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Influential community (IC) search has gained much attention with applications in many areas, such as event 
organization, recommendation systems, and biological analysis. The dynamic nature of graphs, with frequent 
insertions and deletions of vertices and edges, makes searching ICs over dynamic graphs computationally costly. 
To enable efficient IC search on large graphs, existing works often develop index-based approaches, which first 
compute all the ICs, a.k.a. IC decomposition, and then organize them into some index structures compactly. 
However, designed for static graphs, these index structures cannot be maintained efficiently for dynamic 
graphs, and little attention has been paid to the theoretical analysis of the index maintenance algorithms. To 
tackle the above issues, in this paper, we study the IC search problem on large dynamic graphs, and maintain 
the index structures efficiently by developing novel IC maintenance algorithms. We first theoretically show 
that all existing index maintenance algorithms, for the scenarios of both edge insertion and deletion, are 
relatively unbounded. We then propose a novel concept, called IC decomposition order (ICD-order), based on 
which we further develop novel efficient IC maintenance algorithms for the scenarios of edge insertions and 
deletions, respectively. The comprehensive experiments on eight real datasets show that our algorithms are 
up to six and three orders of magnitude faster than state-of-the-art index maintenance algorithms under the 
edge insertion and deletion scenarios, respectively.

CCS Concepts: • Human-centered computing → Social networks; • Mathematics of computing → 
Graph algorithms; • Theory of computation → Dynamic graph algorithms.

Additional Key Words and Phrases: Community Search, Dynamic Graph

ACM Reference Format:
Youran Sun, Yingli Zhou, Yixiang Fang, Cheng Chen, Yongmin Hu, and Yingqian Hu. 2026. Efficient Influential 
Community Search over Dynamic Graphs. Proc. ACM Manag. Data 4, 1 (SIGMOD), Article 30 (February 2026), 
28 pages. https://doi.org/10.1145/3786644

1 Introduction
In many real-world graphs (e.g., social networks and bibliographic networks), the vertices are often 
associated with importance values, denoting their influence values in the graph. For example, in 
the researcher collaboration network, the researchers’ importance values can be reflected by their 
h-indexes, citation counts, or h5-indexes. Figure 1 gives a toy example, where the importance value
∗
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Fig. 1. An example graph with 11 vertices and 19 edges, and (𝑣1, 𝑣5) is a new edge to be inserted.

of each vertex is an integer shown in the circle. Based on such graphs, a fundamental research

topic is the influential community (IC) search [3, 12, 23, 39, 40, 42, 49, 56, 73, 81], which aims to find

communities of vertices with high importance values from a graph, and has gained tremendous

attention in the past decade. IC search has found many applications, such as extracting backbone

structures from biology networks [7], event organization [3, 40, 42, 49, 81], and finding influencers

in social networks [3, 40, 81].

Conceptually, an IC is a subgraph that is not only closely connected, but also has a high influence

value. More specifically, an IC is a connected 𝑘-core, in which each vertex has at least 𝑘 neighbors,

and its influence value is defined as the minimum importance value of all vertices in this community

[40]. In Figure 1, for example, given 𝑘 = 3, the induced subgraph of {𝑣6, 𝑣7, 𝑣9, 𝑣10, 𝑣11} is an IC whose

influence value is 6. Given a graph 𝐺 and two integers 𝑘 and 𝑟 , the IC search problem aims to

identify the top-𝑟 ICs with the highest influence values from 𝐺 . However, most existing IC search

works focus on static graphs, and they cannot efficiently find ICs from large dynamic graphs, which

are prevalent in many areas. In dynamic graphs, vertices and edges are frequently inserted and

deleted. For instance, many new users have joined Facebook and established friendships from

2011 to 2024
1
, resulting in a large dynamic network. To tackle this issue, we aim to develop efficient

algorithms for finding ICs in large dynamic graphs in this paper.
To search ICs, an online algorithm is to first identify all the𝑘-cores from the graph, then iteratively

peels the vertices with minimum importance values from each 𝑘-core until the minimum degree

constraint is not satisfied, and finally returns the 𝑟 ICs with the highest influence values. However,

this algorithm is inefficient for large graphs, so researchers have developed many index-based

approaches in the literature [3, 40].

To build the indices, these approaches generally consist of three steps: 1) enumerate all the

possible 𝑘 values from 0 to its maximum value; 2) for each specific 𝑘 , iteratively remove the vertex

with the minimum importance value from the graph (marked as a keynode) until the minimum

degree constraint is not satisfied; 3) consequently remove the vertices with degrees less than 𝑘

(marked as 𝑐𝑣𝑠 of the latest removed keynode) to meet the constraint again, and 4) organize all the

ICs into some compact indices. The first two steps are also known as IC decomposition (ICD), which
computes all the possible ICs in the graph. For the third step, Li et al. [40] proposed the ICP-Index,
which stores all the ICs sharing the same 𝑘 value in a tree structure. Bi et al. [3] further proposed an

improved index, KC-Index, based on the key observation that each IC consists of a keynode vertex

(the vertex with minimum weight) and multiple 𝑐𝑣𝑠 vertices. Specifically, KC-Index maintains a

lightweight mapping from each keynode to its associated 𝑐𝑣𝑠 vertices. Based on these indices, the

top-𝑟 ICs can be efficiently derived, and both types of indices achieve comparable performance in IC

search [3]. Consider the graph in Figure 1 with 𝑘=3, which has two connected 3-cores: {𝑣2, 𝑣3, 𝑣4, 𝑣5}
1
https://www.statista.com/statistics/346167/facebook-global-dau/
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and {𝑣6, 𝑣7, 𝑣9, 𝑣10, 𝑣11}. We first obtain a keynode 𝑣2, and after removing it, the vertices {𝑣3, 𝑣4, 𝑣5}
will be iteratively removed, so they are 𝑐𝑣𝑠 vertices associated with 𝑣2. Similarly, we can obtain

another keynode 𝑣6 and its corresponding 𝑐𝑣𝑠 vertices {𝑣7, 𝑣9, 𝑣10, 𝑣11}. By keeping the mapping

between each keynode and its corresponding 𝑐𝑣𝑠 vertices, we obtain the index in Figure 2.
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Fig. 2. The keynode and 𝑐𝑣𝑠 vertices of the graph for 𝑘 = 3.

Limitations of existing works. Although the above index-based approaches work well, they

are inefficient for processing large dynamic graphs because maintaining the above index structures

is not only costly but also non-trivial. To our best knowledge, [42] is the only work that has

studied this problem. In [42], Li et al. proposed some algorithms to maintain the ICP-Index for

dynamic graphs, and the core idea is to rebuild the ICP-Index when a new edge is inserted or an

existing edge is deleted, with some pruning techniques. The key reason is that when a new edge is

inserted or an existing edge is deleted, only a small number of ICs are changed, while the above

algorithms almost rebuild the whole ICP-Index, which fails to accurately locate these unchanged

parts, resulting in significant redundant computations.

Besides, none of the existing works has analyzed the boundedness of the ICP-Indexmaintenance

algorithms, so it is not clear whether the change of index is bounded or not when the graph is

changed. To fill this gap, we theoretically prove that they are relatively unbounded under both edge

insertion and deletion scenarios. In other words, when an edge is inserted or deleted, they cannot

bound their complexity by the size of the changed part of the ICP-Index, which may propagate

across the entire ICP-Index, leading to a huge time cost of maintenance.

Our approaches. Compared to ICP-Index, KC-Index is more lightweight and tends to be easier

for maintenance, since it only requires tracking changes in vertex types and their correspond-

ing mappings during graph changes. In light of this, we focus on maintaining the KC-Index to

support efficient IC search in large dynamic graphs. To achieve this, we first introduce a novel

concept, called IC decomposition order or ICD-order, which represents the vertex removal sequence

in the ICD process. For example, consider the graph in Figure 1 with 𝑘 = 3, the ICD-order is

{𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣9, 𝑣10, 𝑣11}. Based on ICD-order, we prove that both keynodes and their associ-

ated 𝑐𝑣𝑠 vertices can be directly extracted from the vertex sequence according to their positions in

the ICD-order. In other words, maintaining the ICD-order under edge insertions and deletions can

be considered as maintaining the keynodes and 𝑐𝑣𝑠 vertices under the same dynamic scenarios.

To maintain the KC-Index for dynamic graphs, we need to maintain the ICD-order for all 𝑘

values. More specifically, for each 𝑘 value, we first identify the candidate set, which is defined as the

union of all vertices whose positions may change in the ICD-order and those whose core numbers

change, and then iteratively execute the following two steps until the candidate set is empty: 1)

find the navigation node, which is the first vertex in the ICD-order whose type or position may

change due to edge insertion or deletion, and append it to the candidate set for the subsequent
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process if it changes; and 2) based on the navigation node and our carefully designed update rules,

determine which vertices can be placed into their correct positions in the new ICD-order, and

remove them from the candidate set. While the KC-Index maintenance algorithms for the scenario

of edge insertion and deletion share the same core ideas, they differ in how the navigation node

is identified and how the specific update rules are designed. Compared to existing methods, our

order-based IC maintenance algorithms provide the first relatively bounded solution for the edge

insertion scenario and achieve better time complexity for the edge deletion scenario.

We have performed extensive experimental evaluations on eight real-world dynamic graphs, and

the results show that our maintenance algorithms are highly efficient. In particular, our ICD-order-

based IC maintenance algorithms under edge insertion and edge deletion scenarios are up to six and

three orders of magnitude faster than the SOTA IC maintenance methods, respectively. We have

released the source codes and datasets of our work at: https://github.com/YouranSun/DynamicICS.

Contributions. In summary, our main contributions are:

• We analyze the limitations of all the existing index maintenance approaches for the IC search

problem, and then theoretically prove that they are relatively unbounded, under both edge

insertion and deletion scenarios.

• We propose a novel concept ICD-order, based on which we design efficient KC-Index mainte-

nance algorithms under both edge insertion and deletion scenarios.

• We conduct extensive experiments on eight real-world large dynamic graphs, and the results

show that our new algorithms are highly efficient and scalable.

Organization. We present the IC search problem in Section 2. Section 3 analyzes existing IC

search works. We introduce the concept of ICD-order in Section 4, and present our KC-Index
maintenance algorithms in Section 5. The experimental results are reported in Section 6. We review

the related works in Section 7 and conclude in Section 8. For lack of space, all detailed proofs in

this paper are included in our supplementary material.

2 Problem Definition

Table 1. Notations and meanings.

Notation Meaning

𝐺 = (𝑉 , 𝐸,𝜔) an undirected weighted graph with vertex set 𝑉 ,

edge set 𝐸, and weight vector 𝜔

𝐺 [𝑆] the subgraph of 𝐺 induced by vertex set 𝑆

𝐺𝑘 the subgraph of the 𝑘-core in the graph 𝐺

D𝑘 (𝐺) the keynode set of 𝐺𝑘

𝑐𝑠𝑣𝑘 [𝑣] the set of 𝑐𝑠𝑣 vertices corresponding to the 𝑣 in 𝐺𝑘

O𝑘 the ICD-order of 𝐺𝑘

𝑁 (𝑣,𝐺) the neighbor set of vertex 𝑣 in 𝐺

𝑁O𝑘 (𝑣,𝐺)
the remaining neighbor set of vertex 𝑣 in 𝐺 under

the ICD-order O𝑘
𝐺+
𝑘
, 𝐺−

𝑘
𝐺𝑘 after an edge insertion and deletion respectively

vol(𝑆) the sum of degrees in 𝐺 of vertices 𝑢 ∈ 𝑆

We consider a vertex-weighted undirected graph 𝐺=(𝑉 , 𝐸, 𝜔), where 𝑉 is the set of vertices, 𝐸 is 
the set of edges, and 𝜔 is a weight vector that assigns each vertex 𝑣 ∈ 𝑉 a weight denoted by 𝜔 (𝑣). 
Here, the weight 𝜔 (𝑣) represents the importance value of vertex 𝑣 , which can be its PageRank
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value [6], centrality score [38], h-index [5], or social status, etc. Let 𝑛 = |𝑉 | and𝑚 = |𝐸 | denote the
number of vertices and edges in𝐺 , respectively. Note that when vertex weights are unavailable,

unsupervised influence estimation methods such as PageRank, or betweenness can be applied.

If only partial weights are known, machine learning models like GNNs [34] or GATs [69] can

estimate the missing ones. In addition, when multiple nodes share the same weight, tie-breaking

strategies (e.g., node IDs or secondary attributes such as citation counts) ensure comparability.

Following prior works [3, 12, 39, 40, 42, 49, 56, 73, 81], we assume that the weights of vertices

are pre-given, and each vertex has a distinct weight (i.e., 𝜔 (𝑢) ≠ 𝜔 (𝑣),∀𝑢 ≠ 𝑣). For each vertex

𝑣 ∈ 𝐺 , we use 𝑁 (𝑣,𝐺) to denote its set of neighbors in 𝐺 . Given a vertex set 𝑆 ⊆ 𝑉 , we use 𝐺 [𝑆] =
(𝑆, 𝐸 (𝑆), 𝜔) to denote the subgraph of 𝐺 induced by 𝑆 , where 𝐸 (𝑆)= {(𝑢, 𝑣) ∈ 𝐸 | 𝑢, 𝑣 ∈ 𝑆}, and we

let 𝑁 (𝑆,𝐺)=⋃𝑣∈𝑆 𝑁 (𝑣,𝐺) . For any graph 𝐻 , we denote its vertex set by 𝑉 (𝐻 ) and its edge set by

𝐸 (𝐻 ).

Definition 2.1 (𝑘-core [1, 35]). Given an undirected graph 𝐺 and an integer 𝑘 (𝑘 > 0), the 𝑘-core

is the maximal subgraph of 𝐺 , such that each vertex in it has a degree of at least 𝑘 .

The core number of a vertex 𝑣 ∈ 𝑉 is defined as the largest 𝑘 for which 𝑣 is included in a non-

empty 𝑘-core, denoted as 𝑐 (𝑣). The maximum core number across all vertices in 𝐺 is represented

as 𝛿 , i.e., 𝛿 = max{𝑐 (𝑢) | 𝑢 ∈ 𝑉 }. We denote by 𝐺𝑘=(𝑉𝑘 , 𝐸𝑘 , 𝜔) the subgraph of the 𝑘-core in the

graph 𝐺 .

Definition 2.2 (Influence value [3, 12, 40, 42, 49, 56, 73]). Given a subgraph 𝐻 = (𝑉 (𝐻 ), 𝐸 (𝐻 ), 𝜔) of
𝐺 , the influence value of 𝐻 , denoted by 𝑓 (𝐻 ), is defined as the minimum weight of the vertices in

𝐻 , i.e., 𝑓 (𝐻 ) = min𝑣∈𝑉 (𝐻 ) 𝜔 (𝑣).

Most existing influential community search studies [3, 40, 41, 46] adopt the min(·) function,
emphasizing that every member should be highly influential [40]. Recent work [56] further explores

other aggregation functions (e.g., max(·), avg(·), sum(·)), showing that techniques for𝑚𝑖𝑛(·) can
be extended to these variants.

Definition 2.3 (Influential community (IC) [3, 12, 40, 42, 49, 56, 73]). Given a graph𝐺 and an integer

𝑘 , a 𝑘-influential community (𝑘-IC) is a vertex-induced subgraph 𝐻 of 𝐺 satisfying constraints:

• Connectivity. 𝐻 is a connected 𝑘-core.

• Maximality. There is no other subgraph 𝐻 ′ of 𝐺 such that 𝐻 ′ is a supergraph of 𝐻 with

𝑓 (𝐻 ′) = 𝑓 (𝐻 ), and 𝐻 ′ satisfies the connectivity constraint above.

In cases without ambiguity, we simply refer to a 𝑘-IC by the set of vertices that it contains.

In this paper, we study the problem of how to efficiently search ICs over large dynamic graphs.

Although the vertices, edges, and weights can be changed, a vertex insertion (resp. deletion) can

be transformed to a sequence of edge insertions (resp. deletions), and similarly, the changes of

vertex weights can be modeled as a sequence of vertex updates [42]. Therefore, we focus mainly

on developing novel efficient algorithms to search ICs when a new edge is inserted or an existing

edge is deleted. We formally present our studied problem as follows, which follows the definition

of existing IC search problem [3, 12, 40, 42, 49, 56, 73] except that we focus on dynamic graphs.

Problem 1. Given a dynamic graph 𝐺 , two integers 𝑘 , and 𝑟 , find the top-𝑟 𝑘-ICs with the highest
influence values after inserting a new edge or deleting an existing edge from𝐺 .

For example, consider the static graph 𝐺 of Figure 1 with 𝑘=3 and 𝑟=2. The two ICs are

{𝑣6, 𝑣7, 𝑣9, 𝑣10, 𝑣11} and {𝑣2, 𝑣3, 𝑣4, 𝑣5}. After inserting a new edge (𝑣1, 𝑣5), a new member 𝑣1 joins the

second IC, resulting in an updated IC of {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5}.
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Fig. 3. The ICP-Index of the graph in Figure 1 for 𝑘 = 3 before and after the edge insertion.

3 Analysis of existing works
In this section, we begin by presenting the IC decomposition (ICD) process, upon which two

index-based algorithms are built. We then review these algorithms and discuss their limitations in

dynamic settings.

3.1 IC decomposition
The process of computing all 𝑘-ICs, known as IC decomposition (ICD), involves iteratively removing

the vertices with the smallest weights, followed by removing vertices with degrees less than 𝑘 until

all communities are identified. After this process, the vertices in the graph are classified into two

categories: (1) keynodes, whose weights represent the influence values of the communities, and (2)

𝑐𝑣𝑠 , which represent the remaining vertices [3]. Their definitions are as follows:

Definition 3.1 (Keynode [3]). A vertex 𝑢 in a graph 𝐺𝑘 is a keynode if there exists a 𝑘-core 𝑔 of

𝐺𝑘 such that 𝑔 has an influence value 𝜔 (𝑢) and contains the vertex 𝑢. Let D𝑘 denote the set of

keynodes in graph 𝐺𝑘 .

Definition 3.2 (𝑐𝑣𝑠 vertex [ 3]). All vertices that are not keynodes in graph 𝐺 𝑘 are called the 𝑐𝑣𝑠 
vertices of 𝐺𝑘 .

Given a graph 𝐺𝑘 , let 𝑐𝑣𝑠𝑘 denote the set of 𝑐𝑣𝑠 vertices in 𝐺𝑘 , and for each keynode 𝑣 ∈ D𝑘 . We 
denote 𝑐𝑣𝑠𝑘 [𝑣] = {𝑢 ∈ 𝑉𝑘 | D𝑘 [𝑢] = 𝑣} as the set of all 𝑐𝑣𝑠 vertices corresponding to the keynode 𝑣 , 
where D𝑘 [𝑢] is the keynode of 𝑢. A vertex 𝑢’s keynode is defined as the vertex with the minimum 
weight among all ICs containing 𝑢. Thus, each 𝑐𝑣𝑠 vertex uniquely corresponds to exactly one 
keynode.

Example 1. Consider the graph in Figure 1 with 𝑘 = 3, the keynodes in this graph are 𝑣2 and 𝑣6; 
their corresponding 𝑐𝑣𝑠 vertices are {𝑣3, 𝑣4, 𝑣5} and {𝑣7, 𝑣9, 𝑣10, 𝑣11}, respectively, as shown in Figure 2. 
Therefore, there are two 3-ICs induced by {𝑣6, 𝑣7, 𝑣10, 𝑣9, 𝑣11} and {𝑣2, 𝑣3, 𝑣4, 𝑣5} respectively.

3.2 Review of ICP-Index and KC-Index
In this subsection, we review the two indices for efficient IC  searching and then discuss their 
respective maintenance algorithms.

Overview of ICP-Index. Li et al. [40] proposed an index-based algorithm called ICP-Index that 
organizes ICs for a given 𝑘 into a tree structure, with the entire index forming a forest. Specifically, 
because ICs are nested, they can be represented as a tree in which each node stores the distinct 
vertices not included in its child nodes. We denote the tree corresponding to a specific 𝑘  as T𝑘 , 
where 1≤𝑘≤𝛿 . For example, let 𝑘=3, the ICP-Index of 𝐺 in Figure 1 is depicted in Figure 3, where 
the vertices in the nodes of each subtree compose the vertex set of a 3-IC.

Proc. ACM Manag. Data, Vol. 4, No. 1 (SIGMOD), Article 30. Publication date: February 2026.



Efficient Influential Community Search over Dynamic Graphs 30:7

Overview of KC-Index. In contrast, Bi et al. [3] developed a lightweight index that stores only

the keynodes and their corresponding 𝑐𝑣𝑠 vertices, called KC-Index, as shown in Figure 2. That is,

KC-Index can be easily constructed after ICD, since it simply maintains the mapping between each

keynode and its 𝑐𝑣𝑠 vertices.

Relationship between ICP-Index and KC-Index. KC-Index can be regarded as a sequential

version of ICP-Index, storing only the mapping between each keynode and its associated 𝑐𝑣𝑠

vertices. In contrast, ICP-Index maintains a tree structure, where each tree node consists of a

keynode in an IC (the minimum-weight vertex in the subtree) and its respective 𝑐𝑣𝑠 vertices. Both

indexes support efficient top-𝑟 IC search: ICP-Index locates the top-𝑟 subtrees (ICs), while KC-Index
directly retrieves the top-𝑟 keynodes and their associated 𝑐𝑣𝑠 vertices as induced subgraphs. Both

methods achieve this in linear time. Besides, IC search based on the two indices shows comparable

performance, and in some cases, the search based on KC-Index is even faster [3].

Algorithm 1: ICPIns [42]

input :A graph 𝐺𝑘 , an edge 𝑒 = (𝑢, 𝑣)
output :The updated ICP-Index

1 // Suppose 𝜔 (D𝑘 [𝑢]) ≤ 𝜔 (D𝑘 [𝑣])
2 update the core numbers for each vertex in 𝐺𝑘 ;

3 𝑐̃ ← min{𝑐 (𝑢), 𝑐 (𝑣)};
4 for 𝑘 = 1 to 𝑐̃ do
5 S ← 𝑐𝑣𝑠 [D𝑘 [𝑢]] ∪ {D𝑘 [𝑢]};
6 foreach𝑤 ∈ S do recompute L𝑘 (𝑤) ;
7 𝑄 = {D𝑘 [𝑢]};
8 while 𝑄 ≠ ∅ do
9 𝑤 ← 𝑄 .poll();

10 foreach 𝑥 ∈ 𝑁 (𝑤,S) do
11 if L𝑘 (𝑥) = 𝑘 then 𝑄 .add(𝑥 ); ;

12 L𝑘 (𝑥) ← L𝑘 (𝑥) − 1;
13 delete𝑤 from 𝑄 and 𝑆 ;

14 if 𝑢 is not deleted from 𝑆 then recompute T𝑖 ;
15 return T1 · · · T𝑘 ;

Maintain the ICP-Index. Utilizing the ICP-Index, Li et al. [42] further designed algorithms to

maintain the ICP-Index under the edge insertion and deletion scenarios, denoted by ICPIns and

ICPDel respectively. The main idea of these algorithms is to identify and rebuild the affected trees,

which is based on the following definition:

Definition 3.3 (Layer degree [40]). Given a graph𝐺 , an integer 𝑘 , and a keynode set D𝑘 , the layer

degree of vertex 𝑣 is defined as: L𝑘 (𝑣) = |{𝑢 | 𝑢 ∈ 𝑁 (𝑣,𝐺𝑘 ) ∧ 𝜔 (D𝑘 [𝑢]) ≥ 𝜔 (D𝑘 [𝑣])}|.
For the scenario of edge insertion, the ICPIns algorithm is shown in Algorithm 1. Specifically,

when inserting a new edge (𝑢, 𝑣) into the graph𝐺𝑘 , it first updates the core number of vertices in𝐺𝑘 ,

and only the trees with 𝑘 values less than or equal to min{𝑐 (𝑢), 𝑐 (𝑣)} need to be processed (lines 2-3).
Each tree is handled sequentially (lines 3-14), for each tree T𝑘 (suppose 𝜔 (D𝑘 [𝑢]) ≤ 𝜔 (D𝑘 [𝑣])), it
selects the tree node S that contains 𝑢 and recomputes the layer degrees for all vertices in this node

(lines 5-6). Then, it first deletes the vertex with the smallest weight in this tree node (i.e., D𝑘 [𝑢]),
decreases the layer degrees of its neighbors, and then iteratively removes all vertices with layer

degrees less than 𝑘 (lines 7-13). Afterward, if 𝑢 remains in S, then T𝑖 needs to be rebuilt; otherwise,

Proc. ACM Manag. Data, Vol. 4, No. 1 (SIGMOD), Article 30. Publication date: February 2026.



30:8 Youran Sun et al.

Table 2. Concepts and meanings in the boundedness analysis.

Concept Meaning

𝐷 the index construction algorithm during the ICD process

𝑀
the incremental algorithm to compute ICs, i.e., ICPIns,
ICPDel, and our methods

𝑄 (𝐺) the query for IC decomposition in a graph 𝐺

AFF
the cost difference between applying IC decomposition on 𝐺

and (𝐺 ⊕ Δ𝐺).

it moves to handle the indexes for the subsequent 𝑘 (line 14). Finally, the updated ICP-Index is

returned (line 15).

For the scenario of edge deletion, it follows similar steps as ICPIns, when deleting an edge (𝑢, 𝑣)
from the graph, it processes the index one by one with some pruning.

Maintain the KC-Index. To the best of our knowledge, there are no existing works for main-

taining the KC-Index. A naive idea is to first use a state-of-the-art 𝑘-core maintenance algorithm

[80] to update the 𝑘-core of the graph, and then rebuild the KC-Index on the updated core. We

denote this approach as KCIns and KCDel for edge insertion and deletion scenarios, respectively.

3.3 Detailed analysis of ICPIns and ICPDel

In this subsection, we first present the time complexities of ICPIns and ICPDel, introduce some

useful definitions for analyzing the boundedness of the above algorithms, and then prove that they

are all relatively unbounded.

Theorem 3.4 ([40]). The total time cost of ICPIns for inserting an edge (𝑢, 𝑣) from a graph 𝐺 is
𝑂 (∑𝜓

𝑘=1
|𝐸𝑘 | + |𝑉𝑘 | log |𝑉𝑘 |), where𝜓 =min{𝑐 (𝑢), 𝑐 (𝑣)} +1. The total time cost of ICPDel for deleting

an edge (𝑢, 𝑣) from a graph 𝐺 is 𝑂 (∑𝜓

𝑘=1
|𝐸𝑘 | +|𝑉𝑘 | log |𝑉𝑘 |).

If Δ𝐺 (e.g., an edge insertion or deletion) is the input update to𝐺 , applying Δ𝐺 to 𝐺 results in

the updated query 𝑄 (𝐺 ⊕ Δ𝐺), where 𝐺 ⊕ Δ𝐺 means the updated 𝐺 by applying Δ𝐺 to 𝐺 . Let

𝐷 (𝐺 ⊕Δ𝐺) represent computing𝑄 (𝐺 ⊕Δ𝐺) from scratch using algorithm 𝐷 , and𝑀 (𝐺,Δ𝐺) denote
using algorithm𝑀 to incrementally compute 𝑄 (𝐺 ⊕ Δ𝐺).

Some prior works introduced the concept of relative boundedness by defining the affected part

processed by 𝐷 , denoted as AFF.

Definition 3.5 (AFF [20]). Given a graph 𝐺 , a query 𝑄 , and a set of edges Δ𝐺 updated to 𝐺 , AFF
signifies the cost difference of 𝐷 between computing 𝑄 (𝐺) and 𝑄 (𝐺 ⊕ Δ𝐺).

For better clarity, please refer to Table 2 for the relevant definitions used in the context of IC

search over dynamic graphs.

AFF accurately represents the cost required for incrementalizing 𝐷 . If 𝑀 is the incremental

algorithm that incurs the minimum cost with respect to AFF, then 𝑀 is considered a relatively

bounded incremental algorithm for𝐷 . This leads to the following definition of relative boundedness.

Definition 3.6 (Relative boundedness [79]). An incremental graph algorithm𝑀 for 𝑄 is relatively

bounded to 𝐷 if its cost is polynomial in |𝑄 | and AFF.

Now, we are ready to prove that both ICPIns and ICPDel are relatively unbounded:

Theorem 3.7. ICPIns and ICPDel are relatively unbounded algorithms.
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Table 3. The ICD-order of graph 𝐺 in Figure 1.

Order Vertices

O1 𝑣1 ≺ 𝑣2 ≺ 𝑣3 ≺ 𝑣4 ≺ 𝑣5 ≺ 𝑣6 ≺ 𝑣7 ≺ 𝑣8
≺ 𝑣9 ≺ 𝑣10 ≺ 𝑣11

O2 𝑣1 ≺ 𝑣2 ≺ 𝑣3 ≺ 𝑣4 ≺ 𝑣5 ≺ 𝑣8 ≺ 𝑣6 ≺ 𝑣7
≺ 𝑣10 ≺ 𝑣9 ≺ 𝑣11

O3 𝑣2 ≺ 𝑣3 ≺ 𝑣4 ≺ 𝑣5 ≺ 𝑣6 ≺ 𝑣7
≺ 𝑣10 ≺ 𝑣9 ≺ 𝑣11

Proof sketch. To demonstrate the unboundedness of ICPIns and ICPDel, we first define the
affected set AFF for IC decomposition augmented with the ICP-Index as auxiliary information.

We then establish that the computational cost of ICPIns and ICPDel cannot be bounded by any

polynomial in |AFF|. □

3.4 Opportunities
Based on the above analysis, we realize that there are two major limitations to the SOTA index

maintenance algorithm. (1) Theoretical guarantee. As we reviewed before, both of ICPIns and

ICPDel are relatively unbounded. (2) Practical performance. They still involve significant redundant

computation, as a tree typically experiences only small changes rather than requiring a complete

recomputation. That is, iterating over all vertices and edges in the graph to recompute trees each

time they change becomes costly, particularly for large-scale graphs. For instance, on the as-skitter

dataset with 10 million edges, they fail to maintain the ICP-Index for inserting or deleting 6,000
edges within three days. On the other hand, KC-Index, as a lightweight version of ICP-Index,
enables more efficient maintenance due to its simple structure. However, such efficient algorithms

for maintaining KC-Index under edge insertions and deletions have not been explored in the

literature. In this paper, we aim to design efficient algorithms for maintaining KC-Index in both edge
insertion and deletion scenarios.

4 Influential community decomposition order
In this section, we introduce a novel concept called ICD-order, which serves as a cornerstone of

our approach. We then formulate diff for theoretical analysis.
Recall that to find the 𝑘-ICs, we need to first obtain the keynodes and their associated 𝑐𝑣𝑠 vertices,

where the ICD-order represents the sequence in which vertices are removed during this process.

This sequence denoted as O𝑘 = {𝑣1, 𝑣2, · · · , 𝑣 |𝑉𝑘 | }. If a vertex𝑢 is removed before 𝑣 in this calculation

process, it is denoted as 𝑢 ≺ 𝑣 . For two vertices 𝑣𝑖 , 𝑣 𝑗 ∈ O𝑘 with 𝑖 ≠ 𝑗 , we call 𝑣𝑖 ≺ 𝑣 𝑗 , if 𝑖 < 𝑗

and, 𝑢 ⪯ 𝑣 if 𝑢 ≺ 𝑣 or 𝑢 = 𝑣 . Therefore, for all possible values of 𝑘 , we derive a set of sequences

forming the ICD-order for the entire graph, denoted by O𝐺 = {O1,O2, · · · ,O𝛿 }, where 𝛿 denotes

the maximum core number of 𝐺 .

Example 2. Let us continue with the graph𝐺 from Example 1, where the ICD-order of𝐺 is shown in
Table 3, and the keynodes ofO aremarked in red color. Here,𝑉 (𝐺3) = {𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣8, 𝑣9, 𝑣10, 𝑣11},
and 𝑣2 is the first vertex to be deleted in the ICD process, as it has the smallest weight among all vertices
in 𝐺3. After removing 𝑣2, then 𝑣3, 𝑣4, 𝑣5 are also deleted since their degrees are less than 3, due to the
removal of 𝑣2. Similarly, 𝑣6, 𝑣7, 𝑣10, 𝑣9, and 𝑣11 are removed sequentially. Thus, we obtain O3 of 𝐺3.
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Note that there are two types of vertices in the sequence of vertices O𝑘 , where the vertex’s

“position” in O𝑘 can reflect its type, and based on which, we can also find the keynodes and their

corresponding 𝑐𝑣𝑠 vertices. Here, we first introduce some novel definitions as follows:

Definition 4.1 (Remaining neighbor). Given a graph 𝐺𝑘=(𝑉𝑘 , 𝐸𝑘 ), and a vertex order O𝑘 of 𝑉𝑘 , for

a vertex 𝑢 ∈ 𝑉𝑘 , the remaining neighbors of 𝑢, denoted as 𝑁O𝑘 (𝑢,𝐺𝑘 ), are defined as the neighbors

that have larger orders than 𝑢 in O𝑘 :
𝑁O𝑘 (𝑢,𝐺𝑘 ) = {𝑤 | 𝑤 ∈ 𝑁 (𝑢,𝐺𝑘 ) ∧ 𝑢 ⪯ 𝑤}.

We use 𝑑O𝑘 (𝑢,𝐺𝑘 ) to denote the remaining degree of 𝑢, i.e., 𝑑O𝑘 (𝑢,𝐺𝑘 ) = |𝑁O𝑘 (𝑢,𝐺𝑘 ) |.
Example 3. Consider the graph in Figure 1, we have 𝑑O3 (𝑣4,𝐺3) = 1, since 𝑁 (𝑣4,𝐺3) = {𝑣2, 𝑣3, 𝑣5},

and 𝑣2 ≺ 𝑣3 ≺ 𝑣4 ≺ 𝑣5.

Now we are ready to show how to identify the two types of vertices in the given ICD-order O𝑘 .
Lemma 4.2. Given a graph𝐺𝑘 = (𝑉𝑘 , 𝐸𝑘 ) and its ICD-order O𝑘 , a vertex 𝑢 ∈ O𝑘 is a keynode of𝐺𝑘 ,

if and only if, 𝑑O𝑘 (𝑢,𝐺𝑘 ) ≥ 𝑘 .
In ICD-order O𝑘 , for two keynodes 𝑢, 𝑣 ∈ O𝑘 , if 𝜔 (𝑢) < 𝜔 (𝑣), we have 𝑢 ⪯ 𝑣 in the O𝑘 . That

is, for two consecutive keynodes 𝑣𝑖 and 𝑣 𝑗 (𝑖 < 𝑗 ) in O𝑘 , the set of vertices that are positioned
between 𝑣𝑖 and 𝑣 𝑗 represents the 𝑐𝑣𝑠𝑘 [𝑣𝑖 ] in O𝑘 . Thus, we can easily obtain the KC-Index from the

ICD-order O𝑘 .
On the other hand, the KC-Indexmaintenance problem can be considered as the ICD-order main-

tenance problem. Specifically, let O be the ICD-order of a graph𝐺 , and O+ (resp. O−) denotes the
ICD-order of the updated graph𝐺 ⊕Δ𝐺 (resp.𝐺 ⊖Δ𝐺). If we know the difference between O and O+
(resp.O−), we can derive the ICD-order of the updated graph efficiently, without recomputing it from

scratch. To simplify the description, we only discuss the scenario of edge insertion later, and the edge

deletion shares the same key idea as the insertion case. We quantify their difference by examining

the ICD-orders of all graphs𝐺𝑘=(𝑉𝑘 , 𝐸𝑘 ) of𝐺 and𝐺+
𝑘
=(𝑉 +

𝑘
, 𝐸+

𝑘
) of𝐺 ⊕Δ𝐺 , for 𝑘 from 1 to 𝛿+, where

𝛿+ denotes the maximum core number of 𝐺 ⊕ Δ𝐺 . We use diff𝑘 (O𝑘 ,O+𝑘 ) to denote the difference

between O𝑘 and O+
𝑘
, where O𝑘 and O+

𝑘
represents the ICD-orders of 𝐺𝑘 and 𝐺+

𝑘
, respectively. For-

mally, we have diff𝑘 (O𝑘 ,O+𝑘 ) =
{
𝑤 ∈ 𝑉𝑘 ∩𝑉 +𝑘 | ∃𝑤

′ ∈ 𝑉𝑘 ∩𝑉 +𝑘 ,𝑤 ≺ 𝑤
′ ∧𝑤 ′ ≺+ 𝑤

}
∪

(
𝑉 +
𝑘
\𝑉𝑘

)
,

where𝑤 ′ ≺+ 𝑤 denotes that𝑤 ′ appear before𝑤 in the new ICD-order O+
𝑘
.

Here, in other words, diff𝑘 (O𝑘 ,O+𝑘 ) includes vertices whose positions in O+
𝑘
have shifted

backward relative to their positions in the original order O𝑘 . In summary, we have diff(O,O+) =(
∪𝛿+
𝑘=1

diff𝑘 (O𝑘 ,O+𝑘 )
)
. Given a graph𝐺 and its ICD-order O, the new ICD-order O+ of𝐺 ⊕Δ𝐺 may

not be unique, while different orders all correspond exactly to the correct KC-Index. In this paper,

we follow the existing works [80], and only consider the new ICD-order that has the minimum

difference with O, i.e., |diff(O,O+) | is the smallest among all possible new ICD-orders.

Remark. The ICD-order represents the vertex removal sequence during the ICD process. That

is, diff captures the difference between two successive ICD-orders caused by Δ𝐺 . It follows that

|AFF| = ∑𝜓

𝑘=1
vol(diff𝑘 ) + |𝑁 (diff𝑘 ,𝐺𝑘 ) |.

We present the following property of the ICD-order of 𝐺𝑘 , which must satisfy the following

three key conditions.

Property 1. Given a graph 𝐺𝑘=(𝑉𝑘 , 𝐸𝑘 ), a sequence of vertices O𝑘 = {𝑣1, 𝑣2, · · · , 𝑣 |𝑉𝑘 | } qualifies
for the ICD-order of 𝐺𝑘 , if and only if the following three conditions are satisfied:
• Condition 1. For each keynode 𝑣 ∈ O𝑘 , 𝑑O𝑘 (𝑣,𝐺𝑘 ) ≥ 𝑘 , and for each vertex 𝑤 ∈ O𝑘 , 𝑣 ⪯ 𝑤 ,
we have 𝜔 (𝑣) < 𝜔 (𝑤). Intuitively, all keynodes in an ICD-order are arranged in ascending
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Fig. 4. The framework of our algorithms.

order of their weights. That is, if a keynode 𝑢 appears after a keynode 𝑣 in the ICD-order, then
𝜔 (𝑢) > 𝜔 (𝑣).
• Condition 2. Given a keynode 𝑣 ∈ O𝑘 , for each vertex 𝑤 ∈ O𝑘 such that 𝑣 ⪯ 𝑤 , we have
|𝑁 (𝑤,𝐺𝑘 ) ∩ {𝑢 | 𝑣 ⪯ 𝑢 ∧ 𝑢 ∈ O𝑘 }| ≥ 𝑘 . Intuitively, for any keynode 𝑣 , the subgraph induced
by all vertices with order larger than 𝑣 is a 𝑘-core, i.e., every vertex in it has degree at least 𝑘 .
• Condition 3. For each 𝑐𝑣𝑠 𝑣 ∈ O𝑘 , we have 𝑑O𝑘 (𝑣,𝐺𝑘 ) < 𝑘 . Intuitively, given an ICD-order, the
remaining degree of each 𝑐𝑣𝑠 vertex is less than 𝑘 .

The above property serves as the foundation for ensuring the correctness of our algorithms. In the

remainder of this paper, we focus on designing efficient algorithms for maintaining the ICD-order

in dynamic graphs. In other words, maintaining the ICD-order is equivalent to maintaining the

KC-Index [3]. Thus, ICS queries over dynamic graphs can be efficiently answered by tracking

changes to the ICD-order. The overall workflow of our algorithms is illustrated in Figure 4.

5 ICD-Order maintenance algorithms
In this section, we present efficient algorithms for maintaining the ICD-order under the scenarios

of edge insertion and deletion.

5.1 ICD-order maintenance under the edge insertion scenario
In this subsection, we present the algorithm for efficiently maintaining the ICD-order tailored to

handle edge insertion.

Upon inserting a new edge (𝑢, 𝑣) into𝐺𝑘 , the updated graph is denoted as𝐺
+
𝑘
. W.l.o.g., we assume

𝜔 (𝑢) < 𝜔 (𝑣), and due to the edge insertion, some new vertices whose core numbers increased

by one would be added to 𝐺𝑘 from 𝐺𝑘−1, which is denoted by Δ𝑉= 𝑉 (𝐺+
𝑘
) \ 𝑉 (𝐺𝑘 ). That is, we

need to insert Δ𝑉 into O𝑘 , and find the correct positions for vertices in O𝑘 ∪ Δ𝑉 to obtain the new

ICD-order O+
𝑘
of 𝐺+

𝑘
, where the correct position of a vertex 𝑣 refers to its position in the ICD-order

O+
𝑘
.

Key idea of order maintenance. Intuitively, our algorithm iteratively places the keynodes in

their correct positions within the new ICD-order O+
𝑘
, following an ascending order of their weights.

As each keynode is placed, its corresponding 𝑐𝑣𝑠 vertices are also placed in the new order. This

process progressively expands the set of vertices with correct positions in O+
𝑘
, ensuring that vertices

added later always have a larger order than those added earlier. To achieve this, we maintain three

disjoint vertex sets R, Ψ, and P, where their respective meanings are explained as follows:

• Relative set R. The set of vertices that keep the same relative positions as each of them is in

the original order, while their positions in the new ICD order are not yet determined.
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• Order set Ψ. The first |Ψ| vertices in the new ICD-order.

• Candidate set P. The set of vertices whose positions have shifted backward relative to their

positions in the original order or vertices that are newly added to O𝑘 .

Based on this, the ICD-order maintenance process can be considered as a series of state trans-

formation processes, starting from the state S0 = (R0 = O𝑘 ,Ψ0 = ∅,P0 = Δ𝑉 ) and ending at the

state S𝑡 = (R𝑡 = ∅,Ψ𝑡 = O+𝑘 ,P𝑡 = ∅), where 𝑡 denotes the total number of steps. That is, the key

design of our algorithm is that, in the 𝑖-th state, we determine which vertices in P𝑖−1 and R𝑖−1 can
be appended to Ψ𝑖 , and accordingly update these two sets for the next state. After 𝑡 states, we can

thus obtain the new ICD-order. In the remainder of this subsection, we first introduce the detailed

process of state transformation, then we provide a concrete example to illustrate how the state is

transformed. Finally, we present our order-based algorithm for maintaining the ICD-order under

the edge insertion scenario.

State transformation process. In the 𝑖-th state, we yet do not know the final vertex order of

R𝑖 ∪ P𝑖 in O+𝑘 . While we observe that the positions of P𝑖 and their neighbors in R𝑖 are mutually

affected in the new order, since the ICD-order is constructed by iteratively removing vertices and

their neighbors. Based on this, in the 𝑖-th state, we identify the largest prefix vertex sequence in R𝑖
whose positions remain unaffected by the vertices in P𝑖 . Clearly, these vertices can then be directly

appended to Ψ𝑖 . In other words, in the 𝑖-th state, we can identify a sequence of vertices whose final

orders in O+
𝑘
can be determined. Thus, our task becomes identifying the endpoint of this prefix

sequence. To do so, we locate the neighbor of P𝑖 in R𝑖 with the smallest order and refer to this 
vertex as the “navigation node ”, denoted by 𝜋 (P𝑖 ). This node serves as a potential endpoint of the 
prefix sequence.
To check whether 𝜋 (P𝑖 ) is a valid endpoint, we need to compare 𝜔 (𝑝∗) with 𝜔 (D𝑘 [𝜋 (P𝑖 )]), 

where 𝑝∗ is the vertex with the minimum weight in P𝑖 . If 𝜔 (𝑝∗) > 𝜔 (D𝑘 [𝜋 (P𝑖 )]), then 𝜋 (P𝑖 ) is 
a valid endpoint. Otherwise, 𝑝∗ is the endpoint. By such comparsion, we can identiy the vertex 
squence can be appended into the Ψ𝑖 , that is, finsihing the state transformation of this state.
Here, we quickly explain why this comparison is needed: Note that if 𝜔 (𝑝∗) > 𝜔 (D𝑘 [𝜋 (P𝑖 )]), 

then all vertices in P𝑖 belong to either the keynode D𝑘 [𝜋 (P𝑖 )]) or keynodes that appear after 
D𝑘 [𝜋 (P𝑖 )] in the new order. Thus, 𝜋 (P𝑖 ) is a valid endpoint. On the other hand, if 𝜔 (𝑝∗) < 
𝜔 (D𝑘 [𝜋 (P𝑖 )]), then 𝑝∗ must be a new keynode with a smaller order than 𝜋 (P𝑖 ) in this new order. 
This is because we can easily verify that the remaining degree of 𝑝∗ in the new order is larger than 
𝑘 . In this case, we select 𝑝∗ as the endpoint, and all keynodes in R𝑖 with smaller weights than 𝑝∗ 
and their 𝑐𝑣𝑠 vertices can be directly appended to Ψ𝑖 .
We note that when 𝜋 (P𝑖 ) is a valid endpoint, if its type and position remain unchanged in the 

new order, then 𝜋 (P𝑖 ) can also be appended to the end of Ψ𝑖 . This is because, in such cases, all 
vertices in P𝑖 will still appear after it in the new order. To verify this, we consider two possible 
types of 𝜋 (P𝑖 ): (1) 𝜋 (P𝑖 ) is a keynode in O𝑘 : its type and position must remain unchanged in the 
new order. (2) 𝜋 (P𝑖 ) is a 𝑐𝑣𝑠 vertex in O𝑘 : verifying whether it still qualifies as a 𝑐 𝑣𝑠 vertex and 
maintains the same order in the new ICD-order is non-trivial, since its exact remaining degree in 
the updated ICD-order cannot be computed at this stage. To achieve this, we design a novel method 
to compute the upper bound of the remaining degree for vertex 𝑢 ∈ P𝑖 ∪ R𝑖 , by assuming that all 
vertices in P𝑖 are placed after 𝑢 in the new ICD order, which is denoted as the supremum degree 
Γ(𝑢) of 𝑢:
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Vertices in diff3

Vertices in 𝑁(diff3, 𝐺ଷ)○

Edges incident to diff3—
1

3

4

2

5

6

7

8

13

9

10
12

11

𝑣ସ 𝑣ଵ

𝑣ଶ

𝑣ଷ

𝑣ହ

𝑣଺

𝑣଼

𝑣଻

𝑣ଽ

𝑣ଵ଴

𝑣ଵଵ
𝑣ଵଷ

𝑣ଵଶ

(a) A graph 𝐺 with edge (𝑣଻, 𝑣଼) to be inserted

𝑣ଵଷ𝑣ଵଶ𝑣ଵଵ𝑣ଵ଴𝑣ସ𝑣ଷ𝑣ଶ

𝑣ଵ 𝑣ଽkeynode

𝑐𝑣𝑠 𝑣ଵଷ𝑣ଵଶ𝑣ଵଵ𝑣ଵ଴𝑣଼𝑣଻𝑣଺𝑣ସ𝑣ଶ𝑣ଷ

𝑣ଵ 𝑣ହ 𝑣ଽ

(b) The keynodes and 𝑐𝑣𝑠 of 𝐺 (c) The keynodes and 𝑐𝑣𝑠 of 𝐺 ⊕ Δ𝐺

Fig. 5. A toy example graph with edge insertion.

Definition 5.1 (Supremum degree). Upon edge insertion, in the 𝑖-th state of the order maintenance

process, the supremum degree of a vertex 𝑢 ∈ R𝑖 ∪ P𝑖 , Γ(𝑢) is defined as:

Γ(𝑢) =

���𝑁O𝑘 (

𝑢,𝐺+
𝑘
[R𝑖 ]

)
∪ 𝑁

(
𝑢,𝐺+

𝑘
[P𝑖 ]

)��� , 𝑢 ∈ R𝑖���𝑁 (
𝑢,𝐺+

𝑘
[R𝑖 ]

)
∪ 𝑁

(
𝑢,𝐺+

𝑘
[P𝑖 ]

)��� , 𝑢 ∈ P𝑖

Thanks to the above novel definition, we can conclude that if the supremum degree of 𝜋 (P𝑖 ) is
less than 𝑘 , it must be a 𝑐𝑣𝑠 vertex in O+

𝑘
, and can be appended into the end of Ψ𝑖 . Otherwise, if

Γ(𝜋 (P𝑖 )) ≥ 𝑘 , it undergoes a type or position change in the new order. We append it to P𝑖 and
move to the next state (i.e., the (𝑖 + 1)-th state).

Based on the above discussions, in the 𝑖-th state, we first select navigation node 𝜋 (P𝑖 ) from R𝑖
and then compare 𝜔 (D𝑘 [𝜋 (P𝑖 )]) and 𝜔 (𝑝∗). Based on their relationship, two cases need to be

considered.

• Case a. If 𝜔 (𝑝∗) < 𝜔 (D𝑘 [𝜋 (P𝑖 )]), 𝑝∗ is a new keynode in the new ICD-order. The 𝑐𝑣𝑠

vertices of 𝑝∗ in P𝑖 can be computed by: removing 𝑝∗ from P𝑖 , and then all vertices in P𝑖
with supreme degrees less than 𝑘 are iteratively removed and appended into the 𝑐𝑣𝑠 vertices

of 𝑝∗.
• Case b. If 𝜔 (𝑝∗) > 𝜔 (D𝑘 [𝜋 (P𝑖 )]), we need to check whether 𝜋 (P𝑖 ) is a keynode, a 𝑐𝑣𝑠 , or
changes its type in the new order:

– Case b(i). If 𝜋 (P𝑖 ) is a keynode of O𝑘 , then 𝜋 (P𝑖 ) is also a keynode in O+𝑘 . The 𝑐𝑣𝑠 vertices
of 𝜋 (P𝑖 ) in P𝑖 can be computed similarly to case a. Then, we remove 𝜋 (P𝑖 ) from R𝑖 , and
append 𝜋 (P𝑖 ) along with the removed vertices from P𝑖 to Ψ𝑖 .

– Case b(ii). If Γ(𝜋 (P𝑖 )) < 𝑘 , 𝜋 (P𝑖 ) is still a 𝑐𝑣𝑠 vertex in new order O+
𝑘
.

– Case b(iii). Otherwise, the position of 𝜋 (P𝑖 ) shifts backward in O+
𝑘
, or 𝜋 (P𝑖 )’s type

changes in O+
𝑘
. We add 𝜋 (P𝑖 ) to P𝑖 for the subsequent computation.

The above two cases determine whether 𝜋 (P𝑖 ) and 𝑝∗ can serve as the endpoints of the vertex

sequence. Based on this, we can identify which vertices can be appended to Ψ𝑖 and accordingly

update the vertex sets P𝑖 and R𝑖 . Next, we provide a concrete example to illustrate how the above

cases are applied to perform the state transformation.
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❷ 𝒫ଵ = 𝑣ହ, 𝑣଺, 𝑣଻, 𝑣଼ , 𝜋 𝒫ଵ = 𝑣ଶ → Case b(iii)

❸ 𝒫ଶ = 𝑣ଶ, 𝑣ହ, 𝑣଺, 𝑣଻, 𝑣଼ ,𝜋 𝒫ଶ = 𝑣ଷ → Case b(ii)

❹ 𝒫ଷ = 𝑣ହ, 𝑣଺, 𝑣଻, 𝑣଼ , 𝜋 𝒫ଷ = 𝑣ଽ → Case a

❺ 𝒫ସ = ∅→ Loop breaks

❻ Final state

❶ 𝒫଴ = 𝑣ହ, 𝑣଺, 𝑣଻, 𝑣଼ , 𝜋 𝒫଴ = 𝑣ଵ → Case b(i)

𝑣ସ𝑣ଷ𝑣ଶ𝑣ଵ 𝑣ଵଷ𝑣ଵଶ𝑣ଵଵ𝑣ଵ଴𝑣ଽ

𝑣ସ𝑣ଷ𝑣ଶ𝑣ଵ

𝑣ସ𝑣ଷ𝑣ଵ

𝑣ସ𝑣ଶ𝑣ଷ𝑣ଵ

𝑣ସ𝑣ଶ𝑣ଷ𝑣ଵ 𝑣଼𝑣଻𝑣଺𝑣ହ

𝑣ସ𝑣ଶ𝑣ଷ𝑣ଵ 𝑣଼𝑣଻𝑣଺𝑣ହ

𝑣ଵଷ𝑣ଵଶ𝑣ଵଵ𝑣ଵ଴𝑣ଽ

𝑣ଵଷ𝑣ଵଶ𝑣ଵଵ𝑣ଵ଴𝑣ଽ

𝑣ଵଷ𝑣ଵଶ𝑣ଵଵ𝑣ଵ଴𝑣ଽ

𝑣ଵଷ𝑣ଵଶ𝑣ଵଵ𝑣ଵ଴𝑣ଽ

𝑣ଵଷ𝑣ଵଶ𝑣ଵଵ𝑣ଵ଴𝑣ଽ

Keynodes

Vertices in ℛ௜□

Vertices in Ψ௜■

Fig. 6. The idea of order maintenance with edge insertion.

Building on the two cases above, inserting an edge into the graph correctly maintains the

ICD-order, as shown in Figure 6. This figure illustrates how our ICD-order maintenance strategy

handles edge insertion. Specifically, in the example from Figure 5 with 𝑘 = 3, before inserting

edge (𝑣7, 𝑣8), the ICD-order O3 = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣9, 𝑣10, 𝑣11, 𝑣12, 𝑣13}. The vertices whose core number

increases from 2 to 3 are {𝑣5, 𝑣6, 𝑣7, 𝑣8} (i.e., P0), with Ψ0 and R0 initially empty. The following state

transformation process inserts {𝑣5, 𝑣6, 𝑣7, 𝑣8} into O3 and eventually obtains the new ICD-order O+
3
.

❶ R0 = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣9, 𝑣10, 𝑣11, 𝑣12, 𝑣13},Ψ0 = ∅, and P0 = {𝑣5, 𝑣6, 𝑣7, 𝑣8}, 𝜋 (P0) = 𝑣1, since 𝜔 (𝑣5) >
𝜔 (D𝑘 [𝑣1]) and 𝑣1 is a keynode in O𝑘 , it locates into case b(i), where 𝑣1 is still a keynode in O+3 . In
this case, there are no vertices in R0 with a smaller order than 𝑣1, that is, 𝑣1 can reserve its original

order, so we directly append 𝑣1 to Ψ0. Then, the supremum degrees of each vertex in P0 are updated.
Specifically, the supremum degrees of 𝑣5, 𝑣6, 𝑣7, and 𝑣8 are updated to 4, 3, 3, and 4, respectively,

with no vertices removed from P0. ❷ R1 = {𝑣2, 𝑣3, 𝑣4, 𝑣9, 𝑣10, 𝑣11, 𝑣12, 𝑣13},Ψ1 = {𝑣1}, and P1 =

{𝑣5, 𝑣6, 𝑣7, 𝑣8}, 𝑝∗ = 𝑣5 and 𝜋 (P1) = 𝑣2. Since 𝜔 (𝑣5) > 𝜔 (D𝑘 [𝑣2]) and Γ(𝑣2) = 3, it belongs to case
b(iii)where 𝑣2 cannot stay at the current position because it has three neighbors in all undetermined

vertices in R1 ∪ P1. That is, we move 𝑣2 to P1, and update R1. ❸ R2 = {𝑣3, 𝑣4, 𝑣9, 𝑣10, 𝑣11, 𝑣12, 𝑣13},
Ψ2 = {𝑣1}, and P2 = {𝑣2, 𝑣5, 𝑣6, 𝑣7, 𝑣8}, 𝑝∗ = 𝑣2, 𝜋 (P2) = 𝑣3. Since 𝜔 (𝑣2) > 𝜔 (D𝑘 [𝑣3]) and Γ(𝑣3) = 2,

it falls under case b(ii). The position of 𝑣3 can be determined, and 𝑣2 is added to the 𝑐𝑣𝑠 vertices of 𝑣1,

immediately after 𝑣3, since Γ(𝑣2) < 3. 𝑣3 and 𝑣2 are appended to Ψ2. ❹ R3 = {𝑣4, 𝑣9, 𝑣10, 𝑣11, 𝑣12, 𝑣13},
and Ψ3 = {𝑣1, 𝑣3, 𝑣2},P3 = {𝑣5, 𝑣6, 𝑣7, 𝑣8}, 𝜋 (P3) = 𝑣9. As 𝜔 (𝑣5) < 𝜔 (D𝑘 [𝑣9]), it belongs to case a
and 𝑣6, 𝑣7, 𝑣8 are removed from P3 in order and appended to the 𝑐𝑣𝑠 vertices of 𝑣5. That is, we need

to find a proper position of keynode 𝑣5 and its 𝑐𝑣𝑠 verticies {𝑣6, 𝑣7, 𝑣8}. As 𝑣9 is the first keynode with
weight greater than 𝜔 (𝑣5), vertices before 𝑣9 (i.e., 𝑣4) are be appended to Ψ3, followed by 𝑣5, 𝑣6, 𝑣7, 𝑣8.

❺ R4 = {𝑣9, 𝑣10, 𝑣11, 𝑣12, 𝑣13},Ψ4 = {𝑣1, 𝑣3, 𝑣2, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣8}, and P4 = ∅. P4 becomes empty and the

loop ends. Then, all remaining vertices in R4 should be directly appended to Ψ4. ❻ Finally, R5 and

P5 both become empty and the new ICD-order is Ψ5 = {𝑣1, 𝑣3, 𝑣2, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣8, 𝑣9, 𝑣10, 𝑣11, 𝑣12, 𝑣13}.
In Figure 5, we show the vertices in diff3 and 𝑁 (diff3,𝐺3), and the edges in vol(diff3).

5.2 Overall edge insertion algorithm
Based on the discussions above, we can present an efficient algorithm to maintain the ICD-order 
under the scenario of edge insertion, as shown in Algorithm 2.
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Algorithm 2: OrdIns
input :A graph 𝐺 , an edge 𝑒 = (𝑢, 𝑣), the ICD-order O of 𝐺

output :The new ICD-order O+ of 𝐺+
1 𝐺+ ← 𝐺 ⊕ {𝑒}; O+ ← ∅ ;
2 for 𝑘 ← 1 to min{𝑐 (𝑢), 𝑐 (𝑣)} + 1 do
3 O+ ← O+∪ Order-InsK(𝑘,𝐺+

𝑘
, 𝑒,O𝑘 );

4 return O+;

5 Function Order-InsK(𝑘 , 𝐺+
𝑘
, 𝑒 = (𝑢, 𝑣), O𝑘):

6 R0 ← O𝑘 ; P0 ← 𝑉 (𝐺+
𝑘
)\𝑉 (𝐺𝑘 ); Ψ0 ← ∅; 𝑖 ← 0;

7 while P𝑖 ≠ ∅ do
8 𝜋 (P𝑖 )← the nagivation node of P𝑖 ;
9 𝑝∗ ← the vertex with minimum weight in P𝑖 ;

10 U𝑖 ← vertices in R𝑖 that have smaller orders than 𝜋 (P𝑖 );
11 // Handle Case a: 𝑝∗ is a new keynode

12 if 𝜔 (𝑝∗) < 𝜔 (D𝑘 [𝜋 (P𝑖 )]) then
13 𝑐𝑣𝑠 ← DeleteVertex(𝑝∗,P𝑖 , P𝑖 , 𝐺+𝑘 , 𝑘);
14 𝑘𝑛 ← the first keynode inU𝑖 with a weight > 𝜔 (𝑝∗);
15 insert all vertices inU𝑖 with orders smaller than 𝑘𝑛 into Ψ𝑖 , followed by 𝑝∗ and its 𝑐𝑣𝑠

vertices;

16 else
17 // Handle the Case b(i) and case b(ii).

18 insert all vertices ofU𝑖 into Ψ𝑖 ;

19 if 𝜋 (P𝑖 ) is a keynode or Γ(𝜋 (P𝑖 )) < 𝑘 then
20 𝑐𝑣𝑠 ← DeleteVertex(𝜋 (P𝑖 ),P𝑖 , R𝑖 , 𝐺+𝑘 , 𝑘);
21 insert 𝜋 (P𝑖 ) and 𝑐𝑣𝑠 into Ψ𝑖 ;

22 // Handle the case b(iii).

23 else insert 𝜋 (P𝑖 ) into P𝑖 , and remove it from R𝑖 ;
24 remove all vertices added to Ψ𝑖 from R𝑖 and P𝑖 ; 𝑖 ← 𝑖 + 1;
25 append all remaining vertices in R𝑖 to Ψ𝑖 ;

26 return Ψ𝑖 ;

Specifically, we initialize O+ = ∅ and then compute the new ICD-order O+
𝑘
of 𝐺𝑘 via function

Order-InsK, for 𝑘 from 1 to min{𝑐 (𝑢), 𝑐 (𝑣)} + 1 (lines 2–4). For a given 𝑘 , Order-InsK maintains

the updated ICD-order via a while loop (lines 7–24). In each state 𝑖 , it selects a pivot vertex 𝑝∗

from P𝑖 , computes the navigation node 𝜋 (P𝑖 ), and determines the update set U𝑖 (lines 8–9). If

𝜔 (𝑝∗) < 𝜔 (D𝑘 [𝜋 (P𝑖 )]) (case a), 𝑝∗ is a new keynode, and its corresponding 𝑐𝑣𝑠 vertices can be

computed by removing vertices with the remaining supremum degree less than 𝑘 (line 12–13). We

then locate the first keynode 𝑘𝑛 with weight greater than 𝜔 (𝑝∗), and insert vertices in U𝑖 with

orders smaller than 𝑘𝑛, followed by 𝑝∗ and its 𝑐𝑣𝑠 vertices into Ψ𝑖 (lines 14–15). For case b, all
U𝑖 vertices are first appended to Ψ𝑖 , and then we determine whether subcase b(i) or b(ii) applies
(lines 18–19). If so, we compute the corresponding 𝑐𝑣𝑠 vertices and append both 𝜋 (P𝑖 ) and 𝑐𝑣𝑠 of
D𝑘 [𝜋 (P𝑖 )] in P𝑖 to Ψ𝑖 (lines 20–21). In subcase b(iii), 𝜋 (P𝑖 ) is reinserted into P𝑖 (line 23). At the
end of each state, updated vertices are removed from R𝑖 and P𝑖 , and the algorithm proceeds to the

next state (line 24). Once P𝑖 = ∅, the remaining vertices in R𝑖 are appended to Ψ𝑖 , yielding the final
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state Ψ𝑡 = O+𝑘 , with P𝑡 = R𝑡 = ∅. Repeating this process for all 𝑘 values yields the final ICD-order

O+.
In the following, we aim to prove the correctness of our ICD-order maintenance algorithm,

OrdIns, by proving that in the last state, Ψ𝑡 satisfies the properties of the ICD-order.

Theorem 5.2. Given a graph 𝐺 , a set of edges Δ𝐺 , and 𝐺 ’s ICD-order O, Algorithm 2 can compute
𝐺 ⊕ Δ𝐺 ’s ICD-order O+ correctly.

Theorem 5.3. The time complexity of Algorithm 2 for inserting an edge (𝑢, 𝑣) is𝑂
( ∑𝜓

𝑘=1
(vol(diff𝑘 )+

|𝑁 (diff𝑘 ,𝐺𝑘 ) | · log |𝑉𝑘 |)
)
, where 𝜓 = min{𝑐 (𝑢), 𝑐 (𝑣)} + 1, and diff𝑘 denotes difference between

ICD-orders O𝑘 and O+
𝑘
.

Theorem 5.4. Given a graph 𝐺 , its ICD-order O, and a set of edges Δ𝐺 to be inserted into 𝐺 ,
Algorithm 2 is relatively bounded with respect to the ICD maintenance algorithm.

5.3 ICD-order maintenance under the edge deletion scenario
In this subsection, we present the algorithm for efficiently maintaining the ICD-order tailored to

handle edge deletion.

Upon deleting an edge (𝑢, 𝑣), the updated graph is denoted as 𝐺−
𝑘
. W.l.o.g., we assume 𝜔 (𝑢) <

𝜔 (𝑣), and due to the edge deletion, some vertices whose core numbers decrease by one would be

deleted from 𝐺𝑘 , which is denoted by Δ𝑉 =𝑉 (𝐺𝑘 )\𝑉 (𝐺−𝑘 ). That is, we need to delete Δ𝑉 from O𝑘
and also maintain the correct positions for the remaining vertices to obtain the new ICD-order O−

𝑘

of 𝐺−
𝑘
.

Key idea of order maintenance. The algorithm for edge deletion mirrors insertion, but with

two critical adjustments: (1) it processes keynodes in descending order of weights (vs. ascending

in insertion); (2) the set of determined-position vertices in O−
𝑘
also grows progressively, but the

newly added vertices are placed before earlier ones in the updated ICD-order. For edge deletion,

we also maintain three disjoint vertex sets R, Ψ, and P, where R remains the same meaning as in

edge insertion, Ψ denotes the last |Ψ| vertices in the new ICD-order, and P represents the set of

vertices whose positions have shifted forward relative to their original order or vertices that have

been removed from O𝑘 . The process starts at S0 = (R0 = O𝑘 ,Ψ0 = ∅,P0 = Δ𝑉 ) and terminates at

S𝑡 = (R𝑡 = ∅,Ψ𝑡 = O−𝑘 ,P𝑡 = Δ𝑉 ). Unlike the insertion algorithm, the vertices in Δ𝑉 do not enter

O−
𝑘
; instead, they only serve to guide the order adjustments of other vertices.

State transformation process. From state 𝑖 to 𝑖 + 1, we first select the vertex with the largest 
order in P𝑖 , and then, we denote its keynode as the navigation node (i.e., 𝜋 (P𝑖 )), which plays a 
similar role to the navigation node in edge insertions. It is because instead of considering each 
single vertex, here, we are processing a keynode and its 𝑐𝑣𝑠 vertices at a time. Here, 𝜋 (P𝑖 ) is the 
keynode with the largest weight that may change its position in R𝑖 . This implies that all vertices in 
R𝑖 with larger orders than all 𝑐𝑣𝑠 vertices of 𝜋 (P𝑖 ) must retain their positions in the new order. 
Therefore, we can append them directly to the front of Ψ𝑖 . As for 𝜋 (P𝑖 ) and its 𝑐𝑣𝑠 vertices, there 
are two possible cases: (1) 𝜋 (P𝑖 ) is still a keynode and its 𝑐𝑣𝑠 can also retain their positions. In 
addition, some vertices in P𝑖 can also be identified as its 𝑐𝑣𝑠 vertices. (2) 𝜋 (P𝑖 ) becomes a 𝑐𝑣𝑠 vertex 
in the new ICD-order. We should assign 𝜋 (P𝑖 ) all its 𝑐𝑣𝑠 vertices to new keynodes with smaller 
orders. Therefore, we need to check whether 𝜋 (P𝑖 ) is still a keynode in the new order. In the 𝑖-th 
state, we also cannot know the remaining degree of 𝜋 (P𝑖 ) in the new ICD-order in advance, thus 
we turn to design a novel strategy to compute its lower bound. Specifically, for each vertex 𝑢  ∈  R𝑖 , 
we assume that all its neighbors in cvs𝑘 [𝜋 (P𝑖 )] and P𝑖 have larger orders than 𝑢 in the new order. 
Here, for simplification, we use S𝑖 to denote 𝜋 (P𝑖 ) union its 𝑐𝑣𝑠 vertices at the 𝑖-th state, which
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serves as an auxiliary set to identify the vertex type of 𝜋 (P𝑖 ). By doing this, the infimum degree of

each vertex 𝑢 ∈ S𝑖 ∪ P𝑖 can be computed by:

Definition 5.5 (Infimum degree). Upon edge deletion, in the 𝑖-th state of the order maintenance

process, the infimum degree of a vertex 𝑢 ∈ S𝑖 ∪ P𝑖 is defined as: 𝛽 (𝑢) = |𝑁O𝑘 (𝑢,𝐺−𝑘 [R𝑖 ]) ∪
𝑁 (𝑢,𝐺−

𝑘
[P𝑖 ∪ S𝑖 ∪ Ψ𝑖 ]) |.

Based on this novel definition, all vertices in S𝑖 ∪ P𝑖 with infimum degrees less than 𝑘 are

iteratively removed, since these vertices must appear before 𝜋 (P𝑖 ) in the new ICD-order. If the

navigation node 𝜋 (P𝑖 ) remains in S𝑖 after this step, its infimum degree is at least 𝑘 , meaning it is

still a keynode in the new order. Excluding 𝜋 (P𝑖 ), the remaining vertices in S𝑖 ∪ P𝑖 are the 𝑐𝑣𝑠
vertices of 𝜋 (P𝑖 ) in the new ICD-order, and then we can append 𝜋 (P𝑖 ) along with its 𝑐𝑣𝑠 vertices

into the front of Ψ𝑖 . Otherwise, 𝜋 (P𝑖 ) is a 𝑐𝑣𝑠 vertex in the new ICD-order. Here, all vertices in

S𝑖 ∪ P𝑖 that are removed during the above process, including 𝜋 (P𝑖 ), form the P𝑖+1 vertex set in
the next state.

Algorithm 3: Order-DelK
input :A graph 𝐺 , an edge 𝑒 = (𝑢, 𝑣), the ICD-order O of 𝐺

output :The new ICD-order O−
𝑘
of 𝐺−

𝑘

1 R0 ← O𝑘 ; P0 ← 𝑉 (𝐺)\𝑉 (𝐺−); Ψ0 ← ∅; 𝑖 ← 0;

2 𝛽 (𝑢) ← 𝛽 (𝑢) − 1;
3 while P𝑖 ≠ ∅ do
4 𝜋 (P𝑖 ) ← the navigation node of P𝑖 ;
5 S𝑖 ← {𝜋 (P𝑖 )} ∪ 𝑐𝑣𝑠𝑘 [𝜋 (P𝑖 )];
6 U𝑖 ← the vertices in R𝑖 that have larger orders than all vertices in S𝑖 ;
7 append all vertices inU𝑖 to the front of Ψ𝑖 ;

8 S𝑖 ,P𝑖 ,W𝑖 ← CheckKeynode(S𝑖 , P𝑖 , 𝐺−𝑘 , 𝑘);
9 if 𝜋 (P𝑖 ) ∈ S𝑖 then
10 // 𝜋 (P𝑖 ) is still a keynode

11 if S𝑖 ∪ P𝑖 is not same as ({𝜋 (P𝑖 )} ∪ 𝑐𝑣𝑠𝑘 [𝜋 (P𝑖 )]) then
12 𝑐𝑣𝑠 ←DeleteVertex(𝜋 (P𝑖 ),S𝑖 ∪ P𝑖 ,R𝑖 ,𝐺−𝑘 , 𝑘);
13 else 𝑐𝑣𝑠 ← 𝑐𝑣𝑠𝑘 [𝜋 (P𝑖 )];
14 append 𝜋 (P𝑖 ) and its 𝑐𝑣𝑠 vertices to the front of Ψ𝑖 ;

15 P𝑖 ←W𝑖 ;

16 remove all vertices added to Ψ𝑖 and P𝑖 in this state from R𝑖 ;
17 move to the next state by setting 𝑖 ← 𝑖 + 1 ;
18 append all vertices in R𝑖 to the front of Ψ𝑖 ;

19 return Ψ𝑖 ;

Our edge deletion algorithm OrdDel follows a similar framework to the OrdIns. It needs to
compute the new ICD-order O−

𝑘
of 𝐺𝑘 via function Order-DelK, for 𝑘 from 1 to min{𝑐 (𝑢), 𝑐 (𝑣)}.

We present the details of Order-DelK in Algorithm 3. For a given 𝑘 , it maintains the updated

ICD-order via a while loop (lines 3–17). In 𝑖-th state, it first computes the navigation node 𝜋 (P𝑖 ),
and calculates S𝑖 according to 𝜋 (P𝑖 ) and its 𝑐𝑣𝑠 vertices (lines 4-5). Then, it computesU𝑖 which

contains all vertices in R𝑖 that have larger orders than vertices in S𝑖 and append them to Ψ𝑖 (lines
6-7). Next, we update the infimum degrees of vertices in S𝑖 ∪ P𝑖 , and iteratively remove those

with infimum degrees less than 𝑘 , storing them inW𝑖 (line 8). The details of CheckKeynode are

shown in our supplementary material. Then, if 𝜋 (P𝑖 ) ∈ S𝑖 , it is still a keynode in the O−
𝑘
, and its
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corresponding 𝑐𝑣𝑠 vertices can be computed by iteratively removing the vertices with remaining

infimum degrees less than 𝑘 from S𝑖 ∪P𝑖 (line 12). Afterwards, we append 𝜋 (P𝑖 ) and its 𝑐𝑣𝑠 vertices
in the front of Ψ𝑖 . Specifically, if the 𝑐𝑣𝑠 vertices of 𝜋 (P𝑖 ) remains the same as in O𝑘 , we directly
append its original 𝑐𝑣𝑠 vertices (lines 13-14). For case b, all vertices in S𝑖 ∪ P𝑖 have been removed

toW𝑖 . For both cases a and b, P𝑖 is updated toW𝑖 for the next state computing (line 15). At the

end of each state, we remove the vertices that are added to Ψ𝑖 from R𝑖 and P𝑖 , correspondingly and

move to the next state (lines 16-17). Until P𝑖=∅, we append all remaining vertices in R𝑖 to the front

of Ψ𝑖 , and obtain the new ICD-order, which is the Ψ𝑖 in the last state (i.e., Ψ𝑡 ) (lines 18-19).

Theorem 5.6. Given a graph𝐺 with its ICD-order O, and a set of edges Δ𝐺 , OrdDel can compute
𝐺 ⊖ Δ𝐺 ’s ICD-order O− correctly.

Moreover, we measure the difference between two ICD-orders O and O− for graphs 𝐺 and

𝐺 ⊖ Δ𝐺 from the keynode and 𝑐𝑣𝑠 vertices perspective. Specifically, we quantify their difference as

diff(O,O−) = {∪𝛿−
𝑘=1

diff𝑘 }, where 𝛿− denotes the maximum core number of 𝐺 ⊖ Δ𝐺 . Here, the

diff𝑘 is defined as:

diff𝑘 (O𝑘 ,O−𝑘 ) =
( ⋃
𝑤∈D−

𝑘
∩D𝑘

{
𝑐𝑣𝑠𝑘 [𝑤] ∪ 𝑐𝑣𝑠−𝑘 [𝑤] | 𝑐𝑣𝑠𝑘 [𝑤] ≠ 𝑐𝑣𝑠−

𝑘
[𝑤]

})
∪

(
𝑉𝑘 \𝑉 −𝑘

)
.

Note that typically diff𝑘 ≥ diff𝑘 , providing an additional tool for analyzing the time complexity

of our algorithm. Unlike edge insertions, edge deletions require more computations.

Theorem 5.7. The time complexity of OrdDel for deleting an edge (𝑢, 𝑣) from a graph 𝐺 is
𝑂

( ∑𝜓

𝑘=1
(vol(diff𝑘 ) + |𝑁 (diff𝑘 ,𝐺𝑘 ) | · log |𝑉𝑘 |)

)
.

Remark.We note that theoretically vol( |diff𝑘 |) ≤ vol( |diff𝑘 |) ≤ |𝐸𝑘 |, and |𝑁 ( |diff𝑘 |,𝐺𝑘 ) | ≤
|𝑁 ( |diff𝑘 |, 𝐺𝑘 ) | ≤ |𝑉𝑘 |. Additionally, as shown in Table 5 and Table 6, we typically have vol( |diff𝑘 |) < 
vol( |diff𝑘 |) ≪ |𝐸𝑘 |, and |𝑁 ( |diff𝑘 |, 𝐺𝑘 ) | < |𝑁 ( |diff𝑘 |, 𝐺𝑘 ) | ≪ |𝑉𝑘 | in real graphs.

Discussion. We note that our approach of maintaining ICs by propagating only updates on the 
ICD-order is conceptually similar to Incremental View Maintenance (IVM), a fundamental technique 
for efficiently updating materialized views when base data changes [28, 29, 54]. In IVM, views 
are updated incrementally rather than recomputed from scratch, significantly reducing overhead. 
Theoretically, the tightest complexity bound of IVM is proportional to the size increase of the 
output [2], which is stricter than our current bound of |AFF|. In future work, we plan to further 
optimize our algorithm to approach this tighter bound and achieve lower time complexity.

6 Experiments
We now present the experimental results. Section 6.1 discusses the setup. We discuss the experi-
mental results in Sections 6.2 and 6.3.

6.1 Setup
Datasets. We use eight real-world networks from different domains, which are downloaded from 
Stanford Network Analysis Platform 2, and Network Repository 3. Table 4 provides the statistics 
of each graph, where 𝑛 and 𝑚 are the numbers of vertices and edges, respectively, and 𝛿 is the 
maximum core number. All algorithms are implemented in C++, compiled with the g++ compiler 
at -O3 optimization level, and run on a Linux machine with an Intel Xeon 2.40GHz CPU and 512GB 
RAM. If an algorithm cannot finish in 72 hours, we mark its running time as INF.
2
http://snap.stanford.edu/data/

3
https://networkrepository.com/network-data.php
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Table 4. Dataset Statistics.

Dataset Type 𝑛 𝑚 𝛿

Wikitalk (WK) Communication 120,834 237,551 54

DBLP (DP) Collaboration 317,080 1,049,866 118

web-Google (WG) Web 5,105,040 4,322,052 44

as-skitter (AS) Connection 1,694,616 11,094,209 111

Freebase (FB) Hyperlink 14,420,276 40,655,068 17

Socfb-Uci-Uni (SU) Social 58,790,783 92,208,195 16

UK-2002 (UK) Web 18,483,186 261,787,258 942

IT-2004 (IT) Web 41,291,594 1,027,474,947 3,224
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Fig. 7. Efficiency of an edge insertion on all datasets.
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Fig. 8. Efficiency of an edge deletion on all datasets.

Algorithms.We compare the following algorithms:

• KCIns: the naive KC-Indexmaintenance algorithm under the edge insertion scenario (Section

3). It rebuilds the KC-Index for every edge insertion.

• KCDel: the naive KC-Index maintenance algorithm under the edge deletion scenario (Section

3). It rebuilds the KC-Index for every edge deletion.

• ICPIns [42]: the state-of-the-art ICP-Indexmaintenance algorithm under the edge insertion

scenario.

• ICPDel [42]: the state-of-the-art ICP-Index maintenance algorithm under the edge deletion

scenario.

• OrdIns: our proposed order-based KC-indexmaintenance algorithm under the edge insertion

scenario.

• OrdDel: our proposed order-based KC-indexmaintenance algorithm under the edge deletion

scenario.

Experimental settings. To evaluate the efficiency of influential community maintenance

algorithms above, for each graph, we select 𝜏 edges to simulate the edge insertion and edge deletion

process, where 𝜏 ∈ {2K, 4K, 6K, 8K, 10K, 12K}. For the WK, DP, UK, and IT datasets, edges are

inserted in chronological order (from oldest to newest) according to their timestamps; for the other

datasets, edges are selected randomly. When testing edge insertions, we first remove the selected 𝜏

edges from the original graphs and then insert them back into the graph sequentially. When testing

edge deletions, we directly delete these 𝜏 edges one by one from the original graphs. Note that the

default value of 𝜏 is set to 6,000. In the following reported time cost, each data point is the average

result of 𝜏 edge insertions or deletions.

6.2 Efficiency of Edge Insertions
We evaluate the performance of the edge insertion algorithms.
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Fig. 9. Effect of the number of inserted edges (average time per edge).

Table 5. |AFF| after inserting 6,000 edges.

Datasets Method

ICPIns OrdIns Reduce

WK 800,311,813 548,368 1,459 ×
DP 1,415,797,148 233,701 6,058 ×
WG 10,169,229,064 537,642 18,914 ×
AS 9,168,669,841 1,405,625 6,523 ×

Table 6. |AFF| after deleting 6,000 edges.

Datasets Method

ICPDel OrdDel Reduce

WK 803,129,214 2,822,270 284 ×
DP 1,433,288,186 22,080,290 64 ×
WG 5,104,120,531 68,643,111 74 ×
AS 9,394,837,970 191,561,450 49 ×

Exp.1. Overall efficiency results. Figure 7 compares the average running time of all algorithms 
on eight datasets by inserting 6K edges. Across all datasets, KCIns method exhibits the poorest 
performance. It cannot finish in 3 days on all the large datasets, as it redundantly recalculates all 
influential communities for all 𝑘  in the graph, even for unmodified parts. Our algorithms show 
significant performance improvements compared to the baseline method. For example, on the SU 
dataset, OrdIns only needs 0.12ms to handle per edge insertion, while the SOTA algorithm, ICPIns 
takes more than 3 days. This indicates that our algorithm is up to six orders of magnitude faster 
than the SOTA algorithm. The primary reason for this improvement is that our proposed algorithm 
can accurately identify vertices impacted by edge insertions, allowing updates to be completed by 
accessing smaller subgraphs. In contrast, ICPIns needs to analyze these changes for every entire 
𝑘-IC.

Exp.2. # of affected edges. Table 5 depicts the total number of affected edges while inserting 
6K edges. Our algorithm OrdIns demonstrates a notable up to 4 orders of magnitude reduction 
in the number of affected edges compared to the state-of-the-art algorithm ICPIns. Theoretically, 
the number of affected edges in OrdIns is 

∑
𝑘

𝜓

=1 vol(diffk), which is the dominator in its time 
complexity. This reduction aligns with our conclusion that only a few vertices need to change their 
positions in the new ICD-order, allowing OrdIns to check only a small subset of edges to correctly 
maintain the ICD-order. These results highlight that our ICD-order plays a crucial role in reducing 
the number of visited vertices, thus enhancing maintenance efficiency.

Exp.3. Effect of the number of inserted edges. Figure 9 depicts the effect of the number of 
inserted edges on processing time, where 𝜏 ∈ {2K, 4K, 6K, 8K, 10K, 12K}. We present the results on
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all datasets. The results show that as the number of edges increases, the average insertion time of

each edge does not increase significantly. This demonstrates the stability of our proposed algorithm

across varying numbers of edge insertions.
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Fig. 10. The scalability test for handling edge insertions.

Exp.4. Scalability test. To test the scalability, we randomly select 20%, 40%, 60%, 80%, and

100% of edges from each graph, and then obtain five induced subgraphs by these edges. We only

show the results on the four largest datasets when inserting 6,000 edges in Figure 10 since the

trends are similar on all other datasets. The running time of these three algorithms increases with

the number of edges, our algorithm performs better than Recompute and ICPIns in all cases, and

the growth rate of the curve of OrdIns is smaller.

Exp.5. Time proportion of different 𝑘 . Recall that OrdIns maintains the ICD-order for all 𝑘

values from 𝑘=1 to 𝛿 . Figure 11 shows the time cost of OrdIns for processing different percentiles

of 𝑘 values, after inserting 6K edges (assuming the graph has been loaded into memory) on eight

datasets. For most datasets, the time cost of updating the ICD-order for the first quartile of 𝑘 is

significantly higher than that for the remaining 𝑘 values. This is because when 𝑘 is small, 𝑉 (𝐺𝑘 )
and 𝐸 (𝐺𝑘 ) are relatively larger, so the number of vertices affected by inserting an edge is larger.

Besides, for the last quartile of 𝑘 , our algorithm typically takes less time.

6.3 Efficiency of Edge Deletions
In this section, we evaluate the performance of the edge deletion algorithms. We include the

additional results on edge deletion in our supplementary material.

Exp.1. Overall efficiency results. Figure 8 compares the average running time of these

three algorithms on eight datasets by deleting 6K edges. Similar to edge insertions, KCDel method

performs poorly on all datasets. However, unlike edge insertions, the performance gap between

our algorithm and the strongest competitor (i.e., ICPDel) narrows, which aligns with our time

complexity analysis above. Nevertheless, thanks to our ICD-order, OrdDel remains significantly
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Fig. 11. Proportion of the time cost of different 𝑘 in
OrdIns.
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Fig. 12. Proportion of the time cost of different 𝑘 in
OrdDel.
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Fig. 13. Effect of the number of deleted edges (average time per edge).
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Fig. 14. The scalability test for handling edge deletions.

faster than ICPDel. For example, on the WG dataset, OrdDel only needs 226.12ms to handle per edge 
deletion, while the state-of-the-art algorithm, ICPDel takes more than three days. This indicates 
that our algorithm is up to three orders of magnitude faster than the state-of-the-art algorithm.

Exp.2. # of affected edges. Table 6 depicts the total number of affected edges while deleting 
6K edges. Our algorithm OrdDel demonstrates a notable up to 2 orders of magnitude reduction in 
the number of affected edges compared to ICPDel. Theoretically, the number of affected edges in 
OrdDel is 

∑
𝑘

𝜓

=1 vol(diffk), which is the dominator in its time complexity. This result may explain 
why the performance gap between our algorithm and the strongest competitor narrows in deletion 
compared to insertion.

Exp.3. Effect of the number of deleted edges. Figure 13 depicts the effect of the number of 
deleted edges on processing time, where 𝜏 ∈ {2K, 4K, 6K, 8K, 10K, 12K}. We present the results on 
all datasets. Generally, the findings indicate that with the number of edges increasing, there is no 
substantial rise in the average time it takes to delete each edge. This demonstrates the stability of 
our proposed algorithm across varying numbers of edge deletions.

Exp.4. Scalability test. To test the scalability, we randomly selected 20%, 40%, 60%, 80%, and 
100% of edges from each graph, and then obtained five induced subgraphs by these edges. We show 
the results on all datasets when deleting 6,000 edges in Figure 14 since the trends are similar on all 
other datasets. The running time of these three algorithms increases with the number of edges, 
our algorithm performs better than Recompute and ICPDel in all cases, and the growth rate of the
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Fig. 15. Comparison of the coverage ratio.

curve of OrdDel is smaller. Therefore, our proposed edge deletion algorithm scales well on large

graphs in practice.

Exp.5. Time proportion of different 𝑘 . As OrdDel requires maintaining ICD-order for all

𝑘 ∈ [1, 𝛿], we analyze the computational overhead distribution through progressive 𝑘 subdivi-

sions. Figure 12 demonstrates the temporal heterogeneity when processing 6,000 edge deletions

(post-memory initialization) across eight datasets. Notably, the algorithm exhibits distinct phase

characteristics: The first quartile consumes nearly or over 60% of total computation time in six

datasets. This phenomenon correlates with the scale of 𝐺𝑘 subgraphs - smaller 𝑘 values corre-

spond to denser graph structures where edge modifications trigger cascading updates across

broader vertex neighborhoods. Conversely, the last quartile demonstrates superior efficiency with

time consumption below 10% in seven datasets. The contracted subgraph dimensions at higher 𝑘

thresholds substantially reduce the propagation range of structural updates, resulting in localized

computational adjustments.

6.4 Case study
In this section, we present a case study on ByteDance, one of the largest social network platforms.

The case is based on a real-world dynamic graph, referred to as ByteDanceData, constructed from

the company’s monthly payment records. In ByteDanceData, each vertex represents a user and

is assigned a weight indicating the user’s cash-out risk. The company’s goal is to identify users

who have actually performed cash-out transactions from this social network. To achieve this, the

company first locates groups of users with high cash-out risks and then manually verifies whether

each of them actually performed cash-out transactions. To reduce manual effort, the company aims

to extract the top-𝑟 ICs from the network and conduct manual verification only on these ICs, rather

than on the entire graph.

To verify the effectiveness of our ICs, we conduct experiments on the ByteDanceData. Specifically,

we compute the coverage ratio of the top-𝑟 ICs, where the coverage ratio is defined as the proportion

of users who have performed cash-out transactions and are included within these ICs, relative to all

such users in the dataset. Intuitively, a higher coverage ratio indicates that a larger portion of cash-

out users are successfully identified. In our experiments, we extract the top-𝑟 (𝑟 ∈ {1, 2, . . . , 10}) ICs
for 𝑘 ∈ {5, 6, 7} on the ByteDanceData dataset. For comparison, we also compute the 𝑟 𝑘-cores and

evaluate their coverage ratios under the same settings. As shown in Figure 15, our ICs consistently

outperform the 𝑘-core baseline: for each value of 𝑘 , the top-10 ICs cover over 80% of real cash-out

users, whereas the naive 𝑘-cores cover only about 20%. These results demonstrate the effectiveness

of ICs in identifying cash-out user groups and substantially reducing manual verification effort.
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7 Related works
In this section, we review two representative groups of community retrieval methods: community 
detection (CD) and community search (CS) on both static and dynamic graphs.
Community detection (CD). In the literature, various CD methods have been proposed [25, 

26, 53], such as spectral clustering [18, 71, 76], consensus clustering [27, 67], modularity-based 
approaches [13, 19, 52, 53], statistical inference-based approaches [36, 57], and structural similarity-

based approaches [8, 10, 47, 58, 68, 70, 74, 78]. Some recent works [51, 60, 61, 63–66, 84] have studied 
CD on the other type of graphs. The maintenance of CD in dynamic graphs has also received 
much attention. Many structural similarity-based CD algorithms on dynamic graphs have been 
developed [58, 70, 78], which often maintain the index schema by updating the set of vertices whose 
similarity values need to be recomputed. Some works have studied conducting spectral clustering 
on the dynamic graphs by analyzing the change of approximate eigenvectors [17, 50, 55]. Recently, 
Laenen et al. [37] proposed the first algorithm for dynamic spectral clustering with a theoretical 
guarantee.

Community search (CS). CS aims to query densely connected subgraphs containing a specific 
vertex or a set of vertices [16, 23, 24, 62, 75, 82]. To measure the structure cohesiveness of a 
community, people often use the cohesive subgraph models [23], like 𝑘-core [1, 4], 𝑘-truss [14, 79], 
𝑘-clique [15, 77, 83] and 𝑘-edge connected component [9, 30]. A representative group of CS works 
is based on the 𝑘-core model. For example, in [16, 62], the metric of minimum degree used in 𝑘-core 
is used for CS. Another group of CS works uses the 𝑘-truss [14, 79]. For example, in [31, 33], the 𝑘-
truss-based model is used for CS. Besides, many CS works have considered vertices’ attributes (e.g.,
[11, 22, 23, 32]). Particularly, to find the most influential communities, some works have considered 
vertices’ importance values and studied the problem of influential CS [3, 12, 32, 39–42, 48, 49, 72, 81].

In addition, some researchers have studied the community search in dynamic graphs [21, 31, 43–
45]. Many 𝑘-core maintenance algorithms have been developed [43, 59, 80], which often maintain 
𝑘-cores by maintaining the core numbers of vertices. Li et al. [43] observed that when an edge 
is inserted or deleted, the set of vertices whose core numbers need to be updated is connected, 
and the set is in the sub-core where the edge is located, and proposed a quadratic-time algorithm. 
Sariyuce et al. [59] proposed an algorithm that is linear to the size of the subcore. Zhang et al. [80] 
proposed an order-based core number maintenance algorithm. Lin et al. [45] studied the 𝑘-core 
hierarchy maintenance problem.

8 Conclusions
In this study, we investigate the problem of influential community (IC) search over large dynamic 
graphs. We find that existing algorithms lack bounded guarantees and typically incur substantial 
redundant computations. To tackle this issue, we introduce a novel concept ICD-order, and utilize it 
to devise a relatively bounded IC maintenance algorithm for the edge insertion scenario. Addition-
ally, we present an efficient algorithm for edge deletion with a more favorable time complexity. 
Our experimental evaluations on eight real-world graphs validate the efficacy of our proposed 
algorithms.
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