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Vector similarity search is a key component in many AI applications. While graph-based methods represent

the state-of-the-art for vector similarity search, existing graph indexes often suffer from poor navigability and

clusterability in Out-Of-Distribution (OOD) scenarios (e.g., database and queries are sourced from different

modalities). Recent studies have attempted to mitigate this issue by projecting and integrating query-derived

auxiliary index structures, but these approaches remain largely heuristic and lack theoretical grounding. In this

work, we propose Cross-Distribution Monotonic Graph (CDMG), a novel graph index designed to inherently

support navigability and clusterability for OOD queries. CDMG introduces an integration strategy that

bridges the distribution gap between database and query vectors, ensuring a key property—cross-distribution

monotonicity—that guarantees monotonic search paths for OOD queries on graph indexes. Theoretical analysis

demonstrates that CDMG achieves a lower search time complexity in OOD scenarios compared with existing

graph indexes. Furthermore, we introduce CDMG+, a practical variant of CDMG that improves construction

efficiency by introducing query synthesis, fusion-based distance computation, as well as optimized candidate

acquisition and neighbor selection strategies. Extensive empirical evaluations demonstrate that our techniques

outperform state-of-the-art methods, achieving up to a 3.6× speedup on real-world OOD datasets.
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1 INTRODUCTION
The growing prevalence of multimedia content, encompassing images, text, and audio, has intensi-

fied the need for effective multimedia data management solutions [26, 51, 78]. A widely adopted
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Fig. 1. Navigability and clusterability issues of graph indexes under OOD queries.

approach involves embedding such multimedia content as vectors in high-dimensional space using

neural networks [33, 35, 64], followed by employing vector similarity search [18, 19, 74, 89] to

retrieve relevant content. Specifically, given a collection of database vectors and a query vector,

vector similarity search first constructs an index over the database vectors, and then efficiently

retrieves the 𝑘 nearest neighbors of the query from the database vectors using the prebuilt index.

Recent studies and industrial systems have demonstrated that graph indexes achieve state-of-the-art
performance in balancing search efficiency and accuracy [2, 11, 37, 60, 69, 75]. In these graph

indexes, each vertex represents a database vector, and each edge establishes a similarity relationship

between corresponding vectors. The search process over a graph index employs a greedy routing

strategy, guiding vertex traversal to rapidly converge to the nearest neighbors of the query. Owing

to their navigability for search processes [15, 34, 45] and clusterability for search results [16, 31, 70],

graph indexes have been extensively integrated into mainstream vector databases [26, 28, 49, 71, 94].

When designing graph indexes, it is typically assumed that both query and database data originate

from single-modal sources [13, 14, 36, 42, 54, 67]. In such cases, query vectors follow the same

distribution as database vectors in the high-dimensional space (i.e., the Mahalanobis distances

between queries and database vectors are small, see §2.1 for details), referred to as In-Distribution

(ID) queries. This assumption is a critical prerequisite for the effectiveness of current graph-based

methods in addressing the vector similarity search problem [23, 45, 50]. With the rise of multi-modal

learning models, particularly multi-modal large language models (LLMs), multi-modal retrieval has

become a fundamental component of many emerging AI applications. One prominent example is

retrieval-augmented generation (RAG) [1, 39, 43, 84], where a text-based query retrieves relevant

information from an image database to generate a rich response. In this context, query and database

data are derived from different modalities. Due to the inherent modality gap [38, 57, 91], query

vectors often exhibit a different distribution from database vectors (i.e., the Mahalanobis distances

are significantly larger than those of ID queries [11]). Such queries are termed Out-Of-Distribution
(OOD) queries [31]. While current graph indexes perform well for ID queries, processing OOD

queries encounters significant performance bottlenecks [11, 65]. For instance, on the Text-to-

Image dataset [3], OOD queries using HNSW [45]—a state-of-the-art graph index—experience a 7×
increase in search latency compared to ID queries to achieve the same search accuracy. Efficiently

and effectively handling OOD queries on graph indexes remains a widely recognized challenge

in the field [11, 31, 59, 69]. We identify that the performance bottleneck of OOD queries stems

from the disruption of two key properties—navigability and clusterability—that are essential for

ensuring high search efficiency and accuracy in graph indexes.

• Navigability Issue. Current graph indexes rely on the assumption that queries are located

near database vectors, enabling the greedy routing to converge efficiently toward the nearest

neighbors [22, 50]. However, OOD queries deviate significantly from database vectors, violating

Proc. ACM Manag. Data, Vol. 4, No. 1, Article 29. Publication date: February 2026.



Efficient and Robust Out-Of-Distribution Vector Similarity Search with Cross-Distribution Monotonic Graph 29:3

this assumption. For instance, on the WebVid dataset [5], OOD queries are positioned up to 9×
farther from database vectors compared to ID queries. As illustrated in Fig. 1(a), the vertices

and edges between them constitute the graph index, where the solid black point denotes the

entry vertex of the greedy routing. While the routing path for the ID query 𝑞𝑖𝑑 is short and

direct, the greedy routing for the OOD query 𝑞𝑜𝑜𝑑 oscillates unpredictably. This is because the

greedy routing for 𝑞𝑜𝑜𝑑 often descends into and gets trapped in local optima, forcing it to perform

extensive backtracking to locate the true result.

• Clusterability Issue. Clusterability in graph indexes assumes that query results are closely

grouped, allowing greedy routing to accurately locate all nearest neighbors once one is identified

[70]. However, the nearest neighbors of OOD queries tend to be widely scattered across the graph

index. For example, on WebVid, distances between neighbors of OOD queries are more than

2× larger than those of ID queries. As illustrated in Fig. 1(b), the five results (𝑛1 to 𝑛5) for the

OOD query 𝑞𝑜𝑜𝑑 exhibit poor clusterability, with the neighbors of each result not overlapping

with the retrieved results. Consequently, a single search process is forced to perform a disjointed

traversal across multiple, distant regions of the graph index to retrieve the complete result set,

drastically increasing overall search latency. In contrast, the nearest neighbors of the ID query

𝑞𝑖𝑑 demonstrate strong clusterability.

To address the challenges posed by OOD queries on graph indexes, current solutions enhance

existing graph indexes by incorporating the distribution information of OOD queries during index

construction. Two state-of-the-art methods are particularly noteworthy: RobustVamana [31] and
RoarGraph [11]. RobustVamana improves navigability and clusterability by adding edges among the

nearest neighbors associated with OOD queries. Through this optimization, RobustVamana reduces
query latency by 15% compared to its original counterpart while maintaining the same search

accuracy on the Text-to-Image dataset. Similar to RobustVamana, RoarGraph refines the edge

selection for the nearest neighbors linked to OOD queries, thereby further enhancing navigability

and clusterability. Consequently, RoarGraph achieves a 33% reduction in query latency compared

to RobustVamana under the same search accuracy on the Text-to-Image dataset.

Despite recent advancements, the search performance of OOD queries still lags significantly

behind that of ID queries on graph indexes. For instance, even with the leading RoarGraph, the
query latency for OOD queries remains 5.2× higher than for ID queries on the Text-to-Image dataset.

We argue that these optimizations fail to fundamentally resolve the navigability and clusterability

problems of OOD queries. Specifically, they refine the neighbor relationships for only a small subset

of database vectors (i.e., vertices) using a sampled query set (typically 10% of the database [11]),

leaving the majority of vertices unoptimized (referred to as unoptimized vertices). Consequently,

OOD queries are forced to traverse numerous unnecessary vertices on the graph index, guided

by these unoptimized vertices. Furthermore, if a nearest neighbor of an OOD query lies within

these unoptimized vertices, the query cannot efficiently locate other nearest neighbors through

it. Our evaluation reveals that even with RoarGraph, 58% of vertices remain unoptimized on the

Text-to-Image dataset
1
. Therefore, existing optimizations only partially mitigate the navigability

and clusterability issues in graph indexes. For example, 82% of OOD queries are still trapped in

local optima, and only 26% of the results are well-clustered within the index. Additionally, current

optimization methods are heuristic in nature and lack theoretical guarantees for search efficiency and
accuracy, limiting their applicability in real-world systems.

Our Solution and Contributions. This paper presents a novel graph index that is specifically

tailored for OOD queries. We first demonstrate that by appropriately bridging the database and

1
The percentage of vertices retaining identical edges was calculated between two RoarGraph versions: one built with and

the other without queries. Both follow the best parameters based on official guidelines [11].
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query distributions, OOD greedy routing can be guided to follow the reliable and efficient ID

routing behavior. We then introduce a key property called cross-distribution monotonicity, which
ensures that the routing path from an entry vertex to the nearest neighbor of an OOD query

remains monotonic on the graph index. Analogous to the established monotonicity property for

ID queries [23, 50], cross-distribution monotonicity serves as a theoretical basis for achieving

high search performance in OOD settings. Building upon this theoretical basis, we design the

Cross-Distribution Monotonic Graph (CDMG), which integrates OOD query information into

database vectors and connects neighbors under both distributions for each vertex via a new edge

selection algorithm. Our theoretical analysis proves that CDMG achieves a lower OOD search time

complexity compared to existing methods. To further enhance construction efficiency and OOD

search effectiveness, we present CDMG+, a practical variant of CDMG that optimizes database-

query pairing, distance computation, as well as candidate acquisition and neighbor selection

strategies. The key contributions of this paper are highlighted as follows:

• We identify the fundamental theoretical limitation of existing graph-based methods when han-

dling OOD queries. (§2.2)

• We formalize cross-distribution monotonicity, a property analogous to the established mono-

tonicity for ID queries, which provides the theoretical foundation for ensuring the monotonic

routing of OOD queries on graph indexes. (§3.1)

• We propose CDMG, an index characterized by cross-distribution monotonicity, and prove that

greedy routing on CDMG achieves a lower complexity compared to existing methods. (§3.2)

• We propose CDMG+, which enhances construction efficiency and OOD search effectiveness by

optimizing database-query pairing, distance computation, as well as candidate acquisition and

neighbor selection strategies. (§3.3)

• Extensive evaluations conducted on real-world OOD datasets clearly demonstrate the superiority

of our proposed method in terms of efficiency and effectiveness, index cost, navigability and

clusterability, as well as scalability. (§4)

For the rest of the paper, §5 reviews related work, §6 discusses potential future research directions,

and §7 concludes the paper.

2 PRELIMINARIES AND PROBLEM
2.1 Preliminaries

Definition 1 (Vector Similarity Search [18, 19, 74, 89]). Given a database X and a query
vector 𝑞, let 𝛿 (·, ·) denote a distance metric between two vectors. Vector similarity search aims to
retrieve the 𝑘 result vectors R(𝑞) = {𝑥𝑛1

, 𝑥𝑛2
, . . . , 𝑥𝑛𝑘 } for query vector 𝑞, where 𝑛𝑖 ∈ {1, 2, . . . , |X|}.

Each result vector 𝑥𝑛𝑖 ∈ R(𝑞) satisfies 𝛿 (𝑥𝑛𝑖 , 𝑞) ≤ 𝛿 (𝑥 𝑗 , 𝑞) for all 𝑥 𝑗 ∈ X \ R(𝑞).

Achieving exact vector similarity search in a large database is impractical due to computational

and storage constraints [25, 32]. Therefore, most existing vector similarity search methods focus

on finding approximate results to balance efficiency and accuracy while minimizing overhead

[29, 68, 90, 92]. We adopt the standard evaluation metric recall rate Recall@k to measure the quality

of the 𝑘 results for 𝑞. Recall@k is formally defined as follows:

𝑅𝑒𝑐𝑎𝑙𝑙@𝑘 =
|R(𝑞) ∩ G(𝑞) |

𝑘
, (1)

where G(𝑞) represents the true 𝑘 nearest neighbors of the query vector 𝑞. Nowadays, numerous

vector similarity search methods have been developed, with graph-based methods demonstrating

particular promise. We introduce the graph-based vector similarity search as follows:
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Graph-Based Vector Similarity Search. Graph-based methods are widely adopted in modern

vector similarity search [10]. This paradigm consists of two processes: construction and search. In

the construction process, a graph index [40, 48, 73, 85] is built over the database X. Specifically,
given a database X and an edge selection criterion, the graph index is defined as 𝐺 = (𝑉 , 𝐸). The
vertices 𝑉 correspond to the vectors in X, and an edge (𝑣,𝑢) ∈ 𝐸 is established between two close

vertices 𝑣 and 𝑢 based on the edge selection criterion. In the search process, graph-based vector

similarity search utilizes a greedy routing algorithm on the graph index 𝐺 to identify the top-𝑘

results for a query 𝑞 [2, 7, 41, 50, 61, 80]. Starting from a random or preselected entry vertex 𝑒 ,

the greedy routing iteratively converges to vertices closer to the query 𝑞. At each iteration, the

closest unvisited vertex from the candidate set is selected as the next hop, and its out-neighbors are

added to the candidate pool. The process terminates when all candidates have been visited, and the

top-𝑘 candidates are returned as the final results. Current state-of-the-art graph-based methods are

built upon the Monotonic Relative Neighborhood Graph (MRNG) [23], and they further enhance

navigability and clusterability to achieve more efficient search performance.
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Fig. 2. Mahalanobis distances [11] of OOD and ID queries.

Out-Of-Distribution Query. Existing graph indexes are fundamentally designed under the as-

sumption that the databaseX and the query vector𝑞 originate from the same underlying distribution

[6, 11, 31]. However, with the rise of complex AI systems [28, 30, 76], recent developments have

increasingly focused on generating vectors learned from multiple modalities to tackle cross-modal

tasks. In such scenarios, queries often significantly deviate from the distribution of the database.

Given a database X, where database vectors are independently and identically distributed (i.i.d.)

from a distribution 𝑃𝑖𝑑 , a query 𝑞 is considered out-of-distribution (OOD) if it is drawn i.i.d. from a

distribution 𝑃𝑜𝑜𝑑 that differs from 𝑃𝑖𝑑 , i.e., 𝑃𝑜𝑜𝑑 ≠ 𝑃𝑖𝑑 . Current vector similarity search methods

lack rigorous quantification of OOD queries [31]. As a result, RoarGraph [11] adopts an empirical

approach that uses the Mahalanobis distance 𝛿𝑀 (𝑞, 𝑃𝑖𝑑 ) to quantify the deviation of a query 𝑞 from

the database distribution 𝑃𝑖𝑑 . Mahalanobis distance 𝛿𝑀 (𝑞, 𝑃𝑖𝑑 ) incorporates the covariance of 𝑃𝑖𝑑 ,
effectively identifies OOD queries that exhibit distributional deviation from 𝑃𝑖𝑑 despite appearing

proximal under standard measures. As shown in Fig. 2, we present the Mahalanobis distances of

OOD and in-distribution (ID) queries with respect to the database on three datasets: Text-to-Image

[3], LAION [55], and WebVid [5]. The histograms demonstrate that the Mahalanobis distances for

OOD queries exhibit significant deviations compared to those of ID queries.

2.2 Problem Analysis
Based on the preceding definitions, this paper investigates the problem of designing a graph-based

method specifically optimized for OOD queries. We begin by explaining why ID-oriented graph-

based methods are not suitable for OOD queries. Considering that most of the state-of-the-art

ID-oriented methods are mainly derived fromMRNG, we first present a detailed introduction to

MRNG and its variants, followed by an analysis of their inherent limitations. Finally, we review

recent OOD-oriented graph-based methods and highlight their limitations.
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MRNG and Its Variants. As shown in Fig. 3, the construction of MRNG involves two phases [75]:

candidate acquisition and neighbor selection, designed to enable clusterability and navigability.

Clusterability of MRNG. Clusterability refers to the likelihood that neighbors of a neighbor are

also neighbors [16]. When the greedy routing identifies a result, the clusterability of graph indexes

enables the rapid retrieval of all nearest neighbors [70, 79]. The clusterability of a graph index

can be quantified as the ratio of mutual neighbors within the 𝑘 nearest neighbors of a query 𝑞.

Higher clusterability increases the probability that the nearest neighbors of 𝑞 are also neighbors of

each other. To achieve high clusterability, MRNG and its variants [23, 50] acquire candidates using

an approximate K-Nearest Neighbor Graph (KNNG) (e.g., KGraph [16] and NSW [44]), which is

constructed through an iterative or incremental process [75]. The iterative process refines neighbors

by iteratively updating connections, while the incremental process refines neighbors through a

greedy search. In both cases, each vertex is linked to vertices that are closer to it in the final KNNG.

Navigability of MRNG. The concept of navigability originates from early research on the small-

world phenomenon [34, 46]. A graph index is considered navigable if greedy routing can consistently

find a monotonic path between any two vertices [86]. While a complete graph is navigable, it is

inefficient [15]. The goal of MRNG and its variants is to construct a sparser graph that maintains

monotonic routing [23, 81]. However, they assume that the query is a vertex within the graph index

[23, 95], which is often impractical in real-world scenarios. Recent advancements, including NSSG
[22], Vamana [32], and 𝜏-MNG [50], relax this limitation but still operate under the assumption

that the query and database share an identical distribution [21, 22, 82, 89]. For instance, given an

approximate KNNG, the state-of-the-art 𝜏-MNG employs RobustPruning (described in Algorithm

1) to select the out-neighbors 𝑁𝑜𝑢𝑡 (𝑣) of vertex 𝑣 based on a query relaxation parameter 𝜏 in two

steps: (1) 𝑣 directly links to 𝑢 if 𝛿 (𝑥𝑣, 𝑥𝑢) ≤ 3𝜏 (lines 7-9), where 𝑥𝑣 and 𝑥𝑢 are the vectors in X
corresponding to 𝑣 and 𝑢, respectively; (2) if 𝛿 (𝑥𝑣, 𝑥𝑢) > 3𝜏 , 𝑣 links to 𝑢 if and only if no existing

neighbor 𝑣∗ ∈ 𝑁𝑜𝑢𝑡 (𝑣) occludes the edge from 𝑣 to 𝑢 (lines 10-12). As illustrated in Fig. 4(a), if

𝛿 (𝑞𝑖𝑑 , 𝑥𝑛1
) ≤ 𝜏 , the greedy routing over 𝜏-MNG moves at least 𝜏 closer to the query 𝑞𝑖𝑑 in each

iteration [50], ultimately guaranteeing the discovery of the nearest neighbors (vertices 𝑛1 and 𝑛2).

Limitations of MRNG. For an ID query, the query results tend to be mutual neighbors, and

the query is close to its nearest neighbor. Thus, when constructing graph indexes for ID queries,

MRNG can leverage KNNG to approximate the neighbor relationships among query results, and

an appropriate query relaxation parameter 𝜏 can be readily determined to satisfy monotonicity.

In contrast, for an OOD query: First, the query results are widely dispersed, and the misalignment

between KNNG and the actual query results fundamentally violates the principle of MRNG.
Second, the query itself is often distant from its nearest neighbor, further complicating the process.

The underlying cause can be illustrated as follows.
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Fig. 4. (a) illustrates the greedy routing for an ID query 𝑞𝑖𝑑 over MRNG. (b) and (c) compare the greedy
routing for an OOD query 𝑞𝑜𝑜𝑑 under different 𝜏 settings.

If the query relaxation parameter 𝜏 remains small, the condition 𝛿 (𝑞𝑜𝑜𝑑 , 𝑥𝑛1
) ≤ 𝜏 is rarely satisfied.

This impedes the greedy routing from converging along a specific direction, trapping it in a local

minimum [50]. Let 𝐵(𝑞, 𝑟 ) denote a ball of radius 𝑟 centered at 𝑞, and 𝑅(𝑞, 𝑟1, 𝑟2) represent a ring
within 𝐵(𝑞, 𝑟2) but outside 𝐵(𝑞, 𝑟1). As shown in Fig. 4(a), given an ID query 𝑞𝑖𝑑 and an entry vertex

𝑒 ∈ 𝑅(𝑞𝑖𝑑 , 4𝜏, 5𝜏), the greedy routing on the graph index identifies the next hop in 𝑅(𝑞𝑖𝑑 , 3𝜏, 4𝜏),
progressing until it reaches the nearest neighbors (vertices 𝑛1 and 𝑛2). In contrast, as shown in

Fig. 4(b), for an OOD query 𝑞𝑜𝑜𝑑 , all vertices in 𝑅(𝑞𝑜𝑜𝑑 , 3𝜏, 4𝜏) may be considered potential nearest

neighbors due to the disparity between 𝑞𝑜𝑜𝑑 and the database vectors. As a result, the greedy

routing may converge to a false result 𝑣3, necessitating backtracking and traversal of numerous

unnecessary vertices to locate the true nearest neighbors.

Table 1. Comparison of 𝛿 (𝑞, 𝑥𝑛1
) and Δ𝑖 on OOD/ID datasets2.

Dataset 𝛿 (q, xn1 ) ∆1 ∆20 ∆40 ∆60 ∆80 ∆100

WebVid 0.719 0.109 0.176 0.190 0.199 0.206 0.211

LAION 0.695 0.247 0.338 0.366 0.375 0.385 0.392

MNIST 0.261 0.253 0.419 0.471 0.505 0.532 0.554

DEEP 0.575 0.574 0.831 0.907 0.958 0.997 1.028

When the query relaxation parameter 𝜏 is set to 𝛿 (𝑞𝑜𝑜𝑑 , 𝑥𝑛1
), it exceeds the average distance

between vertices and their respective nearest neighbors, meaning that the condition 𝛿 (𝑥𝑣, 𝑥𝑢) ≤ 3𝜏

is always met. As shown in Table 1, Δ𝑖 denotes the average distance from each vector inX to its 𝑖-th

nearest neighbor. Unlike ID datasets (MNIST and DEEP), where 𝛿 (𝑞𝑖𝑑 , 𝑥𝑛1
) closely approximates

Δ1, OOD datasets (WebVid and LAION) exhibit 𝛿 (𝑞𝑜𝑜𝑑 , 𝑥𝑛1
) values that far exceed Δ100. Note

that 100 exceeds the typical out-degree setting for 𝜏-MNG, which has an expected out-degree of

𝑂 (ln |𝑉 |) (e.g., for a billion-scale database, the expected out-degree of 𝜏-MNG is only 21). In this

case, RobustPruning selects out-neighbors solely based on 𝛿 (𝑥𝑣, 𝑥𝑢), where vertex 𝑢 with smaller

𝛿 (𝑥𝑣, 𝑥𝑢) is preferred. Thus, when 𝜏 is determined by 𝛿 (𝑞𝑜𝑜𝑑 , 𝑥𝑛1
), the 𝜏-MNG degenerates into a

KNNG, which lacks navigability and has proven inefficient in prior work [23, 75]. Fig. 4(c) illustrates

that an excessively large 𝜏 still leads to prolonged search paths and local optima for OOD queries.

Limitations of OOD-Oriented Methods. As illustrated in Fig. 3, recent advancements extend

theMRNG by incorporating query distribution information to optimize graph indexes for OOD

queries. For instance, RobustVamana extends the ID-orientedMRNG variant Vamana by leveraging
query-derived nearest neighbors (Query NNs) to fill available slots in the out-neighbor lists of

2𝛿 (𝑞, 𝑥𝑛1
) denotes the distance between a query 𝑞 (either an ID query 𝑞𝑖𝑑 or an OOD query 𝑞𝑜𝑜𝑑 ) and its nearest neighbor

𝑛1. Cosine similarity measures 𝛿 (𝑞, 𝑥𝑛1
) and Δ𝑖 for WebVid and LAION, Euclidean distance is used for MNIST and DEEP.
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Algorithm 1 RobustPruning(𝑣 , Cand, X, 𝜏 , 𝑜) [50]
1: Input: vertex 𝑣 , candidate set Cand, database X (𝑣 and 𝑢, 𝑣∗ ∈ Cand correspond to vectors

𝑥𝑣, 𝑥𝑢, 𝑥𝑣∗ ∈ X, respectively), relaxation parameter 𝜏 , out-degree bound 𝑜

2: Output: out-neighbors 𝑁𝑜𝑢𝑡 (𝑣)
3: Heap← (Cand ∪ 𝑁𝑜𝑢𝑡 (𝑣)) \ {𝑣}; 𝑁𝑜𝑢𝑡 (𝑣) ← ∅;
4: while Heap ≠ ∅ and out-degree |𝑁𝑜𝑢𝑡 (𝑣) | < 𝑜 do

5: 𝑢 ← closest vertex to 𝑣 in Heap;
6: Heap← Heap\{𝑢};
7: if 𝛿 (𝑥𝑣, 𝑥𝑢) ≤ 3𝜏 then ⊲ Directly link if within relaxation radius

8: 𝑁𝑜𝑢𝑡 (𝑣) ← 𝑁𝑜𝑢𝑡 (𝑣) ∪ {𝑢}; continue;
9: end if

10: if ∀𝑣∗ ∈ 𝑁𝑜𝑢𝑡 (𝑣) s.t. 𝛿 (𝑥𝑢, 𝑥𝑣∗ ) + 3𝜏 > 𝛿 (𝑥𝑣, 𝑥𝑢) then ⊲ Ensure no occlusion

11: 𝑁𝑜𝑢𝑡 (𝑣) ← 𝑁𝑜𝑢𝑡 (𝑣) ∪ {𝑢};
12: end if

13: end while

14: return 𝑁𝑜𝑢𝑡 (𝑣)

vertices. Similarly, RoarGraph directly initializes part of the graph index using Query NNs. However,
these methods continue to rely on ID-oriented candidate acquisition and neighbor selection strategies:
(1) In candidate acquisition, most candidates are selected based on distances between database

vectors, which fail to capture the underlying cluster structure of the OOD query results. (2) In

neighbor selection, the standard edge occlusion rule becomes invalid when 𝛿 (𝑞, 𝑥𝑛1
) significantly

exceeds the average distance between database vectors and their nearest neighbors (i.e., Δ1 in Table

1), leading to inefficient navigation. We quantitatively validate clusterability and navigability issues

in OOD-oriented methods as follows.

To evaluate the clusterability produced by candidate acquisition, we introduce the 𝑘 Query

Nearest Neighbor Quality (QNNQ@k). Given a query 𝑞, let G(𝑞) = {𝑥𝑔1 , 𝑥𝑔2 , . . . , 𝑥𝑔𝑘+1 } denote its
top-(𝑘 + 1) true nearest neighbors in the database, and let 𝑁𝑘𝑛𝑛𝑔 (𝑥𝑔1 ) = {𝑥𝑔1 , 𝑥𝑛1

, . . . , 𝑥𝑛𝑘 } denote
𝑘 + 1 neighbors of vertex 𝑔1 in approximate KNNG built during candidate acquisition. We define:

QNNQ@k =
| (G(𝑞) \ {𝑥𝑔1 }) ∩ (𝑁𝑘𝑛𝑛𝑔 (𝑥𝑔1 ) \ {𝑥𝑔1 }) |

𝑘
. (2)

A higherQNNQ@k indicates stronger clusterability, as it reflects greater overlap between the query’s
true nearest neighbors and the neighborhood of its closest point𝑔1. If𝑞 is sampled from the database,

G(𝑞) will substantially overlap with 𝑁𝑘𝑛𝑛𝑔 (𝑥𝑔1 ), yielding QNNQ@k ≈ 100%. In contrast, an OOD

query exhibits much smaller overlap. For example, we evaluateQNNQ@100 for the same OOD query

set on two index types: an ID-oriented index built without query information and an OOD-oriented

index built with it. The OOD-oriented index (21%) shows only a marginal improvement over the

ID-oriented one (20%) on the LAION dataset, showing that prevailing candidate acquisition falls

short of enhancing clusterability. Refer to §4.4 for a detailed comparison of clusterability.

Regarding navigability induced by neighbor selection for the same OOD queries on two index

types, 86.2% of queries are trapped in local optima under the ID-oriented index
3
, while this ratio only

slightly decreases to 82.1% under the OOD-oriented index, resulting in only a 4.1% improvement.

Moreover, the average number of hops at the same recall level is reduced by only 11%. These results

highlight the limited navigability improvement achieved by current neighbor selection.

3
We fix the heap size to 1 during search (see Algorithm 3 for details) and measure the proportion of queries that fail to

retrieve their true nearest neighbor under this setting, which we use as an indicator of being trapped in local optima.
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Fig. 5. (a) illustrates the difference in routing behavior between ID and OOD queries. (b) and (c) depict the
construction and search process for cross-distribution monotonic path.

In summary, the limited performance of existing solutions stems from their reliance on the

ID paradigm. This motivates us to (1) generalizeMRNG theory for OOD queries, and (2) optimize
candidate acquisition and neighbor selection within the OOD context to enhance navigability and
clusterability on graph indexes.

3 THE PROPOSED ALGORITHM
3.1 Cross-Distribution Monotonicity
In this section, we investigate how OOD queries can achieve efficient monotonic search on graph

indexes, analogous to that of ID queries. We first analyze why the monotonic paths of MRNG break

down for OOD queries. We then introduce an integration strategy that bridges the distribution gap,

ensuring cross-distribution monotonic search. Finally, we formally define the related concepts.

Failure Analysis of MRNG Monotonicity. In ID scenarios, the alignment between the distribu-

tions of the database and query vectors ensures a monotonic path on MRNG: even when initiated

from a distant entry vertex, greedy routing can efficiently locate the query’s nearest neighbor by

following a monotonic path [23, 50]. In contrast, the routing paths induced by OOD queries on

MRNG lack monotonicity due to the distribution gap. Specifically, given an OOD query 𝑞𝑜𝑜𝑑 , let

𝑟𝑛1
denote the distance between 𝑞𝑜𝑜𝑑 and its nearest neighbor 𝑛1 in the database. The surface of

the ball 𝐵(𝑞𝑜𝑜𝑑 , 𝑟𝑛1
) defines the distribution boundary. The remaining nearest neighbors of 𝑞𝑜𝑜𝑑

are typically located near the boundary. The search process for 𝑞𝑜𝑜𝑑 on MRNG unfolds in two

distinct phases: In the first phase, while the visited vertices remain distant from the distribution

boundary, routing follows a monotonic path and progressively converges toward the OOD query.

In the second phase, as the routing approaches the boundary, convergence toward the OOD query

is disrupted due to the distribution gap, leading to a failure in maintaining a monotonic path.

Example 1. As shown in Fig. 5(a), consider a database X (points in the blue region) and an OOD
query set Q (points in the orange region). Let X∗ denote points within convex hull that encloses both X
and Q. The bridging set is defined as B = X∗ \ (X ∪ Q), which characterizes the region separating X
and Q. Conceptually, an OOD query 𝑞𝑜𝑜𝑑 with respect to X can be interpreted as an ID query within
the extended space X∗. When performing search on the MRNG constructed over X∗, 𝑞𝑜𝑜𝑑 follows a
monotonic path 𝑃∗ = [𝑃1, 𝑃𝑏𝑟𝑖 , 𝑃𝑞] and finds nearest neighbor 𝑛∗ as result, where 𝑃1, 𝑃𝑏𝑟𝑖 , and 𝑃𝑞
consist of points fromX,B, and Q, respectively. However, the bridging setB is not available in practical
settings, leading to erratic oscillations in the second phase of the OOD query search, denoted as 𝑃2.

Motivation. To bridge the distribution gap, a natural approach is to establish connections between

database and query vectors during graph construction, thereby enabling monotonic search over

Proc. ACM Manag. Data, Vol. 4, No. 1, Article 29. Publication date: February 2026.



29:10 Qiang Yue, Mengzhao Wang, Xiaoliang Xu, Cheng Long, Yuxiang Wang, and Jiahui Wang

the OOD query set Q in second-phase routing. However, this method is inefficient as it requires the

graph to explicitly index Q, resulting in elongated routing paths and the inclusion of redundant

query vectors in retrieval results. To overcome this limitation, an intuitive strategy is to incor-

porate the topological structure induced by the MRNG built on Q into the MRNG constructed

on X. Consequently, the two routing phases on the resulting integrated graph index collectively

enable cross-distribution monotonic search: In the first phase, greedy routing proceeds along a mono-

tonic path guided by the database distribution toward the boundary. In the second phase, routing

continues along a monotonic path shaped by the query distribution until reaching the target result.

Example 2. As shown in Fig. 5(b), each query in Q is linked to its nearest vertex (red dashed lines).
Additional projected edges (orange lines) can be introduced between vertices based on the neighbor
relationships of their corresponding queries. For example, since 𝑞2 is connected to 𝑛∗ and 𝑞4, 𝑛2 is linked
to 𝑛1 and 𝑣4. During the search process (as shown in Fig. 5(c)), 𝑃1 and 𝑃𝑝𝑟𝑜 𝑗 combine to form a new
monotonic routing path 𝑃 = [𝑃1, 𝑃𝑝𝑟𝑜 𝑗 ] entirely within X. The projected path 𝑃𝑝𝑟𝑜 𝑗 traces the path 𝑃𝑞 ,
returning 𝑛1 and 𝑛2 as results because their corresponding queries 𝑞2 and 𝑛∗ are closer to 𝑞𝑜𝑜𝑑 . The
OOD routing path (i.e., [𝑃1, 𝑃2]) in Fig. 5(a) requires seven hops to retrieve a single correct result 𝑛1,
whereas the monotonic routing path 𝑃 (i.e., [𝑃1, 𝑃𝑝𝑟𝑜 𝑗 ]) retrieves two results 𝑛1 and 𝑛2 in just four hops.

Definition and Notation. Based on the preceding analysis, our key insight is to construct a

graph index over database vectors that ensures cross-distribution monotonicity for OOD queries.

We formally define the cross-distribution monotonic path as follows:

Definition 2 (Cross-Distribution Monotonic Path). For a database X ∼ 𝑃𝑖𝑑 , an OOD
query set Q ∼ 𝑃𝑜𝑜𝑑 where |Q| ≥ |X|, and an OOD query 𝑞𝑜𝑜𝑑 ∼ 𝑃𝑜𝑜𝑑 , assume that each database
vector 𝑥𝑖 ∈ X is one-to-one paired with a unique OOD query 𝑞𝑖 ∈ Q, where 𝑥𝑖 is the nearest neighbor
of 𝑞𝑖 in X. Let 𝐺 (𝑉 , 𝐸) be a graph index over database X, where each vertex 𝑣𝑖 ∈ 𝑉 is associated
with a database vector 𝑥𝑖 ∈ X and its corresponding OOD query 𝑞𝑖 ∈ Q. Let the query relaxation
parameter 𝜏 ≥ 0 be a constant. A routing path 𝑃 = [𝑣1, 𝑣2, . . . , 𝑣𝑏, 𝑣𝑏+1, . . . , 𝑣ℓ−1, 𝑛1] on 𝐺 is a cross-
distribution monotonic path for 𝑞𝑜𝑜𝑑 if it satisfies: ∀𝑖 = 1, 2, . . . , 𝑏 − 1, 𝛿 (𝑞𝑜𝑜𝑑 , 𝑥𝑖 ) − 𝜏 > 𝛿 (𝑞𝑜𝑜𝑑 , 𝑥𝑖+1),
∀𝑗 = 𝑏,𝑏 + 1, . . . , ℓ − 2, 𝛿 (𝑞𝑜𝑜𝑑 , 𝑞 𝑗 ) − 𝜏 > 𝛿 (𝑞𝑜𝑜𝑑 , 𝑞 𝑗+1), and 𝛿 (𝑞𝑜𝑜𝑑 , 𝑞ℓ−1) > 𝛿 (𝑞𝑜𝑜𝑑 , 𝑛∗), where 𝑛∗ is
the nearest query to 𝑞𝑜𝑜𝑑 in Q and 𝑛1 is the nearest neighbor of 𝑛∗ in X.

The one-to-one pairing and distribution requirement of OOD query set Q serve as two assumptions

that establish the theoretical foundation: First, the one-to-one pairing allows us to formally reason

about monotonic paths. Second, the distribution requirement ensures that the cross-distribution

monotonic path converges to the nearest neighbor of 𝑞𝑜𝑜𝑑 . Building on this foundation, the cross-

distribution monotonic path extends the 𝜏-monotonic path [50] to OOD scenarios. When the

database X ∼ 𝑃𝑖𝑑 and the query set Q ∼ 𝑃𝑖𝑑 follow the same distribution 𝑃𝑖𝑑 , a monotonic path

under the query distribution is equivalent to a monotonic path under the database distribution.

In this case, given a ID query 𝑞𝑖𝑑 , the cross-distribution monotonic path condition reduces to:

∀𝑖 = 1, 2, . . . , ℓ − 2, 𝛿 (𝑞𝑖𝑑 , 𝑥𝑖 ) − 𝜏 > 𝛿 (𝑞𝑖𝑑 , 𝑥𝑖+1) and 𝛿 (𝑞𝑖𝑑 , 𝑥ℓ−1) > 𝛿 (𝑞𝑖𝑑 , 𝑥𝑛1
), which corresponds to

the 𝜏-monotonic path in ID scenario. Building upon this extended concept, we introduce cross-

distribution monotonicity as follows:

Definition 3 (Cross-Distribution Monotonicity). Given a database X ∼ 𝑃𝑖𝑑 and an OOD
query set Q ∼ 𝑃𝑜𝑜𝑑 where |Q| ≥ |X|, let the query relaxation parameter 𝜏 > 0 be a constant. A graph
index 𝐺 (𝑉 , 𝐸) over X has cross-distribution monotonicity if for any query 𝑞𝑜𝑜𝑑 ∼ 𝑃𝑜𝑜𝑑 satisfying
𝛿 (𝑞𝑜𝑜𝑑 , 𝑛∗) ≤ 𝜏 , there exists a cross-distribution monotonic path in 𝐺 from any entry vertex to the
result 𝑛1. Here, 𝑛∗ is the nearest query to 𝑞𝑜𝑜𝑑 in Q, and 𝑛1 is the nearest vertex to 𝑛∗ in X.
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3.2 CDMG Construction
We introduce the Cross-Distribution Monotonic Graph (CDMG), which achieves cross-distribution

monotonicity by applying a new edge selection algorithm guided by historical OOD query infor-

mation. The use of historical queries is a well-established practice, as they are readily available and

their distribution is typically stable in real applications [93]. Consequently, this has become a widely

adopted strategy in prior work [11, 31, 65] and its use is standard practice in OOD benchmark

datasets [59], where such queries are sourced from the training set. CDMG is defined as follows:

Definition 4 (Cross-Distribution Monotonic Graph). Given a database X ∼ 𝑃𝑖𝑑 and an
OOD query set Q ∼ 𝑃𝑜𝑜𝑑 where |Q| ≥ |X|, let the query relaxation parameter 𝜏 ≥ 0 be a constant.
Assume that each database vector 𝑥𝑖 ∈ X is one-to-one paired with a unique query 𝑞𝑖 ∈ Q. A CDMG
is a directed graph 𝐺 (𝑉 , 𝐸) such that each vertex 𝑣𝑖 ∈ 𝑉 is associated with a database vector 𝑥𝑖 ∈ X
and its corresponding OOD query 𝑞𝑖 ∈ Q, and the following conditions hold: (1) If 𝛿 (𝑞𝑖 , 𝑞 𝑗 ) ≤ 3𝜏 ,
(𝑣𝑖 , 𝑣 𝑗 ) ∈ 𝐸. (2) If 𝛿 (𝑞𝑖 , 𝑞 𝑗 ) > 3𝜏 and (𝑣𝑖 , 𝑣 𝑗 ) ∉ 𝐸, there exists a vertex 𝑣∗ such that (𝑣𝑖 , 𝑣∗) ∈ 𝐸,
where the corresponding vectors 𝑥∗ and 𝑞∗ satisfy: 𝑥∗ ∈ (𝐵(𝑥𝑖 , 𝛿 (𝑥𝑖 , 𝑥 𝑗 )) ∩ 𝐵(𝑥 𝑗 , 𝛿 (𝑥𝑖 , 𝑥 𝑗 ) − 3𝜏)) and
𝑞∗ ∈ (𝐵(𝑞𝑖 , 𝛿 (𝑞𝑖 , 𝑞 𝑗 )) ∩ 𝐵(𝑞 𝑗 , 𝛿 (𝑞𝑖 , 𝑞 𝑗 ) − 3𝜏)).

Lemma 1 establishes the monotonicity guarantee of CDMG:

Lemma 1. CDMG guarantees cross-distribution monotonicity.

Proof. If the edge (𝑣1, 𝑛1) ∈ 𝐸, the path 𝑃 = [𝑣1, 𝑛1] is a cross-distribution monotonic path. We

first consider the case where (𝑣1, 𝑛1) ∉ 𝐸. Case 1: If 𝛿 (𝑞1, 𝑛∗) ≤ 6𝜏 , then 𝐺 must contain a cross-

distribution monotonic path 𝑃 = [𝑣1, 𝑣2, 𝑛1]. This follows because 𝑣1 must have an out-neighbor 𝑣2
such that 𝑞2 ∈ (𝐵(𝑞1, 𝛿 (𝑞1, 𝑛∗))∩𝐵(𝑛∗, 𝛿 (𝑞1, 𝑛∗)−3𝜏)). Since 𝛿 (𝑞2, 𝑛∗) ≤ 3𝜏 , it follows that (𝑣2, 𝑛1) ∈
𝐸. When 𝛿 (𝑞𝑜𝑜𝑑 , 𝑛∗) ≤ 𝜏 , we have 𝛿 (𝑞𝑜𝑜𝑑 , 𝑞2) ≤ 𝛿 (𝑞𝑣1 , 𝑛∗) −2𝜏 and 𝛿 (𝑞𝑜𝑜𝑑 , 𝑞1) > 𝛿 (𝑞1, 𝑛∗) −𝜏 , which
leads to 𝛿 (𝑞𝑜𝑜𝑑 , 𝑞2) < 𝛿 (𝑞𝑜𝑜𝑑 , 𝑞1) − 𝜏 . Therefore, the path 𝑃 = [𝑣1, 𝑣2, 𝑛1] is a cross-distribution

monotonic path. Case 2: If 𝛿 (𝑞1, 𝑛∗) > 6𝜏 , then 𝐺 must contain a cross-distribution monotonic

path 𝑃 = [𝑣1, 𝑣2, . . . , 𝑣𝑏, 𝑣𝑏+1, . . . , 𝑣ℓ−1, 𝑛1]. In the first phase, since 𝐺 is a CDMG, it must satisfy

𝛿 (𝑥2, 𝑛∗) < 𝛿 (𝑥1, 𝑛∗) − 3𝜏 and 𝛿 (𝑥2, 𝑞𝑜𝑜𝑑 ) < 𝛿 (𝑥1, 𝑞𝑜𝑜𝑑 ) − 𝜏 , and at each step, the path moves closer

to 𝑞𝑜𝑜𝑑 by at least 𝜏 until reaching a vertex 𝑣𝑏 . In the second phase, similar to the case above, we

have 𝛿 (𝑞𝑏+1, 𝑛∗) < 𝛿 (𝑞𝑏, 𝑛∗) − 3𝜏 and 𝛿 (𝑞𝑜𝑜𝑑 , 𝑞𝑏+1) < 𝛿 (𝑞𝑜𝑜𝑑 , 𝑞𝑏) − 𝜏 . Eventually, the search reaches

a vertex 𝑣ℓ−2 such that 𝛿 (𝑞ℓ−2, 𝑛∗) < 6𝜏 , whose monotonicity has already been established. □
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Fig. 6. Illustration of the CDMG construction process.

Construction Process. As illustrated in Fig. 6, CDMG is constructed through three components,

which are detailed as follows.

(1) Initialization. Following the requirement in Definition 2, given a database X ∼ 𝑃𝑖𝑑 and an OOD

query set Q ∼ 𝑃𝑜𝑜𝑑 , the initialization aims to establish a one-to-one pairing between each vertex 𝑣𝑖
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Algorithm 2 BuildCDMG(X,Q, 𝜏, 𝑜)
1: Input: database X, query set Q (|Q| ≥ |X|), relaxation parameter 𝜏 > 0, out-degree bound 𝑜

2: Output: CDMG 𝐺

3: 𝐺 ← (𝑉 ← X, 𝐸 ← ∅);
4: // Initialization

5: C ← pair each query in Q with its nearest vertex in 𝑉 ;

6: 𝐺𝑏𝑟𝑖 ← prioritize pairs in C with largest distance;

7: 𝐺𝑏𝑟𝑖 ← 𝐺𝑏𝑟𝑖∪ (pair unassigned vertices with nearest remaining queries);

8: for ∀𝑣𝑖 ∈ 𝑉 do

9: 𝑞𝑖 ← 𝐺𝑏𝑟𝑖 (𝑣𝑖 );
10: // Candidate acquisition & Neighbor selection

11: 𝑁𝑥 (𝑣𝑖 ) ← RobustPruning(𝑣𝑖 , 𝑉 \ {𝑣𝑖 }, X, 𝜏 , 𝑜);
12: 𝑁𝑞 (𝑞𝑖 ) ← RobustPruning(𝑞𝑖 , Q \ {𝑞𝑖 }, Q, 𝜏 , 𝑜);
13: // Merging

14: 𝑁𝑜𝑢𝑡 (𝑣𝑖 ) ← 𝑁𝑥 (𝑣𝑖 ) ∪𝐺𝑏𝑟𝑖 (𝑁𝑞 (𝑞𝑖 ));
15: add edges (𝑣𝑖 , 𝑣 𝑗 ) to 𝐸 for all 𝑣 𝑗 ∈ 𝑁𝑜𝑢𝑡 (𝑣𝑖 );
16: end for

17: return 𝐺

in CDMG 𝐺 (𝑉 , 𝐸) constructed over X and a unique OOD query 𝑞𝑖 ∈ Q, where 𝑣𝑖 is the nearest
vertex in𝑉 to 𝑞𝑖 . To achieve this, CDMG constructs a bipartite graph𝐺𝑏𝑟𝑖 (𝑉 ,𝑈 , 𝐸𝑏𝑟𝑖 ) to bridge two
different data distributions, where 𝑈 corresponds to queries in Q. The initialization is a prioritized

process (lines 5-7 in Algorithm 2). First, a candidate matching set C is formed by identifying the

nearest database neighbor for every query, from which CDMG iteratively selects and confirms the

pair with the largest distance for matching. This prioritization ensures the most representative

OOD queries—those furthest from any vertex and deep within the OOD region—are matched first,

establishing reliable projected paths for the most challenging searches (green arrows in Fig. 6(a)).

Subsequently, any vertices remaining unassigned after this process are matched to their nearest

available query to satisfy the 1-regular property. For feasible database-query pairing, the size of the
OOD query set |Q| must be greater than or equal to the size of the database |X|.
(2) Candidate Acquisition & Neighbor Selection. After the initialization component, each vertex 𝑣𝑖

is associated with a database vector 𝑥𝑖 ∈ X and a unique OOD query 𝑞𝑖 ∈ Q. The core target of
candidate acquisition and neighbor selection is to select out-neighbors for each vertex 𝑣𝑖 from both

the database X and query set Q by applying the same edge occlusion rule (detailed in Algorithm 1).

Specifically, under the query distribution, each query 𝑞𝑖 ranks all remaining query vectors Q \ {𝑞𝑖 }
by distance to form a candidate list Heap. Each candidate 𝑞 𝑗 ∈ Heap is then checked against the

current out-neighbors: if any existing out-neighbor 𝑞∗ occludes 𝑞 𝑗 , the edge (𝑞𝑖 , 𝑞 𝑗 ) is discarded;
otherwise, 𝑞 𝑗 is added to 𝑁𝑞 (𝑞𝑖 ). This process iterates until all candidates in Heap are examined.

The identical edge occlusion rule is applied to each vertex 𝑣𝑖 to select its out-neighbors 𝑁𝑥 (𝑣𝑖 )
from 𝑉 \ {𝑣𝑖 }. The naive implementation of candidate acquisition and neighbor selection performs
exhaustive search in both query and database distributions, doubling the construction cost.
(3) Merging. Since all elements in 𝑁𝑞 (𝑞𝑖 ) are OOD queries, the target of the merging component

is to replace each query with its corresponding vertex to eliminate the need for indexed queries.

Specifically, all queries in 𝑁𝑞 (𝑞𝑖 ) are replaced by their corresponding vertices 𝐺𝑏𝑟𝑖 (𝑁𝑞 (𝑞𝑖 )), and
then merged with 𝑁𝑥 (𝑣𝑖 ) to form the final out-neighbors 𝑁𝑜𝑢𝑡 (𝑣𝑖 ) (line 14 in Algorithm 2). For

example, as shown in Fig. 6(a), 𝑣𝑖 is paired with 𝑞𝑖 in the 𝐺𝑏𝑟𝑖 . After candidate acquisition and
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Algorithm 3 GreedySearch(𝐺,𝑞, 𝑘, 𝐿)

1: Input: graph index 𝐺 , query 𝑞, results size 𝑘 , candidates size 𝐿

2: Output: top-𝑘 results of 𝑞

3: 𝑒 ← entry vertex in 𝐺 ;

4: Heap← {𝑒}; ⊲ Initialize candidates container

5: while Heap has unvisited vertex do

6: 𝑣 ← closest unvisited vertex to 𝑞 in Heap; ⊲ Find next hop

7: mark vertex 𝑣 as visited;

8: 𝑁𝑜𝑢𝑡 (𝑣) ← out-neighbors of vertex 𝑣 in 𝐺 ;

9: Heap← Heap ∪𝑁𝑜𝑢𝑡 (𝑣); ⊲ Expand candidates

10: if |Heap| > 𝐿 then

11: resize Heap to retain top-𝐿 vertices for 𝑞;

12: end if

13: end while

14: return [closest 𝑘 vertices from Heap]

neighbor selection (Fig. 6(b)), the out-neighbors 𝑁𝑥 (𝑣1) of 𝑣1 include 𝑣5, 𝑣6, and 𝑣7, while the out-
neighbors 𝑁𝑞 (𝑞1) of 𝑞1 include 𝑞2, 𝑞4, 𝑞5, and 𝑞6. In Fig. 6(c), the final out-neighbors 𝑁𝑜𝑢𝑡 (𝑣1) (𝑣2, 𝑣4,
𝑣5, 𝑣6, 𝑣7) are obtained by merging 𝑁𝑥 (𝑣1) and𝐺𝑏𝑟𝑖 (𝑁𝑞 (𝑞1)) (𝑣2, 𝑣4, 𝑣5, 𝑣6). However, edges in 𝑁𝑥 (𝑣𝑖 )
and 𝑁𝑞 (𝑞𝑖 ) are derived from different distributions, leading to clear differences in edge lengths. For

example, OOD edges in LAION are 38% longer than ID edges, which causes standard pruning to
incorrectly discard vital long-range OOD edges, resulting in an uncontrollable final out-degree.
Search Process. The search process of CDMG adopts the standard GreedySearch approach

(Algorithm 3), which is commonly utilized in graph-based methods. GreedySearch uses a parameter

𝐿 to regulate the capacity of the candidate container, referred to as Heap. The search initiates from

an entry vertex 𝑒 (line 4). In each iteration, GreedySearch selects the vertex 𝑣 that is closest to the

query from Heap, and computes the distances between query and the out-neighbors of 𝑣 (lines

6–9). A new vertex is inserted into Heap if it is closer to query than the current candidates or if

Heap has not yet reached its capacity 𝐿 (lines 10–12). The search terminates when no closer vertex

can be identified. Ultimately, the top-𝑘 vertices in Heap are returned as the retrieval results.

Complexity Analysis.We provide theoretical analysis of CDMG’s graph index size (Lemma 2),

construction complexity (Lemma 3), and search complexity (Lemma 4), as detailed below.

Lemma 2. Given a databaseX and an OOD query set Q. Let 𝜏 > 0 be a constant, the CDMG𝐺 (𝑉 , 𝐸)
built on X and Q has expected out-degree 𝑂 (2 · ln |𝑉 |) and expected index size 𝑂 (2 · |𝑉 | ln |𝑉 |).

Lemma 3. Given a database X and an OOD query set Q. Let relaxation parameter 𝜏 > 0 be a
constant, the construction complexity of CDMG 𝐺 (𝑉 , 𝐸) is 𝑂 ( |𝑉 | |Q| + |Q| ln |Q| + 2 · |𝑉 |2 ln |𝑉 |).

Lemma 4. Given a database X and an OOD query set Q in the space R𝐷 , where 𝐷 denotes the
dimensionality, let 𝜏 be a constant. For an OOD query 𝑞𝑜𝑜𝑑 that follows the same distribution as Q,
and 𝛿 (𝑞, 𝑛1) < 𝜏 , the expected routing path length ℓ over the CDMG 𝐺 (𝑉 , 𝐸) is 𝑂 ( |𝑉 | 1𝐷 ln |𝑉 |), and
the search complexity is 𝑂 ( |𝑉 | 1𝐷 (ln |𝑉 |)2).

Proof. The search complexity of graph-based methods can be expressed as 𝑂 (𝑜ℓ), where 𝑜
denotes the expected out-degree and ℓ represents the routing path length. As established in Lemma

2, the expected out-degree of CDMG is 𝑂 (ln |𝑉 |). We further show that the expected routing path

length of CDMG ℓ is 𝑂 ( |𝑉 | 1𝐷 ln |𝑉 |). The cross-distribution monotonic path 𝑃 = [𝑃1, 𝑃𝑝𝑟𝑜 𝑗 ] for
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𝑞𝑜𝑜𝑑 comprises two phases: (1) To estimate the path length of 𝑃1, we consider an ID routing path

𝑃∗ = [𝑃1, 𝑃𝑏𝑟𝑖 , 𝑃𝑞] on the convex hullX∗ that encloses bothX and Q. The points inX∗ are uniformly

distributed, with |X∗ | = 𝜆 |𝑉 |, where 𝜆 is a constant. Since 𝑞𝑜𝑜𝑑 follows the same distribution as X∗,
the length of 𝑃∗ is 𝑂 ( |X∗ | 1𝐷 ln |X∗ |). However, points within 𝐵(𝑞𝑜𝑜𝑑 , 𝜖) are not indexed, where 𝜖
denotes the distance between 𝑞𝑜𝑜𝑑 and its nearest database vector. Therefore, the length of 𝑃1 is

bounded by 𝑂 ( |X∗ | 1𝐷 ln |X∗ | − 𝜖
𝜏
). (2) The length of 𝑃𝑝𝑟𝑜 𝑗 equals that of 𝑃𝑞 . Since |𝑃𝑞 | = 𝜖

𝜏
− |𝑃𝑏𝑟𝑖 |,

the length of 𝑃𝑝𝑟𝑜 𝑗 is upper bounded by
𝜖
𝜏
. Combining both phases, the total expected routing path

length ℓ is 𝑂 ( |𝑉 | 1𝐷 ln |𝑉 |), and the overall search complexity becomes 𝑂 ( |𝑉 | 1𝐷 (ln |𝑉 |)2). □

In summary, CDMG leverages cross-distribution monotonicity to address navigability and

clusterability issues under OOD queries. However, it still faces three issues: (1) The initialization

component requires a large query set, which significantly increases the cost. (2) The merging

component is biased by the disparate edge lengths from the two distributions, leading to doubled

construction time and an uncontrollable final out-degree. (3) Its candidate acquisition and neighbor

selection rely on exhaustive search, and the introduced OOD query set further increases time

complexity. All factors increase construction overhead and affect search effectiveness, motivating us to
design a practical variant of CDMG to overcome these limitations.

3.3 CDMG+: A Practical and Efficient Approximation Algorithm of CDMG

Overview. We propose CDMG+, a practical and efficient construction algorithm designed to

overcome the limitations of CDMG while achieving cross-distribution monotonicity. It consists of

three main strategies: query synthesis, fusion-based distance computation, and optimized candidate

acquisition and neighbor selection. We detail these strategies as follows.

Query Synthesis. The initialization component in CDMG relies on an impractically large OOD

query set (|Q| ≥ |X|) to ensure a one-to-one mapping between database vectors and OOD queries.

To address this scalability issue, CDMG+ introduces a query synthesis strategy. Given a database X
and a significantly smaller OOD query set Q (|Q| ≪ |X|), the core objective of query synthesis is to
generate a unique proxy query 𝑞𝑖 ∼ 𝑃𝑜𝑜𝑑 for each database vector 𝑥𝑖 that statistically approximates

the original OOD query distribution 𝑃𝑜𝑜𝑑 . This process effectively constructs the bipartite graph

𝐺𝑏𝑟𝑖 that records the one-to-one mapping between database vectors and their corresponding proxy

queries at a significantly reduced cost.

Fusion-Based Distance Computation. InCDMG, separate distance calculations under two disparate
data distributions lead to inconsistent edge scales between database-derived out-neighbors 𝑁𝑥 (𝑣𝑖 )
and query-derived out-neighbors 𝑁𝑞 (𝑞𝑖 ), thereby impeding unified edge selection. To address

this, CDMG+ adopts a fusion-based distance computation strategy drawing inspiration from

fusion techniques in hybrid search [9, 72, 73, 77, 83]. The core principle of fusion-based distance

computation is to evaluate the connection between two vertices 𝑣𝑖 and 𝑣 𝑗 by jointly considering

their corresponding database vectors 𝑥𝑖 and 𝑥 𝑗 and their proxy queries 𝑞𝑖 and 𝑞 𝑗 . The fusion-based

distance is small only when both the database vectors and the proxy queries are close in their

respective distributions. Conversely, if either pair is far apart, the fusion-based distance becomes

large, thereby penalizing the connection. Thereby, CDMG+ enables a unified distance computation

to select out-neighbors that simultaneously satisfy the edge selection criteria under both the

database and query distributions, while maintaining a bounded out-degree of the final graph index.

Optimized Candidate Acquisition & Neighbor Selection. The candidate acquisition and neighbor

selection in the CDMG are computationally expensive for two reasons: First, while the fusion-based

distance unifies edge selection, calculating it on-the-fly necessitates jointly maintaining and pro-

cessing both database vectors and their proxy queries, effectively doubling the computational load.
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Algorithm 4 BuildCDMG+(X,Q, 𝑆, 𝐿, 𝜏, 𝑜)
1: Input: databaseX, OOD query set Q, query synthesis parameter 𝑆 , candidates size 𝐿, relaxation

parameter 𝜏 , out-degree bound 𝑜

2: Output: CDMG+ 𝐺
3: F ← ∅; ⊲ Initialize the fusion vector set

4: for ∀𝑥𝑖 ∈ X do

5: NN(𝑥𝑖 ) ← top-𝑆 queries to 𝑥𝑖 in Q;
6: 𝑞𝑖 ← 1

𝑆

∑
𝑞∈NN(𝑥𝑖 ) 𝑞; ⊲ Synthesize proxy query

7: 𝑓𝑖 ← 𝑥𝑖 + 𝑞𝑖 ; ⊲ Compute fusion vector

8: F ← F ∪ {𝑓𝑖 };
9: end for

10: 𝐺 ← (𝑉 ← F , 𝐸 ← ∅); ⊲ Construct index over the fusion vector set

11: for ∀𝑣𝑖 ∈ 𝐺 do

12: Cand← GreedySearch(𝐺, 𝑓𝑖 , 𝐿, 𝐿); ⊲ Approximate candidate acquisition

13: 𝑁𝑜𝑢𝑡 (𝑣𝑖 ) ← RobustPruning(𝑣𝑖 ,Cand, F , 𝜏, 𝑜); ⊲ Neighbor selection

14: add edges (𝑣𝑖 , 𝑣 𝑗 ) to 𝐸 for all 𝑣 𝑗 ∈ 𝑁𝑜𝑢𝑡 (𝑣𝑖 );
15: end for

16: return 𝐺

Second, standard candidate acquisition relies on exhaustive search to identify neighbor candidates.

CDMG+ overcomes these limitations with a two-fold optimization: First, it eliminates redundant

calculations by pre-fusing each database vector 𝑥𝑖 and its proxy query 𝑞𝑖 into a single fusion vector

𝑓𝑖 , on which the entire graph index is constructed. Second, it replaces the exhaustive search with

an efficient incremental process, using GreedySearch to retrieve a small set of approximate nearest

neighbors for each inserted vertex as its candidate set Cand. This streamlined approach significantly

reduces construction overhead.

We next detail the three construction strategies of CDMG+, which is illustrated in Algorithm 4:

Query Synthesis. For each database vector 𝑥𝑖 , we retrieve its 𝑆 nearest queries from Q, denoted
as NN(𝑥𝑖 ) with |NN(𝑥𝑖 ) | = 𝑆 , and compute the centroid of these queries as the proxy query:

𝑞𝑖 = 1

𝑆

∑
𝑞∈NN(𝑥𝑖 ) 𝑞 (line 6). This is reasonable since the OOD query set Q serves merely as an

auxiliary tool for index construction and is not part of the final graph index 𝐺 . This approach

is deliberately designed to satisfy the premises of the theoretical CDMG in a practical manner:

First, by aggregating multiple real OOD queries that are proximate to 𝑥𝑖 , the resulting proxy query

𝑞𝑖 becomes statistically robust and more likely to be representative of the original OOD query

distribution than a single, potentially noisy, query. Second, this process ensures that each database

vector is associated with a unique proxy query, thereby establishing the requisite one-to-one

mapping for the subsequent fusion-based distance computation.

Fusion-Based Distance Computation. Given database vectors in X and their corresponding

proxy queries, we define the fusion-based distance 𝜉 (𝑣𝑖 , 𝑣 𝑗 ) between vertices 𝑣𝑖 and 𝑣 𝑗 as follows:

𝜉 (𝑣𝑖 , 𝑣 𝑗 ) = 𝛿 (𝑥𝑖 + 𝑞𝑖 , 𝑥 𝑗 + 𝑞 𝑗 ) . (3)

To assess its underlying mechanism, we decompose 𝜉 (𝑣𝑖 , 𝑣 𝑗 ) under the assumption that 𝛿 represents

the Euclidean distance, which facilitates insight into its underlying mechanisms. This leads to:

𝜉 (𝑣𝑖 , 𝑣 𝑗 ) = ∥𝑥𝑖 + 𝑞𝑖 − (𝑥 𝑗 + 𝑞 𝑗 )∥2 = ∥(𝑞𝑖 − 𝑥 𝑗 ) − (𝑞 𝑗 − 𝑥𝑖 )∥2

= 𝛿 (𝑞𝑖 , 𝑥 𝑗 ) + 𝛿 (𝑞 𝑗 , 𝑥𝑖 ) − 2∥𝑞𝑖 − 𝑥 𝑗 ∥∥𝑞 𝑗 − 𝑥𝑖 ∥ cos𝜃 ,
(4)
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Fig. 7. Illustration of three different cases.

where 𝜃 denotes the angle between 𝑞𝑖 − 𝑥 𝑗 and 𝑞 𝑗 − 𝑥𝑖 . We justify the efficacy of the fusion-based

distance by deconstructing it into its individually suboptimal terms. This analysis demonstrates

how the synthesis of these terms in the final formulation provides a more effective solution.

(1) Asymmetric Distance. For an OOD query 𝑞𝑜𝑜𝑑 , the search process determines whether a vertex

𝑣 qualifies as a result based on the distance 𝛿 (𝑞𝑜𝑜𝑑 , 𝑥). Consequently, a natural intuition is to use the

asymmetric distance 𝜉𝐴 (𝑣𝑖 , 𝑣 𝑗 ) = 𝛿 (𝑞𝑖 , 𝑥 𝑗 ) to determine whether 𝑣 𝑗 should be considered a neighbor

of 𝑣𝑖 . This choice is consistent with the distance metric employed during the search process. As

shown in Fig. 7(a), both 𝑣𝑖 and 𝑣 𝑗 lie on the boundary of the database distribution. Although 𝑣𝑖
and 𝑣 𝑗 are spatially distant, their asymmetric distances 𝛿 (𝑞𝑖 , 𝑥𝑖 ) and 𝛿 (𝑞𝑖 , 𝑥 𝑗 ) to the proxy query

𝑞𝑖 are identical (blue arrowed lines), permitting 𝑣 𝑗 to be selected as an out-neighbor of 𝑣𝑖 (black

arrowed lines). However, directly employing asymmetric distance 𝛿 (𝑞𝑖 , 𝑥 𝑗 ) as a measure overlooks

the intrinsic relationships within the database and query distributions (i.e., 𝛿 (𝑞𝑖 , 𝑞 𝑗 ) and 𝛿 (𝑥𝑖 , 𝑥 𝑗 )).
This leads to two critical issues: First, it violates the proposed edge occlusion rule. Second, it fails

to account for database vectors that deviate significantly from the query distribution.

(2) Symmetric Distance. The symmetric distance form, 𝜉𝑆 (𝑣𝑖 , 𝑣 𝑗 ) = 𝛿 (𝑞𝑖 , 𝑥 𝑗 ) + 𝛿 (𝑞 𝑗 , 𝑥𝑖 ), better cap-
tures the mutual relationships between queries and database vectors, and facilitates the preser-

vation of cross-distribution monotonicity during construction. We validate its effectiveness by

demonstrating that the edge occlusion rules of CDMG+ can be reformulated as follows: (1) if

𝜉𝑆 (𝑣𝑖 , 𝑣 𝑗 ) ≤ 2𝜖 + 3𝜏 , a direct link from 𝑣𝑖 to 𝑣 𝑗 is established, where 𝜖 denotes the distance between

an OOD query and its nearest database vector; (2) otherwise, 𝑣𝑖 links to 𝑣 𝑗 only if the occlusion

condition 𝜉𝑆 (𝑣 𝑗 , 𝑣∗) +2𝜖 +3𝜏 > 𝜉𝑆 (𝑣𝑖 , 𝑣 𝑗 ) holds. This formulation is grounded in the observation that

when 𝛿 (𝑞𝑖 , 𝑞 𝑗 ) ≤ 3𝜏 , vertices 𝑣𝑖 and 𝑣 𝑗 are located near the boundary of the database distribution,

implying both 𝛿 (𝑞𝑖 , 𝑥 𝑗 ) and 𝛿 (𝑞𝑖 , 𝑥𝑖 ) approximate the constant 𝜖 (Fig. 7(a)). Therefore, employing

the symmetric distance 𝜉𝑆 (𝑣𝑖 , 𝑣 𝑗 ) yields:
𝜉𝑆 (𝑣𝑖 , 𝑣 𝑗 ) = 𝛿 (𝑞𝑖 , 𝑥 𝑗 ) + 𝛿 (𝑞 𝑗 , 𝑥𝑖 ) ≤ 𝜖 + 𝜖 + 𝛿 (𝑞𝑖 , 𝑞 𝑗 ) ≤ 2𝜖 + 3𝜏 . (5)

Furthermore, for cases where 𝛿 (𝑞𝑖 , 𝑞 𝑗 ) ≥ 3𝜏 , and 𝛿 (𝑥∗, 𝑥𝑖 ) < 2𝜖 . Given 𝛿 (𝑞𝑖 , 𝑞 𝑗 ) − 𝛿 (𝑞 𝑗 , 𝑞
∗) ≤ 3𝜏 ,

we derive that:

𝜉𝑆 (𝑣𝑖 , 𝑣 𝑗 ) − 𝜉𝑆 (𝑣 𝑗 , 𝑣∗) = 𝛿 (𝑞𝑖 , 𝑥 𝑗 ) + 𝛿 (𝑞 𝑗 , 𝑥𝑖 ) − 𝛿 (𝑞 𝑗 , 𝑥
∗) − 𝛿 (𝑞∗, 𝑥 𝑗 )

≤ (𝜖 + 𝛿 (𝑞𝑖 , 𝑞 𝑗 )) + (𝛿 (𝑞 𝑗 , 𝑥
∗) + 2𝜖) − 𝛿 (𝑞 𝑗 , 𝑥

∗) − (𝜖 + 𝛿 (𝑞∗, 𝑞 𝑗 ))
≤ 2𝜖 + 𝛿 (𝑞𝑖 , 𝑞 𝑗 ) − 𝛿 (𝑞∗, 𝑞 𝑗 ) ≤ 2𝜖 + 3𝜏 . (6)

However, although symmetric distance preserves cross-distribution monotonicity in the second

routing phase, it still has two main limitations: First, it is effective only when the corresponding

queries are approximately co-directional. As illustrated in Fig. 7(c), when the queries for 𝑣𝑖 and

𝑣 𝑗 are counter-directional, 𝑣 𝑗 may still be mistakenly selected as a neighbor. Second, it fails to

adequately handle database vectors located far from the distribution boundary.
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(3) Fusion-Based Distance. The limitations of the symmetric distance 𝜉𝑆 (𝑣𝑖 , 𝑣 𝑗 ), particularly in

counter-directional cases, are mitigated by the angular correction term: −2∥𝑞𝑖 − 𝑥 𝑗 ∥∥𝑞 𝑗 − 𝑥𝑖 ∥ cos𝜃 .
In counter-directional scenarios, cos𝜃 is negative, causing this term to become positive. This

effectively increases the total distance, thereby penalizing counter-directional query pairs while

preserving the desired behavior for co-directional ones. Furthermore, for the vertices that are close

to each other yet deviate from the distribution boundary, their corresponding proxy queries are

highly similar or even identical. As a result, their fusion-based distance can be approximated as

𝜉 (𝑣𝑖 , 𝑣 𝑗 ) ≈ 𝛿 (𝑥𝑖 , 𝑥 𝑗 ). It is trivial to prove that it guarantees both clusterability and navigability.

Optimized Candidate Acquisition & Neighbor Selection. Each database vector 𝑥𝑖 is pre-fused

with its corresponding proxy query 𝑞𝑖 to form the fusion set F , where each fusion vector in F is

defined as 𝑓𝑖 = 𝑥𝑖 + 𝑞𝑖 (line 7 in Algorithm 4). Based on the fusion set F , CDMG+ incrementally

constructs the graph index. Specifically, for each vertex 𝑣𝑖 , it is treated as a query, andGreedySearch
is used to retrieve the top-𝐿 approximate nearest neighbors as the candidate set Cand of 𝑣𝑖 (line

12), avoiding exhaustive comparisons. The search starts from an entry vertex 𝑒 and moves toward

the nearest neighbors of 𝑣𝑖 by comparing distances 𝛿 (𝑓𝑖 , 𝑓 ∗), where 𝑓 ∗ denotes the fusion vector of

a candidate in Heap. After candidate acquisition, a single round of RobustPruning is applied to

prune the candidate set Cand to satisfy the out-degree of 𝑁𝑜𝑢𝑡 (𝑣𝑖 ) to 𝑜 (line 13). Once all vertices

are processed, BuildCDMG+ returns 𝐺 as the final index.

Remarks.We clarify the metric assumptions underpinning our theoretical framework, and the

distinction between the vectors used in the construction and search processes, as follows: (1) Our

theoretical derivations are established in Euclidean space, as its metric properties facilitate the

geometric guarantees for navigability and monotonicity. This aligns with standard practices in

graph-based indexes. For instance, HNSW is theoretically derived under Euclidean distance yet

widely deployed for inner product and cosine similarity. Furthermore, it is a well-established fact

that Maximum Inner Product Search (MIPS) can be formally reduced to an equivalent Euclidean

Nearest Neighbor Search (NNS) problem [12, 24]. Since these transformations occur during standard

pre-processing, they do not impact the graph traversal or comparative performance. (2) Crucially,

although CDMG+ is constructed on the fusion vector set F , GreedySearch still relies on the

distances 𝛿 (𝑞𝑜𝑜𝑑 , 𝑥𝑖 ) between the original query 𝑞𝑜𝑜𝑑 and the original database vectors 𝑥𝑖 ∈ X.
Complexity Analysis. The construction of CDMG+ is a multi-stage process where the overall

complexity is determined by the sum of its steps. Initially, query synthesis takes 𝑂 ( |𝑉 | |𝑄 |) time to

find nearest queries for each database vector, followed by a linear 𝑂 ( |𝑉 |) pre-fusion step. Subse-

quently, the incremental graph construction iterates through each of the |𝑉 | vertices, where for
each one, candidate acquisition is performed via a greedy search and costs𝑂 ( |𝑉 | 1𝐷 ln |𝑉 |), neighbor
selection is then applied with a complexity of 𝑂 (𝐿 · (ln𝐿 + 𝑜)). Since parameters like |Q|, 𝐿, and 𝑜
are typically small, the overall construction time is 𝑂 ( |𝑉 |

(1+𝐷 )
𝐷 ln |𝑉 |) which is comparable to main-

stream MRNG variants. For search complexity, CDMG+ maintains the strong theoretical efficiency

of CDMG while supporting flexible out-degree adjustment to improve practical performance. This

flexible out-degree bound enables CDMG+ to achieve a better balance between search speed and

accuracy in practical high-dimensional data retrieval scenarios.

4 EXPERIMENTAL STUDY
In this section, we evaluate our proposed CDMG+ with a comprehensive experimental study to

answer the following questions: (1) How do CDMG+ and other graph-based methods perform for

OOD queries (§4.2)? (2) How does CDMG+ impact the index size and construction time (§4.3)? (3)

To what extent does CDMG+ optimize the navigability and clusterability of the graph index (§4.4)?

(4) How do different strategies contribute to the search performance of CDMG+ (§4.5)? (5) How
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Table 2. Dataset statistics.

Dataset Dimensions Distance metric # Database # Query Modalities

Text-to-Image [3] 200 IP 1M∼10M 1,000 Image, Text

LAION [52] 512 COS 1M∼10M 1,000 Image, Text

WIT [63] 512 IP 1M 1,000 Image, Text

WebVid [5] 512 COS 1M∼2.5M 1,000 Video, Text

CC3M [56] 256 IP 1M 1,000 Image, Text

do parameters and query set size affect CDMG+ (§4.6)? (6) How does CDMG+ scale with dataset

size (§4.7)? Our source code and datasets are available at: https://github.com/Lsyhprum/CDMG.

4.1 Experimental Setup
Datasets. We evaluate our proposed method on five modern large-scale OOD datasets [11, 65], as

summarized in Table 2. These datasets vary in dimensions, metrics, modality, and OOD properties.

As described in §2.1, we employ Mahalanobis distance histograms to characterize the OOD proper-

ties of queries w.r.t. the database. Following the setup in [11, 31], we use the provided training set

to construct the graph index and evaluate performance on the provided query set. Although both

sets are sampled from the same query distribution, they are mutually exclusive.

Baselines. We compare CDMG+ with several state-of-the-art graph-based methods known for

their efficiency in vector similarity search. All algorithms are obtained from the official source

codes, implemented in C++, and compiled using GCC 9.4.0.

• HNSW [45]: A well-known hierarchical graph-based method.

• 𝜏-MNG [50]: AMRNG variant that incorporates query relaxation to enhance performance.

• RobustVamana [31]: A specialized variant of Vamana [32] tailored for handling OOD queries.

Unless otherwise specified, the size of the queries is 10% of the database.

• RoarGraph [11]: RoarGraph is a recently proposed efficient graph index designed for OOD

queries. The size of the queries is the same as in RobustVamana, representing 10% of the database.

The standard benchmark datasets for OOD vector similarity search primarily use inner product (IP)

and cosine similarity (COS) as their evaluation metrics. Although mainstream baselines, such as

HNSW, are theoretically grounded in Euclidean distance, they are typically validated in experiments

directly on these standard IP and COS datasets. We follow this same established methodology.

While our graph method is also theoretically grounded in Euclidean space, we use the same IP and

COS metrics in our experiments as the baselines [11, 31, 88]. This ensures that our comparisons are

fair and consistent with the standard practice in the field.

Evaluation Metrics. We evaluate the search accuracy using Recall@k, which is a widely used

metric for vector similarity search [17, 22]. We evaluate search efficiency with the queries per

second (QPS) and the number of distance computations (NDC) [50, 75], where QPS measures the

number of handled queries per second, and NDC quantifies computational cost. Additionally, we

introduce the number of routing hops (HOP) [11] as a supplementary metric to evaluate graph

index navigability, and use QNNQ@k to measure graph index clusterability.

Implementation Setup. All experiments are conducted on an Ubuntu 20.04 server equipped with

Intel(R) Xeon(R) Gold 5218 CPU (2.30GHz) and 125GB of memory. The Eigen library [20] enhances

matrix operations, while OpenMP enables parallel index construction execution using 20 threads.

All search performance is evaluated in a single-threaded environment.

4.2 Efficiency and Effectiveness
Fig. 8 presents the performance comparison of the proposed CDMG+ against existing graph-based

methods. We evaluate accuracy using Recall@100 (rows 1 and 2) and Recall@10 (rows 3 and 4) and
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Fig. 8. Efficiency (QPS and NDC) and effectiveness (Recall@k) of all algorithms across five OOD datasets: For
the first and third rows, the top-right is better; for the second and fourth rows, the bottom-right is better.

measure search efficiency with QPS and NDC. In the figures illustrating Recall@k vs. QPS (rows
1 and 3), a curve positioned towards the top-right indicates better performance. Conversely, in

those depicting Recall@k vs. NDC (rows 2 and 4), a position toward the bottom-right is preferable.

The results demonstrate that our proposed algorithm consistently outperforms existing methods

across all datasets. A detailed quantitative comparison at Recall@100=95% and Recall@10=95% is

presented in Table 3 and Table 4, respectively. CDMG+ achieves up to a 3.6× gain in QPS and up to

a 68% reduction in NDC compared to HNSW. Notably, HNSW fails to reach the 95% recall target on

the WIT dataset. Among the baseline methods, ID-oriented graph-based methods perform worse

than OOD-oriented methods. Although RobustVamana and RoarGraph are specifically designed

for OOD queries, their improvements remain limited, particularly on Text-to-Image, LAION, and

CC3M. This is primarily attributed to their reliance on heuristic optimization, often leading to

unstable and suboptimal performance. In contrast, CDMG+ exhibits adaptability across all OOD

datasets. It is also worth noting that while HNSW is designed for ID queries, it achieves competitive

results on certain datasets, likely due to its hierarchical structure that enables more effective entry

selection from a larger distance scale, which aligns with recent research progress (see §5 for details).

Table 3. QPS (↑) and NDC (↓) at Recall@100=95%.

Algorithm Text-to-Image LAION CC3M WebVid WIT

QPS NDC QPS NDC QPS NDC QPS NDC QPS NDC

HNSW 750 4675 269 7363 719 3766 103 18107 - -

𝜏-MNG 654 4815 169 7593 331 6736 110 17943 208 10035

RobustVamana 498 5684 197 7960 654 3104 196 11218 348 4498

RoarGraph 742 4588 215 7987 842 3294 195 11217 425 5211

CDMG+ 948 3555 329 5297 1124 2757 229 9496 674 3313

Gain 1.3× 24% 1.2× 28% 1.6× 27% 2.2× 48% - -
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Table 4. QPS (↑) and NDC (↓) at Recall@10=95%.

Algorithm Text-to-Image LAION CC3M WebVid WIT

QPS NDC QPS NDC QPS NDC QPS NDC QPS NDC

HNSW 1253 2992 416 4751 1467 2010 143 13378 - -

𝜏-MNG 902 3163 216 6184 340 6426 140 14107 - -

RobustVamana 948 3062 365 4465 1206 1789 287 5469 448 3478

RoarGraph 945 3739 420 4246 1845 1755 340 6675 789 3004

CDMG+ 1420 2503 862 2638 2754 1065 518 4305 904 2595

Gain 1.1× 16% 2.1× 45% 1.9× 47% 3.6× 68% - -

4.3 Index Cost
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Regarding index cost, our proposed CDMG+ demonstrates remarkable efficiency in both memory

usage and construction time. As illustrated in Fig. 9 and Fig. 10, CDMG+ achieves a highly compact

index size, making it exceptionally suitable for resource-constrained environments, especially on

the Text-to-Image, LAION, and WIT datasets. In contrast, other methods incur greater memory

usage. For example, HNSW’s hierarchical structure and 𝜏-MNG’s query relaxation result in larger

graphs. The index for RobustVamana is particularly large, ranging from 2.24× to 2.57× larger than

that of CDMG+, primarily because it retains numerous edges from the database distribution and

further augments them with additional query-derived edges, which inflates the average out-degree

from 22 to 57. Beyond its memory efficiency,CDMG+ is also highly competitive in terms of indexing

time, building the index 56.9% to 65.8% faster than RobustVamana. While the conceptual foundation

of its theoretical counterpart, CDMG, involves a higher overhead by design, the practical CDMG+
implementation effectively mitigates this. Through the introduction of a fusion-based distance,

CDMG+ delivers significantly superior index quality with an index cost comparable to the most

optimized methods such as RoarGraph.

4.4 Navigability and Clusterability
We conduct a comparison of the navigability and clusterability of CDMG+ against baseline methods.
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Fig. 11. Hop statistics of RoarGraph and CDMG+.

Navigability. We compare the number of hops HOP required by different algorithms to achieve the

target Recall@100 on the Text-to-Image, LAION, and WIT datasets. To ensure a fair comparison, we

control the out-degree of the compared algorithms to be approximately the same. Specifically, we

select RoarGraph as the baseline algorithm, and the average out-degree of CDMG+ and RoarGraph

Proc. ACM Manag. Data, Vol. 4, No. 1, Article 29. Publication date: February 2026.



Efficient and Robust Out-Of-Distribution Vector Similarity Search with Cross-Distribution Monotonic Graph 29:21

are 21 compared with 23, 25 compared with 25, and 23 compared with 24 on the three datasets,

respectively. As shown in Fig. 11, CDMG+ reaches the target Recall with fewer hops than Roar-
Graph. For example, on the LAION dataset, the HOP of RoarGraph is 1.25× that of CDMG+ at

95% Recall@100. This result demonstrates that CDMG+ effectively optimizes the graph structure,

enabling faster convergence to query-relevant regions.

Table 5. Clusterability statistics (QNNQ@100).

Method Text-to-Image LAION CC3M WEBVID WIT

KNNGid 26.34% 20.06% 27.44% 15.45% 21.06%

KNNGprojection 25.95% 21.31% 32.95% 16.69% 26.97%

KNNGfusion (ours) 29.38% 25.92% 32.97% 18.93% 25.90%

Clusterability. To evaluate clusterability, we isolate the effect of the candidate acquisition phase

from neighbor selection. We constructed three types of KNNG, all built without pruning: (1) a
standard KNNGid built without any query information; (2) a KNNGprojection optimized using the

query projection preprocessing from RoarGraph; and (3) a KNNGfusion using our method. We then

employ QNNQ@100 to measure the clustering quality of OOD query results on these graphs. As

illustrated in Table 5, KNNGid yields consistently low QNNQ@100 scores, as it fails to capture the

neighbor structure of OOD queries. KNNGprojection offers inconsistent performance; while it shows

benefits on some datasets (like CC3M and WIT), it provides only marginal gains elsewhere and

even underperforms the simple baseline on the Text-to-Image dataset. In contrast, our KNNGfusion
directly refines the representation of every database vector, demonstrating substantial and more

reliable improvements. It achieves the highest clusterability on 4 out of 5 datasets, delivering

significant QNNQ@100 quality increases over the baseline.

4.5 Ablation Study
As shown in Fig. 12, we present the performance comparison between CDMG and CDMG+, as well
as the differences among CDMG𝐴, CDMG𝑆 , and CDMG+, which are constructed using asymmetric,

symmetric, and fusion-based distances, respectively.
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Fig. 12. Ablation comparisons.

CDMG simply merges the out-neighbors obtained from both distributions without an effective

comparison process, resulting in a significantly higher out-degree. For example, on the Text-to-

Image dataset, CDMG exhibits a 1.3× increase in out-degree compared to CDMG+. In contrast,

CDMG+ effectively constrains the out-degree, thereby reducing the distance computations during

the search process. CDMG𝐴 performs the worst on the Text-to-Image and LAION datasets, as it

captures only partial clusterability and fails to maintain navigability.CDMG𝑆 improves performance

by better preserving navigability. However, on the WIT dataset, it underperforms the asymmetric

variant—likely due to its vulnerability in cases where database vectors are spatially close but their

corresponding queries are counter-directional. CDMG+ introduces a corrective term and ensures

both clusterability and navigability, achieving the best search performance across all datasets.
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4.6 Parameter Sensitivity
In this section, we investigate the sensitivity of CDMG+ to key parameters. We specifically examine

the impact of the query set size |Q|, the query relaxation parameter 𝜏 , and the query synthesis

parameter 𝑆 on search performance.
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Fig. 13. Performance comparison across different query set sizes for index construction.

Query Set Size |Q|. We evaluate search performance under varying query set sizes—ranging from

0.1%, 1%, 10%, to 100% of the database—on the Text-to-Image, CC3M, andWIT datasets. As illustrated

in Fig. 13, we analyze the trade-off between Recall@100 and NDC. The results demonstrate that

CDMG+ consistently enhances search performance across all query set sizes, maintaining a clear

advantage over the baseline, RoarGraph. Notably, a query set size of 1% strikes a favorable balance

between search efficiency and accuracy.
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Fig. 14. Impacts from different parameter 𝜏 .

Query Relaxed Parameter 𝜏 . We analyze the impact of the query relaxation parameter 𝜏 on

search performance. As illustrated in Fig. 14, A smaller 𝜏 enforces a larger angular gap between

connected edges, resulting in a sparser graph structure. While this promotes directional diversity,

aggressive pruning increases the risk of bypassing the optimal next-hop, potentially leading to

an increased number of routing hops. Conversely, a larger 𝜏 permits more spatially similar neigh-

bors, thereby increasing the likelihood of retaining the optimal next-hop. However, this reduces

navigation capability in diverse directions. Consistent with observations in methods like 𝜏-MNG,
both excessively large and small 𝜏 values can degrade performance. In practice, the optimal 𝜏 is

dataset-dependent and should be determined via grid search or similarparameter tuning methods.

Query Synthesis Parameter 𝑆 .We analyze the performance impact of the parameter 𝑆 during

query synthesis. As shown in Fig. 15, we compare different configurations with 𝑆 ∈ {1, 5, 10, 15, 30}.
Search performance generally improves as 𝑆 increases, as averaging multiple vectors helps mitigate

the sparsity of smaller training sets and yields more robust proxy queries. Empirically, 𝑆 = 15

proves to be a robust choice across all datasets. However, as 𝑆 increases, the improvement in search
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Fig. 15. Impacts from different parameter 𝑆 .

performance gradually diminishes. Compared to 𝑆 = 15, larger 𝑆 values provide only marginal

gains at low recall levels, while significantly increasing the computational cost of construction.

4.7 Scalability
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Fig. 16. Scalability evaluation.

Table 6. Indexing time (s) and size (MB) comparison.

Algorithm Text-to-Image 10M LAION 10M WebVid 2.5M

Time Size Time Size Time Size

RoarGraph 2744 959 5603 876 1226 214

CDMG+ 2218 860 4678 842 1062 205

We further evaluate the scalability of CDMG+ on large-scale datasets, including Text-to-Image 10M,

LAION 10M, and WebVid 2.5M. Consistent with prior studies [22, 23], the KNNG for preprocessing

were constructed using a single NVIDIA GeForce RTX 3090 GPU. As illustrated in Fig. 16, CDMG+
consistently outperforms the state-of-the-art RoarGraph, exhibiting a superior trade-off between

search accuracy (Recall@100) and efficiency (QPS and NDC) across all datasets. Beyond search

performance, CDMG+ demonstrates significant advantages in construction costs as detailed in

Table 6. Notably, on the Text-to-Image 10M dataset, CDMG+ reduces indexing time by 19.2% and

memory usage by 10.3% compared to RoarGraph, thereby validating its robustness and resource

efficiency in large-scale OOD scenarios.

5 RELATEDWORK
OOD Vector Similarity Search. Numerous algorithms have been proposed to address the vector

similarity search problem, with the dominant index structures being tree [8, 58], inverted index (IVF)

[4, 62], and graph [23, 50]. However, all of them experience significant performance degradation

under OOD scenarios. (1) Tree-based methods recursively partition the space and traverse the

most promising branches during search. They are effective in low-dimensional settings but suffer

from the curse of dimensionality [75]. Moreover, the poor clusterability of OOD results forces
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costly backtracking across distant branches. (2) IVF-based methods cluster the database vectors and

assign each vector to its nearest centroid. At query time, IVF selects the closest centroids and scans

the corresponding clusters. Similar to tree methods, the poor clusterability forces the algorithm

to examine more clusters to achieve high recall, thereby increases latency [31]. (3) Graph-based

methods achieve a strong balance between accuracy and latency in both ID and OOD scenarios.

Their flexible connectivity permits low-cost backtracking through localized candidate exploration

[29], rather than the expensive jumps across partitions required by tree or IVF.

OOD-Oriented Graph-Based Methods. To address the performance degradation in OOD vector

similarity search, RobustVamana [31] integrates a subset of the query set during construction and

establishes connections between database vectors that co-occur as out-neighbors of an indexed

query. RoarGraph [11] constructs its index guided by query distribution, first building a query-base

graph, then projecting it onto base vectors, and finally adding neighbors to enhance connectivity.

However, these methods rely on local, heuristic optimizations over a small subset of vertices, while

our method explicitly considers the navigability and clusterability of each vertex under the query

distribution. Recent studies have also explored optimization methods orthogonal to index. B-MSNET
[47] shows that optimizing entry selection can improve OOD search efficiency. GATE [53] learns a

set of topology-aware and query-aware entry points to shorten search paths. Another optimization

direction is to optimize graph vectors via query-aware quantization and dimensionality reduction.

For example, APQ [31] learns codebooks by directly minimizing the distance distortion between

queries and database vectors. LeanVec-OOD [65] learns and jointly optimizes two linear projection

matrices—one for the database and one for queries—by minimizing the similarity error.

6 DISCUSSION
Query Distribution Adaptation. CDMG+ requires online and construction query distributions to

be consistent to ensure effective monotonic search. This results in performance degradation when

the two distributions differ. For example, according to our experiments, both CDMG+ and other

OOD-oriented graph indexes exhibit slight performance drops under ID queries. Therefore, a key

direction is to enhance CDMG+ to efficiently support ID queries. Moreover, handling distribution

drift remains an open challenge. In many real-world applications, query distributions evolve over

time [6, 87], leading to OOD effects between the pre-deployed index and newly arriving queries.

Hybrid Optimization. A promising direction for further work is to jointly optimize entry point se-

lection [47], dimensionality reduction [65, 66], quantization [31], and hardware-specific acceleration

[27] under OOD scenarios, in conjunction with CDMG+.

7 CONCLUSION
This work presents CDMG+, a theoretically grounded (with CDMG as its theoretical counterpart)

and computationally efficient graph index designed for OOD queries. By enforcing cross-distribution

monotonicity, CDMG guarantees reliable and efficient search paths even under significant distri-

butional shifts between database and query vectors. Theoretical analysis establishes that CDMG
achieves a state-of-the-art search time complexity for OOD scenarios, while the practical refine-

ments in CDMG+ ensure scalable and robust performance. Extensive experiments demonstrate

the superiority of our approach, achieving substantial gains in speed and accuracy over existing

methods across diverse benchmarks.
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