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Dynamic graphs, pivotal in applications ranging from social networks to biological systems, pose significant
challenges in storage and update efficiency due to their continuous evolution through insertions and deletions.
Traditional graph compression methods, primarily optimized for static graphs, often struggle in dynamic
environments, leading to costly decompression-recompression cycles during updates. To address this limitation,
we propose a novel theoretical framework that enables efficient direct updates on rule-based compressed
graphs. Additionally, we introduce a dynamic graph processing framework that balances space efficiency,
update responsiveness, and query performance. Our framework treats updates as lightweight, localized
modifications, sustains compression via background cleanup, and preserves query performance by ensuring
structural integrity. Our method achieves significant memory savings, reducing usage by an average of 50.1%
over state-of-the-art dynamic compressed graph systems, while demonstrating highly competitive update
throughput and query performance. These advancements establish a scalable, high-performance solution for
dynamic graph management, effectively bridging the gap between space efficiency, updates responsiveness
and query performance.
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1 Introduction

Graphs, fundamental to understanding complex structures in fields like social networks, biological
systems, and transportation networks [3, 6, 15, 16, 28, 29], are growing ever larger and more
intricate. This growth is especially pronounced in dynamic graphs, which evolve continuously
through updates such as edge insertions and deletions. A prime example is the Facebook social
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network. It expanded dramatically from 372 million users in 2011 to encompass over 2.1 billion
daily active users and trillions of edges by the fourth quarter of 2023 [52]. Dynamic graphs are
indispensable for real-world applications requiring constant updates [17, 18, 39-42, 57, 59, 64-66].
However, the ever-increasing size of graphs places significant strain on current graph management
systems.

Managing ever-growing graphs necessitates techniques that are efficient in both storage and
computation. Graph compression [1, 7-9, 11, 13, 19, 20, 26, 30, 32, 37, 54] addresses the storage
challenge by exploiting structural redundancies. This same principle of redundancy exploitation also
provides a significant computational advantage, as it allows graph algorithms to avoid redundant
work during analysis. Consequently, performing queries and analytics directly on compressed
graphs [10, 19, 32, 34, 38, 49, 69] has become a popular paradigm for static graphs, offering the
compelling dual benefit of reduced memory footprint and faster processing times. However, the
vast majority of these methods are designed for static graphs and lack support for dynamic updates.
In real-world scenarios with frequently evolving graphs, this limitation forces costly cycles of full
decompression and recompression for each change, negating the performance benefits. Therefore,
there is an urgent need for technologies that support direct dynamic updates on compressed graphs.

Efficiently supporting dynamic updates directly on compressed graphs offers several advan-
tages. First, it significantly enhances update responsiveness. By obviating the need for the pro-
hibitively costly decompress-recompress cycle inherent in static methods, this approach enables
high-throughput modifications directly on the compressed data structure. Second, it continuously
leverages the intrinsic benefits of compression. This includes high space efficiency, which minimizes
the storage footprint, and the potential for accelerated query and analysis performance. Third, it
unlocks the scalability of large, dynamically evolving graphs. The efficiency gained from direct
updates extends the applicability of compression frameworks to manage massive, continuously
changing graphs, ensuring scalability and performance in real-time, resource-constrained scenarios
where previous methods were untenable.

We choose rule-based compression as our foundational strategy, as it provides a unique combina-
tion of structural compatibility, dynamic adaptability, and performance benefits that are essential
for our goals. First, it offers high structural compatibility with mainstream graph processing. Unlike
compression methods such as k?-tree [11, 21] that operate on the adjacency matrix, rule-based
compression is naturally suited to adjacency lists and CSR, the standard formats for most large-scale
dynamic graph systems [27]. Crucially, the resulting compressed structure remains conceptually
equivalent to a standard graph, allowing for the direct application of conventional graph analysis
algorithms. Second, it possesses inherent dynamic adaptability. Rule-based compression is amenable
to localized updates. As we observe, changes to vertices and edges typically affect only their parent
rule(s). This property enables efficient, in-place modifications, which is a distinct advantage over
static methods like LZ-family or WebGraph [10]. Those methods lack mechanisms for granular
updates and thus require prohibitively costly decompress-recompress cycles to handle any change.
Third, it provides a strong performance foundation for balancing space and speed. By identifying
and reducing recurring topological patterns, this strategy creates a significant computational ad-
vantage, as it allows analytical queries to avoid redundant work and process faster directly on the
compressed data [19, 56]. Furthermore, the compression itself offers highly efficient overhead and
achieves high compression ratios, competitive with mainstream static methods (as our evaluation
demonstrates in Table 4 and Fig. 9), and scales effectively to large graphs [58].

Despite these benefits, enabling dynamic updates on rule-based compressed graphs remains
fundamentally challenging. This difficulty primarily stems from the inherent contradiction between
dynamic updates and graph compression: updates disrupt the stable, redundant structures essential
for compression, while compressed formats lack the direct-access capabilities required for efficient
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modifications. Furthermore, on rule-based compression, this core conflict raises several critical
challenges. First, performing targeted updates requires efficient random access, but traditional rule-
based compressed graphs lack native index support, making it non-trivial to map a specific edge to its
physical location. Second, new insertions must be integrated without degrading overall compression
efficiency, requiring an efficient mechanism to periodically compress and merge this new data.
Third, deletions are particularly complex, as modifying a shared rule can inadvertently alter other
parts of the graph, and the process inherently introduces data redundancy that undermines the
graph’s compression.

To address these challenges, our design philosophy is that an ideal approach must strike a
delicate balance among the three competing factors: space efficiency, update responsiveness, and
query performance. However, existing systems typically falter by making significant compromises.
On one hand, traditional non-compressed dynamic graph systems like Teseo [22] offer excellent
update speed but sacrifice space efficiency, making them untenable for increasingly large graphs. On
the other hand, compressed dynamic graph systems attempt to solve the space issue but introduce
other bottlenecks. For instance, ZipG [34] sacrifices query performance on certain complex types
due to the structural fragmentation caused by its update mechanism. Conversely, Aspen [23]
compromises update responsiveness, as its reliance on localized decompression-recompression for
each modification introduces significant latency. Evidently, current solutions force a suboptimal
trade-off, highlighting the critical need for a new approach that can simultaneously achieve all
three objectives.

In this paper, we propose a rule-based framework designed to strike a delicate balance among
the three competing factors: space efficiency, update responsiveness, and query performance. Our
approach is grounded in a novel theoretical framework that establishes principles for effective direct
update designs and a practical direct update framework that separates update and compression
modules to preserve integrity and throughput. The core of our solution consists of several novel
designs: (1) An efficient edge retrieval and indexing mechanism using a hierarchical path of pointers
to uniquely locate any edge and a tailored index with tunable granularity. (2) A two-stage insertion
method that buffers new insertions for high responsiveness and periodically compresses and merges
them to maintain long-term efficiency. (3) A deletion method employing a recursive copy-on-write
mechanism on local rules, which is paired with a two-phase maintenance strategy (rule-folding
and secondary compression) to counteract compression degradation.

Experimental results validate that our framework delivers a superior performance profile com-
pared to state-of-the-art dynamic graph systems. It reduces memory usage by an average of
50.1% compared to best dynamic compressed graph systems [23, 47], and 47.1% compared to best
uncompressed dynamic graph management systems [27, 51], while demonstrating competitive
update throughput. Crucially, these advantages are achieved while delivering query performance
competitive with the leading solutions, thus breaking conventional performance trade-offs.

The main contributions of this paper are as follows:

e We propose a novel theoretical framework for efficient direct updates on rule-based com-
pressed graphs, enabling localized updates that minimize overhead while maintaining the
integrity of the compressed structure.

e We introduce the first dynamic compressed graph processing framework that integrates an
indexing system with a tailored update mechanism, achieving a seamless balance among
space efficiency, update responsiveness, and query performance.

e We evaluate our framework against the state-of-the-art, achieving high update throughput
while preserving low memory usage and excellent query performance.
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2 Background and Related Work
2.1 Graph Preliminaries and Compression

Graphs are fundamental data structures consisting of vertices and edges that connect these vertices.
Formally, a graph G can be defined as a pair G = (V, E), where V represents the set of vertices and E
represents the set of edges, with each edge (u,v) € E connecting two vertices u and v. One common
representation of graphs is the adjacency list, where each vertex stores a list of its neighbors. This
representation is space-efficient for sparse graphs and enables efficient traversal, making it widely
used in real-world applications [44, 68].

Graph Compression. Graph compression techniques aim to create a compact representation
of a graph to reduce its storage footprint while preserving essential structural properties. Graph
compression can be broadly categorized into two techniques: encoding and reduction. The primary
distinction between the two lies in whether the graph’s topology is modified. Encoding methods [1, 8,
9, 26, 54] preserve the original graph structure intact, while reduction methods [11, 13, 20, 30, 32, 37]
transform the graph’s topology. In practice, the choice of method depends on the specific application
scenario. Encoding methods are suited for random access and simple query, as they compress the
bit-level representation of vertices and edges while preserving the original graph structure intact.
However, since these techniques achieve space savings through entropy-based encoding, such as
Huffman or delta coding, their compression ratios are inherently limited by the entropy of the
graph data [36]. Reduction methods [11, 13, 20, 30, 32, 37], in contrast, are well-suited for analyzing
large-scale graphs with high structural redundancy. These methods identify recurring patterns or
substructures and replace them with compact symbolic representations, thereby transforming the
graph’s topology and achieving significantly higher compression ratios. In our cases, we adopt
rule-based compression—a type of reduction method (whose static compression performance has
been recently optimized by works like [58])—due to its advantages in compression ratios and graph
analysis.

Dynamic Graph. Extensive work on dynamic graphs can be broadly divided into two categories:
optimizing the computational aspect of streaming graph processing, and designing efficient storage
and management structures [12, 14, 21, 22, 27, 33, 51, 68]. The first category focuses on reducing
redundant computations during analysis. For instance, ACGraph [31] accelerates monotonic graph
algorithms by using a dependence hierarchy to normalize state propagation, which is synergistic
with our work. Our research belongs to the second category, which focuses on the fundamental
design of dynamic graph storage and management. This line of research primarily addresses the
trade-offs among space usage, update latency, and query performance. Existing systems often
compromise on one of these aspects. For instance, Teseo [22] employs sparse arrays and fat trees to
provide high update throughput on uncompressed data, but sacrifices space efficiency due to these
uncompressed structures and its index design. Spruce [51] also targets high update throughput, using
a tree-like multilevel structure, but compromises query performance. In contrast, Sortledton [27]
achieves excellent space and query efficiency by storing neighborhoods in a sorted set data structure,
though its update throughput is lower than systems like Spruce. Recent benchmark work [53] has
revisited the design of in-memory dynamic graph storage, identifying substantial space overhead
in these systems, which calls for new space-saving solutions and highlights the importance of
dynamic compressed graphs.

In parallel, several methods have been proposed to support updates on compressed graphs [2, 23,
47]. However, these methods often still require decompression and recompression steps—even if only
localized—when handling updates. For instance, Aspen [23] must perform localized decompression
and recompression within the chunks of its C-tree. Moreover, some compressed approaches intro-
duce significant overheads that make them uncompetitive. For example, GraphZIP [47] employs
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a clique mining algorithm for compression (with O(3"/%) time complexity), making it intractable
for large graphs. This complex structure, in turn, results in prohibitively low update throughput
compared to uncompressed systems.

2.2 Rule-Based Reduction

Among reduction techniques, rule-based reduction has gained attention for its ability to systemati-
cally simplify graph structures while preserving essential properties [19, 20, 37, 43, 45, 46, 60—63].
Rule-based reduction identifies recurring patterns in a graph’s adjacency lists and replaces them
with compact symbolic representations, called rules. These rules are organized hierarchically, with
higher-level rules encapsulating lower-level patterns. The top-level rule represents the entire graph.
The time and space complexity of rule-based reduction are both O(n), where n is the length of
sequence to be reduced.

Workflow. Fig. 1 illustrates the general workflow of rule-based reduction. The compressor scans
the input sequence repeated pairs of consecutive elements, known as digrams. These digrams are
stored in a hash table for efficient tracking. When a digram appears multiple times, the compressor
replaces it with a new rule. For example, in Fig. 1, the recurring digram (3, 2) is replaced with rule
r1, and ry is added to the rule set. The sequence is updated with the new rule, and the process
continues until no digram appears more than once.

The resulting rule set satisfies two key properties [45]:

e Uniqueness: No pair of adjacent symbols appears more than once in the rule set.
e Reusability: Each rule is used at least twice in the compressed representation.

Vertex Adjacency List

numRuIe|Tu:|0|1 |T3|T1| 1 |"27|10|7'3|5 |71||

Compressor ——» Hash Table Rule Set 0 123457811 —_—
[1]2717372]3 2374 5] (1,2) [ (1,3) 132 1 345710 C"’"P’“‘"""f‘m’ r:[8]11]
Repl 32 withrr (2,1) (2,3) 2 3457 Generate rules3 1 B-
eplace 3 2 wi
P 1 (3,2) 5 811 T2t n

Fig. 1. The workflow of rule-based compression. Fig. 2. An example of rule-based compressed graph.

Example. Fig. 2 demonstrates an example of applying rule-based reduction to compress a graph’s
adjacency list. The adjacency lists of all vertices are concatenated into a single integer sequence,
with a special delimiter symbol separating the list of each vertex. Repeated patterns, such as (8, 11)
and (3,4,5,7), are identified and replaced by rules r; and r;, respectively. Higher-level rules are
recursively generated, such as r3, which encapsulates (2, r;). Ultimately, the graph is represented
by a root rule ry, which encodes the entire structure in a hierarchical format. This process results
in a Directed Acyclic Graph (DAG) of rules, where each rule represents a compressed substructure
of the graph, significantly reducing redundancy while preserving the graph’s essential properties.

3 Motivation

Rule-based compression methods achieve high compression ratios while preserving essential graph
properties, enabling high-performance analysis with significant space savings on static graphs
[19]. However, these techniques are inherently static and ill-suited for evolving graph datasets that
require dynamic updates. A naive approach of decompressing the graph for batch updates and
then recompressing it introduces prohibitive overhead. First, it introduces time overhead caused by
decompression and recompression. As shown in Fig. 3 (a), in the pkustk14 dataset of SuiteSparse
Matrix Collection [55], the execution time for 100,000 batch edge insertions using this method
is up to 10x slower than a native dynamic graph analysis framework such as Sortledton [27]. A
time breakdown confirms this overhead is dominated by the decompression and recompression
steps. Second, it imposes significant memory pressure. Fig. 3 (b) highlights a severe memory issue:
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O [ Update 200000 [ Compressed Graph
[ [ Recompression §
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Fig. 3. Performance comparison of the decompress-recompress update strategy for 100,000 insertions on
pkustk14.

the peak memory footprint is orders of magnitude larger than the final compressed graph’s size,
negating the core benefit of compression. Therefore, an approach that enables direct updates on the
compressed graph is essential to avoid the costly cycle of full decompression and recompression.
Basic Idea. Our direct update method is designed to perform efficient updates on rule-based
compressed graphs while preserving both the compression level and query performance. We
propose a set of theoretical axioms—essential guidelines that all direct updates must obey—to
ensure effectiveness and consistency. To achieve high update throughput, we utilize a design that
separates the update and compression modules, allowing them to operate independently while
preserving the global integrity of the compressed graph.

Novelties. To address the challenges mentioned in Section 1, we propose the following novel
designs:

e Framework for direct update on rule-based compressed graph (Section 4 and Sec-
tion 5.1). We propose the first theoretical framework for performing direct updates on
compressed graphs, establishing the principles for effective direct update designs. Guided by
this theory, we introduce a practical direct update framework that simultaneously achieves
three objectives: it preserves space efficiency by periodically compressing modified parts, en-
ables fast updates by minimizing structural modifications, and guarantees query performance
by maintaining the integrity of the compressed structure.

o Efficient approach for edge retrieval and indexing (Section 5.2). We design a location
description mechanism that uses a hierarchical path of pointers from the root to the target
rule, which can uniquely locate any edge. We also develop a tailored index for rule-based
compressed graphs, featuring tunable granularity to allow users to balance space overhead
and lookup performance according to their specific requirements.

¢ Insertion method balancing responsiveness and compression (Section 5.3). We propose
a direct insertion method that operates in two stages. Initially, to ensure high responsive-
ness, new insertions are buffered in an uncompressed, incremental subgraph. Subsequently,
these updates are periodically compressed and merged to maintain long-term compression
efficiency.

e Deletion method with compression efficiency guaranteed (Section 5.4). We propose a
direct deletion method that employs a recursive copy-on-write mechanism on local rules. To
counteract the impact on compression, it then applies a two-phase maintenance strategy:
rule-folding to eliminate inefficient rules, followed by secondary compression to identify
new common patterns.

4 Theoretical Framework

A rule-based compressed graph G’ can be denoted as a pair G’ = (2, R), where 2 = {01, 03, ...04}
is a set of symbols, and each symbol is either a vertex or a rule. R = {ry,ry, ...r,} refers to a rule
set, where each rule r = (01, 03, ...01,), 0k € 2,k € {1,2,...,n} is an ordered sequence of symbols.
Direct update on rule-based compressed graph aims to achieve equivalent operation outputs on
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both compressed and uncompressed graphs, encompassing direct insertion, deletion and in-situ
update operations. Graph update can be either edge update or vertex update, where vertex update
can be reduced to edge update. For example, deleting a vertex can be accomplished by deleting all
its associated edges. ! Consequently, this paper focuses on the direct update of edges. For simplicity,
we use the term direct update to refer to direct update of edges.

DEeFINITION 1 (DIRECT UPDATE). Given a compression mapping C : G(V,E) — G’(Z,R) and
decompression mapping D : G'(X,R) — G(V, E), where G(V, E) represents an uncompressed graph
and G’ = (3, R) denotes the corresponding compressed graph. We define the operations &, : G’ XE' —
G'and ©:G'XE" — G’ as the operation of inserting and deleting the edge set S on the compressed
graph G’, respectively. Here, E' C Z* X Z* (Z" represents the set of positive integers) is a set of edges,
each represented by pairs of positive integer vertex IDs. If the following conditions hold:

D(G @;S)=G(V,EUS), D(G e;S)=G(V,E\YS)

then the operations @ and ©, are referred to as direct insertion and direct deletion on compressed
graph G’, respectively.

With the definition of direct insertion and deletion, a more complex direct modification operation,
which replaces edge set E,;y with new edge set E,,,, can be modeled as a composition of these
two fundamental operations: G’ ©(; Eojg ®; Enen- Direct update enable operations to be performed
directly on the compressed graph, avoiding the computational overhead of global decompression
and recompression processes.

The practical viability of this direct update paradigm hinges on a set of foundational principles.
To formalize these principles, we establish the following three axioms. First, for direct updates to
be computationally meaningful, their performance must be asymptotically superior to the naive
decompress-recompress cycle. This is only achievable if the modifications to the compressed
structure are contained and proportional to the scale of the update, not the entire graph. Axiom 1
establishes this fundamental prerequisite for efficiency.

Axiom 1 (LocavrrTy). Given a rule-based compressed graph G” = (Z, R) with direct insertion &
and direct deletion ©(,, &, and ©, should modify only a subset of 3. and R.

Second, to maintain compression efficiency, the size of the compressed graph after a direct update
must be smaller than that of its uncompressed counterpart after the same update. This principle is
formalized in Axiom 2.

Ax10M 2 (COMPRESSION EFFICIENCY). Let G’ = (2, R) be a rule-based compressed graph and let
G = (V,E) be its corresponding uncompressed graph. For any given edge set E' C Z* X Z", the direct
insertion ®, and direct deletion ©(, operations must satisfy:

IG' @, E'| < |G(V,.EUE')|, |G’ o E|<|G(V.E\E)]

Beyond efficiency, a direct update must also preserve the semantic and operational integrity of
the compressed representation. An update should not render the resulting graph incompatible with
existing query mechanisms, as this would defeat the purpose of a unified data structure. Axiom 3
provides this crucial guarantee, ensuring consistent interoperability between query and update
operations.

AxioM 3 (CLOSURE UNDER UPDATES). Let Q be a class of query algorithms. Let Q@ be the set of
all compressed graphs G’ for which every algorithm q € Q is well-defined. Then, the set Q@ is closed
under the direct update operations @, and 6.

IThe case of isolated vertices is not considered in this paper. Vertices without edges are directly removed from the graph.
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Fig. 4. An overview of the rule-based compressed graph framework.

Axioms 1, 2, and 3 collectively establish the viability of our direct update paradigm by defining
three fundamental requirements. Specifically, Axiom 1 ensures the computational efficiency of
updates; Axiom 2 maintains space efficiency by keeping the graph compact; and Axiom 3 guarantees
that the graph remains structurally sound and amenable to subsequent queries.

5 Direct Update on Rule-Based Compression
5.1 Overview

Guided by the theoretical framework established, we propose a direct update framework that
consists of three integral modules: Initialization, Direct Insertion, and Direct Deletion, depicted
in Fig. 4. These modules construct a rule-based compressed graph with its index, and dynamically
maintain it by direct update (Definition 1) operations. A core design principle of our framework
is the strict separation of the live update from background cleanup optimization. This separation
is what enables us to support high-throughput, live updates (e.g., buffered insertions and copy-
on-write deletions) without requiring any decompression-recompression on the critical path. The
decompress-recompress strategy is employed only as a non-blocking, asynchronous background
process (Section 5.3) to merge subgraphs. As justified in Theorem 3, this is an explicit trade-off to
prevent long-term compression degradation while prioritizing foreground responsiveness.

Our framework is designed to satisfy three key axioms. First, it satisfies Locality (Axiom 1). It is
crucial to note that Axiom 1 is not a precondition that must be checked for an update; rather, it is an
inherent property that our update mechanisms are designed to satisfy. Our append-only insertion
strategy (Section 5.3) is local by design, and our copy-on-write deletion mechanism (Section 5.4)
confines modifications to a specific rule path. In the theoretical edge case where a deletion targets
the final instance of a rule chain (i.e., a part of the graph that is already uncompressed), the
overhead gracefully degrades to be equivalent to modifying an uncompressed structure, as no shared
rules are affected. Second, it upholds Compression (Axiom 2) through a continuous background
cleanup process. Finally, it ensures Closure (Axiom 3), guaranteeing the graph remains consistently
queryable after any operation.

Workflow. The workflow is initiated in the Initialization module, which takes an input graph,
compresses it via a rule-based technique, and then establishes index list for efficient navigation and
retrieval. When insertions come, Direct Insertion is performed in three stages. First, insertions
are accumulated in a buffer as an incremental graph. Once the buffer reaches a specified threshold,
the collected edges are compressed into a subgraph. Finally, once a sufficient number of these
subgraphs have accumulated, a background process merges them into the main graph structure.
Direct Deletion is also a three-step process. To remove an edge, it first recursively copies the
rules along the path from the root to the target rule and performs edge deletion on the copies.
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Subsequently, a background cleanup process folds and removes any rules with a single reference
into their parent. The final step involves applying local secondary compression to these rules
modified by the folding process, ensuring they are optimally compressed.

Next, we will introduce the detailed implementation of our framework in the order of Initialization,
Direct Insertion, and Direct Deletion.

5.2 Initialization

Design. To apply rule-based compression to the input graph, we first concatenate all adjacency
lists into a single sequence, using separators to distinguish between them. After compression,
Theorem 1 guarantees that the resulting compressed adjacency lists maintain their independence.
Therefore, we can safely split them apart, which not only prevents the root rule from becoming
excessively long, but also facilitates rapid access to each individual adjacency list.

THEOREM 1 (ADJACENCY LiST INDEPENDENCE PRINCIPLE). The starting position of each
adjacency list in the rule-based compressed graph is directly traceable from the root rule.

Proor. In the original uncompressed graph, each adjacency list ends with a special delimiter
symbol, denoted as sep, followed by the next source vertex v, forming the pair (sep, v). Since this pair
appears only once in the graph and is structurally unique, it cannot be reduced into a non-terminal
during rule-based compression. As a result, the pair (sep, v) must remain intact in the root rule
after compression. Consequently, the adjacency list of v either (1) starts with v as a terminal symbol
in the root rule, or (2) appears as the first symbol within a non-terminal in the root rule, where the
non-terminal represents a larger compressed substructure. In both cases, the starting point of the
adjacency list is directly traceable from the root rule. O

In order to enable accelerated edge lookup within each adjacency list, we construct indexes by
recording (neighbor vertex, access path) pairs at regular intervals, named as index list. A path is
defined as a sequence of offsets that navigates from the root rule to the rule containing the target
edge. Each offset in this sequence acts as a coordinate, specifying both the position within a rule’s
body and the pointer to sub-rule referenced at that position. The path to an edge can uniquely
locate it within the hierarchical structure of rules, as defined in Definition 2.

DEFINITION 2 (PATH). Given a rule-based compressed graph G’ (X, R), a path to a given edge
e € E(D(G")) in G’ is an ordered sequence p(e) = (51,02,...,6, | 8; € {0,1,...,¢(r;) — 1}). Each
element J; denotes the offset within rule r;, which is the corresponding rule at the i-th layer, and £(r;)
denotes the length of r;.

The index list is a nested dictionary that maps each vertex to its sampled indexes; each index
entry then maps a neighbor to an access path, as demonstrated in Definition 3.

DEFINITION 3 (INDEX L1sT). Given a vertexv; € V, the index list of v; is a mapping N (v;) — P,
where N (v;) is the set of neighbor vertices of v;, and P denotes a set of paths. It maps the adjacent
vertices within each entry at specific intervals to their corresponding paths from the root rule.

When retrieving an edge in rule-based compressed graph, index list constrains the search space
by leveraging the known intervals between indexed vertices, and avoids a linear scan of the entire
list.

To optimize the trade-off between retrieval performance and maintenance overhead, the index
structure is highly configurable: users can set a maximum path length to curb space from infrequent
deep rules and adjust the sampling interval to balance retrieval speed against maintenance costs.
Example. An example of a path and an index list for a rule-based compressed graph is illustrated in
Fig. 5. The path to edge (v, v3) is (2, 0), which indicates that the edge is located by first navigating
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Fig. 5. An example of path and index list.

to offset = 2 in the root rule ry (which leads to sub-rule r;), and then navigating to offset = 0 within
r2. The index list is constructed by sampling neighbors from the original uncompressed graph at an
interval = 3 and recording the path to each sampled vertex.

Algorithm. Algorithm 1 details the process of index construction and path retrieval through index.
Following initialization (Lines 1-2), the algorithm builds the index list (Lines 3-7): an index is created
for a neighbor if its access path length is within the specified maximum depth and the sampling
interval from the last indexed neighbor has been met. Finally, Lines 8-11 describe the edge retrieval
procedure. This process first uses a binary search on the index list to find the nearest preceding
indexed entry, and then performs a linear scan—the "last mile search"—from that entry to locate
the target edge.

Algorithm 1 Index Construction and Path Retrieval

Require: Compressed graph G’, interval between indexes I, max depth of index path D
Ensure: Build index for G’ and retrieve path through index

1: function BuiLpINDEX(G’, I, D)

2: index_list <

3 for each adjacency list A(v) in G’ do

4 for each symbol s € G’ do

5 if PrevIndexInterval(s) > I and Depth(s) < D then

6: index_list[v].insert(s, Path(s))

7 return index_list

8

9

: function RETRIEVEPATH(G', €) > Find path to edge e
Tiower < BinarySearch(index_list(e.first), e.second) > Locate lower index for e
10: (vupper Path) « LastMileSearch(fgwer, e.second)

11: return (vypper, Path)

Complexity. The upper bound of the last-mile-search cost within such an interval is formally
established in Theorem 2.

THEOREM 2 (SEARCH SPACE BOUND BETWEEN INDEXED VERTICES). Consider a rule-based
compressed graph G’ (X, R) and a vertexv; € V. Let v, and vy, be two vertices in the index list of v;.
If the interval between v, and vy, in the original, uncompressed adjacency list A(v;) is k, then for any
vertex v located between them in A(v;), The number of elements traversed to access v in G’ is bounded
by < l_zdL*l-l - (2% = 1). Here, d represents the maximum depth of rules between v,; and v,.

Proor. The process of locating v in G’ is equivalent to a pre-order traversal of a traversal tree,
which is formed by unrolling the DAG of rules. The traversal cost—the total number of visited
nodes—is maximized when the ratio of internal nodes (rule pointers) to leaf nodes (stored vertices)
is at its highest. A key property of our rule set is that the length of every rule is at least 2, implying
each internal node in the traversal tree must have at least two children. Based on this, we model
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the structure yielding the highest cost as a full binary tree of the maximum allowed depth d.
This structure represents a maximal branching configuration, thereby maximizing the node visits
required to access its leaves. A full binary tree of depth d has 2¢~! leaves and a total of 2¢ — 1 nodes.
To bound the search cost, we partition the k elements into two parts: (1) a portion that forms [zdL_lJ
complete full binary trees of depth d, and (2) the remaining elements. The total number of elements
accessed is therefore bounded by deL,IJ 24—+ (24-1) = |'Zf—,1'| S22 -1). O

According to Theorem 2, the time complexity of edge retrieval by index list is O (max{ [2;‘—,1] (24~
1),log(n)}), where n is the number of indexes in source vertex’s index list. The space complexity of
index list is O(%), where |E| is the edge count in the original uncompressed graph. Its tangible
performance improvements are empirically validated in our experiments (Section 6).

5.3 Direct Insertion

Design. Based on our observation in Section 3, appending new edges does not alter the final results
of graph analysis. To preserve the immutability of the original compressed graph, we manage new
insertions in a separate incremental graph stored in buffer. During analysis, this incremental graph
is logically combined with the original one. To accelerate edge lookups within this structure, we
maintain its adjacency lists in a sorted order, which enables efficient retrieval via binary search.

To maintain overall system efficiency, the incremental graph is compressed once its size reaches
a predefined threshold. Since our compression is most effective on dense graphs, we recommend
performing this operation when the number of edges is substantially greater than the number of
vertices—for instance, by two orders of magnitude.

As compressed incremental graphs accumulate over time, edge retrieval performance degrades
because a single lookup may need to traverse multiple graph fragments. To mitigate this issue, these
graphs must be periodically merged. An intuitive strategy for this consolidation would be to directly
unify the two rule sets. This approach seems to align with our goal of avoiding full decompression.
However, such direct rule-set merge can be very costly, as introduced in Theorem 3.

THEOREM 3 (COMPLEXITY OF RULE SET UNIFICATION). Given two compressed graphs, G{(21,
Ry) and G}(32, Ry), the worst-case time and space complexity for unifying the rule sets Ry and R;
by identifying and merging equivalent rules is O(Y.,cg, g, |D(r)|). Here, |D(r)| is the length of the
terminal string derived from a ruler.

Proor. The worst-case complexity arises when determining the equivalence of two rules, r, € R
and r, € Ry, requires their full expansion. This typically occurs when their internal derivation
trees are structurally different and share no common non-terminal symbols that could be used
for an optimized comparison. Consider two equivalent rules, r; and r{, whose productions result
in different derivation trees. For instance, let r; — aryrs and r; — ryrie, with further expansions
r; — be,r3 — de, r; — ab, and r; — cd. Although both rules ultimately derive the identical
terminal string D(ry) = D(r]) = "abcde", their component non-terminals (ry, 13, 15, ;) are all
distinct. To prove that r; and r| are equivalent in such a scenario, an algorithm has no choice
but to fully expand them to their terminal representations. Extending this principle to the entire
unification process, the overall complexity is dictated by the cumulative cost of all such necessary
expansions. In the worst case, this may involve expanding every rule in both R; and R,, with
complexity bounded by O(X,cg, g, [D(1)]).

Matching the resulting strings can be implemented efficiently by building a hash table over the
expanded strings of all rules in Ry, and then probing it with the expanded strings of rules from R;.
The time for performing the hash-based matching is O(X,cg, |D(r)| for building hash table, and
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Fig. 6. The process of direct insertion.

2ireRr, D (r)| for matching. The space for hash table is O(3,cg, |D(r)|). Therefore, the total time
and space complexity is O(3,cg, g, [D(1)]). O

Theorem 3 indicates that a direct unification of rule sets can be exceptionally costly. Since the
time and space complexity to decompress and recompress the two graphs are only O(|D(G;)| +
|1D(G)I) < O(X,er, .k, 1D(r)]), any direct-merge algorithm is paradoxically outperformed by
this simpler, brute-force method. Therefore, we choose to merge incremental graphs by first
decompressing and then recompressing them.

To orchestrate this periodic merge and minimize the scope of consolidation, we employ a tiered

architecture inspired by the design of Log-Structured Merge-Trees (LSM-Trees), as shown in Fig. 6.
New edge insertions are buffered in a dynamic, in-memory graph (Level 0). When this graph
reaches a size threshold, it is compressed into an immutable fragment at Level 1. Finally, when the
number of Level 1 fragments becomes excessive, they are merged with the main graph in Level 2
using the aforementioned decompress-recompress strategy. This structured, multi-level approach
systematically manages the lifecycle of graph fragments, ensuring that both high write throughput
and efficient long-term read performance are maintained.
Algorithm. The direct insertion algorithm is shown in Algorithm 2. Upon receiving a set of new
edges Eins(u), the algorithm first checks the existence of these edges in the original compressed
graph by path retrieval (Line 2), and then commits them to the dynamic, in-memory buffer Gy, ¢
(Line 3), which represents Level 0. This operation is highly efficient, leveraging the sorted adjacency
list structure discussed previously.

Following the insertion, the algorithm evaluates two cascading trigger conditions for compaction.
First, if the size of Gy, f exceeds its configured threshold, a minor compaction is initiated: the buffer
is compressed into a new, immutable fragment and promoted to Level 1 (Lines 4-5). Subsequently,
if this promotion causes the number of fragments in Level 1 to surpass its own limit, a major
compaction is triggered. All Level 1 fragments and the original Level 2 graph are consolidated into
a single, larger Level 2 graph using decompress-recompress strategy (Lines 6—7). These compaction
routines are designed to run as background tasks to ensure that the primary insertion path remains
non-blocking and consistently fast.

Algorithm 2 Direct Insertion Algorithm

Require: Compressed graph G’, edges of vertex u to insert Eins(u) = {(u, v1), (4, 02),. .., (u,0,)}
Ensure: Insert new edges into graph G’

1: function DIRECTINSERT(G’, Ejns (1))

2: Check the existence of Ejys(u) in G’

3 Insert Ejns(u) in the incremental graph Gy, s in buffer

4 if Incremental graph size reaches threshold then
5: Compress Gy, s and place in Level 1
6
7

if Level 1 size reaches threshold then
Compact all Level 1 fragments with Level 2 graph
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Complexity. For the Level 0 uncompressed graph in buffer, we implement each adjacency list as a
balanced binary search tree (e.g., a red-black tree). Consequently, the time complexity for inserting
a new edge is O(log k), where k is the number of edges for the source vertex in the incremental
graph. The space complexity for the new entry is O(1).

The compaction process for Level 1, which consolidates multiple fragments, is linear in the total
size of the input data. Its time and space complexity is O(}1-; |G;|), where n is the number of
graphs to be merged and |G;| is the size of the i-th graph after decompression.

5.4 Direct Deletion

Design. Unlike insertion, direct deletion necessitates modifications to the compressed graph
structure. Guided by Axiom 1, these modifications affect only a part of the compressed graph. As
established in Theorem 4, such modifications are systematically managed by recursively copying
rules along the path from the root to the target edge.

THEOREM 4 (LocALITY OF RULE-BASED UPDATE). Let G' (2, R) be a rule-based compressed
graph, and let e € E(D(G")) be an edge uniquely identified by its path p(e). The insertion or deletion
of e can be performed by creating new versions of only those rules that lie on the path p(e). All rules
in R that are not part of this path are unaffected and remain unchanged.

PrOOF. Let the rules corresponding to p(e) be r(e) = (ro, . . ., rr), where ry is the root rule and ry,
is the rule directly containing e. The update is performed via a bottom-up, copy-on-write strategy.
First, we create a new version of the leaf rule, r,’c, by adding or removing the edge e from a copy of
ri. Then, we iteratively ascend the path. For each rule r; on the path (from ri_; up to ry), we create
a new version, r{, which is identical to r; except that its reference to the child rule r;4; is replaced
with a reference to the newly created r;, ,. Crucially, no rule is ever modified in-place. Any rule
not on the path remains unchanged. Furthermore, any part of the graph that previously shared a
rule r; € r(e) continues to point to the original, unaffected version of r;. The modification is thus

confined to the newly created chain of rules (rg, .. r,’c) O

However, a challenge arises from the update mechanism in Theorem 4: the poor compression
efficiency of newly generated rules. The copy-on-write process creates a chain of new rules, but
each is referenced only once. This low utility means they not only fail to improve compression but
actively harm it. To analyze and ultimately fix this issue, we first need to formally quantify a rule’s
efficiency.

THEOREM 5 (RULE EFFICIENCY). Given a ruler € R that is referenced f times in rule-based
compressed graph G, the total number of elements saved by this ruler is given by S(r) = f(|r|-1)—|r|,
where |r| is the length of the rule.

Proor. The net saving from a rule r is the difference between the gross savings from its appli-
cations and the cost of its storage. Each of the f references to rule r replaces a sequence of |r|
elements with a single pointer to r, yielding a gross saving of f(|r| — 1) elements. However, the rule
r itself, being a sequence of length |r|, must be explicitly stored, which incurs a cost of |r| elements.
Therefore, the total number of elements saved, S(r), is the gross savings minus the storage cost,
which can be expressed as S(r) = f(|r| — 1) — |r|. O

Therefore, according to Theorem 5, a rule yields a net compression saving if and only if it has
a length of at least two and is referenced two or more times. However, a naive application of the
update strategy in Theorem 4 creates a chain of new rules, each referenced only once. This leads to
a negative compression saving, as each new rule yields a saving of S(r) = —1. Moreover, replacing
the original sub-rule in the root rule reduces its reference count, further decreasing its saving by
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|r| — 1. This naive strategy, therefore, results in a total redundancy of (number of copied rules +
|r| — 1), negating any potential compression benefits.

To maintain compression benefits, we flatten all copied elements into a single sequence during

recursive copy operations, which prevent the generation of rules with non-positive efficiency (i.e.,
S(r) <0), and use it to substitute the original element at the root of the deletion path. In addition,
a two-phase cleanup strategy is applied in background: rule-folding and secondary compression.
The first phase, rule-folding, folds and removes sub-rules with S(r) < 0 into their parents by
replacing the pointer with the sub-rule’s full content, thereby preserving local efficiency. However,
rule-folding is effectively a form of local decompression that can degrade the global compression
ratio. To counteract this, the second phase consists of a periodic secondary compression running
in background. Rules affected by rule-folding are marked for this procedure, which re-applies the
compression algorithm under the strict condition that it only introduces new rules with a net
positive saving (S(r) > 0), thus restoring compression efficiency.
Index Maintenance. Following direct deletion, index maintenance becomes essential and consists
of two steps: (1) removing indexes built on copied elements, and (2) shifting indexes built on vertices
to the right of the fold point in the root rule. We accomplish this by scanning the index list of the
source vertex of the edge to be deleted. If an index item corresponds to an element contained in the
obsolete element, we remove it. If the index item is positioned after the folded point, we adjust
its path offset within the rule by adding the length of the folded sequence to the first item of its
path. To ensure the correctness of this process, we formally define the required transformations in
Theorem 6.

THEOREM 6 (INDEX MAINTENANCE CORRECTNESS). Let G’'(2, R) be a compressed graph equipped
with index list I, where I(v) denotes the set of index entries for a vertex v. Consider the deletion of
an edge (src, Vges) with pathIl, = (8o, b1, ..., Ok ), which triggers a "rule-folding" event. This event
proceeds as follows:

® Rules along the edge’s path I1,, are copied and flattened into a temporary sequence.
o The deletion is performed on this temporary sequence, resulting in a new final sequence, s.
o The single symbol at offset & in the root rule is replaced by this new sequence s.

The index I remains correct after this operation if and only if the following two conditions are met:

(1) Removal: Stale index entries for the source vertex vs,. starting at path offset 8, are removed:
Vi € I(vsye), ifi.path[0] = &y, theni is removed.

(2) Shifting: All index entry paths starting after 8, are shifted by the net change in the root rule’s
length, which is £(s) — 1:

Vi € I, ifi.path[0] > &y, theni.path[0] « i.path[0] + £(s) — 1.

For detailed proof, please refer to the Appendix.

Index maintenance is also essential after secondary compression phase. Index list is rebuilt over
these recompressed adjacency lists to ensure correctness for future operations.
Example. Fig. 7 provides an example of direct deletion. To delete edge (vo, v5) from the rule-based
compressed graph, we first recursively copy the rules along its path to form a flattened sequence
and then remove vs. Next, we replace the original pointer to r; in the root rule with this modified
sequence. Lastly, we perform index maintenance by deleting the entry vs — {2, 1, 1} from vy’s index
list. Periodically, a background two-phase cleanup is triggered, which folds the singly-referenced
rule r; into its parent, r;, and subsequently recompresses the affected rules.
Algorithm. The direct deletion algorithm is shown in Algorithm 3. Upon receiving an edge e for
deletion, the algorithm first retrieves the derivation path to e in G’ (Line 2). It then recursively creates
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Fig. 7. An example of direct deletion.

copy of the rules along this path, from which e is removed. This new sequence subsequently replaces
the original sub-rule pointer to complete the deletion (Lines 3, 7-8). Following this modification,
the algorithm updates the reference count of the original, now-replaced sub-rule (Line 9) and
the corresponding vertex index to ensure data integrity (Line 4). Finally, a folding and secondary
compression step is triggered (Line 5), where rules with low reference counts are folded into their
parents to maintain high compression efficiency throughout the graph’s lifecycle (Lines 10-14).

Algorithm 3 Direct Deletion Algorithm

Require: Compressed graph G’ = (2, R) with root rule ry and index list I, edges to delete e = (vgyc, Uges)
Ensure: e is deleted from G’ and I is correct

1: function DIRECTDELETE(G/, €)

2: I, = (60,81, ..., 0k) < RETRIEVEPATH(G, €)

3: RECURSIVELYCOPYANDREMOVEEDGE(I,, €)
4: Update I(vsyc)
5: FOLDANDSECONDARYCOMPRESS(G”)
6: function RECURSIVELYCOPYANDREMOVEEDGE(II), €)
7: s « Copy rules along IT, and store them as a flattened sequence
8: Delete e from s and replace ry[Jp] with s
9: Decrement ref_count of the rule at ry[do]
10: function FOLDANDSECONDARYCOMPRESS(G”)
11: for rule r with S(r) < 0 do
12: Fold r into its parent rule
13: Reomp < Rules with folded sequences
14: COMPRESS(Rcomp)

Complexity. The time complexity of the recursive copy-and-delete operation is O(3,ccopied Rules|7|+
|I(vsrc)|). This comprises the first item for the deletion process itself and the second item for main-
taining the index of the source vertex, where |I(vs,.)| is the size of its index list, and the space
complexity is O(ZrGCopied Rules|T|)-

6 Evaluation

In this section, we measure the performance of direct insertion and deletion in three aspects: query
performance, execution time, and space efficiency.

6.1 Experimental Setup

Methodology. We evaluate our framework (denoted as Direct) against a diverse set of baselines
representing three distinct approaches:
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e Dynamic Compressed Graph Systems. Frameworks that, like our work, support up-
dates directly on compressed or specialized data structures. Baselines include Aspen [23],
GraphZIP [47], and a dynamic k?-tree implementation [21].

e Dynamic Graph Management Systems. High-performance, in-memory systems operating
on uncompressed data, which serve as a benchmark for raw update and query speed. Baselines
include Teseo [22], Sortledton [27], LiveGraph [68], and Spruce [51].

e Static Compression (Decompress-Recompress). Methods lacking native update support.
We evaluate them using a full decompress-recompress workflow to quantify the high cost of
applying updates to static formats. Baselines include Gzip, WebGraph [10], and our rule-based
compression (denoted as Offline).

System Setup. The experiments are conducted on a machine running Ubuntu 20.04.4, equipped
with a 12th Gen Intel(R) Core(TM) i7-12700K processor (3.61 GHz) and 128 GB of RAM. The
implementation of our direct update framework was built in C++ and compiled by GCC 11.4.0.
Argument Setup. The parameters for our experiments were configured as follows. For our index
list structure, we set the interval and depth parameters to 10. In our insertion strategy, we employed
a buffer with a threshold of 100,000. Consequently, an L1 subgraph generation is triggered upon
the accumulation of 100,000 edge insertions. An L1-L2 merge is triggered after 10 L1 subgraphs
generation. To manage deletions, we initiated a background two-phase background cleanup for
every 100,000 edge deletions.

Datasets. We evaluate using diverse real-world and synthetic graphs. From the SuiteSparse Matrix
Collection [55], we use six standard benchmark graphs and the billion-scale sk-2005 graph (detailed
in Table 1). These datasets are not only common benchmarks in related works [5, 19, 48, 58, 67],
but also exhibit significant structural regularities (degree > 100)—the primary target for rule-based
compression. They span a wide spectrum of scales (from 14.8M to 1.95B edges) and topological
complexities (e.g., rule depth from 31 to 3467), providing diversity crucial for testing our approach.
Table 1 details properties of these datasets, including file compression ratio (FCR), rule count (R.C.),
max rule depth (M.D.), and avg. path length (Avg.P.L.). The file compression ratio is defined as:

FCR = size of uncompressed CSR format graph
B size of compressed graph '

Table 1. Real-world datasets with properties.

Dataset Vertices Edges FCR R.C. M.D. AvgP.L.
pkustk14 151k 14.8M  10.53 372k 31 9.62
coPapersDBLP 540k 30.5M 441 1.35M 204 7.24
coPapersCiteseer 434k 32.1IM 614 1.05M 115 8.65
dielFilterV3clx 420k 329M 545 1.76M 93 11.14
RMO7R 381k 37.5M  11.40 840k 42 11.92
hollywood-2009 1.14M 113M 230 5.75M 1075 54.09
sk-2005 50.6M 1.95B 5.67 43.9M 3467 16.41

We also use the LDBC [25] SF 10 graph to test dynamic performance, and generate synthetic
graphs using RMAT [35] to test scalability, as shown in Table 2. The parameters a, b, and c are
arguments for RMAT generator.

6.2 Query and Update Performance

Mixed Workload Performance. We evaluate a mixed workload of 200,000 streaming updates (90%
insertions, 10% deletions, following Aspen [20]) and concurrent BFS queries. As shown in Table 3, our
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Table 2. RMAT datasets.

Datasets Info Abbr. Vertex Edge a b c

small dense sd 10k 500k 0.45 0.22 0.22
near uniform nu M 10M 0.25 0.25 0.25
medium standard ms 1M 10M 045 0.22 0.22
high skew hs M 10M 0.57 0.19 0.19
large sparse Is 10M  50M 0.45 0.22 0.22
xlarge x1 50M 500M 0.45 0.22 0.22

Table 3. Update throughput and query latency comparison across four methods.

Dataset Teseo Sortledton Aspen Direct
Upd.  Qryl(s) Upd. Qry.(s) Upd. Qry.(s) Upd. Qry.(s)
pkustk14 515%x10° 177  6.35x10° 281x1072 3.37x10° 8.68x107® 7.75X 10°* 6.19 X 1073*

coPapersCiteseer 3.61Xx 10° 345  4.57x10° 4.37x1072 2.60x10° 1.06 X 1072* 5.18 X 10°* 1.34x 1072
coPapersDBLP  3.80x 10° 372  5.09%x10° 4.70x1072 2.62x10° 871x1073* 533x10°* 1.18x 1072
RMO7R 3.01x10° 564  6.06x10° 3.00x1072 2.63x10° 1.21x1072 6.67 X 10°* 4.75x 1073*
dielFilterV3clx 4.05x10° 357 5.93x10% 3.36x1072 259%x10° 1.44x1072 536x10° 1.34x1072*
hollywood-2009  3.93x 10° 1471 5.33x10° 1.29x 107! 2.83x10° 1.67x 1072* 6.01 X 10°* 2.41 x 1072

[ Sortledton Il Spruce I Direct

pkustkl14 coPapersCiteseer coPapersDBLP
0 ol 31
@ 0.251 [} [}
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Fig. 8. Query times of LDBC Graphalytics benchmark.

Direct method achieves superior update throughput, outperforming Teseo, Sortledton, and Aspen
by 56.9%, 8.9%, and 117.6% on average, respectively. For query latency, Direct is highly competitive,
performing on par with Aspen and orders of magnitude faster than Teseo and Sortledton. This
result validates our system’s ability to balance high-speed updates with fast queries.

Analytical Query Performance. We further evaluate performance on key LDBC Graphalytics
benchmarks, comparing against Sortledton and Spruce in Fig. 8. Direct demonstrates strong perfor-
mance for complex analytics. For PageRank, Direct is 3.2X faster than Sortledton and 6.2x faster
than Spruce on average. For SSSP, Direct is 2.7X faster than Sortledton and 13.0% faster than Spruce
on average. For CDLP, Direct achieves average speedups of 2.5X against Sortledton and 1.8% against
Spruce, respectively. Direct’s performance for CC is also competitive with the baselines. These
results show that Direct’s benefits extend beyond simple queries, efficiently supporting complex
graph algorithms directly on compressed data. This speedup comes from our compression that
reduces redundant topological patterns, which directly reduces redundant computations in analysis
tasks.
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Fig. 9. Time of 100,000 edges batch insertions and deletions between different methods in log scale.

Batch Update Performance. We evaluate the batch execution time (100,000 edge insertions/deletions,
20 threads) in Fig. 9 (log scale) across three baseline categories. First, Direct is orders of magni-
tude faster than static methods (Offline, Gzip, WebGraph), confirming the prohibitive cost of the
decompress-recompress workflow. Second, among dynamic compressed systems, Direct outperforms
Aspen and GraphZIP, with latency comparable to k? tree, as its matrix-based structure allows for
fast random-access bit flips. However, k*-tree’s speed comes at the cost of a much larger memory
footprint (Section 6.3) and limited query support, highlighting our system’s superior overall balance.
Finally, compared to high-throughput dynamic systems, Spruce is the fastest. This is expected,
as Spruce is purpose-built with a tree-like multilevel structure specifically to maximize update
throughput. Direct, in contrast, is designed to efficiently add dynamic capabilities to a rule-based
compressed structure that is fundamentally optimized for space efficiency and query performance.
Even so, Direct outperforms other established dynamic systems, including Teseo (2.86 faster) and
Sortledton (5.24x faster). This performance difference largely reflects different design priorities:
Direct employs a lightweight lock-based design that decouples online updates from background
maintenance, whereas systems like Teseo and Sortledton provide robust features such as full ACID
transactional guarantees, which inherently incur additional overhead.

Vertex Update. We also conduct experiments on batch vertex updates (1,000 insertions/deletions).
As mentioned in Section 4, we perform vertex deletions by deleting all associated in-edges and
out-edges. We compare against Teseo, as it is the only baseline that natively supports true vertex
deletions. Our vertex insertion is two orders of magnitude faster, as it only involves creating a new
adjacency list. Our vertex deletion is one order of magnitude faster.

6.3 Space Efficiency

Peak Memory Usage. Table 4 compares the peak memory consumption of 100,000 insertions and
deletions, measured as Resident Set Size (RSS), for all methods. As demonstrated, our proposed
method, Direct, achieves a remarkable reduction in memory usage compared to all baseline methods.
Specifically, Direct reduces memory usage by an average of 15.0% compared to the best static
compression method, 50.1% compared to the best dynamic compressed graph system, and 47.1%
compared to the best uncompressed dynamic graph management system. Note that Teseo fails on
sk-2005 due to out of memory.

Compression Ratio. Table 5 compares the in-memory compression ratio, defined as the total
size of vertex and edge data divided by their combined compressed size, after 100,000 updates
between the Offline (decompress-recompress) baseline, our Direct (naive), and Direct+GC (with
background cleanup) methods. The results show our background cleanup (Direct+GC) is highly
effective. For deletions, Direct+GC is crucial, recovering an average of 2.82% CPR over the naive
Direct method, which otherwise performs 8.75% worse than Offline. More notably, for insertions, our
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Table 4. Memory usage comparison across datasets (in MB).

Method pkustk Citeseer DBLP RMO7R diel holly sk-05
WebGraph 245 534 520 612 545 1851 34020
Gzip 384 794 950 919 982 3525 35223
Offline 268 616 620 644 596 2633 35840
k%-tree 569 1299 1376 1893 1301 2663 68858
GraphZIP 497 1170 1112 1010 1136 3490 63969
Aspen 1173 1253 1243 1248 1273 2218 45568
LiveGraph 1235 2843 2752 3474 2596 5280 64143
Teseo 2804 3886 4113 3614 3908 8137 -
Sortledton 576 801 794 820 775 3596 65810
Spruce 417 1007 896 852 935 7398 68914
Direct 197 448 504 370 472 1800 30404

method consistently surpasses Offline. This is because Offline’s global recompression is degraded
by fragmented updates, whereas our approach preserves existing rule structures, proving more
robust.

Table 5. Comparison of in-memory compression ratios under 100,000 dynamic operations.

Insertion Deletion
Dataset
Offline Direct Direct+GC Offline Direct Direct+GC

pkustk14 9.850 11.863 11.868 7.949 6.243 6.770
coPapersCiteseer 6.010 7.215 7.216 5.872 5.632 5.758
coPapersDBLP 4.342 5.179 5.179 4.284 4.177 4.206
RMO7R 11.039 13.976 13.981 10.405 9.045 9.297
dielFilterV3clx 5.317 7.222 7.224 5.103 4.597 4.700
hollywood—2009 2.291 2.555 2.555 2.286 2.252 2.264

Space Breakdown. First, we analyze the primary components of the system’s memory usage.
Table 6 shows the memory footprint of index list in MB. Compared with Table 4, index list constitutes
the vast majority of the memory footprint, ranging from 81.7% on the hollywood-2009 dataset to
88.4% on pkustk14. Notably, this provides a clear mechanism for optimization: in scenarios where
minimizing memory is the top priority, a larger index list interval can be configured to achieve an
even smaller memory footprint. Based on our parameter analysis in Section 6.5, we recommend an
index list interval of 10, as it provides an excellent balance between performance and space savings.

Second, we break down the compression ratio recovery to quantify the impact of our background
cleanup. For two-phase deletion cleanup, the results show that the rule-folding phase by itself
improves the compression ratio by less than 0.01 in all cases. This minor improvement is expected,
as each folded rule only saves a single pointer field; its primary purpose is to prepare the structure
for the subsequent secondary compression. Consequently, the vast majority of the compression
recovery comes from this secondary compression phase. This confirms that rule-folding functions
primarily as a preparatory step that simplifies the rule structure, enabling the secondary compression
to effectively identify new patterns and restore high space efficiency. For L1-L2 merge in insertion,
the compression ratio is the same as Insertion Offline shown in Table 5.
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Table 6. Index Size Comparison (in MB)

Dataset pkustk Citeseer DBLP RMO7R diel holly
Index Size (MB) 175 390 436 326 412 1471
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Fig. 10. Performance comparison on RMAT datasets. Time (s) is shown in log scale; memory in MB.

Cleanup Memory Overhead. We also evaluate the additional memory overhead required by the
background cleanup process of direct insertion and deletion, which is primarily attributed to graph
compression tasks. For cleanup operations triggered by insertions, the L1 subgraph generation
consumes an average of 7.62 MB. The subsequent L1-L2 merge process is more demanding, requiring
an average of 598.66 MB for the first five datasets and 2976.42 MB for the larger hollywood-2009
dataset. In addition, cleanup following deletions consuming 38.87 MB on average. Crucially, this
localized cleanup approach yields substantial memory savings compared with recompressing the
entire graph.

6.4 Scalability and Stress Tests

Data Scalability. We measure data scalability on two fronts. First, on the billion-scale sk-2005
graph, we perform 100,000 batch insertions and deletions. As shown previously in Fig. 9 and Table 4,
Direct maintains both stable update throughput and a clear space advantage at this scale. This
result directly addresses the concern about the overhead of our recursive copy-on-write (COW)
mechanism, which is employed during batch deletions. Our experiments confirm that the overhead
of COW is not proportional to the total graph scale (i.e., the 1.95B edges). Instead, as our complexity
analysis shows, the cost is determined by the number of elements copied, which depends on the
average rule depth (i.e., the average path length). This average path length is primarily a function
of the graph’s topological redundancy, not its absolute size.

Furthermore, on RMAT-generated graphs of various sizes and densities, we evaluate update and
BFS query scalability. Results in Fig. 10 confirm our significant advantages in space and query speed,
while our update performance remains competitive, trailing only the specialized Spruce framework.
As synthetic graphs, RMAT datasets are sparser and less regular than our real-world benchmarks,
resulting in lower compression ratios (< 2X). Consequently, our space-saving advantage is less
pronounced, but Direct still achieves the lowest memory footprint on all RMAT sets except the
small-dense (sd) graph. This lower compression ratio also implies shallower rule depths, which
leads to higher update throughput than on the real-world datasets. We observe that Aspen’s high
update throughput on the four smaller graphs is due to its pre-allocated memory pool—a design
choice that also makes it the most memory-intensive on those inputs. This advantage disappears
on the larger graphs (Is, xI) once the pool is exhausted. Our query advantage remains significant,
as even modest compression effectively reduces redundant computations during traversal.
Parallel Scalability. Fig. 11 analyzes our parallel scalability by batch size (up) and thread count
(down). The batch size analysis shows that parallel processing (20 threads) is inefficient for small
batches (<100), underperforming the serial stream (batch=1) approach due to management overhead.

Proc. ACM Manag. Data, Vol. 4, No. 1 (SIGMOD), Article 32. Publication date: February 2026.



Enabling Efficient Direct Update on Rule-Based Compressed Graph 32:21

—— pkustk1l4 coPapersCiteseer =~ —— coPapersDBLP ~—— RMO7R  —— dielFilterV3clx =~ —— hollywood-2009
p— — 3 — —~
- _ B
2§ 10° —
<% /
Do 74
32 14
EZ2107!
[ 1 H d
10! 103 10 10! 103 10 10 20 10 20
Batch Size Batch Size Number of Threads Number of Threads
(a) Insert throughput (b) Delete throughput (c) Insert throughput (d) Delete throughput
vs batch size vs batch size vs threads vs threads

Fig. 11. Throughput of batch insertions (a,c) and deletions (b,d) under varying batch sizes (a,b) and thread
counts (c,d).

Throughput for both insertions and deletions stabilizes at a batch size of 10,000. The thread count
analysis demonstrates strong parallel scalability, with near-linear speedup up to 4 threads. This
efficiency stems from the high independence of adjacency lists in our compressed structure, which
minimizes execution conflicts. Performance growth continues but slows between 10 and 20 threads,
indicating an approaching scalability bottleneck.

Workload Stress Tests. First, we benchmark 6 representative LDBC SNB update workloads on
SF 10 dataset against Sortledton in Fig. 12. We select these six workloads to cover a representative
range of operations: simple edge updates (Insert 8, Delete 8), node insertions with local edges (Insert
1, Insert 6), and complex cascading deletes (Delete 1, Delete 6). Our approach achieves 35.4x higher
throughput on average, while consuming only 62.7% of the memory. This significant speedup
over Sortledton is due to two factors: (1) the SF 10 graph generates shallower compression rules,
leading to faster updates; (2) Sortledton’s performance degrades significantly on complex cascading
deletes (Delete 1, Delete 6) compared to the simple batch deletions tested earlier. Second, in an 80%
deletion stress test on coPapersDBLP in Fig. 13, throughput remains stable, and query performance
exhibits similar stability. This test cumulatively deletes 80% of the edges over 10 rounds, measuring
throughput and graph size with and without background cleanup (GC) in each round. Enabling
GC maintains 88-93% of the update throughput while providing significant space savings. The
space efficiency gains from GC are most significant in the initial rounds and diminish over time.
This is expected, as the continuous random deletions progressively destroy the original common
patterns identified by compression, thus reducing the graph’s overall structural regularity. Both
methods maintain the final in-memory compression ratio above 1.40. Third, our hotspot contention
test performs 100,000 insertions and deletions concentrated on 1,000 high-degree vertices. Fig. 14
shows a moderate throughput decrease compared to random updates due to data races, except
for hollywood-2009 deletion where its large rule set dilutes contention. All hotspot tests maintain
similar memory usage to random updates.
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Fig. 12. Throughput and memory footprint when Fig. 13. Throughput and graph size when performing
performing LDBC SNB update workloads. 80% deletion on coPapersDBLP with/without back-

ground cleanup.

6.5 System Internals and Ablation Study

Component Time Breakdown. A time breakdown for single update operations in Fig. 16 reveals
that Path Retrieval—traversing the compressed rule structure to locate the target—is the primary
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Fig. 16. Execution time breakdown of insert and delete.

bottleneck for both operations. This phase accounts for 90.5% of insertion time (vs. 9.5% for the
lightweight Buffer Insertion) and 76.1% of deletion time (vs. 23.9% for structural reorganization via
Recursive Copy and Index Maintenance). This cost distribution is remarkably consistent across all
datasets.

Ablation Study. We conduct a component-level analysis to isolate the contribution of our key
design components. (1) Indexing: Enabling the index boosts insertion and deletion throughput by
an average of 3.07x and 2.31x, respectively. (2) Buffered Insertion and COW Deletion: The
benefits of these two strategies are demonstrated in Fig. 9. By decoupling the update from the
recompression, it achieves throughput orders of magnitude higher than the Offline decompress-
recompress workflow. (3) Background Merge: L1-L2 background merge is essential for maintaining
long-term performance and space efficiency. For throughput, background merge is critical for
preventing performance collapse due to fragmentation. On dataset coPapersDBLP, background merge
catapults throughput, delivering 3.01x faster edge queries and 2.77X faster insertions compared
to its fragmented state (10 unmerged L1 subgraphs). For space efficiency, the merge achieves
a compression ratio comparable to a full Offline recompression. Its memory overhead is also
comparable to that of a full Offline recompression. (4) Two-Phase Cleanup: The primary role of
two-phase cleanup is to maintain high compression ratio after deletion, while imposing minimal
overhead on foreground updates. We validate this by comparing the naive Direct (COW without
GC) method against Direct+GC. For space efficiency, the GC is crucial for maintaining compression
ratio. As shown in Table 5, Direct+GC successfully recovers 2.82% compression ratio compared
to naive Direct, resulting in a final compression ratio that is only 6.35% lower than a full Offline
recompression on average. For throughput, the background process imposes minimal overhead.
Our 80% deletion stress test in Fig. 13 confirms this, showing that Direct+GC retains 88-93% of the
update throughput of naive Direct.

Background Cleanup Overhead. Our background cleanup tasks are highly efficient and mini-
mally interfere with online performance. The absolute execution times are low: the frequent L1
insertion generation averages just 127 ms, the two-phase deletion cleanup averages 261 ms, and the
less frequent L1-L2 merge averages 5.65s (scaling with graph size, e.g., 35.24s for hollywood-2009).
More importantly, when running a mixed workload (80% insert, 10% delete, 10% edge query) con-
currently with background cleanup, the impact on update throughput is moderate, ranging from
a 1.43% overhead on hollywood-2009 to 18.75% on pkustk14, as shown in Fig. 15. This concurrent
cleanup process incurs a query latency overhead of 1.45% to 23.07%, an effect most pronounced on
smaller graphs like pkustk14 due to higher lock contention. This is because these workloads impact
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a significantly larger portion of the graph’s data—nearly 30% of the edges on pkustk14, versus less
than 5% on hollywood-2009—leading to more frequent resource conflicts.

Parameter Sensitivity. We evaluate the impact of the index list interval on the average edge
retrieval throughput, with the results presented in Table 7. The data shows a clear trend: throughput
consistently decreases as the index interval grows, demonstrating the effectiveness of a denser
index. While performance is similar for intervals of 5 and 10, the throughput at an interval of 10 is
3.75% faster than at an interval of 1000, confirming the significant benefit of our indexing scheme.
In contrast to the interval size, we find that varying the depth parameter of the index list had a
negligible impact on throughput.

Table 7. Average edge retrieval throughput with varying index list intervals.

Index List Interval 5 10 20 50 100 1000

Throughput (ops/s) 679k 648k 537k 405k 272k 173k

Read Performance. To assess read performance stability, we measure edge retrieval throughput
before and after a workload of 100,000 updates. We observe no significant degradation in perfor-
mance. This stability holds even with the presence of temporary L1 subgraphs created by insertions,
as their small size relative to the main graph adds negligible overhead to the path retrieval process.
This demonstrates that our direct update mechanism effectively preserves query performance in a
dynamic environment.

6.6 Discussion

Generalizability. The generalizability of our direct update method hinges on local decodability,
which provides the random edge access that updates require. This makes our approach readily
applicable to mainstream locally decodable frameworks, like virtual node [13], k?-tree [21] and
clique-based compression [47]. While our method is optimized for frameworks that support lo-
cal decodability, it can also be applied to a broader range of graph compression. For sequential
methods like the LZ-family, which do not inherently provide local decodability, our approach
can be effectively complemented by chunk-based compression techniques [23]. These methods
introduce block-level localization of updates, thereby facilitating compatibility with a wider variety
of compression strategies.

Practical Implications and Scope. Our primary contribution is the first framework for direct
updates on rule-based compressed graphs, demonstrating the feasibility and efficiency of dynamic
operations on this highly compressed structure. The practical benefits are naturally most pro-
nounced on graphs with the structural regularity that grammar-based compression thrives on.
Our current prototype is an in-memory system, allowing us to focus on these novel algorithmic
challenges. This provides a solid foundation for future work.

Supported Queries. Graph queries typically fall into three main categories: neighbor access,
adjacency traversal, and pattern matching. Our update-aware representation is designed to na-
tively support the first two—neighbor access and adjacency traversal—as fundamental primitives.
Consequently, complex queries composed of these primitives are also directly supported. Pattern
matching queries, the third category, can then be supported by decomposing them into a sequence
of these fundamental operations.
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6.7 Future Work

ACID Transactions. Our framework is designed to be extensible to support ACID transactions.
Atomicity, Consistency, and Durability can be achieved using a Write-Ahead Log (WAL). Both
online updates and background cleanups would apply copy-on-write logic, creating new versions
of rules rather than modifying them in-place. A transaction is committed and durable once its
log record is flushed, at which point pointers are atomically swapped to make the changes live.
Isolation can be implemented via Multi-Version Concurrency Control (MVCC) to provide Snapshot
Isolation. Each transaction would receive a unique ID (TxID) and operate on a consistent, versioned
snapshot of the graph, thereby preventing readers and writers from blocking each other.
Potential Extensions. Our framework can be naturally extended to support weighted and attrib-
uted graphs by decoupling topology from data. Edge weights can be stored in a parallel structure,
remaining retrievable due to our compression’s preservation of relative neighbor order, with ag-
gregates (e.g., min, max) stored for rules. Vertex attributes can be held in an auxiliary structure
accessible by ID, as our method only targets the graph structure. We also believe approximate ag-
gregation queries (e.g., top-k) are supportable by decomposing them into the fundamental neighbor
access and traversal operations our framework provides.

Synergy with Recent Advancements. Our work is also synergistic with recent advancements.
Our in-memory framework could leverage LSMGraph [59] as an ideal persistent storage system.
It can also serve as a dynamic backend for summarization frameworks like GraphSUM [50] and
approximate querying [24], enabling their analytics on evolving graphs. Furthermore, HAL’s [4]
strategies for out-of-order updates are complementary, potentially helping to better balance the
space and performance trade-offs of our order-sensitive compression.

7 Conclusion

In this paper, we introduced a novel framework that enables direct updates on rule-based compressed
graphs, successfully resolving the trade-offs among space efficiency, update latency, and query
performance. We achieve this through several key innovations: a specialized index list for random-
access queries; localized update operations for high responsiveness; and tailored background cleanup
strategies—periodic merging for insertions and two-phase cleanup for deletions—to maintain
high compression ratios without degrading query performance. Experimental results validate the
superiority of our approach across all three metrics. This work confirms the feasibility of efficient
dynamic compressed graph management and provides a foundation for scalable processing of

evolving graph.
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