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With the proliferation of social networks, identifying meaningful community structures efficiently is essential
for analysing complex interactions. This paper introduces Local Sketch Modularity (LSM), a novel modularity
that measures community quality without relying on the entire structural information of the network, enabling
a more targeted and practical approach to find the query-centric community. We validate the efficacy of the
proposed modularity LSM through theoretical analyses, showing robustness against the free-rider effect.
We further formulate the Local Modularity Optimisation for Size-Constrained Community Search (LMSC)
problem, which leverages LSM to identify the query-centric community without requiring knowledge of the
entire graph. We prove that LMSC is NP-hard and propose two efficient and effective algorithms. Extensive
experiments on real-world networks demonstrate both the effectiveness and efficiency of the proposed method,
confirming its applicability for large-scale network analysis.
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1 INTRODUCTION
Community search has emerged as a core task in graph mining, with applications spanning social
network analysis, biological network interpretation, and fraud detection [7, 20, 35]. In contrast to
community detection [11], which aims to enumerate all communities in a graph, community search
is query-centric: given a set of query nodes, the objective is to extract a densely connected subgraph
that contains the query and satisfies application-specific constraints [9, 16, 17, 35]. Community
search is often more practical in real applications, since users are typically interested in the
communities containing specific query nodes rather than a full enumeration [9].
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A common requirement in real-world scenarios is to impose explicit constraints on the size of
communities [13, 28]. In practice, community size is often dictated by factors such as physical
capacity, cost, or functional scope. For example, in team formation, venue size or budget limits
the number of participants [23]; in biological systems, functional modules typically comprise a
small set of closely interacting proteins [36]. These needs motivate the development of community
search methods that accommodate size constraints.

To solve this problem, a number of approaches have been proposed. Most of the approaches are
based on classical structural patterns such as 𝑘-core [43] and 𝑘-truss [23, 45], which aim to extract
dense subgraphs by enforcing specific topological constraints. While effective in identifying dense
subgraphs, these methods suffer from several limitations [18].

(1) Inflexibility. These structural approaches rely on pre-defined topological constraints (e.g., mini-
mum degree or triangle participation) that real-world communities may not satisfy [21, 38]. As
a result, they are often too inflexible to adapt to diverse networks or tasks [18]; and

(2) Global information dependency.Many of these methods require complete access to the global
graph structure, limiting scalability in large networks. Furthermore, in real-world settings,
privacy constraints often result in partial or missing data [1], which poses challenges for
topology-based optimisation methods in accurately detecting communities [37]; and

(3) Neglect of external separability.Most existing methods prioritise internal cohesion but do not
consider the separation of the community from the rest of the graph—an essential property for
identifying meaningful communities.

These limitations suggest an alternative direction: modularity-based approaches, which are
widely used to evaluate the quality of communities. Compared to structural models, modularity
offers a more adaptive measure that better aligns with the diverse real-world networks. Classical
modularity [30], a measure designed for community detection, compares observed edge density
against a null model. However, when applied to community search, its global optimisation nature
often leads to the free-rider effect [40], where loosely connected nodes are unnecessarily included
in the community. To alleviate this, density modularity [20] was introduced to favour smaller
and denser communities, and more recently, generalised versions such as density sketch modu-
larity [38] have attempted to refine the balance between community size and density. However,
these modularities still face two fundamental limitations: (1) Global Information Dependency. These
measures fundamentally rely on global graph statistics to compute expected edge patterns. (2)
Free-rider effect. Since these measures rely on global network information, they become inherently
susceptible to the detection of small-sized community [12] as the graph size increases.

In addressing this issue, we revisit Luo modularity [25], a locally computable objective designed
for query-dependent community search. Luo modularity is defined as the ratio between the number
of internal edges and the number of external edges of the community, which allows it to avoid
global structure dependency and operate on local information. While this approach avoids global
dependency, it has a critical flaw in real-world settings: as the community grows, the ratio of
internal to external edges also increases, causing the method to favour larger communities. This
size bias becomes a serious problem when strict size limits are required—leading to communities
that are too large or loosely connected, thereby reducing interpretability and practical utility. Luo
et al. [25] attempted to mitigate this bias at the algorithmic level by employing early termination
strategies to extract smaller communities, but this only addresses the symptom rather than the root
cause. Therefore, we aim to resolve this limitation intrinsically by redesigning the objective itself.
We propose Local Sketch Modularity (LSM), a principled extension of Luo modularity that

introduces a size penalisation term to directly suppress the large-community bias while preserving
its local computation advantages. By incorporating size-awareness into the objective function,
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the proposed method identifies compact and interpretable communities. Specifically, our measure
provides the following key benefits:
• Structural flexibility: Unlike models such as 𝑘-core or 𝑘-truss, our modularity-based formula-
tion avoids rigid structural assumptions, enabling broader applicability in diverse scenarios.
• Local computation: Local Sketch Modularity operates on the local structure by not requiring the
entire graph. This property facilitates scalability in large-scale or partially accessible networks.
• Mitigating the free-rider effect: Compared to Luo modularity, Local Sketch Modularity is less
affected by the free-rider issue.
The following example illustrates both the practical motivation for our formulation and the

shortcomings of existing methods.

Example 1 (Motivating Scenario). Consider a practical scenario where Evan and Joy plan to
organise a private Christmas gathering at a BBQ restaurant. To reserve the venue, they must ensure a
minimum of 10 participants, while the space allows at most 20. For a successful and enjoyable event,
they aim to invite a group of friends who are socially close and interact comfortably with one another.
Since the gathering is intended to bring together a close group of friends, participants should be more
closely connected within the group than with people outside the group. At the same time, they want
to avoid inviting people who are only loosely connected to the group (i.e., free-riders)—for example,
acquaintances who know just one or two others. Including such individuals might lead to awkward
conversations and weaken the overall bond of the group.

This scenario demonstrates that a community search method must satisfy several essential
criteria: (1) strong internal cohesion where members are closely connected to each other, (2)
external separation where the community is well-separated from the outside, (3) avoidance of
loosely connected individuals who might act as free-riders.

Existing structural methods (e.g., 𝑘-core [33], 𝑘-truss [6]) capture internal density well but often
ignore external separability. Modularity-based methods tend to favour large communities, making
them prone to free-rider inclusion. And both methods typically may require full graph access,
which is impractical in many real-world settings. In contrast, our Local Sketch Modularity operates
locally, balances cohesion and separation, and suppresses loosely connected free-riders through a
size-aware penalty term.

In this paper, we formalise this framework as the Local Sketch Modularity Optimisation for Size-
Constrained Community Search (LMSC) problem. Given a graph𝐺 = (𝑉 , 𝐸), a query node set𝑄 ⊆ 𝑉 ,
and a size constraint [𝑙, ℎ], the goal is to find a community 𝐶 such that 𝑄 ⊆ 𝐶 , 𝑙 ≤ |𝐶 | ≤ ℎ, and the
Local Sketch Modularity of 𝐶 is maximised. We prove that the problem is NP-hard.
Contributions. Our main contributions are summarised as follows:
(1) We propose Local Sketch Modularity, a new local objective function for size-constrained commu-

nity search, and formalise the LMSC problem. Theoretical results include a proof of NP-hardness
and an analysis of robustness to free-rider effects.

(2) We develop two scalable algorithms: Incremental Greedy Algorithm (IGA) and Sub-chain Merge
Algorithm (SMA) for efficient optimisation of LMSC.

(3) We empirically validate our approach on real-world networks, demonstrating that our methods
achieve F1 and ARI scores up to 1.39 and 5.95 times higher, respectively, than the best performing
baseline, while maintaining strong computational efficiency.

2 PRELIMINARIES
This section presents basic notations and concepts used in this paper. We represent 𝐺 = (𝑉 , 𝐸) as
an undirected weighted graph, where 𝑉 is the set of nodes and 𝐸 is the set of edges. Each edge
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Table 1. Summary of community measures. CD and CS denote community detection / search, respectively.

Measure Bias to large comm. Entire graph Target
NM [29] High Required CD
DM [21] Medium Required CS
DSM [38] Adjustable Required CS
LM [25] High Not Required CS
LSM Adjustable Not Required CS

(𝑣,𝑢) ∈ 𝐸 is associated with a non-negative weight𝑤 (𝑣,𝑢) representing the strength of connection
between 𝑣 and 𝑢. A community, denoted by C, corresponds to a set of nodes of 𝑉 . Let 𝑙C represent
the sum of internal edge weights within C; 𝑜C denotes the sum of edge weights between C and
𝑉 \ C. We define the node strength 𝑠 (𝑣) of a node 𝑣 as the sum of the weights of edges incident to
𝑣 , i.e., 𝑠 (𝑣) =∑

𝑢∈𝑁 (𝑣) 𝑤 (𝑣,𝑢). Accordingly, the total strength of C is given by 𝑑C = 𝑜C + 2𝑙C .
For a subset of nodes𝐻 ⊂ 𝑉 , we define 𝑁 (𝐻,𝐺) as the set of neighbour nodes of𝐻 in𝐺 . Formally,

𝑁 (𝐻,𝐺) =⋃
𝑢∈𝐻 𝑁 (𝑢,𝐺) where 𝑁 (𝑢,𝐺) represents the set of neighbours of a node 𝑢 in 𝐺 .

We now review modularity-based objectives commonly used in community detection and com-
munity search. Newman modularity [29] compares observed edge density within communities to
random expectations:

Definition 1. (Newman Modularity [29]). Given a graph 𝐺 = (𝑉 , 𝐸) and a set of nodes C ⊆ 𝑉 ,

NM(𝐺, C) = 1
2 |𝐸 |

(
2𝑙C −

𝑑2
C

2 |𝐸 |

)
, where 𝑙C denotes the sum of internal edge weights, 𝑑C is the sum of all

node weights, and |𝐸 | is the total number of edges.

While foundational, maximising Newman modularity (NM) is NP-hard [3] and suffers from the
well-known resolution limit [12], which causes small communities to be merged into larger ones
as the graph size increases. To address the detection of smaller and denser communities, Kim et
al. [21] proposed density modularity (DM):

Definition 2. (Density Modularity [21]). Given a graph 𝐺 = (𝑉 , 𝐸) and a set of nodes C ⊆ 𝑉 ,

DM(𝐺, C) = 1
2 | C |

(
2𝑙C −

𝑑2
C

2 |𝐸 |

)
, where |C| is the number of nodes in C.

Density modularity extends classical modularity for the community search problem by explicitly
incorporating community size. Wang et al. [38] further refined DM with a cohesiveness factor 𝜏
which enables adjustable control over the preference for a smaller or denser community:

Definition 3. (Density Sketch Modularity [38]). Given a graph 𝐺 = (𝑉 , 𝐸), a set of nodes C ⊆ 𝑉 ,

and 𝜏 ∈ R≥0, DSM(𝐺, C) = 1
2 | C |𝜏

(
2𝑙C −

𝑑2
C

2 |𝐸 |

)
.

Despite the efforts to adapt modularity to community search, these measures fundamentally
depend on global graph statistics, such as the total number of edges or the degrees of all nodes.
This reliance restricts their scalability to large-scale or partially observable networks. Moreover, as
the graph size increases, the score becomes increasingly dominated by the internal edge term 𝑙C ,
making it difficult to detect small communities [12].
Luo Modularity (LM). Feng et al. [25] proposed Luo modularity specifically for query-dependent
community search:

Definition 4. (Luo Modularity [25]). Given a graph 𝐺 = (𝑉 , 𝐸) and a set of nodes C ⊆ 𝑉 ,

LM(𝐺, C) = 𝑙C
𝑜C
, where 𝑜C denotes the sum of external edge weights.

Proc. ACM Manag. Data, Vol. 4, No. 1 (SIGMOD), Article 52. Publication date: February 2026.



LMSC: Local Sketch Modularity Optimisation for Size-Constrained Community Search in Networks 52:5

Unlike modularity-based measures that require global graph information and null models, LM
operates purely on local structure, relying only on the internal and external edge weights of C. This
locality enables scalable community search, even when only partial graph information is available.
However, LM suffers from a strong bias towards large communities. As C grows, the number of
outgoing edges 𝑜C usually decreases sharply as previously external edges are absorbed into the
community, causing the score to grow artificially high—even for overly large or trivial solutions
(e.g., C = 𝑉 ). As a result, loosely connected or irrelevant nodes are frequently included, which
prevents the identification of compact and meaningful communities. To handle this limitation, we
propose a principled extension (Section 3.1) that incorporates a size-aware penalty while preserving
the desirable locality of LM.
Table 1 shows that unlike NM and LM, our proposed LSM avoids full graph access and allows

adjustable control over community size, making it suitable for practical community search. The next
section formally introduces LSM and its optimisation problem, along with a motivating example.

3 PROBLEM STATEMENT
We propose a new local modularity measure, Local Sketch Modularity (LSM), addressing existing
limitations, and formulate a corresponding problem: Local Modularity Optimisation for Size-
Constrained Community Search (LMSC).

3.1 Local Sketch Modularity
Most modularity measures, including Newman [30], Density [21], and Density Sketch modular-
ity [38], require full graph access, which is often impractical. In contrast, Luo modularity (LM)
operates locally but tends to favour large communities (see Section 4). While Luo et al. [25] proposed
fixes to reduce this bias, such adjustments conflict with the original objective. We introduce a new
measure that addresses these limitations while retaining the local, query-focused nature of LM.
The proposed modularity yields more cohesive communities using only partial graph information.

Definition 5. (Local Sketch Modularity). Given a graph 𝐺 = (𝑉 , 𝐸), a sketch threshold 𝜏 ∈ R≥0,
and a set of nodes C ⊂ 𝑉 , the local sketch modularity (LSM) is defined as follows:

LSM(𝐺, C, 𝜏) = 𝑙C
𝑜C
· 1
|C|𝜏

Observe that the minimum value of LSM is 0 when there are no internal edges within the
community. Conversely, the maximum value of LSM is achieved when 𝜏 = 0 and a community
contains all the nodes except the one with the lowest sum of edge weights. In Section 4, we compare
the properties of LSM with those of LM.
A naive regularisation of Luo modularity may penalise large communities indiscriminately,

disrupting the internal-to-external structural balance already encoded in the original objective. In
contrast, LSM incorporates a size-aware adjustment that preserves local density while effectively
discouraging loosely connected nodes (i.e., free-riders). As shown in Section 4, LSM offers stronger
robustness to the free-rider effect, and we derive a sketch threshold that guarantees resilience
under a certain condition.

3.2 Local Sketch Modularity Optimisation for Size-Constrained Community Search
To address the challenge of identifying a query-centric community, we propose the Local Sketch
Modularity Optimisation for Size-Constrained Community Search (LMSC) problem as follows.

Problem definition 1. Given a graph 𝐺 = (𝑉 , 𝐸), a set of query nodes 𝑄 ⊆ 𝑉 , a size constraint
[𝑙, ℎ], and a sketch threshold 𝜏 ∈ R≥0, the Local Sketch Modularity Optimisation for Size-Constrained
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Fig. 1. A simple graph

Community Search (LMSC) problem aims to find a query-centric community C that satisfies the
following constraints:
(1) Connectivity: 𝐺 [C] is connected;
(2) Query containment: 𝑄 ⊆ C;
(3) Size constraint: 𝑙 ≤ |C| ≤ ℎ;
(4) Maximality: LSM(𝐺, C, 𝜏) is maximised.

The properties and hardness of the problem are specified in Section 4. In the following, we
present a simple example to illustrate the differences between LM and LSM.

Table 2. Comparison of LM and LSM

LM LSM
𝜏 = 0.4 𝜏 = 0.8 𝜏 = 1.2 𝜏 = 1.6

Community 𝐴 6.00 2.93 1.43 0.69 0.34
Community 𝐵 12.50 4.62 1.71 0.63 0.23
Community 𝐶 19.00 5.97 1.88 0.59 0.18

Example 2. Figure 1 compares Luo modularity (LM) and Local Sketch Modularity (LSM) for three
communities𝐴,𝐵, and𝐶 . As shown in Table 2, LM consistently assigns high scores to larger communities,
illustrating its bias toward size, which leads to the free-rider effect (see Section 4). In contrast, LSM
incorporates a tunable parameter 𝜏 that penalises overly large communities. As 𝜏 increases, smaller,
denser communities (e.g., 𝐴) are relatively preferred. Notably, LM is a special case of LSM with 𝜏 = 0.

4 THEORETICAL ANALYSIS
4.1 Hardness of LMSC Problem
In this section, we discuss the hardness of the LMSC problem.

Theorem 1. The LMSC problem is NP-hard.

We establish NP-hardness by a polynomial-time reduction from Set Cover. Given a Set Cover
instance with a set of items and a collection of itemsets, we construct a weighted graph in which
nodes represent items and itemsets, with edges encoding set membership. Additional nodes and
edge weights are introduced so that minimising the number of selected sets in Set Cover corresponds
to maximising the LSM objective when 𝜏 = 0. Thus, any optimal solution to the LMSC instance can
be mapped to a minimum set cover. Details of the reduction are provided in Appendix A of [19].

4.2 Free-rider Effect
The free-rider effect refers to the inclusion of nodes that do not meaningfully contribute to the
query-focused community [21]. It can be classified into global and local variants [40], with the
latter being more relevant to community search tasks, where the presence of query nodes is central.
This section focuses on analysing and mitigating the local free-rider effect.
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Definition 6. (Local free-rider effect [17, 40]). Given a graph 𝐺 = (𝑉 , 𝐸), query nodes 𝑄 , the
goodness function 𝑓 . Let 𝐺 [𝐻 ] denote the identified community based on the function 𝑓 and 𝐺 [𝐻 ′]
represent a query-independent local optimum subgraph. The function 𝑓 suffers from the local free-rider
effect if 𝑓 (𝐻 ∪ 𝐻 ′) ≥ 𝑓 (𝐻 ).

4.2.1 Comparison Between LM and LSM. In the following, we theoretically analyse the local
free-rider effects of LM and LSM.

Theorem 2. LSM is less prone to the local free-rider effect than LM.

Proof. Let 𝐻 be the set of nodes of an identified subgraph and 𝐻 ′ be the set of nodes the
optimal subgraph. Let 𝑙𝐻,𝐻 ′ be the sum of edge weights between 𝐻 \𝐻 ′ and 𝐻 ′ \𝐻 , 𝑙𝑑𝑢𝑝 denote the
sum of duplicated internal edge weights between 𝐻 and 𝐻 ′, 𝐻𝑑𝑢𝑝 represent the set of duplicated
nodes between 𝐻 and 𝐻 ′. We further define 𝑙𝐻𝑑𝑢𝑝 ,𝐻

′\𝐻 and 𝑙𝐻𝑑𝑢𝑝 ,𝐻\𝐻 ′ as the sum of edge weights
between the duplicated nodes 𝐻𝑑𝑢𝑝 and the non-overlapping nodes in 𝐻 ′ and 𝐻 , respectively. To
simplify the notation, we denote 𝑙𝑐𝑟𝑜𝑠𝑠 = 𝑙𝐻𝑑𝑢𝑝 ,𝐻

′\𝐻 + 𝑙𝐻𝑑𝑢𝑝 ,𝐻\𝐻 ′ . We now formulate the equations
of 𝐿𝑀 (𝐻 ), 𝐿𝑀 (𝐻 ∪ 𝐻 ′), 𝐿𝑆𝑀 (𝐻 ), and 𝐿𝑆𝑀 (𝐻 ∪ 𝐻 ′).
• LM(𝐻 ) = 𝑙𝐻

𝑜𝐻

• LM(𝐻 ∪ 𝐻 ′) = 𝑙𝐻+𝑙𝐻 ′−𝑙𝑑𝑢𝑝+𝑙𝐻,𝐻 ′
𝑜𝐻+𝑜𝐻 ′−𝑙𝑐𝑟𝑜𝑠𝑠−2𝑙𝐻,𝐻 ′

• LSM(𝐻 ) = 𝑙𝐻
𝑜𝐻
· 1
|𝐻 |𝜏

• LSM(𝐻 ∪ 𝐻 ∗𝑔 ) =
𝑙𝐻+𝑙𝐻 ′−𝑙𝑑𝑢𝑝+𝑙𝐻,𝐻 ′

𝑜𝐻+𝑜𝐻 ′−𝑙𝑐𝑟𝑜𝑠𝑠−2𝑙𝐻,𝐻 ′
· 1
( |𝐻 |+|𝐻 ′ |− |𝐻𝑑𝑢𝑝 | )𝜏

We compare the difference between the values of LM and LSM for the free-rider effect. We first
consider the case of LM, the corresponding equation is as follows:

LM(𝐻 ∪ 𝐻 ′) − LM(𝐻 ) =
𝑙𝐻 + 𝑙𝐻 ′ − 𝑙𝑑𝑢𝑝 + 𝑙𝐻,𝐻 ′

𝑜𝐻 + 𝑜𝐻 ′ − 𝑙𝑐𝑟𝑜𝑠𝑠 − 2𝑙𝐻,𝐻 ′
− 𝑙𝐻

𝑜𝐻

Let 𝑘 = 𝑜𝐻 · (𝑜𝐻 + 𝑜𝐻 ′ − 𝑙𝑐𝑟𝑜𝑠𝑠 − 2𝑙𝐻,𝐻 ′ ). Multiplying both sides by 𝑘 , we obtain the equation:

𝑘 · (LM(𝐻 ∪ 𝐻 ′) − LM(𝐻 )) = 𝑜𝐻 · (𝑙𝐻 + 𝑙𝐻 ′ − 𝑙𝑑𝑢𝑝 + 𝑙𝐻,𝐻 ′ ) − 𝑙𝐻 · (𝑜𝐻 + 𝑜𝐻 ′ − 𝑙𝑐𝑟𝑜𝑠𝑠 − 2𝑙𝐻,𝐻 ′ )

Note that 𝑜𝐻 ≥ 𝑙𝐻𝑑𝑢𝑝 ,𝐻
′\𝐻 + 𝑙𝐻,𝐻 ′ ≥ 0 and 𝑜𝐻 ′ ≥ 𝑙𝐻𝑑𝑢𝑝 ,𝐻\𝐻 ′ + 𝑙𝐻,𝐻 ′ ≥ 0, implying that the term

𝑜𝐻 + 𝑜𝐻 ′ − 𝑙𝑐𝑟𝑜𝑠𝑠 − 2𝑙𝐻,𝐻 ′ is always positive. Similarly, for LSM, we derive the following result:

LSM(𝐻 ∪ 𝐻 ′) − LSM(𝐻 ) =
𝑙𝐻 + 𝑙𝐻 ′ − 𝑙𝑑𝑢𝑝 + 𝑙𝐻,𝐻 ′

𝑜𝐻 + 𝑜𝐻 ′ − 𝑙𝑐𝑟𝑜𝑠𝑠 − 2𝑙𝐻,𝐻 ′
· 1
( |𝐻 | + |𝐻 ′ | − |𝐻𝑑𝑢𝑝 |)𝜏

− 𝑙𝐻

𝑜𝐻
· 1
|𝐻 |𝜏

𝑘 · (LSM(𝐻 ∪ 𝐻 ′) − LSM(𝐻 )) =
𝑜𝐻 · (𝑙𝐻 + 𝑙𝐻 ′ − 𝑙𝑑𝑢𝑝 + 𝑙𝐻,𝐻 ′ )
( |𝐻 | + |𝐻 ′ | − |𝐻𝑑𝑢𝑝 |)𝜏

− (𝑜𝐻 + 𝑜𝐻
′ − 𝑙𝑐𝑟𝑜𝑠𝑠 − 2𝑙𝐻,𝐻 ′ ) · 𝑙𝐻
|𝐻 |𝜏

To simplify, let 𝑡1 = 𝑜𝐻 · (𝑙𝐻 + 𝑙𝐻 ′ − 𝑙𝑑𝑢𝑝 + 𝑙𝐻,𝐻 ′ ) and 𝑡2 = 𝑙𝐻 · (𝑜𝐻 + 𝑜𝐻 ′ − 𝑙𝑐𝑟𝑜𝑠𝑠 − 2𝑙𝐻,𝐻 ′ ). Hence,
we get the following equations.

𝑘 · (LSM(𝐻 ∪ 𝐻 ′) − LSM(𝐻 )) = 𝑡1

( |𝐻 | + |𝐻 ′ | − |𝐻𝑑𝑢𝑝 |)𝜏
− 𝑡2

|𝐻 |𝜏
𝑘 · (LM(𝐻 ∪ 𝐻 ′) − LM(𝐻 )) = 𝑡1 − 𝑡2

Let 𝑋 = 𝑡1 − 𝑡2 and 𝑌 =
𝑡1

( |𝐻 |+|𝐻 ′ |− |𝐻𝑑𝑢𝑝 | )𝜏 −
𝑡2
|𝐻 |𝜏 . Showing 𝑋 > 𝑌 indicates that LSM is less prone

to the free-rider effect.
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• 𝑋 > 0 and 𝑌 > 0: Both 𝑋 and 𝑌 experience the free-rider effect. 𝑋 > 𝑌 implies that 𝑌 is less
affected by the free-rider effect than 𝑋 because small positive value indicates that it is close to
overcoming the free-rider effect.
• 𝑋 < 0 and 𝑌 < 0: Neither 𝑋 nor 𝑌 suffers from the free-rider effect. However, if 𝑋 > 𝑌 , it means
that LSM imposes a larger penalty for the free-riders.
• 𝑋 > 0 and 𝑌 < 0 : LSM overcomes the free-rider effect, while LM suffers from it. Thus, we do
not need to check it.
• 𝑋 < 0 and 𝑌 > 0 : LM does not suffer from the free-rider effect, while 𝑌 does. In the expression
for 𝑌 , the denominator of the positive value (𝑡1) is larger than that of the negative value (𝑡2),
indicating the positive value is significantly reduced compared to the negative one. This implies
that if 𝑋 is negative, 𝑌 must also be negative. Thus, we do not need to consider this case.
To prove 𝑋 > 𝑌 , we multiply 𝑋 by 1

( |𝐻 |+|𝐻 ′ |− |𝐻𝑑𝑢𝑝 | )𝜏 , giving 𝑋
′ = 𝑡1−𝑡2

( |𝐻 |+|𝐻 ′ |− |𝐻𝑑𝑢𝑝 | )𝜏 . Subtracting
𝑌 from 𝑋 ′ yields:

𝑋 ′ − 𝑌 =
−𝑡2

( |𝐻 | + |𝐻 ′ | − |𝐻𝑑𝑢𝑝 |)𝜏
+ 𝑡2

|𝐻 |𝜏

Since 1
|𝐻 |𝜏 > 1

( |𝐻 |+|𝐻 ′ |− |𝐻𝑑𝑢𝑝 | )𝜏 , the positive term dominates the negative one, making 𝑋 ′ −𝑌 > 0.
Thus, as 𝑋 > 𝑋 ′, it follows that 𝑋 > 𝑌 . Note that 𝑋 = (LM(𝐻 ∪𝐻 ′) − LM(𝐻 )) · 𝑘 , 𝑌 = (LSM(𝐻 ∪
𝐻 ′) − LSM(𝐻 )) · 𝑘 . Since 𝑘 > 0, the inequality 𝑋 > 𝑌 implies that LM(𝐻 ∪ 𝐻 ′) − LM(𝐻 ) >
LSM(𝐻 ∪ 𝐻 ′) − LSM(𝐻 ). □

4.2.2 Parameter Threshold Under Weak Sense Assumption. As we have discussed in the previous
proof, both LM and LSM suffer from local free-rider effect, though LSM is more robust due to
the parameter 𝜏 . As 𝜏 increases, it favours smaller communities, thereby reducing the degree of
suffering from the free-rider effect. We theoretically demonstrate that when 𝜏 > log1+ 1

ℎ
( ℎ (ℎ−1)2 )

and the identified community is a weak sense community, LSM no longer suffers from the local
free-rider effect. Before proving this theorem, we introduce the concept of a weak sense community,
which is central to ensuring the robustness of the identified community.

Definition 7. (Weak sense community [31]). Given a graph 𝐺 = (𝑉 , 𝐸) and a set of nodes 𝑆 ⊆ 𝑉 ,
the induced subgraph 𝐺 [𝑆] is called a weak sense community if the total weight of the internal
edges is greater than or equal to the total weight of external edges. Formally, 𝐺 [𝑆] is a weak sense
community if 𝑙𝑆 ≥ 𝑜𝑆 .

Theorem 3. LSM does not suffer from local free-rider effect when the identified community is a
weak sense community and 𝜏 > log1+ 1

ℎ
( ℎ (ℎ−1)2 ).

Proof. To guarantee that LSM does not suffer from the free-rider effect, it must satisfy the
following inequality.

LSM(𝐻 ) > LSM(𝐻 ∪ 𝐻 ′) ⇒ 0 >
𝑜𝐻 · (𝑙𝐻 + 𝑙𝐻 ′ − 𝑙𝑑𝑢𝑝 + 𝑙𝐻,𝐻 ′ )
( |𝐻 | + |𝐻 ′ | − |𝐻𝑑𝑢𝑝 |)𝜏

− (𝑜𝐻 + 𝑜𝐻
′ − 𝑙𝑐𝑟𝑜𝑠𝑠 − 2𝑙𝐻,𝐻 ′ ) · 𝑙𝐻
|𝐻 |𝜏

To derive a lower bound on 𝜏 , we rewrite the following inequality in terms of 𝜏 .

𝜏 >
log𝑜𝐻 + log 𝑙𝐻∪𝐻 ′ − log 𝑙𝐻 − log𝑜𝐻∪𝐻 ′
log ( |𝐻 | + |𝐻 ′ | − |𝐻𝑑𝑢𝑝 |) − log |𝐻 |

=
− log 𝑙𝐻

𝑜𝐻
+ log 𝑙𝐻∪𝐻 ′

𝑜𝐻∪𝐻 ′

log (1 + |𝐻
′ |− |𝐻𝑑𝑢𝑝 |
|𝐻 | )

The inequality above provides an exact expression for the lower bound of the sketch threshold 𝜏
required to eliminate the free-rider effect in LSM. To make this condition more interpretable and
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analytically tractable, we derive a simplified lower bound by separately bounding the numerator
and the denominator separately.
To derive an upper bound on the numerator, we consider when the internal-to-external edge ratio

of𝐻∪𝐻 ′ significantly exceeds that of𝐻 . Since all terms 𝑙𝐻 , 𝑜𝐻 , 𝑙𝐻∪𝐻 ′ , and 𝑜𝐻∪𝐻 ′ are always positive,
the expression log(𝑙𝐻∪𝐻 ′/𝑜𝐻∪𝐻 ′ ) achieves its maximum when the ratio 𝑙𝐻∪𝐻 ′/𝑜𝐻∪𝐻 ′ is maximised,
and log(𝑙𝐻/𝑜𝐻 ) reaches its minimum when 𝑙𝐻/𝑜𝐻 is minimised. The smallest possible value of
𝑙𝐻/𝑜𝐻 is 1, as the weak sense condition requires 𝑙𝐻 ≥ 𝑜𝐻 . The maximum value for 𝑙𝐻∪𝐻 ′/𝑜𝐻∪𝐻 ′
approaches ℎ (ℎ−1)

2 . Since the LMSC problem enforces a size constraint such that 𝑙 ≤ |𝐻 ∪ 𝐻 ′ | ≤ ℎ,
the maximum number of internal edges is ℎ (ℎ−1)

2 . Therefore, we obtain the following equation :

log( 𝑙𝐻∪𝐻
′

𝑜𝐻∪𝐻 ′
) − log( 𝑙𝐻

𝑜𝐻
) ≤ log(ℎ(ℎ − 1)

2
) − log(1) ≤ log(ℎ(ℎ − 1)

2
)

Next, we consider the minimum possible value of the denominator. Since 1
ℎ
≤ 1
|𝐻 | ≤

|𝐻 ′ |− |𝐻𝑑𝑢𝑝 |
|𝐻 | , it

follows that :

log(1 + 1
ℎ
) ≤ log(1 +

|𝐻 ′ | − |𝐻𝑑𝑢𝑝 |
|𝐻 | )

Thus, combining the bounds, we obtain:

𝜏 >
log( ℎ (ℎ−1)2 )
log(1 + 1

ℎ
)

>
− log 𝑙𝐻

𝑜𝐻
+ log 𝑙𝐻∪𝐻 ′

𝑜𝐻∪𝐻 ′

log (1 + |𝐻
′ |− |𝐻𝑑𝑢𝑝 |
|𝐻 | )

As a result, to ensure that it does not suffer from the local free-rider effect, 𝜏 must satisfy the
lower bound:

𝜏 > log1+ 1
ℎ
(ℎ(ℎ − 1)

2
)

□

4.3 Properties of LSM
We now discuss two structural properties of the LSM : (1) monotonicity and (2) submodularity.

Theorem 4. The LSM is non-monotone; that is, there exists a set 𝐴 ⊆ 𝑉 and a node 𝑣 ∉ 𝐴 such that
LSM(𝐴 ∪ {𝑣}) < LSM(𝐴).

Proof. We prove by counterexample. Suppose LSM is monotone, i.e., LSM(𝐴 ∪ {𝑣}) ≥ LSM(𝐴).
Consider a graph 𝐺 = (𝑉 , 𝐸) where every edge weights are 1, consisting of two cliques: a 4-node
clique and a 3-node clique. One node 𝑣 in 3-node clique is connected to a single node 𝑢 in 4-node
clique via an inter-clique edge. Let𝐴 denote the node set of the 4-node clique, and let 𝑣 be the node in
3-node clique that is connected to𝑢 ∈ 𝐴. Assume 𝜏 = 1. In this setting, the internal edge weight of𝐴
is 𝑙𝐴 = 6, and the outgoing edge weight is 𝑜𝐴 = 1. Therefore, LSM(𝐴) = 𝑙𝐴

𝑜𝐴
· 1
|𝐴 |𝜏 = 6

1 ·
1
41 = 1.5. Now

consider adding 𝑣 to𝐴. The internal edge weight becomes 𝑙𝐴∪{𝑣} = 7, and the outgoing edge weight
becomes 𝑜𝐴∪{𝑣} = 2. Hence, LSM(𝐴′) = 𝑙𝐴′

𝑜𝐴′
· 1
|𝐴′ |𝜏 = 7

2 ·
1
51 = 0.7. Since LSM(𝐴 ∪ {𝑣}) < LSM(𝐴),

adding 𝑣 to 𝐴 decreases the LSM value, which contradicts the assumption that LSM is monotone.
Therefore, LSM is non-monotone. □

Theorem 5. The LSM is non-submodular; that is, there exist sets 𝐴 ⊆ 𝐵 ⊆ 𝑉 and a node 𝑣 ∉ 𝐵 such
that LSM(𝐴 ∪ {𝑣}) − LSM(𝐴) < LSM(𝐵 ∪ {𝑣}) − LSM(𝐵).

Proof. Suppose LSM is submodular. Consider a graph with all edge weights set to 1, consisting
of a 5-node clique and two additional nodes {𝑥,𝑦}. Let 𝐴 be a set of four nodes from the 5-clique,
and let 𝐵 is the 5-clique node set. Suppose 𝑥 is connected to one node in 𝐴 and one node in 𝐵 \𝐴,
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Algorithm 1: IGA(𝐺,ℎ, 𝑙,𝑄, 𝜏)
1 𝑖 ← 1, C1 ← getSeed(𝐺,𝑄);
2 for |C𝑖 | ≤ ℎ − 1 do
3 𝑣 ← argmax𝑤∈𝑁 (C𝑖 ,𝐺 ) ΔLSM(𝐺, C ∪ {𝑤}, 𝜏);
4 C𝑖+1 ← C𝑖 ∪ {𝑣};
5 𝑖 ← 𝑖 + 1;
6 return argmaxC∈{C1,C2,· · · ,C𝑖 },

𝑙≤ |C |≤ℎ
LSM(𝐺, C, 𝜏)

while 𝑦 is connected only to a node in 𝐴. Let 𝜏 = 1. For set 𝐴, the internal edge weight and external
connectivity are 𝑙𝐴 = 6 and 𝑜𝐴 = 6, respectively, with |𝐴| = 4. Hence, LSM(𝐴) = 0.25. Then for a
set 𝐵, 𝑙𝐵 = 10, 𝑜𝐵 = 3, and |𝐵 | = 5. Therefore, LSM(𝐵) = 2

3 . Now consider adding node 𝑥 to each set.
In the case of 𝐴 ∪ {𝑥}, 𝑙𝐴∪{𝑥 } = 7, 𝑜𝐴∪{𝑥 } = 6, and |𝐴 ∪ {𝑥}| = 5, leading to LSM(𝐴 ∪ {𝑥}) = 7

30 .
The corresponding marginal gain is therefore Δ𝐴 = LSM(𝐴 ∪ {𝑥}) − LSM(𝐴) = 7

30 − 0.25 ≈ −0.017.
For 𝐵 ∪ {𝑥}, 𝑙𝐵∪{𝑥 } = 12, 𝑜𝐵∪{𝑥 } = 1, and |𝐵 ∪ {𝑥}| = 6. Thus, LSM(𝐵 ∪ {𝑥}) = 2.0, and Δ𝐵 =

LSM(𝐵∪{𝑥})−LSM(𝐵) = 2.0− 2
3 ≈ 1.334. Consequently, Δ𝐴 < Δ𝐵 , suggesting that the submodular

property does not hold. Therefore, LSM is non-submodular. □

5 INCREMENTAL GREEDY ALGORITHM(IGA)
Overview. The Incremental Greedy Algorithm (IGA) aims to identify a query-centric community by
iteratively expanding from the query nodes according to the Local Sketch Modularity (LSM) value.
It serves as a baseline local optimiser for the LSM objective, providing an intuitive greedy expansion
procedure that incrementally improves community cohesiveness under the size constraint.
Procedure. Algorithm 1 describes the procedure of IGA. The algorithm starts with a seed commu-
nity C1, comprising the query node (for a single query) or a connected component containing all
query nodes (see below for multiple queries). At each step, the algorithm considers the neighbours
of the current community C𝑖 and selects the node that maximises the gain in LSM (ΔLSM). This
process repeats until the size constraint is reached. Finally, among all candidate communities
generated during the process, the one with the highest LSM (within [𝑙, ℎ]) is returned.
Time complexity. The overall time complexity of IGA is𝑂 (𝑆 +ℎ( |𝑉 | +𝑑max)), which in the worst
case simplifies to𝑂 (𝑆 +ℎ |𝑉 |), where 𝑆 is the cost of obtaining the seed containing the query nodes
and 𝑑max is the maximum degree. Each iteration scans the current boundary 𝑁 (C) (at most |𝑉 | − 1
candidates) and computes ΔLSM in 𝑂 (1) per candidate, as deg(𝑣) and and 𝑙𝑣,C , the total weight of
edges between 𝑣 and C, are maintained for each candidate 𝑣 . After adding a node 𝑢, we update 𝑙𝑣,C
only for 𝑣 ∈ 𝑁 (𝑢) in 𝑂 (deg(𝑢)) time.
Limitation of IGA. Since IGA greedily adds nodes maximising ΔLSM at each step, it may become
trapped in local optima, failing to improve LSM further. To address this, we introduce a group-wise
extension in the next section. Empirical analysis of this limitation is provided in Section 7.
Handling multiple query nodes. Handling multiple query nodes in community search is chal-
lenging, especially for bottom-up approaches [21]. Prior work has used modularity-aware shortest
paths [21] or Steiner-tree methods [2]. A central challenge is forming an initial structure that con-
nects all query nodes while achieving a strong LSM score—balancing connectivity with optimising
internal and external edges. We adopt Mehlhorn’s Steiner-tree algorithm [27], which provides a
2-approximation in𝑂 ( |𝐸 | + |𝑉 | log |𝑉 |) time. Since a tree of 𝑛 nodes has only 𝑛−1 internal edges, en-
hancing internal connectivity is limited. We therefore focus on reducing external edges to enhance
the LSM score. To this end, we reweight each edge as𝑤 (𝑢, 𝑣) =max(deg(𝑢), deg(𝑣)), penalising
high-degree nodes, which typically increase 𝑜𝑐 . This guides the tree toward lower-degree paths and
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Fig. 2. Overall SMA framework

improves community quality. Empirically, this degree-based re-weighting yields boundary-robust
seeds by avoiding border nodes that often act as cross-community bridges [34].

6 SUB-CHAIN MERGE ALGORITHM(SMA)
6.1 Overview
The Sub-chain Merge Algorithm (SMA) is a bottom-up framework designed to overcome the
local-optimality limitation of IGA. While IGA expands a community by adding one node at a
time, SMA performs group-wise expansion by merging cohesive structures, termed chains. Each
chain is a locally connected sequence of nodes adjacent to the current community and is evaluated
using Chain-based Local Sketch Modularity (CLSM), which captures internal connectivity and
boundary strength without global graph information. The overall pseudocode of SMA is provided
in Algorithm 2. In [19], the detailed procedures of the SMA subroutines—greedy expansion, chain
identification, sub-chain merging, and chain updating—are presented in Appendices B, C, D, and E.

Figure 2 illustrates the workflow of SMA. Starting from a seed community, the algorithm forms an
initial core via local greedy expansion, then iteratively identifies candidate chains, merges candidate
sub-chains that maximise LSM improvement, and updates only the affected chains. This process
continues until the size constraint [𝑙, ℎ] is satisfied, returning the community with the highest
LSM value encountered. This strategy alleviates local-optimum traps, improves efficiency through
localised updates, and ensures that the resulting community is cohesive and size-constrained.

6.2 Greedy Expansion Procedure
In the first step, SMA identifies a “core” community1 starting from the query nodes, using a strategy
similar to the Incremental Greedy Algorithm in Section 5. The key difference is as follows: while
IGA adds a node at a time based on maximum ΔLSM even when this gain is negative, SMA expands
the community by adding a node only when it provides positive and maximal gain in each iteration.
This expansion continues until no further gain is possible or the size constraint is reached.

6.3 Chain Identification Procedure
After forming the core community, the algorithm proceeds to explore neighbouring cohesive
structures, referred to as “chains”. Unlike IGA, which expands the community by adding individual
nodes, this approach seeks to merge sets of nodes that together yield a greater increase in the LSM
objective. A chain is defined as a sequence of nodes adjacent to the community, identified using
a relaxed criterion termed Chain-based LSM (CLSM), which evaluates each chain based on its
internal structure and connections to the current community. The formal definition is as follows.

Definition 8. (Chain.) Given a graph 𝐺 = (𝑉 , 𝐸), a current community C ⊂ 𝑉 , and a maximum
community size constraint ℎ, a sequence of nodes 𝑍 = {𝑣0, 𝑣1, · · · , 𝑣 𝑗 } is defined as a chain if it satisfies
the following conditions:
1a connected subgraph containing all the query nodes and formed by greedy expansion from the initial seed.
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(1) Connectivity: Any subset 𝑆 = {𝑣0, 𝑣1, . . . , 𝑣𝑖 } (0 ≤ 𝑖 ≤ 𝑗) forms a connected subgraph in 𝐺 ;
(2) Adjacency: 𝑣0 ∈ 𝑍 is connected to at least one node in C, i.e., 𝑣0 ∈ 𝑁 (C,𝐺) \ C;
(3) Disjointness: 𝑍 ∩ C = ∅;
(4) Size constraint: |𝑍 ∪ C| ≤ ℎ.

Note that identifying and updating chains directly based on the LSM measure is challenging, as
it requires tracking not only the internal connectivity of the chain (𝑙𝑍 , 𝑜𝑍 ), but also the state of
the community (𝑙𝐶 , 𝑜𝐶 , |𝐶 |𝜏 , 𝑙C,𝑍 ). Since any modification affects all the chains simultaneously, we
design CLSM, a relaxed objective that evaluates each chain solely on its internal structure and its
boundary with the community.

Definition 9. (Chain-based LSM) Given a graph𝐺 = (𝑉 , 𝐸), a current community C, and a chain
𝑍 of the current community, the Chain-based LSM (CLSM) is defined as follows:

CLSM(C, 𝑍 ) = 𝑙𝑍 + 𝑙C,𝑍
𝑜𝑍 − 𝑙C,𝑍

(1)

where 𝑙C,𝑍 denotes the total weight of edges between C and 𝑍 .

This formulation encourages chains with strong internal connectivity (via 𝑙𝑍 ) and significant
interaction with the current community (via 𝑙C,𝑍 ), while penalising those with many external
connections to the rest of the graph (via 𝑜𝑍 ). Thus, CLSM enables efficient and independent updates
of chains as it relies only on local information.

Next, we describe how to get a set of chains given a current community. Starting from a neigh-
bouring node—referred to as “pivot”—we repeatedly add nodes that yield the maximum increase in
CLSM. If multiple candidates have equal improvements, the node closer to the pivot is selected. This
expansion continues until no further improvements are possible or the maximum size is reached.

Each chain maintains its insertion order, which is preserved to extract valid sub-chains for merge
operation. Note that chain identification proceeds only as long as each incremental addition results
in a non-negative marginal gain in CLSM, ensuring that only chains with positive improvement
are considered as valid.

6.4 Sub-chain Merge Procedure
After identifying candidate chains, we initiate the merge process. Although CLSM is a variant
of LSM, merging a chain with the current community does not always increase the LSM score.
To ensure that each merge step is beneficial, we examine only consecutive prefixes of each chain,
referred to as sub-chains. This restriction guarantees connectivity and order preservation, and
reduces unnecessary computation by excluding disconnected or unordered subsets.

Definition 10. (Sub-chain.) Given a chain 𝑍 = {𝑣0, 𝑣1, · · · , 𝑣 𝑗 }, a sub-chain of 𝑆 is a subset of the
chain 𝑍 such that 𝑆 = {𝑣0, 𝑣1, · · · , 𝑣𝑖 } where 0 ≤ 𝑖 ≤ 𝑗 .

Thus, each chain with |𝑍 | nodes yields at most |𝑍 | valid sub-chains. We scan all such sub-chains
to find the one whose addition results in the largest increase in LSM. This sub-chain is merged
with the community. If multiple candidate sub-chains have the same gain, this process prefers the
one closer to the query node, by selecting the shorter sub-chain to maximise flexibility for future
expansion. After merging, only chains affected by the update are recomputed, enabling efficient
iteration until the size constraint is satisfied.

6.5 Chain Update Procedure
Merging the current community with the optimal sub-chain may disrupt the structure of neigh-
bouring chains, potentially violating the constraints stipulated in Definition 8. Recomputing all
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Fig. 3. Affected chains

chains after each merge is computationally prohibitive, particularly in large-scale networks. We
therefore introduce a selective update strategy that updates only those chains whose composition
may be directly affected by the merge operation, improving efficiency significantly.

We describe a set of rules to selectively update chains following a community merge. Each rule
addresses a structural constraint or neighbourhood change introduced during the merge process.
Update for condition #1 (Size constraint exceeded). After merging the community C with
a sub-chain 𝑆 , the size of each chain 𝑍 , with respect to the updated community, may violate the
constraint |C′ ∪ 𝑍 | ≤ ℎ, i.e., |𝑍 | > ℎ − |C′ |. Then, the chain must be truncated.

Update Rule 1. If the chain |𝑍 | > ℎ − |C′ |, it is truncated by retaining only the first ℎ − |C′ | nodes:
𝑍 = {𝑣0, 𝑣1, . . . , 𝑣ℎ−|C′ |−1}.

Example 3. Suppose ℎ = 8. In Figure 3e, merging the current community C with sub-chain 𝑆 results
in an updated community of size |C′ | = 7. Since the maximum number of additional nodes that can
be merged is ℎ − |C′ | = 1, chain 𝑍 = {𝑣0, 𝑣1, 𝑣2, 𝑣3, 𝑣4} is truncated to {𝑣0}.
Update for condition #2 (Disjointness violated). A chain must be disjoint from the current
community. After merging, however, some nodes previously in chains may now belong to C′,
potentially breaching the disjointness constraint. We distinguish two sub-cases:
(1) Pivot node included in 𝑆 : If the pivot node 𝑣0 of chain 𝑍 is included in the merged sub-chain 𝑆 ,

the chain 𝑍 is no longer valid and must be removed.
(2) Non-pivot node included in 𝑆 : If 𝑣0 ∉ 𝑆 , but some other nodes in chain are included in 𝑆 , then

𝑍 is truncated.
The update rule and example for sub-case 1 are as follows:

Update Rule 2. If the pivot node 𝑣0 of chain 𝑍 is included in the merged sub-chains 𝑆 (i.e, 𝑣0 ∈ 𝑆),
remove the chain.

Example 4. As depicted in Figure 3a, if pivot node 𝑣0 is included in merged sub-chain 𝑆 , the chain
𝑍 = {𝑣0, 𝑣1, 𝑣2, 𝑣3} is removed in its entirety.

For sub-case 2, we present the following update rule and example:

Update Rule 3. Let 𝑍 = {𝑣0, 𝑣1, . . . , 𝑣𝑘 } be a chain that the pivot node 𝑣0 ∉ 𝑆 , and 𝑍 ∩ 𝑆 ≠ ∅. Let 𝑖
be the smallest index such that 𝑣𝑖 ∈ 𝑆 . Then, truncate the chain to 𝑍 = {𝑣0, . . . , 𝑣𝑖−1}.

Example 5. Figure 3b shows a scenario where nodes 𝑣2 and 𝑣4 in 𝑍 are also in 𝑆 . The smallest index
at which such an overlap occurs is 𝑖 = 2, so only {𝑣0, 𝑣1} are kept in 𝑍 .
Update for Condition #3 (CLSM scores changed). After merging, the updated community may
alter the CLSM scores of neighbouring nodes, potentially requiring the order of nodes within a
chain to be updated or rearranged. Specifically:
(1) If there exists a node 𝑥—not belonging to 𝑍 or C′, but adjacent to both 𝑍 and 𝑆—that offers

a higher CLSM gain than the node originally selected during the construction of 𝑍 , then the
chain 𝑍 must be updated to reflect the new optimal ordering.
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(2) If a node 𝑣 ∈ 𝑍 is directly connected to 𝑆 , the chain 𝑍 must be updated, as this connection may
change the optimal sequence or composition of nodes in 𝑍 .

These two sub-cases are addressed by the following update rule.

Update Rule 4. Let 𝑍 = {𝑣0, 𝑣1, . . . , 𝑣𝑘 }. If there exists a node 𝑥 ∈ (𝑁 (𝑍,𝐺) ∩ 𝑁 (𝑆,𝐺)) \ C′, let 𝑖
be the smallest index such that 𝑣𝑖 is adjacent to 𝑥 . Then, truncate the chain to 𝑍 = {𝑣0, . . . , 𝑣𝑖 }.

The following examples illustrate each case handled by the update rule 4. We first show sub-case
1, and the rule is applied as follows.

Example 6. Figure 3c illustrates this rule. Suppose 𝑍 = {𝑣0, 𝑣1, . . . , 𝑣4} and, after merging, an
external node 𝑥1 (not in 𝑍 ) is adjacent to both 𝑆 and 𝑣1. Since 𝑥1 may provide a higher CLSM gain
than 𝑣2, the chain is truncated at 𝑣1, and only {𝑣0, 𝑣1} are preserved. Similarly, Figure 3d shows the
case where 𝑥 ∈ 𝑍 . As 𝑣2 may offer a higher CLSM gain than 𝑣1, so the chain is truncated to only {𝑣0}.

The next example corresponds to sub-case 2.

Example 7. Figure 3d demonstrates this case: 𝑥1, 𝑥2 in 𝑍 becomes newly adjacent to 𝑆 , affecting the
next node choice after 𝑣0. As a result, the chain is truncated to {𝑣0}.

After applying these rules, the preserved portion of each chain is rebuilt using the original greedy
strategy of Chain identification. Starting from the last preserved node, each next node is selected
based on the CLSM gain among neighbours of the current chain.
Update for New Pivots. Following the merge, nodes that become newly adjacent to the updated
community C′ are used as pivots to construct new chains.

Update Rule 5. Let P denote the set of pivot nodes from previously constructed chains. For each
𝑣 ∈ 𝑁 (𝑆,𝐺) \ (C′ ∪ P), initiate a new chain with 𝑣 as the pivot.

Appendix G in [19] formally proves that the local update rules suffice and yield the same canonical
chain state as a full global reconstruction, thus ensuring the correctness of the update procedure.

6.6 Priority of Chain Update Rules
A chain may simultaneously satisfy multiple update conditions. In such cases, we apply the update
rules in the following priority order to ensure consistency and correctness:
• Priority 1. Removal (Update Rule 2): If the pivot node is included in 𝑆 , the chain is removed—this
takes highest priority.
• Priority 2. Size constraint truncation (Update Rule 1): If the chain exceeds the size constraint, it is
truncated accordingly.
• Priority 3. Other truncations (Update Rules 3, and 4): For all remaining cases, the chain is preserved
only up to the smallest index specified by the applicable rule(s), ensuring all structural constraints
are satisfied.

Example 8. In Figure 3e, chain 𝑍 satisfies both Update Rule 2 and 4. Rule 2 would retain {𝑣0, 𝑣1, 𝑣2},
but Rule 4 dictates that only {𝑣0, 𝑣1} should be kept. Thus, we preserve only {𝑣0, 𝑣1}.

Appendix H, as detailed in [19], further proves that the prescribed priority order of the update
rules is sufficient to ensure correctness when multiple conditions hold simultaneously.
In summary, only chains directly affected by the merge—through overlap or a change in their

optimal order—require updates; all other chains retain their structure and CLSM scores unchanged.
This selective update ensures computational efficiency by avoiding unnecessary recomputation.
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Algorithm 2: SMA(𝐺,ℎ, 𝑙,𝑄, 𝜏)
1 𝑖 ← 1,Z ← {}, 𝑆,P ← ∅;
2 C𝑖 ← getSeed(𝐺,𝑄) ; // Step #1

3 C𝑖 ← greedyExpansion(𝐺 , C𝑖 , 𝜏 , ℎ); // Step #2

4 Z,P ← findChains(𝐺 , C𝑖 , ℎ); // Step #3

5 while |C𝑖 | < ℎ do
6 𝑆 ← getSubchain(𝐺 , C𝑖 ,Z, ℎ,𝜏) ; // Step #4

7 C𝑖+1 ← C𝑖 ∪ 𝑆 ;
8 𝑖 ← 𝑖 + 1;
9 Z,P ←update(𝐺,𝐶𝑖 , 𝑆,Z,P, ℎ) ; // Step #5

10 return argmaxC∈{C1,C2,· · · ,C𝑖 },
𝑙≤ |C |≤ℎ

LSM(𝐺, C, 𝜏)

6.7 Overall Procedure
Algorithm 2 presents the full SMA framework, comprising five main stages. The procedure begins
by identifying a seed community containing the query nodes (Step 1) and incrementally expanding
it with a greedy strategy (Step 2). Chains are then constructed in the neighbouring region of the
current community (Step 3). At each iteration, the most beneficial sub-chain—i.e., the one yielding
the greatest improvement in CLSM score—is selected and merged (Step 4), after which only the
affected chains are locally updated (Step 5). This process continues until the community size reaches
the upper limit ℎ, at which point the algorithm returns the highest-scoring community found within
the specified constraints.

Example 9. Consider the example illustrated in Figure 2. Let 𝜏 = 1, the query node be 𝑣1, and the
size constraint be [𝑙, ℎ] = [6, 15]. The algorithm initiates greedy expansion from 𝑣1, adding 𝑣2 and 𝑣3 to
form C = {𝑣1, 𝑣2, 𝑣3}. In the chain identification step, four pivots adjacent to C—𝑣4, 𝑣5, 𝑣6, and 𝑣13—are
used to construct valid chains. Among the sub-chains of 𝑍 = {𝑣4, 𝑣5, 𝑣6}, the full chain {𝑣4, 𝑣5, 𝑣6}
provides the largest LSM gain and is merged, yielding C = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6}. The chain update then
removes all chains containing 𝑣5 or 𝑣6, and a new pivot 𝑣7 allows the construction of a further chain.
This process repeats until the community size reaches ℎ = 15, at which point the community with the
highest LSM score within the constraints is returned.

Time complexity. The computational complexity of SMA stems from the following components:
• Seed community (Step #1):𝑂 ( |𝐸 | + |𝑉 | log |𝑉 |) - to obtain seed community, Mehlhorn’s Steiner-
tree algorithm [27] is applied.
• Greedy expansion (Step #2): 𝑂 (ℎ |𝑉 |) — up to ℎ iterations, each involving 𝑂 ( |𝑉 |) time to
compute ΔLSM for all neighbours.
• Chain identification (Step #3): 𝑂 (ℎ |𝑉 |2) — considers 𝑂 ( |𝑉 |) pivot candidates, each requiring
𝑂 (ℎ |𝑉 |) time to construct a chain.
• Sub-chain merging (Step #4): 𝑂 (ℎ |𝑉 |2) — for each of the 𝑂 ( |𝑉 |) chains, up to ℎ sub-chains,
𝑂 ( |𝑉 |) time to compute LSM.
• Chain updating (Step #5): 𝑂 (ℎ |𝑉 |2) — up to 𝑂 ( |𝑉 |) chains may require updating, with each
involving up to 𝑂 (ℎ |𝑉 |) work.
Thus, the time complexity of SMA is 𝑂 (ℎ2 |𝑉 |2), where ℎ is the upper limit on community size.

7 EXPERIMENTS
In this section, we conduct a comprehensive evaluation of our algorithms on a variety of real-world
networks. We aim to evaluate both the effectiveness and scalability of the proposed methods under
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Table 3. Real-world datasets with ground-truth

Type Dataset |𝑽 | |𝑬 | |C|

Small-scaled

Karate 34 78 2
Dolphin 62 159 2
Polbooks 105 441 3
Railway 301 1224 18

Large-scaled

Amazon∗ 334, 863 925, 872 75, 149
DBLP∗ 317, 080 1, 049, 866 13, 477

YouTube∗ 1, 134, 890 2, 987, 624 8, 385
LiveJournal∗ 3, 977, 962 34, 681, 189 287, 512

∗ Dataset with overlapping ground-truth communities.

diverse conditions. All experiments were performed on a dedicated server running Ubuntu 22.04,
equipped with 265GB of RAM and an Intel Xeon Gold 6342 CPU (2.80GHz), ensuring a consistent
and controlled environment for fair comparison.
Datasets. Table 3 presents the key statistics of the real-world datasets used in our experiments,
where |C| denotes the number of ground-truth communities, 𝑑 is the average degree, and 𝑑max is
the maximum degree. All datasets are publicly available [4, 26, 32, 41, 44].
Baseline.We compare our algorithms with existing size-constrained community search models, as
detailed in Section 8. We report results only if the algorithms successfully return a solution within
24 hours. The compared algorithms are summarised as follows:
• GreedyD [35]: a heuristic algorithm that maximises the minimum degree within a subgraph
satisfying the size constraint ℎ and the distance constraint 𝑑 from the query nodes.
• SCS [43]: an exact 𝑘-core based size-constrained community search algorithm using a branch-
reduce-and-bound framework.
• STCS [45]: an exact size-constrained community search algorithm based on maximising the
minimum node support, utilising a branch-and-bound framework with truss-based cohesiveness.

As our problem explicitly considers size constraints, we compare it with models that also handle
size-bounded communities, including two-sided and one-sided approaches. Following the rec-
ommendations of [5], we omit the SCkT [23] baseline from our main comparison, as it requires
dataset-dependent manual tuning of the 𝑘 parameter, which may result in inconsistent or unfair
evaluation. Instead, we include STCS [45] as a representative truss-based baseline. For GreedyD,
we set 𝑑 to the network diameter so that the distance constraint does not restrict the search space.
GreedyD failed to return results within 24 hours on large-sized networks due to its computational
cost, and was therefore excluded from those cases.
Parameter setting. Each algorithm is evaluated using its standard query type; to ensure fair
comparison, all results reported in this section correspond to the single-query scenario. Experiments
on multiple-query settings are presented separately. Unless otherwise specified, query nodes are
sampled uniformly at random, and the size constraints 𝑙 and ℎ are fixed to [1, 20]. The sketch
threshold parameter 𝜏 is set to 1 throughout (see Appendix F in [19] for details). Baseline algorithms
are configured identically for direct comparability. To mitigate the effects of query node selection,
all results are averaged over 20 independent trials unless noted otherwise.
Evaluationmetrics.We evaluate the quality of identified communities using F1-score and Adjusted
Rand Index (ARI), with higher values indicating closer alignment to the ground-truth. Following [21],
community search is cast as a binary classification problem in which nodes within the retrieved
community are treated as positives. Accuracy is computed by comparing the returned community
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with the corresponding ground-truth; in cases of overlapping ground-truths, we take the maximum
score across candidates.

7.1 Experimental Setup
We conduct a comprehensive set of experiments to evaluate the impact of our theoretical findings
and the performance of the proposed methods. Our study addresses the following key questions:
(1) EQ1. LSM trend comparative analysis: How does the value of LSM change for the IGA and

SMA algorithms?
(2) EQ2. Accuracy of identified community:How accurately do the proposed algorithms identify

ground-truth communities?
(3) EQ3. Effect of the user parameter 𝜏 : How does varying the parameter 𝜏 affect the accuracy

and the size of the community?
(4) EQ4. Multiple query nodes: How efficiently does our algorithm perform when handling

multiple query nodes?
(5) EQ5. Efficiency of the chain updating procedure: How effective is the chain updating

procedure in computation time?
(6) EQ6. Efficiency with different query types: How efficiently does our algorithm perform

across various types of query nodes?
(7) EQ7. Scalability: How does our algorithm scale with network sizes and size constraints?
(8) EQ8. Limitation of Greedy Expansion in IGA:Why node-wise selection is insufficient for

cohesive community recovery?
(9) EQ9. Case study:We conduct a case study on the American football dataset by identifying a

size-constrained community centred around a target team.

7.2 Experimental Result
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Fig. 4. EQ1. LSM trend comparative analysis

EQ1. LSM trend comparative analysis. We examine how LSM scores evolve as nodes are
incrementally added to the community under two algorithms: IGA and SMA. Both algorithms are
executed with the default sketch threshold 𝜏 , and a query node is selected at random. To better
capture the changes in LSM with increasing community size, we set the size constraint to [1, 50]
instead of the default. The LSM trends observed on the DBLP and YouTube datasets are shown in
Figures 4a and 4b, respectively. Across both datasets, the initial LSM scores increase sharply as
nodes are added. Subsequently, IGA exhibits a gradual decline in LSM, suggesting that it becomes
trapped in a local optimum. In contrast, SMA incorporates multiple nodes in a single iteration,
resulting in a more rapid increase in LSM scores. After reaching a peak, the LSM scores decrease,
which aligns with the expected behaviour of the algorithms.
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EQ2. Accuracy of identified community. We evaluate the accuracy of the algorithms in
comparison to SOTA algorithms. To control for size-scale confounding, we set the size con-
straint based on the size of the ground-truth community. In detail, the size constraint is set as
[𝑙, ℎ] = [ |𝐶 |2 ,min( 3 |𝐶 |2 , |𝑉 |)], where |𝐶 | denotes the size of the ground-truth community.
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Fig. 5. EQ2-1. Accuracy with small-scaled datasets

EQ2-1. Small-scaled networks. Figure 5a and Figure 5b show the accuracy on small-scale net-
works in terms of F1-score and ARI, respectively. Query nodes were randomly selected for each case.
These datasets provide distinct ground-truth communities. Both IGA and SMA consistently yield
high-quality communities, significantly outperforming state-of-the-art baselines. This advantage
arises from the fact that many existing methods are tightly bound to rigid structural constraints
(e.g., 𝑘-core or 𝑘-truss), which often fail to reflect the semantics of real-world communities.
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Fig. 6. EQ2-2. Accuracy with large-scaled datasets

EQ2-2. Large-scaled networks. In large-scaled networks, we categorise the ground-truth com-
munities into two groups based on their size: small (between 2 and 25 nodes) and large (between
26 and 50 nodes). We randomly pick a community belongs to that size, then randomly pick a set
of query nodes. As shown in Figure 6, both IGA and SMA yield reasonable performance across
datasets. However, in the YouTube and LiveJournal datasets, the difference in accuracy among com-
peting methods is marginal. We consider that this is due to the overlapping nature of communities
in these networks. In these large-sized networks, many nodes belong to multiple communities,
making it difficult to isolate a single cohesive subgraph. Moreover, the presence of numerous inter-
community connections hinders the identification of a structurally distinct community, highlighting
the inherent limitations of query-centric approaches in overlapping environments.

Although the accuracy differences among algorithms are small in overlapping networks such as
YouTube and LiveJournal, we further examined the structural quality of the identified subgraphs
using conductance, which captures both internal cohesion and external separability. As shown
in Figure 7, SMA achieves the lowest conductance, followed by IGA, since both optimise LSM,
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Fig. 7. EQ2-2. Conductance with large-scaled datasets

which jointly considers internal cohesion and external separation. In contrast, SCS and STCS
yield higher conductance despite similar accuracy, as both methods rely primarily on internal
structural constraints and do not account for external connections. Overall, SMA and IGA produce
high-quality communities with dense internal and sparse external connections.
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Fig. 8. EQ2-3. Accuracy with synthetic datasets

EQ2-3. Synthetic networks with varying mixing parameter. We further validate our methods
on synthetic datasets generated using the LFR benchmark [22], which is designed to simulate
networks with well-separated community structure. In this experiment, we evaluate performance
under two mixing parameter settings: 0.1 and 0.3. We exclude the case of 0.5, since it is known to
significantly interfere with community identification due to excessive inter-community connec-
tions [42]. Figure 8 presents the results separately for small-sized and large-sized communities.
Consistent with our findings (e.g., EQ2-1), IGA and SMA achieve the highest accuracy across all
settings. These results confirm that our proposed methods are effective when the community
structure is distinct and well-defined.
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Fig. 9. EQ2-4. Accuracy with large-scale synthetic datasets.
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EQ2-4. Large-scale synthetic networks. As observed in EQ2-2, overlapping communities in
real-world networks exhibit less notable performance differences among algorithms. To further
evaluate the algorithms, we employ large-scale non-overlapping synthetic networks generated
by the LFR benchmark, ranging from 1M to 4M nodes. Figure 9 reports the F1 and ARI scores
on large-scale non-overlapping synthetic networks. It shows that SMA consistently achieves the
highest accuracy, followed by IGA, demonstrating that both algorithms remain effective even in
million-scale non-overlapping settings.
EQ3. Effect on user parameter 𝜏 . We evaluate the impact of the parameter 𝜏 on the quality and
efficiency of community search results. Specifically, we examine how variations in 𝜏 influence the
F1-score, the size of the resultant community, and the overall running time.
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Fig. 10. EQ3-1. Accuracy under varying 𝜏 (Amazon dataset)

Figure 10 presents the F1-score performance across different values of 𝜏 for both small and
large-sized communities in the Amazon dataset. The results indicate that the F1-score tends to
increase initially with 𝜏 , reaching its peak around 𝜏 = 1.0 to 1.5, and then declines as 𝜏 grows
further. This trend is consistently observed for both small and moderate-sized community settings,
suggesting that a moderate sketch threshold achieves the best balance between internal density
and external separability. Excessively low values of 𝜏 lead to overly inclusive communities, while
high values impose overly strict penalties, potentially omitting relevant nodes.
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Fig. 11. EQ3-2. Size and time varying 𝜏 (Amazon dataset)

We examine the effect of the sketch threshold 𝜏 on both community size and running time under
the default size constraint. As shown in Figure 11a, increasing 𝜏 leads to smaller communities
and more compact solutions. SMA is thus sensitive to 𝜏 , with higher values yielding smaller, but
potentially more numerous, sub-chains and longer running times (see Figure 11b). Overall, 𝜏 is a
key parameter for balancing accuracy, compactness, and efficiency, with values in the range 1.0–1.5
working well in practice.
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Fig. 12. EQ4. Multiple query nodes

EQ4. Multiple query nodes.We examine the impact of varying the number of query nodes on
community search performance in both small- and large-scaled networks. For this experiment,
we randomly sample ground-truth communities and vary the number of query nodes from 1 to 5.
Figure 12a and Figure 12b present the F1-scores on the Dolphin and Amazon datasets, respectively.
As the number of query nodes increases, both IGA and SMA show consistent improvements in
accuracy, indicating that richer query input helps guide the search process more effectively. In
particular, SMA achieves near-perfect F1-scores on the Dolphin graph, while both methods yield
steady gains on the Amazon dataset. These results highlight that providing multiple query nodes
enhances the structural cues, leading to more accurate community identification.
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Fig. 13. EQ5. Efficiency of the updating chain procedure

EQ5. Efficiency of the chain updating procedure. To evaluate the efficiency of our chain
updating strategy, we compare SMA with SMA w/o update. Here, SMA w/o update refers to the
variant without the chain updating procedure, which recomputes all chains from scratch after
each merge operation. The size constraint is set to [1, 50], and 𝜏 is set to default. The running
times across large-scaled datasets are shown in Figure 13. It can be observed that SMA with the
chain updating technique consistently achieves lower running times across all datasets. Specifically,
on the Amazon and LiveJournal datasets, SMA achieves 3.07× and 8.93× faster running time,
respectively, compared to SMA w/o update. This efficiency gain becomes more remarkable as the
graph size increases, highlighting the scalability of the selective update mechanism. These results
demonstrate that local chain updates are highly effective in reducing redundant computations in
large-scale scenarios.
EQ6. Different query types. We evaluate the running time of the SMA algorithm under different
types of query nodes: sparse, average, dense, and random. Dense queries correspond to nodes
whose coreness values are within the top 10% of the graph, whereas sparse queries refer to those in
the bottom 10%. Average queries are chosen from nodes whose coreness values fall between the top
45% and 55%, while random queries are uniformly sampled from all nodes. A single-query setting
is adopted, where queries are randomly selected for each type, and the average running time is
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reported. Figure 14 illustrates the running time results for each query type. It can be observed
that dense queries require more time than sparse ones. This phenomenon results from the chain
identification and greedy expansion processes. Specifically, a query node with high coreness has a
larger number of neighbours, thereby increasing both the number of nodes considered during the
expansion phase and the number of chains constructed. Average and random queries have similar
behaviour, with running times lying between those of the sparse and dense cases. Across all datasets,
dense queries are 1.9–10.8× slower than sparse ones. Although YouTube and LiveJournal incur
higher costs for dense queries, such cases are uncommon in practice, and most queries (average or
random) are processed efficiently.
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Fig. 15. EQ7. Scalability

EQ7. Scalability. To evaluate scalability, we use the LFR benchmark [22] under two settings: (1)
varying the number of nodes while fixing the size constraints 𝑙 and ℎ to default values, and (2) fixing
the network size while increasing the size constraints from [1, 25] to [1, 100]. Figure 15a shows that
both IGA and SMA maintain stable performance as network size increases. In contrast, Figure 15b
shows that runtime grows linearly with increasing size constraints. These results suggest that the
size constraint has a greater influence on runtime than the network size itself.
EQ8. Limitation of Greedy Expansion in IGA.We investigate the intrinsic limitations of greedy
node-wise expansion in IGA through an experiment on an LFR benchmark network, where node 89
is chosen as the query with a size constraint of [10, 31] (Figure 16). Although IGA and SMA both
select the same initial core {89, 80, 79}, IGA approach—adding one node at a time based on marginal
LSM gain—often leads to suboptimal results, as it is prone to local optima and can incorporate weakly
connected or even topologically irrelevant nodes such as 26 and 24. This strategy causes IGA to
overlook the broader structure of the ground-truth community, ultimately producing a fragmented
result with a low F1-score of 0.4408. In contrast, SMA overcomes this limitation by identifying
and merging cohesive chains of nodes, such as {15, 35, 41, 69, 92, 32, 31, 98, 13, 14, 97, 45, 44, 50}, all
belonging to the true community. By considering group-level connectivity, SMA recovers the
correct community structure and achieves a substantially higher F1-score of 0.8619. This result
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presents the limitation of naive greedy expansion and demonstrates the importance of group-wise
structural optimisation to avoid being trapped in local optima.
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EQ9. Case study on football network. We conduct a case study using the American college
football network [14], which represents regular-season games played between Division I-A colleges
during Fall 2000. Each node corresponds to a team, and each edge indicates a game played between
two teams. The network comprises 115 nodes and 613 edges, with ground-truth communities defined
by 12 major conferences (e.g., Atlantic Coast, Big Ten, Pacific Ten). To evaluate the effectiveness of
our method in identifying size-constrained and semantically coherent communities, we select the
team ‘Houston’ as the query node from the Conference USA, applying a size constraint of [5, 15]
based on the actual size of the corresponding ground-truth community, and set the sketch threshold
to 1. The quality of the resulting community is evaluated using the F1-score. We compare our SMA
algorithm against STCS, which demonstrated superior accuracy over SCS in EQ2. As illustrated
in Figure 17, the community produced by STCS includes several unrelated nodes (coloured in
red), yielding an F1-score of 0.84. In contrast, our method achieves an F1-score of 0.97, reflecting
improved performance in extracting compact and topically coherent communities.

8 RELATEDWORK
Existing community search methods can be grouped in various ways. In this study, we categorise
them according to whether they enforce both, one, or no size constraints, as this directly affects
their applicability to the two-sided size-constrained setting of our problem.
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Two-sided size-constrained models. These approaches explicitly restrict both lower and upper
bounds [𝑙, ℎ] of community size. Yao et al. [43] formalised the size-bounded community search
(SCS) problem, which aims to find a connected subgraph containing a query node 𝑞 that maximises
the minimum degree under a size constraint. They proposed SC-BRB, an exact algorithm for narrow
bounds (ℎ − 𝑙 ≤ 3, ℎ < 20), leveraging reduction rules within a branch-and-bound framework.
Zhang et al. [45] extended this line by introducing STCS, which replaces degree with minimum
edge support and integrates budget-cost constraints. While effective, these methods require full
access to the graph, limiting their scalability in large or dynamic networks. Both explicitly optimise
under bounded size intervals, aligning closely with our formulation.
One-sided size-constrained models. These methods impose only an upper bound on community
size. Sozio and Gionis [35] introduced the GreedyDist algorithm, which searches for a subgraph
maximising the minimum degree while satisfying a distance constraint 𝑑 and an upper size limit
ℎ. If no feasible solution is found, the algorithm reduces 𝑑 via binary search and re-executes the
search. Liu et al. [23] proposed SC𝑘T, which finds a triangle-connected 𝑘-truss containing the query
node under an upper bound ℎ, using a goodness-based pruning–expansion strategy. However, as
reported in [45], the result is highly sensitive to the choice of 𝑘 and often produces trivial or empty
communities when 𝑘 is mis-specified.
Methods without explicit size constraints. Beyond size-constrained models, a large body of
community search focus on structural cohesiveness without bounding community size. Luo and
Wang [25] analysed local modularity to evaluate how sharply a subgraph is separated from the
rest of the network, and Kim et al. [21] extended this notion that jointly captures internal density
and external separability. Sozio et al. [35] formalised the community search problem as finding a
connected subgraph maximising minimum degree with a query constraint. Cui et al. [7] further
developed this framework by proposing both global and local expansion strategies. Wu et al. [40]
proposed the query-biased density model, which reweights nodes according to their proximity
to the query node. These frameworks have also been generalised to directed networks [10, 24],
bipartite networks [39], attributed networks [8, 15]. Recent surveys [9] highlight that unconstrained
community search remains a central and extensible paradigm across diverse graph settings.

9 CONCLUSION
We introduced the Local Sketch Modularity for Size-Constrained Community Search (LMSC)
problem, which aims to find query-centric community under size constraints using local graph
information. To address this, we proposed LSM, a measure that penalises large communities to
reduce free-rider effects. Our framework enables scalable search without full graph access. We
developed two algorithms: the Incremental Greedy Algorithm (IGA), which greedily expands
the community, and the Sub-chain Merge Algorithm (SMA), which expands the community by
merging cohesive structures. Theoretical and empirical results on real-world and synthetic networks
demonstrate the effectiveness and efficiency of our approaches. Future work includes extending
our framework to dynamic or attributed graphs and further improving computational scalability.
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