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ABSTRACT

Differential privacy (DP) has become the de facto standard for pro-
tecting sensitive data, providing strong guarantees that published
statistics or models reveal limited information about any individual.
However, privacy noise and restricted data access make it increas-
ingly difficult to assess the fairness and reliability of private datasets.
In this paper, we propose a formal framework for quantifying data
unfairness under DP. We identify three core desiderata for unfair-
ness measures based on previous work: positivity, monotonicity,
and DP computability. We further instantiate them through three
complementary measures: (1) a mutual information-based measure
with a total variation distance proxy suitable for DP, (2) a data-
repair-based measure approximated via a reduction to weighted
MaxSAT, and (3) a top-k tuple contribution measure that isolates the
most influential records in fairness violations. We design privacy-
preserving algorithms and analyze their sensitivity, accuracy, and
efficiency. Extensive experiments on multiple real-world datasets
demonstrate that our proposed measures faithfully approximate
their non-private counterparts, effectively quantify bias under pri-
vacy constraints, and provide insights for data management.
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1 INTRODUCTION

Differential privacy (DP) [27] has become the leading standard for
safeguarding sensitive information in data analysis and machine
learning (ML). It gives formal guarantees that published statistics
or trained models reveal only limited information about any indi-
vidual, even in the presence of auxiliary knowledge. DP has been
widely adopted in practice by major organizations [22, 28, 81] and
governmental agencies [2, 15, 33], and has been applied to a variety
of tasks, including private query answering [23, 40, 42, 53, 57, 65],
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synthetic data generation [6, 16, 34, 58, 59, 85, 94], and private ma-
chine learning [1, 46, 72]. Despite its broad success, DP introduces a
fundamental challenge: while it ensures privacy, the injected noise
and limited data access make it difficult to evaluate the quality
and fairness of private data. Users and analysts must often rely on
privacy-protected datasets to make decisions or train models, with-
out being able to assess whether these datasets are accurate, repre-
sentative, or equitable. Furthermore, learning from noisy or biased
data can yield inaccurate and discriminatory predictions [76, 79].

Fairness and bias in data are central concerns in data manage-
ment and ML, since biased data can produce unfair outcomes even
when algorithms are well-designed. Extensive research has focused
on defining algorithmic fairness, proposing formal notions such
as Demographic Parity [13] and Conditional Statistical Parity [19],
among many others [7, 25, 44, 50]. These notions constrain model
behavior to ensure equitable treatment across protected groups.
However, such definitions focus solely on the model, neglecting
the data which itself may contain bias or unfairness. If the dataset
encodes biased relationships between protected and outcome at-
tributes, an algorithm may reproduce or amplify those disparities.

In this work, we shift the focus from algorithmic fairness to the
fairness of data. A key observation underlying our work is that
many algorithmic fairness definitions can be expressed as forms
of conditional independence [77]. For example, Demographic Par-
ity requires independence between the sensitive attribute and the
model outcome, while Conditional Statistical Parity introduces a
conditioning set of admissible attributes. Using this formulation,
we reinterpret fairness as a property of the data distribution itself
rather than only of the learned classifier. This is motivated by a
common assumption from a prior work [14, 30, 77]: if the labels in a
dataset reflect the outcomes a reasonable classifier would produce,
then dataset fairness becomes a reliable proxy for assessing the
fairness of a classifier trained on it. Moreover, using the data in
other ways, such as getting summarized statistics, may lead to bi-
ased conclusions. Consequently, testing whether a dataset satisfies
such conditional independence statements provides a natural and
principled way to assess its fairness. This connection enables the
adaptation of well-established algorithmic fairness notions into
database-level fairness criteria, which serve as the foundation for
the framework we propose.

Our goal is to develop a principled, quantitative framework for
measuring data unfairness that remains meaningful even when
sufficient noise is added to it to satisfy DP. Prior research on mea-
suring data quality has largely examined logical inconsistencies
in data through integrity constraints, both without [9, 63, 73] and,
recently, with privacy guarantees [68]. Yet, despite the growing
literature on fairness in algorithms, no existing framework directly
measures the unfairness of the private data itself, even though such
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Figure 1: Values of the unfairness measures (log scale) on the
Adult dataset for the four fairness criteria in Example 1.1.

0.8
0.10
0.6
0.05 0.4
0.2
0.00
1 2 3 4 B T
criterion criterion

(a) Random Forest. (b) Neural Network.
Figure 2: Fairness values (Demographic Parity and Condi-
tional Statistical Parity gaps) of the two privately-trained ML
models on the Adult dataset in Example 1.1.

measurements could give a valuable signal for data equity when
the data cannot be fully observed.

Here, we introduce differentially private unfairness measures that,
given a database D and a set of fairness criteria #, compute a nu-
merical score U(F, D), quantifying how far the data deviates from
satisfying those criteria. We formalize three key desiderata that any
unfairness measure should satisfy, following principles devised for
inconsistency measures [63]. First, the Positivity property [39, 73]
ensures that the measure is non-negative and equals zero if and only
if D satisfies all fairness criteria. Second, the Monotonicity prop-
erty [73] states that expanding the set of fairness criteria (F; C %3)
cannot reduce the measured unfairness. Third, the measure must
be efficiently and accurately computable under DP, maintaining
interpretability and utility despite the added noise.

We present three complementary measures grounded in prob-
abilistic dependence. The first, (L{,a‘[/D , uses mutual information
(MI) [20] to quantify dependence between sensitive and outcome
attributes. Because MI is highly sensitive and thus unsuitable for
DP [91], we develop a Total Variation Distance (TVD) proxy that
closely approximates MI in both theory and practice. The second
measure is based on data repair [18, 62, 77], quantifying the minimal
number of tuple modifications required to make a dataset fair. Since
this is computationally hard, we propose a proxy measure, ‘L[F‘f AT
reducible to the weighted MaxSAT problem [87], following [77].
Finally, inspired by tuple contribution analysis [21, 60, 67, 90], we
introduce a top-k contribution measure, Urc, that captures how
much the most influential tuples contribute to fairness violations.

While UY,/"P approximates MI directly, "ngf AT and Urc intro-
duce novel tuple-level unfairness notions tailored for DP, offering
restricted sensitivity and greater interpretability than a distribution-
level formula.

We prove that all three measures satisfy our desiderata, are close
approximations to their originals, and exhibit low sensitivity rela-
tive to their range. We then design privacy-preserving algorithms
for them that rely on the Laplace mechanism [26], and analyze their
utility and complexity. Extensive experiments on five real-world
datasets across diverse fairness settings confirm that our measures
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reliably capture comparative unfairness, remain faithful to their
non-private baselines, and can be computed effectively under DP.

Example 1.1. Consider the Adult dataset ! containing personal
information of individuals in the US, including whether their in-
come is larger than 50K (we sample 10, 000 tuples with 15 attributes).
Figure 1 depicts the results of applying our three measures to four
fairness criteria: (1) a person’s income should not depend on their
years of education, (2) a person’s income should not depend on
their sex, (3) a person’s income should not depend on their race,
and (4) a person’s income should not depend on their sex, given
that they work a certain number of hours per week (the criteria are
phrased as independence statements in Table 2 in the sequel). We
expect the first criterion to clearly be violated, as more education
often leads to higher salaries, while the latter three criteria are
natural and desired for most applications to avoid discriminatory
conclusions and decision-making. Furthermore, it is known that
Adult has disparity in income for different sexes and races [83, 86].
Each measure was evaluated using our DP algorithms with a pri-
vacy budget of ¢ = 1, with the experiment repeated ten times and
the results averaged for each criterion. All the measures show a
similar trend for criteria (1), (2), (3) and (4).

We additionally privately trained two models on the same sample
using a budget of ¢ = 10 over all attributes to predict the outcome:
(a) a DP version of RandomForest, which achieved 78.9% accuracy
on average, and (b) a neural network with one hidden layer with 32
nodes and ReLU activation, trained with DP-SGD, which achieved
84.1% accuracy on average. Figure 2 shows the Demographic Par-
ity gaps for criteria (1), (2) and (3), based on the classifier’s pre-
dictions: | maxpep Prp (O =1| P =p) —minyep Prp (O=1|P=p) |,
where O =1 is a prediction of the income being bigger than 50K.
Intuitively, this measures the disparity in positive outcomes for the
most privileged group and the most discriminated one in a popula-
tion consisting of more than two groups. The figure also shows the
Conditional Statistical Parity gap for the conditional criterion (4),
which is calculated as the expectation of the Demographic Parity
over the conditioned attribute [74, 77]. We can see that the trend
of our measures matches the trend of the ‘fairness measures’ com-
monly applied to ML models, indicating that the three measures
are able to estimate the underlying unfairness based on the criteria,
and that they might also be useful in predicting whether private
data can be effectively used for various applications.

Contributions. This is the first work that provides a practical
framework for quantifying private data unfairness through three
different notions, specifically adapted for DP. In summary, the paper
makes the following contributions:

(1) We introduce a formal framework for measuring data un-
fairness, focusing on quantifying bias directly at the data level
rather than at the algorithmic level, and defining general desiderata
of positivity, monotonicity, and DP computability.

(2) We propose three concrete unfairness measures, grounded
respectively in (a) mutual information and its total variation distance
proxy suitable for DP, WA{‘YD , (b) a data repair inspired measure,

’L[&S AT approximated via a reduction to weighted MaxSAT, and (c)

1See the descriptions and links to the datasets in Section 5.1.



tuple-level contribution measure, Urc, identifying the top-k most
influential records in fairness violations.

(3) We design DP algorithms for computing the measures, and
give formal analysis of their guarantees, error, and complexity.

(4) We conduct an extensive experimental evaluation on five
real-world datasets, demonstrating that our proposed measures can
be used in data analysis scenarios, demonstrate that they provide a
complementary, stable, and reliable alternative to estimating unfair-
ness via machine learning models, and that they follow trends of
increasing data unfairness. Finally, we show that the measures faith-
fully approximate their non-private counterparts and effectively
quantify data unfairness under DP, and scale to large datasets.

2 PRELIMINARIES

We now give the necessary background for the paper, including
basic database and probabilistic notions, fairness concepts, and
essential definitions for our use of differential privacy.

2.1 Databases and Probabilities

We consider a single-relation schema A = (Ay, ..., An), which is a
vector of distinct attribute names A;, each associated with a domain
Dom(A;) of values. A database D over A is associated with a set
tids(D) of tuple identifiers, and it maps every identifier i € tids(D)
to a tuple D[i] = (ay,...,am) in Ay X - - - X A,,,. We denote the size
of the database by |D| = n. A tuple t; € D has a specific value in
each of its attributes, denoted by t;[A] = a where a € Dom(A).
We consider bag semantics where #;, t; may share the same values
across all attributes except their identifiers.

The computation of empirical probabilistic quantities in databases
is often practically performed by measuring database statistics [29,
43,93]. Let D be a dataset of size n, the empirical marginal of a value
A = ais defined as follows: Prp(A = a) = W Similarly, the
conditional marginal of A = a conditioned on C = c is
{t | t[A] = a,t[C] =}

{z ] ¢[C] =c}

When a set of attributes P equals a set of corresponding values p,
we abuse notation and write P = p when clear from context.

Employing these notations, we review the definition of mutual
information, which is commonly used to quantify dependencies
between variables and will be the basis for one of our measures.

Prp(A=a|C=c¢) =

Definition 2.1 (Mutual Information (MI) [20]). The conditional
mutual information between two attributes A and B conditioned on
attribute C over their domain in a database D is defined as follows:

2,

ceDom(C)

MIp(AB|C)= Prp(C=c¢)
acDom(A) be Dom(B)

Prp(A=a,B=b|C=c)

P A=aB= =c)
ro(A=aB=b|C C)Og(PrD(A:aIC:c)PrD(B:bIC:c)

where C may be absent for the unconditional case.

We say that two attributes A, B € A in a database D are inde-
pendent if Prp(A = a,B = b) = Prp(A = a) - Prp(B = b) for all
a € Dom(A) and b € Dom(B), or, equivalently, if MIp (A, B) = 0,
and we use the standard notation of independence A I B.

The notion of database probabilities can be used to express asso-
ciational fairness definitions, as we discuss next.

)
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2.2 Fairness as Independence Statements

Multiple fairness definitions that have been considered by previous
work can be described as (conditional) independence statements.
Demographic Parity [13] measures whether the favorable predic-
tion O of an outcome (e.g., an income will be above a threshold)
is affected by which demographic group the person belongs to,
as captured by a protected attribute P € A (e.g., Race, Sex). This
statement can also be expressed by P L O. Conditional Statistical
Parity [19] further relaxes this definition by allowing certain admis-
sible attributes A € A (e.g., education level, work experience) to
explain the unfairness, and can be written as P 1L O | A. Equality of
Opportunity [44] defines fairness by stating that for each case of the
ground truth (e.g., the loan is indeed approved), as captured by the
outcome attribute O € A, the probability of a favorable outcome
should be equal across all demographic groups, i.e., P 1. O | O. Pre-
dictive Parity [17] measures whether predicted positives are equally
accurate across demographic groups, or equivalently, whether the
ground truth is independent of the protected attribute given the
predicted outcome, i.e., P L O | O0.

We will simplify the discussion for the purpose of defining data-
base fairness and distinguish between a protected attribute P € A,
an outcome attribute O € A, and an admissible attribute A € A.
Thus, we can generally define a database fairness criterion as follows.

Definition 2.2 (Fairness criterion). Given a schema ‘A with a pro-
tected attribute P € A, outcome attribute O € A, and admissible
attribute A € A, a fairness criterion is an independence statement
P 1 O | A, where A may be absent.

A set of multiple fairness criteria will be denoted by F.
We now consider the fact that the databases we wish to analyze
are protected with differential privacy.

2.3 Differential Privacy
We next give the necessary definitions for DP.

Definition 2.3 (Neighboring Databases). Two databases D, D’ with
the same schema are called neighboring if they have the same size
and differ in exactly one tuple, denoted by D’ ~ D.

We often use the notion of neighboring databases to distinguish
the impact of any particular individual’s input on the output of a
function. We likewise measure the maximum change in any func-
tion due to the replacement of a single tuple in the database, often
calling it the sensitivity of the function.

Definition 2.4 (Sensitivity). Given a function f, the sensitivity of f
is maxp/.p|f(D) — f(D’)| and is denoted by Ay.

Differential privacy (DP) [24] protects the private information
of individuals in the data by ensuring similar results for similar
databases with high probability.

Definition 2.5 (Differential Privacy [24]). Given a privacy budget
&> 0, an algorithm M is said to satisfy e-DP if for all S C Range(M)
and for allD ~ D',

Pr(M(D) € S) < e’Pr(M(D’) € S)

The Laplace mechanism [26] allows us to enforce DP by adding
calibrated noise to algorithm results and is a common building
block in DP mechanisms.



Definition 2.6 (Laplace Mechanism [26]). Given a database D, a
function f : D — R, and a privacy budget ¢, the Laplace mechanism
My returns f(D) + vq, where vy ~ Lap(Ag/e).

THEOREM 2.7 (PRIVACY OF THE LAPLACE MECHANISM [27]). Let
f D — R be a query with the sensitivity A¢, and fix e > 0.
The Laplace mechanism Mp(D) = f(D) + v, with v ~ Lap(Ay/e),
satisfies e-differential privacy.

3 PRIVATELY EVALUATING UNFAIRNESS

We formulate the problem of privately evaluating the unfairness of
a database, starting with a discussion about measure requirements.

Measure desiderata. We define several requirements for private
unfairness measures. The first two are inspired by the properties
outlined for inconsistency measures in the context of logical in-
tegrity constraints [63], and the third one is specific to the DP
setting. We aim to design an unfairness measure that takes a pri-
vate database D, a set of fairness criteria ¥, and a privacy budget
¢, and returns a non-negative number, i.e., U (F, D) € [0, ). We
want U to have the following desiderata:

(1) Positivity: U(F,D) > 0 and U(F, D) = 0 iff D satisfies F for
every F € .

(2) Monotonicity: U(F,D) < U(F',D)if F C F'.

(3) Computability under DP: We can efficiently compute U with
an e-DP algorithm with relatively small error.

The first two properties have already been suggested for in-
consistency measures. Positivity was proposed as a fundamental
property in [39, 73] and as an axiom in [64]. Monotonicity was
proposed in different variations by previous work. Parisi and Grant
[73] proposed measure monotonicity for database containment, i.e.,
D C D' implies U(F,D) < U(F,D’), yet, in our case, database
containment does not guarantee an increase of fairness, and in
fact, may decrease it. Livshits et al. [63] suggested monotonicity for
logical implication of integrity constraints, i.e., if ¥ |= 2 for two
sets of integrity constraints %, ¥, then U (X', D) < U(Z, D). Since
comparing fairness criteria (see Definition 2.2) through logical im-
plication is not possible, we define a new notion of monotonicity
for fairness criteria, set containment. Intuitively, when more fairness
criteria are used, the requirements from the database are stricter
and, therefore, the value of the unfairness measure should only
increase. The third property will be shown in two parts. First, show-
ing that our measures have low sensitivity (Section 3), and then
providing a DP algorithm for computing them (Section 4).

In the sequel, we will first define the measures for a single fair-
ness criterion, U (F, D), and then extend them to a set of criteria
as a sum U(F,D) = Y pcqU(F, D). We will then prove the prop-
erties for this extension. As we will see, measures and techniques
from previous work in the non-private setting can be unsuitable
for computation under DP, motivating our third desideratum and
leading us to search for proxies or replacements.

The other two properties listed in [63] are tailored for dynamic
settings and are discussed in detail at the end of this section.

The remainder of Section 3 presents our three measures, out-
lining their motivation and theoretical properties. We begin with
’LIATAYD , which approximates mutual information between the at-
tributes appearing in the fairness criteria (Section 3.1). We then
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introduce ‘ng AT a proxy for the minimal number of tuple inser-
tions or deletions required to transform the dataset into one that
satisfies the criteria (Section 3.2). Finally, we describe Uy, which
reports the cumulative contribution of the top-k most influential
tuples to the fairness criteria violation (Section 3.3). Unlike W,{‘YD ,
which approximates MI at the distribution level, ‘Ll}f AT and Urc
are grounded in tuple-level notions of unfairness, making them
compatible with DP and more interpretable. Table 1 provides a
consolidated overview of the properties of all three measures.

3.1 Unfairness as Mutual Information

A standard way to measure dependence between variables is com-
puting the mutual information (MI) between them [54, 66, 91]. Thus,
for a fairness criterion P L O | A, we can measure the MI between
P and O given A to obtain our first measure notion. We abuse the
notation from Definition 3.1 and denote the sum of (conditional)
mutual information between the attributes in the fairness criteria
contained in & by MIp(F), i.e., MIp(F) = X e MIp (F).

Definition 3.1 (Mutual Information Unfairness). Given a database
D and a fairness criterion of the form F = P 1 O | A where A can be
an empty set, the mutual information unfairness measure is defined

as Um (F, D) = MIp(P,0 | A).

Previous work [91] has already shown that Uy, is not suitable
as an accurate measure in the DP setting due to its relatively high
sensitivity of O (log n/n). Such sensitivity means that Laplace noise
of scale proportionate to log n/(en) should be added to achieve -
differential privacy. However, the range of Uy is [0, o), and the
closer we get to F being satisfied (that is, the more independent
the attributes in the F are), the smaller Uy becomes. Thus, when
F nearly holds and Uy is close to 0, the added Laplace noise can
severely distort the original U, value, making it unusable. The
range of Uy, also poses a problem. Since it is unbounded, it is
difficult to interpret its values and distinguish which values indicate
low dependence score between the sensitive and outcome attributes,
and which values indicate high dependence score. Therefore, we
need to find an alternative with lower sensitivity.

To mitigate these issues, one can use a proxy function for U
that has low sensitivity and a bounded range. A possible proxy func-
tion, presented in [91] for a single fairness criterion, is %{ﬁ?yes (F,D) =
—%minproepo [|Pré[P,O | A] — Pr[P,O | A]||, where Pr°[P,O | A]
is the maximum joint distribution defined as the one that maximizes
the mutual information between P and O, given A. Zhang et al. [91]
also showed that the sensitivity of (Llf‘fyes is % for an unconditional
fairness criterion, and is therefore suitable for DP.

However, ’Ll,ﬁ?y “ lacks the desired positivity property. Further-

more, the relation between Uy and (L(ﬁ‘[zyes can be difficult to visu-

ally comprehend. In the full version [89] we demonstrate the faith-
fulness between Uy, and Wﬁ?yes for the Adult, Stackoverflow
survey, and Compas datasets (see Example 1.1) with fairness criteria
detailed in Table 2 in the sequel.

This faithfulness gap motivates us to define a novel proxy func-
tion for Uy that has low sensitivity and high correlation with Upm
both theoretically and in practice. This proxy measure is based on
the concepts of Total Variation Distance (TVD), that is defined as
TVD(P,Q) = % > [P(x) — Q(x)| for two distributions P and Q.



Table 1: Properties of the discussed unfairness measures along with their computation and utility costs. Green rows denote
the chosen measures and red rows denote measures that are unsuitable either due to relatively high sensitivity (U/y), unsatis-

factory faithfulness to the original measure (’Llla?yes), or high computation costs (U{r). All measures satisfy the positivity and

monotonicity properties outlined in Section 3, except ‘Llﬁ‘fyes that violates positivity.

Motivation Measure | Range for F Aqq for F Aqq for 7 Complexity Error Bound
Umi [0, ) o (lo'gln) - - -
Attribute correlation (uﬁ\:‘yes [-1,0] 0(3) - i -
wyr | o2 o(3) o(%) 0 (71n) =
Ur [0,n] 1 - Exp.inn -
Distance to a fair database
USAT [0,n] 2 2| 7] O (|F] (n* + SAT)) 47
Contribution of the top-k tuples to unfairness Urc [0, min{ %, 2}] o (%) o ( ij) O (|Flnlogn) 71;‘?

Definition 3.2 (‘LI&YD as a proxy for Upm). Given a database D
and a fairness criterion of the form F =P 1L O | A where A can be
an empty set, the ‘LIAT,\YD proxy for Up, is defined as:

ULYP (P L O|A,D) =2 - (TVD(Prp (P,O|A), Prp(P|A)Prp(0]A)))*

We first show that Wla‘l/D is a bounded approximation of U
and further show that it leads to a better approximation of U in
practical scenarios.

PRrOPOSITION 3.3 (U[/'P 15 BOUNDED BY Up). Let D be a data-
base such that the schema of D is a superset of P U O. Given a fairness
constraint P 1L O, the following holds: a - Um (P, O) < ”LI,C\YD P
0,D) < Upm(P,0) where X = Prp(P,0), Y = Prp(P)Prp(0), and
a = mianZ,Y(z)>0Y(Z)-

We defer all proofs to the full version of the paper [89].

Though the lower bound could be loose when « is small given a
skewed dataset, in practice ‘LIATAYD approximates Uy tightly. In the
full version [89] we show the values of W&YD compared to Upm,

%{,ﬁ‘:yes, and its offset version. The trend of ’L(ATAYD values emulates
the trend of U, values better than the other measures. Further-
more, Figure 3b (Section 5.2) shows a similar faithfulness trend of
%{ATAYD to Umi on a synthetic dataset with increasing unfairness.
We now show that UY,/'? satisfies the desired properties. The
first two properties can be shown directly, while computability
under DP will be proven in a two-part fashion: (1) bounding the
sensitivity and range of the measure in the following proposition
and (2) providing an e-DP algorithm for computing it in Section 4.

PROPOSITION 3.4 (U] VP SATISFIES THE DESIRED PROPERTIES).
(1) WZAYD satisfies the Positivity property.
2) ‘L(ATAYD satisfies the Monotonicity property.
(3) The range of’LI,&YD is [0, 2|F|] for a set of criteria F .
(4) The sensitivity of(LIATAYD is @ for a set of criteria ¥ and a
database of size n.

3.2 Unfairness as Data Repair Cost

Inspired by the field of data repair [3, 10, 18, 35, 62, 77] and previous
work on inconsistency measures for integrity constraints [63, 73],
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including a recent work that allows for their DP computation [68],
we use a similar idea to define another unfairness measure.

Definition 3.5 (Data Repair Unfairness). Given a database D and
a fairness criterion of the form F =P 1 O | A where A can be empty,
the repair unfairness measure is defined as Ur(F, D) = |D = Dg|,
where Dy is the database with the smallest number of removed and
added tuples to D that satisfies F, and = is the symmetric difference.

It follows that U satisfies the Positivity and Monotonicity prop-
erties, its range is [0,n|F|], and its sensitivity is |¥|. However,
the problem of finding a minimum data repair is known to be a
particularly challenging one, as we shall next elaborate.

Computational challenge. The problem of data repair has been
thoroughly studied with different intervention models, such as
tuples deletions [37, 62], value update [18, 35, 75], and combinations
of tuple additions and deletions [77]. Its computational hardness
is well established, even under tuple deletion alone [62]. Although
our goal is to measure the size of the repair with deletions and
additions and not to find the repair itself, the two problems are
computationally equivalent. To address this challenge, in Section 4,
we adapt an algorithm from previous work [77] that reduces the
problem of computing Ug to the Max-3SAT problem, and then uses
a SAT solver to obtain a repair. Therefore, for Ug we resort to a
proxy measure called ’LIRS AT that is based on prior work [77], not
for privacy purposes, but for computational purposes.

Review of the approach from [77]. To overcome intractability,
Salimi et al. [77] reduce the computation of an optimal repair satis-
fying P L O | A to weighted MaxSAT (which can then be solved
by a SAT solver), where A = {P,0, A}.2

Define the self-join database Dy; = IIp o (D) > IIp A (D). Then,
any minimal repair D’ of D satisfies D’ C Ds;. The reduction
converts the tuples in D; to a CNF formula by adding a clause x;
for every t € D and a clause —x; for every t € Ds;\D. These are the
‘soft clauses’ of the formula. It also adds the clauses —x;, V —xy, V

%In practice, the database schema may contain additional attributes that do not appear
in the fairness criterion. We therefore compute the repair on the projection to the
criterion’s attributes and, when we lift this repaired projection back to a full repair
of the original schema, we keep all other attributes as in the original database. Since
these additional attributes are unchanged, all propositions that we prove in the sequel
with the reduced schema assumption carry over to the full schema.



Xz, for tuples of the form t[p1, y1, al, t2[p2, Y2, a] and t5[p1, y2, al.
Intuitively, t; and #; are the lineage of #;. Thus, these are the ‘hard
clauses’ of the formula, i.e., they must be satisfied by the obtained
assignment. Salimi et al. [77] uses a SAT solver to find an assignment
that maximizes the additive weight of the satisfied soft clauses of
the constructed CNF formula. The assignment directly corresponds
to the tuples that have to be removed and added to satisfy the
fairness criterion. Next, we show how we utilize and extend this
approach to define (L(F‘{S AT which is our proxy for Ug.

3.2.1 Defining ’LI&S AT Following previous work [77], we define
‘Ll,f AT in terms of an assignment to the relevant CNF formula. We

begin by defining this CNF formula that Ds; is mapped to.

Definition 3.6 (CNF formula for Ds; [77]). Given a database D
whose schema contains P U O U A, and a fairness criterion F =P 1L
O | A, the self-join database CNF formula is defined as

¢(D,Dg;) = HIDH A [\ xen N\ (=x0),

teD teDsj\D

where each x; represents a soft clause for a tuple t and H (D) is the

set of hard clauses constructed as follows. Let C(Py, Oy, P2, 02, A) :=
Dy j(P1,01,A)ADsj(P,, Oy, A). That is, C is the set of all tuples formed
by joining Ds; with itself on the attribute A, pairing tuples with the
same A-values and extracting the relevant attributes. For each tuple
t € C, a clause of the form (—x;, V —xy, V x,) is added to H (Ds;),
where = (Pl, Ol,A), t) = (Pz, OQ,A), I3 = (Pl, Oz,A).

We treat the soft clauses A;cp Xt A Asep,;\p(—X:) as a bag,
meaning that soft clauses for two identical tuples (except their IDs)
will both appear in ¢(D, Dy;).

A feasible assignment for a CNF formula ¢ (D, Dy;) is an assign-
ment, a, that satisfies all the hard clauses H (D).

We now define the repair cost of a database based on an assign-
ment from Definition 3.6. We will then link this notion with the
notion of data repair by means of tuple deletions and additions.

Definition 3.7 (Repair cost under assignment). Given a database
D, a fairness criterion F, a CNF formula ¢(D, Ds;) and « a feasible
assignment for ¢, let Dg denote the set of tuplest € Dy; such that x; is
assigned True under the assignment a. We define the cost of repairing
D under the assignment a as dist(¢(D, Dsj), ) = |D = Dg|. That is,
the size of the set of tuples in D whose corresponding variables are
assigned to False, or are not present in D and assigned to True.

The following lemma discusses the direct translation between
the number of soft clauses satisfied by an assignment to the CNF
formula and the number of changes in the database required for it
to satisfy the fairness criterion. In particular, a larger number of
satisfied clauses means a smaller change in the original database.

LEMMA 3.8. Given a database D and a fairness criterion, let Dy
be the self-join database. Let ¢(D, Ds;) be a CNF formula defined
according to Definition 3.6 and let oy and a; be two feasible assign-
ments for ¢. Finally, let dist(¢(D, Ds;), a1) and dist(¢(D, Ds;), az)
be defined according to Definition 3.7. If oy satisfies more soft clauses
than oy, then: dist(¢(D, Ds;), 1) < dist(¢(D, Ds;), az).

By applying Lemma 3.8, we can define a proxy for U,
as the repair with the minimum cost based on Definition 3.7.

SAT
USAT,
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Definition 3.9 (‘Llrfﬂ(r as a proxy for Ur). Given a database D, a
fairness criterion F, and the CNF formula ¢ (D, Ds;), the cost of an
optimal repair of D through ¢(D, Dy;) is

USAT(F,D) = mén )dist((p(D, Dy;), @)
al=7 s j

=H(D
We detail the properties of (L{RS AT showing that it satisfies the
required desiderata and its bounded sensitivity relative to its range.

PROPOSITION 3.10 ((L{RSﬂT SATISFIES THE DESIRED PROPERTIES).
(1) ”Ll'i””— satisfies the Positivity property.
2) (Ll,fﬂ(r satisfies the Monotonicity property.
(3) The range of‘ngfﬂT is [0, n|F|] for a set of criteria F.
(4) The sensitivity of"LlﬁgﬂT is 2|F| for a set of criteria 7.

3.3 Unfairness as Top Contributions

Previous work has measured tuple contributions as both measuring
inconsistency [63] and as means of explaining results [21, 60, 61, 67].
We adapt this notion to define an unfairness measure that measures
individual tuple contribution to unfairness. First, we define the
notion of marginal difference for a fairness criterion F =P 1 O | A
where A can be absent, as follows:

MD(F,D,t) = Prp(A = t[A])‘PrD(P =t[P], 0 =1[0] | A =t[A])
— Prp(P =t[P] | A = t[A])Prp(O = t[O] | A = t[A])),

where Prp(A = t[A]) = 1 when A is absent.
We now define the Uyc measure using the MD notion.

Definition 3.11 (Top-k Tuple Contribution Unfairness). Given a
database D, a natural number k, and a fairness criterion of the form
F =P 1 O | A, define top-k as the set of as the set of k tuples with
the largest MD values. We assume that each tuple in the database
has a unique ID, so that tuples with the same values but different IDs
can both appear in the top-k. Then, the tuple contribution unfairness
measure is defined as Urc (F, D) = Yier0p—k MD(F, D, t).

While Definition 3.11 resembles Definition 3.2 as a cumulative
sum of residual tuple differences, they diverge when databases have
similar sums but different contribution distributions, e.g., a ‘long
tail’ of outliers. We demonstrate this distinction empirically in [89].

In the following proposition, we assume thatif P L O | A € F,
all values of A occur more than once in the dataset. This was the
case in all real-world datasets included in our experiments.

PROPOSITION 3.12 (Urc SATISFIES THE DESIRED PROPERTIES).
Given a natural number k, the following holds for Urc:
(1) Urc satisfies the Positivity property.
(2) Urc satisfies the Monotonicity property.
(3) The range of Urc is [0, min{%, 2} F ] for a set of criteria F .
(4) The sensitivity of Urc is 35| F]| for a set of unconditional F,
and E|F| for a set of conditional F .

‘LIATAYD R ‘LI&S AT and Urc satisfy

monotonicity with a lower bound of 0 (absolute fairness) and an
upper bound (Propositions 3.4, 3.10 and 3.12), enabling detection
of both fair and extremely unfair cases, demonstrated by one of
our use cases in Section 5.2. For nuanced assessment, users can
calibrate against a likely-satisfied baseline criterion; e.g., in Table 3

Practical use of the measures.



we show the values of the three unfairness measures with the
criteria sex AL income>50K and race I income>50K in the first
two rows and indicate a more obvious bias for income w.r.t. race.

Relation to other suggested properties. Previous work [63]
has also proposed the continuity and progression properties for
inconsistency measures. Underlying both properties is a dynamic
data repair process with an associated operation set O, e.g., a single
tuple deletion and/or modification, and a parameter § > 1.
Informally, continuity limits the rate of inconsistency change
caused by a single operation from O. In our setting, for every two
databases D1, Dy, criteria #, and operation 0; € O, there exists 0, €
Osuchthat |U(F,D1) - U(F, 01(D1)| < 8 |U(F, D) — U(F, 02(Dz)l.
Assuming O allows the modification, deletion, or insertion of a
single tuple, we can derive a similar property from the sensitiv-
ity analysis of the measures (Table 1), which guarantees that the
rate of change is bounded for neighboring datasets, where D and
D’ = 01(D) are neighbors: |U(F, D;) — U(F, 01(D1)| < Aqy.
Progression states that in any case where a database violates
the fairness criteria, the repair process always allows for some
path towards more database consistency, i.e., there is always an
operation o € O such that inconsistency is reduced after apply-
ing 0. As opposed to the integrity constraints considered in [63]
which are anti-monotonic, fairness criteria do not have this prop-
erty. Therefore, if O only allows for tuple deletions for example,
progression does not necessarily hold. To see this, consider the
criterion sex L income>50K and a database where all individuals
have sex = M and income>50K = 1. This database violates the
fairness criterion but any tuple deletion will not reduce the un-
fairness expressed via (LI,aYD and Urc. For ‘Ug AT consider the
criteria 7 = {A L B,C L D} and the database D with the schema
(A, B,C, D) and tuples (1,1, a,x), (1,0,b,y), (0,1, b,y), (0,0,a,x). D
satisfies A 1L B but violates C L D. Any single tuple deletion will
make the database violate A L B, necessitating at least a single
increment of the %{lf AT measure.

4 PRIVATE MEASURE COMPUTATION

We describe the algorithms that compute the unfairness measures
and comply with DP, showing the third desideratum from Section 3.

4.1 Computing (LIAT,‘YD

The pseudocode for computing (L(I{“[/D is summarized in Algo-
rithm 1. In line 1, the algorithm initializes to zero the variable
that will accumulate (LII{‘YD (F, D) for all F in the set of criteria
¥ For each fairness criterion of the foorm F = P L O | Ain
the set of criteria ¥, in line 3 the algorithm computes empirical
probabilities derived from the dataset D: the conditional joint prob-
ability Prp(P,O | A) and the conditional marginal probabilities
Prp(P | A) and Prp(O | A). In case A is not given, we assume that
Prp(P,0 | A) is equal to Prp(P,0), Prp(P | A) is equal to Prp(P),
and Prp(O | A) is equal to Prp(O).

The algorithm splits into two cases: unconditional (no A), com-
puting TVD directly in line 5; and conditional, computing Prp(A =
a) for each a in line 7, then summing the probability-weighted condi-
tional TVDs in line 9. Finally, the algorithm computes U\,"” (F, D)
as 2 - TVD? (Definition 3.2) and updates the cumulative sum with
this value in line 10. After computing ‘L(;\YD , the algorithm applies
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the Laplace mechanism in line 11 by adding noise according to the

sensitivity % (Item 4 in Proposition 3.4), and the privacy budget

¢. The resulting value ’LIATAYD (F, D) is then returned.
The complexity of Algorithm 1is O (|F|n). We defer the detailed
complexity analysis to the full version of the paper [89].

Algorithm 1: Compute WZ-,\YD under DP

Input: Database D; set of fairness criteria ; privacy
budget ¢

Output: 71,&‘[/1) (7,D)
1 ‘LI;\YD(?-, D) « 0;

2 foreach F=(P 1L O|A) € ¥F do

3 Compute Prp (P=p,0 =y | A=a),
Prp(P=p|A=a),Prp(O=y|A=a);
/* Unconditional criterion %/
4 if A is 0 then
5 TVD — 1 3 epyeolPrp (P =p.0 =)
~Prp (P =p) Prp (0 =y)|;
/* Conditional criterion %/
6 else
7 Compute Prp (A = a) for every a € A;
8 TVD « Y ea Prp(A =
a) - (% ZpeP,y€O|PrD (P=p0=ylA=a)
0 —PrD(P=p|A=a)PrD(o=y|A=a)|);
0 | UNP(F,D) — ULYP(F,D) +2- TVD

1 return ‘LIATA‘]/D(T, D) + Lap (0, 16|71 );

ne

o

We next show that Algorithm 1 satisfies DP with bounded error,
and thus (LIATAYD satisfies the third property in Section 3.
PROPOSITION 4.1 (DP AND ERROR BOUND OF ALGORITHM 1).

(1) Algorithm 1 is e-DP.
(2) For a database D and a set of fairness criteria ¥, Algorithm 1

returns ‘LIATA‘]’D(T, D) such that for any ¢ > 0, it holds that
16|71
ne

B [|tyP (7:p) - uly P (7.0)|| =

4.2 Computing (LI[‘{S AT

Algorithm 2 combines the weighted CNF conversion from [77] with
a SAT solver to solve the weighted MaxSAT problem, using the
noise scale determined in Section 3.2.1 to ensure DP.

In line 1, the algorithm initializes the variable that will accumu-
late (H,fﬂ(r(F, D) for all F in the set ¥. For each fairness criterion
F =P 1 O | Ain the set 7, the code block 3 runs the algorithm
from [77]. This block first initializes ¢ to an empty set, and then
adds soft and hard clauses as in definition 3.6. Then, the algorithm
calls a SAT solver in line 4 to obtain an assignment « that satisfies
all the hard clauses and maximizes the number of satisfied soft
clauses in ¢. From this assignment, the algorithm constructs the
repaired database in line 5, which has all the tuples that « assigns
True. In line 5 it computes %{l‘fﬂT(F, D) according to Definition 3.9,
and updates the cumulative sum with this value.



Finally, the algorithm applies the Laplace mechanism in line
6 and adds noise according to the sensitivity 2|F| (see Item 4 in
Proposition 3.10). The noisy version of WgﬂT is then returned.

The complexity of Algorithm 2 is O (|F| (n* + SAT)). We defer
the detailed complexity analysis to the full version [89].

Algorithm 2: Compute (L{,f AT under DP

Input: Database D; set of fairness criteria 7; privacy
budget ¢
Output: ﬂsﬂ(]—(?‘, D)
1 USHT(F,D) —0;
foreach F=(P L O | A) € ¥ do
/* Algorithm from [77]
Dsj(Pb 0;,A) < D(Py1,04,A) »< D(P;,0;, A);
¢ <0
foreach t € Dg; do
if t € D then
L Add the soft clause x; to ¢;

if t ¢ D then
L Add the soft clause —x; to ¢;

2
*/

C(Py,01, Py, 0,,A) < Dy (Py,01,A) A Dy (P, 0y, A);
foreach t € C do
t «— t(Pl,Ol,A), by «— t(Pz,Oz,A), I3 «— t(Pl,Oz,A);
Add the hard clause (—x;, V —xy, V xz,) to ¢;

a « Solver(¢p);
Dg « {t | a(x;) = True}
USAT(F,D) — U7 (F,D) + |D = Dgl;

return ‘LI&SﬂT(T, D) + Lap (0, %)

PROPOSITION 4.2 (DP AND ERROR BOUND ON ALGORITHM 2).
(1) Algorithm 2 is e-DP.
(2) For a database D and a set of fairness criteria ¥, Algorithm 2
returns Wﬁgﬂ{r('ﬁ D) such that for any & > 0, it holds that
B (|t (7. D) - w7 (7 D)|| = 22,

4.3 Computing Urc

We describe the pseudocode in Algorithm 3 for computing Urc.
In line 1, the algorithm initializes to zero the variable that will
accumulate Urc (F, D) for all F in the set of criteria . For each
fairness criterion of the form F = P L O | A in the set of criteria
¥, in line 3 the algorithm computes empirical probabilities derived
from the dataset D: the conditional joint probability Prp(P,O | A)
and the conditional marginal probabilities Prp (P | A) and Prp(O |
A). In case A is not given, we assume that Prp(P,O | A) is equal to
Prp(P,0), Prp(P | A) is equal to Prp(P), and Prp(O | A) is equal
to Prp(O). Then, the algorithm iterates over every tuple ¢ in D and
in line 5 it computes the marginal difference MD(F, D, t) (defined
in Section 3.3). The resulting value quantifies the contribution of
each tuple ¢ to the deviation of the observed joint probability from
the joint probability in the case when the independence defined by
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F would hold. After computing marginal differences for all tuples in
the dataset, the algorithm sorts them in descending order in line 6.
In line 7 it adds the sum of the k largest marginal differences to the
global value Urc (F, D). Intuitively, for each criterion in ¥, it adds
the violation influence of the k most influential tuples to the total
score. The algorithm performs all the previous stages for every F in
. After iterating over all of them, the algorithm adds Laplace noise
in line 12 according to the sensitivity % | if there is a conditional
Fe¥,and % |F | otherwise (Item 4 in Proposition 3.12). This noisy
value is returned as the DP version of Urc.

The complexity of Algorithm 3 is O (|7 |nlogn). We defer the
detailed complexity analysis to the full version [89].

Algorithm 3: Compute Urc under DP
Input: Database D; set of fairness criteria ¥ ; accuracy
parameter k € N; privacy budget ¢
Output: Urc (F.,D)
Urc(F,D) < 0;
foreach F=(P L O | A) € ¥ do
Compute Prp[P =p,0 =y | A=a],
Prp[P=p|A=a],Prp[O=y|A=a];
foreach t € D do
MD(F,D,t) « Prp[A=a]|Prp[P =p,0 =y |

A=a|l-Prp[P=p|A=a]lPrp[O=y|A=d]|;
Sort MD(F, D, t) for all t € D in descending order;
B Urc(F,D) «— Urc(F,D) + ZtEtop-k MD(F, D, t);
if 3F = (P,0 | A) € F such that A is given then

12 return Uyc(F, D) + Lap (O, ‘TJ'A

);

PROPOSITION 4.3 (DP AND ERROR BOUND OF ALGORITHM 3).
(1) Algorithm 3 is e-DP.

(2) For a database D, Algorithm 3 returns Usrc (F,D) such that
for any e > 0, it holds that

[T (7, D) - the(70)|| = K7

for a set of unconditional fairness criteria , and
— 7k
8| [the (7.0) - tire (7 0)|| = T2
ne

for a set of conditional fairness criteria.

5 EXPERIMENTS

We have experimentally studied our measures and the algorithms
computing them by answering the following questions: (1) What is
the usefulness of the measures in different scenarios and what is
their ability to detect different levels of unfairness? (2) How do our
algorithms scale? (3) What is the effect of the privacy budget on
measure accuracy? (4) How do the measures perform in terms of
faithfulness and under parameter variation?



Summary of our findings. Our experiments confirm that the
proposed unfairness measures are practical for real-world fairness
assessment, serving both as pre-query trust indicators and as alter-
natives to model-based estimation. The measures detect unfairness
correctly and proportionately (Figure 3a), all three increase mono-
tonically with the Demographic Parity gap, with ’LIRS AT increasing
near-linearly and ’LI,&YD , Urc increasing approximately logarithmi-
cally. Their relative ordering agrees with the observed query output
disparities (Section 5.2), and (LIATAYD closely tracks Uw (Figure 3b).
All algorithms scale steadily with tuple count and fairness criteria
(Figure 4), where Algorithm 3 is the fastest, followed by Algorithm 1,
both completing in seconds on large datasets, while Algorithm 2
is 102 — 10% times slower due to its weighted MaxSAT solver, yet
remains valuable for capturing the most nuanced unfairness notion.

Additional experiments detailed in [89] show that (i) (LIATAYD is
a good proxy for Uy, (ii) Urc increases monotonically with k up
to some value, indicating that a dominant subset of tuples drives
unfairness, and (iii) our heuristic for Wlf AT improves runtime by
over 50% while preserving relative measure values.

5.1 Experimental Setup

All algorithms and experiments were implemented in Python using
standard packages such as networkx, numpy, pandas, and z3-solver.
The experiments ran on a machine with Intel Core i5-12400F.
For each data point in every experiment, we performed 10 indepen-
dent repetitions, unless stated otherwise, and averaged the result. If
one of these repetitions took longer than 24 hours to complete, we
did not include this data point in the graph. For experiments with
fixed data size, we randomly sampled up to 100K tuples from each
dataset, or used the entire dataset if it is smaller, ensuring that the
assumption of multiplicity in the A values holds (Proposition 3.12).

Datasets. We used the following five datasets in our experiments.

o Adult: A dataset downloaded from ?, containing 15 attributes and
48,843 tuples. It contains personal data about individuals, including
their sex, race, marital status, whether their income is over 50K, etc.
Some attributes were renamed for clarity (e.g., the binary attribute
income was renamed to income>50K).

o TPUMS-CPS: A population survey dataset published by the U.S.
Census Bureau [31] and downloaded from *, containing 8 attributes
and 1,048,576 tuples, with data from 2011 till 2019. The dataset, like
the Adult dataset, contains personal data about individuals.

o Stackoverflow °: A dataset containing 114 attributes and 65,438
tuples. The dataset contains the results of the Stackoverflow devel-
opers survey for 2024, and includes languages they use, where they
learned to code, information on the companies they work at, etc.
e Compas °: A dataset containing 47 attributes and 11,757 tuples.
It contains the criminal history, jail and prison time, demographics
and Compas risk scores for defendants from Broward County from
2013 and 2014. The data is usually used to predict whether a person
will re-offend within the next 2 years.

3https://archive.ics.uci.edu/dataset/2/adult. Accessed: 25 May 2026.
“https://cps.ipums.org/cps. Accessed: 25 May 2026.
Shttps://kaggle.com/datasets/berkayalan/stack-overflow-annual-developer-survey-
2024. Accessed: 25 May 2026.
®https://github.com/propublica/compas-analysis/blob/master/compas-scores.csv. Ac-
cessed: 25 May 2026.
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Table 2: Fairness criteria per dataset.
Dataset Fairness criteria
(1) education-num L income>50K
(2) sex L income>50K
(3) race L income>50K
(4) sex L income>50K | hours-per-week
(1) HEALTH 1L INCTOT | EDUC
(2) HEALTH 1L 0CC | EDUC
(3) HEALTH 1L MARST | AGE
(4) HEALTH 1L INCTOT | AGE
(1) Country L RemoteWork | Employment
(2) Age L PurchaseInfluence | OrgSize
(3) Country I MainBranch | YearsCodePro
(4) Age L MainBranch | EdLevel
(1) race L is_recid | age_cat
(2) sex L is_recid | priors_count
(3) race L decile_score | c_charge_degree
(4) sex L v_decile_score | age_cat
(1) race L complications | age_group
(2) smoker L complications | age_group
(3) race L income | county
(4) smoker L income | num_children

Adult

IPUMS-CPS

Stackoverflow

Compas

Healthcare

e Healthcare 7: A dataset containing 11 attributes and 1000 tuples.
It contains personal data of patients, such as the income, number
of complications, county, race, age.

All datasets were preprocessed so that negative numerical values
were replaced by zeros since their domains are nonnegative, cat-
egorical values were encoded, with missing or undefined values
being treated as a separate category. For the IPUMS-CPS dataset,
the attribute AGE was discretized as 10 years per range, e.g., [0, 10]
is considered a single value. We only included tuples with attribute
INCTOT (total income) smaller than 200K to avoid outliers, as in [82].

Fairness criteria. Following our formalization in Section 2.2 of
fairness criteria as conditional independence statements, we list
the criteria per dataset in Table 2, numbered 1-4 in the figures. The
criteria reflect natural desiderata for protected attributes (e.g., sex)
to be independent from the outcome attribute (e.g., income).

Algorithm variations and optimizations. Since there are no
baselines for unfairness measures, we compared Algorithms 1 to 3
with their several variations and used a heuristic for Algorithm 2:

e Non-private versions: In Figure 5, we compared Algorithms 1
to 3, with varying privacy budgets from 0.1 to 10, with their non-
private counterparts, i.e., setting ¢ = co. For the rest of the experi-
ments, we use a privacy budget of ¢ = 1, unless otherwise specified.
e kin Algorithm 3: We fixed k = 500 in all experiments.

e Heuristic for Algorithm 2: Due to scalability issues of the
SAT solver in line 4 of Algorithm 2, we employed a heuristic that
partitions the database to consecutive chunks of 100 tuples, then
runs Algorithm 2 separately for each chunk and each criterion,
and sums up the results to yield an estimate of the 'LIF;g AT value.
Assuming that the tuple order is preserved in neighboring databases,
as is standard for bounded DP [71], the sensitivity of this heuristic
remains identical to A,L(RSﬂ’]', as proven in [89].

Relative L1 error. In some of the experiments we measured relative
L1 error of the algorithms. For a given ¢, we define the relative error
IX-Y]
max(Y,e~100)°
budget ¢, and Y is the output of the algorithm without privacy. The
use of 1% in the denominator is meant to avoid division by 0.

where X is the output of the algorithm with privacy

"https://github.com/stefan-grafberger/mlinspect/tree/master/example_pipelines. Ac-
cessed: 25 May 2026.
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Table 3: Average unfairness-measure values for the fairness
criteria on the Adult and Compas datasets. Darker red indicate
higher measure value, i.e., larger unfairness.

Table 4: Fairness values (Demographic Parity gaps) of
privately-trained variations of Random Forest (RF) and Neu-
ral Network (NN) on the Adult dataset.

Dataset Criterion corresponding to (Query) W&IVD 'ng AT Urc

race I decile_sc | age_cat (q1) 0.035 2517.2 0.263

age_cat 1 decile_sc | race (qz) 0.049 2704.8 0.310
Compas

race I decile_sc | c_charge_d. (g3) 0.039 2662.8 0.282

c_charge_d. L decile_sc | race(qs) 0.015 1897.7 0.169

i > ! 8 0.

Adule S L income>50K (gs) 0.015 4573.8 0.175

race L income>50K (gs) 0.002 1227.8 0.053

5.2 Use Cases for the Measures

We next show three case studies for our unfairness measures in the
context of (1) data exploration (2) ML models, and (3) increasing
data unfairness.

Assessing dataset biases in data exploration.

Suppose we are interested in understanding how estimated risk
to reoffend varies across age, race, and charge-degree groups using
the Compas dataset. Queries q;—q4 compute average or median
decile_score across such groups, where decile_score denotes
the estimated risk to reoffend. For example, ¢; computes, for each
age group, the average decile score aggregated over race groups:

SELECT age_cat, AVG(avg_d) AS avg_d

FROM (SELECT race, age_cat, AVG(decile_score) AS avg_d
FROM Compas GROUP BY race, age_cat) t

GROUP BY age_cat;

Each query corresponds to a criterion of the form S 1L Y | A,
where Y = decile_score, S is the attribute over which disparities
are measured, and A is the conditioning attribute. The correspond-
ing measures in Table 3 indicate disparities in the data, and the
non-private results reflect them. For example, in q;, the average
decile_score for individuals aged 25-45 is 3.788 without privacy,
compared to 2.662 for individuals older than 45.

With ¢ 1, however, the added noise severely distorts the
query results, making them misleading. For example, in g4, for
c_charge_degree = O, the median decile_score is -6.324 with
¢ = 1, compared to values close to 2 without privacy that are con-
sistent with the measures. This trend, observed by prior work [82],
shows that differential-privacy noise can distort query results and
even flip orderings, especially for small groups. Thus, the unfairness
measures computed directly on the data with budget € = 1, shown
in Table 3, are crucial for interpreting such noisy query results.

Now suppose we are interested in understanding how income
varies across different sexes and races in the Adult dataset. Queries
g5 and g compute the proportion of individuals with income above
$50K across groups defined by sex and race, respectively (see [89]
for their SQL descriptions). Before running the queries, we com-
puted the unfairness measures for the corresponding criteria sex L
income>50K and race 1L income>50K. The last two rows of Table 3
indicate stronger income bias with respect to sex than race. This
remains visible even with ¢ = 1: in gs, the proportion of males
with income above $50K is 0.304, compared to 0.110 for females,
whereas in ge the largest racial disparity is smaller, between 0.118
for Amer-Indian-Eskimo and 0.261 for Asian-Pac-Islander. Thus,
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Model sex 1L income>50K race 1L sex
Accuracy DP gap Accuracy DP gap

RF, 10 trees 78.91% 0.058 78.22% 0.213
RF, 50 trees 78.24% 0.037 78.50% 0.235
RF, 100 trees 78.41% 0.044 77.54% 0.234
RF, 200 trees 77.91% 0.032 76.06% 0.188
NN, 1 hidden layer 84.16% 0.197 80.37% 0.216
NN, 2 hidden layers 83.82% 0.201 80.03% 0.236
NN, 3 hidden layers  82.40% 0.225 79.33% 0.231

because the Adult dataset is much larger, the added privacy noise
weakens but does not substantially obscure these trends.

Overall, the measures serve as an early warning mechanism and
identify queries whose results may reflect dataset bias, as well as
help interpret query results distorted by privacy noise.

A complementary view to Machine Learning models. To ex-
amine how our measures complement ML models in quantifying
unfairness, we trained a variety of models with two different classes
and hyperparameters to predict income>50K and sex based on
the other attributes in the Adult dataset. We measured the Demo-
graphic Parity gap of the predictions of income>50K with respect to
sex, and the gap in the predictions of sex with respect to race. The
latter serves as a baseline (which did not appear in Example 1.1), as
in real-world settings and intuitively these attributes are expected
to be independent, and thus any observed dependence indicates bias.
The models, accuracy rates and gaps are detailed in Table 4. We ob-
serve that the models consistently estimate a stronger dependence
between sex and race than between income>50K and sex. More-
over, despite all models achieving similar accuracy (76.06%-84.16%),
the Demographic Parity gaps vary substantially both across model
classes (0.032-0.058 for Random Forest, 0.197-0.255 for Neural Net-
work) and within a single class (for Random Forest, 0.032-0.058 for
sex and income>50K, and 0.188-0.235 for race and sex), making it
difficult to reliably compare the two disparities. Conversely, eval-
uating the unfairness measures directly on the Adult dataset for
the corresponding criteria, sex 1L income>50K and race 1L sex
generates the intuitive results consistent with prior work [83, 86]
that indicate a strong dependence between sex and income in the
Adult dataset: 0.014 and 0.002 for U[/'", 4424 and 1432 for U7,
and 0.164 and 0.076 for Urc, respectively.

Finally, the models are limited to assessing unfairness only for
the attribute they were trained for. For example, if we compute the
Demographic Parity gap for race given sex using a model trained
to predict income>50K, we obtain a value of 0.044 for a Random
Forest with 200 trees. In contrast, when the same model is trained
to predict sex (i.e., aligned with the criterion), the correspond-
ing Demographic Parity gap is 0.188. In contrast, the unfairness
measures can run over arbitrary fairness criteria and thus form a
complementary alternative to model-based fairness evaluation.

Detecting varying unfairness. We studied how our unfairness
measures react to gradually increasing unfairness in a dataset. We
constructed a binary synthetic dataset with attributes sex and
income>5€K containing 100,000 tuples, with an equal number of
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male and female records. Initially, the dataset was completely fair
(i.e., 50% of each sex group had income>50K = 1). We then progres-
sively flipped an increasing fraction of male records to have income
above 50K and female records to have income below 50K, thereby
monotonically increasing the demographic parity gap |Prp(income >
50K | sex = M) — Prp(income > 50K | sex = F)|. In Figure 3a, we
plot the values of the measures as a function of the demographic
parity gap. (LIF‘{S AT (as computed by Algorithm 2 with our heuris-
tic) exhibits almost linear growth as the demographic parity gap
increases, while %[ATAYD (as computed by Algorithm 1) and Urc (as
computed by Algorithm 3) exhibit growth that appears logarithmic.
Urc also decreases slightly toward the right-hand side of the graph,
since when the dataset becomes fully polarized, M®D for all tuples
become similar (i.e., there are no outliers), and so the top-k sum di-
minishes. Additionally, Figure 3b shows that on the same synthetic
dataset, WZ-,\YD closely follows the trend observed for U . Overall,
all measures correctly detect small changes in unfairness.

5.3 Scalability

Figure 4 depicts the effect of data size and the number of fairness
criteria on the runtime of the algorithms. In Figure 4a, we plot the
runtime of the algorithms for each dataset as a function of the num-
ber of tuples. Across all datasets, the computation of Algorithm 2
is consistently the slowest. The runtime increase of Algorithm 2
stems from its dependence on the weighted MaxSAT solver used to
find the minimal repair. However, this step also enables it to capture
a more nuanced notion of unfairness than the other measures.
Algorithm 3 is frequently the fastest, with an exception being
the IPUMS-CPS dataset, on which the runtime is higher and mostly
insensitive to the number of tuples. This is attributed to the fact
that, as formulated in its complexity analysis [89] , Algorithm 3
uses an empirical contingency table over the attribute sets, whose
cardinalities are higher for IPUMS-CPS than for the other datasets.
Specifically, it is sometimes faster than Algorithm 1 since the latter
has to perform additional manipulations to compute the conditional
TVD. Finally, Algorithm 1 is on average faster than Algorithm 2
but slower than Algorithm 3. The runtimes of all the algorithms
increase steadily with the number of tuples. Still, runtimes for
smaller numbers of tuples are sometimes higher and more volatile
because they are more sensitive to randomness in the sampled data.
In Figure 4b, we show the runtime of the algorithms for each
dataset as a function of the number of fairness criteria. For each
dataset, we begin with only the first criterion in Table 2 and then
progressively add more, such that the final measurement includes
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all criteria for that dataset. We can see that, for all the algorithms, in-
creasing the number of criteria inflates the runtime more gradually
than increasing the number of tuples.

Still, the runtime for the Healthcare dataset varies significantly
between two and three criteria when computing %IATAYD and Urc
due to the fact that the third criterion groups tuples by county,
which has much higher cardinality than age_group. This increases
the size of the empirical distributions computed by Algorithms 1
and 3, leading to higher cost. In contrast, Algorithm 2 is less affected,
since its runtime is dominated by the MaxSAT solver.

Overall, Algorithm 3 is the least affected by increasing the num-
ber of tuples and the number of criteria for moderately dense
datasets, and it is the fastest algorithm in almost all settings. How-
ever, its runtime increases noticeably for sparse datasets such as
IPUMS-CPS. As for the other algorithms, Algorithm 2 is generally
the slowest and most affected, while Algorithm 1 lies in between.

5.4 Accuracy and Privacy Tradeoff

Figure 5 shows the effect of increasing the privacy budget on the
relative L1 error of the algorithms. Algorithm 3 is consistently the
least accurate of the three algorithms, due to its sensitivity being di-
rectly proportional to k and inversely proportional to the minimum
group size per admissible value (Proposition 3.12). Consequently,
for k = 500, the noise added for all datasets is larger than that added
for the other algorithms; for datasets with small minimum group
sizes, such as IPUMS-CPS and Healthcare, this noise is particularly
high. The parameter k can be calibrated for each dataset to reduce
the noise, as shown in a later experiment, thereby reducing the
relative L1 error. Algorithm 2 is the most accurate of the three algo-
rithms. This is because its values are much larger in magnitude, so
the added DP noise changes the true value only by a small fraction,
leading to a smaller relative error. Additionally, the relative error
of Algorithm 2 is the most stable across all datasets, since its sensi-
tivity does not depend on the number of tuples (Proposition 3.10),
causing the error to be primarily determined by ¢. Algorithm 1 is
less noisy than Algorithm 3, which is consistent with its low sensi-
tivity (Proposition 3.4), but more noisy than Algorithm 2. Moreover,
the relative error of Algorithm 1 exhibits large variance between
runs, since its true values are small and therefore easily distorted
by the added noise. However, for small values of ¢, the noise domi-
nates the output uniformly across runs, leading to reduced variance
in the relative error. Overall, the relative errors of all algorithms
steadily decrease as the privacy budget increases, as expected, with
the sharpest declining segment occurring up to £ = 1.

6 RELATED WORK

Research on fairness in data management intersects several areas,
including data valuation, private data pricing, and data inconsis-
tency assessment. Although these directions are important foun-
dations, none develops dedicated measures for data-centric fairness
tailored for use in the DP setting, which is the focus of this paper.

A central line of work studies Data Valuation Assessment (DVA)
in machine learning, where the goal is to estimate the contribu-
tion of individual records or subsets of data to predictive perfor-
mance [5, 11, 48]. These methods quantify the marginal value of
data with respect to accuracy or loss, and emphasize model driven
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utility rather than fairness or structural properties of the data itself.
Private data valuation methods provide mechanisms for pricing
or compensating for the use of sensitive data without addressing
fairness concerns [36, 56, 92]. These works typically quantify sensi-
tivity, privacy loss, or economic value but do not analyze disparate
impact or structural imbalances in the data.

Another major body of literature develops formal definitions
of fairness [8, 17, 19, 25, 32, 49, 50, 55, 70, 77, 88] and introduces
conceptual frameworks to analyze, understand, and mitigate bias
in prediction systems [12, 30, 78, 80]. These works largely focus on
model behavior or causal interpretations rather than characteriz-
ing fairness properties inherent to the dataset itself. As we show
in Section 5.2, focusing on dataset unfairness rather than model
behavior may be useful in some settings.

Inconsistency measures for relational data and integrity con-
straints [61, 63, 64, 73] offer tools for quantifying violations of
integrity constraints. These measures are inspired by long standing
work in Knowledge Representation and Logic [38, 39, 45, 51, 52,
69, 84], which develops principles for reasoning under inconsis-
tency. While conceptually related, these methods address logical
coherence rather than fairness across protected groups.

Finally, fairness driven data repair methods aim to modify datasets
to remove discriminatory patterns as pre- or post-processing so-
lutions [4, 14, 30, 41, 47, 77]. These interventions assume some
fairness criterion but do not provide measures designed specifically
for assessing fairness within the DP context.

2422

7 CONCLUSION AND LIMITATIONS

We presented a principled framework for quantifying data unfair-
ness under differential privacy, bridging concepts from probabilistic
dependence, data repair, and contribution analysis. Our measures
satisfy desirable consistency properties, exhibit low sensitivity, and
remain tractable under standard DP mechanisms. Our three mea-
sures collectively provide complementary perspectives on data level
bias. Overall, the framework lays a foundation for a systematic eval-
uation of fairness in privacy protected data.

While our framework provides a principled foundation for mea-
suring database unfairness under differential privacy, several limi-
tations remain. First, ‘LIF‘{S AT relies on a MaxSAT-based proxy in-
stantiated via a block-wise heuristic, which improves scalability
but weakens estimation accuracy. Moreover, computing W}f AT s
slower than the other measures due to weighted MaxSAT over self-
joined chunks, making efficient computation an important direction
for future work. Second, a principled approach for choosing k would
make Urc more user-friendly. Finally, our measures operate purely
at the associational level and do not account for causal structure or
data collection bias, which may influence fairness assessments.
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