)-bicliques on G, obtained by calling the state-of-the-art biclique counting algorithm [39].
Since most neighbor lists are sparse (with more “0” than “1”), flipping them with a fixed probability
ﬁ makes G, much denser than G, which generally leads to over-counting.

Computational time complexity. We analyze the computational time cost and communication

costs of Naive. During the randomized response stage, the time cost is O (n1n2 . ﬁ) due to

1
1+ef "

biclique counting on the noisy graph G, which requires O (min(nf ,n)) time in the worst-case
scenario. This is because the state-of-the-art (p, g)-biclique counting algorithm [45, 47] runs in
@) (min(nf, ng)) time. Thus, the overall time costs of Naive are O (% + (min(nf, ng)))

Per-vertex Communication costs. The communication costs of Naive occur during randomized
responses, when each vertex uploads the noisy edges to the data curator. Each noisy edge incurs
a cost of O(log(nny)), since each edge can be represented by two vertex IDs [17]. The expected

number of noisy edges sent by a vertex u is deg(u)(1 — p,) + (nz — deg(u))p, = O(%). Thus, the

In the counting stage, the dominant cost arises from (p, g)-

the edge flipping probability of

.. . 1
per-vertex communication cost is O (1:’; -log(ny ng)) =0 (%)

@@@@@ @ @@® @@@ @ O@G
Ho M Mo S0 86 08 20 IR

Fig. 2. All possible motifs with 2 upper and 3 lower vertices. Each motif is annotated with its edge count i.
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3 One round approach

The Naive algorithm in Section 2 leads to significant bias because the noisy graph is much denser
than the original graph. Recently, [12] proposes a multi-round algorithm and a non-interactive
algorithm for butterfly counting under edge LDP, where the non-interactive approach achieves
superior data utility as it prevents injecting substantial noise from the high global sensitivity in the
classic multiple-round computing framework. The non-interactive algorithm relies on randomized
responses to build a noisy graph and carefully model the transformation probabilities of all motifs
with two upper and lower vertices to get unbiased butterfly count estimates. Since the butterfly
is a special case of (p, g)-biclique, we extend this idea to (p, g)-biclique and propose a one-round
algorithm that produces an unbiased estimate of (p, q)-biclique counts. To begin with, we revisit
how motifs transform into each other with different probabilities due to randomized responses.

3.1 Motif transformation during randomized responses

To recover the (p, q)-biclique count on G, we need to investigate how the motifs with p upper
vertices and g lower vertices transform into each other with different probabilities. Here, we define
the transformation probability.

DerINITION 5. Transformation probability [12]. Given a privacy budget ¢ and a bipartite graph
G, let G, be a noisy graph from applying randomized response to G. Let M be a motif in G induced by
a vertex set V. C V(G), and let N be a motif over the same vertex set V in G.. The transformation
probability from M to N is defined as the probability that TP(M,N) = P(G.[V] = N | G[V] = M),
where = denotes graph isomorphism.

As shown in Fig. 2, a (2, 3)-biclique can transform into 16 distinct types of motifs with different
probabilities. For instance, the transformation probability of a (2, 3)-biclique to itself is (1 — p)°
as it requires each of the 6 edges to stay un-flipped during randomized responses (p = 1/(1 + €%)).
In what follows, we consider the motifs with the same number of edges together and use B; to
denote the motifs with i edges (0 < i < p X g). The numbers of B; on G and G’ are denoted
by ng, and n’Bi, respectively. Then, we have the following equation. E(n’&, n’Bz, .. ,n’Bpxq) =
(ng,,ng, - ,ng, ) X7 Here 7 is the transition matrix where 7[i, j] = TP(8;, B;). In this way,
the transition matrix 7~ stores the transformation probabilities from B; to B}, Vi, j. Based on the
above equation, we obtain the following linear system for (p, g)-biclique counting.

s . -1
(g gy, g, ) = (ng ,nig .- ,n’gpq) X T (1)
Since Cp4(G) = ng,,, we solve for fig, as the unbiased estimate for Cp 4(G) in the theorem below.

THEOREM 4. Given a bipartite graph G, a privacy budget ¢, let G, be the noisy graph after applying

pxq [ Y
~ ~ i= (-1)'p'ny.
randomized response toG w.r.t. €. Let p = e*. We have E(fig,,) = Cp4(G) wherefig,, = W

3.2 A one-round algorithm

Based on Theorem 4, we propose a one-round algorithm that returns an unbiased estimate of the
number of (p, g)-bicliques. The algorithm first constructs the noisy graph G; using the full privacy
budget ¢. It then counts the number of motifs with p upper and g lower vertices in G/, and applies
the formula in Theorem 4 to compute the unbiased estimate.

In practice, no general efficient algorithm exists for counting motifs with p upper and g lower
vertices for arbitrary (p, q) values. Specialized counting strategies must be developed for each case.
In the following, we present the one-round algorithm for the specific case of p = 2 as an example.
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Algorithm 2: One-Round (2, g)-Biclique Counting under Edge LDP
Input: G: a bipartite graph with vertex sets U and L; g: target size on L side; ¢: privacy budget;
Output: an estimate of the number of (2, g)-bicliques
// vertex side: apply randomized response
foreach i € U do
foreach j € L do

[

3 perturb edge presence:
1-Ali, jl, wp. iz
. AL, ] — ,ﬂ.[“]’ WP Tre
Ali, j, W.P. Tyer

5 send noisy edges A’ to the curator;
// curator side: counting motifs with two upper and g lower vertices
6 Construct noisy graph G, from A’;
7 Initialize counters mgy, my, ..., myg <« 0;
s foreach pair (uy,uz) € U(G’) do
Compute s, s1, sz based on neighborhoods in GJ;

©

10 forc=0toqgdo

1 forb=0tog—cdo

12 a—q-b-g

13 i« 2c+b;

1 mi = mi+ () - () - (2):

// estimate correction using inverse transform
15 Let p « €f;

- 1 2q i,
16 Ay = T Zizo(“H)" - i

17 return i Bog

An example of the one-round algorithm when p = 2. Algorithm 2 presents a specialized
implementation of the one-round algorithm for the case where p = 2 and the lower side has size q.
In the counting phase (Lines 8—14), Algorithm 2 iterates over each upper vertex pair (uj, u;) and
classifies lower vertices into sz, s1, and sy, denoting the counts of vertices connected to both, exactly
one, or neither vertex in the noisy graph G.. For each triple (a, b, ¢) with a+ b +c¢ = g, the algorithm
counts the number of (2, q) motifs where a lower vertices connect to neither u; nor u,, b to exactly
one, and ¢ to both. The count for motifs with i = 2c + b edges is incremented by () - (3}) - (). In
this way, Algorithm 2 efficiently counts the number of motifs with two upper vertices and q lower
vertices in G. Finally, Lines 15-16 apply the closed-form formula from Theorem 4 to recover an
unbiased estimate of the number of (2, g)-bicliques in the original graph G.

Computational time complexity. We analyze the computational time cost of OneR. The time

costs incurred during randomized response is O (725¢). Unlike Naive, OneR needs to count all

motifs with p upper vertices and g lower vertices on G;, which takes O ((';)1) . (’;2) . pq), (’1’;) and

(’:;) denote the number of ways to choose p and q vertices from U and L, and pq accounts for
the time to examine the number of edges in each motif. Thus, the time complexity of OneR is
O (12 +(3) - (%) - pa).

When p = 2, Algorithm 2 iterates over all upper vertex pairs and computes motif counts via
neighborhood intersections, which takes O(n? - ¢%) time in the counting phase. Overall, the time

complexity is O (T2 + nq?) when p = 2.
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Note that for counting all motifs with p upper and g lower vertices, the naive approach that
enumerates all vertex sets of size p in the upper layer and g in the lower layer is highly inefficient,
taking O((';;) (:’;)) time. To the best of our knowledge, no faster algorithm exists for arbitrary
(p, q)-motifs.

Per-vertex Communication costs. The communication costs of OneR occur during randomized
na log(niny) )

responses, just like Naive, which incurs a per-vertex communication cost of O ( ot

4 A novel multi-round framework

The one-round algorithm for (p, g)-biclique counting mitigates the dense-noise problem by model-
ing motif transformation probabilities under randomized response to produce unbiased estimates.
However, OneR suffers from high variance, as each (p, q)-biclique depends on about p X g inde-
pendent edge flips, and it requires a separate counting procedure for each (p, ¢), which becomes
intractable when p > 2. We therefore turn to multi-round algorithms, widely used in triangle
counting [14, 16, 17]. In this framework, part of the privacy budget is used to construct a noisy
graph via randomized response, and each vertex estimates local (p, q)- and quasi-(p, g)-bicliques
based on its neighborhood overlap. To report these local counts under edge LDP, substantial Laplace
noise must be added due to the large global sensitivities of noisy biclique structures.

To address the high global sensitivity of noisy (p, q)-biclique counts, we propose Multi-Round
Common Neighbor-based algorithm (MRCN) for unbiased (p, q)-biclique counting under edge
LDP. (1) Estimate vertex degrees via the Laplace mechanism. (2) Construct a noisy graph using
randomized response. (3) For each p-vertex set, estimate its common neighbors and their higher-
order moments to derive an unbiased (p, g)-biclique estimator. We first present the case p = 2 and
later generalize to larger p.

4.1 A working example for p =2

We begin with the special case of p = 2. To count (2, g)-bicliques under edge LDP, we consider all
vertex pairs in U(G), estimate their number of common neighbors, and derive the (2, q)-biclique
count for each pair. We build on a recent work in common neighbor estimation under edge LDP
[13] and discuss how to obtain unbiased per-vertex-pair (2, q)-biclique count estimators.

An unbiased estimator for common neighbors per vertex pair. The common neighbor
estimator builds on the unbiased estimator for each adjacency entry A[j, j] in a bipartite graph
G. Given privacy budget ¢;, we construct a noisy graph G;, by applying randomized response to
each edge, flipping its presence with probability p, = ﬁ Each noisy entry A’ [i, j] then follows
a Bernoulli distribution with parameter 1 — p, if A[i, j] = 1, and p, if A[i, j] = 0. Based on this,
we have the following equations which link the expected value of A[i, j]’ and A[i, j]:

pr. AL =0

BALLID = {1 —pr ifA[Lj] =1

This can be rearranged into: E(¢ (i, j)) = Ali, j]. Here, ¢(i, j) = %};p’, which is an unbiased
estimator of A[, j]. The variance of ¢ (i, j) is given by
il =pry _ pr=pr)
1—=2pr (1-2p,)?

Assume the noisy graph G, has been constructed and downloaded by each vertex. This sharing is
permitted under edge LDP’s post-processing property, as the noisy graph is a differentially private

output that can be safely distributed to all vertices without compromising the original edge privacy
guarantees. This follows from Theorem 2, which ensures that sharing the noisy graph maintains

Var(¢(i, j)) = Var(ﬂ
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the same privacy guarantee. For a vertex pair (u, w) with u,w € U(G), the number of common
neighbors can be locally estimated by u using the unbiased estimator ¢ (v, w) for each v € N(u, G).
Specifically, ¥, n(uG) ¢ (v, w) provides an unbiased estimate of the common neighbors between u
and w. To report this to the data curator, Laplace noise must be added based on the global sensitivity

of the estimator, which is 11__21;;. Thus, the unbiased estimator at the curator becomes
1-p,
= ¢ (v, w) + Lap (—)
fu Z (1 - 2Pr)€2

veN (u,G)

The variance of f, arises from two sources: the sum 3¢ n(,,G) (0, w) and the Laplace noise. The

variance contributed by the first term is f(%;f’;ﬁ deg(u), since each ¢ (v, w) is independent and

there is no covariance. The variance of the Laplace noise is
2 2
1—p, 1-p, 2(1-p,
Var (Lap (—p)) =2( P ) _20-p) 5
(1-2p,)e; (1-2p,)e; (1-2p,)2e;

Thus, the total variance of f, is

pr(1—py) 2(1 _Pr)z
(1-2p,)? (1-2p,)%e
Estimating K, ;(u, w) for the vertex pair (u.w). Let w(u, w) denote the true number of common
neighbors between u and w, and let f;, be the unbiased estimate of w(u, w) obtained from u’s local
neighborhood. For the case p = 2, the estimators f, and f,, (computed from «’s and w’s perspectives,
respectively) are statistically independent. This independence arises because f;, depends only on
edges from u’s neighbors to w (i.e., A’[v, w] for v € N(u, G)), while f,, depends only on edges
from w’s neighbors to u (i.e., A’[u,v’] for v’ € N(w, G)). Since these edge sets are disjoint, and
randomized response flips each edge independently, the estimators f, and f,, are independent. This
independence simplifies the variance calculation and is crucial for moment-based correction.

To estimate the number of (2, g)-bicliques involving u and w, denoted by K3 4(u, w), we use the

Var(f,) = eg(u) +

combinatorial formula: Ky 4 (u, w) = (("(';’W)). Using ({;) as a plug-in estimator introduces bias, as
the expectation is not preserved under nonlinear transformations such as polynomials. To address
this, we introduce a moment correction technique that: (1) expresses (w(t']’w)) as a polynomial in
w(u, w), (2) derives unbiased estimators for each monomial w* using the higher moments of f;,, and
(3) combines them to construct an unbiased estimator for (“’(L:I’W)). We first illustrate the method
for ¢ = 2 and then extend it to handle general g > 2.

(1) When p = 2 and g = 2, we count the number of butterflies in G. For a vertex pair (u, w), the

butterfly count is Ky, (u, w) = (“’(”Z’W)) = w Given the estimator f, for w(u, w), we

aim to estimate w(u, w)? by leveraging the variance: Var(f,) = E(£?) — E(f;)?. Thus, we have
E(f?-Var(f,)) = @(u, w)%. Based on this, we obtain the following unbiased estimator for Ky » (u, w):
fi = fu—Var(fu)

KZ,Z(u; W) = f

Given the expression of Var(f;,) obtained earlier, we can estimate it by replacing deg(u) with
its unbiased estimate deg(u) = deg(u, G) + Lap(1/¢y) from the first round. Based on the above
discussion, we can obtain the following unbiased estimator for the total number of butterflies:

Ry, = Z f2 = fu—Var(f,)

u<weU(G) 2
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(2) When p = 2 and q > 2, we apply the moment-based correction technique to estimate K; 4 (u, w).

Specifically, we express the binomial coefficient as a degree-q polynomial:

w(u, w) 3 X
( )=Zak«w(u,w),

q k=0

where the coefficients a depend only on q.

Each monomial »* is estimated using the k-th moment of f;,, corrected for the bias introduced
by its variance. The Gaussian assumption for f, is justified by the Central Limit Theorem: since
fu is the sum of many independent random variables (randomized responses from u’s neighbors
plus Laplace noise), it converges to a Gaussian distribution as the vertex degree increases. This
assumption is further validated empirically, as shown in Figure 3, where the Q-Q plot confirms
that higher-order cumulants are indeed negligible, particularly for high-degree vertices. Based on
the Gaussian assumption, we compute »* for each k using the following recurrence [19]:

. Lk/2]
k_ rk_ . k=2 A2
wk = f, izgl (Zi)(ZI ne-f, 5,

where 62 is the estimated variance of f;, and (2i — 1)!! denotes the double factorial. These corrected
moments are substituted into the binomial expansion to obtain an unbiased estimate of Ky ¢ (u, w).

(deg,=5903, deg, =334, Jarque-Bera score=0.570) fuug Q-Q Plot vs Normal
T

S 0.003

0.001

0.0001

Fig. 3. Normality assumption check for the common neighbor estimators on the dataset 1rcwiki.

w(u,w)) _ w3 =30%+20
3 - 6

derived from Equation : & = f,, w? = f?—6% and w?® = £ —3f, - 2. Substituting into the polynomial
yields:

Example (when g = 3): To estimate Ky 3(u, w) = ( , we corrected moments

f2=3f, - 6% =3f2+2f,
- )

The MRCN algorithm when p = 2. We present the MRCN algorithm for (2, g)-biclique counting
under edge LDP in Algorithm 3. In Phase 0, each vertex adds Laplace noise to its degree. The degree
estimation satisfies edge LDP through parallel composition (Theorem 3). Each vertex perturbs only
its own adjacency list, and edges from u to v and v to u are treated as different secrets [16]. Since
adjacency lists are disjoint subsets, the privacy cost remains &, for all vertices. In Phase 1, a noisy
bipartite graph is generated by independently perturbing each edge via randomized responses. In
Phase 2, for each pair of upper-layer vertices (u, w), the algorithm estimates the number of common
neighbors using a local estimator from u’s perspective, denoted by f;,, and injects calibrated Laplace

noise to preserve privacy. In Phase 3, MRCN computes the variance of f;, to construct an unbiased
w(u,w))
q

I’Eiz,:«;(u, W) =

estimator for ( . These per-pair estimates are aggregated to yield the final unbiased estimate

of the (2, q)-biclique count.
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Algorithm 3: The MRCN algorithm (p = 2)
Input: G: a bipartite graph; e: total privacy budget;
Output: Private estimate of the number of (2, ¢)-bicliques
Split ¢ into &g, €1, and &;
// Phase 0: Degree Estimation
foreach u € V(G) do
‘ J(u) «— deg(u,G) + Lap(1/¢9);
// Phase 1: Noisy Graph Construction
4 pr < ﬁ;
5 foreachi € U(G) do
foreach j € L(G) do

[

)

©w

=N

] o {1—ﬂ[i,j], wppr
Al jl, w.p. 1= pr

// Phase 2: Local Common Neighbor Estimation

8y — 11__21;,’,;

9 foreachu,w € U(G’),u < w do

10 S1 < 0;S2 « 0;

1 foreach v € N(u,G) do

12 if A’ [0, w] = 1 then

13 ‘ S1 < 51 +1;

14 else

15 ‘ Syp — S +1;

16 ﬁ4<—)/'51—1_pﬁ’52+Lap((1:%)2

// Phase 3: Moment Correction and Biclique Estimation
17 Kqu «— 0;
18 foreachu,w € U(G’),u < w do
w | Var(g) < elopdd@) | 20-p)°

(1-2p,)? (1-2p, )23’
20 (“’(”q’w)) < unbiased estimate via moment-based correction;
21 KZ,q — ngq + ( q ),

22 return Ky 4;

4.2 The MRCN algorithm

In this subsection, we present the MRCN algorithm for general values of p, which relies on estimating
the number of common neighbors for each p-tuple of U(G). These per-tuple common neighbor
estimators, along with their higher moments, are aggregated to form an unbiased estimate of the
(p, g)-biclique count.

Estimating common neighbors for each p-tuple in U(G). Assume that the degree estimates and
the noisy graph G, are constructed in previous rounds. Consider each p-tuple X = {uy,up, -+, up}
in U(G). Without loss of generality, let u; be the vertex in X with the smallest estimated degree.
We obtain the unbiased estimator for v (X) in the following theorem.

THEOREM 5. Let X = {u1,uz,...,up} C U(G) be a p-tuple of vertices. Assume that ¢(v,u;) is
an unbiased estimator of the true adjacency Alv, u;] € {0,1}, i.e, E[$(v,u;)] = Alv, u;]. Then, the
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estimator
2 | [o@w)
€N (uy) j>1
is an unbiased estimator of the number of common neighbors of uy, uy, . . ., up, i.e, w(X).

Proor. For each v € N(u;), define S, = [];.; A[v,u;]. Thus, the number of common neigh-
bors among X is @(X) = X,en(u,) So- Consider the estimator fi = X ,en(w,) [1j51 ¢(v,u5). By
independence and unbiasedness of each ¢ (v, u;),

Z HE d(v,uj)] = Z nA v, u;] = w(X).
veN (uy) j>1 veN(uy) j>1
This completes the proof. O

—Pr
—2pr

To release f; under edge LDP, we apply the Laplace mechanism. Let y =
is bounded by y, the global sensitivity of f is bounded by A(f;) < y?~ 1.

. Since each ¢ (v, u;)

THEOREM 6 (GLOBAL SENSITIVITY OF fi ESTIMATOR). Let fi = X ,en(u,) [1j51 #(v, u;) be the
common neighbor estimator for a p-tuple X = {u1,uy, ...,upy}, where each ¢(v,u;) is bounded by

Y= 11__2[;’ under edge LDP is bounded by: A(f;) < yP™! forallp > 1.

PrOOF. Since each ¢(v, u;) is bounded by y, each term [ ;.1 ¢(v, ;) is bounded by y?~ ! (as there
are (p — 1) factors). Under edge LDP, the global sensitivity is: A(f;) = maxa, a, |fi (Au) — fi (A,)]
where A, and A;, are neighboring neighbor lists differing by one bit. When neighbor lists differ
by one bit, the maximum change in f; is bounded by the maximum value of any single term
[1j51 ¢(0,u;), which is yP~". m|

Thus, an unbiased differentially private estimator for w(X) is fl = DoeN(u) [1j>18(v,uj) +

p-1
Lap (y€2 ) . This generalizes the per-vertex-pair common neighbor estimator from Section 4.1.

To estimate the number of (p, g)-bicliques containing X, we must properly estimate (“(X)) Di-

rectly substituting ﬁ into (J;l) introduces significant bias, since expectation is not preserved under

nonlinear transformations. To correct this, as in the case p = 2, we estimate Var( ﬁ) and apply a
g = pU-pr) l pr
1-2p,

moment-based bias adjustment. Define and y = . We carefully analyze the

variance of ﬁ as follows.

Var(ﬁ)= Z Var

0veN (uy)

[T u,)) w2
2

j>1

We investigate the first term on the right hand side:

% vl [ o) 3

l_[ (Var(¢(v, u;)) + Alo, uj]?) - l—l Alo, uj]z)

veEN (uy) Jj>1 veN (uy) \j>1 Jj>1
= Z (l_[(ﬂvuj l_[ﬂvuj])
ZJEN(lll) j>1 j>1
= Z gr=1-1Y1 Z l—[ Alo, u;j)?
YcX veN (uy) u;€Y
u1¢yY
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Note that 3 ,en (o) [1u;ey Aluj, v] corresponds to the number of common neighbors among the
vertex set Y U {v1}. Under edge LDP, this can be unbiasedly estimated by 3, n(o,) [1uey ¢ (v, u)) +

I¥| A
Lap (%) . Therefore, Var(f;) can be estimated via:

20 ) l_[¢<v,uj>+Lap(yg—Y) e @

—.
Yex 0EN(uy) u;eY &
v ¢Y

Using f; computed from the neighborhood of u; and its estimated variance Var(f;), we apply the
same moment-correction technique as in the case p = 2 to approximate higher moments of f; and
estimate the number of (p, ¢)-bicliques containing X.

Algorithm 4: The MRCN algorithm
Input: G: a bipartite graph; ¢: total privacy budget; p, g: biclique parameters
Output: Private estimate of the number of (p, g)-bicliques
Split ¢ into &g, €1, and &;
// Phase @: Degree Estimation
2 foreach u € V(G) do
3 ‘ J(u) «— deg(u,G) + Lap(1/¢);

// Phase 1: Noisy Graph Construction
1 1-pr .
4 Pr < Treer ¥V < To2p0

5 foreach i € U(G) do
foreach j € L(G) do

7 A'[i, j] « ;
Ali, jl, with probability 1 — p,
// Phase 2: Common Neighbor Estimation

-

o

1-Ali, j], with probability p,

s Initialize Kp,q «— 0;
9 foreach p-tuple X = (x1,x2,...,%p) fromU(G) do

10 S « 0;
11 x1 < the vertex with the smallest estimated degree in x;;
12 foreach v € N(x1,G) do
13 prod « 1;
14 for j=2topdo
A’ [vx;]-pr
15 ¢ — #;
16 prod < prod X ¢;
17 S « S+ prod;
o P
18 h <—S+Lap(’;—2);
19 Var(fi) « estimate variance of f; from Equation 2;
20 (@ (;()) « unbiased estimate via moment-based correction;
B 7 @(X)).
a | Kpg—Kpg+ (V7))

22 return K 4;

The MRCN algorithm. Algorithm 4 presents the MRCN algorithm based on the discussion above.
Phase 0 estimates vertex degrees, and Phase 1 constructs a noisy graph via randomized response.
In Phase 2, MRCN iterates over each p-tuple in the upper layer. For each tuple X, it selects the

Proc. ACM Manag. Data, Vol. 4, No. 1 (SIGMOD), Article 28. Publication date: February 2026.



Efficient and Effective Biclique Counting with Local Differential Privacy 28:15

vertex with the smallest estimated degree and traverses its neighbors to estimate the number of

common neighbors w(X). MRCN computes the variance of the estimator and applies a moment-based

correction to obtain unbiased estimates of higher-order moments. Using these, MRCN constructs an

(X ))
q

unbiased estimator for ( and aggregates the results across all p-tuples to produce the final

unbiased estimate of the (p, q)-biclique count.
Computational time complexity. Randomized responses in MRCN takes O (nyn; ﬁ) Instead
of enumerating all (p, g)-motifs as in OneR, MRCN processes each p-tuple by selecting a source vertex,
exploring its neighbors, and computing the product of ¢ (v, x;) over the remaining vertices in the
tuple. This costs O(dl . - p) per p-tuple, with (';1) tuples overall (d],, is the maximum degree on
nlnz+("pl)dé.m )
1+e€1 .

U(G)). Hence, the total time complexity is O (

Per-vertex Communication costs. The dominant communication cost of MRCN lies in download-
ing the noisy graph. Its expected size is m(1 — p,) + (ninz —m)p, = O (;‘i’;ﬁ ). As each noisy edge
ning 10g(n1nz))

1+e€ :

requires O(log(ninz)) bits, the per-vertex communication cost is O (

4.3 Optimizations

In this section, we present several optimizations to enhance the data utility and efficiency of MRCN
by introducing multi-center optimization and refined noisy graph construction.

4.3.1 Multi-center optimization. To reduce the variance of biclique estimators under edge LDP,
we propose a multi-center optimization that aggregates estimators from all vertices in each p-
tuple, rather than relying on a single center vertex as in the basic MRCN algorithm. While the
single-center approach yields an unbiased estimate, constructing estimators fi, f2,..., f, from
each vertex in the p-tuple and averaging them improves both accuracy and robustness. Based
on our discussion in Section 4.2, for each vertex v;, we can compute the estimator f;, as given by

fi = Zuen(op) [z #(u,0)) + Lap (Vz; ) , where ¢(u,v;) is the unbiased estimator A[u,v;], and

Y= 11__2‘;’ . We then average these: foyg = 117 Zle f;, which remains unbiased due to the linearity of
expectation.

To accurately estimate the variance of f,,, we explicitly account for the covariance between
each pair (f;, fj). Let Cov(f;, fj) denote the covariance between f; and f;, which arises due to
overlapping edge estimators. We model these using intermediate cross terms (e.g., f;; and fj;),
computed as partial sums over ¢(u,v;) from v;’s neighborhood and vice versa. The variance of
favg is: Var(favg) = # (Zle Var(fi) +2 X< Cov(f,—,fj)) . This is used in the moment-correction
technique for estimating the per-tuple biclique counts. Here, we illustrate how to compute Var(fay,)
when p =2and p =3.

(1) When p = 2: For the 2-tuple (u1, ), we construct estimators f; and f; based on the neighbor-
hoods of u; and uy, respectively. Specifically, f; depends only on entries A [0;, u;] where v; € N (1),
and fz depends only on entries A[v;, u;] where v; € N(u,). Since these entries are disjoint in the
noisy graph, fl and fg are independent, implying Cov( fl, f;) = 0. Thus, the variance of the average

estimator can be computed as Var(fovg) = %1 (Var(ﬁ) + Var(fg)) .

(2) When p > 2: For p > 2, the estimators f; are no longer independent due to shared edges
in overlapping neighborhoods. This correlation arises because different estimators depend on
common edges. For example, in a triple (u1, uz, u3), both fl and fz depend on edges from vertices
in N(u;) N N(uy) to us, creating shared random variables that make the estimators correlated. To
handle this, we need to estimate and account for the covariances between estimators.

Proc. ACM Manag. Data, Vol. 4, No. 1 (SIGMOD), Article 28. Publication date: February 2026.



28:16 Yizhang He et al.

As an example, for p = 3, we systematically estimate the covariances by computing cross-terms
fizs o1, fi3s f31, f23, f32 that capture the pair-wise common neighbors:

fro= ), $(w)+Lap(-- ) fa= ), $(w)+Lap(-- )

0EN (uy) 0EN (uz)

Cov(fi, o) ~ Var(¢) - fiz *z'fh
The final averaged estimator and its estimated variance are:
A + A A
Javg = m Var(favg) = ZVar(f) +2 Z Cov(fl,fj

i<j

4.3.2  Refined noisy graph construction. Edge LDP algorithms often apply randomized responses to
either the upper or lower triangle of the adjacency matrix to avoid conflicts in the noisy graph.
However, this halves the usable data and limits estimation accuracy. We propose the Refined noisy
graph construction, which applies randomized responses to each vertex in G and uses the upper
and the lower triangle of the noisy adjacency matrix to build two independent noisy graphs. This
construction relies on the independence assumption for parallel composition. Each edge (u,v)
is flipped twice—once from u’s adjacency list to obtain A’ [u, v] and once from v’s list to obtain
A’ [v, u]—producing independent entries in the upper and lower triangles. Under edge LDP, these
are treated as distinct secrets [16], so the construction remains compliant with edge LDP. This still
complies with edge LDP by parallel composition and post-processing properties [28]. The parallel
composition is justified by Theorem 3, since the two randomized response mechanisms operate

on disjoint data (each user’s own adjacency list), ensuring that the overall privacy guarantee is
A'[i,j]
1-2p,
over the two noisy graphs: ¢*8(i, j) = 3 (¢ (i, j) + ¥ (i, j)), which remains unbiased and has
half the variance: Var(¢*8(i, j)) = %Var(¢(i, J)). Since many estimators for common neighbors
and (p, q)-bicliques are based on ¢ (i, j), this directly improves estimation accuracy.

preserved. This allows us to improve the unbiased edge estimator ¢ (i, j) = Pt by averaging

4.3.3  Expected L2 Loss Analysis. We analyze the expected L2 loss of MRCN under different optimiza-
tion strategies.

(1) Variance decompos1t10n The total (p, q)- b1c11que estimator can be expressed as the sum of
per-p-tuple estimators: Kp q= 2y e(V1@) By, where By is the biclique estimator for the p-tuple X.

The variance satisfies Var[Kp,q] = Yy Var[Bx] + Y XX/ Cov(By, Bx’). Since cross-covariances are
non-negative, we obtain a general lower bound: Var[Kp,q] > Yve (V@) Var[Bx]. Hence, analyzing
14

Var[Bx] for each p-tuple gives a lower bound on the total variance.

(2) Modeling the per-tuple estimator. For each p-tuple X = {uy,uy,...,u,}, the estimator
By depends on the common-neighbor estimator favg, which approximates a Gaussian variable:
favg ~ N (1, 0?), where i = w(X) is the true number of common neighbors, and 2 = Var( favg) is
the estimation variance.

(3) Deriving Var(fvg) for p = 2. When p = 2, we have f,ys = 3(f, + fu), where f, and f,, are
independent. Thus, Var(fovg) = %(Var( fu) +Var(fy)). For each i € {u, w}, the per-vertex estimator

variance is Var(f;) = ’(’;(_12;’: ;2) deg(i) + % Combining the two gives
pr(l_ ) (1—Pr)2

Var(favg) = ————=(d d —_—

arlfive) = 41 r)z( eg(u) +deg(w)) + (1-2p,)%2

This variance encapsulates both the sampling noise (via p,) and Laplace noise (via ;).
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(4) Applying the delta method. To estimate the true biclique count (‘;’) from fys, we apply
the delta method for variance propagation. For a Gaussian variable X ~ N(y, 6) and a smooth
function A,

Var[h(X)] = (' ())?a” + 3(h" ())* ™.
We next derive Var[Bx] for ¢ = 2 and q = 3.
Case g = 2 (butterflies). We estimate ($) = M using h(x) = @ Then h'(p) = p — 1 and
h"(u) = 1. Substituting into the delta approximation:

Var[Bx] = & (20% + 1+ 4u(u - 1)).

Case g = 3.For (%) = w(w+)(w_2), let h(x) = w. Then k' (y) = L;mz and b’ (p) = p—1.
Applying the same procedure:

Var[Bx] = %2 (30'2 +1+6p(p—1)(u-2).

(5) Lower bounds for total variance. Substituting the per-tuple variance expressions, we obtain
lower bounds for the total variance.
Butterfly counting (p = 2,9 =2):

2

Var[K,,] > Z U’fiw (202, + 1+ 40(u,w)(0(u,w) — 1)) .

u<weU(G)

(p = 2,q = 3) biclique counting:

o?

Var[Ky3] > Ly (362 L+ 1+ 60w w) (0w, w) — 1) (w(u,w) - 2)).

u<weU (G)

5 Experimental evaluation

In this section, we evaluate the effectiveness and efficiency of the proposed (p, g)-biclique counting
algorithms under ¢-edge LDP through experiments.

Table 2. Summary of Datasets

Dataset Upper Lower |E| |U| |[L]  Density
Unicode (UN) Country  Language | 1.26K 255 615 0.008
Irewiki (LR) User Article 18.9K 209 8.74K  0.010
filmtrust (LS) User Film 35.5K 1.5K  2.07K  0.011
rmwiki (RM) User Article 579K 1.22K  8.09K  0.006
Condmat (AC) Author Paper 58.6K  16.7K  22.0K  0.0002
csbwiki (CS) User Article 62.1K 133K 8.28K  0.006
bag-kos (BK) Document Word 353K 343K 6.90K  0.015
bpywiki (BP) User Article | 399.7K 132K 579K  0.005
NIPS (NS) Document Word 746.3K  1.50K 124K  0.040
jester (JS) User Joke 1.73M 52 50.7K  0.656
lastfm band (LB) User Band 898K  38.7M 16.7M  1.4e-9
Discogs (DL) Label Style 1.06M 243.8K 0.38K  0.011
DiggVotes (DV) User Story 3.0IM 1394K 355K  0.006

Datasets. We use 13 datasets from KONECT (http://konect.cc/). Table 2 shows the statistics of the
datasets. |U| and |L| are the number of vertices in the upper and lower layers. |E| is the number of
edges in the graph.

Algorithms. We evaluate the following (p, g)-biclique counting algorithms under edge LDP. (1)
Naive: the algorithm directly returning the (p, q)-biclique count on the noisy graph; (2) OneR:
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the one-round algorithm that computes unbiased estimates by counting (p, g)-vertex motifs in
the noisy graph; (3) MRCN: a common neighbor estimator based multi-round algorithm; (4) MRCN+:
MRCN with multi-center aggregation; (5) MRCN++: MRCN with refined noisy graph construction and
multi-center aggregation; All algorithms are implemented in C++. The experiments are run on a
Linux server with an Intel Xeon 6342 processor and 512GB of memory.

Parameter settings. By default, the privacy budget ¢ is set to 1. We allow it to vary from 0.4 to 1.6
with increments of 0.2. For MRCN algorithms, we allocate the privacy budget as follows: ¢y = 0.05¢,
& = 0.6¢, and &, = 0.35¢. When p > 2, we apply vertex sampling to improve the efficiency of
p-tuple enumeration. Let 7 denote the number of p-tuples sampled, which is set to 10° by default.

[CINaiveJOneR EEEIMRCN EEBMRCN++ [_INaive 1OneR EEEMRCN EEBMRCN ++

Mean Relative Error
g

Mean Relative Error

(b) The mean relative errors when p = 2 and g=3

[INaiveCJOneR MEEMRCN EEMRCN++ [INaiveCJOneR MEEMRCN EEBMRCN ++
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Fig. 12. Evaluate the effect of privacy budget allocation when p = 2,q = 2,3.

Evaluate the performance of (p, gq)-biclique counting algorithms under edge LDP across
datasets. In Fig. 4(a) and Fig. 4(b), we report the performances of Naive, OneR, MRCN, and MRCN++
across different datasets when ¢ = 1, p = 2, and g = 2, 3. First, OneR, MRCN, and MRCN++ significantly
outperform Naive across all datasets. This is because these algorithms produce unbiased estimates
of (p, g)-bicliques, which addresses the large bias issue in Naive. On most datasets, MRCN and
MRCN++ further outperform OneR. This is because the novel multi-round algorithms MRCN and
MRCN++ estimate the number of common neighbors for each p-tuple in the upper layer or g-
tuple in the lower layer of G, and leverage robust common neighbor estimators and their higher
moments to derive unbiased per-tuple biclique counts. Also, MRCN++ consistently improves the data
utility of MRCN. This is because MRCN++ adopts multi-center optimization and refined noisy graph
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construction to reduce the variance of the common neighbor estimators and resulting per-tuple
biclique estimators.

Evaluate the computational time costs across datasets. In Fig. 4(c) and Fig. 4(d), we report the
computational time costs of Naive, OneR, MRCN and MRCN++ when (p = 2,¢g = 2) and (p = 2,9 = 2), ¢
=1.Naive and OneR incur higher time costs on sparse graphs like AC and LB, due to the combinatorial
cost of counting (p, q)-bicliques on the noisy graph. In contrast, MRCN and MRCN++ avoid full motif
enumeration and leverage local common neighbor estimations with cost proportional to (';‘) dZ,
which is significantly lower when the graph is sparse. OneR generally incurs higher time costs
than Naive. Although both methods apply randomized response with the full privacy budget, their
counting phase differ: Naive counts only the (p, g)-bicliques on the noisy graph, whereas OneR
must enumerate all motifs with p upper and g lower vertices. This becomes more pronounced
when g = 3, as the number of possible (2, 3)-vertex motifs significantly exceeds that of (2, 2)-vertex
motifs. MRCN++ incurs higher runtime than MRCN because it estimates common neighbors from
multiple source vertices and constructs two noisy graphs from the perturbed adjacency matrix.
Evaluate the effect of the privacy budget ¢. In Fig. 5, Fig. 6, and Fig. 7, we report the mean
relative errors of Naive, OneR, MRCN, and MRCN++ across datasets, as ¢ varies between 0.4 and 1.6.
Note that we provide an efficient implementation of the OneR algorithm only for the case p = 2,
as extending it to general p > 2 is challenging due to the intractable number of distinct (p, q)-
motif types. Overall, the data utility of all algorithms improves as the privacy budget increases.
Specifically, MRCN, MRCN++, and OneR consistently outperform Naive by orders of magnitude across
various (p, q) settings, as they rely on provably unbiased estimators rather than directly counting
bicliques on the noisy graph. As shown in Fig. 5 and Fig. 6, when p = 2, MRCN and MRCN++ generally
yield lower mean relative errors than OneR, with the advantage becoming more pronounced on
sparse graphs. OneR results in high variance because each (p, q)-biclique depends on roughly
p X q independent Bernoulli variables. MRCN and MRCN++ address the issue of OneR by allowing
the vertices to download the noisy graph and estimate the number of common neighbors for each
vertex pair (u, w) locally, which involves deg(u) or deg(w) random variables. In Fig. 7 (p = 3),
both MRCN and MRCN++ significantly outperform the Naive algorithm. We omit OneR as it requires
enumerating all motifs with p upper and q lower vertices, which is infeasible when p > 2.
Evaluate the performance of all algorithms for larger values of g. In Fig. 8, we test MRCN,
MRCN+, and MRCN++ on larger q values ranging from 4 to 10 across two datasets (Lrcwiki, filmtrust)
for p = 2 and p = 3 with ¢ = 1. In Fig. 10, we further evaluate our algorithms on the jester dataset,
a dense real-world bipartite graph, testing different values of p € {3,4} and ¢ € {1, 2} with q ranging
from 4 to 10. Note that we do not include OneR when pgeq3 due to its long running time from
enumerating all motifs with p upper and g lower vertices on the noisy graph. First, we observe that
the MRCN algorithms and OneR consistently outperform Naive on larger g values. This is because
Naive introduces significant bias from directly querying the noisy graph. Second, when p = 2,
the MRCN algorithms generally outperform OneR because OneR results in high variance as each
(p, g)-biclique depends on roughly p X g independent Bernoulli variables, while MRCN algorithms
leverage local common neighbor estimation with fewer random variables and incorporate variance-
reduction techniques like multi-center optimization and refined noisy graph construction. Also, we
can see that MRCN+ and MRCN++ progressively achieve better performance across both experiments.
This shows that our proposed multi-center optimization and refined noisy graph construction
techniques are effective on larger g values as well, even on dense real-world graphs.

Evaluate the communication costs of all algorithms. In Fig. 9, we report the per-vertex
communication costs (in MB) of each algorithm as ¢ varies on the filmtrust dataset. Fig. 9 shows
results for (p = 2,¢q = 2) and (p = 2,q = 3). We observe that Naive and OneR incur nearly identical
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communication costs. This is because both algorithms use the randomized responses with identical
flip probabilities. In contrast, MRCN and MRCN++ incur higher communication costs because the
multi-round protocol requires: (1) uploading noisy edges to the curator, (2) downloading noisy edges
for all vertices, and (3) uploading the common-neighbor estimators to the data curator. MRCN++
incurs the highest communication costs from its refined noisy graph construction and multi-center
optimization, sending more noisy edges and local estimators.

Evaluate the effect of privacy budget allocation. In Fig. 12, we evaluate how different privacy
budget allocations affect the performance of MRCN, MRCN+, and MRCN++ when ¢ = 1. Without loss of
generality, we set p = 2 and q = 2, 3. We use ap, @1, and a; to represent the fraction of ¢ allocated to
degree estimated, randomized responses, and the Laplace mechanism. Specifically, we fix oy = 0.05
and vary «; from 0.1 to 0.9, with a; = 1 — &y — ;. Across all datasets, we observe that MRCN++
consistently achieves the lowest relative error, followed by MRCN+ and MRCN. The optimal allocation
of a; varies by dataset: smaller datasets (to, co, unicode) perform best with a; ~ 0.5-0.6, while
larger datasets (Lrcwiki, csbwiki, filmtrust) benefit from higher allocations of @; ~ 0.7-0.8.
This is because larger graphs require more privacy budget for constructing accurate noisy graphs, as
the number of edges scales with graph size. The default allocation of a; = 0.6 provides competitive
performance across all datasets.

Evaluate the effect of graph density. Fig. 11 illustrates how graph density affects algorithm
performance on synthetic bipartite graphs generated using the Erd6s—Rényi model. In this model,
each potential edge (u,v) between n; and n;, vertices is included independently with probability
equal to the target density, ranging from 10% to 100%. We evaluate two graph sizes (100200 and
150%300) with parameters p = 2, ¢ = 3, and privacy budget ¢ = 1. For each density, five independent
graph instances are generated, and each algorithm is executed 10 times per instance to account for
randomness. Across all configurations, MRCN++ consistently achieves the lowest relative error. The
performance gap increases with graph density: while Naive exhibits exponential growth in error,
MRCN++ remains stable and accurate. These results demonstrate that our multi-round algorithm
MRCN++, with all optimizations applied, is robust to variations in graph density and outperforms
Naive and OneR across the full spectrum from sparse to dense bipartite graphs.

6 Related Work

We review the related works on (p, q)-biclique counting on bipartite graphs and motif counting
under edge LDP.

(p, g)-biclique counting. Yang et al. [45] first systematically study (p, g)-biclique enumeration
and counting and propose the BCList and BCList++ algorithms. BCList adopts a branch-and-
bound framework with pruning but has exponential complexity in p + g. BCList++ reduces this to
exponential in either p or g by anchoring the search to a single partition, incorporating a cost model,
memory reuse, and parallelism for scalability. To avoid full enumeration, Ye et al. [47] propose
EPivoter, which encodes bicliques via edge-pivoting, and two sampling-based methods, ZigZag
and ZigZag++, using h-zigzag dynamic programming. To further accelerate counting, Qiu et al.
[30] develop GBC, which uses hierarchical truncated bitmaps for efficient set intersections, a hybrid
DFS-BFS search for better GPU parallelism, and a composite load-balancing scheme for workload
distribution. The special case of (p, g)-biclique with p = q = 2 is known as a butterfly, and butterfly
counting has been widely studied [22, 31, 32, 36, 39-41, 43].

Motif counting under edge-local differential privacy. Motif counting under CDP has been
widely studied [3, 21, 25, 44, 48]. These works assume full access to the graph and are not applicable
under edge LDP [7, 16-18, 24, 34]. Edge LDP [28] is a widely accepted privacy model for graph
mining. In this setting, [16] proposes one-round and two-round triangle counting algorithms,
further improved by [17] for better communication efficiency and accuracy. [7] offers a detailed
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analysis of these techniques, while [14] introduces a vertex-centric algorithm that enhances data
utility. Localized variants [24, 34] allow each vertex to report its 2-hop neighborhood but require a
stronger LDP model. Beyond triangle motifs, 4-cycle counting has been studied under the shuffle
model [18]. Beyond graph structures, LDP has been applied to other domains such as trajectory
synthesis [5], demonstrating the broad applicability of local differential privacy. On bipartite graphs,
He et al. [12] propose one-round and multi-round butterfly counting algorithms under edge LDP.
The multi-round method extends triangle counting by estimating per-vertex butterfly counts, but
suffers from high Laplace noise due to motif complexity. Since butterflies are (2, 2)-bicliques and
general (p, g)-bicliques are more complex, we design a new multi-round algorithm that avoids per-
vertex counts to improve accuracy under edge LDP. Also, [13] studies common neighbor counting
on bipartite graphs. We build upon the multi-round estimator [13] for (p, q)-biclique counting,
adapting it to share privacy budget allocation and weighting parameters across all p-tuples. A recent
work by Sun et al. [33] proposes k-star LDP for (p, g)-biclique counting, but differs substantially
from our approach: (1) [33] uses k-star adjacency lists rather than traditional neighbor lists in
edge LDP, and (2) their edge LDP baseline lacks Laplace noise, violating edge LDP requirements.
Therefore, we do not compare to [33] as it uses a different privacy model.

7 Conclusion

In this paper, we tackle (p, q)-biclique counting in bipartite graphs under edge LDP. The Naive
algorithm directly counts (p, q)-bicliques on noisy graphs and results in significant bias. To address
this, we introduce the OneR algorithm, which employs motif transformation probabilities to provide
unbiased estimates. For enhanced generalizability and data utility, we introduce the MRCN algorithm,
which refines common neighbor estimates for p-tuples in the upper layer or g-tuples in the lower
layer, utilizing higher moments to achieve superior accuracy. Additionally, we propose refined
noisy graph construction and multiple-center optimization to enhance accuracy further, as well as
vertex sampling to improve efficiency. Extensive experiments on real-world datasets validate the
effectiveness and efficiency of our proposed algorithms.
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