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Density decomposition characterizes the multi-level dense structure of large networks and supports a wide
range of graph mining applications. Given a graph G = (V,E), it assigns each vertex an integral dense
number (IDN) and produces a nested sequence of layers Dy 2 D; 2 --- 2 D, that capture increasingly
dense and structurally important regions of the graph. However, existing algorithms for computing density
decomposition are computationally expensive. The state-of-the-art divide-and-conquer algorithm BinaryDC
runs in O(log p-|E|'-5) time, but its binary-search-based pivot selection incurs multiple max-flow computations
per divide step, making it prohibitively slow on massive graphs. To address this problem, we focus on the
shared-memory setting and scale density decomposition through algorithmic improvements that reduce global
max-flow computation and improve locality. We first propose MeanDC, which replaces binary-search-based
pivot selection with a mean-based strategy, significantly reducing the number of max-flow computations
while preserving the same asymptotic complexity. We then propose a novel core-prepartition technique and
develop CoreDC, which leverages the k-core hierarchy to pre-split the graph into O(log p) disjoint regions
and performs localized divide-and-conquer within each region, greatly shrinking the size of flow networks.
For parallel computation, we develop a heat-extraction technique via a lightweight, edge-local heat-diffusion
iteration that is highly parallelizable and can extract many layers without any max-flow calls. Building on this
idea, we design HeatDC and further combine heat-extraction with core-prepartition into our fastest parallel
algorithm CoreHeatDC. Experiments on 10 real-world graphs with up to 1.81 billion edges demonstrate that
our algorithms consistently outperform existing approaches, and that CoreHeatDC is able to compute density
decomposition of billion-edge graphs within a few hundred seconds in the shared-memory setting.
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1 Introduction

Graph decomposition is a fundamental tool for understanding the structural organization of large
networks, with applications in community detection [1, 18, 24, 30, 38, 51], fraud detection [7],
graph querying [20, 29], and graph visualization [2, 57]. A wide range of decomposition models
have been studied, including degree-based core decomposition [5, 25, 33, 39], triangle-based truss
decomposition [27, 48], and clique- or nucleus-based methods [40-42, 44]. While effective in
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Vertices are colored by IDN; Dy contains all vertices with IDN > k.
Fig. 1. Density decomposition of Wiki-Vote network.

capturing certain notions of cohesiveness, these approaches are largely driven by local structural
constraints and may fail to fully reflect edge density.

Recently, density decomposition has emerged as a powerful alternative for revealing the multi-level
dense organization of real-world networks [12, 13, 19, 49, 52, 55, 56]. Unlike other decomposition
methods, which focus on specific structural supports such as degrees, triangles, or cliques, density
decomposition is driven by subgraph density, characterizing dense regions more precisely [12,
46, 52, 55, 56]. Given a graph G = (V, E), density decomposition produces a nested sequence of
vertex-induced subgraphs Dy =V 2 Dy 2 -+ 2 D, 2 Dpy1 = 0, where p is the largest integer
such that D, is non-empty and higher layers correspond to increasingly dense and structurally
important regions of the graph (Definition 1). For a vertex u € V, its integral dense number (IDN)
is defined as the largest k such that u € Dy, which captures the density level at which the vertex
resides in the graph. Figure 1 serves as a running example that visualizes the nested density layers
of Wiki-Vote!. High-IDN vertices are located in denser regions, while low-IDN vertices are located
in sparser regions. Overall, density decomposition provides an informative hierarchical view of
graph density.

Despite its usefulness, computing density decomposition remains highly challenging at scale.
Given an integer k, computing a single layer Dy requires one max-flow invocation with time
complexity O(|E|*>) [9, 52, 56]. A straightforward algorithm, IncrFlow [52, 56], computes all layers
by invoking the max-flow procedure for every k from 0 to p, incurring a time complexity of
O(p - |E|*). For real-world large graphs, where the number of layers p is often in the hundreds or
even thousands [54], IncrFlow is difficult to scale.

The state-of-the-art (SOTA) algorithm BinaryDC [52, 56] reduces this cost to O(log p - |E|') by
adopting a divide-and-conquer framework together with a localized max-flow technique. Specifically,
if two layers Dib and Dzb are known such that Dzb C Dy C D]lcb, then Di can be computed by
running max-flow on the subgraph D!? \ D" with a local time complexity of O(|E(DI? \ D¥?)|1).
Using this idea, BinaryDC recursively selects a pivot k € (I, u) between two known layers D; and
D, computes Dy on Dy \ Dy, and partitions the problem into smaller subranges. However, to satisfy
the halving requirement of divide-and-conquer analysis, BinaryDC relies on a binary search to
locate a pivot that strictly bisects the graph, requiring O(log p) max-flow computations per divide
step. On massive graphs (e.g., billion-edge graphs), this overhead becomes a major performance
bottleneck.

To address this inefficiency, we propose MeanDC (Algorithm 4), which replaces the binary-
search-based pivot selection in BinaryDC requiring O(log p) max-flow computations, with a single
arithmetic-mean choice that uses only one max-flow computation. Although this choice no longer
guarantees strict halving, we show that the total cost of all local max-flow computations at the
same recursion depth is bounded by O(|E|'®) (Lemma 1). Since the recursion depth is at most
O(log p), MeanDC preserves the same overall time complexity O(log p - |E|!*) as BinaryDC, while

IDataset source: https://networkrepository.com/soc-wiki-Vote.php.
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enabling much faster graph partitioning and most max-flow computations to be executed on much
smaller subgraphs.

Despite this improvement, the first divide step of MeanDC still requires a max-flow computation
on the entire graph. To eliminate this expensive operation, we exploit the relationship between
density decomposition and core decomposition [5, 32, 33, 35, 39]. By the Sandwich Theorem, the
two satisfy the relation Cor € Dy C Cy [52], where Ci denotes the k-core of the graph, i.e., the
largest subgraph in which every vertex has degree at least k. Based on this result, we develop
a novel core-prepartition technique and propose the algorithm CoreDC (Algorithm 5). The key
idea is to use the k-core hierarchy to pre-split the graph into O(log p) disjoint regions, and then
perform localized max-flow and divide-and-conquer within each region. In the first partitioning step,
MeanDC requires an O(]E|!*)-time max-flow computation to obtain a single partition, whereas
CoreDC uses the same O(|E|!®) total time to produce O(log p) partitions, substantially reducing
the subgraph scale and the cost of the subsequent recursion.

In the sequential setting, CoreDC is already highly efficient for computing density decomposition.
However, for large-scale graphs, even this improved sequential performance remains computa-
tionally expensive, motivating the use of multi-threading for acceleration. In this work, we focus
on the shared-memory parallel setting, where threads share a global memory space. Although
CoreDC can be parallelized by assigning the two branches of its divide-and-conquer procedure to
different threads, the resulting task granularity remains relatively coarse, and the parallel speedup
tends to saturate at around 8 threads (Exp-2). To improve parallel efficiency, we propose a novel
heat-extraction technique and present the HeatDC algorithm (Algorithm 6). Specifically, the heat-
extraction procedure runs an iterative heat-diffusion process that simulates heat conduction in the
real world: each edge is treated as a heat-producing unit, and heat is repeatedly transferred toward
colder vertices. As the number of iterations t increases, the heat value h’(u) of each vertex u € V
grows, and we prove that the normalized heat value h’(u)/t converges to a limit x*(u) satisfying
[x*(u)] = F(u). After a sufficient number of iterations yields accurate IDN approximations, the
algorithm heuristically extracts multiple density decomposition layers from the heat values, which
can directly recover up to 89% of all layers across our experimental datasets (Exp-5). HeatDC then
applies a divide-and-conquer procedure to compute the remaining layers. Since the heat-diffusion
process is local and highly parallelizable, HeatDC achieves excellent parallel speedup.

Finally, by integrating core-prepartition and heat-extraction, we propose the algorithm
CoreHeatDC. These two techniques are complementary: core-prepartition provides predictable
and balanced coarse partitions, while heat-extraction supplies additional fine-grained layers and
fully utilizes idle threads. CoreHeatDC executes both procedures concurrently, takes the union
of all precomputed layers, and completes the remaining layers via divide-and-conquer. In our
experiments, CoreHeatDC computes the density decomposition of billion-edge graphs within a few
hundred seconds, showing that density decomposition can be scaled to massive graphs, including
billion-edge graphs, in the shared-memory setting.

We summarize our main contributions as follows:

Simple yet efficient divide-and-conquer. We propose MeanDC, which simplifies the pivot
selection in BinaryDC from a costly binary search requiring O(log p) max-flow computations
to a single arithmetic-mean choice with only one max-flow computation. Despite relaxing strict
halving, MeanDC preserves the same asymptotic time complexity O(log p-|E|!-*) while significantly
accelerating graph shrinking in practice.

Core-prepartition for more localized max-flow computation. We introduce a core-prepartition
technique based on the Sandwich Theorem and develop CoreDC, which leverages the k-core
hierarchy to pre-split the graph into O(log p) disjoint regions before performing localized max-flow
and divide-and-conquer. This approach substantially reduces the size of subgraphs for subsequent
computations, leading to significant efficiency improvements.
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Shared-memory parallel heat-extraction for massive graphs. In the shared-memory parallel
setting, we propose a novel heat-extraction technique, which employs a parallel-friendly heat-
diffusion iteration to approximate IDN values and heuristically extract multiple density layers
without max-flow computations. We formally prove that our heat-diffusion converges to the exact
IDN. By combining core-prepartition and heat-extraction, we develop CoreHeatDC, which achieves
the best practical performance and substantially improves shared-memory scalability on massive

graphs, including billion-edge graphs.

Extensive experiments. We conduct extensive experiments using a shared-memory machine
on 10 real-world graphs from diverse domains, with up to 151.9M vertices and 1.81B edges. Our
results show that: (1) In the sequential setting, our algorithms consistently outperform the baselines,
with our CoreDC achieving the best overall performance. For example, on the largest dataset SKAII,
BinaryDC (SOTA) and CoreDC take 9,595s and 3,523s, respectively, yielding a 2.7x speedup. (2) In
the parallel setting, CoreHeatDC delivers the best performance across all datasets with 32 threads
and completes billion-edge graphs within a few hundred seconds. For instance, on SKAIl with
1.81B edges, CoreHeatDC finishes in 675s and outperforms the SOTA algorithm by 9.4X. Moreover,
CoreHeatDC achieves strong parallel speedup, e.g., a 17.7X speedup on DBpedia with 32 threads.
In terms of memory usage, the baseline algorithm IncrFlow exceeds 256 GB on SKAIl, whereas our
proposed algorithms use only linear O(|E|) memory and never consume more than 60 GB in our
experiments. (3) Effectiveness of core-prepartition and heat-extraction. In the divide-and-conquer
procedure, both techniques significantly reduce the average runtime and the average number
of edges per recursive call by transforming large global max-flow instances into many smaller,
localized ones (Exp-4). More importantly, their combination produces more partitions with fewer
edges per partition, enabling the divide-and-conquer process to start with a larger number of
independent subproblems (Exp-5). These results confirm the effectiveness of our techniques in
improving efficiency.

Reproducibility and full version paper. The source code and full version of this paper can be
found at https://github.com/Yalong-Zhang/ParDD.

2 Preliminaries

In this paper, we consider an unweighted and undirected graph G = (V, E), where V and E denote
the vertex set and the edge set, respectively. For a vertex u € V, its degree in G is denoted by
d(u, G), or simply d(u) when the context is clear. Given a vertex subset S C V, let E(S) denote
the set of edges induced by S, i.e., E(S) = {(u,0) € E | u € S,0 € S}, and let G[S] = (S, E(S))
denote the corresponding induced subgraph. With these notations in place, we now introduce the
definition of density decomposition.

DEFINITION 1. (Density Decomposition) [12, 52, 56] Given a graph G = (V, E), for any non-
negative integer k, the vertex set Dy, is defined as the subset of vertices satisfying:

(1) Internally dense: For any non-empty subset S C Dy, it holds that |[E(Dy)| — |E(Dg \ S)| >

(k= 1)IS].
(2) Externally sparse: For any non-empty subset T C (V\Dy), it holds that |E(DyUT)|—|E(Dy)| <
(k=1)|T].

Let p be the largest integer such that D, # 0. Then, the density decomposition of G is defined as
D = {Do, Dl, e ,Dp}.

Intuitively, the above definition characterizes each layer Dy from two complementary perspec-
tives. Removing any subset S C Dy leads to a substantial loss of edges (internally dense). In contrast,
adding any subset T C (V \ D) introduces only a limited number of additional edges (externally
sparse). Together, each layer represents a densely connected region that is cohesive internally and
well separated from the rest of the graph. We next summarize several fundamental properties of
density decomposition.
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THEOREM 1. [12] Given a graph G = (V,E), the density decomposition D = { Dy, Dy,...,D, }
satisfies the following properties:
(1) Uniqueness property: For a fixed graph G, each layer Dy is uniquely determined.
(2) Hierarchy property: The layers form a nested hierarchy such thatDy =V 2 Dy 2 --- 2 D, 2
Dp+1 = @

According to these properties, the density decomposition divides the graph into a hierarchical
structure of nested dense regions. We next introduce the integral dense number (IDN) to quantify
the highest density level to which each vertex belongs. Intuitively, a larger IDN indicates that a
vertex lies in a denser and more central region of the graph.

DEerFINITION 2. (Integral Dense Number, IDN) [52, 56] Given the density decomposition
{Dy,Ds,...,Dp} of a graph G = (V,E), the integral dense number of a vertex u € V, denoted
by 7(u), is defined as the maximum integer such that u € Dy, and u ¢ Dj(y)+1.

ExampLE 1. Figure 1 illustrates the density decomposition of the real-world social network Wiki-Vote.
By definition, the k-th layer Dy contains all vertices whose IDN values are at least k; for example, the
layer Ds includes vertices with IDN values 5, 6, and 7. The top layer D; represents the highest-density
region in this example, indicating that p =7 and Dy = 0 for all k > p. Around Dy, two lower-density
regions are revealed, including D¢ \ D7 and Ds \ Ds, corresponding to vertices with IDN values 6 and 5,
respectively. In contrast, vertices located at the periphery of the graph are assigned low IDN values (e.g.,
IDN 1 or 2), reflecting their sparse connectivity and marginal structural roles. Overall, this example
demonstrates how density decomposition captures the density structure of real-world networks.

The k-core and degeneracy. Another hierarchical decomposition closely related to density
decomposition is the core decomposition [5]. It shares strong theoretical connections with density
decomposition and will later be leveraged to optimize our algorithms. We next formally introduce
this concept.

DEFINITION 3. (k-Core and Core Decomposition) [5] Given a graph G = (V, E) and a non-
negative integer k, the k-core of G is the vertex set Cy. such that G[Cy] is the maximal subgraph in
which every vertex has degree at least k. The degeneracy 6 of G is defined as the largest integer for
which Cs is non-empty. The core decomposition of G is then defined as C = {Cy, Cy, . ..,Cs}.

The following theorem establishes the nesting relationships between density decomposition and
core decomposition.

THEOREM 2. (The Sandwich Theorem) [52, 56] Given a graph G and a non-negative integer k, it
holds that Co C Dy C Cy, and thusp < 6 < 2p.

Since the core decomposition can be computed in O(|E|) time [5], Theorem 2 enables us to
efficiently obtain a 2-approximation of p (i.e., the degeneracy §) and to roughly localize each density
layer Dy between Ci and Cy in linear time. However, as shown in prior work [52, 56], density
decomposition is driven by subgraph density rather than vertex degree alone, and thus captures
dense structures more precisely than core decomposition.

With these preliminaries, we formulate our problem as follows.

Problem definition. Given an undirected graph G = (V, E), the goal is to efficiently compute
its density decomposition, i.e., to compute the IDN for all vertices in V. We address this problem
in both sequential and parallel settings, aiming to develop algorithms that are both theoretically
efficient and practically scalable.

3 Existing Algorithms and Limitations

Computing a single layer of the density decomposition. A fundamental subroutine for density
decomposition is computing a target layer Dy for a given k. This can be accomplished using the
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Algorithm 1: GetDk(G, k) [52, 56]

Input: A graph G = (V, E) and an integer k.

Output: The k-th layer Dy in density decomposition.
1 Initialize a flow network N = (V U {s, t}, E ¢) with Ee0;
2 foreach {u,0} € E do
3 Arbitrarily choose one direction (x,y) € {(u,v), (v, u)};
+ [ EcEu{xylexy « L

5 For nodes in V, compute their indegree d (-) in E;
¢ foreachu € V do
7 if d(u) < k-1 then

8 L E(—EU(s,u),c(s,u)<—(k—1)—c7(u);
o | ifd(u) > k—1then
10 | E—Euut),c(ut) —d(w) - (k-1);

11 Compute the max flow for N and let (S, T) be the minimum s-t cut;
12 Dy « T\ {t};
13 return Dy;

GetDk algorithm [8, 52, 56] (Algorithm 1). The algorithm constructs a flow network and computes
its max-flow, where the resulting minimum s-t cut exactly yields Dy. When implemented using
Dinic’s max-flow algorithm [22], GetDk runs in O(|E|!-*) time [9, 52, 56]. A more general variant of
GetDk, called LocalGetDk, was proposed in [52, 56] (Algorithm 2). In addition to the input graph
and target parameter, LocalGetDk takes two vertex subsets D]lcb and Dzb as input, which must

satisfy Dzb C D, C D,lcb. Under this constraint, LocalGetDk restricts the max-flow computation
to the local subgraph induced by D]lcb \ D¥b, thereby computing Dy with a local time complexity

of O(|E(D]l<b \ Dzb)|1'5) and a space complexity of O(|E(D,lc” \ DZ”)D [52, 56]. As an illustrative
example, if the layers Ds and Dj, have already been computed, we can obtain D; by invoking
LocalGetDk(G, 7, Ds, Dyo), which runs in local O(|E(Ds \ D10)|*®) time.

Computing the density decomposition. With GetDk available, a straightforward approach to
compute the density decomposition is to start from k = 0 and iteratively invoke GetDk to obtain
Dy until Dy = 0; this yields the IncrFlow algorithm [52, 56]. While simple, IncrFlow performs p + 2
max-flow computations and thus has a total running time of O(p - |E|*), making it difficult to
scale to large graphs.

To address the inefficiency of IncrFlow, where each max-flow computation is performed on
the entire graph, the BinaryDC algorithm [52, 56] adopts a divide-and-conquer strategy that
recursively partitions the graph so that most max-flow computations can be performed locally
using LocalGetDk [52, 56]. Specifically, as shown in Algorithm 3, BinaryDC first computes an upper
bound of p using its 2-approximation degeneracy 8. The algorithm then initializes two boundary
layers Dy =V and Ds,; = 0, and invokes the recursive procedure Divide(Dg, Ds41) (lines 2-3). In
each call to Divide, the algorithm performs a binary search to identify a pivot k such that both
|E(D; \ Di)| and |E(Dg+1 \ Dy)| are no larger than |E(D; \ D,)|/2 (lines 7-13). It then computes
Dy and Dy and continues the recursion on the two subranges (I, k) and (k + 1, u) (lines 14-17).
This binary search ensures that, at each recursion level, the problem size is reduced by a factor of
two, thereby satisfying the prerequisite of the divide-and-conquer Master Theorem [6]. As a result,
the overall time complexity is reduced from IncrFlow’s O(p - |E|*®) to O(log p - |E|*) [52, 56].

ExAMPLE 2. The execution of BinaryDC on the example graph in Figure 1 is illustrated in Fig-
ure 2a. The algorithm first computes § + 1 = 10 and initiates the recursion at depth 1 by invoking
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Algorithm 2: LocalGetDk(G, k, D,ib, DZ”) [52, 56]

-

10

11

12

Input: A graph G = (V, E), an integer k and two vertex sets D,l(b and Dzb , satisfying Dl’:b C Dy C D,l(b.
Output: The k-th layer Dy in density decomposition.
Initialize a flow network N = ((D,lf’ \ DZ”) U {s, t}, E ¢), where E is a set of directed arcs and c is the
capacity function;
foreach (u,v) € E(D,lcb \DZ”) doE—EU (u,0), c(u,v) « 1;
For nodes in (D,lcb \ D,‘:b), compute their indegree c?() in E;
foreach (u,0),u € (D! \ D*),0 € D¥ do d(u) « d(u) +1;
foreac{l ue€ (D,lcb \DZ”) do
if d(u) < k — 1 then
L E«—EU (s,u), c(s,u) « (k—-1) — J(u);
if d(u) > k — 1 then
| E—Euuo),c(ut) —dw) - (k-1);

Compute the max flow for N and let (S, T) be the minimum s-t cut;
Dy < (T\ {t}) UD}";
return Dy;

Algorithm 3: BinaryDC(G) [52, 56]

[SIEN

W

e ® N W

11
12

13
14
15
16
17

Input: A graph G = (V, E).

Output: The density decomposition D of G.

Compute the degeneracy ¢ as a 2-approximation of p;

Dy <V, Dsy1 0, D «— {Do};

Divide(Do, Dss1);

return D;

Procedure Divide(D;, D,,)

ifu—-1<1o0rD;\ D, =0 then return;

ky «— u, k; « I;

while k, > k; do // Binary search to find the pivot k
km — L(ky + ki) /2];
Dy, < LocalGetDk(G, km, Dy, Dy,);
if |E(D; \ Di,,)| < |E(D; \ Dy)|/2 then k; — ki + 1;
else k,, «— kp,;

k « kl;

Dy « LocalGetDk(G, k, D;, Dy,); D «— D U Dy;

Divide(Dy, Dy);

Di41 < LocalGetDk(G,k + 1,D;,D,); D «— D U Dyy1;

Divide(Dg+1, Dy);

Divide(Dy, D1¢). In this call, BinaryDC identifies a pivot k = 4 via binary search, which requires
four search steps and consequently four max-flow computations. The algorithm then performs two
additional max-flow computations to obtain the boundary layers D4 and Ds, after which the graph
is partitioned into two subgraphs, Dy \ Dy and Ds \ Dyy. Subsequently, BinaryDC proceeds with two
recursive Divide calls at depth 2 on these subgraphs and continues recursively until all density layers
are computed.
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Divide(Dg, D1¢)

Depth: 1

Divide(Ds, D1¢)
s k=7
ks1=8

Divide(Dg, D)
\ k=2
k1=3

Depth: 2

Divide(Dg, D)
k=1
k1=2

Divide(Ds, D7)
k=6
k=7

Depth: 3

(a) Recursion tree produced by BinaryDC.

Divide++(Dg, D19)

Depth: 1 k=5
Divide++(Dg, Ds) Divide++(Ds, D1¢)
Depth: 2 k=2 & k=7
Divide++(Dg, D) Divide++A(D2, Ds)| (Divide++(Ds, D7)| [Divide++(D5, D1g)
Depth: 3 k=1 § Lk=3 s k=6 & k=8
Divide++(D3, Ds)
Depth: 4 k=4

(b) Recursion tree produced by MeanDC.
Fig. 2. Recursion trees of BinaryDC and MeanDC on the example graph in Figure 1.

4 New Divide-and-Conquer Algorithms

In this section, we show that the binary search used in BinaryDC is unnecessary: simply setting k
to the arithmetic mean | (I+u)/2] suffices to guarantee the same time complexity of O(log p - |E|'),
while resulting in a more intuitive and more efficient algorithmic workflow. Based on this simplified
divide-and-conquer strategy, we present the MeanDC algorithm in Algorithm 4. It employs the
procedure Divide++, which replaces the complicated binary search with a single operation k «
L(I + u)/2] (line 7). The algorithm then computes Dy and recursively processes the two resulting
subranges using Divide++.

ExaMPLE 3. Figure 2b illustrates the execution of MeanDC on the example graph in Figure 1.
At depth 1, unlike BinaryDC, which performs multiple max-flow computations to identify a pivot,
MeanDC directly selects k = 5, the arithmetic mean of 0 and 10. It then computes Ds, splits the current
graph into two subgraphs, Dy \ Ds and Ds \ D1, and continues the recursion at depth 2. By avoiding
binary search, MeanDC pushes most max-flow computations to deeper recursion levels (e.g., depths 3—
4), where the corresponding subgraphs are much smaller. In contrast, as shown in Example 2, BinaryDC
performs most of its computations at shallow recursion depths (e.g., depths 1-2), requiring multiple
max-flow computations while the graph remains large. This difference explains the substantially better
practical efficiency of MeanDC over BinaryDC, as demonstrated in our experiments.

Below, we prove that the MeanDC algorithm preserves the time complexity of O(log p - |E|'-%) for
density decomposition. We begin by presenting the following lemma. Due to space limitations, we
defer the proofs to the full version of this paper, which can be found at https://github.com/Yalong-
Zhang/ParDD.
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Algorithm 4: MeanDC(G)

Input: A graph G = (V, E).

Output: The density decomposition D of G.
Compute the degeneracy § as a 2-approximation of p;
2 Dy« V,Dgsp1 — 0, D — {Dy};

3 Divide++(Dy, Ds41);

4 return D;

5 Procedure Divide++(Dy, Dy)

6 ifu—1<1o0rD;\ D, =0 then return;

7 k «— LHT“J;// Arithmetic mean instead of binary search
Dy « LocalGetDk(G, k,D;,D,); D «— D U Dy;
Divide++(Dy, Dg);

10 Divide++(Dg, Dy);

-

o

©

Algorithm 5: CoreDC(G)
Input: A graph G = (V, E).
Output: The density decomposition D of G.
1 D¢ « CorePrepartition(G);
2 D« Dc;
3 for (I,u) € Gap(Dc) do // Compute remaining layers
4 L Divide++(D;, D,);

5 return D;

6 Procedure CorePrepartition(G)
7 Compute the core decomposition C <« {Cy,Cy,...,Cs};
8 Dy ¢ Co, D1 < C1,Dyliogy 5141 < 0, D {Do, D1, D,liog, sk
9 fori=1,...,|log,J] do
10 if 271 > § then Cyiv1 «— 0;
L D,i «LocalGetDk(G, 2!, Cpi, Cyir1), D — Dc U {Dyi};

12 return Dg;

11

LEMMA 1. Consider the recursion tree produced by the Divide++ subroutine in MeanDC, where
each node in the tree is represented by a pair (D, D,). For any depth h > 0, let P}, denote the set
of such pairs at depth h in the recursion tree. The total time complexity of all LocalGetDk calls at
recursion depth h is O(|E|1).

By Lemma 1, we establish Theorem 3.

THEOREM 3. The MeanDC algorithm correctly returns the density decomposition D, with a time
complexity of O(log p - |E|') and a space complexity of O(|E|).

5 Novel Core-Prepartition Technique

Although MeanDC can divide the graph more rapidly, it still performs maximum-flow computa-
tions on the entire graph at recursion depth 1, which incurs substantial overhead. To address this
limitation, we leverage the Sandwich Theorem (Theorem 2), which relates density decomposition
to core decomposition, and propose a novel core-prepartition technique. This technique first parti-
tions the graph into approximately log, § subgraphs using core decomposition before executing
any maximum-flow computations, thereby making the subsequent divide-and-conquer process
significantly more localized and efficient.
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e core decomposition: O(|E|) time
[ € =1{C0,C1,C2,C3,C1C5, Co, 1, Ca Co} |
l 3 X LocalGetDk: O(|E|*%) time in total
| Dc = {Dy, Dy, D;, Dy, Dg, D16} |

CorePrepartition<

)

\\ Do \ Dy

SR

)

D\ D, Dg\ Dy6

Divide++(D5, Dy) Divide++(Dy, Dg)
k=3 E k=
Divide++(Dy, Dg) Divide++(Dg, Dg)
. k=5 Wy k=7

Fig. 3. Overview of the CoreDC workflow on Wiki-Vote.

D\ D, ) \ D4\ Dg
v

Depth: 1

Depth: 2

The core-prepartition technique. By the Sandwich Theorem, we have Cox € Dy C Ck. Therefore,
if both Cy and Cy, are available, Dy can be computed locally by invoking LocalGetDk(G, k, Cy, Cax),
which restricts the computation to Cx \ Cy and runs in O(|E(Ck \ Ca)|'°) time. Using this
relationship, we partition the graph into a sequence of disjoint regions: C; \ Cz, C2 \ C4, C4 \ Cs, . . .,
until reaching Cyi \ Cpi+1 = 0. Within each part Cy: \ Cyi+1, we perform LocalGetDk(G, 27, Cyi, Cyist)
to obtain D,:. Let D¢ be the set of computed layers D,:. We define the gap function as the index
intervals of the remaining layers to be computed, which serve as inputs to the subsequent divide-
and-conquer procedure.

DErFINITION 4. (Gap function) Given a set of already computed layers D= {Dk,, Dg,, - .., Dg, }
with k1 < kz <0 < kt, we deﬁne Gap(D) = {(ki, ki+1) | ki+1 - ki >1,i=12,...,t— 1}.

For example, suppose that core-prepartition computes layers D¢ = {Dy, D1, D3, D4, Dg}. Then,
the index ranges of layers that remain to be computed are Gap(D¢) = {(2,4), (4,8)}.

The novel CoreDC algorithm. Using the core-prepartition technique, we design the algorithm
CoreDC, as shown in Algorithm 5. The algorithm first enters the procedure CorePrepartition,
which computes the core decomposition C = {Cy,Cy,...,Cs} (line 7). Then, according to the
Sandwich Theorem, the algorithm directly obtains three layers Dy, Dy, and D,jiog, 5+1 (line 8). Next,
the algorithm performs the prepartitioning of the graph: for each region Cy: \ Cyi+1, it computes
Dy (lines 9-11). The enumeration of i terminates when i = [log, §], at which point 2/*! > §
and thus Cyii = 0, indicating that the graph has been completely partitioned. All layers D¢
computed by core-prepartition are then returned to CoreDC. The algorithm subsequently computes
the remaining layers by invoking algorithm Divide++(Dy, D) for each interval (I,u) € Gap(Dc)
(lines 3-4), and finally returns the full density decomposition D (line 5). Next, we present a running
example of CoreDC, followed by proofs of its correctness and complexity.

ExaMPLE 4. The execution of CoreDC on the example graph in Figure 1 is illustrated in Figure 3.
The algorithm first computes the core decomposition C and obtains § = 9. It then directly derives three
layers Dy « Cy, D1 < C1, and Dy < 0. Next, instead of invoking max-flow on the whole graph,
CoreDC uses the core hierarchy to partition the graph and invokes LocalGetDk only on the three
local subgraphs C; \ Cy4, Cy4 \ Cs, and Cs \ Ci4 to obtain Dy, D4, and Ds, respectively. In total, core
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prepartition computes six layers, D¢ = {Dy, D1, D3, Dy, Ds, D16}, which immediately split the graph
into five disjoint parts: Dy \ D1, D1 \ D2, D2 \ D4, Dy \ Ds, and Dg \ D1¢. The remaining unknown layers
are therefore confined to the much smaller gaps Gap(D¢) = {(2,4), (4, 8), (8, 16)}, on which CoreDC
invokes Divide++ independently. This example shows the key advantage of core prepartition: before
the divide-and-conquer stage starts, the graph has already been broken into local regions, avoiding
expensive full-graph max-flow computations.

THEOREM 4. The procedure CorePrepartition has a time complexity of O(|E|'). The CoreDC
algorithm correctly returns the density decomposition D, with a time complexity of O(|E|"> + log p -

2 (LuyeGap(De) [E(Dr \ Dy)|™) and a space complexity of O(|E|).

Discussion: why core-prepartition is powerful. In the divide-and-conquer processing, the
shallow recursion levels typically dominate the overall running time, since the subgraphs at
these levels remain large. When the input graph is extremely large (e.g., billions of edges), each
network flow computation becomes prohibitively expensive. Therefore, it is crucial to partition
the graph into smaller pieces as early as possible before performing network flow computations.
From this perspective, the differences among the three algorithms are substantial. In BinaryDC,
each partition requires O(log p) maximum-flow computations, resulting in significant overhead.
MeanDC improves upon this design by reducing the cost to a single maximum-flow computation
per partition. In contrast, CoreDC leverages the core-prepartition technique to achieve much faster
initial partitioning. Specifically, while MeanDC spends O(|E|!-%) time at recursion depth 1 to divide
the graph into two subgraphs, the CorePrepartition procedure spends the same O(|E|'*) time to
partition the graph into approximately log, § subgraphs. This rapid initial partitioning substantially
reduces the size of subgraphs processed in subsequent recursion levels, leading to significantly
improved efficiency in practice and highlighting the effectiveness of the core-prepartition technique.

6 The Proposed Parallel Algorithms

In this section, we study parallel algorithms for computing density decomposition. First, we
parallelize the four sequential algorithms introduced in the previous sections. Then, we present
a novel, parallel-friendly heat-extraction technique, which simulates heat diffusion to iteratively
approximate IDN values and extract a subset of layers. Based on this technique, we develop the
algorithm HeatDC. Finally, by combining core-prepartition with the heat-extraction technique, we
propose our most efficient parallel algorithm, CoreHeatDC.

Parallel computation model. We adopt the classical work-span model to analyze the parallel
complexity of our algorithms. In this model, all threads share a single global memory space and can
concurrently access the same data. The work W denotes the total amount of computation performed
across all threads, while the span S represents the length of the longest chain of dependent operations,
which serves as the theoretical lower bound of the parallel running time. Under a randomized
work-stealing scheduler [4], the expected running time on P processors is O(W /P + S). In addition
to work and span, we also measure the peak memory usage to evaluate the space efficiency of our
parallel algorithms. We employ a thread-pool model to efficiently manage threads. A fixed number
of worker threads is created at initialization, and a global task queue stores all computational tasks
generated during execution. Each idle thread in the pool continuously fetches available tasks from
the queue and executes them until all tasks are completed. This design ensures stable and efficient
utilization of computational resources.

It is worth noting that max-flow computation is notoriously difficult to parallelize, and the
parallelization of maximum-flow algorithms constitutes a separate research area [28, 43, 45]. In
this work, we focus on parallelizing the density decomposition framework itself and treat the
maximum-flow computation as a black box. In practice, this component can be readily replaced by
a parallel maximum-flow implementation.
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6.1 Basic Parallel Algorithms

Parallelized IncrFlow algorithm. For each increasing value of k, the computation of Dy via GetDk
is encapsulated as an independent task and submitted to the task queue. The process continues until
one of the tasks returns an empty Dy, at which point no new tasks are generated, and the density
decomposition is returned. The parallelized IncrFlow has a work complexity of O((p + n;) - |E|!)
and a span of O(|E|'%), where n, denotes the number of threads. Since each thread constructs its
own flow network instance, the peak memory usage is O(n; - |E|), which becomes prohibitive when
both the graph size and the number of threads are large.

Parallelized BinaryDC algorithm. The key idea in parallelizing BinaryDC exploits its divide-
and-conquer structure. When the Divide procedure invokes its two child subprocedures, these
two calls are encapsulated as two separate tasks and pushed into the task queue. Because the
graph is partitioned into disjoint subgraphs, these subprocedures incur no data races or conflicts.
The parallelized BinaryDC algorithm achieves a work complexity of O(log p - |E|') and a span of
O(log p-|E|'). Since each invocation of LocalGetDk only requires local memory of O(|E(D;\ D,,)|)
and different threads process disjoint regions, the peak memory usage remains bounded by O(|E|).

Parallelized MeanDC algorithm. The parallelization strategy for MeanDC follows that of
BinaryDC. In Divide++, two recursive calls are encapsulated as independent tasks and submitted
to the task queue. Consequently, the parallelized MeanDC algorithm has a work of O(log p - |E|!),
a span of O(log p - |E|'), and a peak memory of O(|E|), matching those of parallelized BinaryDC.

Parallelized CoreDC algorithm. In CorePrepartition, the processing of the |log, §] values of i
in lines 9-11 are independent and can be executed in parallel. By summing over all i, the work of

CorePrepartition is Wep = O(Ziﬂgz(ﬂ |E(Cyi \ Cyin1)|*5), the span is Scp = O(maxitiolg2 4 |[E(Cyi \
C,i+1)|!?), and the peak memory usage is O(|E|). The subsequent divide-and-conquer phase in
lines 3-4 is parallelized in the same manner as in MeanDC. Consequently, CoreDC has a work of
O(Wep +10gp - X (1u)ecap(ne) VE(D1 \ Dy)['?), a span of O(Scp + log p - max (1) ccap(ne) [E(Dy \
D,)|*?), and a peak memory usage of O(|E|).

6.2 Novel Parallel Algorithms

To improve parallel scalability by enabling early-stage graph partitioning without network flow
computations, we propose a heat-extraction technique to extract a subset of layers in the density
decomposition. This technique first performs a heat-diffusion iterative process (lines 7-12 of
Algorithm 6), during which the heat values of vertices converge to their IDNs. After sufficiently
accurate IDN approximations are obtained, the technique extracts layers based on the resulting heat
values (Algorithm 7). By incorporating the heat-extraction technique, we develop the algorithms
HeatDC and CoreHeatDC for computing the density decomposition. We now introduce the heat-
extraction technique in detail.

Heat-diffusion iteration. To build intuition, consider a surface containing numerous heat-
producing units: regions with denser units generate more heat, and heat naturally flows from hotter
areas to cooler ones. Over time, the resulting heat distribution reflects the underlying density of
these units. Our iterative heat-diffusion process follows exactly the same principle. Here, edges act
as heat-producing units, and heat is transferred toward cooler vertices. Vertices in dense regions
(i-e., those with higher IDN values) accumulate heat more quickly, whereas vertices in sparser
regions accumulate heat more slowly. As the iterations proceed, the heat distribution gradually
separates the vertices according to their density levels.

Formally, the pseudocode of the heat-diffusion iteration is outlined in lines 7-12 of Algorithm 6.
We initialize each vertex with zero heat. Then, for T iterations, each vertex copies its previous heat
value (line 3). For every edge (u,v), the endpoint with the lower heat value receives one unit of
heat (lines 5-6). As the iterations progress, vertices continue accumulating heat. As T — oo, the
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Algorithm 6: HeatDC(G)
Input: A graph G = (V, E).
Output: The density decomposition D of G.
1 Dy « HeatExtraction(G);
2 D« DH;
3 for (l,u) € Gap(Dpy) do // Compute remaining layers
4 L Divide++(D;, D,);

5 return D;

6 Procedure HeatExtraction(G)

7 Initialize the heat array h°(u) « 0 for each vertex u;

8 fort=1,2,...,Tdo // Heat-diffusion iteration
9 foreach u € V in parallel do h* (u) «— h'~(u);

10 foreach (u,v) € E in parallel do

11 if K71 (u) < h'"1(v) then ! (u) «— h'(u) +1;

12 L else h (v) « h'(v) +1;

13 Dy «— Extract(G,hT); // Algorithm 7

14 return Dy;

normalized heat field h” /T converges to a limit x* satisfying [x*(u)] = 7(u), meaning that the heat
values naturally separate vertices according to their IDN levels. We next prove this convergence.

THEOREM 5. For the heat-diffusion iteration in lines 7-12 of Algorithm 6, asT — oo, for every
vertexu € V, h' (u) /T converges to a limit x*(u) satisfying [x*(u)] = F(u).

Theorem 5 shows that the proposed heat-diffusion iteration converges to values that recover the
exact IDNs. In practice, however, full convergence is unnecessary. A modest number of iterations
already yields sufficiently accurate IDN estimates for effective decomposition. In our experiments,
T = 500 iterations make about 97% of vertices attain exact IDNs and enable heat-extraction
to directly recover up to 89% of the layers (Exp-6). This demonstrates that a small number of
lightweight, highly parallel heat iterations is enough to capture most of the structure, substantially
reducing the need for expensive max-flow computations.

In our implementation, during each iteration, we evenly partition the edge set into 128 X n;
chunks, where n; is the number of threads. For each chunk, the heat-update task in lines 10-12 is
pushed into the thread pool, creating 128 X n; tasks. Because edges processed by different tasks
may share endpoints, all increments to the vertex-based arrays are implemented with atomic
add operations. The same mechanism is used for the parallel updates of the indegree array in
Algorithm 7, thereby avoiding data races while providing fine-grained parallelism to balance the
workload across threads.

The heat-extraction technique. Given the heat-diffusion result KT, we now consider how to
extract layers from h” without max-flow. We adopt an orientation-based construction and verifi-
cation approach. Given an undirected graph G = (V E), an orientation G = (V, E) is obtained by
assigning a direction to each undirected edge. Let d (u) denote the indegree of vertex u in G.A path

s ~» ¢ in an orientation is a sequence of vertices s = ug, Uy, . . ., up = t such that (u;_,u;) € E for all
i=1,...,¢ The following lemma illustrates how to extract a layer Dy from an orientation.

LEMMA 2. [52, 56] Given a non-negative integer k, if an orientation G contains no path s ~» t such
thatd(s) <k—1<d(t),thenDr ={u|d(u) >k —1o0or3u~ 0,d(v) > k—1}.
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Fig. 4. A small example graph and its orientation.

By Lemma 2, once an orientation satisfying the no-path condition is available, the layer Dy can
be computed in linear time O(|E|) via a single breadth-first search (BFS) initiated from all vertices
with indegree greater than k — 1.

EXAMPLE 5. Figure 4 shows an example graph together with one of its orientations, illustrating the
layers D1, D;, and Ds. For k = 3, the orientation satisfies the no-path condition, and thus Ds consists
of all vertices with indegree greater than 2, namely {4, 6}, along with vertices that can reach them,

namely {1,2,3,5}. For k = 2, there exists a path 11 ~» 9 such that 5(9) >1> 07(11), violating the
no-path condition.

Next, we propose a heuristic method, called Extract (Algorithm 7), for constructing an orientation
that often satisfies the no-path condition for many values of k, thereby enabling the extraction of
multiple layers. The algorithm takes the heat array h as input and extracts a subset of layers Dp.
First, it initializes an empty orientation (line 1). Intuitively, the no-path condition requires that
vertices with lower indegree should not point to vertices with higher indegree; equivalently, edges
should be oriented from denser regions to sparser ones. Accordingly, during initialization, for each
edge (u,v), the algorithm orients it toward the vertex with the smaller heat value, corresponding
to a sparser region (lines 2—4). The resulting orientation may be noisy, as local fluctuations of h can
lead to imbalances that violate the no-path condition. To mitigate this issue, the algorithm applies
a simple yet effective orientation-balancing routine adapted from [54] to smooth the orientation
(lines 5-8). The algorithm then proceeds to extract layers. It first initializes two boundary layers,
Do =V and D; = 0 (line 9). Subsequently, for each k, the algorithm checks whether the

max+1
no-path condition in Lemma 2 is satisfied; if so, it extracts the layer Dy, adds it to Dy, and returns

(lines 10-14).

The HeatDC algorithm. Building on the heat-extraction technique, we propose HeatDC for com-
puting the density decomposition (Algorithm 6). After executing the procedure HeatExtraction,
a subset of layers Dy is obtained, while the layers indexed by Gap(Dy) remain uncomputed.
The algorithm then invokes Divide++ on each interval in Gap(Dp) to compute the missing lay-
ers and finally outputs the complete density decomposition. We now analyze the complexity of
HeatExtraction and HeatDC.

THEOREM 6. The procedure HeatExtraction has work complexity Wyg = O(T - |E|) and span
complexity Syp = O(T + |E|). HeatDC has work complexity O(WhEg +10g p + 3 (1.u)eGap(Dy) 1E(D1 \
Dy) '), span complexity O(Syg +log p - max (ju)ecap(ny) |E(Di \ Dy)|'), and peak memory usage
bounded by O(|E|).

The CoreHeatDC algorithm. The core-prepartition and the heat-extraction techniques share
the common goal of precomputing a set of layers to partition the graph. Consequently, the two
techniques can be naturally combined by taking the union of the layers precomputed by both
methods and applying divide-and-conquer to complete the remaining layers. Based on this idea,
we propose the CoreHeatDC algorithm, as shown in Algorithm 8.

The workflow of CoreHeatDC is as follows. First, the algorithm runs the procedures
CorePrepartition and HeatExtraction in parallel (line 1). In practical implementations, the tasks
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Algorithm 7: Extract(G, h)

Input: A graph G = (V, E) and heat array h.
Output: Extracted layers Dp.

Initialize an orientation G = (v, E= 0) and its indegree array d (+) «0;
2 foreach (u,v) € E in paralleldo // Initialize orientation
5 | if h(u) < h(v) then E « E U {{v,u)}, d(u) — d(u) + 1;
i+ | elseE e EU{(u0)},d(v) —d(v) +1;
5 fort =1,2,...,10do // Balance orientation
6 foreach (u,0) € Ein parallel do
7 if (;(v) > J(u) then
L reverse (u,v) to (v, u), J(v) — E(v) -1, J(u) — c?(u) +1;

[

max — MaXyev J(u): 2)H — {DO = V,D'

dmax+1

-]
uy

=0}

10 fork =1,. Jmax in parallel do // Verify no-path condition
11 if there is nopaths ~ t, d(s) <k-1< d(t) then

12 Dk<—{u|d(u)>k—10r3uwud(0)>k—1}

L Dy «— Dy U{D};

13

14 return Dy;

Algorithm 8: CoreHeatDC(G)
Input: A graph G = (V, E).
Output: The density decomposition D of G.
1 Run D¢ « CorePrepartition(G) and Dy < HeatExtraction(G) in parallel;
2 D« DcU Dy;
3 for (l,u) € Gap(Dc U Dy) do // Compute remaining layers
L Divide++(D;, D,);

5 return D;

generated by these two procedures can be submitted to a global task queue, allowing the thread
pool to automatically schedule idle threads to execute them. Next, CoreHeatDC takes the union
of the layers obtained from the two techniques (line 2) and computes the remaining layers using
Divide++ (lines 3-5). The complexity of CoreHeatDC follows directly from the complexities of
CorePrepartition, HeatExtraction, and Divide++, as stated in the following theorem.

Tueorem 7. CoreHeatDC has work complexity O(Wep + Whg +10g p - 2 1wy eGap(Deupy) 1E(D1\
D)), span complexity O(max{Scp, Syr} + logp - maX(lu)EGap(DcUDH) |E(D; \ D,)|*?), and
peak memory usage bounded by O(|E|), where Wep = O(ZL 080 |E(C21 \ Cyi+1)|*°) and Scp =

O(ma Uogz 2 |E(Cyi \ Cpin1)|'>) are the work and span of CorePrepartition, and Wyg = O(T - |E|)
and SHE = O(T + |E|) are the work and span of HeatExtraction.

Discussion: combining core-prepartition and heat-extraction. The combined strategy of core-
prepartition and heat-extraction offers several important advantages. (1) Recall that the parallelized
core-prepartition procedure can utilize only about log, § threads, leaving the remaining threads
idle. These idle threads can instead be used to perform heat-extraction, thereby significantly
improving the utilization of parallel resources. (2) The partitions induced by core-prepartition are
predictable and relatively balanced, with each layer D,: naturally defining one partition. In contrast,
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Table 1. Complexity comparison of parallel algorithms.

For a set of precomputed layers £, define

VVgap(-E) =logp § |E(Dy \Du)ll's’ Sgap(-E) =logp max |E(Dy \Du)ll‘s-
(Lu)€eGap(L)
(Lu)eGap(L)

Moreover, Wep and Scp denote the work and span of CorePrepartition, while Wyg = O(T|E|) and Sgg = O(T + |E|)
denote those of HeatExtraction.

Algorithm Work Span Peak memory
IncrFlow O((p +n)|E*) O(|E|*?) O(n|E|)
BinaryDC O(logp |E|') O(logp |E|*) O(|EJ)
MeanDC O(log p |E|'9) O(logp |E|'5) O(|E)
CoreDC O(Wep + Weap (D)) O(Scp + Sgap(DC)) O(IE])
HeatDC O(WhE + Weap (D)) O(SHE + Sgap (D)) O(|E])
CoreHeatDC O(Wep + WHE + Weap (D U Dp)) O(max{Scp, SHe} + Sgap (Dc U Dg)) O(|E])

heat-extraction relies on a heuristic procedure that may produce uneven layer partitions. In such
cases, the more structured partitions provided by core-prepartition help prevent the formation of
overly large subgraphs (see, e.g., Exp-5 in the experiments section). (3) Applying both techniques
simultaneously further refines the graph partitioning before the divide-and-conquer stage, which
directly reduces the cost of the subsequent recursive computations. Overall, core-prepartition and
heat-extraction are highly complementary. Together, they form a powerful preprocessing strategy
for handling large-scale graphs.

6.3 Complexity Comparison

Table 1 summarizes the work complexity, span complexity, and peak memory usage of all parallel
algorithms. The parallelized IncrFlow incurs prohibitive peak memory O(n; - |E|), and is thus
impractical for massive graphs with many threads. For BinaryDC and MeanDC, although they
differ in pivot-selection strategies, both algorithms initiate max-flow computations on the entire
graph. As a result, their work and span complexities are inevitably dominated by full-graph max-
flow, i.e., O(log p - |E|').

CoreDC introduces an additional core-prepartition phase with work and span Wcp and Scp, but
substantially reduces the workload of the subsequent divide-and-conquer stage by shrinking flow
networks from the whole graph to much smaller subgraphs D; \ D,,. Since the max-flow cost is
superlinear in the number of edges (with exponent 1.5), splitting a large instance into multiple
smaller gaps not only reduces the total work, but also lowers the span to be governed by the largest
gap, i.e., log p - max(1u)eGap(nc) [E(Dr \ Du)[*.

HeatDC and CoreHeatDC further improve parallel efficiency by leveraging heat-extraction
to heuristically extract many layers and thereby split gaps more finely. Our experiments (Exp-4
and Exp-5) show that heat-extraction can directly extract a substantial fraction of layers (up to
89% across our datasets) and significantly increases the number of gaps (up to 62), which in turn
reduces both the runtime and the number of edges involved in subsequent max-flow calls. Moreover,
CoreHeatDC combines core prepartitioning and heat extraction to produce the most fine-grained
and localized gap partition, enabling the highest degree of parallelism in our framework. Although
it introduces extra overhead from both procedures, CoreHeatDC is the most efficient algorithm in
practice, achieving the best overall work and span among all parallel approaches.

7 Experiments
7.1 Experimental Setup

Algorithms. We implemented and parallelized the existing algorithms for density decomposition,
including IncrFlow [52, 56] and BinaryDC (Algorithm 3) [52, 56] as baselines. We also implemented
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Table 2. Dataset statistics
p is the number of layers in the density decomposition, i.e., the maximum integer such that D, # 0.
Name Type \4 |E| P
HW09 Social 1.14M 113M 2,208
DBpedia Wikilink 14.0M 130M 689
WikiEn Wikilink 27.2M 543M 581

CC12 Web 42.9M 583M 2,165
WebBase Web 118.1M 1.02B 1,219
ITAIl Web 41.3M 1.03B 2,009
AMiner Citation 151.9M 1.13B 255
Twitter Social 41.7M 1.20B 1,644
GSH Web 68.7M 1.50B 6,094
SKAII Web 50.6M 1.81B 2,258

I IncrFlow (baseline) [ MeanDC [ HeatDC
[ BinaryDC (baseline) ~ HEEE CoreDC I CoreHeatDC

Runtime (sec)
2

10°
&y, O, b, . G W, 4 A, By, Gg, S
Wog @pe% g, &2 @b@a&:‘f// 47:,,6,’ Wi, Sty 4y

Fig. 5. Running time of all algorithms in sequential setting (using one thread).

our proposed algorithms MeanDC (Algorithm 4), CoreDC (Algorithm 5), HeatDC (Algorithm 6),
and CoreHeatDC (Algorithm 8). Unless otherwise specified, the number of iterations T used in
the HeatExtraction procedure of HeatDC and CoreHeatDC is set to 500. All experiments were
conducted on an Ubuntu PC equipped with a 2.7 GHz AMD Ryzen Threadripper PRO 3995WX CPU
and 256 GB of main memory. All programs were compiled with g++ using the -03 optimization
flag.

Datasets. We evaluated our algorithms on a variety of real-world graphs from different domains,
with details summarized in Table 2. HW09 [23] captures co-acting relationships between actors in
movies from IMDB. DBpedia [31] and WikiEn [37] correspond to wikilink relationships between
pages in Wikipedia. Twitter [37] captures follow relationships among Twitter users. AMiner [50] is
a paper citation network. CC12 [37], WebBase [23], ITAIl [37], GSH [23], and SKAIl [37] are web
networks representing hyperlink relationships. All directed graphs were converted to undirected
graphs for evaluation.

7.2 Experimental Results

Exp-1: Runtime comparison under the sequential setting. Using a single thread, the running
times of all algorithms are shown in Figure 5. As expected, our proposed algorithms MeanDC
and CoreDC consistently outperform the baseline methods IncrFlow and BinaryDC on all datasets
except AMiner, which is excluded from the comparison because all algorithms exceed the time limit
of 10,000 seconds. Compared with BinaryDC, MeanDC achieves higher efficiency by eliminating
the binary search for the pivot. For instance, on SKAIIl, BinaryDC and MeanDC take 9,595 seconds
and 4,449 seconds, respectively, achieving a 2.2X speedup. Furthermore, benefiting from the core-
prepartition technique, CoreDC outperforms both BinaryDC and MeanDC. For example, on ITAIl,
the running times of BinaryDC, MeanDC, and CoreDC are 2,599, 1,912, and 1,242 seconds, yielding
speedups of 2.1x and 1.5X, respectively. In contrast, HeatDC and CoreHeatDC, which incorporate
heat-extraction technique, are relatively slow in the single-thread setting. This is because heat
extraction requires multiple heat-diffusion iterations that repeatedly scan the entire edge set,
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Fig. 6. Running time of all algorithms under different numbers of threads on all datasets.

making it more suitable for the parallel setting. Overall, these results show that CoreDC achieves
the best performance.

Exp-2: Runtime comparison under the parallel setting. In this experiment, we vary the
number of threads in {1, 2, 4, 8, 16, 24, 32} to evaluate the parallel efficiency of all algorithms. The
runtime results are shown in Figure 6, and the self-relative speedups on DBpedia and Twitter are
reported in Figure 7 (similar trends are observed on the other datasets). For BinaryDC, MeanDC,
and CoreDC, the speedups saturate at approximately 2, 4, and 8~16 threads, respectively. This is
because their parallelization primarily relies on the divide-and-conquer procedure to partition
the graph, which produces tasks that are not sufficiently fine-grained. Moreover, as discussed in
Section 5, CoreDC partitions the graph faster than MeanDC, while MeanDC in turn improves
upon BinaryDC. This leads to increasingly finer-grained tasks and, correspondingly, increasing
parallel speedups from BinaryDC to MeanDC to CoreDC. For instance, on Twitter with 8 threads,
the speedup ratios of BinaryDC, MeanDC, and CoreDC are 1.24, 3.00, and 5.47, respectively.

In contrast, IncrFlow, HeatDC, and CoreHeatDC continue to achieve speedups as the number
of threads increases, indicating a better ability to exploit parallel resources. With 32 threads, their
self-relative speedups on DBpedia are 16.4, 9.6, and 17.7, respectively. Compared with HeatDC,
CoreHeatDC achieves higher speedups by combining core-prepartition and heat-extraction to
further subdivide the graph, resulting in finer-grained tasks during divide-and-conquer. For example,
on Twitter, HeatDC and CoreHeatDC take 1,466 and 550 seconds with 32 threads, respectively,
yielding a 2.66Xx advantage for CoreHeatDC.

Overall, in the parallel setting, although IncrFlow achieves high speedups, it times out on large
graphs and runs out of memory (OOM) on the largest dataset SKAII. For BinaryDC, MeanDC, and
CoreDC, they fail to fully exploit parallel resources and thus exhibit limited speedups. When using
32 threads, CoreHeatDC is consistently faster than all other algorithms across all datasets. For
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Note: IncrFlow is not shown in Twitter because its runtime exceeds 10* seconds.
Fig. 7. Self-relative speedup on datasets DBpedia and Twitter.
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Fig. 8. Peak memory usage on datasets DBpedia and SKAII.
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Fig. 9. Divide-and-conquer workload by recursion depth on dataset Twitter.

example, on SKAII, BinaryDC, MeanDC, CoreDC, HeatDC, and CoreHeatDC take 6340, 1751, 1265,
1153, and 675 seconds, respectively. This implies that CoreHeatDC achieves speedups of 9.4, 2.6X,
1.9%, and 1.7X over other algorithms, making it the best choice in highly parallel settings.

Exp-3: Comparison of peak memory usage. In this experiment, we compare the peak memory
usage of all algorithms under both sequential and parallel settings. The results are reported in
Figure 8. Due to space constraints, we present results only on the medium-sized graph DBpedia
and the large graph SKAIl; similar trends are observed on the remaining datasets. As expected, the
peak memory usage of IncrFlow increases rapidly with the number of threads, and it even runs
out of memory (OOM) on SKAII. This is because each thread in IncrFlow constructs its own flow
network, which leads to prohibitively high memory consumption in the multi-threaded setting.
In contrast, all other algorithms exhibit low peak memory usage, since their memory usage is
bounded by the graph size, i.e., O(|E|). These results confirm that our proposed algorithms are
memory-efficient and thus well-suited for large-scale graphs.
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Table 3. Number of layers and gaps of D¢ and Dy.
D¢ and Dy are the sets of layers obtained by core-prepartition and heat-extraction, respectively; Gap(-) (Definition 4)
denotes the set of gaps that need to be filled by divide-and-conquer.

Dataset P 1Dc| |Du|||Gap(Dc)| |Gap(Du)| |Gap(Dec U Dy)|
HWO09 | 2,208 13 1,267 11 62 70
DBpedia | 689 11 398 9 15 22
WikiEn | 581 11 159 9 11 18
CC12 2,165 13 1,592 11 9 17
WebBase | 1,219 12 752 10 18 24
ITAIl 2,009 12 1,592 10 13 20
AMiner | 255 9 43 7 5 11
Twitter | 1,644 12 154 10 31 40
GSH 6,094 14 5,430 12 23 31
SKAIl 2,258 13 1,812 11 40 46
10°F .
= Heat-extraction
S —_— Core-prepartition
=T ™
500 1000k 1500 2000

Fig. 10. Positions of layers in D¢ and Dy on dataset HW09.

Exp-4: Divide-and-conquer workload comparison. In this experiment, we compare the work-
load of the divide-and-conquer procedures across different algorithms at various recursion depths.
For a given depth h, let £, denote the set of parameter pairs (D;, D,,) corresponding to the recursive
calls of Divide/Divide++ at depth h in the recursion tree. Let f(D;, D,) denote the runtime of a
Divide/Divide++ call with parameters (Dj, D,,) (excluding the time spent in deeper recursive calls).
At each depth h, we evaluate four metrics: (1) total runtime, defined as 3. (p, p,)ep, f (D1, Du); (2)

e D;.Dy
average runtime, defined as 200w ‘;’}’ If( ! ); (3) total edges, defined as ¥ (p, p,)ep, |E(Di \ Du)l;

1
2(Dy.Dw) Py, |E(D1\Du)|

and (4) average edges, defined as |
dataset; similar trends are observed on the other datasets.

As shown, BinaryDC performs O(log p) max-flow computations on the entire graph at depth
1, resulting in an overwhelming runtime cost. In contrast, MeanDC partitions the graph faster,
spending significantly less time at shallow depths and quickly progressing to deeper depths.
Consequently, the majority of its max-flow computations occur at depths 6-11, where the induced
subgraphs are substantially smaller and more localized. CoreDC further improves locality: due to
core-prepartitioning, both the average runtime and the average number of edges at each depth
are significantly lower than those of BinaryDC and MeanDC, highlighting the effectiveness of the
core-prepartition technique. The heat-extraction technique employed in HeatDC and CoreHeatDC
also substantially enhances locality and efficiency. Among all methods, CoreHeatDC consistently
outperforms the others across almost all recursion depths, demonstrating that the combined use of
core-prepartition and heat-extraction enables a highly localized and efficient divide-and-conquer
process.

. Figure 9 reports the results on the Twitter

Exp-5: Layers and gaps in core-prepartition and heat-extraction. In this experiment, we
analyze the layers and gaps produced by core-prepartition, heat-extraction, and their combination.
Table 3 reports the number of layers and gaps generated by D¢ and Dy Figures 10 and 11 visualize
the positions of extracted layers and the sizes of resulting gaps on the HW09 dataset; similar results
are observed on other datasets.

As shown, the layers D¢ obtained by core prepartitioning are stable and predictable in number.
In contrast, the layers Dp extracted by heat extraction exhibit more irregularity: it is able to extract
a large number of layers, including many consecutive layers, but may also produce very large gaps.
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Fig. 11. Gap size of core-prepartition and heat-extraction on dataset HW09.
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Fig. 12. Effect of the number of heat-diffusion iterations on the quality of IDN estimation.

For example, the gap (D;, Dgos) in Figure 10 corresponds to the largest gap in Figure 11, with an
edge count of 63.6M. Compared with using either technique alone, combining core prepartitioning
and heat extraction yields several important advantages. (1) As shown in Table 3 and Figure 11, the
combined approach produces a larger number of gaps, each with substantially fewer edges. This
allows more gaps to be processed in parallel at the early stage of divide-and-conquer, improving
locality and reducing thread idle time. (2) As illustrated in Figure 10, core prepartitioning provides
stable partitions, especially for small k, whereas heat extraction tends to extract many layers for
large k. The two techniques are therefore highly complementary, effectively avoiding large gaps.

Exp-6: Effect of the number of heat-diffusion iterations. In this experiment, we evaluate the
impact of the number of heat-diffusion iterations T on the quality of heat diffusion. We vary T
from 1 to 500 and record the accuracy and the mean absolute error (MAE) at each iteration. The

accuracy is defined as the fraction of vertices whose approximated IDN matches the exact IDN, i.e.,
I{ueVlth(l?/)‘/ﬂ:f(u)}l
Luev ”hTf;?/ﬂ_i(u)l . The results on ITAIl, Twitter, GSH, and SKAII are shown in Figure 12 (similar
trends are observed on other datasets). As shown, as T increases, the accuracy rises rapidly while
the MAE decreases sharply. Notably, even with a relatively small number of iterations (e.g., T = 100),
the accuracy already reaches 91.0%-97.0% across the four datasets with a relatively low MAE. This
demonstrates that heat-diffusion can produce high-quality IDN approximations quickly. When
T reaches 500, the accuracy further improves to 97.0%-97.4%, and the MAE drops to as low as
0.031-0.040, indicating that the rounded heat estimates match the exact IDNs for the vast majority
of vertices at T = 500. These results confirm that heat diffusion is highly effective for approximating
IDN.

Exp-7: Scalability test. In this experiment, we evaluate the scalability of different algorithms
by varying the graph size. We use DBpedia for the sequential setting and WikiEn for the par-
allel setting (similar results are observed on other datasets). Specifically, we randomly sample

. The MAE is defined as the mean absolute error of the IDN approximation, i.e.,
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Fig. 14. Quality of local communities guided by IDN, CN, and degree on Live].

{20%, 40%, 60%, 80%} of the vertex set V and the edge set E from each dataset for testing. The results
for the sequential setting are shown in Figures 13a and 13b. As shown, the running time of IncrFlow
increases sharply as the graph size grows. The algorithms HeatDC and CoreHeatDC also exhibit
relatively high running times, since they rely on the heat-extraction technique, which is more
suitable for the parallel setting. In contrast, CoreDC consistently achieves the lowest running time
across all graph sizes, demonstrating its high scalability in the sequential setting. The results for
the parallel setting are reported in Figures 13c and 13d. As shown, in the highly parallel setting,
CoreHeatDC is the fastest algorithm across all graph scales, and its running time grows smoothly
with increasing graph size, demonstrating the excellent scalability of CoreHeatDC in the parallel
setting.

7.3 Case Study

We further evaluate whether IDN provides a useful signal for guiding local community discovery.
The goal is not to directly compare communities induced by thresholding IDN, core number
(CN), or degree. Instead, we ask whether these metrics lead to local communities of different
quality. Here, a vertex’s CN is the highest core decomposition layer index containing the vertex.
We use the Live) graph (|V| = 4.8M and |E| = 69.0M), which represents friendship relationships
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Fig. 15. An illustrative comparison showing that a high-CN seed does not necessarily induce a dense local
community, while the high-IDN seed leads to a dense community.

among users in the LiveJournal social network?. We construct joint bins based on IDN-CN and
IDN-degree. IDN and CN are divided into 20 equal-width bins, while degree is divided into 20
logarithmic bins. For each non-empty bin, we sample seed vertices and run the standard Personalized
PageRank (PPR) + sweep-cut procedure [3] on the full graph to obtain local communities, using
parameters @ = 0.1 and € = 5 X 1077. For each bin, we average three quality metrics for a
community S C V: density |E(S)|/|S|, where larger values indicate internally denser communities;
conductance [{(u,0) € E | u € S,v ¢ S}|/X esd(u), where smaller values indicate clearer
community boundaries; and modularity contribution |E(S)|/|E| — (3,cs d(u)/(2|E]))?, where
larger values indicate that the community contains more internal edges than random expectation
and is therefore more community-like.

Figure 14 reports the heatmaps. To read each heatmap, compare the horizontal IDN direction
with the vertical CN/degree direction: if colors change more significantly from left to right than
from bottom to top, then IDN is the stronger guiding signal. This pattern is clear for density and
modularity contribution. For example, in the IDN-CN density heatmap (Figure 14a), the red dashed
rectangle and orange dashed rectangle highlight the 10-th row and 10-th column, respectively.
Along the red rectangle, CN is fixed, whereas the density increases from 69.4 to 168.7 as IDN
increases; along the orange rectangle, IDN is fixed, whereas the density only varies from 69.4
to 97.1 as CN changes. This phenomenon also appears broadly across other rows and columns,
indicating that density is more strongly associated with IDN than with CN. The IDN-degree
heatmaps show an even clearer contrast: high-degree bins do not consistently lead to dense or
modularity-significant communities, whereas high-IDN bins do. For conductance, both high-IDN
and high-CN seeds tend to produce low-conductance communities, while degree remains weakly
related to conductance. Overall, these results suggest that IDN more directly reflects whether a
vertex can guide a high-quality local community.

Figure 15 gives an illustrative example comparing three seed vertices, where the table reports
the IDN, CN, and density of the resulting local communities. Nodes A and B have the same high
CN, but they lead to communities with clearly different densities: the high-IDN seed B produces
a large and dense community in a central region, whereas the low-IDN seed A produces a much
smaller and less dense community. Node C, with both low IDN and low CN, similarly produces a
small low-density community. This example illustrates that core number alone does not distinguish
these local community qualities, whereas IDN better reflects whether the seed lies in a dense local
community.

8 Related Works

Density-based graph decomposition. The density of a graph is commonly defined as the ratio
between the number of edges and the number of vertices [10, 16, 17, 21, 26]. Graph decomposition

Zhttps://snap.stanford.edu/data/soc-LiveJournal1.html
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models based on this notion of density have attracted increasing attention in recent years, including
locally-dense subgraph (LDS) decomposition [13, 19, 21, 46], top-k locally densest subgraphs [34, 36,
47], and density decomposition [11, 12, 19, 52, 53, 55, 56]. The definition of density decomposition
was first introduced in [12], together with a basic path-reversal algorithm with time complexity
O(|E|?). Subsequent work [52, 56] incorporated flow network techniques into density decomposition
computation and developed divide-and-conquer algorithms, reducing the time complexity to
O(log p-|E|*®). These works also established a structural connection between density decomposition
and LDS decomposition, showing that the layers of density decomposition form a subset of the
LDS decomposition layers. Density decomposition has also been extended to bipartite graphs and
directed graphs in [53, 55], where each layer is assigned with two parameter « and f. Despite this
progress, to the best of our knowledge, no prior work has studied parallel algorithms for density
decomposition. Our work fills this gap by designing efficient parallel algorithms and scaling density
decomposition to graphs with billions of edges.

Cohesive subgraph decomposition. Beyond density-based decompositions, a wide range of
cohesive subgraph decompositions have been studied based on alternative structural notions.
Representative examples include degree-based core decomposition [5, 25, 33, 39], triangle-based
truss decomposition [27, 48], connectivity-based k-edge-connected subgraph decomposition [14, 15],
and clique-based nucleus decomposition [40-42, 44]. Among these methods, core decomposition
is often used as an approximation to density-based decompositions. For example, [46] employs
core decomposition as a 2-approximation for LDS decomposition; [12] shows that the density of
the k-core is a 2-approximation with respect to k; and [52, 56] establish the sandwich relationship
Cor C Dy C Cy between density decomposition and core decomposition. However, as observed
in [12, 46, 52, 55, 56], compared with classical core decomposition, density decomposition is more
sensitive to density rather than merely degree constraints, and can therefore characterize dense
regions in graphs more precisely.

9 Conclusion

In this paper, we study the problem of efficiently computing the density decomposition of large
graphs. We first revisit algorithms IncrFlow and BinaryDC, identifying the repeated solving of large
max-flow instances as the primary performance bottleneck. To address this issue, we propose a
series of new algorithms. The MeanDC algorithm replaces the binary-search-based pivot selection
in BinaryDC with a single arithmetic-mean pivot, retaining the same time complexity while
significantly reducing the number of max-flow computations. We then propose the core-prepartition
technique and develop CoreDC, which leverages the k-core hierarchy to pre-split the graph and
perform localized divide-and-conquer, greatly shrinking the flow networks in practice. For parallel
computation, we propose a lightweight and parallel-friendly heat-diffusion iteration that converges
to exact IDN. Based on it, we design a novel heat-extraction technique and propose the parallel
algorithm HeatDC and its improved variant CoreHeatDC, which combine heat-extraction with
core-prepartition. Extensive experiments on large real-world networks with up to billions of edges
demonstrate the effectiveness of our techniques and the high efficiency and scalability of our
algorithms. A case study further shows that IDN is a more effective signal than core number or
degree for guiding local community discovery.
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